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SYNOPSIS 

In applying t h e  moir6 method f o r  s t r e s s  analys is ,  it is  sometimes 

difficult t o  a t t r i b u t e  proper s igns  t o  fringes. In t h e  conventional way 

au av the sign of d i r e c t  d e r i v a t i v e s  ( - and -1 are  determined from t h e  physical ax ay 

consideration of boundary condit ions,  and t h e  s ign of  cross derivatives 

au (- and k) are then deduced from t h e  slope of fringe's and t h e  proper in- 
ay 2.x 

t e rp re ta t ion  of  s i n g u l a r  points .  Presented herein a re  methods f o r  the  

de te rmina t ion  of  s i g n s  of moire' fr inges based on t h e i r  i n t r i n s i c  properties. 

T h e s e  methods can be zppl ied  t o  any ?ort ion of a moire' pat tern without 

a p r i o r i  knowledge of t h e  boundary conditions. A s  a r e su l t  t h e  moire' 

method can be e f f e c t i v e l y  used a s  a means f o r  stress separation i n  three- 

dimensional  pho toe las t i c i ty .  Heretofore the  moire' pa t tern  obtained from 

a stress-frozen pho toe las t i c  s l i c e  upon annealing is most d i f f i c u l t  t o  

amalyze, because t h e  boundary conditions a re  e i t h e r  not well defined or  

sometimes even'hon-existing" due t o  the  destructive nature of t h e  s t r ess -  

f rozen technique. 

Also presented is a method f o r  f r inge  ordering whereby the  signs of 

b o t h  d i rec t  derf va t ive  and cross derivatives a re  obtained automatically 

o n c e  the f r inges  a r e  proper ly  ordered. 
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I 

In applying t h e  moir6 method f o r  s t r a i n  analys is  [l],fi t h e  determination , I  
I 

8 . n  I I. 

of  signs is usual ly  t h e  most confusing pa r t .  The moir; f r inges  represent  i 

I ! 
1 .  I 

displacements i n  t h e  d i r e c t i o n  perpendicular t o  t h e  l i n e s  of t h e  gra t ing.  , . 1 
I 1 ;  1 

9 2  . 

St ra ins  a re  obtained by graphical  (or  numerical) d i f f e r e n t i a t i o n  of t h e  

displacement curves p l o t t e d  from these  fr inges.  However, from t h e  appearance 

of t h e  f r inges ,  it i s  impossible t o  a t t r i b u t e  proper s igns  t o  t h e  s t r a i n s .  

While the  r e l a t i v e  s igns  among regions can be obtained by a c a r e f u l  study of 

t h e  moir6 p a t t e r n ,  t h e  absolute  s igns  have t o  be derived from known boundary 

conditions and it i s  no easy matter.  Usually, one s t a r t s  from a region 

containing a por t ion  o f  t h e  boundary with a known boundary condit ion t o  

au av obta in  t h e  s igns  o f  t h e  d i r e c t  derivatives - and - (u and v a r e  the  dis-  
ax ay 

I ., ' 

placements i n  t h e  d i r e c t i o n s  of  x and y ,  respect ively) .  The s igns  of cross 

a u a v der ivat ives  - and - a r e  then derived from the slo?es of t h e  f r inges  and 
ay ax 

t h e  signs o f  t h e  d i r e c t  der ivat ives .  Once the s ign of one region is known, . . ., 'i 

t h e  signs o f  o ther  regions  a r e  deduced from t h i s  region through t h e  knowledge 1 ;I 

1 : ;  * 

of s ingu la r  points  [2], T h e ~ e  appears t o  be no standard procedure t o  follow 

and, a s  a r e s u l t ,  each moirg pa t t e rn  presents itself a s  a challenge t o  t h e  

i n t e r p r e t e r .  

Recently, moir6 method has been applied t o  th ree  dimensional photo- 

e l a s t i c i t y  as a supplementary technique f o r  stress separat ion L31. I n  t h i s  

appl ica t ion,  g ra t ings  a r e  pr in ted  on stress-frozen s l i c e s  and then annealed. 

The deformation of g ra t ing  caused by the annealing ( i . e .  the  r e l e a s i n g  of 

s t r e s s e s )  produced a moirg pa t t e rn  upon superposition with a master gra t ing.  

Moire' p a t t e r n s  of t h i s  type are most d i f f i cu l t  t o  i n t e r p r e t  because of t h e  

J. 
-Numbers i n  brackets  denote references a t  the  end of t h e  paper. 
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fact t h a t  a pho toe las t i c  slice i s  only a sect ion o r  a sub-section of t h e  ' I  

3 8 

. . 
e n t i r e  model. A s  a r e s u l t ,  t h e  boundary conditions may not be we l l  defined 

4 .  

t o  render a proper i n t e r p r e t a t i o n  of t h e  pat tern  o r ,  i n  cases of a sub-s l ice ,  

t h e r e  may n o t  be any known boundary conditions a t  a l l .  It w i l l  then be 
$ 2  

impossible t o  a t t r i b u t e  proper s igns  t o  t h e  f r inges .  For example, a.s i n  I ;  , 
1 i 

' I  

t h e  case shown i n  Fig. 1, the re  a r e  a t  l e a s t  two ways of p l o t t i n g  displace- I >  

. I 

ment curves depending upon which of t h e  two moir6 pa t t e rns  these  f r inges  . I  I 

a r e  a por t ion  o f .  And t h e r e  is no boundary condition t o  help because the  ! 

