




On the  Behavior of Pass ive  S c a l a r s  
i n  a Turbulent F lu id  

Edward E, OuBrien  
S t a t e  Universi ty  of New York a t  Stony Brook 

The formal descr ip t ion  of the  evo lu t ion  of n-point s c a l a r  

cor re la t ions  i n  a turbulent  f i e l d  i s  presented  s u b j e c t  only t o  

the requirement of dynamic p a s s i v i t y  of the s c a l a r  quan t i ty ,  

Detailed examination i s  c a r r i e d  ou t  f o r  the f ollowlng s i t u a t i o n s :  

Inhomogeneous s c a l a r s  i n  homogeneous turbulence ,  an i so t rop ic  

sca lars  i s o t r o p i c  t u r b u l e n t  and ' t h e  f i r s t  order: ( i n  

time) e f f e c t  of. molecular d i f f u s i o n  on an i s o t r o p i c  two po in t  

sca lar  c o r r e l a t i o n  i n  an i s o t r o p i c  t u r b u l e n t  f i e l d ,  I n  i s o t r o p i c  

turbulence the asymptotic s t a t e  of an i n i t i a l l y  aniso' iropic two 

point s c a l a r  c o r r e l a t i o n  i s  deduced t o  be, i n  t h e  s t r i c t e s t  sense,  

an iso t ropic  although t h e  time s c a l e s  f o r  e f f e c t i v e  i so t ropy  a r e  

derived, The i n i t i a l  tendency of molecular conduction t o  enhance 

the growth of the s c a l a r  c o r r e l a t i o n  between d i s t a n t  s p a t i a l  

regions i s  indica ted  a s  i s  i t s  i n i t i a l  tendency t o  diminish the  ,. 

corfe la t ion  between neighboring p o i n t s .  F o r  t h e  case of a point 

source t ag  the e f f e c t  of a  c o r r e l a t i o n  between t h e  s c a l a r  and 

the Euler ian  f i e l d  a t  the tagging p o i n t  is  e s t a b l i s h e d  f o r  both 

the i n i t i a l  wake and asymptotic wake. 



Transpor t  of a  dynamical ly  p a s s i v e  s c a l a r  contaminant by t ~ r -  

bulence h a s  r ece ived  a g r e a t  d e a 1 , o f  a t t e n t i o n  from a v a r i e t y  of 

(1) authors. Notable aiuong them a r e  t he  pape r s  of Ba tche lor  , 
~ o r r s i n ' ~ ) ,  ~ o b e r t s ' ~ ) ,  and ~ u r n l e ~ ' ~ ) .  B a t c h e l o r q s  i n t e r e s t  was 

p r i n c i p l y  i n  the  t u r b u l e n t  d i s p e r s i o n  of finite c louds  and he 

demonstrated the  s i g n i f i c a n c e  of c e r t a i n  Lagrangian  p r o b a b i l i t y  

dens i ty  f u n c t i o n s ,  d e f i n e d  on t h e  t u r b u l e n c e  f i e l d ,  i n  determin- 

ing motions of t h e  mass c e n t e r  of t h e  c loud  and the  evo lu t ion  of 

some measures of t h e  c loud shape,  
I .' 

Cor r s in  cons idered  t h e  i n t e r e s t i n g  s p e c i a l  c a s e ,  La te r  genera l -  

ized by ~ ? B r i e n ( ~ ) ,  of t h e  uniform mean s c a l a r  g r a d i e n t  i n  a  tar- 

bulence wi th  a non-zero.mean velsci-l;y. Us ing  a tlbaclcv~ard Lagran- 

gian a n a l y s i s "  and t h e  s t a t i s t i c a l  p rope r t i e s  o f  s i n g l e  p o i n t  

d i f f u s i o n  he was a b l e  t o  i n v e s t i g a t e  t h e  e v o l u t i o n  of t he  mean pro- 

f i l e ,  t h e  growth of s c a l a r  f l u c t u a t i o n s  from an assumed i n i t i a l  

value of z e r o  and the f l u x  of the s c a l a r  normal t o  the  mean motion. 

