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, ON IEVLEV'S CLOSURE.OFTIlEFINITE-DIMENSIONAL

PROBABILITYDENSITY EQUATIONS.FOR' .

TURBULENT REACTIVE, FLOWS. '
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E, E. O'Brien

1. Introduction

'The only, closed formulation for the evolution of a turbulent

flow field from an initiallyprescribed statisticalstat~ ~s at the

level of probabilitydensity functionals(1.2) and no usefui solutions'

are known except in the somewhat uninterestinglow Reynolds'number

limit of the final period of decay, (3) .The dynamics'of turbulenc~

have subsequentlybeen approachedthrough two approximatete~hniq\,es;

The more active of these has been 'themoment closure approximation.

(j
in which a closed set of integrO- differential equations for low 6rder

moments of the velocity,field replace;thefinite set of moment equation~'

derived directly from the equationsof conservationof mass. momentuJl!'

and energy, A useful review of approximationsin this category can be',

found in a monograph by Leslie,(4) There have also been several '," .

proposals for closing the infinitehierarchy of equationsfor ,the

finite dimensional probabilitydens,itY'functionsof the velocity'

field.(5.6) These are of special 'interest in th~ study of reactive

flows because the reactive term is automaticall~ closed in a proba-

bility density formulationwhereas it 'hasproved to be very.difflcult

to approximate in a moment formulatiori,
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I ' !" ;" ' " (7 8)In thefOllOWin

l

,sections we pursue' levlev' s proposal' for1 ' , I
closing' the finite di JnSi

,

lonal probability, density equations for
: 1 I '

,

f .l :. b 1 Th 1
' '

d h
the ve~oCity ~eld II, i In tur U ence. 'e c osure IS ma e ~t t e, ,,:, I, ,
two point revel \~ltho gh the method, can be applied for any finite

',I ., ,

number! of dimensions nd presumably will b,ecome more accurate as
, I :

the numberof dimensi ns is increased. We:'have assumedhomogeneous
I ' , ,

and is~tropic tJrbule t and scalar fields;: again for simpliCity,.' 1 I,
The method is', in pri Ciple, applicable to shear flows although,. ';, .; J ,.'

as we slial
,

l see
,

;b~.l,oWj
,

geOmetrl
,

'c ,complexity due to ,the pressure term
~ }I ,

is Si~i~ica~t 1v~n wifO ~he abov~ assumpt;~ons. ,

Afrr«?x.~.ma

"

,

~i~II~'

1

1 the prob~:i~~~y de,nsity formulation at the

single ~oint, ,lelel al ~adY exist. ' , 8y necessity, they entail

strong ,~~sumPtits co!tcerriing~he role of ,molecular diffusion and,
in shear flows; ithe x:Ole of pressure fluctuations. 80th .of these

, ~ 'II . i , "phenomena at a ',oint ,~nvolve neigh~oring fluid elements and therefore
" ! III, i ' ,

must Q'e a(:count~dfbr.~ahifiCil!llY in a single point formulation.
, '., j, ,( , ' ",'

It is a purposeiof..th~ present approach to obtain a more rational
: ". '" ,

description o~t~lec~faf di~fuSion and th~ role of pressure by,

examining the ctnsequ

~
ce~ of Ievlev I s closure at the two point leve~ '

and ti\ereby avo~ding, di hoc assumptions ahove the time and length
'" ' II ,

scales of'these phenoitena..
,', ! I,

It should'be'potnted out that the closure is non-unique in the
, ", ! I, ' '

senselhat the rersiof, of, a vari.a~ional method to be used in a numeri-

cal sJ~Ption'w~j; ~ot ~reCified' b~ I'evlev, 'In this report we ~hoose '

i ':, ,I, ! "

the simPlest ,p~ssible: fecfni<iUe to obtain: a ,SOlution satisf:ing'the\ ,..I, I ' , .' ,

1. " I'

I

',' ' , ", "

;".1 " . '" '

'; , '", :1 .

! l

'.1
I

,I I

f I" I

'I: ',I

, I '

3
",

"

.J

equations of constraint, with the opti~n of ~ntro?ucing t~~ variational. "

method if, as seems likely, the properties of this ,solution fail to be-""" .'

adequate in some important aspect,.

Let a(a) represent the random var'i'able~ '(u,' cp
( )

), ,at
'
the ~int. ,

~'m ", n
(a) . , . ,,' ' . , ',' .

~ ,a = 1,.", n, where ~ ls;the ~'eloclt,y vector, cp(m).'m. 1, """.,,'N" ..' '" "

, represents the set of N scalar ~~anti ties: which appear ~n :roe conser: ''',,,'
vation equations. - " " ",.

au.' au. I a a2u.
1 + U '-1. = -- P + \I 1 .

