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ABSTRACT 

A method is developed whereby t h e  accuracy of Ligtenberg 's  refl&e- 

t ive  moirg method f o r  plates can be imprroved. The method u t i l i z e s  t h e  l inear  
--\ 

and r o t a t i o n a l  mEsmatches t o  increase t h e  f r i n g e  dens i t i es  along d i rec t ions  

p a r a l l e l  and perpendicular  t o  the grating l i n e s ,  respect ively .  A s  a result 

g r e a t e r  p rec i s ion  can be obta ined  in the p l o t t i n g  o f  curves o f  p a r t i a l  

s lopes  which are used f o r  determination o f  curvatures and t w i s t s  of t h e  

f lexed p l a t e .  



Introduction 
Z 

t 
The r e f l e c t i v e  moirE method developed by Ligtenberg [I] has  been 

widely u t i l i z e d  f o r  t h e  study of  bending of p l a t e  [2] . The technique is 

a l s o  s u i t a b l e  f o r  two dimensional s t r e s s  analys is  1 31.  Ligtenberg opiginal iy  

used a c y l i n d r i c a l  screen (g ra t ing)  f o r  h i s  apparatus. Reider and R i t t e r  

-. L4j modified t h e  technique s o  t h a t  a p lane  gra t ing could Se used. Later it 

was f u r t h e r  modified by Chiang and Treiber  [ 5 ] t o  allow continuously va r iab le  

s e n s i t i v i t y .  Essen t i a l ly  the  technique cons i s t s  of  p ro jec t ing  a gra t ing on- 

t o  a mirrored p l a t e  surface  which when loaded d i s t o r t s  t h e  g ra t ing  image 

due t o  t h e  change of  p l a t e  curvature. If t h e  g ra t ing  image before and a f t e r  

loading a r e  superimposed on a piece of  f i l m  (usually through doub1e:exposure 

technique) a moirg p a t t e r n  is form& as t h e  r e s u l t  of  t h e  in ter ference  o f  

t h e  two images. These f r inges  can he d i r e c t l y  in te rp re ted  a s  t h e  contour 

l i n e s  o f  t h e  s lopes  of  t h e  f lexed p l a t e .  If the  p l a t e  before deformation 

occupies t h e  t h e  x-y *lane and w e  denote w as  t h e  de f lec t ion  i n  t h e  direc- 

a w aw t i o n  of z, curves represent ing - 
2 x and - 

ay 
can be p l o t t e d  from t h e  f r i n g e s  

along t h e  sec t ions  of  i n t e r e s t .  Moments and twist can then be obtained by 

d i f f e r e n t i a t i n g  t h e  curves ob ta in  and 

Owing t o  t h e  inherent  inaccuracy associated with graphical  o r  num- 

e r i c a l  d i f f e r e n t i a t i o n  it i s  evident  t h a t  t h e  curves representing aw/ax and 

aw/ay should be drawn a s  accura te ly  a s  possible.  However t h e r e  are cases 

f o r  which t h e  response of t h e  p l a t e  may be such t h a t  only a f e w  f r inges  a r e  

obtained i n  t h e  f i e 1 d . A ~  a r e s u l t  accura te  p l o t t i n g  is  impossible due t o  

t h e  W t e d  points  defining t h e  curve. One way t o  increase  t h e  number of 
5 

f r inges  i n  t h e  f i e l d  is t o  inc rease  t h e  l i n e  densi ty  of t h e  gra t ing used. 

f: 
Numbers i n  brackets  denote references  at the  end of t h e  paper 



However increas ing s e n s i t i v i t y  usual ly  accompanies t h e  reduction of p a t t e r n  

c o n t r a s t .  Unless aided by s p e c i a l  o p t i c a l  techniques such as s p a t i a l  f i l -  

t e r i n g  [ 6,7] , p a t t e r n s  obtained with high densi ty g ~ a t i n g s  are sometimes 

no t  s u i t a b l e  f o r  ana lys i s  due t o  poor con t ras t .  Another problem t h a t  comes 

