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' ON IEVLEV'S CLOSURE OF THE FINITE-DIMENSIONAL !
PROBABILITY DENSITY EQUATIONS FOR '
TURBULENT REACTIVE FLOWS.

E. E. O'Brien .

1. Introduction

The only closed formulation for the evolution of a turbulent )

Ty

flow field from an initially prescribed statistical statg.;s at the

(1,2)

level of probability density functionals and no useful sclution;

are known except in the somewhat uninteresting low Reynolds number

(3)

limit of the final period of decay.'”” 'The dynamics’of turbulence
have subsequently been approached through two approximate techniques:
The more active of these has been the moment closure approximation,

in which a closed set of integro differential equations for low drder

moments of the velocity field replace the finite set of moment equations:

derived directly from the equations of conservation of mass, moméntum"

and energy. A useful review of approximations in this category can be.

) ]

found in a monograph by Leslie. There have also been severai
proposals for closing the infinite hierarchy of equations for the
finite dimensional probébility density functions of the velocity .
field.(s'ﬁ) These are of special 'interest in the study of raactivar'
flows because the reactive term ig automaticallf closed in a proba-

bility density formulation whereas it has proved to be very _difficuﬁ

to approximate in a moment formulation.
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In the foglowiﬁg

- closing the finite din

: ! 7,8
sections we pursue Ievlev's pr0pasal( +8) for

ensional probabilitf.density equations for

the velocity fi:eld ;il. in turbulence. The closure is made at the

two point lévelgalthoggh fhe méthoﬁ can bf'applied for any finite
number!of dimeniions dnd presumably will become more accurate as
the number of d%mehsicns ig increaseﬂ. We' have assumed homogeneous
and iscnrcpic tdrbule;t and sealar fields.'again for simplicity.
The method is, in pr1rc1p1e, appllcable to shear flows although,

as we shall see ‘bn‘low geometric _complexity due to the pressure term
J i *
is significant éven w}th the above assumptions.
e b
approximations {o the probab111ty density formulation at the
\E

single polnt Ieiel alTeady exxst( " }By necessity, they entail

strong $ssumpt1qns coﬁcernlng the role of molecular diffusion and,

in shear flows, 1the role of pressure fluctuatlons Both.of these
phenomena at a ;OLntiinvolve nelghborxng fluid elemcnts and therefore
must he acc0unt£d fo;ﬁartif1c1a11y in a 51ng1e point formulation.

It is a purpose of th; present approach to obta1n a more rational
description cf ﬁolecular dlffus;on and the role of pressure by
examining the c9nsequanes of Ievlev's closure at the two point level
and thereby gvo;d;ng_%g hoc assumptions above the time and length
scales of'thgéElpheﬁofe;ai

It should be pointed out that the closure is non-unique in the

g |
sense that the Yersxnn of a varlatlonal method to be used in a numeri-

cal solutlon was not 5pec1f1ed by Ievlev._ In this report we choose
the simplest possible technique to obtain a solution sntxsfymg the
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equations of constraint, with the option of introducing the variational

method if, as seems likely, the properties of this solution fail to be '

adequate in some important aspect. ' ._: o - ; e
Let a(® represent the random varﬁapleé fE,‘¢(m)],.at the point’

(@)

N, a. 1,. .., n, where u is ;the Velaciqy vector, ¢tmﬂ' m=1,

represents the set of N scalar quantities. which appear in .the conser- * "

o

vation equations. &
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R(m) is the term representing thé rate of produ;tion_qf_¢(m) anqlPtm)?

is the diffusivity of ¢(m)' SR pond

Let £ (a(l) (1) e f,a{al, x(u?,_.z ,;a ( %) denote

the probability density of the various values qf the.random"

