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A mathematical model of b i o l o g i c a l  polymerization reac t ions  i s  

mulat ed and app l i ed  t o  p r o t e i n  synt i ies is  . Under c e r t a i n  reason- 

e assumptions, inc luding  t h a t  of a nondisassociated enzyme temp- 

complex, the  r e s u l t i n g  s e t  of f i rs t  order  nonl inear  d i f f e r e n t i a l  

a t i o n s  were so lved  by i n t e g r a l  transform techniques.  The case 

r e  t h e  enzyme templet complex d i s a s s o c i a t e s  is  a l s o  t r e a t e d  by 

eurba t ion  techniques.  

The r e s u l t s  i n d i c a t e  t h a t  t h e  syn thes i s  can be regarded as con- 

t i n g  of t h r e e  s t a g e s  (assuming constant monomer concent ra t ion) :  

an i n i t i a l  s t a g e  i n  which t h e  concentrat ion of p ro te in  MN is  giv-  

by yq -- Ct 2 N + l  
(where N i s  t h e  degree of polymerization and t ,  

e )  and the re fo re  represent ing  a lag phase; (b) an intermediate  

ge i n  which t h e  p ro te in  concent ra t ion  i s  determined by an  exponen- 

1 polynomial; ( c )  a t h i r d  s t a t e  of a l i n e a r  increase  i n  p ro te in  

c e n t r a t i o n  with t ime. Conparisons of these  p red ic t ions  w i t h  t h e  

v i t r o  d a t a  repor ted  by Nirenberg [5] i n d i c a t e  s a t i s f a c t o r y  agree- 

Methods a r e  a l s o  described f o r  determining t h e  r a t e  constants ,  

o c i a t e d  with t h e  polymerization, from the  i n  v i t r o  k i n e t i c  data .  

s important r e s u l t  should f a c i l i t a t e  t h e  k i n e t i c  a n a l y s i s  of pep- 

e  syn thes i s .  
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I n  a previous inves t iga t ion  C l ]  a  l i n e a r  model was  presented  

r o t e i n  s y n t h e s i s  by polyribosomes. Some a n a l y t i c a l  r e s u l t s  

nonl inear  model a r e  given he re ,  

l a t i o n  

In t h e  fol lowing we consider a system of messenger FWA tem- 

bound t o  ribosomes of t o t a l  concentrat ion To and amino a c i d  

e r i z i n g  enzyme i l . , t r a n s f e r a s e )  of t o t a l  concent ra t ion  E,. 

sume t h a t  To and Eo remain cons tant  during t h e  course of  t h e  

e r i z a t i o n  s o  t h a t  denaturat ion and l lydrolysis  a r e  assumed not  

CUT. 

The d e t a i l s  of  complex formation between t h e  polymerase, t h e  

nger RMA and t h e  amino acid-adaptor RNA compound is  n o t  known. 

e fo l lowing we assume t h a t  t h e  i n i t i a l  complex i s  formed by 

eac t ions  

irst  expression descr ibes  t h e  complex formation between the free 

w a s e  (X) and t h e  messenger iUqA ( T )  (presurmd adsorbed onto a 

some) wi th  a r a t e  constant k,, for the a s s o c i a t i o n  and ko2 f o r  

i sas soc ia t ion .  The amino a c i d  i n i t i a l l y  p r e s e n t  as t h e  amino 

~ c y l - a d a p t o r  RNA compound, designated by M, t h e n  forms t h e  com- 

ji E T ,  as i s  ind ica ted  by r e a c t i o n  (2a). If subsequent studies 



3te  t h a t  i n s t e a d  of ( l a )  a d  (2a), t h e  s i g n i f i c a n t  r e a c t i o n s  

T f i I + E + B I X T  . 
;he present  formalism w i l l  be  a l t e r e d  i n  d e t a i l  only b u t  t h e  

i1 methods descr ibed here a r e  s t i l l  appl icable .  

pollowing t h e  formation of NET, any i n t e r n a l  readjustment of  

r equ i red  t o  i n i t i a t e  the  polymerization may be represented  by 

k1 3 M E T r - - E T F T  

> such t ransformat ion  i s  necessary,  then  t h e  present  analysis 

Les with k 
7 3'0' The polymerization r e a c t i o n  subsequent t o  

may now be w r i t t e n  as 

~ n e r a l ,  a f t e r  ( l a )  we have a sequence of t h e  fo l lowing p a i r s  

!ac t ions  



. ion  d6a) r ep resen t s  the  r e v e r s i b l e  adsorpt ion  of  t h e  amino 

