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Abstract

The existence of an asymmetric half-plane spectral factorization for a non-
negative two-dimensional matrix-valued spectral density is established under
general conditions ; namely, that the density and the logarithm of the deter-
minant of the density are absolutely integrable on the torus. The proof con-
sists of first obtaining a symmetric half-plane factorization by applying a one-
dimensional spectral factorization algorithm, and then modifying the factors to
get the desired form. An efficient algorithm for calculating the two-dimensional
spectral factorization is thereby obtained; Wilson’s one-dimensional factoriza-
tion algorithm appears to be the most suitable for this purpose. In the case
where the initial array is of finite extent, it is shown that the factors have con-
stant (minimal) order in the ‘causal’ direction. It follows that if a finite-support
array has a quarter-plane spectral factorization, the spectral factors must also

be of finite support.
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1 Introduction

The problem of spectral factorization is fundamental in numerous areas of circuit,
systems, and signal theory, and has been extensively studied by many researchers
(1, 2, 3]. In two-dimensional signal processing, it arises in the design of recursive
filters from an amplitude response specification, and in the derivation of autoregressive
models for stationary stochastic processes [4, 5, 6, 7, 8, 9, 10]. Each of these problems
has its multivariable or multichannel counterpart which is also of importance; in
this context, the problem is to find asymmetric half-plane spectral factors for a non-
negative square matrix-valued function on the torus.

The purpose of this paper is to establish the existence of such spectral factors
under general conditions, and to give an efficient algorithm which calculates these
factors. The conditions considered (in addition to the obvious positivity condition)
are that the original matrix-valued function, and the logarithm of its determinant,

are absolutely integrable on the torus.



It is well-known, of course, that in the multidimensional case the factors can not
in general be of finite order [11]; from the scalar case , the best which can be hoped
for is the following [4]. If the original array has nonzero terms from —N to N in the
vertical direction, and from —M to M in the horizontal direction, and the asymmetric
half-plane decomposition corresponds to horizontal scanning, then each approximate
factor should have order IV in the vertical direction, and infinite order in the horizontal
direction. It is shown below that this continues to hold in the matrix case.

[t follows from the proof that any one-dimensional spectral factorization algorithm
can be used to give a two-dimensional algorithm; however, algorithms based on New-
ton’s method [12, 13] have some properties which make them particularly suitable in
the present context; they are also quite efficient in the absence of roots on the unit
circle.

Finally, we note that although we can always assume in practice that the density
to be factored is rational, the proof is given under general hypotheses for two reasons:
first, since in the multidimensional case the factors are in general nonrational, there
is no simplification in assuming a rational density; and second, a general proof shows
that the assumption of rationality is not essential, and so the properties of the factors
are unlikely to be critically dependent of the order. The latter point is particularly
important in that most rational models are actually simplified approximations to
much higher-order models.

The paper is organized as follows: in section 2, the notation is introduced, and
in section 3 the algorithm is described and some comments on its computational
complexity and convergence rate are given. Examples are given in section 4. The last
section contains conclusions and mentions some open problems; proofs are contained

in the appendix.



2 Definitions and Notation

The following notation will be used throughout.

The unit torus, will be denoted by T2:
T? = {(z1,22) | |z1] =1 and |22] = 1}

The set of absolutely integrable p by p matrix-valued functions on 7% will be denoted
by Li(T?), and the subset of square-integrable such functions will be denoted by
L,(T?). The set of absolutely integrable scalar-valued functions on 7 will be denoted
by L:(T?). Elements of L;(T?) and L,(T?) will be denoted by uppercase letters, and
their two-dimensional inverse Z-transforms by the corresponding lowercase letters.
The unit matrix will be denoted by 1. As usual, an upper * denotes conjugate

transpose. The inverse Z-transform as used here is defined by
f(m,n) = 1/4x?[7_ [T F(e~i%1, ¢=102)dp, df,

The asymmetric half-plane which defines causal filters will be denoted by A; we

will take this to be set
Al ] s 0pud (k) | | =0 sid kel

we will refer to the second coordinate (the ! direction) as the ver£ical, or causal,
direction, and the first coordinate (the k direction) as the horizontal, or noncausal,
direction. An element F' of L;(T?) is causal if, and only if, f(k,I) = 0 when (k,!) is
not in A.