A f u r t h e r  c o n t r i b u t i o n  h a s  been t h e  a p p l i c a t i o n  by Roberts  of a 

s t a t i s t i c a l  approximat ion technique ,  due t o  ~ r a i c h n a n ( ~ ) ,  t o  t h e  

t u rbu len t  d i f f u s i q n  problem, Re i s  a b l e  t o  make p r e d i c t i o n s  about 
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the same s o r t  of q u a n t i t i e s  a s  Ba tche lo r  d i s c u s s e d .  

The e s s e n t i a l  problem i n  the - contaminant  convect ion axena i s  

to ob ta in  more in fo rma t ion  about t h e  Lagrangian  p r o b a b i l i t y  f u a c -  

t ions t h a t  ~ a t c h a o r  h a s  shown are  impor t an t .  ~ u r n l e ~ ' ~ ) ,  among 

others ,  has  i n v e s t i g a t e d  t h e  p o s s i b i l i t i e s  of r e l a t i n g  Eu le r i an  

averages t o  .Lagrangian but  d e s p i t e  some p r o g r e s s  and a very c l e a r  

formulation of t h e  d i f f i c u l t i e s  t h e r e  seems t o  be no immediate 

hope of succes s ,  Experiments on c loud d i s t o r t i o n  and convect ion 

i n  l a b o r a t o r y  and a tmospher ic  c o n d i t i o n s  have been used t o  o b t a i n  

s t a t i s t i c a l  i n fo rma t ion  about  one and "cwo p o i n t  motions i n  t h e  

s p i r i t  of Ba tche lo r ,  With w e l l  d e f i n e d  t u r b u l e n c e  sdcg le  p a r t i c l e  

motions have been succes s f , u l l y  i n v e s t i g a t e d  b ~ l t  t he  exper imental  

d i f f i c u l t i e s  . in s t u d y i n g  t h e  j o i n t  motion of two p o i n t s  a r e  numer- 

ous and in fo rma t ion  about t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  

i s  meager. 

I n  t h e  p r e s e n t  r e p o r t  we e x p l o r e  a n  a l t e r n a t i v e  approach to 

the problem. I f  one p o s t u l a t e s  a n  i n i t i a l  s t a  t i s t i c a ;  d i s t r j b u -  

t ion of t h e  s c a l a r  f i e l d  i n s t e a d  of  a  d e t e r m i n i s t i c .  d i s t r i b u t i o n  

i t  w i l l  be shown t h a t  t h e  subsequent  E u l e r i a n  n - p o i n t  moment of 

the s c a l a r  f i e l d  can be d i r e c t l y  r e l a t e d  t o  i h e  i n i t i a l  Eulerlan 

h-point  s c a l a r  moment and fu r the rmore  t h a t  the quantjky r e l a t i n g  

these two moments, f o r  t h e  p a s s i v e  s c a l a r  w i t h  no d i f f u s i o n ,  i s  

just t h a t  which a r i s e s  i n  ' ~ a t c h e l o r ~ s  a n a l y s i s  of cloud shapes .  

This g i v e s  r i s e  t o  two hopes. I n  t h o &  c i r cums tances  i n  which the  

ve loc i ty  f t e l d  Lagrangian  s t a t i s t i c s  can be cons idered  w e l l  

e s t ab l i shed  t h e  e v o l u t i o n  of E u l e r i a n  moments of the  s c a l a r  f i e l d  

become de te rmina te .  Secondly,  t h e r e  may be a  means f o r  ob t a in ing  

some in fo rma t ion  about Lagrangian  s t a t i s t i c a l  q u a n t i t i e s o f  t h e  
- 

7. J .  L. Lumley, J,  Math, Phys.,  2, 2 ,  309, 1962. 



-iitrbul?9Ce i n  more complicated sihaa.l-i,ons srom the  r e l a t i v e l y  w e l l  

e s tab l i shed  process of c o r r e l a t i o n  measurements of t h e  scalar f i e l d .  

I n  t h i s  report we limit ourselves t o  an investigation of the f irst  

of these t w o  notions.  