.adaptor R3\TA molecule while (7a)  rep resen t s  (with t h e  excep- 

of i = 2 )  t h e  i r r e v e r s i b l e  formation o f  t h e  pept ide  bond. It 

be  noted t h a t  the  above formulat ion asemes t h a t  t h e  enzyme- 

.e t -pept ide complex remains i r r e v e r s i b l y  a s s o c i a t e d  dur ing  t h e  

of  p r o t e i n  syn thes i s .  Evidence support ing a t i g h t l y  bound 

lomplex has been provided by T i s s i e r s  e t  a1 [ 3 ] .  These work- 

wport  t h a t  during pro te in  s y n t h e s i s  t h e  most a c t i v e  ribosome 

Lon (70 S f r a c t i o n )  from E. Co l i  forms an undisassocia ted  com- 

wi th  t h e  newly formed p ro te in .  They pos tu la te  t h a t  t h e  pro- 

i s  re leased  by d i s soc ia t ion  of  t h e  70 s ribosome f r a c t i o n  t o  

and 30 s f r a c t i o n s  which do n o t  i r r e v e r s i b l y  b ind  t h e  p r o t e i n .  

~ e r  and Linge l  fL+] a l s o  found it necessary t o  p o s t u l a t e  t h e  

f o r  a s p e c i a l  r e l e a s e  f a c t o r  i n  t h e  case  of  p ro te in  s y n t h e s i s  

.t l i v e r  ribosomes. It appears from such r e s u l t s  a s  t h e s e  that 

.ease s t e p  is requ i red  a t  t h e  terminat ion o f  t h e  s y n t h e s i s .  If 

r e s e n t s  t h e  t o t a l  number of amino a c i d s  i n  the complete pro- 

then the  te rminal  reac t ions  nay be presented by 

r e l e a s e  occurs concomitant with t h e  a d d i t i o n  o f  t h e  las t  amino 

Al te rna t ive ly ,  it may be that t h e  add i t ion  of  t h e  a-i ino a c i d  

ue occurs first and t h a t  t h i s  is  fo l lov~ed  by r e l e a s e :  



k i s  t h e  rate constant  a s soc ia ted  w i t h  t h e  r e l e a s e  of bound r 
in. 

Lt i s  convenient t o  summarize t h e  mechanism discussed  above. 

= Concentration of nuc le ic  a c i d  template.  

= Concentration of enzyme. 

= Concentration of monomer, 

= Concentratiori of polymer c o n s i s t i n g  of i monomers. 

Then t h e  system of r e a c t i o n s  is given by the s e t  of equations: 



I n  general ,  a f t e r  t h e  first equation i n  t h e  above we have 

p e n c e  of t h e  fol lowing p a i r s  of r eac t ions :  

i = o,  1, .. ., N - 1, and No is t o  be i n t e r p r e t e d  as t h e  null 

ner ( a  chain having no monomers), 

If N i s  the  t o t a l  number of monomers i n  t h e  chain,  t h e n  t h e  last 

react ions are 

Here % i s  t h e  complete p ro te in .  

Wri te  xi = I .  E. T. M(i-l) 

Then t h e  system of O . U . E t s  corresponding t o  the r e a c t i o n s  (1) 

:2) i s  

j . ,  1 ,  
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T h i s  system will be considered under t h e  assumptions t h a t  M is  

;ant  and the kil , k k a r e  all non-negative numbers, Note 
i2' i s  

t h e  l a s t  equat ion may be considered a p a r t  from t h e  r e s t  of t h e  

3m. 

The system ( 3 )  has c e r t a i n  first i n t e g r a l s  which a r e  now de- 

1. These may be used t o  e l imina te  some of t h e  v a r i a b l e s  and thus 

:e t h e  o r d e r  of t h e  systen.  

I f  a l l  t h e  equat ions i n  ( 3 )  except the  second and the las t  a r e  

i t o g e t h e r ,  we g e t  



Thus 

where c ,  is a constant  of in teg ra t ion .  

I Simi la r ly ,  i f  we add a l l  t h e  equat ions  i n  ( 3 )  except t h e  f i r s t  

and l a  st ,  then 

, Thus we have the  i n t e g r a l  

! 

where c2 is another  constant  of i n t e g r a t i o n .  
I 

) Note: If we assume t h a t  a l l  t h e  xi and yi a r e  zero i n i t i a l l y ,  then  
1 

1 
= E(o)  = Eo and c2 = T ( o )  = To , t he  i n i t i a l  amounts of enzyme and 

L 

templa te ,  respect ive ly .  

r The system ( 3 )  does not appear t o  have any o t h e r  simple first 
k 

i n t e g r a l s  bes ides  ( 4 )  and ( 6 )  and fur thermore,  i n  genera l ,  no closed- 
C 
b form s o l u t i o n  seems t o  e x i s t .  However, i n  t h e  s p e c i a l  case where 

r koz= O, a closed form can be derived and t h i s  w i l l  be given i n  t h e  
1 1 next sec t ion .  