/ From,high dens i ty  g r a t i n g  i s  t h e  c rea t ion  of a new s e t  of moire f r inges  i n  

some region when t h e  f r inges  a r e  too crowded, and these f r i n g e s  cannot be 
-.\ 

i n t e r p r e t e d  as t h e  contour l i n e s  of t h e  s lopes .  An example i s  given i n  

F ig .  1 where (a) and ( b )  show two rnoirg pa t t e rns  of  a c i r c u l a r  p l a t e  under 

uniform p~essure' ' .  The load was t h e  same fo r  both pa t t e rns .  Only t h e  l i n e  

dens i ty  of the  g r a t i n g  was changed from 9.54 I p i  i n  ( a )  t o  17.7 l p i  i n  (b) .  

I t  is  seen t h a t  n o t  only t h e  c o n t r a s t  i s  poor i n  p a t t e r n  ( b ) ,  but the  f r i n g e s  

were s o  crowded t h a t  a new s e t  of f r i n g e s  were s t a r t i n g  t o  form a t  t h e  c e n t r a l  

por t ion  of t h e  p l a t e .  These new f r i n g e s  tend t o  i n t e r f e r e  with the  o r i g i n a l  

set and are not  e a s i l y  i n t e r p r e t a b l e  i n  terms o f  s lopes  o r  curvatures of 

t h e  p l a t e .  

I n  t h i s  paper methods of in t roducing l i n e a r  and r o t a t i o n a l  mismatches 

i n t o  t h e  r e f l e c t i v e  m o i r h e t h o d  a r e  presented whereby f r i n g e  d e n s i t i e s  along 

both x and y d i rec t ions  can be increased without r e s o r t i n g  t o  high den- 

s i t y  g r a t i n g  or t h e  increase  o f  loading. A s  a r e s u l t ,  curves can be more 

accura te ly  p l o t t e d  because of t h e  inc rease  of d a t a  points .  The technique is 

analogous t o t h e  mismatch method for plane rnoirQ developed by Chiang 1 8 3  . 

e 

-1- 

"The meaning o f  Fig. 1 - (c )  w i l l  be evident  i n  t h e  later p a r t  of  t h e  t e x t .  



Dif fe ren t  Types of  Mismatches --- 

In  t h e  following ana lys i s  t h e  o p t i c a l  a~rangement  a s  introduced by 

Chiang and Tre iber  5 w i l l  be used throughout because o f  i t s  v e r s a t i l i t y  [ I 
i n  introducing v m i o u s  types of mismatches. The o p t i c a l  s e t  up i s  schemati- 

c a l l y  shown i n  Fig. 2 where a smal l  g r a t i n g  of c e r t a i n  l i n e  dens i ty  i s  in-  

- s e r t e d  i n t o  an ordinary s l i d e  p ro jec to r  which p r o j e c t s  t h e  magnified g ra t ing  

image on t o  the  groun6 glass .  Tho, g r a t i n g  image is then viewed by a camera 

v i a  a p a r t i a l  mir ror  and t h e  r e f l e c t i v e  model p -1a te : su~face .  

In  t h e  p lane  moire method f o r  which two g r a t i n g s  are used (one a s  

master g r a t i n g  and one a s  model g r a t i n g )  mismatches can be e a s i l y  defined 
.*. 

as t h e  d i f fe rence  i n  p i tchn ( l i n e a r  mismatch) o r  i n  o r i e n t a t i o n  ( r o t a t i o n a l  

mismatch) between t h e  two g ra t ings  b e f o r e  t h e  load i s  appl ied  [81. In  t h e  

r e f l e c t i v e  moire' method however only one gra t ing  i s  used. The superposi t ion 

i s  made between t h e  two images r e f l e c t e d  back from t h e  mirrored p l a t e  su r face  

before  and a f t e r  t h e  loading. In  o rde r  t o  define mismatches it is necessary 

t o  introduce t h e  following two terms first, namely, grating-before-loading (GBL) 

and gra t ing-af ter - loading (GAL) ,  The former is defined as t h e  g ra t ing  (i.e. 