! 

neighboring por t ions  of  t h e  s l i c e  have been destroyed due t o  t h e  des t ruc t ive  , t 

I 

I j '  
na tu re  of t h e  t h r e e  dimensional photoelas t ic  technique. Here t h e  conven- I '  I 

: I '  
t i o n a l  method f o r  t h e  determination of s igns breaks down completely. : 1 .I, 

I 

Therefore, i n  order  t o  simplify the  in te rp re ta t ion  of moir6 pa t t e rns  i 
i 
I. ' b '  j ' 

and i n  order t o  extend t h e  usefulness of moir6 method t o  the  pho toe las t i c i ans ,  " i  .i 
, it 

new methods f o r  t h e  determination of s igns are  c a l l e d  fo r .  Presented h e r e i n  I i I) 

I 

are severa l  methods developed f o r  t h i s  need. They a re  based on t h e  i n t r i n s i c  
i 

proper t ies  of moire' f r inges  and hence can be applied t o  any type of moire' 

fr inge p a t t e r n s  without t h e  need t o  have a p r i o r i  knowledge of t h e  boundary 

conditions. 

Also presented a t  t h e  end of the  paper is  a proposed convention f o r  

fr inge ordering,  which is  c lose ly  re la ted  t o  the  methods of determination 

of s igns .  The essence of t h e  convention is  such t h a t  once t h e  f r i n g e  orders  

m e  properly a t t r i b u t e d ,  t h e  s igns  of a l l  the  necessarjr de r iva t ives  of . 
au au av a v displacements f o r  s t r a i n  znalys is  ( i  .e. ;i;;, F,  and -1 fo l low 

ay 

automatically. 



I 

11. DIFFERENT METHODS FOR THE DETERMINATION OF SIGNS I t 

The essence of t h e  determination of signs i s  t o  f i n d  out whether a s e t  

of moirQ f r i n g e s  i n  a small  region i s  caused by t h e  l o c a l  contrac t ion,  

e longat ion,  r o t a t i o n  or  a combination of  e i t h e r  contract ion and r o t a t i o n  o r  

e longat ion and r o t a t i o n ,  o f  t h e  model grat ing.  The case of pure r o t a t i o n  

is e a s i l y  recognized ( f r i n g e  perpendicular t o  t h e  l i n e  b i sec t ing  t h e  angle 

of r o t a t i o n )  and hence w i l l  be excluded from the  analys is .  

A s  mentioned previously it is impossible t o  deduce the  s i p s  from t h e  

appearance of  moirg f r inges  (e.g. a homogeneous t e n s i l e  s t r a i n  gives i d e n t i c a l  

f r i n g e s  t o  t h a t  of a homogeneous compressive s t r a i n  of equal magnitude) any 

method t h a t  w i l l  r e v e a l  t h e  s igns  w i l i  have t o  come from something e l s e .  

The approach used h e r e  i s  t o  change t h e  appearance of  the  moirg f r inges  by 

superimposing another set of fr inges of known c h a r a c t e r i s t i c s  and it is 

hoped t h a t  t h e  r e s u l t i n g  f r inge  pat tern ,  when compared with t h e  o ~ i g i n a l ,  

w i l l  r e v e a l  t h e  necessary information. Since t h e  model gra t ing i s  at tached 

t o  t h e  model under loading,  it would be des i rable  not  t o  d i s tu rb  it v h i l e  

t h e  changing of t h e  moir6 p a t t e r n  i s  ma&=. Three methods a r e  developed t o  

t h i s  e f f e c t :  1 )  t h e  change is accomplished by superimposing on t h e  model 

another master g r a t i n g  of d i f fe ren t  l i n e  densi ty ( o r  t h e  equivalent)  --- t h e  

l i n e a r  mismatch method, 2 )  t h e  change is accomplished by r o t a t i n g  t h e  master 

g ra t ing  --- t h e  r o t a t i o n a l  mismatch method, and 3)  t h e  change is  accomplished 

by varying t h e  d i s t ance  between the campa and t h e  object  if t h e r e  i s  a gap 

between t h e  model g r a t i n g  plane and t h e  master g ra t ing  plane --- the gap 

ef fec t  method. D e t a i l s  of t h e  th ree  methods a r e  presented i n  t h e  following. 

'1) Determination of Signs by Linear Mismatch 

Linear mismatch is defined t o  be the dif ference  i n  p i t ch  (d is tance  

between two neighboring l i n e s )  between the master and model g ra t ings .  



I 'p'-! 
4 ' 8 

i '  

In t he  following it w i l l  be shown tha t  if a l inear  mismatch of known sign is  , .  
I ' ,  

superimposed on an ex is t ing  moir6 pat tern,  the resu l t ing  pat tern,  when com- , I I . 
I 
I .  . 

pared with the  o r ig ina l  one, can be used as a means t o  determine the signs ,' 

, ' .  ! 

r * 

of t he  o r ig ina l  pat tern.  Indeed, it is recalled t h a t  the f r inge spacing 
I .  

s for  a homogeneous noire' pat tern is  given by [ 41  

= P P '  
P-P ' 

i n  which p and p' a r e  t he  pitches of master and model gratings, respectively. 

The fr inges  are ,  of course, pa ra l l e l  t o  t he  l ines  of  the gratings.  Now if 

t h e  p i tch  of the  master grat ing is  changed from p t o  P + dp, t he  spacing between 

the f r inges  w i l l  a l s o  be changed and i-t i s  given.by 

with p'dp neglected when compared with pp7 .  It is  seen tha t  i f  a posit ive 

dp is imposed on the  master, the  fringe spacing w i l l  decrease if the loca l  

s t r a i n  is compressive ( i . e .  p>p t ) ,  whereas the f r inge spacing w i l l  increase 

if the  l o c a l  s t r a i n  is t e n s i l e  (i .e. pepf ). The exact opposite w i l l  be 

t r u e  if  a negative dp is imposed. In other words, the  fringe density 

(fringes per un i t  length) increases if  t h e  local  s t r a i n  is of t h e  same sign 

a s  t h a t  of the imposed ( f i c t i t i o u s )  s t r a i n ,  decreases if  it i s  of opposite 

s ign .  The pr inciple  still  holds if the  local  deformation contains shear 

as  wel l  as  normal s t r a in s .  The only caution is t h a t  the f r inge density 

has t o  be taken along the  direction normal t o  the  l ines  of t he  master grating. 