"at" j ~ p ax-: ~
J 1 J , J
a'" a2",
"'(m) ,''''(m)

+ Uj ax.- =D(m) ~;J ,J J

, ,0

.'i",; I, 4, 3 . , ~. '(1)

acpim), t +R(m)~CPl' ' . ., ,CPf'!),

. in~'l, . . " No'" (4)

"

R
( ) is the tel'll1 representing the r{lte of production of cp( ) and '1>-

( ),
' .'

m . ' .. " "" m '.. m ~.

is the diffusivity of cp(m) , " ," '" "

(I) (1) ,(ei) (a) ,', en) ',' (n)Let f (a ,x "" , a <' X ,',..., a ,x: ,:t) denote
n., oJ :',"" ",' ", - .. ' ,

the probability denslty of ;the various valu~s 9,f the .random','

,variables'll at all n, spatial locations a,nd t~me t,OMonin,I~vlev~

..,
, .

where

and others, have shown that the ql,lantity tn, ob~y.~;the equation~
af ' n N." . " " ,

n I;' a [ '(Y) ) I;' ,a ( "', )"

"at" + Y;I ax~Y) fnuk ,+ m;; dCP(m) f,nR~m)1'. ",

n ' '

[
' '

J

' N,

[
'

J

'

.'. La, f 8(y) -' L' a 'f c (y)
Y=1 au~Y) n k, , m=I acp(m)n ,(~)

f (y) afn (y) , , , ' . ,: ,

uk ~d~,...o .. ,,: y,:;l"," .,n.
, ,axk ,.. ,,: e,

0 , '(n+1)' , ' , ' .,': ; , .. ' .

(Y
,
)" "

" '",

{
a2E(Ui<.,'IA

,
n)""l'a<:; "cn+lJ

f }
"

B ' " ',hm \I , ~.. E(p , ,A), .
k, ~n+l+x(Y) , ax(n+~~ax(n'!'p , ,P &:,(n+I). : " ,n ,

, ~' ~ ' , q 'q, ,: ;~" <' ':',

"

.",

i

:1

,I
,.I
:1
,I,
:1
':'

. :

"

. (1)

..

,(2)
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, !
lim ! {qn+l (y) :(m)

~ +:5 I
TI)e superscript (n+1)

h : ' I
n+1t point. A is the set

n I

points and E(A IB) reprJ~ents

4

and
a2E(cp(n+l) IA )(m) n

axln+l)ax(n+l)
q q

}.'c(Y), (m)

means the quantity' is evaluated,at the

of variables (:5(a), cp~~~) for all ~'

the conditional expected value of
, , J i

variables A given the values of variables B.
, I

(n+l) ,.' (n+l)
p can be wr1tten tn terms of,~ .

I I

Equation (2) is t;he'p.d.f. fOI'm of the
[

Through incompressibility

I

incompressibility con-

dition l7.u :'0. Equation (1) has the appearance of a Liouville

equation but this is deceptive since the coefficients B~Y) and e~~~
, ,I '

are not functions of just, the generalized coordinates of the finite

dimensional space under consideration. In fact, B~Y), e~~~ clearly
I

depend on fn+l and theref!,re represent terms which must be approxi-

mated to obtain a closed formulation for f .n There is no Hamiltonian

for the strongly dissirative system represented by (1), although there
, 'I,

first derived by Hopf~ for theexists a Liouville-likb equation,
I '

probability density~urctional of
, I

advected scalar fields!.
I

functional for the concentrations

turbulence in the absence of

The extension to the probability density

of reactive species has been

(11')
developed by Dopazo. i

The Ievlev c1ost&e hypothesis replaces, in Equation (1), the

exact expressions for B(y) and e (y) by approximations B,(Y) and e'(Y)
k i (m), k (m)

which preserve the following specific properties of equation (1)
I .

and fn (An) its result~ng ;solution.

I I '

I
I
!
I
I

I

I

.1
I
I

'\

I'
. I

I:

"

I
,I

I

I

I
; .

:'!.

.. , .

5 '"

'1',
',\,

" 1. , If, at, the initial time t 'i, D, fn ,satisfies the

, continuity equation' (2}",it continues ,to satis~y
it for all 'subsequent time. ,-

2. .'The function f ,satisfies the no~~iization condi-
, n,' ,

tion at any time t if i.t is' normed ,at 't "0. :

'3, f is a reai non':negative' quant~ty.n. ~

4.
, ," ,',

Equation (1), when'iJ:ltel,{J:'ated ovez:, aU, values 'of

~(a) at any of the' n p~int~., becomes the exact
,.n-l ' , ,,'

equation ,for ,I' . . .

The exact FrJ.ednian-'Kell;r equations 'for the m

point moments, .ni ;:; n,'areobtained fro~ Equation (1j.

"

,5.

., .

The solution f 'retains the 'proper behavior when, n

any 'of the n points coalesce with' each other or

become iIifini teIy, -d:fst.~nt from the "~thers .