i t s  dens i ty  and o r i e n t a t i o n )  on t h e  ground g lass  ( see  Fig. 2 )  t o  be viewed 

by t h e  camera v i a  undeformed p l a t e ,  and l a t t e r  is defined as the  g ra t ing  

t o  be viewed v i a  deformed p l a t e .  With t h i s  nomenclature w e  can then def ine  

t h e  l i n e a r  mismatch a s  the  d i f fe rence  i n  p i t ch  between GBL and GAL and t h e  

r o t a t i o n a l  mismatch a s  t h e  d i f fe rence  i n  o r i e n t a t i o n  between them. Linear 

and r o t a t i o n a l  mismatch can be introduced i n t o  t h e  r e f l e c t i v e  moire/ system 

e i t h e r  sepa ra te ly  o r  simultaneously depending upon t h e  need of t h e  problem. 

While various amounts of  t h e  former can be imposed upon t h e  system by 

.?. 

" p i t c h  is  defined as t h e  spacing between two p a t i n ;  l i n e s  



changing d i s t ance  between the  ground g l a s s  and t h e  p ro jec to r  (see  F i g .  21, 

t he  l a t t e r  can be brought i n  by e i t h e r  t i l t i n g  the  "grat ing s l i d e "  i n s i d e  the 

pro jec to r  or by t i l t i n g  the  p r o j e c t o r  i t s e l f  t o  a proper i n c l i n a t i o n .  If t h e  

GBL and GAL a r e  photographed on one p iece  of f i lm using double exposure tech- 

nique without  any loading being a c t u a l l y  applied t o  t h e  p l a t e  t h e  r e s u l t i n g  

moir6 p a t t e r n s  are due t o  mismatches only. They a r e  p a t t e r n s  of uniformly 
-'\ 

spaced s t r a i g h t  f r i n g e s .  The o r i e n t a t i o n  of and spacing between these  

f r inges  are funct ions  o f  t h e  type and amount of mismatches introduced, If 

w e  use t h e  fa l lowing n o t a t i o n :  

p = p i t c h  o f  GBL, 

p' = p i t c h  of GAL, 

0 = acu te  angle  between l i n e s  o f  GBL and GAL, 

Q = angle  of i n c l i n a t i o n  of  f r i n g e s  measured i n  t h e  same way a s  0 ,  

S = f r i n g e  spacing,  

it can be shown t h a t  they  are r e l a t e d  by t h e  following equations [lo] : 

-1 p* s i n 0  ' 4 = t a n  
p coso - p' 

( 2 )  

Examples of mismatch f r i n g e  p a t t e r n s  a r e  shown i n  Fig.  3 i n  which (a) 

(b) and ( c )  are t h e  moir6 pa t t e rns  due t o  l i n e a r ,  r o t a t i o n a l ,  and t h e  com- 

b ina t ion  of l i n e a r  and r o t a t i o n a l  mismatches, r e spec t ive ly .  The magnitude 

o f  the mismatches are ind ica ted  i n  th.e f i g u r e  by t h e  l i n e  d e n s i t i e s  and 

o r i e n t a t i o n s .  It is  useful t o  no te  t h a t  l i n e a r  mismatch f r i n g e s  a r e  para l -  

l e l  t o  t he  g r a t i n g  lines, r o t a t i o n a l  mismatch f r i n g e s  a r e  perpendicular  t o  ! -  
t h e  l i n e  b i s e c t i n g  t h e  angle  0 ,  and t h e  combinational mismatch f r i n g e s  

are  o r i e n t e d  somewhere i n  between t h e  two extremes. 