Whenever l oca l  deformation contains rotation the moire5 fr inges  w i l l  no 

longer be pa ra l l e l  t o  the  l ines  o f t h e  master grating.  Whether the  rotat ion 

is combined with a posit ive o r  negative normal s t r a i n  can a l so  be determined 

I 



by t h e  fo l lowing method. Ins tead  of observing t h e  change of f r i n g e  d e n s i t i e s  

along t h e  dire.ct ion normal t o  t h e  l i n e s  of 'master g ra t ing ,  i t . i s  a l s o  poss ib le  

to r e v e a l  t h e  signs by observing t h e  ro ta t ions  of  t h e  f r inges  when a l i n e a r  , I 

mismatch is  superimposed. A s  shown i n  Fig. 2 ,  when a pos i t ive  dp is imposed 

on t h e  master  g r a t i n g ,  t h e  f r i n g e s  w i l l  r o t a t e  away from the  normal t o  t h e  

g r a t i n g  l i n e s  if t h e  l o c a l  s t r a i n  is  compressive ( i . e .  p>p') and r o t a t e  

toward t h e  normal i f  t h e  l o c a l  s t r a i n  i s  t e n s i l e  ( i . e .  p<p t ) .  A negative 
1 / 

~ P Y  with opposi te  e f f e c t s  a s  t h a t  of  t h e  pos i t ive  dp, can a l s o  be used f o r  3 , a , ,  

t h e  determination of s igns .  The following statement covers both cases: if 

t h e  superimposing ( f i c t i t i o u s )  s t r a i n  and t h e  a c t u a i  l o c a l  s t r a i n  a r e  of t h e  
I j '  / 
, . ~ #  . ' I! 

I 

same s i g n ,  t h e  f r i n g e s  w i l l  t u r n  away from the  normal t o  the  l i n e s  of t h e  

master g ra t ing ;  and i f  they a r e  o f  opposi te  s igns t h e  f r inges  w i l l  t u r n  toward 

t h e  normal. The phenomenon can be e a s i l y  visual ized i f  it i s  r e c a l l e d  t h a t  
k t  1, 

.'F' 
i, il 

when t h e r e  i s  no normal s t r a i n  but r o t a t i o n  alone, t h e  f r inges  a r e  nearly 

normal t o  t h e  g r a t i n g  l i n e s .  

In applying t h e  techniques of  l i n e a r  mismatcli, it should be cautioned 

t h a t  t h e  magnitude of t h e  imposed ( f i c t i t i o u s )  s t r a i n  should no t  exceed 

t h a t  of t h e  l o c a l  s t r a i n ,  if they a re  o f  opposite s igns .  Otherwise t h e  i i  L 
f r inges  w i l l  behave d i f f e r e n t l y  from what have been previously described. ; / - I  1 , 

I " 9 

r i  1 " The reason i s  easy t o  see  from Eq .  (1) i n  t h a t  the  imposed dp should not  be 
: i t  11 
i i  r 

s o  l a rge  a s  t o  r eve r se  t h e  s ign  of' p-p'. Therefore, the  r e s t r i c t i o n  f o r  t h e  ! I  i 
l i n e a r  rnismatch method is such t h a t  ; .  j j  i 1 

! 1 
Id?! 2 I P - P ' I  ( 3 )  ; j  

. .  
- !  

if dp and (p-P') a r e  of opposi te  signs. When dp approaches (p-p') with ; i 
3 ;  

. 1 
{ i: 
L1 
i ' ,  
I 

1; 

opposite  s i g n s ,  t h e  f r inge  spacing approaches i n f i n i t e ;  and t h e  f i e l d  should 
: I  I j :  
! ; . ?  

have no f r i n g e  a t  a l l .  Hence if dp can be applied i n  a  continuous fashion 
I 



(or discre te  b u t  wi th  small increment),  t h e r e  is c o  danger t o  exceed the  

l i m i t a t i o n  imposed by E q .  ( 3 )  A usefu l  dp is t h e  one below t h e  l i m i t  

set by E ~ .  ( 3 )  b u t  g ives  a de tec t ab le  change of f r inge  densi ty  (or  f r i nge  

rot at ion 1. 

There a r e  t h r e e  methods of imposing l i n e a r  mismatches t o  t h e  master 

, g r a t i n g :  t h e  first and t h e  obvious one is  t o  have a s e t  of master grat ings 
t I '  

w i t h  s l i g h t l y  d i f f e r e n t  p i t c h e s .  When t h e r e  is a need t o  determine t h e  s igns  I 

I 
I b 

of a moire p a t t e r n  formed by a g ra t ing  of p i t c h  p the  pa t t e rn  i s  compared I 

t 

w i t h  the one formed by a g r a t i n g  of p i t c h  p where p = p+dp, s t a r t i n g  with 1 1 I 

s m a l l e s t  dp so  as n o t  t o  v i o l a t e  t h e  r e s t r i c t i o n  s e t  by Eq.  (31, and gradually ' ,  
chang ing  t h e  master  u n t i l  t h e  change of  moire p a t t e r n  is la rge  enough f o r  

I 
I 

1 

e a s y  comparison. However, t h i s  method is l e s s  p r a c t i c a l  because it requi res  

an almost "continuous" set o f  masters which i s  usua l ly  not ava i lab le  i n  most 

1 e o r a t o r j . e ~ .  