2., Protein Synthes is  i n  t h e  Case k = o 
02 

N-1 
L e t  u =yo + f  C % ; + l i )  + X& . 

L'=/ 

Then t h e  two i n t e g r a l s  (4 . )  and ( 6 )  become 

I) E +  u = C, 2 T +  u = C, 

In ( 3 ) .  with  koz = 0, add a l l  t h e  equations except tile first two and 

%he l a s t .  Then 

Wr i t i ng  t h i s  i n  terms of u by means of ( 7 ) ,  we g e t  

I 
I an equation which i s  immediately in teg rab le  s ince  t h e  v a r i a b l e s  a r e  
i 
1 separa ted .  

Carrying through t lie i n t e g r a t i o n ,  we f i n d  t h a t  

C C 
, if c, $ c , Here @ = and c3 i s  an a r b i t r a r y  constant  o f  i n t e -  

d 

' g r a t i o n .  

Note:  When c, = c2, 



I 

For the  i n i t i a l  condi t ions xi(o) = y j ( o )  = o, E ( o )  = E , T(o)=To, 
0 

, ( 8 )  y i e l d s  

1 w i t h  P =  (IC0 - T0)/2. 

Idhen tkie s o l u t i o n s  f o r  E and T given by (10) a r e  s u b s t i t u t e d  i n  

/ t h e  t h i r d  equat ion of ( 3 ) ,  the system ( 3 ) ,  s t a r t i n g  w i t h  t h i r d  equa- 
l 

i t i o n ,  becomes a non-homogeneous l i n e a r  system of O.D,Efs having con- 

s t a n t  c o e f f i c i e n t s .  S ince  t h e  i n i t i a l  condi t ions  a r e  a l l  zero ,  the 

s o l u t i o n  may be worked ou t  easily using Laplace Transforms. 

L e t  

Z x ( = ( 5  , Zr-3 ct27 = X {s-' , ~ ~ ~ ~ l d =  m e )  e 

, Then transforming ( 3 )  l e a d s  t o  following system of l i n e a r  a g e b r a i c  

1 .equations f o r  t h e  t ransforms : 



Omitting the  l a s t  equation i n  ( 1 2 )  f o r  t h e  moment, and p a i r i n g  o the r  

equations successively,  we have as a t y p i c a l  p a i r  (except  f o r  t h e  

first p a i r )  

1 
Then solving this s e t  i n  terms of  Xi , 

14 - - kCi+/>/ k i 3  M XL r/ f. CSJ XC 9 

I 
c f-/ 

I 
where 

fi+, Cs) = (s + ~& I+ , ) /M) (~  t kl~+/)z + h c i + ~ ~ s )  - kC+,)z 



The first p a i r  of equat ions  in (.12) yields 

Equation (14) i s  now i t e r a t e d  s t a r t i n g  with i = N - 1, and the 
I 
I 
; value of X, i s  s u b s t i t u t e d  from (16). This  g ives  

which when solved f o r  $ results i n  

r N 
1 Here A = 7 kL, B =  kL3 

i In view of the last  equation of ( 1 2  ) , we have, finally 

I i =/ 
! 

Eq- (18) may be inver t ed  using t h e  convolution themem. 



then  

0 )  M,(+I = FW * ( E I ( 7 )  I 

where E and T a r e  given e x p l i c i t l y  by ( 1 0 ) .  By a c t u a l  s u b s t i t u t i o n ,  

we can check t h a t  t h e  polynomial m u l t i p l i e r  of  s i n  t h e  denominator 

of eq. (19)  has s = o  as a  simple zero.  It can be shown, us ing  a 

cont inui ty  argument, t h a t  a l l  o ther  zeros  o f  t h i s  polynomial a r e  i n  

t h e  l e f t  half-plane.  Thus, assuming t h e s e  zeros a r e  simple, F ( t )  i s  

of the form 

The e x p l i c i t  "working outtt of the  convolution i n  (20) ,  e i t h e r  

numerically or i n  t e r n s  of known funct ions,  is l e f t  f o r  a subsequent 

: inves t iga t ion .  

