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ABSTRACT 

A new dimension t o  t h e  time-domain syn thes i s  problem is  

proposed. I n  pa r t i cu la r ,  the ob jec t ive  is t o  find a realizable 

signal t h a t  approximates a given d i s t r i b u t i o n  ( i.s . , general- 
ized f u n c t i o n ) .  A solution is then presented, s e v e r a l  

convergf:sce c~iteria a r e  d i scussed ,  and some examples a r e  

gl-ven. A feature of  the present technique is  t h a t ,  i f  

the Lapiace transform of  the given distribution is known, t h e  

- r ea l i za%le  &:,proximat ing signal can be written down without 

-ny computatlon. It only r e q u i r e s  v a l ~ a s  of t h e  Laplace 

zransfcrrn a t  v a r i ~ u s  no in t s  i n  i t s  region of convergence. 

The method a l s o  y i e i d s  a convenient technique f o r  nx i sua l i z ingw 

those d i s t r i b u t i o n s  t h a t  cannot be p lo t t ed .  Since ordinary 

l o c a l l y  i n t e g r a b l e  f u n c t i o n s  a r e  s p e c i a l  cases  of d i s t r i b u t i o n s ,  

t h e  technique is s i g n i f  i.cant f o r  the cus t  ornary t ime-domain 

s y n t h e s i s  problem as  w e l l .  



TRODUCTION 

An outstanding question i n  e l e c t r i c a l  network theory  

has been t h e  time-domain .synthesis  problem. Given a p resc r ibed  

funct ion  f ( t )  of time t, t h e  o b j e c t i v e  is t o  develbp a,n 

apprsximat ion  technique whereby another  func t ion  fa (t ) , whose 

Laplaca transform Fa (s) i.s a r e a l  r a t i o n a l  func t ion  with 

poles  i n  t h e  l e f t - h a l f  s-plane and with more poles  than  

ze ros ,  approximates f ( t )  i n  some sense. Simple imaginary 

po les  f o r  F,(s) a r e  allowed. A g r e a t  d e a l  of a t t e n t i o n  has 

been paid t o  this prablem and a number of s o l u t i o n s  have 

been e x y c ~ ~ d e d .  Leierenc:rs t o  c537 comprise a certaiinly 

5ncq.~mplk:te l i s t  of p e r t i n e n t  papers. The purpose of this paper 

is .LO suggest a new dimerlsion t o  t h i s  p:-oblem and t o  preaent 

E .  s o l u t i o n  t o  it, An e a r l y  and abbrevia ted  vers ion  of t h i s  

t.:ork was presented a t  t h e  F i r s t  A l l e r t o n  Conference on C i r c u i t  

Theory. 

Schwartz ' s dis t r ibut ; ions  [54,5a and equiva lent  types  of 

genera l i zed  funct ions  r556.r63,3 are now becoming used i n  va r ious  

branches of network theory @2?66]. I n  view of t h e i r  e f f e c t  

i n  o t h e r  phys ica l  and mathematical sc iences ,  it seems safe 

t o  p r e d i c t  t h a t  t h e  use of d i s t r i b u t i o n  theory  w i l l  l ead t o  

s impLif ica t ions  and add i t i ona l  results i n  network theory ,  

For example, i n  t h i s  paper we pose and so lve  t h e  problem of 

syn thes iz ing  a lumped passive e l e c t r i c a l  network whose respocsc  



t o  a d e l t a  f u n c t i o n a l  input  approximates a prescr ibed 

d i s b r i b u t i o n .  I n  view of c e r t a i n  known network synthesis 

techniques ,  t h e  i s s u e  degenera tes  i n t o  the fol lowing approxi-  

mation problem. "Given a d i s t r i b u t i o n  f (t) , approximate it by 

a rea l  f i n i t e  l i n e a r  combination of terns of the form, 

l+(t) tn -at cos (bt+c 1, 

where ~ ~ ( t )  i s  t h e  Heairinide u n i t  s t e p  funct ion ,  n  i s  a non- 

nega t ive  i n t e g e r ,  and a, b, and c a r e  real constants with 

a 2 0, I n  any such term, i f  a = 0, then  n - 0. The Laplace 

t ransform of the r e s u l t i n g  approximation w i l l  be a r a t i o n a l  

f u n c t i o n  wi th  r e d  coefficients whose po les  outnumber its 

z e r o s  and have nespos i t i . c~e  real p a r t s ;  f=thermore, t h e  

imaginary p o l e s  a r e  siniple. Such a f u n c t l ~ n  is r e a l i z a b l e  

as the t r a n s f e r  f u n c t i o n  of a lumped passive e l e c t r i c a l  net-  

a-rork . 

The method t h a t  i s  proposed here  i s  q u i z t  simple and y i e l d s  

a convergent approximation t o  any d i s t r i b u t i o n  f ( t )  whose 

suppor t  i s  bounded and contained i n  t h e  open semi- inf in i te  

interval, 0 < t <@. Under c e r t a i n  circumstances t h e  technique 

can be extended t o  d i s t r i b u t i o n s  having suppor ts  t h a t  are 

unbounded on t h e  r i g h t  and are contained in the semi-closed 

i n t e r v a l ,  0 ht4"O. O f  course ,  ord inary  l o c a l l y  in teg rab le  

f u n c t i o n s  can be approximated i n  the very same way. 