The Use of  Linear Mismatch 

The purpose of introducing mismatches is t o  increase  t h e  f r inge  den- 

z . t y  where it i s  needed. I n  t h e  r e f l e c t i v e  moirg method f r inges  represent  

contour l i n e s  of  s lopes  i n  t h e  d i r e c t i o n  normal t o  t h e  g ra t ing  l i n e s .  Thus a 

f l exed  p l a t e  with constant  curvature  along a d i r e c t i o n  w i l l  be represented 

-.. by a  p a t t e r n  of  uniformly spaced f r i n g e s  if  t h e  g r a t i n g  i s  or iented  with I 
I 
I 

t h e  l i n e s  perpendicular  t c  t h e  d i r e c t i o n .  The f r i n g e s  a r e  of course a l s o  I 
perpendicular  t o  t h e  d i r e c t i o n .  Therefore,  a  l i n e a r  mismatch moirg p a t t e r n  1 

such as shown i n  Fig. 3(a) can be i n t e r p r e t e d  a s  represent ing a  f i c t i t i o u s  I 

constant  curvature f i e l d  i n  t h e  d i r e c t i o n  normal t o  t h e  g ra t ing  l i n e s .  In 

order  t o  use l i n e a r  mismatch e f f e c t i v e l y  it should then be introduced ad- 

d i t i v e l y  r a t h e r  than  s u b t r a c t i v e l y  i n t o  t h e  needed region. In o the r  words 

t h e  f i c t i t i o u s  curvature  should have t h e  same s i g n  a s  t h a t  of t h e  f lexed 

p l a t e  at t h e  p laces  of  i n t e r e s t .  Otherwise t h e  mismatch w i l l  not  se rve  i ts  

purpose. This p o i n t  is demonstrated i n  t h e  following examples. In Fig.  

J 
4-(a) a moire p a t t e r n  is shown f o r  a clamped c i r c u l a r  p l a t e  under uniform 

pressure with both  GBL and GAL set a t  9.54 l p i .  In  Fig. 4-(b) t h e  moj-rg 

p a t t e r n  was obtained with GAL changed t o  11.46 l p i  while GBL was kept t h e  

same. I t  is seen  t h a t  along t h e  h o r i z o n t a l  diameter t h e  fringe densi ty  a t  

the c e n t r a l  p o r t i o n  w a s  increased by t h e  use of  l i n e a r  mismatch whereas t h e  

f r inge  d e n s i t i e s  a t  both ends were reduced. It was of course expected be- 

cause t h e  c i r c u l a r  p l a t e  w a s  bent i n  such a way t h a t  t h e  curvature a t  t h e  

c e n t r a l  por t ion  had s ign  d i f f e r e n t  from t h a t  of t h e  end por t ions .  The 

shape of  t h e  p l a t e  is schematical ly shown i n  Fig.  2. If w e  denote convex 

curvature as p o s i t i v e ,  using t h e  camera as cen te r ,  then t h e  l i n e a r  mismatch 

of t h e  type shown i n  Fig. 4-<b) can b e  defined as pos i t ive .  Since it ( t h e  

f i c t i t i o u s  curvature  represented by t h e  mismatch) had t h e  same s ign a s  t h a t  



of the  f lexed p l a t e  a t  t h e  c e n t r a l  r eg ion ,  it increased t h e  number of f r i n g e s  

the re .  In order  t o  increase  t h e  f r i n g e  dens i ty  a t  t h e  end por t ions  i t  is 

evident  t h a t  a ( l i n e a r )  mismatch of  opposi te  s ign  must be used. An example 

is  given i n  Fig. 5  where ( a )  dep ic t s  a morir6 p a t t e r n  of t h e  same p l a t e  under 

t h e  same Load a s  i n  Fig. 4 but  with g r a t i n g  l i n e s  changed t o  11.46 l p i  f o r  

both GBL and GAL. I n  Fig. 5(b)  a ( l i n e a r )  mismatch of  GBLr9.54 l p i  and 

" GALa11.46 1pi was introduced. The mismatch i s  of  t h e  same magnitude bu t  op- 

p o s i t e  s i g n  a s  t h a t  of  t h e  p a t t e r n  i n  Fig.  4(b).  It i s  seen, by comparing 