'variables ‘s at all n.spat;al locatlons and time t. "Monin, Ievlev,

and others, have shown that the quantlty f obeys the equatlons
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The superscript (n+l) means the quantity is evaluated at the
1't+1“'h point. hn is the set of variables [E{a), ¢E;g] for all n

points and E(A|B) represents the conditional expected value of

variables A given the values of variables B. ' Through incompressibility

p(n*1) (n+1)

can be written %n £erms of u
Equation (2) is ;he p.d.f. form of the ihcompressibi]ity con-
dition ?‘E =0, Equation (1) has the appeafance of a Liouville
equation but this is deceﬁtiva since the coefficients BﬁY) and Cglg
are not functions of jﬁst the generalized cﬁordinates of the finite

dimensional s?ace under consideration. In fact, BiY], CE;% clearly

depend on fn+1 and therefore represent terms which must be approxi-

mated to obtain a closed formulation for fn, There is no Hamiltonian

for the strongly dissipative system represented by (1), although there

exists a Liouville-like equation, first derived by Hopfﬁlfor the
probability density functional of turbulence in the absence of
adVectea scalar fie]ds; The extension to the probability density
functional for the concentrations of reactive species ﬁas been
developed by Dopazc!1¥)

The Ievlev closure hypothesis replaces, in Equation (1), the
exact expressions for BiY} and CE;% by approximations BﬁY) and C%I%

which preserve the following specific properties of equation (1)

and fn(an) its resulting solution.
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1, If, at the initial time t £ p, .h satlsfies the - g

ccnt:nulty equatdon - {2), 1: contlnues to satzsfy

" it for all subsequent time. -
.

2. The function f ‘satisfies the normiiizafion condi-
~ tion at any txme t 1f it is normed at t = 0

e 1 fn is a real non-negatlve quant;ty

-4. Equatlon (1}, when 1ntegrated over all values-of
2@

at any of the'n polnts becomes the exact
equation for fnfl. M A

‘5. The exact Friedman- Keller equatlons for the m’
- point moments, m n are obtaxned from Equation {1}

6. The solutlon f retains the proper behavior when
any ‘of the n points coalesce with edch other or
become 1nf1n1ter-dIstant from the “others.

‘This last result generally called the c01nc1ddnce property,
is only approxlmately satisfled in Lundgren s closure, wh1ch is one

of the few p.d.f. approx1mat10ns that have been ser1ously examlned

to date. az-

5

Ievlev's prescription for:obtainiﬁg Bi(Y}ﬁang CE&}’ can be

found in Ref. (2) for-the general probiém:described aane For the

purposes of - examinxng the details of h:s method and for extending y

it to obtain solutlons we now restrict the study to incompressible.

turbulence without advected scalar fxelds It is to be noted -however

that the only terms dependent on gt whlch arlse from the scalar
fields, that is CE g, are in fact molecular d;ffu51on contributxons

The viscous diffusion of momentum the flnst term in B(Y], g a

tan v

,pratotype of this klnd of term s0 it is reasonahle to expect to lose

t.'



little insight by confining our attention to the turbulence dynamics.

We shall see, as one might expect, that the pressure term is a much
more cumbersome quantity to manipulate than molecular diffusion and
probably will be the i.'mportant item constraihing_the practical use

of Ievlev's method for multipoint distributions.
. &8

2. The Two Point p.d.f: Equation for Incoﬁpréssible Turbulence

For incompressible turbulence it can ‘be shcwn that [l] a.nd {2)

reduce to the fcllcmlng equatmns ‘for -the two pomt Jjoing velocity
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The first step in the Tevlev proposed c_losu’ﬁ is to express .B;';(ﬂ

the approx:i.rﬁa_te replacement for B_]Eﬂ by a series of functions of

the form e B
3 A ) e it gt
2 al * o . = o
() () Lo T
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where w( )and ?\[YJ are functions of the :oordmates of all'n pomts,
time and the ve10c1t:es of all polnts 1n questlon except a. They
are therefore functions of the random velocnms at n-1 pomts plus
the coordinates of all n spatial pomts and txme (:|.f the flow is

-

statistically: unsteady]

A crucial set of constramts on t‘ﬁe form' of ¢(Y}_ and J\(Y}
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3. A Simple Solution

In a homogeneous turbulence

M@ 5@ (D Ly D@ (@

T; (u ), t)
and

B'(”(u(z} (2] o) = Bt D r, @ ) ‘1),t)

Hence it is sufficient to solve equations {Qa), (9¢) and (11a) for the

(¢! 1 i1
variables w }, ¢( ) and ;ﬁzj. The reémaining three functions can then

be found by symmetry arguments. {

One solution of (9a) and (9¢) cin be constructed as follows.