An important f a c e t  of t h i s  method is  t h a t  no coroputiation 

i s  needed i n  order  t o  w r i t e  down t h e  r e a l i z a b l e  ap!.~roxim\ting 

s i g n a l  so  long as t h e  Laplace t ransform of t h e  given distri- 

but ion  o r  func t ion  i s  known. A l l  t h a t  is requi red  is  t h e  va lues  

o f  t h i s  Laplace t ransform a t  va r ious  po in t s  i n  i t s  region  of 

convergence and t h i s  can be asce r t a ined  i n  many cases  by 

r e f e r r i n g  t o  a table of Laplace transforms, (For t a b l e s  of 

a i s t r i b u t  i o n a l  Laplace t ransforms,  r e f e r  t o  [53 and 1673.1 

A byproduct of t h i s  technique i s  t h a t  it y i e l d s  a convenient 

means of l lv i sua l i z ingn  d i s t r i b u t i o n s .  For  example, one crudely 

t h i n k s  of the delta f u n c t i o n a l  a s  a pulse of unit a r e a  

having an extremely small base and an extremely l a r g e  he igh t ,  

S i m i l a r l y ,  one such p o s i t i v e  pulse  followed i m e d i a t e l y  by 

such a negat ive  pu l se  is  one of t h e  poss ib le  zpproxirnations 

f o r  t h e  f i rs t  d e r i v a t i v e  of the d e l t a  f u n c t i o n a l  mul t ip l i ed  

by some cons tant ,  I n  gen-eral ,  however, it has not been c l e a r  

how t o  v i s u a l i z e  a r b i t r a r y  d i s t r i b u t i o n s .  The approximations 

genera ted  by t h e  method presented here can be used as p i c t u r i -  

z a t i o n s  of va r ious  types  of  d i s t r i b u t i o n s ,  Severa l  examples 

of t h i s  a r e  given below. 



A DELTA FORMING SEQUENCE 

I n  this d i scuss ion  we shall employ various concepts arid 

results developed i n  r54,55]. A brief sketch  of t h e  most 

important ideas  is given i.n t h e  appendix of the t e c h n i c a l  

r e p o r t  400-55 of 1641. Readers no t  f a m i l i a r  with d i s t r i b u t i o n  

theory  can fo l low the d i s c u s s i o n  i n  a formal way by skipping 

over a l l  proofs  and by interpreting t h e  symbol <f , b) as  t h e  

i n t e g r a l  , 

The a~c;-,c:_i::,tion - - procedure,  which we s h a l l  d i scuss  sub- 
oQ 

sequently, i s  based upon a sequence {gy)ys_sf func t ions  t h a t  

conrerges  t o  t,,a Dirac d e l t a  f u n c t i o n a l  6 ( t )  i n  the topology 

of ;he space s'of Schwar t sTs  d i s t r i b u t i o n s .  i ;le shall r e f e r  t o  
% 

such .. convergence.as . .. - ,  convergence .) Each term gg of t h i s  

sequence i s  given by 

(When p is not  2.; i n t e g e r ,  it shall be understooc t h a t  is 

r ep laced  by thr=  l a r g e s t  i n t e g e r  that i s  no 1:-rger ti-zin t h e  

pr inc ipa l -branch value of I n  our exampl~s d n a l l  always 

s e t  p = 2.) 



That t r u l y  converges i n  &' t o  6( t )  can be shown 
5 

follows. A well-known Fourier series that converges i n  8 t o  

a row of d e l t a  functional-s is 

(See example 2 - 4 4  of [55].) Now, l e t  be an arbitrary .. 
func t ion  i n  t h e  space of infinitely d i f f e r e n t i a b l e  f u n c t i o n s  

of bounded support, App:Lying both  sides of (2) t o  4 .and letting 

y be s o  Large that t h e  i n t e r v a l ,  -9 < t <)r, conta ins  the  support  

of 4 (t; ) , we obtain t h e  f ollotring form of Poisson's swunat ion  

formula, 

* 
Were, 4 denotes  the Four:ier t ransform of 9 znd is, therefore ,  

u 

of r a p i d  descent  ( t o e . ,  (d) = o( l / l r~ l~)  f o r  every integer 

n . (See Sec. 7-3 of r55J-1 Since p 7 1 ,  we may write for a 

s u i t a b l y  l a r g e  constant  K 

The right-hand s i d e  convterges t o  z e r o  as y--7". This proves 

o u r  a s s e r t i o n ,  



Graphs of gy(t) for several choices of y are shown in 

Fig. 1. It can be seen 'that each g y  consists of a row of pulses* 

As>->-, each pulse approaches a de l t a  func t iona l ;  moreover, 

the pulse at the origin :remains t h e r e  whereas all the others 

move steadily out  toward t = +m or t = -&. 

- 
Let gyp  (t ) = e Ptgp(t), where p i s  a constant. (Hence, 

OJ 

gvo D g ~ )  converges in 8' to 6 ( t ) ,  [erpfp=l. 
also converges in &'.to c ~ ( t ) .  For, if 6 i s  in8,then 

Po 

We s h a l l  also make use of i;he sequence (.g yp]u=l. The graphs 

for gpp;>?oar the same as those  for g, except that all mag- 
-p t 

n i tudes  &re nodulated by e . 