The second method of  imposing l i n e a r  mismatch is t o  form the  mob6 pa t te rn  

a t  the  back o f  t h e  camera by imaging t h e  model g ra t ing  on the  ground g l a s s  I ,  I 1 I 
, 

of the  camera a g a i n s t  which a master g ra t ing  is  erected.  Under one t o  one ( 1  I 
j 1 )  

magrLification, t h e  rnoirg p a t t e r n  i s  t h e  same as t h e  one formed by model and 
1 ; '  
d I 

m a s t e r  g ra t ings  i n  d i r e c t  contac t .  Since the  s i z e  of t he  illode1 can be varied i ,: I 
I ( 

by changing t h e  magni f ica t ion ,  equivalent  dp o f  both s igns can be e a s i l y  

imposed on to  t h e  master  g r a t i n g .  .Most cameras are provided with a l e n s  

s l i d e a b l e  along t h e  o p t i c a l  ax is ,  an equivalent  pos i t i ve  dp is imposed on 

the master by moving t h e  l e n s  away from t h e  model and a negat ive dp is  

by moving t h e  l e n s  toward the  model. The movement i s  continuous, 

t h e  change of dp i s  a l s o  Not only i s  the re  no danger i n  

exceeding t h e  condi t ion  of ~ q .  ( 3 )  but it is easy t o  see when t h e  condition 

I = 1 p-p ( is  1-f t he re  is no r o t a t i o n  05 t h e  model gra t ing  3 



, . 
8 .  

the f r i n g e  spacing w i l l  gradually widen and f i n a l l y  disappear when 1 dp 1 = 1 . 
The f r inges  w i l l  reappear with gradually decreasing f r inge  spacing i f  t h e  

movement of  t h e  l e n s  i s  continued along t h e  same d i r e c t i o n .  If t h e r e  i s  r v 

, . 

ro ta t ion  o f  t h e  model g ra t ing  t h e  f r inges  w i i l  r o t a t e  toward t h e  normal t o  ' I .  
I I 

t h e  master g ra t ing  (with decreasing f r inge  spacing) and then f i n a l l y  w i l l  
I 

swif t ly  s h i f t  t o  t h e  o the r  s i d e  of the  normal and s t a r t  t o  move away I :, I 

with increas ing f r inge  densi ty  as t h e  point  where ldpl = (p-p' 1 i s  reached 

master and model g ra t ings  and it w i l l  be shown t h a t  t h e  imposition of a 

and passed. ! ; 
i ,  
I 

The t h i r d  method of  imposing dp t o  a master g ra t ing  is by introducing : I $1 , 
I I "  

a canstant  gap i n  between t h e  model and master g ra t ings .  This method E .  . d , 
li 

i # i  
w i l l  be discussed i n  d e t a i l  i n  sec t ion I1 ( 3 ) - ( A ) .  ; , c  $ 

L 

ro ta t iona l  mismatch t o  the  master g ra t ing  i s  a l s o  a means f o r  t h e  deter-  

2 )  Determination of  Signs by Rotat ional  Mismatch , ( 

, 

' " ii , Rotat ional  mismatch is defined as t h e  angular  d i f ference  between t h e  

mination of  s igns .  

" 

A s  shown i n  Fig.  2, i f  8 denoted t h e  acute angle  between t h e  two gra t ings  

and $ denotes t h e  angle between t h e  tangent t o  a f r i n g e  and t h e  l i n e s  of 

master g r a t i n g ,  both measured from t h e  master g r a t i n g  i n  a counter clockwise 

d i rec t ion,  it can be shown t h a t  C41 

For s m a l l  8 E q  (4)  can be approximated by 

-pe tan I$ - 
P-P ' 

It is  seen from Eq. ( 5 )  t h a t  f o r  a given 8 ,  t h e  orient2;tion of  noir;! f r inges  

is  determined by t h e  s igns  of t h e  l o c a l  s t r a i n  ( i  .e. p-p' 1. For example, 



1 .  
I .  

' 8  
6 ' ;  

for  p o s i t i v e  8, t h e  f r i n g e s  ( o r  t h e  tangents  t o  them) a r e  i n  t h e  first and I ,  

t h i r d  quardrants  when p-p1 is ~ o s i t i v e ,  and i n  t h e  second and four th  quardrants 

when p-p' is negative,  a s  shown i n  Fig. 2. 

Eq. (5) can be used f o r  t h e  determination of s igns  i n  t h e  following two ! 
8 ,  

i i  
ways. F i r s t ,  i f  t h e  moire' f r inges  a re  p a r a l l e l  t o  t h e  master g ra t ing ,  i . e .  I 

1 ;  

when t h e  deformation of t h e  l o c a l  model gra t ing i s  such t h a t  t h e r e  is no ! .  
I .  

r o t a t i o n  involved, t h e  s igns  of t h e  normal s t r a i n s  can be determined by i , -  
, t  

I 

imposing a r o t a t i o n  8 t o  t h e  master g r a t i n g  and t h e  resu l t ing  o r ien ta t ion  of I 

i 
the  f r i n g e s  i s  then an indicat ion of t h e  signs%. Second, i f  t h e  moire' f r inges  1 

i I 

are o r i g i n a l l y  not  p a r a l l e l  t o  the  master grat ing,  t h e  signs of l o c a l  s t r a i n  ) I  I 
I/ 

f 
are  then indicated  by t h e  or ienta t ion o f  the  f r inges .  This, of course, I i I 

t I i, 
requires  t h e  a p r i o r i  knowledge of t h e  r o t a t i o n  of t h e  model gra t ing.  ! 

If Eq. (5)  is d i f fe ren t i a ted ,  with p and p 1  being held as constants ,  

the r e s u l t i n g  equation 

2 
s e c  4 d$ = do, 

P-P I 

is a more use fu l  equation f o r  the  determination o f  s igns.  Eq. ( 6 )  s t a t e s  

t h a t  if an add i t iona l  r o t a t i o n  de is imposed on t h e  master g ra t ing ,  t h e  

resu l t ing  r o t a t i o n  of the  f r inges  d$ w i l l  have t h e  same s ign a s  t h a t  of dB 

if p>p' ,  o r  t h e  opposite  s ign if p < p T .  I n  other words, upon t h e  imposition 

of a r o t a t i o n a l  mismatch t o  t h e  mister grat ing,  t h e  moire f r inges  w i l l  r o t a t e  

the  same way as t h e  master gra t ing if t h e  loca l  s t r a i n  is t e n s i l e  and t h e  

opposite way if t h e  l o c a l  s t r a i n  is  compressive. This is  t r u e  f o r  any moir6 

Pattern.  A graphical  i l l u s t r a t i o n  o f  Eq. ( 6 )  is  shown i n  Fig. 3. 

