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A b s t r a c t  - 
D y n a m i c a l l y  p a s s i v e  t r a n s f e r  of h e a t  a c r o s s  a  t h i n  

f i l m  s u p p o r t i n g  a P r o g r e s s i v e ,  p e r i o d i c  s u r f a c e  wave is 

a p p r o a c h e d  f rom a  L a g r a n g i a n  v i ewpo in t .  For  mos t  f l u i d s  

the f l u c t u a t i o n s  i n  t e m p e r a t u r e  of any f l u i d  p o i n t  is 

shown t o  be n e g l i g i b l e  o v e r  t h e  t ime s c a l e  of t h e  pas sage  

of a wave and  t h u s  a  v e r y  c l o s e  appros i rna t ion  t o  t h e  h e a t  

f l u x  c a n  be e a s i l y  o b t a i n e d  f o r  waves d e s c r i b e d  by 

m a t e r i a l  v a r i a b l e s  when t h e  bounda r i e s  a r e  m a t e r i a l  s u r -  

faces a n d  t e m p e r a t u r e  is a  c o n s t a n t  on t h e  bounda r i e s .  

s p e c i f i c  f l u x  and  p r o f i l e  r e s u l t s  a r e  deduced f o r  

G e r s t n e r  waves  a n d  s h a l l o w  g r a v i t y  waves, 



On t h e  F l u x  of Heat  Through Larninar,lVavy Films 

1 I n t r o d u c t i o n  

A s i t u a t i o n  of some i n t e r e s t  and c o n s i d e r a b l e  

complex i ty  a r i s e s  when a n  i n t e r f a c e  t a k e s  t h e  form of 

a  t r a i n  of p r o g r e s s i v e  waves. A g r e a t  d e a l  of prog- 

r e s s  h a s  been made i n  the  l a s t  decade toward understand- 

ing t h e  p h y s i c s  of the  g e n e r a t i o n  of such waves from 

t h e  q u i e s c e n t  s t a  t e  [I], [2] .!ixperimentally i t  has 

l o n g  been obse rved ,  f o r  example i n  condensat ion s t u d i e s ,  

t h a t  i n t e r f a c i a l  waves a r e  t h e  norm r a t h e r  than t h e  

e x c e p t i o n  and a  r e c e n t  a r t i c l e i 3 1  has reviewed and c a t a -  

loged  t h e  k i n d s  of waves t h a t  have been ob ta ined  and 
1 / 

t h e  c o n d i t i o n s  under which t h e y  occur,  E :  

I t  f r e q u e n t l y  becomes of i n t e r e s t ,  i n  s i t u a t i o n s  

i n  which wave t r a i n s  a r e  genera ted ,  t o  a s k  t o  what 

e x t e n t  h a s  t h e  e x i s t e n c e  of t h e  waves a f f e c t e d  t h e  f l u x  

of h e a t  th rough  the  i n t e r f a c e ,  For example hlc~dams[4j 

a p p a r e n t l y  recommends a n  assumption of 20% i n c r e a s e  i n  

f l u x  due t o  waves f o r  f i l m  type condensat ion  on v e r t i -  

c a l  t u b e s ,  W e  c o n s i d e r  a  s p e c i f i c  boundary value  prob- 

lem i n  two s p a c e  dimensions in w h i c h  the  tempera ture  a t  

t h e  upper  boundaxy i s  mainta ined a  c o n s t a n t  and t h e  

t e m p e r a t u r e  a t  t h e  o t h e r  boundary of the  f i l m  i s  a l s o  

h e l d  f i x e d  a t  a  lower tempera ture  s o  t h a t  c e l l u l a r  

mot ion  due to bouyancy i n s t a b i l i t i e s  does n o t  a r i s e .  

No t r a n s f e r  of m a t t e r  a t  the  s u r f a c e  is cons ide red  a l -  

