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Abstract

In order to analyze a semiconductor device accurately and realisti-
cally, we need to study the two-dimensional behavior of the electrical pro-
perties of the device. There are methods available now which selve the current
transport equations of the device using finite-difference or finite-element
approximations. These consume much computer time. In a bipolar transistor
it is the minority carriers in the base that determine the behaviour of the
device. In this report, we present a method to solve for the two-dimensional
distribution of the electron density in the base region of an n-p-n transistor.
The current density and current continuity equations are reduced at steady
state to a partial-differential equation by assuming low injection levels and
neglecting carrier generation. The base region is divided into a square mesh
and the partial-differential equation discretized on this mesh by using finite
differences. The resulting problem is converted into one of finding the
voltages in an infinite electrical network. The characteristic resistance
approach is used to arrive at the solution with a considerable saving in com-

puter time.

*This work was supported by the Air Force Office of Scientific Research under
Grant F49620-79-C-0172, AFOSR-80-0205



1. Introduction

A currently active area of research in semiconductor devices is the
numerical computation of the electrical behavior of the device for various
geometries and doping configurations. Methods of exhaustive two-dimensional
analysis of the device are available which use finite-difference approximations
of the basic semiconductor equations.[5] Other methods exist which use the
finite element approach.[l] However there are no methods which provide for a
simplified two-dimensional analysis. In this report we present a method of
analysis for a specific geometry of a bipolar transistor as shown in Figure 1.
In a bipolar transistor it is the minority carriers in the base region that
determine the behavior of the device. A two-dimensional analysis of these
carriers in the base would be useful in the understanding of the properties
of the device. Our method solves for the two-dimensional minority-carrier
density in the base with a considerable saving in computer time. In Section 2,
we discuss the basic equations that govern the transistor. We make certain
assumptions to simplify the equations and finally reduce the problem to one of
solving a partial-differential equation with given boundary conditions. We
then divide the base region into a fine square mesh and discretize this equa-
tion on this mesh using a finite-difference approximation. In Section 3 we
discuss the characteristic resistance method for semi-infinite grids and
see how we can exploit this method to solve our problem with a substantial
reduction in computer time. In Section 4 we discuss the numerical aspects
involved in the computation of the minority-carrier densities. In Section 5

we discuss a numerical example with typical values for the doping parameters.

2. Basic Semiconductor Device Equations

The geometric configuration of the device under consideration is

shown in Figure 1. Bl and 82 denote the two edges of the depletion regions
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bordering the p-type base region of the transistor. In the present exposition
we have taken B1 and 82 with square corners; nevertheless our method allows
rounded corners or more generally curvilinear B1 and BZ' We use the simple
theory of p-n junctions [2]. This includes a number of approximations chief
among them being (a) The junction is abrupt and the doping is uniform in each
region of the transistor. This assumption helps in simplifying the calcula-
tions needed to obtain the location of the depletion-layer edge. (b) The

- Boltzman boundary condition is used to calculate the carrier densities at the
depletion layer edge. (c) The effects due to carrier generation and high-
level injection are neglected.

Then assuming that all the potential drops occur across the junction

depletion region, the current density and continuity equations are given by

Jn = - qunnpe + anVnp 2
where Jn is the electron-current density

q the electronic charge

Hn the mobility of the electron

nP the electron density in the base
e the electric field, and
Dn the electron-diffusion constant

an

Do i 1
Also, T Grl Un - 3 V.Jn (2)

where Gn is the electron-generation rate, and
Un the electron-recombination rate.

Under low-injection conditions, Un can be approximated by the expression



where npo is the electron “ensity in the base at thermal equilibrium and B is

the electron 1jfetime in the base. Equation (2) now reduces to

Bl el w5y Ve & i 8 5 0925 (3)
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Under low-injection levels the term nﬁunv.a can be neglected. By neglecting

the generation rate and taking the steady-state condition, we get

0= Zp"bo

2
T + une.Vnp + Dnv np (4)

In the neutral base region there is no electric field. Hence, only the

diffusion term remains, yielding [6]

_ nD-npo
SRy = sk
np B ©
nn
Let n = np_npo represent the excess carriers. Then (5) can be rewritten as
w2 - 1
72 n= 50 (6)
nn