Fig. 5 (b)  with Fig. 5 ( a ) ,  t h a t  t h e  f r i n g e  d e n s i f i e s  a t  t h e  end port ions 

were increased whereas t h a t  at t h e  c e n t r a l  por t ion  decreased. The l i n e a ~  

mismatch o f  t h e  type  a s  i n  Fig. 5(b) is than c a l l e d  negative according t o  

t h e  convention s e t  e a r l i e r .  The moir6 p a t t e r n  corresponding t o  the  ( l i n e a r )  

mismatches introduced i n  Fig. 4 (b )  as 5 (b )  is shown i n  Fig. 3(a). It 

should be noted t h a t  t h e  appearance of t h e  f r i n g e s  does not  t e l l  t h e  s i g n  they 

contain,al thou&the magnitude is represented  by t h e  f r i n g e  dens i ty  of the  

p a t t e r n .  Since t h e  two mismatches only d i f f e r  i n  s ign  they should have 

i d e n t i c a l  moirg p a t t e r n s .  

The s lope  curves along t h e  h o r i z o n t a l  diameter f o r  Figs.  4 and 5 a r e  

shown i n  F ig .  6 and 7,  r e spec t ive ly .  Three curves each were drawn repre-  

sen t ing  t h e  o r i g i n a l  load t h e  mismatch, and t h e  load p lus  mismatch 

p a t t e r n ,  r e spec t ive ly .  It i s  noted t h a t  the s lope  curve can be drawn with 

much g r e a t e r  accuracy a t  t h e  c e n t r a l  region i n  Fig. 6 than t h e  o r i g i n a l  

load p a t t e r n .  The same is t r u e  a t  t h e  end por t ions  i n  Fig. 7 .  To r e t r i e v e  

t h e  a c t u a l  s lope  , it is only necessary t o  t ake  t h e  d i f fe rence  between t h e  

two cukes ( t h e  load p lus  mismatch curve and t h e  mismatch)curve which of 

B 
In  a c t u a l  ana lys i s  the  s lope  curve of  t h e  o r i g i n a l ' l o a d  p a t t e r n  need not  
be drawn, in general .  I 



course i s  a s t r a i g h t  l i n e ) .  In a c t u a l  ana lys i s  it i s  uswally t h e  curvature 

t h a t  i s  needed. I t  is  then more convenient t o  t a k e  t h e  d i f ference  of the  

s lopes  of  t h e  s l o p e  curves. One a l t e r n a t i v e  i s  to  obta in  t h e  e n t i r e  slope 

curve f o r  t h e  o r i g i n a l  load p a t t e r n  from t h e  two o t h e r  curves, s o  t h a t  usual  

procedureS,of a n a l y s i s  can be applied.  This i n  genera l  would r e q u i r e  more 

than one mismatched pa t t e rns ,  o f  which each contr ibutes  a por t ion  f o r  which 

<' t h e  ( l i n e a r  mismatch) i s  addi t ive .  

If w e  denote t h e  f r inge  orders  of load p a t t e r n ,  mismatch p a t t e r n ,  

and load p l u s  mismatch p a t t e r n  as Ne, Nm, and NQtm, it is evident t h a t  

t h e  following equation holds: 

- - N 
Nk - N ~ + m  m ( 3  1 

If we f u r t h e r  denote L1 and L2 as t h e  line d e n s i t i e s  of GBL and GAL r e s ~  

pec t ive ly ,  then Nm is p o s i t i v e  if L >L ( i .e .  p o s i t i v e  l i n e a r  mismatch), 
2 1 

and negative i f  L2<L1 (negative l i n e a r  mismatch). Eq. ( 3 )  can be used 

f o r  ca lcu la t ing  t h e  a c t u a l  p a r t i a l  s lopes  a t  a po in t  o r  can be  used t o  re- 

t r i e v e  t h e  e n t i r e  s lope  curves for t h e  a c t u a l  loading.  



The Use of Rotational Mismatch 

It is reca l led  tha t  i n  solving p l a t e  problems curvatures as  w e l l  as 

twist are  needed. While the former involves the  d i r e c t  derivative of p a r t i a l  
a2w a2w 

slopes (i .e .a,:! 2 1 ,  the  l a t t e r  der ives  from cross derivative of p a r t i a l  - 
' 8~ 

' a2w slopes (-1. It may be noted i n  t h e  analysis of using l inear  mismatches, axay 

-.. f r inge dens i t ies  were increased i n  t he  direct ion normal t o  the  grating l ines .  