though i t  a p p e a r s  t h a t  f o r  many condensing phenomena 



the most s i g n i f i c a n t  inf luence of condensation may be 

t o  maintain a f ixed  temperature, Cer ta in ly  t h i s  i s  

t r u e  f o r  the s i t u a t i o n  i n  which the condensing f i l m  

i s  i n  a quasi-steady s t a t e ,  That is f o r  s i t u a t i o n s  

i n  which the wave t r a i n  c o n s t i t u t e s  a pe r tu rba t ion  

about a s teady (thermal and hydrodynamic) plane hor i -  

z o n t a l  condensation l a y e r ,  For the type of problem 

j u s t  descr ibed one can i d e n t i f y  severa l  mechanisms 

each of whieh leads t o  an augmentation of the  magni- 

tude of the f l u x ,  The sur face  area is ev iden t ly  more 

extens ive  than t h a t  of the undisturbed surf ace and 

l ikewise  the isotherms a r e ,  i n  the mean, c l o s e r  to- 

ge the r ,  Furthermore the p a r t i c l e  m o t i o n s  whieh corres-  

pond t o  the sur face  t r a v e l i n g  waves are pe r iod ic  t r a -  

j e c t o r i e s  w i t h  a poss ib le  d r i f t  i n  the d i r e c t i o n  of 

wave propagation L52 and t h u s  they can perhaps perform 

the  func t ion  of carrying a high temperature from near  

the  h o t t e r  su r face  and e s s e n t i a l l y  dumping i t  i n  the 

co lde r  reg ions  a t  the bottom of the t r a  jee tory ,  and 

then reve r s ing  the procedure f o r  the remainder of the 

cyc le ,  I n  the  quasi-steady s i t u a t i o n  with a homogene- 

ous f i l m  and wave system they a re  condemned t o  t h i s  

r o l e  w i t h  an invar iable  temperature cycle f o r  each pas- 

t i e l e ,  The r o l e  of d i f f u s i o n  by continuous movements, 

s o  c r u c i a l  i n  turbulent  t ranspor t ,ean  be seen  t o  be of 

no i n t e r e s t  i n  t h i s  s i t u a t i o n .  If the temperature of 

each p a r t i c l e  were t o  be conserved i n  the  motion 

( e s s e n t i a l l y  a  low p e e l e t  number requirement),  i t  i s  



t h e  continued inc rease  i n  time of t he  mean d i s p l a c e -  

ment of a p a r t i c l e  which c o n s t i t u t e s  t u r b u l e n t  t r a n s -  

p o r t  and when the  p a r t i c l e  i s  i n  p e r i o d i c  motion i n  

t h e  d i r e c t i o n  of t h e  mean f l u x  one o b t a i n s  no mean 

c o n t r i b u t i o n  t o  the  flux from t h i s  p a r t i c l e  motion. 

I n  an incompress ible  f l u i d  the  energy equa t ion  

t a k e s  t h e  form 

"72' aT-  7 + Si!&z-o = 3 " (1.1) 
SC; a x ,  ? 

where v i scous  d i s s i p a t i o n  has been ignored and the  

e f f e c t  of temperature v a r i a t i o n  on d e n s i t y  i s  no t  i n -  

c luded,  D is t h e  d i f f u s i v i t y  of hea t ,  

Consider a  f i l m  of l i q u i d  w i t h  c o n s t a n t  tempera- 

t u r e  TI maintained on i t s  upper su r f ace  and a c o n s t a n t  

temperature  T2 maintained a t  i t s  lower s u r f a c e .  T2 i s  

l e s s  than  3. L e t  a p r o g r e s s i v e  wave t r a i n  c o n s i s t i n g  

of p e r i o d i c  waves of wave l e n g t h  ,I occupy t h e  space 

from - oo t o  +a i n  t h e  h o r i z o n t a l  d i r e c t i o n  on e i t h e r  s u r f a c e  

or both s u r f a c e s .  Then we ask  f o r  the  f l u x  of h e a t  

through such a moving geometry. Great  d i f f i c u l t i e s  

exis t  i n  t he  exac t  s o l u t i o n  of (1-1) f o r  f i n i t e  ampli- 

tude  waves w h i c h  a r e  t h e  ones t h a t  a r e  l i k e l y  t o  be of 

most i n t e r e s t .  I n  f a c t  i t  appears  ev iden t  t h a t  two 

l e n g t h  r a t i o s  should p l a y  a  major r o l e  i n  deterrnjning 

Q, t he  r a t i o  of wave ampli tude t o  wave l e n g t h  and t h e  

r a t i o  of wave l e n g t h  t o  t o t a l  f i l m  depth ,  and un le s s  

both a r e  O ( 1 )  one expec t s  no s i g n i f i c a n t  f l u x  i n c r e a s e  

over  t h a t  through a q u i e s c e n t  f i l m .  