The method of r o t a t i o n a l  mismatch i s  easy t o  use if moire' p a t t e r n s  a r e  

' This method was b r i e f l y  described i n  an e a r l i e r  paper of t h z  author [ 5 1  f o r  

t h e  determination of t h e  s igns  of l i n e a r  mismatch. 



formed by d i r e c t  contact  between model and master gra t ings .  If moirQ i s  

formed on t h e  back of  a camera, it i s  necessary t o  have a "revolving camera 

backn (commercially ava i l ab le  ) t o  f a c i l i t a t e  t h e  r o t a t i o n  of master gra t ing.  

3 )  Determination of Si@,s by Gap Effect  

When two gra t ings  a r e  placed together with a small  gap i n  between, a 

s e t  of moire' f r i n g e s  r r i l l  be observed by eye o r  by a cainera even if they  a re  

completely p a r a l l e l  i n  o r i en ta t ion .  This e f fec t  is due t o  t h e  f a c t  t h a t  t h e  

two gra t ings  have d i f f e r e n t  object  distances from t h e  camera l ens  (o r  t h e  

eyes)  and, a s  a r e s u l t ,  they form images of d i f f e r e n t  s i zes  a t  t h e  f i l m  

plane ( o r  t h e  r e t i n a ) .  If t h e  depth of f i e l d  is  such t h a t  both g ra t ings  

a re  i n  focus, t h e  two images of t h e  gra t ings  w i l l  i n t e r f e r e  t o  form a moirg 

pa t t e rn .  I f  t h e  g r a t i n g  c l o s e r  t o  t h e  camera is  ca l l ed  master gra t ing,  t h e  

o the r  one model g ra t ing ,  t h e  moire' pa t t e rn  formed by the  gap ef fec t  is 

always equivalent  t o  a l i n e a r  compressive mismatch, because t h e  image of 

t h e  master g ra t ing  is always l a r g e r  than t h a t  o f t h e  model gra t ing due t o  

magnification di f ference .  The re la t ion  between t h e  gap z and t h e  f i c t i t i o u s  

s t r a i n  thus  caused i s  given by C61 

E is t h e  normal s t r a i n  i n  t h e  d i rec t ion perpendicular t o  t h e  l i n e s  of 

master g ra t ing .  

Eq- ( 7 )  can be used f o r  t h e  determination of  s igns of  a moir6 p a t t e r n  
! I .  11 

i n  e i t h e r  one of t h e  following two ways. ! L  a 

(A )  If t h e  master grat ing is  displaced from t h e  deformed model 

gra t ing with a constant  gap, t h e  gap e f f e c t  i s  equivalent  t o  having imposed i t  
I il 

a l i n e a r  compressive mismatch t o  the  moire pa t t e rn  (i .e. a p o s i t i v e  dp) . 
: i 

Therefore, t h e  techniqug described i n  sec t ion 11-(1) can be applied f o r  t h e  1 1  I 
I I 
I I 



10 

determination of s igns .  I t  is not d i f f i c u l t  t o  devise an apparatus s o  as  

t o  vary t h e  gap continuously. The simplest way t o  impose a gap, however, 

i s  t h e  following: usua l ly  t h e  master gra t ing is  p r i n t e d  on a p iece  of . . 
I 

photographic g lass  p l a t e  with a thickness of about 1/16 inch; a constant  I .  
; ' i  

.. I j  gap i s  e a s i l y  introduced by tu rn ing  the  p l a t e  over with the  non-emulsion I !  
2 .  

s i d e  i n  contact  with t h e  model grat ing.  The technique i s  not  s u i t a b l e  t o  I I .  

' .  
. I use when t h e  moire' p a t t e r n  is  formed on t h e  back o f  a camera. 

(B) There a r e  cases where t h e  master g r a t i n g  has t o  be mounted ! ; 

i r  
' ,  

at a f ixed dis tance  away from t h e  model because o f  t h e  loading device (e  .g. t 
' ! .  

I .  

t h e  loading apparatus used i n  t h e  dynamical moir6 study i n  referecce C71); 
I t  

it i s  then impossible e i t h e r  t o  r o t a t e  t h e  master t o  impose a r o t a t i o n a l  I ; T 

mismatch o r  t o  change t h e  gap t o  give a l i n e a r  mismatch t o  t h e  moir6 pattern.  

The gap Eq. ( 7 )  can then be used i n  t h e  following fashion f o r  t h e  deter-  

mination o f  s igns  of t h e  f r inges :  if t h e  d i s t ance  z is changed, it is 

seen from t h e  equation,  t h e  magnitude o f  the  f i c t i t i o u s  s t r a i n  E i s  a l so  

changed. Therefore, if t h e  s e t  up i s  such t h a t  a gap i s  already presented 

between t h e  master and model gra t ings ,  t h e  moir6 p a t t e r n  can be changed 

by photographing t h e  two gra t ings  a t  d i f fe ren t  d is tances .  For example, 

if two p ic tu res  a r e  taken a t  two d i f f e r e n t  d i s t ances  zl and z2 (with z2>z1), 

t h e  p i c t u r e  taken a t  z2  is equivalent t o  having had a negative dp (since 

imposed on t h e  master gra t ing,  when compared with t h e  p i c t ~ r e  taken 

a t  Z1- Effec t ively ,  it is then an imposition o f  l i n e a r  ( t e n s i l e )  mismatch, 

The techniques described i n  sec t ion 11-(1) can again be used here f o r  t h e  

determination of  s igns .  



