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i 1. In t roduc t ion  
1-  

I It h a s  been saxe ' tventy  y e a r s  now s i n c e  L. Scht-;art2 developed h i s  . 
i .  
t h e o r y  of d i s t r i b u t i o n s  (~chwarkz  [iJ). Its importance i n  pure mathenlatics 

: w a s  i n s t a n t l y  recognized, and a l a r g e  body of mathunat ical  l i t e r a t ~ r e  ?n t 3 e  

/ s i i b j e c t  has s i n c e  been published. A good p a r t  o f  t h i s  l i t ? r & t u r a  i e  con- 

' cerned. 5 6 t h  the a ,ppl icat ions of  d i s t r i b u t i o n s  o t h e r  genera l ized  r"?jnc:ions 
1 

I t o  the t h e o r y  o f  p a r t i a l  d i f f  el*ent,ial  equa t io~ l s  ( ~ r i e d i n a ~ ~  [lj, Gelfan3 and 

, Shil-ov [I], and Eornlmder [I]), a d  as a consequence t h e  l a f  t e r  t h e o w  has  re- 

ce ived a s t r o n g  i r '~pe tus  5.n I ts  devel.opments. I n  t h e  mathenz",is.a!- s 2 i ~ n c ; = - s  

Yle most no tzb le  appl ica t ior !  o f  d l e t r i b u t i o n  theory  has beer t o  qx-rikil.!r 

t h e o r y  (brenenra~n 111, de J a g s r  [l], Gutt inger  [I], Skrea%er and !;l$;'::trr.;!! 
-. [I], and VladLrLrov [I?, wherein it has  been c lvc ia l l -y  i;ii?ortal?t. ,:lr?ing 53 

I - 
Yne s ~ b j e c t  a t  har;d, na i e ly ,  ne txo rk  t h e o w ,  ...re fee l  it i s  f a i r  79 say J;h?.t 

* - 
d i s t r i b u t i o n  theory  has  been and 1611 continue t o  b e  o f  v z 1 ~ 9  i n  ce?i;zin 

. . 
.+ ; a r e a s ,  n ~ o s t  i ~ o t ~ b l y  i n  t h e  2xioma'~ic r'oundations o f  l i n e a r  syst,e.n , n co ry ,  b-2; 

I 

I s  u s e l e s s  i n  o t h e r  a r s a s ,  such as n o n l i n e a r  srs ter?  thecrry. 

O?lr o ~ i g i n a l  i n t e n t  ir! w r i t i n g  t h i s  paper was t o  d iscuss  SIO??. c-P tk q.- 
I 

p l i c a t i o n s  of genera l ized  f u n c t i o ~ ~ s  -Lo network thecrjr, bat it r+id.',;~ f ;ecz~.? 

, c l e a r  t h a t  the paper. would 5 e  e x c e s s i v s l y  long i f  %hi s  obJec t ive  ?..as zchel-?=! 

* ,to. Became of t h i s  we s h a l l  examine c1:l.y a f e v   part^ o f  t h e  ~ 1 i 5 j e c t  zzd 

I r d l l ,  i n  fac t ,  devote t o f  t h e  d i s c u s a i m  t o  t h e  a;clon~-t ic  fo;n2z%ions o l  

linear oce-por t  theory. In  t h i s  i n t roduc t ion  we s h a l  msra 

- .  f i % e r a t u r s  ~qhe re  o t h e r  z p p i i c z t i  ons of  generalized fknc t ions  50 nek::or.k 

tneol-y a r c  given. No clairr, i s  be ing  made that, t h e  follo;.ring l i ter2 . tu i .a  c i t a -  

j t i o n s  eS.h~t?s t t h e  psi-t,inen% bibl icgrzpl ;y,  

I n  certain problems the  USE? ~f -a u s n e r a l i s ~ ~ d  func%iotla l a  essen5ih l ;  ',:?e 

resalts c h t l i n e d  c,?uld no t  k .ve  bean de;.el.~pc?d :d..th.ou% tksir. 135s O C C ~ ~ S )  

exanqh, i n  t h e  i;im-.-doxzia $heo~; r  o f  E c e L r  ;I-PD~":~s, as i e  5.n3ica:sci i n  :?r,z. 