Our o b j e c t i v e  is t o  o b t a i n  t he  va lue  of Q f o r  a 

c l a s s  of r e p r e s e n t a t i v e  f i n i t e  ampli tude waves and f o r  

t h a t  purpose,  p a r t i c u l a r l y  i n  view of t h e  boundary con- 

d i t i o n s  being appl ied  a t  a m a t e r i a l  s u r f  ace, a .  Lagrprigian 

formula t ion  i s  n a t u r a l ,  Also t h e r e  e x i s t s  a  c losed-  

form s o l u t i o n  i n  m a t e r i a l  v a r i a b l e s  t o  t he  hydrody- 

namic p rog res s ive  wave problem i n  the  absence of v i s -  

c o s i t y  which w i l l  t h e r e f o r e  be the  n a t u r a l  v e l o c i t y  

f i e l d  t o  assume f o r  t he  purpose of s t udy ing  h e a t  t r a n s -  

f e r  ac ros s  f i n i t e  waves, I n  s e c t i o n  (4.) we show t h a t  

f o r  one ease  we have s t u d i e d  t h e  temperature p r o f i l e  

f o r  this wave system, the  Gers tner  waves [6] i s  i n -  

d i s t i n g u i s h a b l e  from an extended shal low g r a v i t y  wave 

s o l u t i o n  under t he  same thermal ,  and e q u i v a l e n t  geo- 

m e t r i c ,  boundary condi t ions .  

2, Bnergy Equat ion f o r  t he  Gers tner  Wave 

The Gers tner  wave is  a s o l u t i o n  of t he  i n v i s c i d  

incompress ible  hydrodynamic equa t ions  p re sen ted  i n  

terms of Lagrangian v a r i a b l e s  a  and b, The t r a j e c t o r y  

of any p a r t i c l e  whose m a t e r i a l  coo rd ina t e s  a r e  a  and b 

is  g iven  by 



1 3 .  - 
where c  is  the wave speed, c  = g2koz, and k the  wave 

number. Thus a  physical  i n t e r p r e t a t i o n  of ( a ,  b) is 

tha t  i t  i s  the  center  of the  c i r c l e  i n  which the par- 

t i c l e  moves, 

The Jacobian of the transformation , J= zkb 
Y 

from which i t  i s  taken t h a t  b can have a l l  values l e s s  

than zero ,  

The shapes of such waves are  given by Lamb and 

are  reproduced i n  Figure 1. Some s i g n i f i c a n t  f e a t u r e s  

are: ( 1 )  any sur face  b = const i s  a  trochoid and 

is a  poss ib le  f r e e  sur face  and, n a t u r a l l y ,  a ma te r i a l  

sur face ;  ( 2 )  the  l i m i t i n g  sur face  b = 0 forms a  cusp; 

(3) such a  wave exh ib i t s  considerable v o r t i c i t y  and is 

thus un l ike ly  t o  be generated by conservative mechanisms; 

and (4 )  b = constant i s  e s s e n t i a l l y  a ho r i zon ta l  
- I  

surface  f o r  i b l  grea te r  than Z R  . 
For our purposes (3) i s  probably no t  a s e r i o u s  

drawback s ince  the major mechanismof hea t  t r a n s f e r  

axe the gross  s t r a i n i n g  of the  isotherms and the 

per iodic  motion of ind iv idua l  p a r t i c l e s  both of which 

occur i n  the Gerstner wave i n  a manner q u a n t i t a t i v e l y  

s imi la r  t o  a l l  progressive su r face  waves. There i s  no 

I d r i f t  of p a r t i c l e s  i n  the Gerstner wave but t h i s  i s  a l s o  

p t  expected t o  be a s i g n i f i c a n t  matter f o r  hea t  t r ans -  

across  an homogeneous wave system, 

The Gerstner wave has considerable a n a l y t i c a l  ad- 

%ages over other  kinds of wave s o l u t i o n s ,  Namely 11 ' 1 ' .  
i ' I  

),Jacobian i s  time independent and, wi th in  the  
, , 



approximation t o  be developed i n  sect i0nC3)~ a c losed  

form s o l u t i o n  t o  the  temperature f i e l d  can be obta ined 

f o r  a l l  ampl i tudes ,  wavelengths and depths  t h a t  Ge r s tne r  

waves can e x h i b i t .  