THE APFROXIPNTION TsaLETHOD 

Let  us  assume f o r  t h e  moment t h a t  t h e  d i s t r i b u t i o n  f ( t ) ,  

which w e  s h a l l  approximate by a r e a l i z a b l e  signal, has a 

bounded support  contained i n  t h e  i n t e r v a l ,  E f t "-, where 2 )  0. 

An approximation fy t o  f can be obtained by convolving f with 

some gy i n  t h e  d i s t r i b u t i o n a l  sense. This convolution w i l l  

c e r t a i n l y  exist because f is of  bounded support .  (see theorem 

5-4-1 of C55J. I 

&re, F denotes  the d i s t r i b u t i o n a l  Laplace wansform of f .  

Because of t h e  c o n t i n u i t y  of t h e  convolution process (See theorem 
3 

5-6-1 o f  l 553  .) (f ) * converges i n  B t o  f .  f i r e o v e r ,  
)I Sr =1 

s i n c e  f (t ) equals  t h e  zeiro d i s t r i b u t i o n  over - ~ c t  4 C 2 0, we 

can t r u n c a t e  t h e  approxj-mation (4 )  a t  t-0 without u p s e t t i n g  t h e  
oa 

convergence. I n  s h o r t ,  t h e  sequence ff,, +IUzl, whose terms 

are given by fp, = fy (t )l+(t), converges i n  B) t o  f. The 

approximation f (t) f o r  f ( t )  = 6(')(t-1), where'* = 2, is 5+ 

8. 





I shown in Fig, 2. (Henceforth, h '"I sha l l  denote  t he  nt& 

I 
distribut Tonal d e r i v a t i v e  of t h e  d i s t r i b u t i o n  h. 

I IF ni%- ~(.i- %z.T a 9 A E ~ L L  pos;T\VE- 

I WILL \3E 

A 8ur approximating s i g n a l  f9+ ks rea l izab le  by a passive 
A 

l o s s l e s s  network since t h e  poles of i t s  Laplace transform ars 

I a l l  simple and -occur on the imaginary axis. However, ( 4 )  

c o n s i s t s  of a one-sided p e r i o d i c  wave which approximates not 

f(t) b u t  rather  

This ob"zczionab1e fez ture  csn  be e l iminated  if we convolve f 

Xare over , r e s u l t i n g  approximat ion 

' t r i l l  be  realizable by a passive dissips-:ive network. 

I n  part icular  , we s t a r t  w i t h  the  approxlmt  ion, 

' '  
Once again, a real izable  approximation can be generated by 

t r u n c a t i n g  ( 5 )  a t  t - 0. That is, s e t  



The corresponding Laplace t ransform is 

Refe r r ing  t o  ( 5 )  and (6),  we see t h a t  f ( t )  i s  exponent ia l ly  
J)F + 

damped s o  t h a t  t h e  succeeding r e p e t i t i o n s  of t h e  des i red  

approximation can be ma,de a s  small as one wishes merely by 

choosing p and/or p large enough. This behavior i s  shown i n  

Figs, 5 and 6, where a Cesaro mean (which we s h a l l  d i scuss  

l a t e r )  has a l s o  been used, 

i From sts-~zri syn thes i s  techniques ,  we know t h a t  t h e r e  e x i s t s  

I some 2-port nztwcrk composed of cnly a f i n i t e  number of resistors, 
I 

\ i n d u c t o r s ,  and capac i to r s ,  whose response t o  a d e l t a  f u n c t i o n a l  

i n p u t  is ( 6 ) .  Again by the c o n t i n u i t y  cf convolution and by 

t h e  f a c t  t h a t  f has a bounded support in O 4~ L_ tL  - it fo l lows 

t ha t  f converges i n  ,a' t o  f. 

Equations ( 4 )  and ( 5 )  conta in  t h e  essence of our approxi- 

I mation procedure. Note that t h e  only q u a n t i t i e s  t h a t  need be 

I. computed are the  c ~ e f f i ~ c i e n t s ,  F(i2nk/u ) . o r  F(-P+ i2nk/u). Even tk.- 

I calculation, may be'eliminai;& 'if F ( s ) can be found i n  a t a b l e  of 

i Laplace t ransforms,  Furthermore, since f has a bounded sup- 

I p o r t ,  F ( s )  is  a n a l y t i c  over the e n t i r e  s-plane. (See theorem 

8-3-2 of [55]* ) Thus, t h e s e  c o e f f i c i e n t s  can always be 

eva lua ted  once F (s) is known. 



Let us  now remove sane of t h e  r e s t r i c t i o n s  on t h e  suppor t  

of f .  F i r s t  of a l l ,  assllme t h a t  f (t) s t i l l  has a b o u ~ d e d  

support,  which extends  u]? t o  and includes  t h e  o r i g i n ,  t = 0. 

~f f is  an i n t e g r a b l e  funct ion i n  a neighborhood o f  ehe o r i g i n ,  

then the  above procedure w i l l  s t i l l  y i e l d  a r e a l i z a b l e  approxi-  

mating sequence t h a t  converges i n  &' t o  f . However, if f 

i s  a s i n g u l a r  d i s t r i b u t i o n  i n  every neighborhood o f  t h e  o r i g i n  

( t h i s  w i l l  be t h e  case ,  f o r  example, when f has a d e l t a  

f u n c t i o n a l  o r  a s i n g u l a r  point  of a pseudofunction a t  t h e  o r i g i n ) ,  

then a n e r r o r  may be generated when t h e  approximation fyp is  

t r u n c a t e d  by mul t i p ly ing  ii by l+(t).  For i n s t ance ,  i f  f (t) = 

6 ( t ) ,  t hen  t h e  approximation fp+ equa ls  g y ( t ) l + ( t )  and as v-7- 

t h i s  converges i n  b' t o  6 (t )/2 razher  t h a n  t o  6 ( t  ) . 

