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The ntdZant heat transfer at any aven cross section of a non-circular duct 

can be an important part of the t;crtal heat tmefer. mfs paper investi@;ates the 

influence of rerdUtiosr on convective heat transfer in a flat, semi-infinte duct 

for slag, Laaniar and turbulent fluwe, Various ratios of the heat generated in 

the two walls are assumed in order Lo model the non-mifonn heat flow distribution 

in Ule csose section of p o r ~ , - c ~ r  ducts, It f e  shm that if the radiation 

effects are neglected, sericms errors 19 the interpretation of experimental data 

or in practioal engimerfng alcalations can resultp 



r 
Recent technological developnents have fostered a renewed interest in heat 

I 

e~chnrrge eguipent which fs both ccmpsct and capable of oper8tAng a t  hi@ temp- 

erature levels. Duets w i t h  non-circular cross sections are &ten used* Thb 

deparlure frgn circular symmetry intxoauees peripheral distributions of temp- 

erature and velocity, thus in fact, adding a new &el.ssioa t o  the heat transfer 

A previous izmestigation (ref, 1) examined the teapemture field In wedge- 

s h s W  passages under the c&tSans of Rilly deveIoped hmlrrsr flow for s fLuEd 

with constaw srorperties, and w i t h  a consant mte af' heat addition i n  %he f l o w  

dZrecti01i. !&is a-is shuwed %hat tihe perLphem1 temperattam distr2butim has 

a m*ed influence on the average Husselt number a t  any cross section. For a 

1~~ isoeeeles triangle, fihe PFusselt number with constant peripheral WBXL temp- 

erature, was ten times greater tbarn for the case where the w a l l  temperature 

distribution was obtained by prescribing constant pezdpheral heat Anput i n  the 

f lu id  ar% .&ay sect'3lm. This 1Purtsel-b number m s  formed by the difference between 

the average waU Cemperature a@ -the fluid buUi. temperature. In both cases the 

heat adtZitfon per unit length was constant, 

This difference in  average Nusselt number hals a physical interpretation. 

case of constant peripheral -waU temperature could, be obtafaed if the wall 

had 3tnfinite conductivity Ixr the peripheral direction and the heat generation 

rate was w139~nn- In  -&is way, heat rnay Plow without tapersture degradation 

to that p o ~ i t i a n  i n  the cross sect;ion where 5% can enter the fluid most eszsfly 



by eomreetion, If, however, the wa13 is visualized as having zero thermal canductivity 

Tn the pergpheml dfreetim, the  heat 2s forced t o  enter the mid a t  the wsll location 

where it is genertlted regardl.ess of haw poor the 1maL cowectfon conditiom may be. 

T h y  wal l .  temperature differences i n  the cross sect%on wfll occur thereby reaucfng the 

3X tihe n u i d  flawing through a duct 3s transparent t o  -thexmsl radia,tfm, a situation 

similar t o  that described abme w i l l  exist, !Fhe heat generated i n  the walla my, rather 

than enter the f lu id  a t  the locatian where it is generated, transfer by redlation t o  8 

more advp~lztageous locatSon from a oomection standpoint. Bus, rauation supressea 

peripheral wall. temperature differences i n  the same manner as wsU. conduction w i t h  

a consequent increase i n  the average Nwselt mber a t  the cross section. Although 

the effects of cross-section rad.iation aad peripheral w a l l  conduetion are the same, 

the cmss section radiation imprcwes the avamge heat transfer without the penalty of 

additioual weight and. space, 

A recent analgsis by Keshock and Siegel (ref. 2) has examined the p a d e l  ~Lafe 

duct for  the turbulent Slaw case where all of the heat is generated i n  one wall.. In 

eheir paper the radiation was considered as  taking glace between ane wall element and 

aU. elemearts of the other wal l  as well as out the end;s of the tube. Tn the present 

study the radiatim exchange i t s  eonfiaedto each given cross-section. The advantage. 

of our s b a e r  fomtilatzon is a reduction i n  the m b e r  of free parameters in the 

problem (~eshock and Siege1 had sAx free parameters.) Also the purpose of the present 

study is t o  p ~ i n t  out the effect of mdiation an cmeet ion and, t o  give sane quantitative 

results on when this radiation effect m i @  be expected -bo be &nporttl.nt, Results are 

phaented for slugy lamtnar aad turbulent flews. The present p?sper i s  sn a t e m i o n  of 

an analysis presented previously by one elf the authors (ref - 3). 