I t  i s  of course expected i n  view of t h e  nature of l i nea r  mismatch fringes 

a s  shown i n  Fig. 3(a) ,  which run p a r a l l e l  t o  the-grat ing l ines .  A s  a r e s u l t  

l i nea r  mismatch of fe rs  no help t o  t h e  acemate p lo t t ing  of p a r t i a l  slope 

curve i n  the  direct ion pa ra l l e l  t o  the  grat ing l tnes .  

The ro t a t i ona l  mismatch fr inges  a s  shown i n  Fig. 3(b),  however, a r e  

running almost perpendicular t o  the  -grating l ines .  Their use i n  the moir6 

w i l l  then increase the  f r inge  dens i t ies  along the  l ines .  Indeed 

a s  shown i n  Fig.  8, the  f r inge density along sections perpendicular t o  the 

grat ing l i n e s  were considbrably increased by the introduction of a ro ta t iona l  

mismatch of @ = 10 .lsO The moire pa t te rn  i n  Fig. 8(b) is the vec tor ia l  

sum of t he  pa t te rns  i n  Fig. 8(a)  and Fig. 3(b) .  The ro t a t iona l  mismatch 

was introduced by t i l t i n g  the whole s l i d e  projector f o r  the  (photographic) 

exposure of GAL,  and the  magnitude of  t h e  ro t a t i ona l  mismatch was obtained 

by measuring the  or ientat ion difference of the  grat ing l i nes  on the ground 

g lass  (see Fig. 2) .  It should be noted t h a t  while there  is no difference i n  

ro t a t i ng  e i t h e r  GBL o r  GAL t o  obtain t h e  ro t a t l ona l  mismatch, it i s  the GBL 

t h a t  should be used f o r  analysis ,  i.e. i t s  pr incipal  di rect ion i s  the direc- 

t i on  along which the  p a r t i a l  slopes a r e  represented by the moi& fringes. 

An exampleis given i n  Fig. 9 showing the improvement t h a t  ro t a t i ona l  

mismatch renders f o r  the  accurate obtaining of twist. The slope curves 

along a v e r t i c a l  section 0.6" t o  t h e  left of the  diameter was drawn f o r  t he  



load (moir/e ) p a t t e r n ,  mismatch (moir/e p a t t e r n ,  and load plus mismatch (moir6 ) 

p a t t e r n .  The s lope  curve f o r  t h e  load pa t t e rn  (which has th ree  points  t o  

de f ine ,  i f  using dark f r inges )  could not possibly be drawn with any accuracy 

without  t h e  he lp  of mismatch and load p lus  mismatch p a t t e r n s  (each of which 

has  mope than t e n  points  t o  define the  s lope  curve). I n  order f o r  r o t a t i o n a l  

mismatch technique t o  be e f fec t ive ,  t h e  imposed r o t a t i o n  should have the  

--, same s i g n  as t h a t  of t h e  a c t u a l  r o t a t i o n  of t h e  g ra t ing  due t o  loading. Other- 

w i s e  t h e  f r i n g e  densi ty  w i l l  decrease r a t h e r  than increase  a s  evidenced by 

t h e  nea r ly  zero f r i n g e  densi ty  a t  t h e  corners i n  t h e  second and four th  quad- 

r a n t s  of t h e  moir6 pa t t e rn  i n  Fig. 8 (b) .  As i n  t h e  case of l i n e a r  mismatch 

technique r o t a t i o n a l  mismatches of opposite  s igns  should be introduced, i f  

necessary,  t o  help  l o c a l  regions i n  need of higher f r i n g e  densi ty.  The 

I 
f i n a l  s l o p e  curves a r e  obtained by t ak ing  t h e  a lgebra ic  d i f ference  of t h e  

I x  s lope  curves of t h e  load plus  mismatch p a t t e r n  and t h e  mismatch pat tern .  