This last result, generall;call,ea th~' coincid~ce proper~y,

is only approximately satisped .in Lundgren's ',cfos'ure, which is one

6.

of the few p.d. f. 'approxiinatidns'that have been seriously examined
, . ' , .

to date. (12)

Ievlev',s prescription for obtainihg Bk(Y);ari? e(~j)can be

found in Ref. (2) for the generai, p~obi~m' described agove. For the

purposes of 'exiubining the details of his~method, and', for extending

it to obtain solutions we now restric~. the. study to incompre~sible,
'," .'

turbulence without advected scalar fields. "It is to be noted ,however' , .'

that the only' t'erms depenc!en~ o~ fn+r'which"~rise from the scalar'
, , .

fields, that is e ~~~, are, in fact mOlecular.?iffuston ;~ntributions.

The viscous #ffusion of morn~ntum,,the,fi:~s't ~~,~\~ B~Y~': iS,a

,prototype of this kind ofterm'so, it ~s reasonable tO,expect to lose

" ".
:"

.. ,.,

,>

, ," ,I .

w ,j', ,
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I

i
I
I
I

little insight by confining our attention to the turbulence dynamics.
I

We shall see, as one lI1ig~t expect, that the pressure term is a much

more cumbersome quantity ito manipulate than molecular diffusion andI : .
I

probably will be the ~mp~rtant item constraining ,the practical useI ,

of Ievlev's method foi m~ltipoint distributions.
I I

j I

I '

I

:~

.j
\

I

i
j
J
1
1

, !

#

, ~

I I'
1:1

('

['

. i

6 <-
1 "

, ,.

2. The Two Point p.d.L Equation for Incompressible Turbulence

For incompressible turbulence itca.nbeshown that" (1)' and'~'(~)

reduce to the following equation~ for ,the' two point joing velocity

p.d.f.
..

where

af ' ", 2' , ,

2(u(1) ,u(2)
,
;x(1) ,;(2) ,t).j. l:' ~

J
f ~

,

(Y»)1t.- - - - " 1 o..\YJ, 2 k
'. '. Y~, °"k " "

= '. I a
[
f B'(Y~)

, .

y=l au(Y) n k.-k

f
af

u(Y) -L dU
,

(Y) co' ..
k (y). ','

aXk ',;' ' I

a2E( (3)'I~(1) ii,(2) x(l) ;/2»
B(y) 1 .

{
, ,\, - '- '.- '-

k =x (3)':xm(y) \1 ,', " ax(3) ax (3)- - .q q' ,
1

, '

a
E( (3,)I (1) ('2)' (1) (2)

)}
-- _

(3) p- u "u ,x ,x,,
P ax - ,- ,-' - ,

K, " " '-'

"

(3) ,

i
I

I
I
I

I

I
I
!

j

I
i
I
I

I

I

j
I

I

I
Y:,;1, 2 (4)

I
1

I

The first step in ~re 'Ievlev proposed closure is to ,express, Bk(y)

the approximate replacement ,for B~Y) by a se~ies of functions of

the form

2 .aA(Y)

B I (y) = r 1jJ(y) + r u ~
k a=l ka at- (y) IDa , aXma

where 1jJk(Y) and Ak(Y) are functions of the coordinates of all- n points,
a Cf ' .

(5)

time and the velocities of all points in question except a. They

are therefore functions of the'random velocities at n-l points plus
.,

the coordinates of all n spatial points ,and time' (if the flow is

statistically-unsteady) .
A crucial set Of constraints on ,the .form' of $t2 andA~) is

." , .
,j

..,.

" .
.' "

"

.' ,'"
'.- ->.~-:" . - -~'~'T w,' ,. "WI"'~'""'--'" "" ".' "',~- .' " ""'"'''''f''' '0Y~' " .~..,:-
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:11

jl 8

.'j,
obtained by not}ng t~( exact result'

, j i'l ' ,

I
('1')' (a) I (1 ) l' .

Bk fnd~: = f

t
-l I (a) (n+I}m ('I')

( )" I I I x +x

, ~ ~ ,,'

{,

~

,

2E(U~'+I):IA a ;1 a~(p(n+I) lAa)
}

I X V - -
; ia (n+ ) a (n+l) P a Cn+l)i '; Xq Xq xk ,
I ,I" i ,

where:a represepts 0 of :the n Iocations,~(a). 1 ;: a ;: n.
,I ,\, !, ", '" . ..'
ACa) has fhe m1nl~~ ,of the set of Ve~OC1t1es, pOS1t10ns and

tim~ a~50ciat~~with1.11 ~oints exc~pt the a point, the point at

which ,the vel
,

oditl v~iue~ have been "

int'egrated.