I 

The semt-MAnite duct and the cwrdim-be system are illustrated in  F9g. 1. 

f The upper arJl is designated as wall (1) vith tempezature TWI while the temp- 

emt- of %he lwer w a l l  is  Lz . m e  two walls are infintte i n  extent 9n the 

# direction and are separated fran each other by a distance 28. me % dfrection 

, 2s the flaw arection. 

!l?hm&out the analysis .the properties of the fluid are etsswned constant and 

5.t is ~ p c f f i e d  that the velocity fgeld, is f u l l y  develqped. 

i Fa? fWly developed tubulent flaw -tihe f l o w  field is described by the follawing 

dJmegsicsnless Wferential  equation (ref. 4). 

The boundary conditioa for Eq,. (1) is mat W ' = O at y 1 = 4 1 

Since - is  a f'uneticm of the Regnolds number, the solution to  Eq. (1) has 
dz! 

the f o U w i ~  fom 

1. In fully developed flow, 2 cannot be regarded as .a free parrsmeter since if the 
9 

walls  are smooth, it w i l l  be detemined by internal flow processesl !lkus, the 

dimensZonless point velocity w U L  OW depend upon location and. R e y n o l d s  number. 

In laminar flat, the diffusivity Em = 0 and 9' = - 24 so that 
dz' Re 



! 
i Referring again t o  Fig. 1, the  heat transfer problem w i l l  now be discussed. 
a 

f Equal amounts of heat are generated per unit w a l l  area for  each w a l l  but the heat 

generation rates w i l l ,  i n  general, be different for  the two w a l l s .  The external w a l l  

! surfaces are aaiabatic. 
* , 

When an internal eonvectiorr problem is solved under the boundary condftions of 

, heat generation in the duct wallqif wall heat conduction affects the heat transfer 

* the fluid, then the energy equation i n  the  w a l l  and the fluid must be solved 

simultaneously. This diff iculty is suppressed i n  the present analysis since no 

temperature differences win exist i n  the  x direction and there will be no wall 

6 conduetion i n  this direction. In addition, since equal amounts of heatare generated 

i n  the flaw direction, the w a l l  temperatures w i l l  vary i n  a linear manner i n  the 

, Z fiirection and thw there w i l l  be no w a l l  conduc.t;ion effec-bs i n  that direction. 

Thus, heat which is generated i n  the wall must leave the inner wall surface by 

either convection or  ra&ation a t  the generation Location. 

Fo r  turbulent fully developed flow, the temperature f ie ld  i s  described by the 

relation 

In Eq* ( k ) ,  8 is a dimensionless temperature given by 8 -, 7- where the 
Yet+ Cdca 

heat genersted per unit area of the upper and later walls are kc1 and kc2 respec- 

tively. Since this heat m u s t  enter the fluid by either convection or radiation, the 

boundary coaAftions on Eq. (4) are  



$ i s  an interchange factor which i s  equal t o  unity if the walls are isothermal and 

black t o  thermal radiation. If' f s the emissivity of the inner surface of either wall, 

then 

The boundary conditions 5(a) and 5(b) are  ,true only when the two w a l l s  are a t  

constant temperature. This is not the situation here as the wal l  temperatures vary 

i n  the flow direction causing a radiation exchange between wall elements i n  this 

direction. I n  - b e  present analysis this effect  is neglected so that radiation i s  

considered as taking place only fn the plane of each cross section. Thus, the  same 

mount of heat as i s  generated a t  a cross section enters the f lu id  a t  this location. 
a 0 

This assumption is reasonable when the temperature gradient - , i s  small compared 
2 

to the mean temperature level and is further improved i f  the wall spacing is small 

compared with the wal l  length i n  the flow clirection. It is shown i n  Ref. 2 t ha t  Che 

l a t t e r  conditfon prevails i f  the ra t io  of duct length t o  distance between plate i s  

greater than 50. 

Also it will be specified that  a t  every location i n  the flow direction -the 

temperature f fe ld  has t h e ?  same shape as  a A;illy develaped convective temperature 

f5eld having the same ra t io  of heat fluxes entering the fluid. The temperature 

Prof i le  is %herefore changing a t  an equal ra te  i n  the f lm direction and the temp- '' , is  s constant. erature gradient - 
dZ' 
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If, i n  addition, the temperature difference (Tw, -Twp ) is small compared 
1 

with the tezaperatnre level, Eq. (3) m y  be written: 

The d%nensiontess pameter  '"' w5l.l. be written #, T t  dictates the K 
influence of radiation on the convective heat transfer. 