111. EXAMPLES FOR THE DETERMINATION OF SIGNS BY VARIOUS TECHNIQUES 

A d i s k  of  4 inches i n  diameter under three-point loading a s  shot=n i n  

Fig. 4 is chosen a s  an example t o  demonstrate t h e  various techniques pre- 

sented i n  t h e  preceding sect ion.  The moi& pa t t e rn  i s  formed by a gra t ing 

of 300 l i n e s  pe r  inch f o r  both t h e  model and master. The moir6 i s  o f t h e  

.v-field, i .e .  t h e  g r a t i n g  l i n e s  are  horizontal .  While it is  poss ib le  t o  

f igure ou t  t h e  s igns  of t h e  p a t t e r n  from physical  considerat ions,  it is 

chosen t o  ignore t h e  boundary conditions. The problem i s ,  say,  t o  f ind  

out t h e  s i g n s  of s t r a i n s  along the  v e r t i c a l  ax i s  o f  t h e  model from these  

fr inges.  

The l i n e a r  mismatch method: A compressive l i n e a r  mismatch is f i r s t  applied 

t o  t h e  p a t t e r n ,  t h e  l e f t  h a l f  of t h e  r e s u l t i n g  p a t t e r n  i s  then compared with the 

r ight  ha l f  of t h e  o r i g i n a l  pa t t e rn  as  shown i n  Fig.  6 .  According t o  t h e  method 

presented i n  sec t ion  I1 ( l ) ,  t h e  change of f r inge  densi ty  should ind ica te  

the  s ign  o f  t h e  l o c a l  s t r a i n .  It is easy t o  see from Fig. 5 t h a t  along the  

v e r t i c a l  a x i s ,  t h e  f r inges  a t  the  upper 1 / 4  (approximately) of t h e  pa t t e rn  

have a higher  densi ty  than before, whereas the  lower 3/4 (approximately) 

has a lower densi ty  than t h e  or ig inal .  Since t h e  mismatch i s  compressive 

(i e. p o s i t i v e  dp ) , according t o  Eq. (2  ) the p lace  where fr inge densi ty 

increases (the upper 1 /4  of  t h e  pat tern)  should have compressive s t r a i n ,  and 

the  p lace  where t h e  f r inge  densi ty decreases ( the  lower 3/4 of the pa t t e rn )  

should have t e n s i l e  s t r a i n .  This, of course ,  i s  compatible t o  t h e  

physical  considerat ion of t h e  boundary conditions. The compressive l i n e a r  

mismatch i s  obtained by introducing a constant gap i n  between t h e  two gra t ings .  

The po in t  where t h e  s t r a i n  changes from compressive t o  t e n s i l e  is located 

somewhere a t  t h e  mid-point of t h e  upper ha l f  of  t h e  pa t t e rn .  It is a s ingular  

point.  



\ .  
Rotational  mismatch method: A small counter clockwise ro t a t i on  i s  imposed on 

! 
t he  master g ra t ing  and t h e  resu l t ing  moir6 pa t te rn  is compared with t he  . ' i  

I '  
! '  , 

or ig ina l  as shown i n  Fig. 6 i n  which a  l i t t l e  more than one ha l f  of t he  I .  

. I' 
i 1 

or ig ina l  pa t t e rn  is shown at r i g h t  so as t o  show b e t t e r  t h e  curvatures of j _  3 
a 8 i  I 

t h e  fr inges along t h e  v e r t i c a l  axis .  According t o  sect ion I1 (21, if the  I I ! . . , I  

t i l  I .  

fr inges r o t a t e  the  same way as the  master gra t ing,  t h e  l oca l  s t r a i n  i s  t en s i l e  r , r  4 
. < . . , 

and if the  f r inges  r o t a t e  t h e  opposite way, the  l o c a l  s t r a i n  is  compressive. , . -  
f i  I 

8 I 

A comparison of t h e  curvatures of the  fr inges along t he  v e r t i c a l  axis before 
! 11 

and after t h e  ro ta t ion  of t h e  master grating revea l  t h a t  t he  upper 1/4 of : 
I i : >  11 

I .  

! I 

t h e  f r inges  have ro ta ted  clockwise, the  s t r a in s  then  a re  compressive, and . ; I  I/ 
I ' 1 ,  

t h e  lower 3/4 of t h e  f r inges  have rotated ~ o u n t e ~ ~ c l o c k w i s e ,  t he  s t r a in s  i , ;  
: I -( 

are  then t e n s i l e .  Results  agree, of course, with t h a t  of l i n e a r  mismatch 1 

method. -_ t A 14 , l o  
' !. :I 

, : t  

$?-effect method: An i n i t i a l  gap is  f i r s t  introduced t o  t h e  pat tern  so I 
,b 

2 1 
. l ,  

t h a t  it f a c i l i t a t e s  t h e  demonstration of t h e  method presented i n  section I1 !I i it 
1 -. . . 1 

3 )  - Two pic tures  a r e  then taken a t  two d i f f e r e n t  object-to-camera I . I  

distances and a r e  compared as shown i n  Fig. 7. The r i g h t  hal f  of the  com- 

Oreas posite moir6 pa t te rn  i s  taken a t  a  smaller object-to-camera distance wh- 

the lef t  h a l f  a  l a rge r  object-to-camera distance. It is seen t h a t  the  

fringe density a t  t he  upper 114 portion of the f r i nges  along t he  ve r t i c a l  

axis i s  decreased whereas t he  lower03/4 increased. According t o  Eq- (71, 

t h i s  indicates  t h a t  t he  s t r a i n s  are compressive at  t h e  upper port ion and 

tens i le  a t  t h e  lower port ion.  It may be pointed out  t h a t  t h e  gap equation 

as it is  used here is equivalent t o  an imposition of  l i n e a r  mismatch. 

Since a  l a r g e r  z ,  when compared t o  the pattern a t  a smaller  z ,  is equivalent 

t o  a t e n s i l e  mismatch, t h e  e f fec t  is  the opposite as  t h z t  shown i n  ~ i g .  6 ,  

where a  compressive mismatch is imposed. 