" ( 1
I,f we aS$\.une homogeneity and, for the moment', suppress time

, , ' ,,',' i, );: '

depende~ce thi~ inte~;allcon,dition applied to the pointxCl) for a
, ' 1"\ , " ,I i i .' ~

two p,~tnt d1st~ibutiin c~~ be written asfollows:

J
iBCY}i dl(l) =if,

(J(2»)' Hm , '"k 2.. I 1 -' (3) ('I')
(1)' '1'j i' :s+~u ,

,

{,
; a2E~

,

!(3) lu(2J,X
,

(

,

2)i) aE
,
(pC,3) lu(2),xC2»

}V ' '. k - - J 1- -x
,

'

! ,'.' (3)~ (3) ,,- P , ,'" ~ (3) ,
, " " ~X, oX <>x

"', " . " li~' q i, q k
~', ' , L ,,', I' , '

A si'¥Uar eiacf 1'~sulf: afplies to .',

:, "",',' Ii, ,!' i fB(Y
,

)f dU
,

(?)
,

1 i
! k ' '2 '- "i " I '

(2) i !Ii i
, ~',! 'j I :'

IevI~v' ,demands!that r~(yr satisfies the same equation (6) as does

B~Y)~ If wfiJm~ke us~: ofiiCS) we obtain'
, ,2' i I aACy)"

J ("21/1('1') "'
,
' 2u' ~

}
f duel)

1 'ka 'I.l' ma ax
,

' 2 - '

, "(1) = ,,' " POrY i m~ , "

[.u , j ill '2(3) (2) (2) , ,', 'If11
,

,

,

(2)ll ". '

{

d E(uk I~
,

,~ ) 1 a (3) (2) (2)
,}I, .f (u 1)

1

' 'hm v ' ---E(p lu ,x )
"j " ',1 ~ I' (3) ('I' ) ~ (3)~,(3) ,P ~ (3), ~ ~

~ "x i +X ox, aX, ' oXk. " ,
,1

" I ", q q
I ' ' '

),11,. ;i
, j i

il

:J '

/
,

I

',
- I
I ,I
,)

'j
''t.

I

'

! :

J
; ,

I
'I

(6)

,

I
I

"
I

i
i

(7)

i
I
!
I

, ,

i

I

)

.;
.,

,

,J

<,

9 .' "',

. ' " ,',',
"

and similarly for ", , f

J
B' ('I') f du (2)

( 2)
' k 2 -'

" U

"

" .

It is clear that the right hand side of equation' (7) is determined
,0 ' ' , .

by the two point distribution fi:inction~2" In fact th'e ~ight hand,

. ';1,

side can be rewritten in the form ',"
.'

(3 1i~ {V V2(3) fu.(3)f (u(3),u{2),j3) x(2)d~(3) ,

~ )+~lY) ~ K 2 - ';' ~ '--
- ~--.L

Jp (3) f (u (3) 'u (2) ~(3)' ,i(2) )du (3)
}

,

P dX (3), 2 - .- .' -', ,~ -, '
k '. ,

where the explicit dependence of ~ (3) on ;he'~ fieid,will have "to be.

,",

.'

.'

introduced.
" " '. ,,'

By considering each of the points in ~u:J:'n' ,i. e. y = 1,2,
" ' ','" "'" .

equation (7) can be written inore explicitly as follows:. ,<', "

, dA(l) , ." ,1', .

! {
1/I

,

Cl)+ 1/1(1) + u k2
}

f du.(l). .
"

,;' , :

1) ~I k2 m2 aXm2 2 ,- , " .u " ""," ,

~ '. lim
{

V V2 fu(3)f (~(#,o(2)')qu(3.)~! d'.,
(3) (l) x(3) k 2~' '-:: ' "~,, P dx(3)

~ +:s ' ,," '" j(.
, ' , ':'(,,' "

fp(3)f2(~(3) .~~2»~C3)} . ",

. ,

"

,',.

(8a)' ,

. dA (2) , ' " ',,' . . " ' .

f {1/1(2) +1/I(2),+u ki
}

f du(I) ~
,

lill/"', {
Vv7. fu.(3)f (uC3) ,1.1(2LuP)

k1 k2 mi aXm'r' 7. - . .'(3) (2) ; x(3) K. ' 2 -, ":' t~
~I), , x' ~"'x , " , '

u.. " "~-' ,~ <"," " '

~ , - ~--.L
Jp(3)j3 (u'C3) ,Um)d~(3)

}' ~:~:' \ , '>' ~8b):.

P d (3) 2 ~' ,. ,'~ .'
: " ?Ck. < . , ",,," '" ' ',' , ,',;;,

, ,

.
- ,

:,,,,-'
, " ",

,.', , .
""

, >

..,." :"7' ~,' ~
" ,.' '," "

'"'' f':<~"'

" , "c
'<"
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I I

A Simi~ar pair' of eqJtions apply to
I I :

!
8' (Y)f dti~2) t

"

, , k 2 AI
I u 2) I :
, - i

Nowth~ limit'processl aPflied' to (Ba) ,c~ be carried out i-ediately
to yield

I

;

aA(l) ,

J {
v,(l) +w(l) 'u k2 }

f du (1)
'U k2

j

m2 ax::-2 2-
u(l) i m

~ =<vv2 f u(l)f (u(l) u(2))du(1) _! a
J

, p(l)f (u(l) u(2))du(1)
x(lJ k 2 - ' - - I P :::m 2 - ,- -- (1J)' ' aXk (1)u , u ( )-