The r o t a t i o n a l  mismatch is  defined as pos i t ive  if  it has t h e  same s ign  as 

' _ t h a t  of t h e  l o c a l  r o t a t i o n  of  t h e  g ra t ing ,  and negative if opposite. I n  an 

analogous way, a  p a t t e r n  of r o t a t i o n a l  mismatch as shown i n  Fig. 3(b) may be 

considered as a  uniform f i c t i t i o u s  t w i s t  f i e l d .  Its use  f o r  t h e  accurate 

obta in ing of  t w i s t s  of a  f lexed p l a t e  is t h e  same as t h a t  of a p a t t e r n  of  

l i n e a r  misr3tch f o r  t h e  accurate obtaining of curvatures of a f lexed p l a t e .  

There are o t h e r  uses of r o t a t i o n a l  mismatches. When t o o  f i n e  a g r a t i n g  

i s  used so t h a t  t h e  moirg f r inges  tend t o  lose  t h e i r  d e f i n i t i o n  o r  when o the r  . 
types  of f r i n g e s  s t a r t  t o  form i n  some por t ions  o f  t h e  pa t t e rn ,  the  use of  ro-  

t a t i o n a l  mismatch ;often r e s u l t s  i n  a b e t t e r  p ic tu re .  As shown i n  Fig. l ( c )  

where the moirg p a t t e r n  was obtained by adding a  r o t a t i o n a l  mismatch o f ' 1 0 . 1 5 ~  

i n t o  t h e  p a t t e r n  o f  Fig. lb). It is seen t h a t  t h e  f r i n g e s  a t  t h e  c e n t r a l  

r eg ion  Ln Fig. l(c) a r e  much more c l e a r l y  defined than t h a t  i n  Fig. l ( b ) .  



i n  which poor d e f i n i t i o n  was caused by t h e  crowding of fringes as well as  

t h e  forming o f  another s e t  of  f r inges .  This s e t  of  f r inges  is a l s o  more 

v i s i b l e  i n  Fig. l(c), but i n t e r s e c t i n g  t h e  f r inges  of  p a r t i a l  slopes a t  such 

an angle t h a t  they are dis t inguishable  from each o t h e r .  

Yet another appl ica t ion of r o t a t i o n a l  mismatch is i ts use f o r  ob- 

t a i n i n g  rnoirk of  moire/ pa t t e rns  as discussed by Beranek 191. 

--. 



The Combinational Use of Both %es of Misma-tches 

It is evident t h a t  both l i nea r  and ro t a t i ona l  mismatches can be in- 

troduced i n t o  a moire/ pat tern simultaneously, A s  a r e s u l t  f r inge densi t ies  

along direct ions  perpendicular and p a r a l l e l  t o  the gra t ing  l i nes  can both be 

increased s o  t h a t  curvatures as  wel l  as twist can be obtained with be t t e r  

--, accuracy. Examples a r e  shown i n  Fig. 10 where Fig. 10(a) shows a pattern of 

load and negative l i n e a r  mismatch and an anti-clockwise ro ta t iona l  mismatch. 

and Fig. 10(b) a pos i t ive  l i n e a r  mismatch and an anti-clockwise ro ta t iona l  

mismatch. The load was the  same as  i n  t h e  previous cases. It should be 

noted t h a t  the  geometry of t he  model and the loading w e r e  such tha t  the or i -  

g ina l  (no mismatch) moire pa t te rn  was symmetrical with respect t o  the ve r t i ca l  

diameter. Therefore, introducing a rota t ionalmismatc3 of opposite sign 

would merely change the  pa t te rn  i n  such a way t h a t  the  l e f t  and right-hand 

s ides  were interchanged. 

It is seen t h a t  with t h e  application of both l i nea r  and ro t a t i ona l  

mismatches, f r i nge  dens i t ies  along v e r t i c a l  as  w e l l  a s  horizontal  di rect ions  

were increased i n  t he  patterns.  The pat te rn  in  Fig. 10(a) is the  vec tor ia l  

combination of pa t te rns  i n  Fig. 5(b) and Fig. 3(b) whereas the  pattern i n  

Fig. lO(b) is the  vec tor ia l  combination of pat terns  i n  Fig. 4(b) and Fig.3(b). 