In terms of the  v a r i a b l e s  a ,  b and t ,  a s  de f ined  

i n  (2.1), (1-1) becomes 

where s u b s c r i p t s  r e f e r  t o  p a r t i a l  d e r i v a t i v e s .  F o r  

- a=?- example - . 
1 n  nondimensional form w i t h  4 = k& 9 

p =  k b  = t w e  ob ta in  



The boundary cond i t i ons  a r e  

T(&) = TI a cons t an t  

T(e,) = T, a c o n s t a n t  

p e r i o d i c  f u n c t i o n  of (&.+2) 

where f = fI i s  the  upper s u r f  ace  

and f = , is the  lower s u r f  ace. 

Equation (2.3) is a l i n e a r  p a r t i a l  d i f f e r e n t i a l  

equa t ion  w i t h  p e r i o d i c  c o e f f i c i e n t s ,  a s i t u a t i o n  f o r  

which t h e r e  seems t o  be l i t t l e  theory,  The Eu le r i an  

f orm of t he  energy equa t ion  is of course of j u s t  the  

same type  but here  t h e r e  a r e  s e v e r a l  advantages.  A s  

p r e v i o u s l y  mentioned the boundary cond i t i ons  f o x  the  

quas i - s t eady  s i t u a t i o n  a r e ,  i n  t h e  Lagrangian frame, 

of t he  s imp les t  type, but more s i g n i f i c a n t l y  a n a t u r a l  

and accu ra t e  f i r s t  approximation sugges t s  i t s e l f  from 

t h i s  viewpoint ,  

i s  a r a t i o  between the  v e l o c i t y  The parameter 

a t  which molecular  d i f f u s i o n  can be considered t o  

t r a v e l  and the  speed of the  wave and one expec t s  i t ,  

f o r  o r d i n a r y  l i q u i d s ,  t o  be ex t remely  sma l l  except  

f o r  ve ry  l a r g e  wave numbers, I n  f a c t  i f  s u r f a c e  ten-  

s i o n  is t o  be included t h i s  parameter  would be sma l l  

f o r  a l l  wave l eng ths .  The sma l lnes s  of t h e  r a t i o  r e -  

f l e c t s  t h e  f a c t  t h a t  i n  t h e  t ime s c a l e  of one pe r iod  



t h e  d i f f u s i v e  l o s s  o r  g a i n  of t e m p e r a t u r e  by a  p a r t i c l e  

must be minute.  For t h e  d i f f u s i o n  of h e a t  i n  w a t e r  a t  

room t e m p e r a t u r e  i f  t h e  wave l e n g t h  of t h e  wave be 20 cms. 

'4 can be computed t o  b e  approx imate ly  3 x then  

For  such a  c a s e  we expec t  t h a t  t h e  f i n a l  q u a s i - s t e a d y  

s o l u t i o n  w i l l  be one i n  w h i c h  t h e  p a r t i c l e  t empera tu re  

i s  e f f e c t i v e l y  c o n s t a n t  d u r i n g  t h e  motion,  Tha t  Is 

But by t h e  boundary c o n d i t i o n ,  e q u a t i o n  ( 2 , 6 ) ,  t h e  

mean t empera tu re  must be  a  f u n c t i o n  o n l y  of (3 and t h e  

f l u c t u a t i o n  t empera tu re  must be a s  weak a  f u n c t i o n  o f d  

a s  i t  i s  of 'i3. . Hence we c a n  conclude  t h a t  t h e  mean 

p a r t i c l e  t empera tu re  depends o n l y  on t h e  c o o r d i n a t e  

and t h a t  t h e  f l u c t u a t i n g  t e m p e r a t u r e  of a g i v e n  p a r t i c l e  

i s  a lmos t  r i g o r o u s l y  z e r o  d u r i n g  a  c y c l e  of t h e  motion,  

Now any f u n c t i o n  T($) s a t i s f i e s  T, E 0 and e v i d e n t l y  
L 

an o t h e r  c r i t e r i o n  must be invoked t o  de te rmine  i t s  form, 

For  example we expec t  t h e  l o n g  t ime e f f e c t  of d i f f u s i o n  

i s  a t  l e a s t  t o  make T a c o n t i n u o u s  f u n c t i o n  of its 

argument and of course  t h e  boundary c o n d i t i o n s  (2.4) and 

(2.5) a r e  t o  be s a t i s f i e d .  