A causal element G of L;(T?) is said to be outer (or minimum-phase) if

log | det G(e?%1,ei%2)| € L3(T?) and

log | det g(0,0)| = 1/4x2[7_ [7_log|det G(ei1,ei%2)| db,db,.



In the case where G(zy,2;) is a polynomial in zjand 2, this is equivalent [9, p. 590]

to G(z1, 2z2) having no zeros on the open unit bidisk defined by
U? = {(21,22) | |21] <1 and |2o| < 1)

Given a positive Hermitian element H of L,(7T?), a spectral factorization of H

will mean a factorization of H as
H = GG*

where G is causal, stable (i.e., in Ly(7?)) and outer. This factorization, when it exists,
is unique up to multiplication by a constant, unitary matrix; it will be made unique
by assuming that ¢(0,0) is lower triangular, with a non-negative, real diagonal.

Note that in the above definitions, stability of a transfer function has been defined
in terms of square-integrability, rather than absolute summability of the inverse Z-
transform; although this is not strictly correct, it has been done to simplify the
presentation, since, in the general case the spectral factors may not have an absolutely
summable inverse Z-transform. (This will happen, for example, if H is discontinuous
on T2, since absolute summability of the inverse Z-transform implies continuity on
%)

With this background, the algorithm can now be described.

3 Spectral Factorization Algorithm

The main result of this paper is the following.

Theorem 1 Suppose that K is a non-negative p by p matriz-valued element of L,(T?),
and that log(det K) € L3j(T?) .

Then K has a spectral factorization:

K = GG~



Further, if the inverse Z-transform, k(m,n), of K is zero outside the set
{(m,n) | =N < n < N}, then the inverse Z-transform, g(m,n), of G is zero outside

the set {(m,n)|0<n < N}.

The detailed proof of this theorem is contained in the appendix; here the following
remarks may be made.

First, the proof actually provides a two-dimensional matrix spectral factorization
algorithm; the spectral factor G' can be found as follows.

For each 6; € [—,7], let Ky (6) = K(61,0). Then (using any of the known
one-dimensional spectral factorization algorithms) find the spectral factorization of
each 1{91(9):

Ky = G91 G"él
Now let
P(6,) =1/2x [T, Gy, (9)do

and let F'(6,) be the one-dimensional spectral factor of P(6,)P*(6;). Then the re-

quired two-dimensional spectral factor is given by
G(91, 82) = Gal (HZ)P_l(Hl)F(Hl)

The two-dimensional factorization can therefore be calculated by means of a family
of one-dimensional factorizations.

Second, the step in which the G91 (0) are calculated essentially gives the noncausal
symmetric half-plane factorization; the only adjustment needed is to take 96, (0,0) to
be positive Hermitian instead of upper triangular. Thus the algorithm finds both the
noncausal symmetric half-plane factors and the causal asymmetric half-plane factors.
(It may be worth remarking that the three-term factorization into causal symmetric
factors and a one-dimensional factor does not always exist in the general non-algebraic

case.)



Third, the theorem has a consequence for which is of some interest, as follows.

Corollary 1 If K (in the theorem above) has a quarter-plane factorization G, and
k(m,n) is zero outside the set {(m,n) | =N <n < N and — M <m < M}, then
g(m,n) is zero outside the set {(m,n) |0 <n < N and 0 <m < M}.

In other words, if a polynomial non-negative matriz has quarter-plane spectral

factors, then the spectral factors are also polynomial.

Proof:

From the theorem, the half-plane spectral factor G must have the property that
g(m,n) is zero outside the the set {(m,n) | 0 < n < N}. If we interchange the role
of the two coordinates, we get another half-plane spectral factor G with the property
that g(m,n) is zero outside the the set {(m,n) | 0 < m < M}. Since the quarter-
plane spectral factor GG is a half-plane spectral factor in both cases, and the spectral
factors are unique, (assuming that the ¢(0,0) have all been normalized in the same
way) it follows that G must coincide with both G and G, and so the support of g

must be contained in the intersection of the supports of § and §, as required.

4 Examples

4.1 Implementation Details

As was mentioned previously, the implementation reduces to a family of one-dimensional
factorizations. In theory, this is an infinite family parameterized by the unit circle; in
practice, of course, it is discretized. Any one-dimensional factorization algorithm may
be used; however, since there is a family of problems to be solved here, it is advan-
tageous to use an algorithm which is easily adapted to continuation methods. This
is especially true since the continuation version of the spectral factorization problem

is an additive decomposition problem which is easily solved by using a Fast Fourier
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Transform. From this point of view, the most natural one-dimensional spectral fac-
torization algorithm to use is Wilson’s [12, 13]; this was used for all of the examples
below. The only real disadvantage of this is that it has problems with zeros on the
circle.