We can overcome t h i s  d i f f i c u l t y ,  i f  VJI Zirst t n a n s l a t e  f (t) 

LO t h e  r i g h t  somewhat before  applying our ag ?roximalion 

technique,  More s p e c i f i c a l l y ,  i n s t e a d  of approximating f (t ) 

we approximate f ( t - x )  where t h e  p o s i t i v e  number x can be chosen 

as small as we wish. Since f (t-x) converges i n  8' t o  f ( t  ) a s  

x*-, we can approximate f by choosingy s u f f i c i e n t l y  large 

and x s u f f i c i e n t l y  small. 

We can re lax* our  r e s t r i c t i o n  on t h e  support  o f  f i n  s t i l l  

ano the r  way. Assume t h a t  t h e  support* of f (t) i s  bounded on 

t h e  l e f t  a t  t = E) 0 but  unbounded on t h e  ri;ht; (i.e., it extends  

i n f i n i t e l y  t o k ~ l - 6  t = a  ) ,  Then, f y p =  f * g,? ;:ill not i n  

g e n e r a l  e x i s t  sl-?ce t h e  support  of g i s  mbounded on both 
V$ 

s i d e s .  (See Set. 5-4- ofs [55]. ) Nevertheless ,  l e t  us fo rma l ly  

compute f 
J/' 

We g e t  



If f i s  such t h a t  i ts  d i s t r i b u t i o n a l  Laplace transform F ( s )  

has a region of convergence, Re s 3u1, where ~ 1 4  0, t h e n  f o r  

04pC -5 t h e  applications df t h e  d i s t r i b u t i o n  f t o  t h e  ex- 
I 

ponen t i a l  f u n c t i o n s  i n  tha  right-hand side of ( 8 )  will a11 have 

sense. Indeed, t h e  approximation ( 8 )  i s  t h e  same as ( 5 )  except 
IS 

that now p cannot be chosen la rger  than -6 . The truncated 
1 

s i g n a l  f y p  ( t  )l+( t ) i s  once again the  r e a l i z a b l e  approximation 

We can v e r i f y  t h a t  i',? (t;) converges i n  B' t o  f (t ) in the 

case where f i s  Laplace-transformable and :.as a support unbounded 
I 

,o the r i g h t ,  as follows. L e t 4  be an arb~;:*ary func t ion  in 

.8 and l e t  ol<-p . As r-7- 

Here, 6 denotes  ;he Lap lace  t ransform of # . By d e f i n i t i o n  of the 

d i s t r i b u t i o n a l  Tour ier  t;;.s;nsf orm, t he  last expression equals 

This e s t a b l i s h e s  our  a s se r t ion .  



THE USE OF CESARO JBANS 

A s  i s  ind ica ted  i n  Pigs .  1 and 2, t h e  approximating 

func t ions  are o s c i l l a t o r y , '  I n  f a c t ,  it t u r n s  ou t  t h a t  over  

i n t e r v a l s ,  where t h e  d i s t r i b u t i o n  f i s  a continuous f u n c t i o n , t h e  

approximations f may not even converge uniformly. This i s  a 
YP 

g e n e r a l i z a t i o n  of t h e  Gibbfs phenomena, which is the ine!vi table  

o s c i l l a t o r y  behavior  of a t r u n c a t e d  Four ier  s e r i e s  i n  the 

v i c i n i t y  of an  ordinary d i s c o n t i n u i t y  of  t h e  l i m i t  functl.on. 

Just as  the Gibbrs pheno~aena can be el iminated by ernployirlg a 

f i r s t - o r d e r  Cesaro mean, our p resen t  o s c i l l a t o r y  behavior can 

a l s o  be removed i n  t h e  same way. But now, the  s i n g u l a r i t i e s  i n  

f are i n  genera l  considerabiy more severe than  an ordinary dis- 

cor,tin::ity and we must r e s o r t  t o  t h e  higher-order Cesaro means 

i n  o rde r  t o  e l imina te  the unnecessary oscillations. (For a d i s -  

cussion of these Cesaro means, s e e  pages 76-77 of Vol. I and p. 

60 of Vol. TI of [68].)  Unfortunately, it a l s o  turns out that 

t h e  r a t e  of convergence slows down as we go. t o  t h e  higher-order 

Cesaro means. 

The 4-orde r  Cesaro mean (A.  = 1, 2,, 3 ,  . . . ) o f  t h e  f i n i t e  

sume gy shall be denoted by g:*' and is  given by 

where n =#b. These func t ions  are plotted i n  Figs .  3 and 4 

f o r d ,  = 1, 2 and f o r  y =  3 ,  5, 7. As before ,  p = 2. Note t h a t  







t h e  approx imat ing  functirsns become smoother while the convergence 

becomes s lower  as we proceed t o  t h e  higher-order Cesaro means. 