To o b t a i n  t h e  q u a s i - s t e a d y  s t a t e  form of T(P) i t  

i s  p o s t u l a t e d  t h a t  any dependence of T on  (d+t) i s  

i n f i n i t e s i m a l  and t h a t  t h e  c o n t r i b u t i o n s  of t h e  p e r i o d i c  



c o e f f i c i e n t s  i n  (2 .3)  w i t h  the  f l u c t u a t i n g  p a r t  of the 

p a r t i c l e  temperature f i e l d  is negl igable ,  A more formal 

argument i n  favor  of the above pos tu la te  can be presented 

by expanding the temperature f i e l d  i n  the form 

S u b s t i t u t i n g  t h i s  s e r i e s  form i n t o  the  governing 

equat ion (2.3) and collecting eoeff i c i e n t s  of the same 

harmonic func t ion  the gene ra l  terms a re  of the form 

where 



Also y,,= 0 
U 

(0 
and 

fo 
s a t i s f i e s  J:'# = - B3 J 

0 I 

I n  p a r t i c u l a r  from ( 2 , 7 ) ,  (2,8) and ( 2 - 9 )  

% I  
and I, s a t i s f y  t he  fo l lowing  equa t ions  

Boundary cond i t i ons  take  t h e  form 

m e  o p e r a t o r s  do no t  c o n t a i n  and a r e  g e n e r a l l y  
C 

smoothing, Hence i n  view of t h e  boundary c o n d i t i o n  i t  

is  p e r t i n e n t  t o  assume a l l  f and tk a r e  0(1), 

From (2.11) and (2.12) we s e e  t h a t  f l  and g l  a r e  o(">) 
Thus t o  t he  f i r s t  appro:rimation, which n e g l e c t s  

terms of o r d e r  a , fo s a t i s f i e s  
C 

I n t e g r a t i o n  i s  s t r a i g h t f o r w a r d  and y i e l d s  a s  a s o l u t i o n  



and = -  

a p p l i c a t i o n  of equations (2.7) and (2.8) shows f n  and gn 

a r e  ~([qj\). Since 3-! has a value 0 ( 1 0 - ~ )  f o r  water i t  is  
C 

evident  t h a t  i n  t h i s  ease there  i s  no need t o  proceed be- 

yond .the zero th  approximation a s  given by equat ion (2,15), 

I n  genera l  f o r  a r b i t r a r y  values of D-& the  system de- 
C 

f i n e d  by (2.11), (2,12) and (2,13) i s  evident ly  v a s t l y  

complicated. For the remainder of the paper we r e s t r i c t  
* 

our a t t e n t i o n  t o  those substances and circumstances i n  

which the parameter k!! i s  s e v e r a l  orders of magnitude 
C 

l e s s  than one, 

3,  Evaluat ion of Heat Flux 

Since f =PI i s  the  f r e e  su r face  the ins tantaneous  

hea t  f l u x  through a  wave length  of su r face  of u n i t  

width i s  given by the i n t e g r a l  

T / 

where '7 ' i s  the  u n i t  vec tor  normal t o  the s u r f a c e ,  xi IS 

t h e  Euler ian p o s i t i o n  vector  of the s u r f a c e ,  and a l l  

q u a n t i t i e s  a r e  t o  be evaluated a t  = (31- 

* Even f o r  the more usual l i q u i d  metals  D is no g r e a t e r  
3 t h a n  10 .DVJaterm 



Thus 

B u t  

1s 
and hence Q : 91 %TI [x: -+ 

0 

Also 

which t r an s fo rms  t o  ( a , b )  in t h e  f o l l owing  way 

So t h a t  t o  t h e  a c c u r a c y  of t h e  z e r o t h  o r d e r  solution we 

f i n d  

Thus 

From (2,l) this becomes 



o r  from (2.16) 

It i s  u s e f u l  t o  compare such a heat f l u x  w i t h  the 

f l u x  one would observe through an equivalent  s l a b ,  t h a t  

i s  a qu iescen t  f i l m  obtained by allowing the  wavy f i l m  

t o  come t o  r e s t .  If  b = bl i s  the wave sur face  then the  

h e i g h t  of t h e  equiva lent  quiescent  surface i s  given/?] 

by y = yl, where b , - y ,  = ( z ~ ) - l e  a %  b, 

If a y  is the dimensionless equiva lent  s l a b  depth eorres-  

ponding t o  the su r faces  = F l y  and f = f 2  we have 

The hea t  f l u x  per  u n i t  wave length  per  un i t  w i d t h  

through such a n  equiva lent  s l a b  i s  given by 

and thus  f i n a l l y  



Some Numer ica l  R e s u l t s  f o x  L a r g e  Ampl i tude  Waves 

C o n s i d e r  t h e  maximum a m p l i t u d e  wave wh ich  o c c u r s  

when gl a p p r o a c h e s  z e r o ,  

Q kc) 
Then - - p z  +:(I - e  - -- /? 