When the additive decomposition is implemented by means of the FFT on a ¢
by r grid, and the number of operations required to calculate this FFT is J,,, then
the number of operations required per iteration of Wilson’s spectral factorization
algorithm is O(p*J,- + p3qr), since both matrix multiplication and inversion are O(p®)
operations. Thus, for Cooley-Tukey-type FFT algorithms, the number of operations
per iteration is O(p?qr log qr + pqr). Typically, the first factorization requires ten or
fewer iterations, and subsequent factorizations require about five, in the absence of
zeros on the circle.

Since the spectral factor is in general of infinite support in the non-causal direction,
it is necessary to take ¢ to be the full horizontal width of the two-dimensional signal
under consideration; however, if the original matrix density K is of finite order, then
the factor G' has a vertical order no larger than that of K, and so in many cases it
will be possible to take r to be considerably smaller than the vertical dimension of
the signal.

For reasons of space, only low-order examples will be presented here. In all of
these examples, calculations were done in single precision, the DFT was taken on a
32 by 32 grid, and, in the absence of zeros on the unit circle, the one-dimensional
spectral factorization algorithm was run until the the update term was a floating-

point zero; divergence in the case of zeros on the circle was prevented by stopping at

12 iterations.



4.2 Examplel

In order to test the algorithm, the following (z-domain) matrix, which is known to be

asymmetric half-plane stable, was chosen.

1 0.521 + 0.522 = 012521 Zy Zg+ 2521 V-4
G(zla z?) =

0.5 1
Then GG* was calculated and evaluated on the unit torus, to give
K11(01,6,) Kq2(641,62)
K1(01,0;) Kaa(6:,6,)

GG (%, e92) = K (391, ei92) =

where

K11(64,0;) = 2.578125 + 1.375 cos 6; + 0.875 cos 6, — 0.25 cos (6 + 62)
+0.5 cos(8; — 6,)
Kis(61,8;) = 0.5+ 0.25¢7%1 + 1256792 — 0.0625¢7%1 7% + 0.25¢-301¢i%2
Kn(61,6) = 0.5+0.25¢-301 +1.25e-1%2 — 0.0625¢101¢-i02
+0.25¢301 6302

and

Ka(6:,6,) = 1.25

The algorithm was then applied to K and yielded G with errors of the order of 10~7.

The number of iterations in the one-dimensional Wilson factorization algorithm

was typically five or six to final convergence for each value of 6;.

4.3 Example 2

To test the algorithm in the situation where finite-order factors did not exist, the

constant term in the K of example 1 was changed to

3 0.5
05 1.5



and the factors of the resulting K were calculated. As expected, the factors were no
longer of finite order; they were zero, however, (to an accuracy of the order of 107°)
outside the set indicated by theorem 1. Again, the one- dimensional algorithm was
allowed to run to final convergence; in this case, the typical number of iterations was

four or five.

4.4 Example 3

In order to test a case with a zero on the torus, the same procedure as in example 1

was followed, using

K11(61,02) Ki2(61,62)
K21(9138‘2) K22(91:92)

K(eit, e%2) =

where

Kui(61,65) = 2.8125 + 1.75cos 0; + 0.75 cos 6, — 0.5 cos(6y + 0)
—0.5cos(6, — 6,)

Kiz(61,85) = 0.5+ 0.25¢%1 + 1256992 — 0.1256701¢392 4 0.5¢-71 102

Kn(61,0) = 0.5+ 0.25¢-301 4 1.25e-102 — 0.125¢-301 302

+U_5ej91e—:"92

and

K(6,,0,) = 1.25

which has a zero at z; = z, = —1.

In this case, when 6 reached the value at which the zero occurred, the algorithm
failed to converge; for this reason also, it was preferable to re-initialize the algorithm at
each step of 6, rather than using the the factors from the previous 6. In addition, the

number of iterations was limited to 12; when these steps were taken, the algorithm
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reconstructed G to an accuracy of the order of 1073; this is about what might be
expected, since 1073 ~ 322..