Me s h a l l  now prove Ghat, as u - 7 ~  , g$L'(t) converges in dJ 

to 6 ( . t ) .  For  every 4 i n B ,  

R e s t r i c t i n g  v such that t h e  support  of 4 (t) is conta ined  i n  

-V < t and t h e n  invoking ( 3  ) , we may write 

, . 
t:e have already seen t h a t  the second sum on t h e  r ight-hand s i de  

sf (11) converges to zero as Furtherzore, for \k/ 5 n, 

we have the inequality, 

S e t t i n g  C = (n + and invoking the fact t h a t  7 is a continuous 

function of rapid descen t ,  we may dominate the first summation 

on t h e  right-hand side of (11) by 



.. - . . 
Here, 14 is a. sufficiently large constant, .Given any EZ 0 ,  we 

can choose an N such that for @ Z N and for p = 1, 2, . .. , d 

the difference between , 

I 

is bounded by 5 . Note t h a t  (13) is a finite quantity. More- 

over, as V-7W7 C+@, It fo l lows  t h a t  t h e  right-hand s i d e  of (12) 
). 

converges to zero .as Y ' - I~ I .  This proves our  o r i g i n a l  a s s e r t i o n ,  

t 
! The functions, 

w i l l  be used to generate approximations that are realizable by 

dissipative networks. Fig. 5 shows some examples of it for 



C I  7 , L - I , Y  - 3 ,  5,  7, ~ ' 2 ,  a n d p -  1/2. Sincs g, converges i n  
ILL1 1 8' t o  6 as &+a, it immedi.ately fol lows t h a t  g,p does a l so .  1 

Now, if f i s  once again a d i s t r i b u t i o n  whose support is 

bounded and contained within t h e  pos i t ive  t - a x i s ,  then an 

approximation t o  f is fou,nd, as  before,  t o  be 

F o r p l  0, a r e a l i z a b l e  approximation i s  

By the c o n t i n u i t y  of convolution and t h e  f a c t  t h a t  t h e  support 

of f i s  bounded and i n  e c. t c ( t? 0) , it follows t h a t  (14) and 

(15) converge i n  B' t o  f .  We m y  again relax t h e  r e s t r i c t i o n s  

on t h e  suppor t  of f i n  the  same way as before.  

A s  was mentioned above, when one proceeds toward l a r g e r  d , 
t h e  approximat i o n s  become smoother buf slower. Another i l l u s t r -  

a t i o n  of t h i s  i s  provided by F igs .  2 ,  6 ,  and 7 0  











THE APPROXIbU.TTON OF PSEUDOFUNCTIONS 

So f a r ,  we  have on:Ly approximated t h e  de l t a  f u n c t i o n a l  

and i t s  d e r i v a t i v e s .  Le t  us now t u r n  t o  ano the r  c l a s s  of 

d i s t r i b u t i o n s ,  the pseudofunctions.  (see Secs, 1-4 and 2-5 of 

r553. ) These d i s t r i b u t i o n s  a re  based on Hadamard% concept o f  

t h e  f i n i t e  p a r t  of a d ivergent  integral. 

L e t  

I . e ( t - 1 ) L  (2-t) ' f ( t )  = Fp - 
t-1 

Applying our  approximatirtg procedure  and t h e  first Cesaro mean, 

we ob ta in  for p = 0 ,  d = l, and p = 2 

+ B(k) s i n  'y 
a r k  [i- ' l  1- 

B(k)  = ...- sin x - d x .  

This approximat ion i s  p l o t t e d  i n  Fig. 8 f o r  21 = 11. 



Note t h a t  over t h e  i.nterva1, 0 < t < 2 ,  our a p ~ r o x i m a t  ion 

fo l lows t h e  func t ion  l,(t )/t f a i r l y  well except i n  t h e  v i c i n i t y  

of t = 1, where i t  has a sharp  negat ive pu lse .  The need f o r  

t h i s  pulse can be apprec ia ted  i n  a h e u r i s t i c  way a s  fol lows.  

For  t h e  sake of an analogy t h a t  we s h a l l  point  out i n  a 

moment, cons ider  an approximation h ( t )  t o  t h e  u n i t  s t e p  func t ion  

l+(t).  We t a k e  h ( t )  t o  be d i f fe ren tSab le  f o r  a l l  t and i d e n t i c a l l y  

equa l  t o  l+(t) except i n  t h e  v i c i n i t y  of t = 0 ,  where it rises , 

monotonically but  continuously.  The sharper  we make t h i s  r i s e  

t h e  b e t t e r  w i l l  h ( t )  approximate l+(t). Clearly,  h ( l l ( t )  is 

a sha rp  p o s i t i v e  pulse of u n i t  area around t = 0,  This is a 

c l a s s i c a l  approximation t o  ' the  d e l t a  f u n c t i o n a l  and it r e f l e c t s  

the f a c t  t h a t  t h e  d i s t r i b u t i o n a l  d e r i v a t i v e  of l+(t) is d ( t )  . 