I

- 9a
I '

, '

No comparable simplification for (Bb) is possible.I '

, " I I aA(2)

f {w(2) +w(2) "'
,

u ~
}

f duel) ..' lim
{

VV2
f
u.(3)f (u(3) u(2))du(3)

kl k2! ml aXml 2 - ' (3) ( 2) , x (3) K 2 - '-' -,
(1) ,I ! X"'X - "

~ ' '! 2-
1

(~) f (
(3) (2)

)d
(3;

}

-
(9b)-

(3) p, 2 u ,u u
P aXk I - - - ,

I

Similarly, I; ,

J

'

{
W(l

,

) +W(l) ,

l

lu : aAg)
}

f du(2) .. lim
{

VV2( 3 J
U(3)f (u(3) ,u(lhdu(3)'

U k2 m2 aXm2 2 - (3) ( 1) x,) k 2 - -' ~', '
(2)'! x"'x-u '" - - '

~ _! a
I~(f)f (u(3) ,u(l))dU(3)

}
(9c)

p:::T3J I 2 - - -
aXk I

I aA(2) ,

J {w(2) +W(2) l
' u ~

}
f du(2) .. VV2 !u.(2)f(u(2) u(1))du(2)U k2 ml ax 1 2 - xC2) K 2 - '- -

(2) m -u '- _! 2-
1
.

,

' p(2)f (u(2) ,u(1))du(2) (9d)
P a (2) , 2 - - -

Xk ! ,

Equation (9) r'epresents a set of 4' vector equations of constraint

. Ii.. (1) (2) (1) (2)
for 6 undeterm1nedtfr~e-dJ.mensJ.onalvectors Wu ' Wu . 1/Jk2' 1/Jk2.

I i
I I
I I
I I

I I

I
i

,i I
I
I

I.

'1:
I

I
. ,~

j,

I "

; .

, i
,:1 .

!

'>;,

. .
, '

, '",

'11 '
<c'

"',
',I',..

(2)' (1) ,
AU ' an~ \2 . , "

, ' :" "

Thecontinui tyequation (2),. can be s~ownto becolI\e (Ievi ev)
, , " 2 ',' aA(.p) ,." ,,

J
'u(Y) a

{
f lL

,

'W(P); Lu' ~J }
:dll

,

~(y):. 0' p" (y) (10),
111" axCY) 2 "l!<a ,aFP J(a ~XJ(aJ ~ , " , '(y) m " '. ,. .

~ ' ,', "~. ,:' " 0 ," :

Choosing y.. l' then 2 WE:get, .,. '. ,'.
" ", " c .,. "', aA (2)-

f \l(l) a. (f' {
w(2

,

)+~(2J:'+
,

U U;'
}

'

)dli
,

(l) :0:
m a:m 2 kl", k?' "R! axu' -,

'-(1) ,xm' .' ", ',. ' ,U' '~

(lla)

and. '" ',,"
, ... '.' ,t' " (1)' , '

,~ .

f (2) a (
,

{
'(I) (1)', ' a\2

}
1 (2)

, urn ~ f2, Wkl +W.k2+uR.2aL )d~ .. 0
(2) aXm'" 0", R.2

~ ,,'. , ' ,

Equati1ms (lla) and.. Cnb~"complete th~ set of,6 vector equations'

. (Ub)

of constraint for tile 6 ,vectors' to b~"'det~rini~~d.
'.; ", .

" ,c; ',' ,.
'" "'""-,." ' i
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3. A Simple Solution i I

,I :
ii, ,

In a homogeneoustu~bulence

8' (1) (u(2) x(2) xCI) t) .. 8' (1) (u(2) r CuP) .r) t)k - '- 1'-i' k ' , - -'
, I
I ,

8' (1) (u(2) r (u(2)"

l

r ) t ) " 8' (2) (u(l) r (u(l) 'r ) t )k ' . ~ '-' k ' , - -'

Hence it is sufficient 'to Isolve equations (9a), (9c) a'nd (lla) for the,, I

variables W~ll), wg) add ~~;). The remaining three functions can thenI I

be found by symmetry a~guments. I

One s\)lution of \9a); and (9c) c,n be constructed as follows.

Equation (9a) can be wr~t~en
"

" i laA(1) , ,

f {W(l) :+W(l):+J I
'

k2

}
f du(~) .. f

'

{VV2 '.(u(l)f (u(l) ,u(2)) }
k1 k2 m2 ,ax:-2 2 -

I

x(l) , k 2 - -
u (1) ! i m u (1) '- <.- I i-

1 a, (I)'
}

(1) ,- 15(1) P

l

' f2 d~ " I
aXk I i

I I

On equating integrands 'ne' obtains, fo~allY

! (1) I
{

(I), (1) PAk2
} {

2 1 ( (1) )Wkl :+Wk2 ,:+u 2 ~ f2= vV (i) uk f2m 'I xm2 x
I

I I -
I I '

Similarly from (9c) we ~av~. renaming I ~(3)

hand side, I' i I, , ' ,
, , i el)

k

', '

(1) (1) , i)Ak2 ,,2 (2) (2) (1)

{Wkl :+Wk2 :+~m2 raXmJf2" (2~~m(1),[vVx(2) {Uk f2(~ ,~ )}
, I , I i ~" ~ ,- ,

1

~,
a d

,

) f l
(,

(2) '(ll

)})
-- P 'I fu ,u .