3.  Perturbat ion S o l u t i o n  f o r  Small k ( P r o t e i n  Synthes is )  
02 

By assuming t h a t  kkoais  small  i n  t h e  system of  O.D.Ets given by 

( 3 ) ,  t h a t  system may be solved by using t h e  standard pe r tu rba t ion  pro- 

cedure, and t h e  s o l u t i o n  given as power s e r i e s  i n  ko2with c o e f f i c i e n t s  

which a r e  funct ions  of t ime. Because of t h e  s p e c i a l  s t r u c t u r e  of t h e  

system ( 3 ) ,  it t u r n s  out  t h a t  these  c o e f f i c i e n t s  may be represented  i n  

comparatively simple fashion  by means of quadratures . 
For s i m p l i c i t y  w r i t e  2 = koZ.  If we add all t h e  equat ions i n  (x3)  

except t h e  first two and t h e  l a s t ,  we g e t  



' o r  i n  terms of t h e  v a r i a b l e  u introduced i n  Sec t ion  2 ,  I 
i 
! 

I 

I Denote kol ( c l  - U) ( c 2  - U) by v . Proceeding with t h e  per turba-  

t i o n  technique,  w r i t e  

I 

where t h e  un , and yn0 are funct ions of time. Then we may w r i t e  

/ where, by v i r t u e  of (22)  the v nay be expressed i n  terms of  the  n I un a s  fo l lows:  

I If (221, 2 wrd (24 )  a r e  s u b s i i t ~ t e d  i n  ( 2 1 )  and c o e f f i c i e n t s  of 
1 
I like powers of a r e  equated, t h e  fol lowing system of D.Ets re- 

sult  s 



I n  ( 2 6 ) ,  t h e  2/ are t o  be replaced by t h e i r  expressions i n  terms 
n  

of t h e  un given by ( 2 5 ) .  We now f i n d  s i m i l a r  expressions f o r  t h e  yn0 

i n  t e r n s  of t h e  y, . These w i l l  a l s o  be s u b s t i t u t e d  i n  ( 2 6 )  s o  t h a t  

t h e  l a t t e r  system will be  w r i t t e n  completely i n  terms of t h e  I+, . 
For  t h e  case h = k o z f  0, t h e  system o f  t ransform equat ions (11) 

remains t h e  same except  t h a t  i n  t h e  f i rs t  equat ion t h e  c o e f f i c i e n t  

o f  Yo becomes - k ,  ,M - k i n  p lace  of j u s t  - k, ,M Thus tile s o l u t i o l  
02 

of t h e  s)-stem (12)  w i l l  now y i e l d  t h e  fo l lowing expressions f o r  Yo and 
! 

I 

1 Here V =  X I V ~ ~ ~ = Z ~ ~ ~ / C E ) C T -  7 

1 j , (~) = ts + k,, +k, ,M)(s+ k,, + k,) - k,k,2 M 9 

I 
i and A ,  B ,  f i:  s )  have tho  meaning assigned t o  them i n  Sec t ion  2. 
I 

i 
Replacing XN i n  ( 2 7 )  by us ing  ( 2 8 ) ~  we g e t  

s i n c e  
g,Cs)= ( s + k , / ~ ) ( ~ + & ~ + k , ~ ) - k ~ , ~ / ~ M  t- A & + ~ / Z ~ & )  9 



I 

we may w r i t e  Yo (using the geometric s e r i e s  expansion) as a power 
I 

i 
s e r i e s  In h i n  t h e  fol lowing way: 

W 

= n= E V , ~  o 
* 2 c - d ~  

n=o 

Thus 

n 
Equating t h e  coe f f i c i en t s  of in (31) t o  t h e  l i k e  c o e f f i c i e n t s  

I i n  (23 ) , we get  t h e  relations 

I 
t (32 )  = (-~.)O[G* Gn(t)- q*~ , , ( t )+**I ,  n=o,.-• J 2 

i ' 



I Since t h e  G i ( t )  a r e  "known funct ions"  and t h e  v i  are given i n  

terms of  the  ui by ( 2 5 ) ,  eq. (32)  r ep resen t s  the  yno i n  terms of t h e  
I 

u. . Note t h a t  t h e  func t ions  uo, u,, ...,u, , only, a r e  involved i n  
1 

the expressions f o r  yno . 
Coming back t o  t h e  system of D . E f s  ( 2 6 ) ,  t h e  genera l  equat ion 

! of  t h i s  system reads  
1 

/ o r ,  in vie& of (25) ond (.32), 

/ 
Uo = (c, ,t c,) + 2 ~,].u, j t e r m s  in vo/v;ng y, - . 