I n  general, with the use of combinational mismatches, a b e t t e r  ba- 

lanced moirg pa t te rn  is obtained i n  the  sense t h a t  there  is  no "poor" regions 

where a mismatch of opposite s ign  (be it l inea r  o r  ro t a t i ona l )  should be 

introduced a s  is the  case i n  Fig. 4(b), 5(b) anda8(b). While it is t rue  

t h a t  a mismatch of any type, i f  the  magnitude is la rge  enough, would r e s u l t  

i n  a pat tern having dense f r inges  everywhere, there  ex i s t s  the  danger of 

overcrowding somewhere i n  t h e  f i e l d  t h a t  a second set of f r inges  may be 

formed. This is one of the  things t h a t  t he  proposed mismatch technique is  



t r y i n g  to prevent i n  the first place. Therefore it may be stated that while 

either linear or rotational mismatch can be used alone to improve a moirg 

p a t t e r n  (usually a region of it), the combinational use of linear and rota- 

tional mismatches is  preferred if overall improvement of the whole is 

desired, 



Conclusion 

It may be concluded t h a t  t h e  mismatch technique can be used e f fec -  

t i v e l y  t o  improve t he  accuracy of Ligtenberg 's  r e f l e c t i v e  moirg method for 

pla tes .  Linear mismatch i s  equivalent  t o  a f i e l d  of f i c t i t i o u s  curvature 
' 

whereas r o t a t i o n a l  mismatch corresponds t o  a f i c t i t i o u s  t w i s t  f i e l d .  The 

4 
mismatches can be  used e i t h e r  ind iv idua l ly  o r  combinationally. If t h e  i m -  

proveqent o f  o v e r a l l  fringe densi ty  o f  a pa t t e rn  is needed, it is preferable  

t o  use both l i n e a r  and r o t a t i o n a l  mismatches. . 
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Figure Captions 

/ 
Moire Patterns of a Clamped Circula~ Plate Under Uniform Pressme Showing 
the Effect af Grating Being too Fine. 

(a) GBL = GAL = 9.54 Ipi 
( b > ,  GBL = GAL = 17.7 lpi 
(c) GBL = GAL = 17.7 lpi and 0 = 10.15~ (counterelockwlse). 

Optical Arrangement of The Nodified Ligtenberg's Method for Facilitating 
the Introduction of Mismatches. 

Exanlples of Mismatch ~ o i r g  Fringes 
(a) Linear Mismatch 

GBL(GAL1 = 9.54 l p i ,  GAL(GBL) = 11.46 lpi 
(b) Rotational Mismatch 

GBL = GAL = 11.46 lpi, 8 = 10.15O (counterclockwise) 
( c )  = (a) + (b )  

~oirg Patterns Showing the Application of Positive Linear Mismatch 
(a) GBL = GAL = 9.54 lpi 
(b) GBL = 11.46 lpi, GAL = 9.54 lpi 

~oirg Patterns Showing the Application of Negative Linear Mismatch 
(a) GBL = GAL = 11-46 lpi 
(b) GBL = 9.54 lpi, GAL = 11.46 lpi 

Partial Slope Curves along Horizontal Diameter of the Circular Plate 
from Patterns in Fig. 4 and Fig. 3(a). 

Partial Slope Curves along Horizontal Diameter of the Circular Plate 
from Patterns in Fig. 5 and Fig. 3 (a). 

~oir(e Patterns Showing the Application of Rotational Mismatch 
(a) GBL = GAL = 11.46 lpi 
(b) GBL = GAL = 11.46 lpi, 0 = 10.15~ (counterclockwise) 

Partial Slope Curves along Section A-A of the Circular Plate From 
Patterns in Fig. 8 and Fig. 3(b). 

~oirg Patterns Showing the Application of Combined Linear and Rotational 
Mismatches 

(a) GBL = 9.54 lpi, GAL = 11.46 lpi., 8 = 10.15~ (counterclockwise) 
(b) GBL = 11.46 Lpi , GAL = 9.54 lpi, 8 = 10.15' (counterclockwise) 
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