- - - -  . - - - - - - - - . . - . -- . - - 



. j4  a d  5, 211d i a  ob ta in ing  a frequency-doina.5.n cri.tcrri.cn f o r  the caueali'iry cf ' 

: 

& a c t i v e  ne tvorks ,  a s u b j e c t  pie d i scuss  i n  Sec, 6 .  Thi s  i s  a l so  t h e  c a s e  i n  I 
\ !  

i t he  t.heory o f  t h e  general ized Eode ecpa t ions  and i n  t h e  characterization of .' 

Ivarious broad c l a s s e s  o f  systercs by thei.x r e a l  f requency  behavior .  See 
I I 
IArsac [I] ( ~ h ~ ~ t e r  7) ,  B e l t r m i  [I], Beltrami .and IJohlers  [l] (Chapter III), 
I I 
: [2], Bre-mermann E l ]  (chapter  11) , Cut t inger  [l], L a u ~ r e r i e r  E l ] ,  Schirartz 133 , I 
1 Taylor  [I], Tillmann [I], and ITahlers  [I]. , General ized func t ions  2.re a l s o  

I 
, i 
; u sed  i n  an e s s e n t i a l  hiay i n  the a a l y s i s  and s y n t h e s i s  of  time-varyi.ng net-  

/.works; see, f o r  example, Anderzon and Ncvcoilb. [I], ~ o l e z a l .  , [2], [3], 

' ,Newcomb [2j ,  Ncwcomb and Anderson [l], and Spa~. lding and Ne:<codo [q. 
i 

I I n  o t h e r  s u b j e c t s  var ious  c lass ica . i  problems, >rhich had been sol-ved i n  
I 

' I . t e rms  o f  c l a s s i c a l  makhernatics, Secoine open pra3lems oace again >?he3 they  a m  

r e f o m a l a t e d  i n  terms o f  g e n e r d i z e d  f i n c t i o n s .  An example of t h i s  i s  the  

c l a s s i c r i l  time-domain a ~ p r o x i n z t i o n  problem ~ r h i c h  r equ i r e s  t h e  c o n r 5 ~ d c t i o n  

o f  a fctnction t h a t  can be  r e a l i z e d  a s  t h e  response o-f a spec i f i ad  t y , e  of 

'net;P~ork and t h a t  approximates a given s i g n a l  i n  some sense.  If the  given - 
I 

f s i g b a l  i s  a genera l ized  func t ion ,  t h e  c l a s s i c a l  s o l u t i o n s  become inapp l i cab le  
- 

and s u b ~ t ~ t i a l  modi f ica t ions  i n  t h e  approximation theory  n u s t  be made i r !  or1- 

: d e r  t o  make t h e  problem t r a c t ~ b l e  again.  For two e x a ~ p l e s  of t h i s ,  s e e  . . 
4 

I I 
j Simi lar ly ,  it i s  well-knx-m t h a t  c e r t a i n  t ypes  of  time-varying n e t ~ ~ o r k s  

can b e  analyzed by neane of t h e  Mellin,  Rankel, and X t ransformations 
I ! 

' ( A s e l t i n e  [I], Gsrard i  [I]) . Eere again,  t h e s e  c l a s s i c a l  t+ranefomat . ions be-  

, conle i n a p p l i c s b l s  i f  t h e  s i g n a i s  w i th in  t h e  network a r e  genera l ized  fur~c.tions.  

'One must now r e s o r t  t o  t h e  corresponding gene ra l i zed  - i n t e g r a l  trar~sfolmatiions; 
j 
. s e e  Zemanim [3] ( ~ e c s  . 4.5 an6 0 . 9 )  . I 

! 
1 

I 

. ! 
2. Some Notat ions a d  Resul t s  f r o m  t h e  Thecry, o f  D i s t r ibu t ions  

! 
I 

I The s p b o l s  and ter~xinol-ogy used  i n  t h i s  papa r  fo l low t h a t  employed i n  
' 

I i 
jZernani.an E l ] ,  and we r e f e r  t h e  r eade r  t o  t h a t  sou rce  f o r  a more d e % a i l ~ d  d i s -  
I 

 cussi ion o f  t he  de f in i - t i ons  used  hare .  D and D' denote t h e  conveat ional  

'Sc l r~~rar tz  epaces o f  t e s t i n g  f p r c t i o n s  o f  coxpact s u p p a r t  and d i s t r i b u t i m s  rs- 

' s p e c t i v e l y .  Also, S i s  the  s p a s  of  t e s t i n g  funct l .ons of r i p i d  desce35 m? 