I 

I 
Thus as s u i n g  uo , . . . , Un- 1 

are known, (33) determines U Since  
I n 

1 : ( 3 3 )  is a l i n e a r  equat ion-of  the f irst  order  i n  un, i t s  s o l u t i o n  may 
I 
I 

be given i n  closed forrn i n  t e m s  of quadratures.  I n  p a r t i c u l a r ,  note 

'r t h a t  t h e  c o e f f i c i e n t  of un i s  t h e  sane f o r  all t h e s e  e q u a t i o ~ l s .  Call- 

ing t h i s  c o e f f i c i e n t  A and t h e  t e m s  f r e e  of %, B,, and t a k i n g  ac- 

count of  the  i n i t i a l  condi t ions un(o)  = o, t h e  s o l u t i o n  o f  (33) may 
1 
I b e w r i t t e n i n t h e f o r m  

i Since the first equat ion of ( 3 3 ) ,  giving u i s  i r s l ed ia te ly  in tegrable ,  
0 

I (cf. Sec t ion  2 ) ,  t h e  induct ion may be c a r r i e d  tilrough and a l l  succeed- 
I 
I ing  ten;:s y, represented  i n  closed form by means of quadratures .  
r 

F o r  example, t h e  second equation of ( 3 3 )  would be 



I 
I 
I s ince  yo, = v # G O ( t )  from ( .32) and v, = k o , ( c ,  - u,) (c, - u0) 

f r o m  ( 2 5 ) .  Here uo i s  t o  be replaced by t h e  U, found i n  Sect ion  2 
I 

( t h e  unperturbed s o l u t i o n )  . 
There remains t h e  development of an expression f o r  t h e  amount 

I 
of pro te in ,  %( t )  , i n  the  perturbed so lu t ion .  From ( 2 8 )  and ( 2 9 ) ,  

1 w e  have 

L 
I 

and s i n c e  

m c ~ ) =  Z L M , , , ( ~ ~ =  ~,,xN/s 9 (lz), fhis 

gives  
! 

' t h e n  I 
I 

N 
m ~ s )  = ABM / 

3 (3 + 4 2  + k/3)J)h/ (5) 

1 Since 
I Z L 4 c - t )  * Go (ty = / cs + k,* + 43 l k, cs) - - / 

I 
S(s+4z+ /c ; , )h ,~ .  h 0) s h (3 3 

i 

I eq. (37) can be rewr i t t en ,  i n  view of ( 3 2 ) ,  a s  
I 



where m,, ~ t )  = H, (t l * ~ - / ) ~ [ 7 / n  - c-, * G2Cfl+ 9 ,  n * ~  

and 5 a r e  t o  be expressed i n  terms o f  t h e  by (25). 

4, S p e c i a l i z a t i o n  and Evaluation of  Resu l t s  ( P r o t e i n  
I 

Synthes is ,  k = o )  
02 

I 

In  t h i s  s e c t i o n ,  t h e  r e s u l t s  obta ined  previously w i l l  be worked 

out i n  some d e t a i l ,  and c e r t a i n  end formulas w i l l  be developed which 

I 
may be used t o  connect theory wi th  experiment. I n  order  n o t  t o  com- 

I p l i c a t e  t h e  end r e l a t i o n s  unnecessar i ly ,  c e r t a i n  sirnpJifyilig assump- 
! 

t i ons  w i l l  be made a t  t h i s  point .  lie suppose t h a t  a l l  r eac t ion  con- 
I 

s t a n t s  of t h e  same kind a r e  equal t o  each o the r ,  Thus, l e t  

k1 1 
= k  = 

21 * * *  
= 'hrl = kl  

For the present  $3 i s  not taken equal t o  k3 i n  o rde r  t o  a l low f o r  t h e  

p o s s i b i l i t y  of a slower reac t ion  t ime i n  t h e  las t  r e a c t i o n  when t h e  

p r o t e i n  i s  separa ted  from the enzyme-template complex. These assump- 

t i o n s  seem reasonable i n  the l i g h t  of e x i s t i n g  knowledge concerning 

t h e  syn thes i s  process.  A s  a r e s u l t  of t h i s  s p e c i a l i z a t i o n ,  t h e  poly- 

nomials fi(s), (i = 1,2,, . . , N - 1 )  become i d e n t i c a l  and we can drop t h e  

s u b s c r i p t  and denote a l l  of them by f ( s )  where 

f ( s )  = ( S  + k,l!d) ( S  + k + kg) - k k l = s2 + 6s + b , 
2 1 2  

and d = klM + k + kg, b = klk3M . 
2 



I For f ( s )  we have 
M 

where 6 = k Pi + k + $3 and = k;$3Pd: . 
1 2 

L I n  t h i s  no ta t ion ,  equation (18) becomes 

The s o l u t i o n  f o r  1\ ( t )  may then be obtained a s  usual ,  by expanding b ? 

the  r a t i o n a l  func t ion  i n  (18  ) i n t o  p a r t i a l  f r a c t i o n s ,  i n v e r t i n g  

I each term <and convoluting t h e  inver se  transforms wi th  ( E )  . (T . 
- (a )  Asymptotic Behavior f o r  Large t . 