P a' " '--~ I ' :

'f r

I i

Iii

12

and

_! a (p(l)f )}p;nT 2,
k (12a)

as x(2) on the right'

(12b)

.' ,,
" I

i: ,
j

'

i' ',

I

':t

" ,

"

13'
'*. 0'

" "

;
,. "

On observing that the int,egral of the right hand s,ide of (12a) over

'all values of the velocity at,,~(2) Yield~; the nul~ 'v~ctor bec~use,~of
homogeneity and, likewise, an integral of the, right hand side'of

(l2b) over all values of the ,;elo~'ity at )1) is alsoa null vector,
, ''', , - .' A': " ,

'one cali state that the fOllow,ing, expression is. ',a solution of

,equations (9a) and (9c). , " ',,,

{

aA(1) , , ' ;,

}(1) (1) 'k2 ,'2-, (1) , 1 a, (1)

Wkl :+Wk2 :+um2 aXmJf2" {VVx.(l) [Uk f2] - 15 ax (1) [p £2]- ,'k ,

, [ 2' ,

{
(2) (2) (1)

}
1 a J (2) (2) (1)

}):+ (2~1m(1) VVx(2) ukf2(~"~ ) -'15~P f2(~ .~ ) .
X"'X - ' "k '

, - - ' .' ,,', , '" ' (13)

Such a solution is not unique. For:"e~am~{eany fun~tion X~l)(~(l) ,~(,;!))

which vanishes when integrated, ove~ \/(1) or'.~(2) can be added to the',
, "

right hand side of (13) and stilI ~av~ i~, satisfy (?a) and' (9c).

Finally it is }1ecessary to show,tpat eq'fation ,(i3), considi:red

as a solution for

(1) ,

{
(1):+ (1) aAk2'

}Wkl Wk2:+ um2 ~ f2"m2, ,

satisfies the incompressibility condition, equatiQJ'j (llb). Note

first that the laSt two terms on the right hand' side 9f (13) are

functions of only ,the s~atial ~oordinat~ ~(l) ,~ft~r~the lim~t is

taken. Thus the operator alax~2) apPli~ to 'these two terms y,;ields, ,",'

zero. " "
. ' .

The remaining terms on the 'right ~nd'side of '(13) become.
", '

when substituted into (lIb)
. .. ,

,.'
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" "

."',
"

" ,'"
'.
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"
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aZ i'(i' '(2) a (2)
\/ (1) (1) h Ju ;:m fZd~,)'ax ax 1

r(Z)

fD
"

ax ,

m, m" ',m

j ,: I' , ,

!
,

':

,

_!
,

" a '

tor

'

,'

(

,

l)

,

lr

.,

,

u(Z)

,

a f dU(Z}) !
i P\\x(l) U m a;;-m Z - 'I 'r k , !(Z) .~ m '" ,j ,U ,
, . -I, ,

Both, in

,

t

,

'

eg

',

r

,

a

, "

1

,,

S

.

"

,

h,r

,

e i

],
,

<!'

,

nti'callY Z

,

e

,

r

,

O

"

S

,

ince: f Z

'

satisfies equation, (Z) .
, j, I, ',,' (1)
Hence, equation (,13);,represents a solution for Bk fZ which
, , I I '

satisfies all o~ Iev1jev's criteria.,' Similarlyi . "

,

" I
'

"

, ,

, I ' l' '

'BI(Z)f)';~2 J[(UCZ)f) _! a (p2f )
}
,

I, ~. 2 ~~(fi ~, 2 p a~Z) :, Z
I :

,

" ) {I I" ', f I .., ' ,

}
:~ ' iriJ'

{vi! ,1(u(l)f (uez) ,u(l))_! 2-(p(1)f (u(2) ,u(l)):
, (",,1

'

),

,t(Z) !..,(1)

",

k Z - -, p, (1) Z - -
", x '''~ F I' . oXk

If one)h:~~o+tes ~e +bit~ary function x~Y) (~(1) ,~(2)) in (13)
and (I

,

4
,,

) as di~
,

cu~se~. 'following, (115), the ,inc~mpressibnity condition
, " ,t i}' J '

on it is '" !j
' I ' ,

t ',i I,
:' ,t ':~: ,'Y = I, 2

",'

J
u(y)'

,

L'X
,

~'p)dJ(Y) :' 0,' P = Z, 1
, ,m, 'alY) ! '

11

' '

,

~~a) "'

,

1m,

"