S' t h e  space of d i s t r i b u t i o o s  of slo:.: gro??th. E' i s  t h e  space c f  d i s t r i b i ~ -  I 

t i o n s  o f  co~npact support .  -The u s u a l  topologizs  f o r  t h e s e  spaces arc ~ n d e r -  

s tood .  Me shall use  t h e  terrns "dis";ibutionsf' and l lgenera i ized  funct ions ' !  i n  
\ 

d i f f e r e n t  ways: A g e n e ~ z l i e e d  f u n c t i c n  i s  any continuous l i n e a r  f u ~ ~ c t i o n a l  , 

I 
i : on' soma t e s t i n g - f u n c t i o n  space  as- def ined  i n  Zemmian [3] Sec. 2. b. On t h e  

- I 
l o t h e r  hand, a d i s t r i b u t i o n  is  a s p e c i e 1  type  of general ized function and is, , 

j 
i n m e i y ,  amy n~siiber o f  D'. For  a genera1i led funct ion .to be a d i s t r i b u t i o n  it 

t 
:is n o t  s u f f i c i e n t  t h a t  i t s  domain conta in  D and i ts  r e s t r i c t i o n  t o  D Se l i n -  

'ear and continuous on D; it must a l s o  be  such t h a t  i ts  bshavior  a s  a genera l -  

' i z e d  fcl?ct ion i s  completely determined by i t s  r e s t r i c t i o n  to, D. T'ne dua l  o f  

' B  ( s e e  Schtrartz [l), vo l .  11, p. 56) m d  2' ( t h e  space o f  Four ie r  t r a .n s foms  
. . 

I o f  a l l  r" E D') - a r e  spaces of  g e ~ e r a l i z e d  f u n c t i o n s ' b u t  n o t  spasee of d i . s i r i -  

$u t ions .  

R denotes  t h e  r e ~ J  l i n e  and'throughov.t 'tlriis paper  t, T, x, a, and w arz r 

v a r i a b l e s  i n  it; a l s o ,  p, u,  and v a r e  complex v a r i a b l e s  p = o + is . 
[a, b] 2nd ( a ,  b) denote r e s p e c t i v e l y  a c losed  and an open i n t e r v a l  on t5t:: 

. r e a i  l i n e  x i t h  andpoia ts  a and b ,  a < b; t h e  no ta t ions  [a, b) a d  (a ,  b] a r e  
d de f ined  s i m i l a r l y .  Scpp f denotes t h e  suppor t  o f  e i t h e r  a conventior?~.l. func- 

Y 

' t i o n  o r  d i s t r i b u t i o n  f. f'") denotes  t h e  n t h  derivative of  f. f is t h e  

: t ranspose  o f  f ;  i . e . ,  'y(t) = i ( - t )  . A snooth func t ion  i s  one having cont inu-  
I 

:ous d e r i v a t i v e s  02  a i l  orders  a t  a l l  p o i n t s  of  i t s  domain. i 
I I I 

DR ( ~ e s ~ e c t i v e l ~ ,  DR denotss  t h e  space  o f  smooth func t ions  ( r e s p s c t i v e l y ,  
- I I i 

d i s t r i b t r t i o n s )  on F: pihose suppor ts  a r e  bounded on t h e  l e f t .  DR i s  n o t  t h k  , 

I I f 

!dual  of  DR; a l s o ,  DR C DR. D, i s  the  space  of d i s t r i b u t i o n s  on R x2lnse sdp- ' 

! 

, p o r t s  a r e  Sounded on t h e  l e f t  st t h e  o r i g i n .  Thus, f E D: i f  and oi71y If 
I 

'f E D' a d  supp f C [O, m) .  A sequence (m 1 converges i n  i f  and only i f  ' n I _ 
' t h e r e  i s  a f i x &  rca.1 nkrnber T > - m such t h a t  supp cpn c [T, m) f o r  a l l  n 

k I 
. and, f o r  each nonnegative i n t e g e r  k, [D cr], converges u n i f o n d y  on every  con: 

i I 
;pact s u b s e t  of  R. S imi la r ly ,  a secpe rce  {f,,] converges i n  D i f  end only i f ,  
I R I 

j for  some f i x e d  r e a l  number T > - m, supp fn c [T, m )  f o r  a l l  n a d  con- 1 
/ . , 

:verges Ln 3' .  D i s  dense i n  D' and DR . ! 
1 

! 