Equation (9a) can be wr:tth
W, ,m, -0
1
J {w ewD) e -5—-.}:? aw® . J { m(u e W), (2])}
(1) (1)

. .

"3*‘(‘) me Ju®
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On equating 1ntegrands one obtains formally
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Similarly from (9¢) we pave, renaming jxts} as xtz) on the right =

hand side, B i |

a_;( ) | :
{ (1) 1) k2 } L [ {
v u (2) (2] (1)

L E sl 2) .|
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all values of the velocity at x[ ) yields the nulllfecfor because gf

. quuations (9a) and (9¢). .

A

i

sle

On observing that the integra] of the right hand side of (12a) over

homogeneity and, likewase, an 1ntegral of the right hand side of
(12b) over all values of ;he§velocity at xcl}_is‘also a null vector,

‘one can state that the following expression is'a solution of

a: :
EY
., m X2 ). o)
{“’ W ’a_} {"v Mg fZ} p (15[1’ ”}

l ol 0 )

(13}
Such a solution is not unique. For.example any funct1an x‘l)(ucl) 62)}
which vanishes when integratad over ch) Or uE ) can be added to the*
r1ght hand side of (13) and Stiil have it ;gt1sfy (9a) aqd'(Qc).
Finally it is necessary to sﬂow-th;é eqyation.ii3}, considered

as a solution for

. W, )
(D 4@ s, g-w}

satisfies the incompressibility condition, équétidn {llﬁ}. Note

'. first that the last two terms on the right hﬂnd sxde of [13) are

functions of only the spatial CDOrdlnﬂtE x{lj after the 11m1t is
taken. Thus the operator a/ax(Z) applied ;oﬂthese Fwn ‘terns yields
zero. 5 . .. ’ " :

The remaining terms on tﬂe‘right_ﬂﬁhd';iée ﬁf'(13] become,

when substituted into (11b)

PO TA I T RI Y = -=rei r oe
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Both mtegrals hre idl'entlcﬂll}' zero since’ f sansfies equation (2).

: Hence equatl.on (13] represents a sciunon for Bk( ]f which

satisfies all o:f Ie\rle\r's criteria. S:uni__larly
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4, Explicit Form of the Simplest Solution

Expressions (13) and (14) are férmal statement§ of a pgs'sii:'le. ar

expression for the Ievlev appmxi_mates B;tu"} a'nd_Bi-(z)

 section we shall derive their form for 'isdirbpic turbulence.

convenient to return to the operator-form equation (9).

(%a) can be written - . : ,' R
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Appealing to isotropy, w'n: define

(@ . r._: and x2) --x(” = R,

s x - &
and note - ’ .
RN 3 3 _ @
- x - X =R+
axk Y laka = = e
[
Therefore. '
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3)

' )
The right hand side can be written formally as an integral over u

in the follouing way

] 2 N
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whara in thu case r # x = x('n. As bafom the full simple
solution for B' (l]f can’ be ohtained by adding tha right hand sides \
of (15) and (16) since the integ:‘al constramts (9&] and (9¢) remain

\ralid t.mdar snch an addition. Fi.mil ly. we have-
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va | PE TR Ff;% 20 o
gl B T« 8 T 1T T S .t

Similarly from.(14), by symmetry'or by an entirely analogous
procedure to that just _complei:ed, we i:an'qbta.i_.n an e)‘cp'resﬂon'for

the only other’ term in (3) which must be apprnxiniated B‘[z)f ;

, n’;“-}fz . u[l-{z) "1-1; -+, (u(z) n( )] o u&”lin Ega_f {u(u (z} ]

Ili
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i P NOR (s} w®, {: 3
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¥ e “f drd
B T r: AL R
NOF: e, S

2) El))] .

x



18

where Ri= xu) - 1(1). as before, and gis the vector distance

between the two spatial points whose velocities are the independent

variables for fz.

: | ; |
It is now possible to solve equation (3) and such a solution
will preserve the properties listed in the introduction, It remains

to be shown if adequate dynamical characteristics of turbulence will

also be produced, Itis our intention to carry out a numerical
solution of the p.d.f, equations, starting from an initially pre-
" scribed state, to evalun:e the usefulness of the Ievlev closure and

this. proposed simple lolq'tion in particular,
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