I 

I 11s noted i n  Sec t ion  2, t h e  r a t i o n a l  f ~ m c t i o n  of s represented  

by the  f r a c t i o n  i n  eq. (18')  has a double pole a t  s = o; a l l  o t h e r  
1. 

poles are i n  the  left-hand plane ::ore e x p l i c i t  information regard- 
I 

I ing t h e  l o c a t i o n  of t h e  poles can be given if  it is  assumed t h a t  

I k ~ i  s = k . Tliis ~5 .11  be done l a t e r  t o  get  an ind ica t ion  o f  the  t r a n -  
I 

3 
I 

s i e n t  b e l ~ a v i o r  of t h e  systern f o r  in termedia te  values of time. For 

the  p resen t ,  we a r e  i n t e r e s t e d  only i n  obta in ing  t h e  asymptotic be- , 
I 
1 havior  o f  t h e  system f o r  l a r g e  t i n e  and we can ignore t h e  poles  i n  

/ t h e  l e f t - h a l f  plane s i n c e  it con be shown t h a t  t h e  convolution of 

terms corresponding t o  these  with (E) . approaclles z e r o  as 

c Thus, we a r e  concerned s o l e l y  with t h e  p r inc ipa l  p a r t  of 
7 -  ? 

M A , " .  * N 
k1~3d. ) at s .; 0 . k ( s )  = ko,$;. js(f\s f- ( s )  - --- 

r 

I k3 



We may w r i t e  

! and f i n d  by s tandard  techniques t h a t  

I 

Thus t h e  dominant terms i n  ?! i t )  f o r  l a r g e  t i n e  a r e  given by 

I MN (t) = A-Z f * CEI(T) + A_, - / X (F)(T) +- OW . 

Zvaluating the  convolutions, we  f i n d  

liere, as. before,  P =  (E - T  ) / 2  . 
0 0 

These expressions may be s impl i f i ed  f u r t h e r  if  we subdivide t h e  dis- 

cussion i n t o  two cases depending upon whether E > T or E < To . 
0 0 0 

Thus if  E, > To then  (3 > o and we f i n d  f o r  l a r g e  t t h a t  



I n  t h i s  case,  then,  we have 

(39 1 A -2 ' / (&o-Z$+ A - J +  (,(I) $(t) = - ( k t  A,, +-  k , Y  E, 
ko, 

T t e  r e s u l t  f o r  t h e  case E < To may be obtained from t h i s  one 
0 

by interchanging E and T i n  eq. (39) .  

I 
0 0 

We may perform a s i m i l a r  asymptotic analysis f o r  each of t h e  

xi(i  = 1, . . . , N )  and y i ( i  = o, . . . , - 1 )  . Thus, f o r  our spe- 

I c i a l i z a t i o n ,  eq. (17) becomes 

Using eq. (14) t o  express 3J i n  terms of XFI, then  X i n  terms - I N-2 

Of % - I  ' e t c  . we f i n d  by induct ion t h a t  

1 Equation (13) then g ives  



The dominant term i n  xi and y corresponds t o  the simple pole  of i 
Xi and Yi a t  s = o. Writing 

we f i n d  = ~ O I  Y/A > 

where = p3 6' + (N--/ ) kN3 61 

Note t h a t  both A _ , . ,  (i = 2 ,  . . - 1 )  and B W l i ,  (i = o, l , . .  .3N-2) 

a re  independent of i, 

Equations (43) and (44) i n  conjunct ion with t h e  previously eval- 

uated convolution 1 x(E) (T) imply t h a t  a s  t-oo , 
'-P 

P 

I i f  Eo > To . Replace T by Eo i n  these formulas i f  Eo < T . 
0 0 



( b )  Asymptotic Behavior f o r  Small Time. 
1 

Equation (18 ) ,  w r i t t e n  as m(s) = k(s) . 2 C ( E )  (T)], l eads  to 

t h e  t.irne domain equat ion  

where K ( t )  i s  t h e  inver se  of k ( s ) .  S ince  l i m  
s ---+ 00 

c ~ ~ ~ ~ ( ~ ) J  = 

and lim 
S ---+ CD 

[ s2"+ 'k ( s ) ]  = ko~$\13 aN/k 3 ' 