At va r ious  p l a c e s  i n  t h i s  ;cork  TI:^ w i l l  b e  concerned ~ A t h  a conv~nt ionz l -  

o r  gene ra l i zed  func t ion  y i n  s m a ' s p z c e  A t h a t  " 3  def ined  e i t h e r  on the r ea l  

. - - - . . - . 
3 .  

. - --- . - - - - - - .- - - .- - - - - - - - - .- 



- .  

l i n e  o r  01; t h e  real p l ~ n e .  To i n d i c a t s  t h a t  ;. i s  I f f i r , ~ d  cn %lie i-::Ii- l i n c  .~-e 

'w r i to  y = y(t) E ~ 1 % )  21-14 t o  i n d i c a t e  t h a t  i t  i r  del i*?? 03 e ?;z!. ??ms  9% 

; w r i t e  y = ~ ( t ,  7) E A ] % ,  T. A sim.;lar n o t a t i o n  is ussd t aen  t c ~ c i  -i a.re ~ e -  
I 
:placed 5 y  the co?r.plex v a r i a b l e s  u and v and y i s  2 convent io?al  o r  ~ e n e r a -  ' 

1 
. Lzed ' func t ion  on e i t h e r  .ths one-dimensional o r  t-,.io-dimsnsi.ona1 co~?le?c  

\ 

: euc l idean  spacas .  . 
! 

A s t m d a r d   for^ i n  d i e t r i b u t i o n  t h s o r y  i s  Sch?r?r tzfs  ke rne l  representa-  
! 
' t i o n  ( ~ c h ~ r a r t z  [23) 7:hizh i s  defined i n  t h e  f01lo:ri~g ~ 2 y .  

, . : ~ e t y  = y ( t ,  7) E n'lt, , and l e t  v --- V(T) E D] F . 
Theg, yav = y ( t ,  T)OV(T)  ~ B E O ~ S S  a c l i s t r i bu t ion  i n  3'1 defined a s  follo.:s : 

F o r  any q = q ( t )  E Illt, 

I (YO., 4 (~(t, 71, ~ ( 7 )  ~ : t ) )  

Thus, v I- yev i s  a mapping of D i n t o  9' a!~d i s ,  i n  f a c t ,  l i r . e a r  an6 con Enu- 

ous fro:n D i n t o  D r .  The converse a l s o  happe:~s t o  "ce t r u e :  e-ieq- cmt?-nuo.~.s 

l i n e a r  mapping of  T) i n t o  D' has a k e r n e l  yepy-cssnt~';j.on. Under s-Fr;a>?:e re- 

s t r i c t i o n s  cfi y t:rlis mapping c m  be  extcnded r"?;rt L1 onto ?.ric'?r spzzes oP 21s-- 

t r i bu i ; i ons ' ( eay ,  onto A ) .  But,  i n  t h e  l a t t e r  c z s e  %he righ:-hmd si53 or" tl1.2 
.h * 

:above d e f i n i t i o n  n:zy n o t  possess  a sense. (The e x 5 ~ n z l o n  i s  rnz.i-;e ;-i=- $he cor- 

i t i n u i t y  o f  the  mapping on A and t h e  denseness  c f  D i n  4.) \re s h a l l  neIie u s e  
! 

;oZ t h e s e  f a c t s  l 2 5 e r  on, 
i 

i 

still more s p b o l s  7 5 1 1  b e  in t roduced  i n  Fsc, 6 a s  t h e  need a.j.scs. 

3. W'ny Bother wi th  D i s t r i b u t i o n s ?  

One r e p l y  i s  t h a t  d i s t r i b ~ t i o n s  a r i s e  q u i t s  n a t u r a l l y  as Cr,? rssp;lnses 

o f  s y s t e n s  Vnat conta in  p e r f e c t  d i f f e r en t i a to r : ,  snch as tha  purs  c q ~ c i t a r  

:under  a ,volt.?ge e x c i t a t i o n .  In  c l a s s i c a l  a ~ a l y s i s  an;- s i g n r l  tha; i s  no% 

d i f f e r e n t i a b l e  a t  cer taj-n times cannot  S e  an i l lo t ;ab le  inpuf  t o  rcch 2 S X S -  

jterc. -4n except icn  c2.n b e  made f o r  s i g n a l s  :.iiYr~ o rd ina ry  i i e c o n t i n u l t i e s  by 

; i n t roduc ing  t'rle d e l t a  f m c t i o n a l  and i t s  deriva5j.vss, ~ h F c h  i n  i t s e l f  t e s t i -  
I 

i 
f i e s  t o  t h e  need f o r  d i s t r i b u t i o n s  o r  o t h e s  t ~ s s  o f  gene ra l i zed  5 . rc t ions .  