' EquatLons (9) and (9) nar becane in  dimensioriless fom: 

where A represents tbe =tic of heat generation rates, c2/%. 

Equations (4) and (7) indicate that the dimensfonless temperature ditstr;lbuti~a 

in me 91m w i l l  be given by a relation of the followfng form: 

Once again for smooth walls 6 ,  and p w i l l  be detemined by internal 

flow processes and cannot be regarded as Tndependent parameters, 

For laminar flow the difiusivities E m  and E 9 equal zero. Farthermore, since 

the heat added to -the flufd at every cross section and the temperature gradient 

do  - , are specified as constant, a heat balance fn the axial direction fields 
d z' 



i 
i 
i 

Hence, with constant properties Eq,, (4) simplified t o  

; and Eq. (8) becunes 

I A similar expression is  obtained in the case of slug f low.  An average heat 

trsnsfer coefficient is defined by 

or in  dimensionless form 

where OB i s  the dimensionless bulk. temperature. 

Actu81Ly, when the waU heat fluxs are specified as in the present case the 

Nusselt number is not of great value i n  describing &e heat transfer situation. 

Of! greater interest is  the Uf'erence between .the wall and fluid temperatures, HUW- 

ever, the Efusselt number defined above m y  be thought of being inversely proportional 

to -the dtfference between the upper w a l l  and flu5d bulls tempemtms. 

The dr3,vations of expressions for the temperature field, w a l l  temperature dif- 

ference and Nusselt number are presented i n  detail  fn -the Agpend3.x. Only the results 

are given belw . 



S U G  EWW SOUlTrONS 

Xntep t ion  of Eq. (9) and tihe application of Eq- (7) is straightforward and 

gives t he  following results: 
i 

IJwmR FLOW SOIWTIrn 

xt is interesting t o  note that Eqs. (17) and (14) are identical. 
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The following two equatTons were derived by extending the analysis i n  Ref. (5) 

where values of ToD end Nu(&) are  t.a.l.ted fo r  a vide range of ~ r e n d f l  

f and Reynolds numbers. 

Eqmtions (19) and (20) are equivalent t o  Eqs, (17) and (18) fo r  laminar flow 

taking q, = 2.89 and Nu(o) = 5.385, and t o  Eqs. (14) and (15) fo r  slug flow 

taking q, = 2.0 and Nu(o)= 6.0. 

Figure 2 shows the effect of radiation on the dimensionless wall temperature 

difference i n  slug and laminar flow fo r  values of h from 0 to 10. It is clear 

that  if the radiation parameter exceeds 10, the waU. temperature difference is almost 

completely suppressed; the effect is essentially the same as if  equal heat generation 

rates had been prescribed i n  the two walls. It may also be noted that for  values of 

greater than 0.1, the influences of radiation is appreciable aria should be 

considered, The resulting increase i n  the average Nusselt number i s  i l lustrated In 

Figs. 3 and 4 and is  seen t o  be considerable. For emmple, a t  = 0 in the sXug 
flow case, the Nmselt number is doubled by increasing fran 0 t o  1.0. The 

effect  is of the same order of magnftude i n  laminar f l o w .  



Similar curves t o  the above can be plotted fo r  turbulent flaw for  each cabination 

of Reynolds and Prandtl. numbers- Figures 5 and 6 show the results i n  summarfz& fonn 

for Pr * 1.0. and )\ = 0. It is evident that the ef feet  of radiation on the Nussalt 

number and on %he dimensioriLosa wall  temperature differelzce is less  i n  turbulent flow 

but remains significant w i t h  g r a t e r  than ten over most of the Reynolds number 

range imestlgated. 

In Fig. 7 the results f o r  laminar flow are  camptared with those for turbulent flow 

at three Reynolds numbers fo r  Pr = 1'0. To simplify direction comparison, the ordinate 
. . 

scale i s  expressed a s  -the ra t io  of the wall tempera-l;ure difference for  any value of 

and t o  the wall temperature dif'ference fo r  > - 0 aaii 0 = 0. Notice tha t  

for = 0 a value of the radiation parameter $ = LO -0 suppresses the wall temperature 

difference by 95$ i n  the ease of bm-r flaw. !J!hlls value decreases t o  69$, 274 and 

5.5$ in turbulent flaw ars the Reyno3.d~ number is  increased to 15,000, 150,000, and 

1,!300,000 rtepect$.vely. 

