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ABSTRACT -------- 

An entirely Lagrangian similarity analysis is  used to determine the 

mean trajectory and mean ground level concentration resulting from con- 

tinuous sources located a t  the origin in a slightly unstable boundary layer. 

The basic equations obtained reduce to the f ree  convection equations for 

L -+ - 0 and to the neutral stratification equations for L + - m, where 

L i s  the Monin-Obukhov length scale characterizing the instability. The 

predictions a r e  that the mean trajectories a r e  somewhat more sensitive 

to a slightly unstable condition than has been previously suggested and 

also that the mean ground level concentration drops off more rapidly with 

distance f rom the source. The second of these predictions has some 

experimental support. 



INTRODUCTION 
----s--s--- 

In this paper9 the resul ts  obtained by Batchelor (1964) for the 

case of neutral  stratification in the constant s t ress  region of the bound- 

a r y  layer  a r e  extended to the case  of a slightly unstable boundary layer, 

The basic equations a r e  obtained by a s  suming Lagrangian similarity, 

The corrections t o  neut ra l  stratification depend upon a characteristic 

length L , which was  f i r s t  used by Monin and Obukhov (1954). For 

L - - m, the present  resul ts  reduce to  the neutral stratification re- 

sults of Batchelor and fo r  L d 0 (from the negative side), the basic 

equations reduce to  the f r e e  convection equations of Yaglom (1965). 

Previously, Gifford (1 962) obtained results for diffusion from 

point and l ine sources  in  a diabatic surface layer by using a Lagrangian 

description, but introducing a n  Eulerian function (the log-plus -linear 

law of Monin and Obukhov) . Cermak (1 963) also uses a Lagrangian and 

Eulerian description to  obtain diffusion results. Cermak includes the 

effects of a nonzero source  height, while Gifford takes the source to be 

a t  Z = 0. The source  i s  a l so  taken to be a t  Z = 0 in the present work- 

Both of these  analyses  require  knowledge of an empirical function* 

These empir ica l  functions do not enter into the f i rs t  order corrections 

to the neutral  stratification case  obtained herein. 

The basic  equations used by Gifford, Cermak and Yaglorn do not 

reduce to  the  c o r r e c t  equations for both L ' - m and L' 0. 



Basic Equations 

1t will  be  a s sumed  that Lagrangian similarity exists. From 

dimensional reasoning, the fo l l~wing  two equations a r e  obtained for 

- - 
X and Z respectively: 

where g and f a r e  two ~nknown~un ive r sa l  functions, y ( = k) 
-u* ''rO 

i s  the friction velocity, L ( = ----- ) is a characteristic 
k-3-3 

length, t is the t i m e  since the particle left the origin, -r is the 

constant s h e a r  s t r e s s ;  
Po ' T and c a r e  reference density, 

0 P 

temperature and specific heat respectively, k is  von Kalrman' s 

constant, g i s  the acceleration of gravity and q is the vertical 

heat flux, positive upward. X(t) and Z(t) a r e  the directions down- 

wind and vertically upwards respectively. 

In the neut ra l  stratification case  L -+ - m. This results 

f rom q = 0 and u* remaining finite. In this case equations (1) 

and ( 2 )  become 

8 



I 1f g(0) = a , the above two equations a r e  identical to the equations 

given by Batchelor ( a is a dimensionless absolute constant defined by 

Batchelor and Batchelor's t i s  ze ro  for  a particle released a t  Z = 0 ). 
1 

In the l imi t  of f r e e  convection u* - 0 and q remains finite. 

u* 
Therefore, f r o m  the definition of L , -- - oo as  u* - 0. 

L I 
1 

Equations (1) and (2) become 

If the constants of integration c l  and c2  equal U o and 0 

(U o i s  the constant wind velocity of Yaglom); and, 

3 
( - ) = ? c (c  i s  a universal constant used by yaglorn), then 

(3) and (4) a r e  identical t o  the f r ee  convection results 



obtained by Yaglom. The f ree  convection limit will not be considered 

further here. 

Slightly Unstable Solution 

By using the definition of L, equation (2)  can be rewritten as  

u* 
The functions f (--- 

u* 

L ) and g (--- L ) can be expanded in powers of 

u* --- 
L about the ze ro  value provided f and g a r e  analytic functions. 

u* 
- 

Since Yaglom has shown that --- z 
L 

i s  a function of - L ' only small - 
L 

values of - will be considered. In the unstable case  under considera- L 

tion - oo < L < 0. Equations (1) and (5) become 

2 
d2 X u* u, g' (0) --- - -- - 

t 
g (0)  + ----- 

L 
t higher order terms 

dt2 

+ higher order terms 

Only t e rms  of order will be retained. Therefore, 

E 



f (0) where g(0) = a and --- 
C k k  

= b l .  