it fol1o:rs from t h e  I n i t i a l  Value Theorem t h a t  D ~ K ( O )  = o f o r  

i = O, 1 ,..., 2W - 1 while  D ~ " K ( o )  = ko14,3d. , ( D  = d/dt) . 
3 

Then d i f f e r e n t i a t i n g  (47)  v i t h  r e spec t  t o  t y i e l d s  D ~ P $ ( o )  = o, 
7 T 

i = 21s- 1 o, 1 ,..., 2::,D 
0 

k aN/k . % ( o )  = T0'kol 
3 

Thus, f o r  t small ,  

11 s i m i l a r  a n a l y s i s  of  eqs. 1 ) , (40 , (41) and (42 )  y i e l d s  a s P P -  

t o t i c  r e l a t i o n s  f o r  each of  t h e  xi 2nd yi, viz  

E T k t i  t2i+? - 0(1), (i = 0,1,.. ., 27 - 1) , 
( 4 9 )  y i h )  = 0 0 07 

( 2 i  + I)! 

( c )  In termedia te  Values of Time. 

Tile ques t ion  as t o  whether t h e  asymptotic r e s u l t s  obta ined  i n  

( a )  and (b) above will suffice t o  d e l i n e a t e  t h e  behavior of qJ(t) o r  

whether a d d i t i o n a l  formulas are necessary  for in termedia te  va lues  of 



time i s  s t i l l  open. It depends upon t h e  a c t u a l  values o f  t h e  char- 

a c t e r i s t i c  roo t s ,  i , e .  t h e  poles  of  k ( s ) ,  and t h e s e  i n  t u r n  depend 

upon t h e  numerical values of t h e  r e a c t i o n  cons tants .  I n  o rde r  t o  

get some i n d i c a t i o n  of t h e  l o c a t i o n  of t h e  c h a r a c t e r i s t i c  r o o t s  i n  

the  complex plane,  t h e  case i n  which kN3 = k3 w i l l  now be considered. 

Here we can s o l v e  t h e  c h a r a c t e r i s t i c  equation e x p l i c i t l y  i n  t e r n s  

of t h e  reac t ion  constants .  

With $3 = k a.:d fI,,is) = f ( s )  t h e  denominator i n  (18') be- 
3 ' ..- 

N Ti comes k 3 s [ f ( s )  - r  1. Thus, vre nus t  so lve  t h e  equation 

t o  ge t  t h e  c h a r a c t e r i s t i c  r o o t s  o t h e r  than  the  one provided by t he  

f a c t o r  s ,  i.e., s = o. F i r s t ,  we note  t h a t  (51)  can have mul t ip le  
K - l f  1 ( s )  roo t s  only if N [ f ( s ) ]  . = o  f o r  s a roo t  of ( 51) , This 

leads  t o  t h e  conclv.sioli t h a t  t h e  only- poss ib le  mul t ip le  roo t  cor- 

responZs t o  s = - 6/2, and t h i s  v d u e  of s w i l l  be a double root  

if and only i f  a2 = 6 T and N is even. Thus f o r  a l l  p r a c t i c a l  pur- 

poses, t h e  r o o t s  of  1 51) w i l l  be simple. 

2ni s o  t h a t  f i s  a pr imi t ive  B t h  roo t  of  un i ty .  Row l e t  f = exp - N 

Then 

f ( s )  = x $  j (j = O ?  l,...,N - 1) , 
and so lv ing  t h i s  quadra t ic  equat ion we f i n d  t h e  2PJ r o o t s  of (51) 

given by 

Mote t h a t  f o r  j = o, we get  t h e  r o o t s  o and - 6 .  Thus o  i s  a double 
' fJI2 

pole of k(s) . If N is even and j = M/2, then = - 1 and it can 

be shoir~n t h a t  tue again have two r e a l  roo t s .  b c e p t  f o r  t h e s e  cases 



t h e  roo t s  
'j 

a r e  a l l  complex. 

Equation ( 5 2 )  expresses  t h e  sk i n  t e r n s  of t h e  square roo t  of a 

complex number. A s  i s  well-known, t h i s  square roo t  may be w r i t t e n  

i n  the form a + b i  where a and b involve only r e a l  square r o o t s .  For  

poss ib le  f u t u r e  computational use, we list t h i s  a l t e r n a t e  form of 

( 5 2 ) .  

b = sgn b1;/'a12 b12 - a~ t 

21-i j b, = 4 a s i n  

(j = 0, l,.. .,I{ - 1) . 