To test the effects of zeros close to, but not quite on, the torus, example 3 was re-
peated with a random perturbation of the coefficients of the order of 10~". In this case
the algorithm converged after 20 iterations; the values of G obtained, however, still
had errors of the order of 10~3. The algorithm therefore produces approximately the
same errors for zeros on the torus as for zeros very close to the torus; the convergence
behavior of the algorithm, however, appears to be a very sensitive indicator of whether
the zeros are merely close to the torus, or actually numerically indistinguishable from

being on the torus.

5 Conclusions and Discussion

The existence of asymmetric half-plane matrix spectral factors has been established
under general hypotheses, and an efficient algorithm for calculating these factors has
been given. It has also been shown that if a polynomial matrix density has a quarter-
plane spectral factorization, then the spectral factors are also polynomial. Among
the remaining problems the following seem to be the most important: first, to find a
method for obtaining approximate factors which are of finite order in the horizontal
direction; and second, to improve the performance when there are zeros or singularities
(especially indeterminacies) on the torus. In connection with the latter problem, it
should be emphasized that the Wilson algorithm used here is by no means the only
efficient way of implementing the one-dimensional factorizations. Finally, it is of some
interest to extend the algorithm to higher dimensions, since moving multisensor and
multispectral moving images are of some importance (for example, in self-navigating
vehicles and HDTV), and are among the multidimensional applications where real-

time processing, and therefore spectral factorization, are genuinely necessary.
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A Appendix: Proof of Theorem 1

The idea of the proof has already been outlined in the discussion following the state-
ment of the theorem; the main task remaining is to verify the conditions necessary
for the existence of the one-dimensional factorizations, and to verify that the two-
dimensional factor is indeed spectral.

The unit circle will be denoted by T, and L,(T), etc., will have meanings corre-
sponding to those used for T2.

If, for each §; € [—7, 7], the function K91 is defined on T by
1(91(9) = K(6,,6)

then, since K € Ly(T?) and log(det K) € L3(T?), it follows immediately that
Ky € Li(T) and log(det Ky ) € Lj(T) for almost all 6y, and so, for almost all 6,

Kgl has a unique spectral factorization

Ky, = Gp Gp,
where Gy has the properties:
Gp, € Ly(T) (1)
log(detGp ) € Li(T) (2)
log |det gg, (0)] = 1/27 /7, log|det Gy (/)| d (3)
99,(n) = Oforn <0 (4)

and 90, (0) is lower triangular with positive real diagonal.

Also, if k(m,n) = 0 for |n| > N, it follows immediately that kgl(n) = 0 for
In| > N, and so 9p,(n) = 0 for n > N, for almost all 6;.

Note that, apart from the normalization of 9, (0), G91 (02) is the noncausal sym-

metric half-plane factorization of K(6;,6,).
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To find the asymmetric half-plane factorization, we define
P(6,)=1/2x[", 691(9) do = 991(0)

In order to establish that PP* has a one-dimensional spectral factorization, we need

to show that

PP* € L(T) (5)
log(det PP*) € Li(T) (6)
The second of these properties follows immediately from
JZ. log(det P(6,)P*(61))d6, = [~_ ]og(detggl([})gél([}))dﬂl
= [T 1/2x[7_log|det Ggl(ejg)]zdﬁ'df?l
= 1/2xf7_ [T logdet K(61,6,) df,db,
< 00
where the second equation follows from equation 3 above.
For the first property, it is sufficient to show that [™_ || P(6;)||?df; < oo, where
|Q|| denotes the matrix norm defined by ||Q||? = TrQQ*. We have
1PN = [11/27JZ, Gy, (6)d0]|
< 1/25[7, |Gy, (0)]|d8
. 1/2
< (1/27[Z, |Gy, (0)||d8)

from the Schwartz inequality.

It then follows that

T P8P8y < 1/2xf7. [T TrK(6y,0)d6dé,

< ©0
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Thus PP* € L}{(T), and so PP~ has a spectral factorization
P(6:)P*(6:1) = F(61)F(61)

where F' satisfies the conditions 1 — 4 above, and is again made unique by the assump-
tion that f(0) is lower triangular with positive real diagonal. Noting that property 6

implies that P(6;)~! exists for almost all 6;, we define
H(gl,gz) = Gﬂl (GQ)P(Bl)_lF(B])

It now follows immediately that HH* = K, and H € Ly(T?). To show that H is the
asymmetric half-plane spectral factor, it remains only to show that H is outer, and
that h(m,n) has its support on the asymmetric half-plane.