A s  a last example, it may be i n t e r e s t i n g  t o  s e e  what e f f e c t  it would 

have on a moire' p a t t e r n  when too large  a mismatch i s  introduced t o  t h e  c 

1 .  

master g ra t ing .  I n  Fig. 8 t h e  l e f t  h a l f  of the p ic tu re  i s  t h e  o r i g i n a l  

b 9 

pat tern  and t h e  r i g h t  h a l f  is t h e  p a t t e r n  superimposed with a l a rge  com- I 
i i .  

pressive mismatch by using a d i f fe ren t  master gra t ing with a smaller  l i n e  : i  
I ! i  

i 

density. The behavior of  t h e  r e s u l t i n g  fr inges along the  v e r t i c a l  ax i s  * ,  t ! 
I ' .  
, 1 

can be roughly grouped i n t o  t h r e e  regions:  upper, middle and lower. The 

state of s t r a i n  a t  t h e  upper region is  compressive, hence t h e  f r inge  densi ty 
L 

increases a s  a f i c t i t i o u s  compressive s t r a i n  is added t o  it. The middle 1 ,  
1 1 .  

region has a t e n s i l e  s t a t e  of s t r a i n  and with approximately t h e  sane . ,  1 ,  . 
' . 

magnitude a s  t h a t  of t h e  imposed compressive mismatch. A s  a r e s u l t  t h e  t ,  I )  

f .  , , 

fr inges cancel  out a s  demonstrated by t h e  nearly blank region. The lower 1 ' 

par t  of t h e  model a l s o  has a t e n s i l e  state of s t r a i n  but with magnitude 

smaller than t h e  middle region a s  evidenced by t h e  o r ig ina l  smaller f r inge  

density. The imposed compressive mismatch has apparently exceeded i n  

magnitude t h e  l o c a l  t e n s i l e  s t r a i n .  The frlnge's densi ty  s t a r t s  t o  increase 
t 

again a s  predic ted  i n  sec t ion  11-(1). Therefore, it is  important t h a t  i n  1 :  
1 ; 
i 

order . - t o  use t h e  techniques cor rec t ly ,  l i n e a r  mismatch should be introduced f , 

s t a r t i n g  from zero and then gradually increasing t o  the necessary amount. 

The same caution should be given t o  t h e  ro ta t iona l  mismatch methods. If 

the  imposed r o t a t i o n  is s o  l a rge  &s t o  exceed i n  magnitude t h e  l o c a l  
1 , ;  . ( I  

1 1 ;  

ro ta t ion  of opposite s ign ,  t h e  fr inge w i l l  change i ts  d i rec t ion  of I 
I ' I !  I 

ro ta t ion .  

I I I 
i i ,  j 
1 1  3 

i : j . ,  
t I 

i I I ! .  



I V .  SOME =MARKS ON THE ORDERING OF FRINGES 

In  t h e  preceding sec t ions  methods are presented f o r  t h e  determinztion 

of s igns  o f  f r i n g e  s o  a s  t o  determine whether they correspond t o  l o c a l  

elongation o r  contrac t ion.  However, having found t h i s  does not guarantee 

a proper i n t e r p r e t a t i ~ n  of t h e  moi& pat tern  i n  t h e  sense t h a t  both t h e  

d i rec t  and cross de r iva t ives  w i l l  be a t t r ibu ted  with proper signs.  In  

f a c t  a l l  t h e s e  methods give a r e t h e  s igns  of the  d i r e c t  derivatives of t h e  

displacement. Nothing is  s a i d  about t h e  signs of  t h e  cross derivatives.  The 

conventional way t o  determine t h e  signs of the  cross  der ivat ives ,  as  mentioned 

e a r l i e r ,  is t o  deduce them from t h e  signs of t h e  d i r e c t  der ivat ives  and t h e  

slope of t h e  f r inges .  Proper a t t en t ion  has t o  be d i rec ted  t o  t h e  proper t ies  

of s ingular  points  if t h e  s igns  i n  one region a r e  t o  be deduced from t h a t  

o f t h e  other.  However, it w i l l  be shown i n  the  following t h a t  if c e r t a i n  

ru les  are followed i n  ordering t h e  f r inges  with the  help of t h e  knowledge 

of the s igns  of 6 i r e c t  der ivat ives ,  the  signs of  cross  der ivat ives  can be 

obtained automatically. 

The r u l e s  of fringe-ordering, it seems, is  not very e x p l i c i t l y  explained 

i n  the  l i t e r a t u r e  except t h a t  fr inge orders can be a r b i t r a r y  but  consecutive. 

While it is nice  t o  assoc ia te  a zero order t o  a f r i n g e  corresponding t o  a 

zero displacement, t h e  use of it is not necessary, because moir6 f r inges  

represent r e l a t i v e  displacements. The same can be s a i d  about negative orders.  

Therefore, i n  order t o  avoid possible confusions caused by t h e  signs of f r inge  

order, zero and negative orders  w i l l  not be used i n  t h e  following proposed 

ru les  f o r  f r inge  ordering: 

Rule One Assign a number t o  a fr inge i n  a region where t h e  s ign  of 

local  s t r a i n  has been detepmined by one of the  previously described methods. 

(or  by boundary condit ioo if more convenient). The number should be s o  

: -m;'.n 
f 8  

: .  
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l a rge  t h a t  t h e r e  w i l l  be no "danger" of running i n t o  zero o r  negative 
I I !  

orders (For example, one hundred is  a proper number, because a mcire' p a t t e r n  
i I ' 

seldom h a s  more than one hundred fr inges.)  
I .  L I 1. 