!If one wishes ' t o  al.low zn a r b i t r a r y  nw.'oer o f  per?."ezt differan:iat2rs Lr! 

.I - .various types  o? s y . s t ~ m s  2nd >~;n',s t o  ana lyze  tl?.e~%, s;i.stens i n  r c l . z s s i caL l ;~ -  

' r i g o r o u s  mznnep, he r.:.ill hzve t o  r e s t r i - c t  t?ie allo;-a'cle s i g z a l . ~  tr, t:?ose 

114 
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: f u n c t i o n s  having continuous d e r i v a t i v e s  o f  s u f f i c i e n t l y  high crder.  Under a 
I 

I 

i d i s t r i b u t i o n a l  ana.lyeis he i s  f r e e  t o  j . n t ~ o d ~ ~ c e  any l o c a l l y  i n t e g r a b l e  s i g -  
i 
i na l  o r ,  mere gene ra l ly ,  a n y  d i s  t r i b u t i o n a i  signal.. 

I I But, even i f  'one does r e s t r i c t  a l l  signals t o  smooth funci;ions, t l i e  u s 6  ' 
I I 
I I 

, / o f  di.s t r i b u t i e n  t h e o r y  i s  s t i l l  aclvan-tagecus . Indeed, am input -output  system , 

lcan b e  viewed as: a maTping..of oile c l a s s  o f  smgoth f i n c t i b n ~  i n t o  m o t h e r  ssqYii 
I I 

'class. Under cert2i.n l i n e a r i t y  and c o n t i n u i t y  assunpt ions  t h i s  .mapping can 
I ! 

I .  i 
!be . r e p r e s e n t e d  i n  t h e  time-dcmain by  means of  a d i s t r i b u t i o n a l  k e r n e l  

' ! 
/ (~chwar%z [2]), and.one can then  employ a l l  t h e  r e s u l t s  connected wit11 

, , I  
jSchwartzls k e r n e l  theorem. This  resu3.t ap? l i e s  t o  t ime-varying as ~ ~ e 1 1  as 

! t ime- inva r i an t  systems. From a p h y s i c a l  p a i n t  o f  view t h e  k e r n e l  y(t, 7) f o r  
I 

! the system can'be i n t e r p r e t e d  as t h e  response o f  t h e  syst-em t o  t he  de l - ta  - 
. ; f unc t iona l  6 ( t  - 7 )  app l i ed  a t  t ime t = T. 

' ,  . I 
I That t h e  k e r n e l  i s  i n  gene ra l  a d i s t r i b u t i o n  and no t  a func t lon  i s  il- 

/ 

l u s t r a t e d  by n f i x e d  induc to r  L whose k e ~ n e l  i s  6 ( ' )  (t - 7 ) .  But, s i n c e  t h e  

*first d e r i v a t i v e  o f  t h e  d e l t a  f ~ l n c t i o n a l  i s  su.ch a f a m l l l a r  ob jec t ,  l e t t s  

p r e s e n t  a m t i l e r  system rrhose k e r n e l  i s  a. s i n g u l a r  d i s t r i b u t i o n .  
. I 

d 

Consider t h e  i n f i n i t e  Fos te r - type  net-.~ork shotm i n  F3g. 1, where  we as- . ' . I 
- 

,sume t k ~ a t  t h e  v o l t a g e  v  i s  t h e  i n p u t  znd t h e  c u r r e n t  i i s  t h e  output .  The re- 
I 

/sponse y(t) o f  t h i s  system t o  v ( t )  = 6 ( t )  i s  f o m a i l y  I 

- 
y(t) = a&,(t) + 2 Z a l ( t )  cos  n  t n=1 n + 

O t < O  i .  
- ,  1 t > O  I 

I 

:A s u f f i c i e n t  cond i t i on  f o r  t h e  ser i -es  f o r  y ( t )  t o  converge i n  t h e  d i s t z i b u -  
I 

I I 

. t i o n a l  s ense  and f o r  t h e  i n f i n i t e  network of Fig. 1 t o  have a sense  as t h e  
, 

: l i m i t  of a sequence of f i n i t e  F o s t e r  net:.:orl;s i s  t h a t  t h e  c o e f f i c i e n t s  a b e  n 
such t'nat ! 




























































