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A few of the properties of neighborhood spaces have been
% o < 4 . . . '
given by iamuzic [2] . The main object of this paper is to use
convergence to characterize neighborhood spaces as well as a few

others more general thzn topologicel spaces,

Kelley [q hzg characterized topological spaces by con-
vérgence. He makes use of the iterated theorem of convergence,
in tonological spaces, which is related to the fact- that the
Kuratowski closure function is idempotent. Hence this method
does not seem to be applicable to the case of spaces defined
by functions which need nct be idempotent., But for topological
spaces there is a convergence property which depends on the
fact that the Kuratowski closure function is isotone. This
proﬁerty can be used instead of iterated convergence to characterize
topological spaces and moreover this makes the proof sinpler.
Also this proverty can be used in the characterization of rore

general spaces by convergence,

Neighborhood Spaces.
Let 11 be a set with null subset N. Denote by g a set-valued
set;fﬁnction mapping the power set, of I, into itself such that
1, gi=n
2. A gh for AN
5+ A < gB when ‘A CC B <« }
Definition 1, The ordered pair (l,g) is said to be a

neicshborhood gpace.



Definition 2. A nonempty family,l of nonempty subsets
of ¥ is said to be: a generrlized filterbase. /e will say.& ig
in a subset A, of I, iff every member ofak is 2 subset of A.

alc

Define a generalized filterbese A~to be finer than a gencralized
filterbase}i iff every menmber of}i contains a member of,l i

For A Il denote by cA the complement of A relative to M.
Composition of functions will be denoted by Juxtaposition; thus
cgA will denote c(gh) for A CC i, Take f = CEC.

Definition 3. A subset A of Il is said to be a neighborhood
of a point x of I iff x € ri. The generalized filterbase A is said
to converge to the point x iff for each neighborhood A of x there
is a member B of A such that B — A, |

It is obvious that if a2 generalized filterbase A converges
to a point x then every generalized filterbase }Lfiner than A

2lso converges to x.

Lenma, x § gh iff every neighborhood of x intersecits A.

Proof, Let x¢ gA , x & rB. Then B intersects A for if

not B¢ chA and s0 x € rB ¢ recid = cgh vwhich contradicts x € gA.

Kext if every neighborhood of x intersects A then x is in
gA. For if not x ¢ cgA = rcA and 50 cA ig a neighborhood of x
which leads to a contradiction.

Theorem l.x g gA i¥ there d8 a generalized filterbase, in A,
which‘converges O X

Proof. If x € gA and B is a neighborhopd of x then A and B

intersect. The family A of all intersections of neighborhoods of



x with A is a generalized filterbase in A and }\eV1 sntly
converges to x. y

To prove the converse let l\be a generalized filterbase,
in A, which converges to x. Then every neighborhood of.x
contains a member of ;k and therefore intersects A. This proves
the theoren,

Theoren 2. Let ;L he a generalized filterbase which
doqs not converge to x. There.is then a subset X of ¥ such that
(a) there is in X a generalized fllterbaseju.”ﬂher than

(b) no generalized filterbase in X converges to x.

Proof. Since l_does not converge to x there is a
neighboricod A of x such that cA intersects every member of )k.
Take X = cA. Then the family of all intersections of menbers
of A with cA is 2 generalized filterbase, in X, which is finer
than 1.. lioreover it is obvious that no filterbase in X
converges to X,

Definition 4, 7e will say R is a convergence relation,
for a neightorhood space, iff it satisfies the following
conditions:

(a) If a generalized filterbase )_coﬁsists of the single
set {,{} then (L, x) € R

() Wl is finer than A and (), x) € R imply (b, )€ R

(&) 1L (l x) ¢ R for a generalized fwl‘nrbqae,)_*feﬂ there

1m a subset X of i such that there is a ﬁeneralized x e 1

BN

erbase,

!

in X, finer tnan'z.and that 71 % y R for all generzlized
fllterbauoo}i in X ;

It has already been shown that converzence in (if, g
satisfies these conditions,

Theorem 3. Let R be a convergence relation for a



neighborhood space, Define the set-valued set-function g
as follo-s: if A C ki then gA is the set of all -points x
such that (A, x) € R for sore generalized filterbase l in

A. Then (i, g) is a neighborhood space and (2;, x) £ R aff
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A converges to x in the neighborhecod spa (L
Proof, Evidently gii = H, It is also oavlous that

Ac gh for 211 AC i and that gh < gB if A< B < H,

e

Hence (l,g) is a neighborhood space.
Next let a generalized filterbase l_converge to x but
,-J# R. There is then a set X such that there is in X a
generalized filterbawﬁfoﬁner than l.and that T’ln X imp
?V,x)¢xu renceficonvnrfes to x and so x g gX. But x # o X
since (1 ,X) ¢ B for all beperallzod filters Tin K.
Finally let (‘)_,x) 8 B let‘l~pot converge to X.
It then follows from Theorem 2 that there is a subset X of M
such that there is in X a generalized f te“b"sefi ner than
)_ and thet no generalized filterbase in X converges to x.
By this last condition x ’g’ g4 But (M ,x) € R since Wis
finer than )\ and hence x §¢ £ X by definition.
Topological Spaces ;
By proceeding along the same lines topological spaces
can be cheracterized by convergence without making use of
iterated convergence and it makes the proof simplef. How the
Kuratowski closure function is additive and so we can use
filterbases instead of generalized filterbaées. And since the

1

Kuratowski closure function is idempotent, convergence here has

an additional property.