If  we f u r t h e r  c o n s i d e r  f i l m s  o f  s u f f i c i e n t  d e p t h  t h a t  

2.B. ,. 1 
gLL -2 s 

B L  and I - ,g t h e n C o s h  kc 

For e 2 
= -1 or / b /  = , where h i s  t h e  wave l e n g t h ,  

ZTt 

e q u a t i o n  (3.3) p r e d i c t s  a h e a t  f lux  r a t i o  of 1,31, 

f o r  p2 = -2 Q - = l , 1 5 ,  

G l s l ab  

and  f o r  e2  = -3 -- - 1-08, Q 

s l a b  

when f2  = 2 TT t h e  d e p t h  1 b j  e q u a l s  t h e  wave l e n g t h  and 

Maximum H e a t  F l u x  R a t i o :  

A maximum h e a t  f l u x  s h o u l d  o c c u r  a t  * and?2-70 

Q Then - - - i ( ~ - t l d i ~ ~ +  + ( L ~ J ~ +  - - 3 )  
g s l a b  > 



z 
Now cosh t 2 =  l + $ e ~  f o r  f 2  s m a l l  and the re fo re  

Hence, a s  one would expect ,  the maximum heat  f l u x  

increase  i s  f o r  a  t h i n  ribbon of wavy f i lm and the f l u x  

i n  t h i s  case i s  j u s t  doubled. 

Theref ore ,  f o r  a Gerstner  wave, I 5 G L L Q  
'slab 

I n  Figure 1 the Gerstner wave, w i t h  l i n e s  of constant  

inscr ibed  and i d e n t i f i e d ,  i s  presented w i t h  the ob jec t  

of r e l a t i n g  the  above r e s u l t s  t o  an Euler ian frame. 

Detai led c a l c u l a t i o n  of Euler ian  q u a n t i t i e s  such a s  temp- 

e r a t u r e  a t  a  p o i n t  is  of course possible  but hardly more 

informative than Figure 1 when combined w i t h  the Lagrangian 

temperature s o l u t i o n  (2.15). For the s p e c i a l  case f l =  0 ,  

e 2  = -3  the s o l u t i o n  (2.15) i s  shown i n  Figure 2 and the 

instantaneous Eu le r i an  p r o f i l e s  a r e  p l o t t e d  a t  s eve ra l  

c ross  s e c t i o n s  of Figure 1, 

4. Shallow Gravity Waves 

A c l a s s i c a l  hydrodynamic s o l u t i o n  f o r  the shallow 

g r a v i t y  wave of s m a l l  s lope  e x i s t s  and from i t  approxi- 

mate p a r t i c l e  t r a j e c t o r i e s  a r e  ca1 eulable ,  These t r a  jec- 

t o r i e s  t u r n  ou t  t o  be e l l i p s e s  and i t  i s  poss ib le  t o  w r i t e  

an approximate wave s o l u t i o n  i n  terms of m a t e r i a l  v a r i a b l e s  



which correspond t o  the geometric center  of the e l l i p s e s  

i n  c l o s e  analogy t o  the Gerstner wave formulation of the 

previous s e c t i o n s ,  We f i n d  t h a t  the  s o l u t i o n  takes the 

f ormf8] 

where A is an  a r b i t r a r y  cons tan t  r e l a t e d  t o  t h e  wave 

amplitude,  h i s  the mean depth of the f i lm and c i s  a g a i n  

the  wave speed, 

The s o l u t i o n  f o r  the f l u x  i n  the quasi-steady s t a t e  

i n  which uniform temperatures a r e  applied a t  b = 0 and 

b = -h fo l lows p r e c i s e l y  a s  f o r  the Gerstner wave, The 

Jacobian i n  t h i s  i n s t a n t  is  no t  independent of time and 

a considerable  a l g e b r a i c  complexity i s  the r e s u l t ,  

However applying the p o s t u l a t e  of sec t ion  (2)  t h a t  

isotherms should coincide w i t h  l i n e s  given by b = constant  

i t  i s  found t h a t  the ze ro th  order  so lu t ion  i s  described by 



C o n s i d e r a b l e  s i m p l i f i c a t i o n  o c c u r s  i n  t h e  e v e n t  t h a t  

which  i s  c e r t a i n l y  t h e  normal c a s e ,  Fo r  example i f  

and A = I = A t h e n  4 a d 4 & k  
k 2 P  /"k 2.00 " 