- 
Z (t) should reduce to Batchelor's result for L+ - ao. This 

determines the constants of integration when equation (7)  is integrated 

with respect to time. Equation (7) becomes 

- 3/2 
4 blu* z (t) = - --- 1 2  

t S b u , t  
fa- 

where b is the proportionality constant used by Batchelor (Batchelor 

estimates b to be between .1 and . 2 ) .  

Equation (8) i s  a cubic equation in We 4 which can be solved 

- 
for  t (Z) by using the standard techniques for cubic equations. Two of 

- - 
the roots result in negative t for positive Z and small Z and thus - 

- L 
a r e  not physically possible. The third root, fo r  small 2 , is 

L 
' I 
I 

- 
X (t) can be found from equation ( 6 ) .  The result is 

(10) X (t) = a u* t log t - a u* t 



8 

The constants of integration a r e  taken equal to zero so that the result 

i s  identical to Batchelor's result for large L. Substitution of equation ( 9 )  

- - 
into equation (10) gives X (Z) ,  after some algebra: 

F o r  L - 00 this i s  identical to Batchelor's result since 

1 C -- = - 
b u, Z 

, where i s  a length characteristic of the surface rough- 
0 

0 

ness, when the source is  a t  Z = 0. (c is a constant defined by Batchelor. ) 

Mean Concentration 

The mean concentration from a continuous point source is  

00 - 
1 

c (X.Y. Z) = a 1 -3 x-x I/J ( -a- 
z z y - - ) d t  

P z ' Z ' Z ' L  
0 z 

where Q i s  the r a t e  of release of particles from the source and $ i s  

the probability that a particle will be a t  position X, y, Z at  time t* 
- 
z 

The function I/J can be expanded in a series about - to give 
L 

- - x - x  z z x- lx  E .  - z x -2 z .  ,j) (-=-- Y - , - * - ,  
z 

z z - 9 - ,  w + - 4 J t  (-=-, - z c )  = +(---- z "Z z L z Z Z  
y , = ,  0 )  

t higher order terms 

cz To order  - ,I only the f i rs t  t e rm  on the right side remains. Therefore, ' 
r- 



The mean ground level concentration in the slightly unstable case can 

be found in the same manner a s  Batchelor's solution for the neutral 

case, the only difference being the use of equation (11) instead of 

- - 
Batchelor's. X ( Z ) .  The concentration a t  ground level from a point 

source i s  

Q 1 
- 3 b  (&-I fi L U  

(X, 0,O) r,, -- .--------- { 1 +  -------- - 
P a"* [ -2  log, -- ] log ,- z 1 ~ .  x 

bu* f . X U* 

For  the continuous line source 

Q 
log --'- y = x  



Results 

In t e rms  of Cermakls notation, equation (11) for the trajectory , 5 

becomes, in dimensionless form 

1 X 
where k = - i s  von Karmanls constant, 5 = - Z z ,  t; = - and 

z a 
0 

z 
0 

0 
a = -- - The corresponding equation obtained by Cermak i s  (with 

the source height zero) 

By using equation (13) and the data given by Cermak the universal 

constant l b l (  i s  estimated t o b e  . O l .  

Cermak gives his  mean ground level concentration results in 
m 

the f o r m  c a X CP for the continuous point source and a 
P 

s imilar  expression for  the line source. The exponents, m and 
c P 

m , vary with X. cl 

Table I shows typical results for neutral stratification, 

Cermakts  analysis (with the source height zero) and the present 

-4 
analysis  for a = - 10 : 





It i s  clear from the table that the mean trajectory is  higher for 

unstable stratification than for neutral stratification and the pr es ent 

analysis predicts higher values than does Cermak. As would be 

expected, the mean ground level concentration decreases more rapidly 

with distance from the source for the unstable case and i t  also decreases 

more rapidly for the present analysis than for Cermak's. His calculated 

-m i s  lower than the experimental values he gives. Since the present 
CP 

analysis results in larger values of -m than Cermak, i t  appears 
c P 

a s  if the larger corrections to neutral stratification indicated by the 

pres  ent analysis have some experimental support. 
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