I t  i s  q u i t e  pqss ib le  t o  include, formally, molecular difcusion 

in the statement of the problem. It i s  well known t h a t  the  very 

* r r  small time e f f e c t  of rnoleculir d ~ r r u s i o n  is a s  a phenomena uncoupled 

from t h e  turbulence. To t h i s  order t h e r e  i s  no increase  i n  eHTfi- 

cu l ty  i n  including molecular e f f e c t s  and some d e t a i l e d  considera- 

t ions  of i t s  e f f e c t  on scalar spec t ra  can be made, To include 

molecular d i f f u s i o n  i n  gene ra l  we shall see t h a t  we need a great 

deal of Lagrangian statistical inEo3;mzstion of such a var ie ty  . 

t h a t  it seems to be unreasonable to expect this formulation t o  be 

a p r a c t i c a l  one f o r  situations i n  which the molecular contribu'2ions 

are  c r u c i a l ,  



A F O X ~ Z I ~  t i o n  i n  t h e  A,bsenee of MoLecuhar D i f f ~ ~ s i o n  
I .A - 

L e t  p ( 5 , ~ )  d e f i n e  a  nondi f fus ive  s c a l a r  f i e l d  which has  no 

d ~ n a r n i c a l  inf luence on the t u r b u l e n t  f i e l d  whlch convects 5 2  and 

1 E [ Q , - ~ . )  be the  p o s i t i o n o f p a r t i c l e  a - a t  time t . 
suppose f u r t h e r  t h a t  t h e  p r o b a b i l i t y  d e n s i t y  of is know a t  

some time o r i g i n  -t = O . over t h e  whole s p a t i a l  f i e l d ,  

Define 7C_ ( ~ ~ 0 )  = + 

then we presume knowledge of the p r o b a b i l i t y  d e n s i t y  func t ion  of 

p(a , o) which w i l l  be i n d i c a t e d  by the shorthand no ta t ion  

and which i s  assumed independent of the  t u r b u l e n t  f i e l d ,  

From a phys ica l  po in t  of  v iew we a r e  concerned with two random 

processes. F i r s t  the  tagging i s  random and descr ibed  t o  some ex ten t  

by the p r o b a b i l i t y  d e n s i t y  of ~ ( a ,  0) and secondly we consider 

(+,+) a s  a random path  whose s ta t is t ics  w i l l  depend only on 
r\. 

the turbulence and no t  on t h e  i n i t i a l  t a g .  

I t  i s  important t o  n o t i c e  here  t h e  i n h e r e n t  simplicity of the  

problem tve have s e t  a s  compared t o  the  v a s t l y  more complicated 

problem of r e l a t i n g  Eu le r i an  and LagrangJan v e l o c i t y  f l e l d  staJi5s- 

t i c s .  In: the' c l a i i s i f a c t i o n  of ~ u m l ~ ~ ( ~ ) ,  w e  a r e  concerned with the 

task of obta in ing  the s t a t i s t i c s  of b Ctkj, &) on Lo J ~ ]  where 
1 . 

.?It)  i s  a  random pa th  wi th  a prescr ibed. ,  d i s t r i b u t i o n  s t a t i s t i -  

c a l l y  independent of . 
- -- - 

6. J, L, Lumley, CoEloques Xnternat ionaus Du Centre National de 
l a  Recherche S c i e n t i f i q u e ,  No, 108, 17, 1961. 



.: A convenient s ta tement  of t h i s  f a c t  i s ,  in o u r  nota-kion, 
r 

2 a 
rr 

T n a t  t h i s  is  v a l i d  can e a s i l y  be seen a s  f o l l o w s :  in genera l  we 

nay write 

But from the nondiffuse assumption 

and 
'-. 

n, 
from which (2-1)  fo l lows i n  view of the assuinptisns of dynamic 

passivi ty  and the s t a t i s t i c a l  independence of the  i n i t i a l  t a g  

and the p a r t i c l e  path.  

The usefu lness  of the formulation of *be problem presented 

as equation (2-2) i s  evident.  from the  f a c t  t h a t  the f i r s t  proba- 

bility dens i ty  under the  i n t e g r a l  sign i s  i n  f a c t  Eulexian a s  is 

t he  l e f t  hand s i d e  and we expect t o  be a b l e  t o  transform this i n t o  

a re la- t ron between exper imenta l ly  a c c e s s i b l e  q u a n t i t i e s  such a s  

Eulerian moments of var ious  orders .  