To verify the support of h(m,n), we have

h(m,n) = 1/4x*[7, [T H(01,0,)e=m01e=in024,dg,
= 1/47%[7, 7, Gp, (62)P(6:)" F (1)~ 01 e-302, dp,
= 1/2]7, (1/27]7, Gy, (6:)e™302d0,) P(6,)7* F(8y)e=01 6,
= 1/2n[7, gg (n)P(6:)" F(81)em01dp,
and the last integral is zero for n < 0, since the integrand is identically zero. Also, if
k(m,n) = 0 for [n| > N, we know that 991(n) =0 for n > N, for almost all 6,, and

so we get h(m,n) =0 for n > N also.

For n = 0 we have

h(m,0) = 1/2x]7, (1/27[7, Gy (62)d6;) P(6,) 7 F(6r)e=mPrd, (1)
= 1/2x[7. F(8;)e-™P14p, (8)

= Oform<0 (9)

since F' is a spectral factor.

14



tha

are

We therefore have shown that hA(m,n) has asymmetric half-plane support, and
t if k(m,n) = 0 for |n| > N, then h(m,n) =0forn > N
To show that H is outer, we have, from equation 8 and the fact that F' and G91

outer,

log det h(0,0)h*(0,0) = log |det 1/27 7, F(61)d6s|"

= 1/2x)"_ logdet F(8,)F*(6,)df;

= 1/2n 7, logdet g, (0)gp (0)db;

= 1/4n*[7, J7, logdet Gy, ()G, (6)d9de,

= 1/4r%["_ [T logdet H(;,0;)H"(61,0;)d0,db,

where the last equation follows from the fact that HH* = K = GG~.

It follows immediately that H is outer, and so is the required spectral factor.

References

[1] Brian D. O. Anderson. An algebraic solution to the spectral factorization prob-

lem. IEEE Trans. Automatic Control, Vol. AC-12(No. 4):pp. 410-414, August
1967.

Michael G. Strintzis. A solution to the matrix factorization problem. IEEE

Trans. Information Theory, Vol. IT-18(No. 2):pp. 225-232, March 1972.

D.C. Youla and N.N. Kazanjian. Bauer-type factorization of positive matrices
and the theory of matrix polynomials orthogonal on the unit circle. IEEE Trans-

actions on Clircuits and Systems, Vol. CAS-25(No. 2):pp. 57-69, February 1978.

T.L. Marzetta. = Two-dimensional linear prediction:autocorrelation arrays,
minimum-phase prediction error filters, and reflection coefficient arrays. IEEE

Transactions on Acoustics, Speech, and Signal Processing, December 1980.

15



[5]

(6]

(8]

[9]

[10]

[11]

M.P. Ekstrom, R.E. Twogood, and J.W. Woods. Two-dimensional recursive
filter design - a spectral factorization approach. IEEE Transactions on Acoustics,

Speech, and Signal Processing, February 1980.

J.H. McClellan. Multidimensional spectral estimation. Proceedings of the IEEE,

September 1982.

W.M. Lawton. Solution of the two-dimensional spectral factorization problem.

Proc. IEEE, Vol. 73(No. 2):pp. 370-371, February 1985.

W.M. Lawton. A complete spectral characterization of quarter-plane autoregres-
sive models. [EEFE Transactions on Acoustics, Speech, and Signal Processing,

December 1985.

John J. Murray. Spectral factorization and quarter-plane digital filters. IEEE
Trans. Circuits and Systems, Vol. CAS-25:pp. 586-592, August 1978.

John J. Murray. A design method for two-dimensional recursive digital filters.

IEEFE Trans. Acoust., Speech and Sig. Proc., Vol. ASSP-30, February 1982.

N.K. Bose and Y.Q. Shi. Two-D Wilson spectral factorization. I[EEE Transac-
tions on Acoustics, Speech, and Signal Processing, Vol. 36(No. 1):pp. 125-128,
January 1988.

G. Tunnicliffe Wilson. The factorization of matricial spectral densities. STAM

J. Appl. Math., Vol. 23(No. 4):pp. 420-426, December 1972.

G. Tunnicliffe Wilson. A convergence theorem for spectral factorization. J.

Multivariate Analysis, Vol. 8:pp. 222-232, 1978.

16