The high convective heat transfer mte s  aasociatd with high Reynolds numbera 

diminish the radiation effect, Figure 8 i l lus t ra tes  th i s  fo r  the Nusselt number, 

d h o  expressed as  a ra t io  for  ease of canparison. For Laminar flow, w i t h  = 0, 
Wle re-distribution of heat brought about by radiation w i t h  = 10-0 causes t he  9 1 
Nusselt number t o  increase t o  86$ of i t s  value fo r  A = L*O. In  turbulent flow the 

percentage increase of Nu becmes less, though the absolute value i s  increased as 

shown i n  Fig. 6. With R e  = 150,000 andX 0, = 10.0 only gives an increment of 

1346 of the value a t  A = 1.0. Figure 9 shows these results i n  summarized fonn fo r  



S = 1-0 (assuming surfaces ~J,WIS t o  radiation) 

dT -= da 3300% per ft- 

Under the above conditions, (#I is eq.L.tblZ to 100&. References to Ftgures 2 

and 7 show that for h = 0, the effect of rad3ation is t o  deerease %he dinewfon- 

lees w a l l  temperature difference by the folluwfng amounts. 

Slug flaw - Dimensiouless w a l l  temperature difference reduces by 

fLoWr of 20 fran 1.0 t o  0.05- 

Iaunimr Flow - Same as for slug flow. 

Turbulent Flow - Reynolds Number (m3. - %)a), ;J; = 0 

1.5 x lo 4 Fran 1-0 t o  0.32 

1.5 x LO 5 F m  loo to 0.75 

1.5 x 10 6 Fran 1.0 t o  0.95 

The infLuence of radiation on cozrvectlon in  a flat duct has been studied. for 

33d.l.y dcvelupe!d flws i n  w'hich the radiation effects are conf'ined t o  any given cross- 

section of the duct, slug, laMimr, and turbulent flows have been investigated, The 

-13- 



conditione have been ' illustrated under which radiation markedly influences tbe 
r 

canvectim process. Under these conikttions, extreme care should be used in appLy3ng 

classical convection solutions. ft has also been shawn that the internal radiation 

effect m y  be used to increase the heat Lmnsfer performance of non-circular ducts 
r 
: without having t o  expea additional space, w e i g h t  and cost t o  increase the heat 

conductfon Mthin the duct walls. 



DERIVATICN OF' SOIUT9:aMS HQR LAMINAR FLOW 

The temperature distribution for lambar flow rully developed. thermally and 

hyd.rodynan%caI.ly, assumzng constant properties, is d v e n  by the ao1utt;fon t o  the 

following d3fferentTal equa;t;ion. 

The velocity f ield i n  lambar flaw f s  given by 

where 

so that w' = 1.5 ( 1 -  Y ' ~ )  

d e  Assum2ng that - 
d 2' 

is a constant, the heat balance on the flu%& ghes 

Subst%tuting Eqs. (23) and (22) in Eq. (21) and integrating a y e s  

3 a Y  
P 

0 _ = ( Y ' - ' ~ ) + ~ ~ Y ' + B  where ~ s ~ ~ a n c o n s t a n t s o f i n t e g r a t i o n .  

'Phw boundary catiditious appliarble am: 

40 -l[i- - 
d y '  - 4 ( + A  4 # [ 0 W d  -@..I 



, and 

Thus the temperature! distribution is given by°, 

An average lPUSaelt number is defined by: 

where -the dimensionleas bulk temperature is given by: 

Evaluation of Eq. (27) f1aall.y gives for the average TTusse~t number 



DERIVATICIN OtF S O L U T f r n  Fa3 SWG FLOW 

I n  slug flow the velocity i s  constant across the duct, and using the same 

assumptfon as i n  the previous case, t h e  temperature distribut3on i s  given by the 

solution t o  Ep. (21) . 
In this case, W '  = 1, and applflng the heat balance expressed by Eq. (23) 

gives : 

Integrating and using the same boundary conditions as  i n  the laminar flaw 

case gives Eq. (13). 