Under t h i s  c o n d i t i o n  and w i t h  t h e  boundary c o n d i t i o n s  

T ( O )  ,T, , T(-k) ; T, t h e  s o l u t i o n  c a n  be w r i t t e n  

where 
/ 2 d 1 4 e ,  \k 

To show t h e  s i m i l a r i t y  between t h e  G e r s t n e r  wave 

w i t h  s u r f  a c e s  pl = 0 ,  f2 = -3 and t h a t  of t h e  s h a l l o w  

1 g r a v i t y  wave w i t h  A = - and e2 = -3, t h e  t e m p e ~ a t u r e  a s  
k 

a  f u n c t i o n  of f3 i s  t a b u l a t e d  i n  Tab le  1 f o x  both  c a s e s  

a n d  i t  i s  e v i d e n t  t h a t  there i s  no s i g n i f i c a n t  d i f f e r e n c e  

- i s  de te rmined  by between them. The c h o i c e  A = i; - 
2rr  



n o t i n g  t h a t  f o r  = 0 i n  t he  Gers tner  wave the  ampli tude C 
of t h e  wave i s  j u s t  I , a s  can be s een  from (2.1)- 

8; 
Although t h e  sha l low g r a v i t y  wave p a r t i c l e  t r a j e c t o r y  

a s  g iven by (4-1) is  no t  s t r i c t l y  v a l i d  f o r  l a r g e  ampli- 

tudes  t h e  above r e s u l t  r e i n f o r c e s  t he  no t ion  t h a t  Gers tner  

waves of e q u i v a l e n t  ampli tude t o  wave l eng th  and depth 

t o  wave l e n g t h  of any non- turbu len t  p rogress ive  wave 

system w i l l  y i e l d  u s e f u l  f l u x  e s t ima te s ,  

5 .  General  Lagrangian Formulation 

The Ger s tne r  wave of s e c t i o n s  (I), ( 2 )  and ( 3 )  and 

t h e  sha l low g r a v i t y  wave of s e c t i o n  (4 )  can both be in -  

cluded under a  more gene ra l  Lagrangian desc r ip t ion .  

Suppose t h e  p e r i o d i c  p a r t i c l e  motion can be descr ibed  

Then ( a  ,b) is  a g a i n  i he c e n t e r  of the  motion of a  c e r t a i n  

p a r t i c l e  which can t h e r e f o r e  be i d e n t i f i e d  by i t s  unique 

d e s c r i p t i o n  ( a ,b ) .  

Proceeding a s  before  we o b t a i n  the fo l lowing  gene ra l  

s t a t emen t  f o r  t h e  energy equa t ion  i n  m a t e r i a l  v a r i a b l e s ,  



I n  the  above equa t ion  ' = @  
d f  ' 

3- = as 
b) j Z& cc 

and 
b b 

- S(a+ct) . b. - 
The dependence of J and i ts  d e r i v a t i v e s  on t complicates  

t h e  r e s u l t i n g  equa t ions  d e s c r i b i n g  t h e  ze ro th  s o l u t i o n  T( ) e 
b u t  i t  i s  a s t r a i g h t  forward,  i f  t ed ious ,  m a t t e r  t o  o b t a i n  

by t he  p rev ious  technique 



@i w h e r e  F =  R f ,  G =  4% p - R  b 2nd - -- 
- d @  ' 

The boundary  c o n d i t i o n s  f o r  t h e  q u a s i - s t e a d y  prob-  

l e m  a r e  a s  b e f o r e  

6. U n s t e a d y  H e a t  T r a n s f e r  

The p o s t u l a t e  a d o p t e d  i n  s e c t i o n  (2) which depends  

on t h e  s m a l l n e s s  of  t h e  r a t i o  be tween  t h e  time s c a l e  f o r  

a  p a r t i c l e  p e r i o d  and t h e  t ime  s c a l e  a s s o c i a t e d  w i t h  

m o l e c u l a r  d i f f u s i o n  o v e r  t h e  d i a m e t e r  of t h e  p a r t i c l e  