11,'" , ~ Y ,, 1 "

~J

'" p- .' ," , I
To th

"

iS condh~on I\lU,!b~ ~ded the constraints already discussed.
,.. 'I: I , '

Viz: , 'i " II' I '

, 1 "I" i "

:

J

'

,

() : ( ) II
,

I

I

I

,

' ' , p = I, 2
X P"dU Y =

)

° I
It ,': i' Y = 1, 2

u(y) "
,,

'
,

'
,- '( "

The s~iutions tepre~~nted by (1~)' and (14) in effect assumes
hi' , " 'I I(p) '1..1 'I,! I ' ,Xk =0, P -, 1, 2. '

I

I
,'\ ",' i I

i ' '
I

\ ":". ,
, 'I

'I
Ii

if .

:{ 1
'

I

I
t I

,[ I

"

1

,

'1
. I

I I:

j
Ii,

i
j

!
!
j

I \
j
I

I

1
!

'/
!

i
I

" ,

!
'I

i.
I

, ,!
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:
, I,
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l
I
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4. Explicit Form of theSimplest Solution
, .

Expressions (13) and (14) ,are' formal statements of a P9ssible

expression for the Iev1ev approximates' B~(l}andBk(Z), ',.In thi~.

section we shall derive their form for 'isotropic >turbulence. I't ~s

C'1>

convenient to return to the operator. form equation (9). For example '

,

(9a) can be written
~ .-,,..'.

,y

. f \/VZ [u.(1)f (u(l) ,~(2f)]du(1)
x(1) I< Z ~ ~., ~ '

(1) ~ ' ' , ,

~ . .
1

J
, ,~" U) f

,(

(1) (2»
)d

(1)' "
(9

'
)
'

-p ::or p' '2 u ,u, U ,,' a'
(1) 3ICk ,'~ ~ , ' '

~, '., "

The last term can be expressed in an alternate fciriu"namely',

f B' (l)f du(l)
k 2 -

u(1) ,

.-
"

, ,

. . ,
"

_! a. {E(PU)I~(Z)f(u(Z~n, 'P;nJ ~ 1.Xk .
,{ ,

where fl (~(Z)) is the singl& poin't ve~ocitr'p.~.f.' it ~(;Z)'." But
since, from the Navter-Stokes eqGation: ","

(1) , ,2C
(

(I)' (1) IA
'

)
' . , '

! ~(~d - - 0 .. urn Ilj, 1
P a'x.(l) ax.ll) , 'ax(l)ax(l) '",

I< j( m j"..

, ."

"

for an infinite media, equation (9a) ~~, be, put in the foI'll
., ,,,",,' ,

f B,(I)f du(l) . f, vvZ, [~(I)f (u(l).~(~h]du(l)k Z - " ,(1) I< 2 - -,,' ,~

(1) ,(1) :' ',', " ,u ,u' .- - , 2 (3) (3)
1 a, ,

J
'1 a e (um ~j, IAI) (2) (3)

+ 41Ta~(ff (3) 1:(3)}T5T . .6x~3)ax~3) .. ' fl (~ . )dx
.: ",,' ;' <'~

.",

., ,
"

or

f, ~, (1)f 2' duCl) .' f \/U.(l~VZ"~ '(Ii(i)
,

': U
,

(2)
)d

elL
,

:

~k '. . - ,K' x(l) 2 -'- !i,'
U (1) , M (1) -' ,,' " " ;
-," , ~, ,',; " <:. ' ,

+ J..f . a f ,( 1 ..) (3) ($f' "q " ", (3) (} ,
4~h) a~l\h) 1~(3)-x(1)IJu)ll, ~l.a;(3)ax(3)1;z(~. ,~2 )~(3)4~('
-, "", .,". " ~ ,: ,','" ' . I. ."

, >
" "', ~'.' '

";., ,I "
, ,. <::

, ,,'",

,oj" ,
, ",',, .' .

, ~'
.

" ~'
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I
Appealing to isotropy ~ Ii, define./

x (3)",~ x(Z) . r
I

' aqd x(Z),~ x(l) . R.
" ~ ~'I ~ ~ ..

and no~e , ! I

, a a, "a (3) (1)
::ro. -err:- . 1:::PJ" x ~ x . R + r

a~ rle la)

Therefore, ,'I
J

B'(l)f dU(l)
l

-
J
. \lu.(lh a~ f (u(l) ,u(Z»dU

,

(l)
Ie Z~ K arar Z~ ~ ~

(1) J (1) III IIIu I u
I ~I

+ _t f f~ u(3)u(3) a2 f (u(3) ,u(Z»drdu(3)
411 I

,ll -'''RI III R. ~ Z ~ ~ ~ ~

(3) r I ~\; III "
, U ~ i I

The right hand ~ side Jan ,le written fOrmal~y as an integral over u (1)
, I I ~

i I

in the following way I I
! II

J B,(l)fdu(l~= l' {Vu.(l) a2 f(u(l),u(Z» , .Ie Z- I K ar-arZ~ ~
u(l) , I' u(l) III III ' ,