Now, it i s  a l s o  a f a c t  that i n  t h e  d i s t r i b u t i o n a l  sense 

Fp 4 ( t : )  
= [l+(t) l o g  tJ* 

I n  analogy t o  t h e  d i scuss ion  of the ,p reced ing  paragraph, we  

might expect t o  g e t  an approximation t o  Fp l+(t  )/t by differ- 

e n t i a t i n g  a d i f f e r e n t i a b l e  approximation t o  l+(t)  l o g  t. We 

could  take  such an approximation g ( t )  t o  be i d e n t i c a l  t o  

1+(t l o g  t except i n  t h e  v i c i n i t y  of t = 0, where it decreases  

monotonical ly  and sharply from t h e  va lue ,  zero ,  t o  t h e  va lue ,  

log E, where & i s  a small  p o s i t i v e  number ( 0  &.5<l) .  Then, 



( I  
g it) w i l l  have a sharp pulse around t = 0, whose area is l o g  L ,  

a negat ive number. Moreover, as z-7 0, this negative area increases 

i n d e f i n i t e l y  i n  magnitude. .This explains t h e  shape of t h e  p l o t  

of Fig .  .. 8 i n  the v i c i n i t y  of t = 1. 

A s  a more s u b s t a n t i a l  example, consider the pseudofunction, 

For p = O, we o b t a i n  i n  this case t h e  fo l lowing  Cesaro 

approximating means. 
:i 

-4) cos (at-t) 

Here, 

1 
I dx, 

~ K U  = ;r r(sin a x ) - & * i  



T h i s  is p l o t t e d  i n  F ig .  52 f o r  b - 1, 2 ,  3 and p -  5. Note 

again t h e  smoothing e f f e c t  as we proceed t o  t h e  hi-gher o rde r  

Cesaro means. These graphs provide  convenient  v i , s u a l i z a t i o n s  

of t h e  d i s t r i b u t i o n  i n  the v i c i n i t y  of i ts singular p o i n t .  



THE C0NVE:RGENCE BEHAVIOR 

Our approximation technique possesses  c e r t a i n  converge 

p roper t i e s  t h a t  make 'it usefu l  not  only f o r  d i s t r i b u t i o n s  b 

a l s o  f o r  ordinary f&ct ions ,  I n  s t a t i n g  these p r o p e r t i e s  w 

shall need t h e  concept of' t h e  order  of a d i s t r i b u t i o n .  * 
-.--- 

Safistrihution f is said t o  be of f i n i t e  O r d F i f  tjn,ere exist: 

can be i s  ca l led  t 
*-4CcUYII- - 

hat  every d i s t r i b u t i o n  of bounded 

support  i s  of f i n i t e  order. (See c o r o l l a r y  3-4-2a of C55] ) 

one of the convergence p roper t i e s  is t h a t  uniform convergent 

w i l l  be obtained over the continuous por t ions  of t h e  given 

d i s t r i b u t i o n  f so long as we choose i n  our  approximation tee 

nique a Cesaro mean whose order  i s  greater than  the order of 

More p r e c i s e l y ,  we may s t a t e  

Theorem 1: -- If t h e  d . i s t r i b u t i o n  f ( t )  -- is of bounded suPX 

& of order  r, if it is 2 continuous func t ion  - -  ove r  the f ini 

-. (t ) converges unif  i n t e r v a l ,  a d  t L  b, and i f  d )  r ,  then  fyp 

1~ t o  f ( t )  o v e r  a 4 tL-bl ,  yhere a<a14 b L b. 
--LG- 1- 1 

I n  o rde r  Lo e s t a b l i s h  t h i s  theorem, we shall need t w - 0  

lemmas. 



Lemma 1: - Let g$4(t) - be def ined  ' -- as in ( 9 ) ,  where  n =J 

p? I, - and 4 is a p o s i t i v e  in t ege r .  Then, for* every i n t ege r  
- L  -_I_L 

such t h a t  0 f f -1, 
-_I_ 

converges to zero  as 9-7a uniformly over t h e  i n t e r v a l ,  
_._-- - - --- 

a f t L- ~ / 2 ,  where a 7 O .  

X Proof: L e t  K, be def ined  by 

Theref o r e ,  

and, by a known res i i l t  ( see eqn. (1.10), p. 6 0 ,  Vol.  11 ofh  

t h e  right-hand side is doninated by 

over t h e  i n t e r v a l ,  ~''2' t f 4'2. Here, M is some constant 

Lemma now fol lows 





Lemma 2 :  - Let gyJ(t) - be de f ined  - a s  be fo re  - with d b e i n s  

! 
I - a positive i n t ege r .  gl 3 some small p o s i t i v e  c o n s t a n t ,  t hen ,  

i as y+ rn , the following l i m i t s  ho ld .  - 

I Proof: Using t h e  same estimate as in t h e  previous proof 

( s e e  eqn, (1.101, p. 60 ,  Vol. I1 of cb€I ] )  , we have 

as y+a, The l i m i t  ( 2 2 )  can be shown in the ,same way. 

F i n a l l y ,  note tlnat 

as is c l e a r  from ( 9 ) .  The l i m i t  (23) now fo l lows  from t h i s  

result and from (21) and (22) .  Q, E ,  D, 



Proof of theorem 1: For t h e  sake of c l a r i t y ,  we sketch 

f (7) i n  Fig, LO, where it is understood t h a t  f ( t )  is continuous 

aver aL"E L b  but may be a singular d i s t r i b u t i o n  ovar  xL"I= L a  

and b L Z C y .  We a l s o  i l l u s t r a t e  there ( t -7)  a s  t:ell as o t h e r  
YP 

v a l u e s  of 3 t h a t  we  shall use. It is assumed throughout  t h a t  
& c x ,  c r  L a L C ,  C C L ~ - Q C ~  ~ t + p  L ~ ~ ~ ~ c ~ c ~ L ~ I c ~ +  L t - a  

and t h a t  t h e  support  of f ( ' ~ )  is contained in X I  T L  y. 