Rule Two A x-y coordinate system is  s e t  up according t o  t h e  g ra t ing  I 

l i n e s .  For u - f i e ld  (or v-f ie ld  fringes), consecutively increasing orders  are  /i i 
1 :  . It  

i 
assigned t o  t h e  f r inges  i n  t h e  direct ion of pos i t ive  x-axis(or y-axis) i f  : i 

, : :  i , 
au av I ) I  - ( o r  - ) is  p o s i t i v e ,  and consecutively decreasing orders a r e  assigned I .  

ax ay I .  i 
au a v 

1 .  I 

if - ( o r  - ) i s  negative.  I n  other words, t h e  f r inge  order w i l l  increase ax ay 

along t h e  p o s i t i v e  d i r e c t i o n  i f  l o c a l  s t r a i n  i s  t e n s i l e  and decrease if 1 

compressive. I 1 1  i i 
I n  following t h e  above mentioned two ru les  it is not necessary t o  s t a r t  ) I  

from one region only. Sometimes it may be more convenient t o  start from 

I 
orders s t a r t i n g  with 100 a r e  given t o  t h e  upper f r i n g e  and increas ing orders / I '  

two regions and match t h e  difference when f r inge  orders from both s i d e s  L 

meet. An example is given i n  Fig. 9 where it has been found by t h e  methods 7 : 

shown i n  Fig.  5 through Fig. 7 t h a t  along the  c e n t r a l  vertical. sec t ion the  

upper one quar te r  (approximately) portion of t h e  f r i n g e s  correspond t o  com- .I ! 
t 

pressive s t r a i n ,  whereas t h e  r e s t  t e n s i l e  s t r a i n .  Therefore, decreasing r 

I 
' 1  

I 

; I 

1 
given t o  t h e  rest of t h e  f r inges  according t o  t h e  x-y coordinate system , / 

i 

shown. Fringe orders from 100 t o  98 and from 98 t o  103 are  thus a t t r ibu ted .  I 
The rest o f  t h e  f r i n g e s  (97, 96 and 95)  a re  e a s i l y  obtained from t h e  con- ./ . 

I 
t 

secution considerat ion of t h e  fringe orders a s  shown i n  t h e  f igure  by t h e  

fmr arrows along which fringes orders have t o  be consecutively decreasing. 

It may be asked why t h e  f r inge  orders along t h e  c e n t r a l  v e r t i c a l  a x i s  change 

viola ted  a t  

j , 

! 

from 98 t o  98  ins tead of 99 when it t rave l s  from t h e  compressive s i d e  t o  t h e  /I 
! 

t e n s i l e .  Indeed if it were 99 the  consecution condition would have been b 
some place  because there would be e i t h e r  two " ~ l o s e l y ' ~  neighboring 

; 



98 f r inges  o r  99 f r inges .  A s  it is seen that  t h i s  technique requires no 

knowledge of  s ingu la r  points  except, perhaps, t h e i r  existence. , , 
, . 

A f t e r  t h e  f r inges  a r e  thus ordered, it can be seen t h a t  t h e  signs of , I  
A I. 

both d i r e c t  and cross  der ivat ives  follow d i r ec t l y  from the  very nature I .  1 

I 
1 ;  i 

i n  which t h e  f r i nges  a r e  ordered. That i s ,  along any posit ive di rect ion,  I I ;  : 
1 '1 

the der iva t ive  ( e i t h e r  d i r e c t  o r  cross)  w i l l  be posi t ive  if fringe order i 4 
I .  I 

increases (because e i t h e r  Au o r  Av is  pos i t ive ) ,  and negative i s  f r inge  order . t 
I '  

I : 
decreases (Au o r  Au negat ive) .  The reason for  t h i s  being t rue  can be seen i 4 

by representing t he  u ( o r  v) displacement f i e l d  as  a function of x and y ,  , :  1 
I 

and p l o t t i n g  t h e  displacement surface with u (o r  v) as the  t h i rd  coordinate. 
I 1' 

! 1 

I / .  
The moire f r inges  a r e  t h e  projections of  contour l i n e s  of equal displacements, I % ,  

' 'F i . 1  , 

obtained by in te r sec t ing  t h e  displacement surface with planes of u ( o r  v )  = 

np, where n and p a r e  t h e  f r inge  order and p i tch  of master grating, respec- 



4 .  

' ! 
, . 
! 

V. CONCLUSION , i 
' !  
I 

, . 
It may be concluded t h a t  with the methods presented above, t h e  deter-  / : 

mination o f  s igns  i n  moir6 method i s  much simplif ied and i s  no longer depen- . I  

' I  

dent on t h e  physica l  considerat ion of boundary condit ions.  A s  a r e s u l t  t h e  

I :  

moir6 method can be e f f e c t i v e l y  extended i n t o  the  domain of three-dimensional . ! { ' b  

, I  .# 
;: 1 

photoe las t i c i ty  a s  a means f o r  s tress-separat ion.  It is now alwzys possible I .  I 

I 

t o  determine t h e  s igns  o f  f r i n g e s  obtained from a stress-annealed s l i c e  of 
I 

I ' .  

which t h e  boundary condit ion is e i t h e r  not well defined o r  "non-existingrf :: , 

1 
due t o  t h e  des t ruc t ive  na tu re  of t h e  method of three-dimensional photoelas t ic i ty .  , .  

I I 
I '4 

Furthermore, with t h e  proposed f r inge  ordering technique, t h e  in terpre-  

t a t ion  o f  moire' p a t t e r n  i s  g rea t ly  simplified i n  t h a t  once t h e  sign of fr inges , I 

11 

i n  one region (o r  more) i s  known and t h e  whole p a t t e r n  ordered accordingly, 1 ,  
I 1 

the  s igns  of  both d i r e c t  .and cross  derivatives of displacements fcl low auto- : / , :I 
matically. This method does not  require any understanding of t h e  proper t ies  

of s ingular  points  of a moire' pa t tern ,  which heretofore i s  absolutely I I I' 
. I 

' I  
necessary f o r  a proper in te rp re ta t ton  of moir6 pat terns .  , '1 

I 

I 
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d- Fig. 4, Koire P a t t e r n  of a under Throe-point Loading 



Fig.' 5 .  Deterrr,inl,tion of Signs along Central. Vertical Axis 3y Linear 
Mismatch 



Fig. 6 .  Determination of Signs along Central Vertical Axis by Rotational 
Misrnat ch 
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Fig. 7. Determination of Signs by Gap Effect 
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Fig. 9. Fringe Ordering 