The solutions were obtained by extending the analysis presented by R. P. Stein 

LnRef. 5. In t h i s  report,, Stein treats of the effect of the ra t io  of the heat 

f l ~ x e s  fran the opposing walls of annular ducts, on the Nusselt number and temperature 

distribution for heat convection only. Flaw between parallel planes for  laminar, slug 

alld twbuZent flow are treated as limiting cases of annular f law.  For turbulent flow, 

the universal velocity p h f i l e  of Deissler ( ~ e f .  6) was assume&. The effect%ve conduc- 

t i v i t y  i n  the f luid was obtalned by applying the analogy between manenturn and heat 

tmnsf e r  . 
Stein presents h is  results i n  terms of t h e  parameter Mu(0) and ?W , where 

Nu(0) is the local Nusselt number when heat is entefing the f luid fran one side of 

the  duct only, and "loo i e  the rat io of the heat fluxes st which one wall temperature 

-17- 



becomes equal t o  thefluiabulk temperature. AU. the heat generated in  a wall enters 

the f luid by convection fran that waLI. 

Steinta results were u%ilized by interpreting his value for heat entering the 

fluid, as canposed of eir part fran heat generated i n  %he w a l l  and the remainder frcm 

the radiation contribution. 

Thus, the ratio of the heat fluxes is given by: 

Where is the ratio of the heats entering the fluid by convection, as 

used i n  Stain's analysis; a d  h is the zatio of .the heats generated i n  the 

wan* 

The analpi8 i n  Ref. 3 can be used to  give the following equations: 



Values of and. NU(O) are given in R e f .  3 for a wise range of Pmndtl 

, t$#tibers. Hawever, in  the present report only the results for Pr = 1.0 are pr@senkd. 



FIGURE CAFPxms 

g 1 - Geanetry and Coordimte System Used in Analysi s , 

Fig. 2 - Influence of Radiation on Dimensionless Wall Temperature 

Dsferences in  Slug and h i m r  F l m .  

Fig* 3 - Jnfltuence of Radiation on Average Nusselt Number in  Slug Flow. 

Fig, 4 - Influence of Radiation on Average  NuaselflNwnber in hmimr Flm. 

Fig* 5 - Influence of Radiation on Dimensionless WaU. Tmpemtw e Differences 

i n  Turbulent Flat. 

Fig. 6 - Inf'lucnce of Ramtion on Average Russelt BTumbe~. in Bzrbdent Flm. 

Fig. 7 - Ialeluence of Radistion on t h e  Ratio of Wall Temperature Duference 

to Wall Temperature Difference w i t h  No Radiatiorr, an& AU Energy 

Generated i n  Wall 1; ZaunJ;aarr and Turbulent Flat ,  

Fig. 8 - Influence of RadSstion on the Ratio of Nusselt Number DSfferences 

for Laminar and Turbulent Flow. 

Fig. 9 - 3Mluence 09 RadZatlcin on the RatPo of Musselt number DSPferences 

in Tukbulent Flaw; All Energy Generated 5rt Wall 1, 



half' of duct width ( ~ i g .  1 )  

constant proporticm3. t o  rate of heat generation 

duct hydraulic &imeter 

local heat tmrssier coefficeent ( ~ e f ~  3) 

average! heat transfer coefficient 

thermal conducttvtty 

pressure 

dimensionless preseure 

heat flat fxm wall surf'ace fnto fluid by convection per un9t 

tae! and. area 

t o t a l  heat flaw Ento f lu id  a t  any cross section per unit t h e  

and area 

radiation heat exchange (~ppendix XI)) 

absolute tempemture 

arithmetic average temperature 

W veloci-ty i n  disectiaaaf Z coordinate ( ~ f  g. 1) 

?i mean velocity i n  Z direction 

w ' dimensionless velocity W - 
W 

x ' , y ' , z ' ' dimensioaess coordinate distances 5 x, 2, 
a a a  



lmaL Nwsel-b number hd/k 

average Nusse1-b number &/k 

FrandLl number 

Reynolds number Fd/v 

emissfvity of duct wlalL 

turbulen-t diffuFJivity for mementurn 

turbulent diff'uaivfty fo r  heat 

ra t io  of heal entering the f l u id  by convection ql - 
92 

value of ? a t  which one wall. tempemtme is equal t o  

the f h i d  buB temperature 

rat io  of duct wSdth t o  len- 

KInemtic vlercosity 

radiation interchawe factor 
C2 

raf io of w a n  heat fluxes ( h = Z; ) 

Stephan - BciL%mna constant 



upper 

luwer wall.  

bulk or average f luid conditfons 

mu. 
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