~ . T '

+..!..f (u(1)j
J

r f~ u(3)u(3) a2 f (u(3) ,u(Z~rdu(3)}dU(~)411 1 I ' ,)

1

III R. ~ Z ~,- ~.. -
(3) r ~+~ III "

,~ i

I I

B' (l)f - \I (l)~f (u(l) u(Z»Ie Z ~ I ar ar Z ~ ,-
I III III

I

J

I
J

r+\. 2
+ ..!..f (u(l» I '...L...". u(3)u(3)1.-f (u(3) u(Z»drdu(3)

411 1 ~(3

r

l! 1~+~13 III t arlllar.t Z ~,~ ~ ..

i (15)

, I ' ,

or, simply

I

I

, n.

, ,

, '

''''0

':'
,,' 1,7

'''.'
'J;'", .

sillUar~yffOm (!Ie) we can 'deduce
~ , ,

, .. ",'
, " 2 " J'

Ii.,(1)f -V~Z)lilll -L: f(U(Z) u.(l»
'k ~ Z. r+{) armarlll Z ~ ,'~ , <i'

, fl (!!(2»
J

"

J
' rk "

,

J (3} (
,

~r'a2
,

'" (3) (1) (3)
+, 4 ' .". U u, '~ r ,f z (u, ,u )drdu

,.11 ,1',) III " a'-/liarR. ~- ,~~ '

, U (3) '! ' , ') " (16)
~. "

where, in~~i~ case! -, ~(3)'~, ~~!i; As' before the full simple

, soluti~n for Bk (1)f2 can'~obt~ined>Y" adding,~!te.right hand sides

of (1S) and (16) ,~ince ,the integral constraints (9a) and (9c) remain

" \

, ". "

valid ,WIder such an addition. , Finally we,have: , ,

8..' (1)f - \I (u.(l)' a2 f (u (l)"u(Z»' + u.(2) lill-L; (u(Z) u(l» ]-:k Z,' K ,arar-' Z ' 'K -.r. ar ar Z - ...
, , 'III III ',', "'TV 11 II

, (1)" , ,(3) (3) c, ' ' , ' '

f fl(!! )(rk +'\,)um u~, . ,a2 (3) (Z) (3)
, ',3 " "' r

-=:-r f z.cu,,',u )drdu
1" I!+~I' ," morR.,~ - - ~
~ r (u (2)IT' , ." ',' ,2'," ,','

, f...!.~ ~ uU).u(.3l a :'-.f (
,
u(3) ,u(1»drdu(3) ,

'r3 III ,R. '5'r'ar. 2 ~, ~ - ~

! '" ',,' m. ".' "', (17)

+ ..!..
J

'

411

;u(3)

+ ..!..
f411

u(3)

, ,0'

Similarly from, (14). by s)'llUlletry' or by ~ entirely analogous

procedure to tha't just,completed, ':ie ~an: obtain an e~ression for

the only other' te~ in (3)' whiCh must b.. :ppro~inia~ed. Bk(2) fZ"

i. (Z)f - \I(;..(Z)_.f -f.
,

(u{2) ~.!(1}),+.u.(l)lilll L~ (u(1) u(Z)} ],'k ,z I( arnlarm il~ ~,~' " I( r+{) arlQarlll+ - '-
(Z)" " ' ,". '

i '

f
'

f fl (r. ) (rk~!\) , (3) (3)' a2, (3) (1) . (3)+ -
4

-~
3- u .u. ';c;-::;-f z.{\1 ,u )drdu,

11 'Ir-RI', III ", orma!!', - ,~ ~
, (3) r ~ - , , ' , " ,u ~ , ..' ,

, ~ . ' f(u(l)')r ',' ,:', '< 2," ','" '
+ ..!.. f J 1, ,Ie u(3)u(3)< a,

~f' (1i{3) u(Z»drdu(3)
411 r3",III, L ar;;;art,Z ~ '" - -"

!!(3)!, '.' , ",'" .' '(18)
" "0

:;
, ,,"

"

,,; ',"
...,,', ..~"

" ,

,..-,.."'".. . ,,--- -, --,
.:.

,', ,, ,"

!Ii,
'j;

. "

"
, "
".'; ,""
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I

(2) (I)! '

j

where R:. :It .:It , as before, and l' is the vector distance

, betwee~ th: two s;atia~ pints whose V:locities are the independent

Variabl~5 for f2' I I '

I~ is no~ possib'le to solve equation, (3) and such a solution

will preserve the prop'ertles listed in the introduction. It relll8ins
, I

to be shown if adequate dYnamical characteristics of turbulence will

also be' produced. It ~ our intenti~n to carry out a numerical

solution of the p.d.f~ eq~tions, starting from an initially pre-
, i i

scribed state, to evaluate the usefulness ,of the Ievlev closure and

this,proposed simple ,ol~tion in panicular,

\'
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