o r b i t  i s  e q u a l l y  u s e f u l  i n  e s t i m a t i n g  u n s t e a d y  t r a n s f e r  



of h e a t  a c r o s s  t h e  same k i n d s  of waves. Over t h e  time 

of one p e r i o d  t h e  c o n t r i b u t i o n  of molecu la r  d i f f u s i o n  t o  

t h e  t e m p e r a t u r e  change of a p a r t i c l e  i s  n e g l i g a b l e  and we 

may, a s  b e f o r e ,  i g n o r e  t h e  c o n t r i b u t i o n  of t h e  f l u c t u a t -  

i ng  component of p a r t i c l e  t empera tu re  over  such a  t ime 

s c a l e .  Thus a s  f a r  a s  molecu la r  d i f f u s i o n  i s  concerned 

we may a g a i n ,  p rov ided  t h e  boundary c o n d i t i o n s  invo lve  

T = c o n s t a n t  on c o n s t a n t  b s u r f a c e s ,  c o n s i d e r  l i n e s  of 

c o n s t a n t  b t o  be i s o t h e r m s  and i g n o r e  tile i n f i n i t e s i m a l  

f l u c t u a t i o n  i n  p a r t i c l e  t e m p e r a t u r e  a s s o c i a t e d  w i t h  t h e  

p a s s a g e  of e a c h  wave. 

Thus f a r  t h e  G e r s t n e r  wave we have t h e  z e r o t h  o r d e r  

s o l u t i o n ,  which now i s  p e r m i t t e d  t o  s u f f e r  a d r i f t  i n  

t e m p e r a t u r e  o v e r  t ime s c a l e s  a p p r o p r i a t e  t o  molecu lz r  

d i f f u s i o n ,  d e s c r i b e d  by t h e  f o l l o w i n g  system of e q u a t i o n s  

and 

For t h e  c a s e  $(P) = 

n u m e r i c a l  s o l u t i o n  is shown i n  F i g u r e  3. 



The behavior  i s  q u a l i t a t i v e l y  a s  expected. The time 

s c a l e  f o r  o b t a i n i n g  a quas i - s t eady  s t a t e  i s  j u s t  lvhere 
n 

h is  t h e  mean dep th  of the  wave, 

7. Summary I 

The major  e f f e c t  in the  augmentation of h e a t  f l u x  through 

a ~ u r f a c e  w h i c h  s u p p o r t s  a p r o g r e s s i v e  wave i s  shovm t o  be 

t h e  s t r e t c h i n g  of i s o t h e r m a l  su r f  a c e s  and the  consequent 

narrowing of t h e  d i s t a n c e  between any p a i r  of isotherms.  

FIolecular d i f f u s i o n  i n  l i q u i d s  w i l l  normally be too slow t o  

cause  s i g n i f i c a n t  dumping by conduction i n  a s i n g l e  cycle  I 

s o  t h a t  t h e  b a s i c  phenomenon i n  such a case i s  one i n  y.vhich 

t h e  p a r t i c l e s  can be cons idered  t o  r e t a i n  t h e i r  ?qui l ibr lum 

tempera ture  th roughou t  t h e  e n t i r e  cycie .  T h i s  cond i t ion ,  

.3f the boundary c o n d i t i o n s  can be sui tabl ;7 s t a  bed i n  

Lagrang ian  form,  l e a d s  t o  a  s imple and accura t?  s o l u t i o n  i n  

te rms of m a t e r i a l  v a r i a b l e s  from which heat  f l u x  informa- 

t i o n  can be e a s i l y  e x t r a c t e d ,  

For t h e  G e r s t n e r  waves which a r e  taken a s  Binemat ica l ly  

*ypica l  of l aminar ,  homogeneous ,progress ive  waves t h e  f l u x  

through t h e  wave is s p e c i f i c a l l y  c a l c u l a t e d  and i s  shown t o  

be not  l e s s  t h a n  t h e  f l u x  through an equ iva len t  s i a b  and no 

g r e a t e r  t h a n  double  such a f l u x .  Extension of t h e  b a s i c  

p o s t u l a t e  t o  waves d e s c r i b e d  by f a i r l y  genera l  p a r t i c l e  

t r a j e c t o r i e s  and t o  c e r t a i n  t r a n s i e n t  hea t  f l u x  problems i s  

shown t o  be q u i t e  s t r a i g h t  forward. 

I 
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