As ususl, a nonempty fanmily l_of nonempty subsets of I

ct

is said to be a filterbase iff A,B € )_ imply there is C € 1_

gauch that € co A @
Let h be a Kuratowski closure function for I; then (ii,h)
is a topological space. Since a filterbase is a generalized

filterbase and a topological sprace is neighborhood snace it

)

follows that definitions and results (except Theorem 2) on being
finer, convercgence etec., given before hold for filterhases and
topological spaces.
Theorem 4. If no filterbase in A converges to x then
there exist sets X,Y such that (a) Z{J Y = M
(b) no filterbase in X converges to x
(¢) no filterbase in A converges to
g8 point of Y;H
Proof, Obvioﬁsly x € chA, Take X = hA and Y = chA,
7 : ,
Theoren 2 . If a filterbase A‘does not converge to x then
there is a subset.X of ¥ such that there is in X a filterbase
finer than;l and that no filterbase in X converges £0 X.
This is the anelog, of Theorem 2, for topological spaces
aﬁd can easily be proved along the sanme 1@nes.

Definition 5. e will say R is a convergence rela tion,

e

for a topological space, iff it satisfies the following conditions
.(a) If a filterb }_co“ulsts of the single set {x} then

. (>8R .

- {b) It = filterbasefL,is finer than a filterba;e A and

(%) £ B then (}L’K) € R |

(ol et ) on) # R for a filterbase ) then there is a subset

X of M such that there is in X a filterbase finer than A and that



(IL,Y) ¢ R for all filterbvases },Lin X

td)-1f l is a filterbase in a subset A, of M, implies
(X,x) § R then there exist tro subsets X,Y of 1 such that
X U - (}_[,?{) jsf R for gll filter’bases/u, in X and (T,y) ff R
for all filterbeses T in A and for all y g Y.

Theorem 5. Let R be a convergence relation for a torological
space, Define the set-valued set-function h as follows: if A C i
then hA is the set of all points x such that (A,x) € R for sone
filterbase l in A, Then (il,h) is a topological space and (1,:{) € R
iff A converzes to x in the topological svace (ii,h).

Proot. 1T 15 only '.necessary to prove that h is additive
end idempotent; the rest of the prcof is exazctly the szme as in
Theorenm 3.

Since h is isotone, to prove h(A(_ ) B) = hA L) uB it is
only necessary to show h(A\lU) B) < AU KB, If x € h (A B)
then there is a filterbase A in 4\_J) B such that () ,x) € R; there
is then a2 filterbase )U. finer than l such that }L is either in A or
in B, Hence (/_L,x) € R and so x ¢ ha (_J hB.,

Finally we want to prove h2= h; this will follow if we can
show h2C: h, If x| ¢ chA then Ais a filterbase in A inmplies (l,x)ﬁlﬂ.
There are then sets X,Y such that X )Y = I, ’,L is a filterbase
in X implies ('U.,x) y_’ R ?W‘t y ¢ Y, Tis a filterbase in A imply
L ai) % R; from this last condition we get Y ¢ chA, from the one
before we get x € chX and from the first we get cX C Y. Hence
¢X  chiA or hA € X and a0 1%& = hZ.  Therefore chi €. ch%x whence
X & c}"? A. Thus x € chA ir::plj.e.s X E ch211 and so chA C chzf's or

A  hA.



llore Genersl Spaces

Let us consider a few of the more general kinds of spaces
possible,

Case 1. Let (II,g) be a neighborhocd space such that
g(AUB) = gA U &3 for all subsets A,B of I, This case can be
treated in the same way as that of neighborhood spaces but use
filterhases instead of generalirzed filterbases.

Cese 2. Let the neighborhood space (li,g) have the property
that g is idempotent. The anzlog of Theorem 4 for generalized
filterbases Willholi in this case, S0 proceed as for neighborhood
spaces but in the definition of convergence relation inpose
as additional conditicn the analog, of (4} of Definition 5, for
generalized filterbeases.

Case 3. Consider a neighborhood space (i,g). If we remove
the condition that gl = ¥ then (ii,g) will be a space more general
than a neighborhood space., From the foregoing it is obvious how
to charactverize such a space by convergence., Here ve will define
alconvergence relation R exactly as in Definition 4 but the
definition of g in Theorem 3 will be changed as follows:

Take 2 coﬁvenient subset S of M and take g = 5 and for
AC I, define X e 8A1EL X g8 or (A ,x) £ R for sone
generalized filterbase A_in A.-

Case 4. Let g satisfy the conditions gi = N and gA & gB for

e v

A & B. Here we will define a convergence-relation as in Definition
4 but will remove condition (a) and g will be defined in the same
way as in Theoren 3, '

ICase 5. Suppose ‘the only condition imposed on g is that it

be isotone, i.e., gAC gB for A € B. It is now obvious how to treat
this case.



1t is clear how +o deal with ot

(]
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possible generzlizations

of topological spaces., It is also clear how to use convergence of
filters, nets or generalization of nets to characterize these

SNaces.,

In the foregoing parses it has been shown that there is a
: (] 3
general technique available which can be used to characterize

topological and more general spaces by convergence.
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