In general, n varies with the spatial coordinates. With known biases applied
to the emitter and collector the boundary values of n at the emitter and

collector depletion layer edge denoted by n, and n, respectively are given by

n

A npo[exp(v /V.)-1)

BE" T
npo(exp(VCB/VT)—l)

(7)

and

1

n
c

where V. is the base-emitter forward voltage

BE
VFB is the collector-base reverse voltage, and
VT is the Boltzmann voltage, given by
kT
f  finds
\T 3

where k is the Boltzmann constant, and
T is the absolute temperature.
The position of the depletion layer is obtained by solving the charge-

neutrality equations of the device. If the doping is NDE’ NA’ and NDC in the



emitter, base, and collector respectively and if W__ and WC are the depletion

EB B

layer widths at the emitter-base junction and at the collector base junction

respectively, we have [2;p.126]

- _ 2€S CNA+NDE} )

EB /A NANDE BE (8)
and W,.= EE§_(f§:§E£§ v

CB /’ q NANDC CB

1f WE and WB are the depletion layer widths in the emitter and base respectively,

making up the emitter-base depletion layer we can solve for WE and WB individual-

ly by using the following simultaneous equations.

Wy =W, = (9)

and the charge neutrality equation

N M. = NDEwE (10)

Combining (9) and (10), we get

N, _ |
W, = —Doe W (11)
E Nog*N, EB

Thus, we know the location of the edge of the emitter-base depletion layer

in the base region. Similarly, we can find the edge of the collector-base
depletion layer in the base region. Now, we are all set to solve equation (6)
since we have the boundary values and the location of the boundaries where
these values hold.

A closed-form solution to equation (6) is practically impossible to
obtain due to the nature of the boundary. However, approximate numerical
solutions can be obtained. We divide the base region of the n-p-n transistor
into a fine square mesh and discretize (6) on this mesh by means of a finite

difference approximation. We get the following equation

Ly
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where h is the distance between adjacent nodes of the mesh, and n o is the

3

excess-carrer density evaluated at the node (i,j) of the mesh.
Equation (12) can also be interpreted as Kirchoff's node equation at the

node (1i,j) of an electrical network as in Figure 2, where n, 4 is taken to be

3

the voltage at the node (i,j). The values for the voltage sources along B1

and Bz are taken to be E1 and EZ‘ These values represent the discrete boundary
values of the density of excess carriers, which is obtained from (7). We now

h2
D t

nn
every node to ground and unit conductance connecting every node to its adjacent

have a resistive grounded grid network with a conductance ¥ = connecting
nodes, on the plane of the grid.

In the transistors of integrated circuitry, the bottom surface of the
semiconductor wafer has negligible effect on the variation of n in the region
near the top surface where transistor behavior is taking place. For all
practical purposes, we can assume that the bottom edge is effectively at infinity.
However, ordinary circuit analysis does not permit us to compute the node voltage
in a grid that extends infinitely downward. On the other hand, truncating
the grid at some finite distance downwards leads us to analyses requiring
impractically long computer times if the truncation occurs at realistic distances
from the top surface. Truncations that are sufficiently close to the top sur-
face to allow practicable computer times are two close to be representative of
the actual configuration. This close proximity of the truncation distorts the
variations in np from their actual values. Our solution to this dilemma is to
assume that the semiconductor does extend infinitely downward and exploit a
method for analysing an infinite uniform resistive grounded grid that occupies
the half-plane [8]. This method is based on an extension of the characteristic

resistance concept to uniform ladder networks of Hilbert ports. Since we have



assumed that doping is constant the diffusion constant and minority-carrier
lifetime, which depend on the doping, may also be assumed to be constant. This
leads us to a uniform grid structure. In a later report we will allow varia-

tions in these quantities.

-

3. The Characteristic Resistance Method for Infinite Grids

The characteristic impedance concept of analysing a uniform ladder
network can be extended to infinite half-plane resistive grids to obtain a
unique solution for the voltage and currents with a finite total power dissipa-
tion [8]. Normally there are infinite possible solutions to such a network
since power can be fed in from infinity [7]. However, for practical purposes
we are interested in the solution that obtains power only from sources within
the network. It can be proved that the characteristic resistance method does
indeed give this solution [8].

The first step in the analysis is to formulate an operator-valued ladder
network representation of the grid of Figure 2. To this end, we modify that
grid by converting the voltage sources into current sources. We start by
shifting all the voltage sources at the boundary into voltage sources in
adjacent branches in a standard fashion [3; p.131]. This is shown in Figure 3.
In the process we delete all self-loops that arise under these alterations.