5 . Conclusions 

The r e s u l t s  i n  Sect ion  4 i n d i c a t e  t h a t  t h e  syn thes i s  of p r o t e i n  

1 (I.$) i n  t h e  model under considerat ion can be regarded as cons i s t ing  

of t h r e e  s t a g e s :  ( a )  an i n i t i a l  s t age  i n  which t h e  concentrat ion of 

p ro te in  is given by My: -- c , t2"+' , and the re fo re  represent ing  an  ex- 

ceedingly slow bui ldup of t h e  p r o t e i n  complex qu i t e  ind i s t ingu i shab le  

f o r  awhile from a ze ro  p r o t e i n  concentrat ion;  ( b )  an in termedia te  

s t a t e  i n  which % i s  detemiined by an exponent ial  polynomial; ( c )  a 
i 
r 

final s t a t e  i n  which lvbu C 2 t  + C3, i .e .  l i n e a r  growth but wi th  an 

, o f f s e t  C3. The cons tants  C 1 ,  C2 and C a r e  given i n  Sec t ion  4 i n  
3 

i terms of t h e  var ious r e a c t i o n  constants .  



Nirenberg E S ]  has repor ted  t h e  r e s u l t s  of c e r t a i n  experimental 

s tud ies  o f  p r o t e i n  r e a c t i o n  k i n e t i c s  i n  v i t r o .  Comparing h i s  a c t u a l  

f ind ings  with our t h e o r e t i c a l  predic t ion ,  we s e e  t h a t  t h e r e  i s  sub- 

s t a n t i a l  agreement between the  two. Birenberg a l s o  shows a fourth 

s t age  fol lowing t h e  l i n e a r  one i n  which t h e  p r o t e i n  concentrat ion 

approaches an asymptotic value.  The l a t t e r  can b e  i n t e r p r e t e d  i n  t h e  

l i g h t  of o u r  model t o  r e f l e c t  t h e  s i t u a t i o n  r e s u l t i n g  from a decay i n  

messenger RNA. 

A s  a first consequence of t h i s  agreement between Nirenbergfs  ex- 
I 
i perimental  r e s u l t s  and our  formulas, it becomes poss ib le  t o  use t h e  

former ( o r  t h e  r e s u l t s  of experiments s i m i l a r  t o  them) t o  determine 

I values f o r  c e r t a i n  of t h e  fundamental r e a c t i o n  cons tants  which under- 

l i e s  t h e  p r o t e i n  syn thes i s  process. F o r  example, t h e  slope (C2) of 

the  s t r a i g h t  l i n e  i n  the  t h i r d  s tage  of syn thes i s  can e a s i l y  be de- 

termined from t h e  experimental  data.  On t h e  other  hand, t h e  formu- 

t las i n  Sec t ion  4 ( c f .  eq. ( 3 9 ) )  show t h a t  

If we conduct t h e  experiment severa l  t imes  with d i f f e r e n t  concentra- 
t 

t i o n s  of  monomer H( j) , but  fixed Eo and To, and denote t h e  measured 

s lopes  by ~ - & l ( j ) ,  we g e t  a s e t  of a lgebra ic  equations 

which s e r v e  t o  determine some of t h e  r e a c t i o n  constants .  

! To i l l u s t r a t e  t h i s  procedure, l e t  us assume, f o r  s i m p l i c i t y ,  

I 
that t h e  s p e c i a l i z a t i o n  of t h e  cons tants  assumed i n  Sect ion  4 a p p l i e s  



and matt fur thermore,  
3 = kg and E < T Then we have 

0 0 

1 t 

= 8 k k 31, 6 = 6 = k , & I +  kp + kj, and eq. (59 ) ,  with these  val- 1 3  

ues i n s ' e r t e d ,  y i e l d s  

Using two d i f f e r e n t  V J ~ U C ~  of i.,,- designated a s  M( ' ) and N(2 1, in t h i s  
.. 

r e l a t i o n ,  we r e a d i l y  f i n d  t h a t  

Thus it becomes poss ib le  t o  det errnirie the important p o l y ~ e r i z a t i o n  

c o n s t a n t  k . By making assumptions regarding t h e  r e l a t i v e  magnitude I 

3 

of t h e  o t h e r  cons tants  and a l s o  by using t h e  b h  in tercept ,  represent- 
{ 

ed by Cg i n  t h e  l i n e a r  asymptotic form, fur ther  reaction constants 
1 

may be evaluated.  
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