Let  ,U (v) and A (-1 be iriffinitely differentiable f u n c t i o n s  t h a t  

s a t i s f y  the  fol lowing condj.tions; ,a(?) = 1 over  n.ej.ghborhoods 

of Cx9aJ and rb b,yj and t h e  support ofA ( 2 )  i s  contained i n b 1 9 c 2  

and [dlPY1J. 4 (+) = 1 over a neighborhood of bl,dll and t h e  

suppor t  of 1 ( Z) i s  contained i n  lc,d). (Here, t h e  b racke t s  denote 

c l o s e d  i n t e r v z l s .  1 Moreover, &(z) +.+!(?I = 1 ovar  a neighborhood 

Le t  P be a bound on e -pt ffo r - L t L b .  Since f i s  of order r ,  

5 CP sup 3 %  
XI -L -z . c ~ ,  / f 1- 9% r ~ - ~ ~ , e ~ ~ j  - 9J~t*--2) 1 
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f 
Here, 6 L t  ,TI is t h e  e r ror  term f o r  f(?) and .&.(?) is t h o  

J 
-g(t-7) J. 

e r r o r  term f o r  e Moreover, 2 (t, 3 is  uniformly con- 
1 

t inuous for C (  t <  d and t - q L ~ < t + ~  30 t h a t  ( t , ~ ) - ~ o  ac ?-) 0 
1 

uniformly f o r  c < t c d *  Also, E (2)-70 a s  Q-20 because of t h e  2 
c o n t i n u i t y  of the exponential  function, These f a c t s  combined 

w i t h  ( 2 3 )  demonstrate t h a t  the  right-hand s ide  of (25) converges 

t o  f (t ) uniformly for a l l  t i n  any closed in te rva l  [a , b ] 
1 1  

t h a t  l i e s  inside the open i n t e r v a l  (a,b). This completes the 

I proof. 

kl We i nd ica ted  besore t h a t  if we replace gy by gYP , where 

p ) O ,  we can damp out the subsequent repetitions off  the  approx- 

irnat ion  t o  t h e  given d i s t - r ibu t ion  o f  bounded suppctrt by nere lg  
I 
I 
1 choosing P and/or 2 s u f f i c i e n t l y  large. Ue shall. now res tn to  
I 

! this a s s e r t i o n  more p rec i se ly  and s h a l l  then prove it, 

I 

Theorem 2: - -- If t h e  c l i s t r ibu t ion  f ( t  ) has a bgunded supnort 
I 

i 
1 

contained i n  t h e  f i n i t e  Jn terva l ,  xc.t5y, i f  t h e  order of f 

i s  r, if p) 0, @ if h> r, then fm(t)  converpgz to zero - 
U YP, 
I un i f  orrnly over  y + 1 5 t C dl, where 9 is fixed _oosit ive  

i 
6 number. 

I 
I Proof: Let 

t 
i and let @ (t) be an in f in : i t e ly  d i f ferent iab le  function t h a t  

equals  one over a neighborhood of [x,~] and is  zero ou t s ide  

1 [x, ,yJ. We wish t o  show t h a t  



c a n  be made less t h a n  any preassigned p o s i t i v e  E)O over a l l  

of t h e   interval,^ + 2 C t <a, by choosing Y large  enough. We 

may again write ( see Sec:s. 3-3 and 3-4 of [5g ) 

I 

Firstly, consider  t h e  case where t - ~ / 2  5 Z 5 t-t. i'ie 

have t h a t  , d  '-3 - p l ~ - ? ) ~  1 
\ d &  r.5 f E1lzj '2 & I  

& 

where B is a s u f f i c i e n t l y  large constaxt .  

A l so ,  by lema 1, for a given ,El > 0 and for all s~: ' l ' ic ient ly  
i 
I 

Theref ore,  f o r  a l l  t 2 y + I (271 

Thus, we may preass ign  t, r a t h e r  than  4 .  
Next3 l e t  - m ~ ~ ~ t L t . l / 2 .  By another known r e s u l t  (see 



Moreover, every term insi.de the  sumilation s ign  o f  ( 2 6 )  has an 
I 

i exponen t i a l  damping facto,r. Consequently, i n  view of (28)  and 
I .  

. t he  fact t h a t  t - z  3 ~ / 2 ,  we see t h a t  each such t e r m  converges t o  
I. 

I zero as Y 3 * uniformly f o r  all t 2 y + . This r e s u l t  com- 
with 

Sined ( 2 7 )  proves the theorem, 
A .  