We then convert the voltage sources to current sources by Norton's theorem.
This gives us the network in Figure 4. Our objective at this point 1is to con-
vert the network of Figure 4 into one that can be decomposed into a ladder
network whose voltages and currents are members of Hilbert's space 22r of two-
sided infinite vectors of quadratically summable real-valued elements, 1.e.,

vectors,

such that the xj are real numbers and
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I xi <= (14)

j=-w
Here, the superscript T represents matrix transpose. The admittances and
impedances in the ladder network will be bounded linear operators on Ly
To obtain such a decomposition we augment the network of Figure 4 with series
connections of unit resistances as is indicated in Figure 5. Since the added
circuitry does not introduce additional loops into the network, this augmenta-
tion does not alter the electrical properties of the network. The result is a
rectangular pattern of nodes that fully occupies the half-plane.

We now treat each horizontal row of nodes with the branches between them
as well as their branches to ground as a Hilbert port. Connecting every hori-
zontal row of nodes to its succeeding horizontal row of nodes are vertical
branches of unit resistance. Each such horizontal row of vertical branches is
taken to comprise another Hilbert port. The resulting ladder network of Hilbert
ports is shown in Figure 6. H, J, K and L are all members of ~ 22r as follows.

We denote the entries of H, J, K and L by hv’ jv kv and 2» respectively, where

v = .... -1,0,1...Then
Il v=1
hU = 12 v =a
0 otherwise
I1 v=20, -1, -2...
e _ (15)
jU = Iz v a
0 otherwise
= 12 v =3
e 0 otherwise
I v = a+l, a+2,..
g = e
v

0 otherwise
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W, X,P and Q are admittance operators whose infinite matrix representations

have htries as follows.

and qvurespectively where v,u =

-1

VH

X
vu

v

Vi

Finally, the impedance operator Z

u=v-1; v=

u=v+l; v=

u=v-1; v=
otherwise.

u=v-1; v=

otherwise

5.0

.............

........

ST i (T | | QEER |
a-1.

-1,0,1 ....a

=N=041 z83, &

.....

is the identity operator on

Y is defined as a Laurent matrix with elements yvu given by

Vu

VU = ...,
p=v-1; wv=
u=v+l;  v=
Otherwise.

2 2

We denote the entries of these matrices by W

p P

vu

(16)

(17)



The ladder network beyond the node (A+B+1) can be replaced by its charac-
teristic impedance ZO, since we make the ‘assumption that the repetitive struc-
tures that follow contipnue indefinitely. We evaluate this characteristic im-
pedance by pursuing the method adapted in [8]. The operators Z,W,X,P,Q and Y
represent the Hilbert ports, and, since the interconnection of the ports
preserves the port conditions, the solution of the ladder network of Figure 6
is the same as that of the grid of Figure 2. A formal mathematical proof is

provided in. [8].

4. Computational Aspects

In order to be able to compute the voltages and currents of the grid
network of Figure 2 on a computer, certain modifications have to be made. It

is no longer possible to work with Hilbert ports since computers have only a

finite memory. Moreover the transistor we are modelling is anyway only finite.

We thus truncate all operators into finite matrices in such a way that the
grid encompasses the entire region of the transistor. Thus all matrices are
finite and of order N where N is number of interior points on the grid of
Figure 2. The characteristic impedance Z, is now a truncated version of the
Hilbert operator ZO

Next, we write down Kirchoff's node equations at nodes 1 through (A+B+1)
of the multiport ladder network. where Ty, W, H,J; K and L are now

vectors in RN and W, X, Y, P,Q,Z and Z,are matrices in RN. The current equa-

tions are

H = WVI| + T

H= Wva + T. -1,

H= Wva + I3 -T2 (18)
H = WVa + Ta = Ia-

T = XVan + Tan - 1a

K = PVaez T Ta+z = Tar

PR e s

L = QVaseri + latser — Tais

10.



Figure 6



I1.

The voltage equations are:

¥y - Vz
Y2 - V3

[ u
N N
o
N -

(19)

Vaig +i = (Z+ Zo) Taig i

These equations can be combined into the following matrix equations in

partitioned form:

s S r _ - o _ o
w V| t ‘I' H
b Vz = ' Iz H
. ’ -1 E ;
w ' 5 : T
p : & : lr = I (20)
P. N ir K
A i % . : .
o -1 | ' K
G\)_ _VA*E:L - -1 L H‘Inﬁﬁ'f_‘“ _L. p
and
— — — — —_ - -
b il ’-1 Vi Z T
s =3 Va = I,
A3 i _ \ I
: - ) - ' = * 8 : (21)
i - :
| IYM&-H (Z+ ZQL _IﬁHE-il




where 1 represents the identity matrix of order N. In this formulation
and are the vectors that represent the voltage and current of the multiport
ladder network. Eauation (20) and (21) can be written as
, SO0
AY + BL =C

and

Bv = DL
where V, I and C are vectors of dimension N(A+B+1) and A, B and D
are matrices of the same dimension. The voltage V whose elements yield the
minority-carrier densities along the interior nodes of Figure 2 can bz ob-

tained by

(A+BD BV = ¢

~
[ ]
W
s

Z and Z, are truncations of positive Hilbert operators. {) is hence
) ' SN e ; : : o s o
invertible, and 0& + B D ]5) is also nonsingular, being a positive-definite

symmetric of the form

[ ~z7 QrzHZezy)”

]

—
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All the components‘ of (A + BTDJB) can be evaluated easily except for (2’_-1- ZQ)"i
A simple method of evaluating tz-f‘zo)ﬂis by truncating the Hilbert operator
(2+zo)'1 To do this, we exploit the natural isomorphism that exists between
the Hilbert coordinate space %, and the space of functions quadratically
integrable on the unit circle. We can then show that the Laurent operators

Y and Z correspond to multiplication by

y(x)

2(x)

2+yc - 2cosx
(25)

1
The characteristic impedance Z_ is then mapped under the isomorphism into

multiplication by

! . . 12
2,0 =57 [Q+=— 1] (26)
y (x)

The Hilbert operator (Z-!-Z.o)—1 is thus mapped under the isomorphism into multi-
plication by
-1
1 1/2

g w8 E ety #17 27)
y (x)

. . -1 .
5 a_ are elements of the main row of the Laurent matrix (Z+Zg) with a_ =

we h
a_, we have

i(x) =

I~ 8

a_cosmx
m=0
and ™
a. = %—J A(x) cosmx dx m=0,1,2.... (28)
0

Now we need to compute only as many a_ as are needed for the desired accuracy.
The truncated matrix (::Q-Za)" is of order N and has 2M+1 non-zero diagonal
elements, M+l being the number of B that are to be evaluated. We set am=0

for M+1<m<N.



In order to solve equation (23) more efficiently, we can reduce the
order of the equation. Since many of the components of the and
for k<A+B fall outside the base region of the transistor, they have no physi-
cal significance as far as the base minority-carrier density is considered.
They were earlier introduced merely to facilitate the mathematical theory
of the Hilbert-space operators, of which they formed a part. As far as compu-
tational purposes are concerned, they can be eliminated by truncating the
matrices appropriately. This leaves us with a matrix (Ai—BﬁfJﬁ) of much
smaller dimension. It is still of the same form, but the individual blocks
are no longer of the same dimension N. The first A blocks are of dimension
N. where N. is the number of grid points at the top edge of the base region.

L L

The next B blocks are of dimension NTL which is the number of grid points

along the horizontal line passing through the boundary B The last block is

1
of dimension N. Thus, the order of the system has been considerably reduced.
Every component of the voltage vector now represents a node in the base
region of the transistor.

Since the matrix,(A*FBFDJB) is symmetric, positive-definite, and block
tridiagonal, it is easier to solve (23) iteratively rather than by a direct
inversion. A direct inversion would be expensive on the computer both in terms
of computer time and memory. All the elements of the matrix would have to be
stored and despite the fact that the matrix is symmetric and contains many
nonzero elements, the size of storage required for reasonable values of A, B
and N is large. A direct-inversion process does not take advantage of the
small number of non-zero elements, since the inverse is rarely a sparse matrix.
For a large system the number of computations involved to obtain the components
of the inverse matrix and then calculate the solution is of the order of the

cube of the system dimension. On the other hand, an iterative method requires

minimal storage. There are only a handful of distinct elements in the matrix

14.
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which have to be stored. Convergence of most iteration methods is guaranteed
due to the positive-definite nature of the system. [4. p.50]

The successive overrelaxation method was used to solve equation (23).
A problem arises in the choice of the optimum relaxation factor. Before

we proceed any further, let us define a few preliminaries.