I 

We also indica ted .before  that we can t a k e  in . to  account 

c e r t a i n  d i s t r i b u t i o n s  whose s u p p o r t s  a r e  bounded on the l e f t  
I I 

I but are unbounded on t h e  r i g h t .  The p r e c i s e  s ta tement  is  

I Theorem 3 :  If t h e  d i s t r i b u t i o n  f ( t )  has 2 s ~ ~ ~ n o r t  bounded --- 
I 

i on the l e f t  and i s  o f  order  r ,  i f  i t s  Laplace trarlsform has  - - -  
I r e g i o n  - of convergence, He  s ) % ,  --- if it i s  a cont inuous f u n c t i o n  
1 
I o v e r  the f i n i t e  i n t e r v a l ,  a t 4 b ,  if d )  r, if5 < -p, t h e n  -- 
I 
I .- 1- bl 

where a< a 4 b 4 b e  converges uniformly ' to f ( t ) .  over  a 4 t, , 
I 

1 1  
I 

I Proof: - The proof of this theorem is q u i t e  s i m i l a r  t o  t h a t  

I 
I of theorem 1. We aga in  r e f e r  t o  F i g ,  10  but i t  is  now under- 

s tood  that y = yl =m and thatp(?)  equals one over  a neighbor- 

i hood of c b  ,a). as well as over a neighborhood of [x3 a]. 
f 

Now, r e f e r  t o  (24),  Since f is Laplace-transformable,  
! , 
I 

t h e  first term on the right-hand s i d e  o f  (24) may be r e w r i t t e n  as 

I 
r: c z -pt (P-c 1'- C 4  ( ,_2)), < f ( d e  , b ( ~ ) e  e 9. 
J 

wherebl< -c <-p. Let P again be a bound on e  -pt f o r  a< t i  b. 
c-2 

The d i s t r i b u t i o n  f ( 7 ) e  \ s i l l  have t h e  same o r d e r  as that of f(%) 

I and, t h e r e f o r e ,  t h e  l a s t  expression is dominated by (see Sec. 



CP SUP r d z j e  
x,5 z5 *, 
d, 5 ' z 4 m  %= 

5 CP sup 1. *.I + CP sup ) 0 .  I . 
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Since p-cc0,there is  an exponent ial  damping f a c t o r  i n  every 

term i n s i d e  t h e  summation s ign ,  By l e m l  t h e  f i r s t  supremum 

converges t o  zero  as 3-%Q uniformly f o r  c ,  +rL*: t <  d , - +  

Also,  by our  e s t ima te  (28)  and t h e  presence of the  exponential  

damping f a c t o r ,  t h e  second supremum a l s o  converges t o  zero as 

-2'->muniforrnly f o r  t i n  t h e  same i n t e r v a l .  T h i s  r e s u l t  again 

holds t r u e  f o r  a l l  t i n  any closed i n t e r v a l  la b J t h a t  l i e s  
1' 1 

i n s i d e  t h e  open i n t e r v a l  ( a ,b 1. 

The r e s t  of t h e  proof,  which is concerned with t h e  second 

term on t h e  right-hand s i d e  of (241, is  prec ise ly  t h e  same as 

t h e  corresponding p a r t  of' t h e  proof of theorem 1. 

So far ,  we have exanlined convergence only over those open 

i n t e r v a l s  where t h e  d i s t r i b u t i o n  f i s  a continuous funct ion ,  

In genera l ,  one i s  i n t e r e s t e d  i n  a l l  of f and not j u s t  its 

continuous par ts .  The problem is ,  however, t h a t  the convergence 

c r i t e r i a  t h a t  one o r d i n a r i l y  uses  f o r  funct ions  (such a s  uniform 

convergence o r  minimizatj-on of t h e  mean square e r r o r )  are 

inapp l i cab le  t o  s i n g u l a r  d i s l r i b u t i o n s .  Actually the  topology 

of t h e  space  8' of a l l  d l s t r i b u t * l o  ns i s  qu i t e  complicated (see 

pP. 64-77 of [54]) and t h e r e  does not appear t o  be any way of 

cons t ruc t ing  a simple corlvergence c r i t e r i o n  for ti5i.s space. 

Indeed, t h e  statement t h a t  '$n approximating element is c lose  t o  

a  given element i n  some spacelr usual ly implies t h a t  some metr ic  
I 

can be assigned t o  t h e  space. . & does not appear t o  be a 

metr izable  space. 29. 



N e v e r t h e l e s s ,  a con'rergence c r i t e r i o n  can be const ructed  if 

we restrict our a t t e n t i o n  to .some f ixed  finite closed interval 

I* Let .dL be t h e  space  of t h o s e  elements of b whose s u ~ ? o r t s  

are c o n t a i n e d  i n  1, 1.t :is a f a c t  %ha t  every dist . r ibut; ion &p 

/Q On 4 9  (see  Secs. 3-3 and 

f o r  eve ry@ i n  Ax BZ, where C and r depend only on f and I and 

no t  on t he  choice of'%, In v i e w  of t h i s  fact, we can cclnstruct 

the following convergence c r i t e r i o n :  Choose a n  E l  0 and 

cons t ruc t  some approximation fy t o  f. Then, we can say t h a t  

1lf,, a pp rox ima te s  f s u f f i c i e n t l y  well over t h e  i n t e r i o r  of  IN i f  

l < f  - f,, u>/ G '2 
sup j '& 

f o r  every& in dr. - T h i s  c r i t e r i o n  i s  probably t oo  complicated to 

be of p r a c t i c a l  use, 



i The au thor  is indebted t o  M r .  Timothy Loughl in  who per- 
. . 

formed a l l  t h e  numerical computations and prepared a l l  the graphs ' 

I 

I t h a t  are presented i n  this paper ,  H e  a l s o  wishes t o  express 

I h i s  gra t i tude  to Professor H. Ruston of t h e  University of 

! Pennsylvania who called his a t t e n t i o n  t o  a number of re fe rences  

I t h a t  are pertinent t o  t h e  time-domain syn thes i s  problem. 
L 
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