Definition 1. A matrix M is said to be diagonally block tridiagonal if it

is of the following form

(29)

where Ai are square diagonal matrices and Ci and Bi are rectangular matrices.

Definition 2. A matrix M is said to have property A if there exists a

linear transformation T such that T_IMTiS diagonally block tridiagonal.
The successive overrelaxation method has been studied in detail for
matrices that possess property A and the optimum overrelaxation factor for

such matrices is given by [4; p.56]
U S— (30)

where kl is the largest eigenvalue of the iteration matrix which can be ob-
tained by decomposition of the system matrix M. Now, most system matrices
that arise out of finite-difference approximations of boundary-value problems
do possess the property A. The matrix in question(A"i'BTDv‘B) however does not
possess this property. The anamoly is due to the presence of the character-
istic impedance terms Z, in the last block. However, it is reasonable to
assume that the matrix Q¥+éﬁfds) almost has the property A since the last

block forms only a small portion of the matrix and the matrix is mainly dominated



by the other blocks. Thus (30) would give a near-optimum choice for the para-

meter w. We now need to get an approximate estimation of X We start the

1
iteration with an initial value of w = 1. After a few iterations, the quotients

of the solution norms converge to A%. We can save some computer time by

choosing some arbitrary component of the solution vector and taking the

quotient of two such successive components to arrive at A2. In our method the

(|
first component v, was used. Thus
R g (31)

v k+l o K
14 /;—vl /vl

was chosen, where v? is the value of vy after the kth iteration. This approx-

imation is justified since it is expected that individual components would vary

in the same fashion as the norm.

In order to simplify computations, the whole system was scaled down by a
factor of npo' Furthermore, since the boundary conditions were incompatible,
El being of the order of l&) and E2 being of the order of 1, two different
sets of solutions were obtained, one with the second boundary condition set
equal to zero, the otherwith the first boundary condition set equal to zero.
Then two solutions were superposed. This procedure is valid since we are
dealing with a linear system where the principle of superposition holds good.

The solution was then appropriately scaled by the factor npo

5. Example.

As an example, we will consider a transistor with a uniformly doped

base, collector, and emitter. The base doping is N,= 4.428851x1013fcm3, the

A

emitter doping is N__= 1016/cm3, and the collector doping is N zlola/cms. We

DE

assume that all impurities are ionized. Let the collector-base reverse-bias

DC

voltage be VCB=SOOmV and base-emitter forward bias voltage be V ExSGOmV. The

B

dimensions of the transistor are indicated in Figure 1. The depletion widths

16.



at the collector and emitter junctions are evaluated. The location of the
depletion layer edge is found to be approximately O¢l y from the junction edge.

The base region is then divided into a mesh with h = 0.1u. This gives us NL=39

points at the top edge of the base, = 120 points along the horizontal line

N
through the boundary Bl’ and finally N = 241 points. The value of s is calcu-

€

lated to be 3.0959752x10 = The scaled boundary values along B. and B, are then

1 2

evaluated to be El = 2.25961?8x109 and E2 = -1 in units of npo' The other

parameters are A = 11 and B = 5 which are dictated by the geometry. Dn and T

are assumed to be constants with values of 32.3 cm>/sec and lusec respectively.

w was chosen to be 1 for the first 50 iterations. At the end of 50 itérations
an approximate value of w was calculated from (31). w's of 1.93 and 1.74 wers
obtained for the two solutions which were then superposed and scaled. The
iterations took 273 and 320 steps respectively to converge. The total computer
time on the UNIVAC 1100 multiprocessing system was about 1 minute for the
entire computation. Figure 7 gives a two-dimensional profile of the electron

minority-carrier distribution as obtained by this method.

6. Conclusion

In this report a new method has been presented to solve for the
two-dimensional variation of the minority-carrier densities in the base region
of a bipolar transistor. The characteristic resistance approach reduces the
size of the linear system to be solved and hence saves considerable computa-
tion. Further research is presently being carried out with non-uniform doping

densities and hence variable diffusion constant and carrier lifetime.
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