Before preceeding i n  t h a t  manner %k i s  evident  t h a t  (2.1) 

can be extended t o  the a n a l y s i s  of j o i n t  distributions. VJe obtain 



I n  terms of s c a l a r  f i e l d  moments we can o b t a i n  EormuEatioils which  

are su i t ab le  f o r  p a r t i c u l a r  s i t u a t i o n s .  For example, t o  ex-mine 

the  s ingle  po in t  p r o p e r t i e s  of s c a l a r s  tve note  t h a t  i f  we a r e  

interested i n  the  s t a t i s t i c s  of some s u i t a b l e  funct ion  of P ( r _ , t )  . 
say $ ( p [ & , t ) )  we can, by car ry ing  ou t  t h e  appropriate  in tegra-  

t i on  of '(2.1), ob ta in  

- 
where < > i nd ica tes  an ensemble average.  There a r e  

severa l  remarks t o  be made concerning s i n g l e  p o i n t  s t a t i s t i c s  a s  

represented by (2.4). I f  < 1 (~(%,0))) is  a homogeneous funct ion,  

that is ,  independent of , t hen  < f ( ~(i, t)) ) is  independent 

of t no mat'cer what the v e l o c i t y  f i e l d  p r o p e r t i e s  are ,  Also i f  

we are  i n t e r e s t e d  i n  t he  behavior of  t h e  mean, < P l h * ) ) ,  the 



of i n i t i a l  EEuctuaLions a b o u t  t he  mean g$ms no contrc.,. 

t;ation. They seem t o  have been genera l ly  ignored on the bas is  of 

'2 b 

( 9 )  :-h~ing second order e f f e c t s  If the turbulence l e v e l  i s  low * 

~urthermore i f  we concede de ta i l ed  knowledge of f?&[:;fct~=.% . I 

i n  cer ta in  circumstances a s  f o r  example i n  i s o t r o p i c  turbuL?nce J 

or f ree s h e a r  flows s p e c i f i c  p r e d i c t i o n s ,  u ~ i t h i n  the  l i m i t a t i o n s  
J i 

of t h e  non-diffusive assump'cion, about the evo lu t ion  of s i n g l e  

p o i n t  s ca la r  funct ions can be made. 

In  t h e  following sec t ion  we app ly  the  s i n g l e  p o i n t  d i f fus ion  

theory w i t h  s t a t i s t i c a l  i n i t i a l  condi t ions and without  molecular 

diffusion t o  t h e  problem of t r anspor t  of a v a r i a b l e  mean g rzd ien t  

t a g  by a homogeneous turbulence w i t h  a uniform mean ve loc i ty .  

I 

.I! - Single Poin t  P r o p e ~ t i e s -  i n  tile V a r i a b l e  Mean Gradient pdob1enn 

The problem of heat  t r anspor t  across  a homgeneous s t a t i o n a r y  

( 2 )  $5) turbulent  f i e l d  w i f h  a non-zero mean v e l o c i t y  h a s  been ei$mbned- , 

under t h e  assumptions of a known determinate t a g  a t  sorne fixed 
1 

Eulerian plane and a s u f f i c i e n t l y  low turbulence l eve l  that the  
I 
I 

displaceinent of a p a r t i c l e  i n  t h e  d i r e c t i o n  or" t h e  mean Eiovlr 
! 

direction a t  time t i s  j u s t  v t where is  the mean ; v e l o c i t y  
I 

of the turbulent  f i e l d .  The l a t t e r  assumption i s  simply f o r  con- 

venience and can e a s i l y  be removed, .We r e t a i n  it here f o r  the 

advantage i t  o f f e r s  of being able t o  replace t h e  t i m e  vciriable by 

a n  Eulerlan s p a t i a l  coordinate - a k i n d  of v i s u a l  a id.  We a r e  

interested however i n  determining what r o l e  t h e  statistics of the 

temperature f i e l d  w i t h  which the p a r t i c l e s  a r e  tagged p lays  i n l  1 
1 

9. H. K. Wiskind, J. Geophys. Res., - 67,  8 ,  3033, 1962, 



.:3Llrmining LC-  t he  evo lu t ion  of t h e  mean p r o f i l e ,  t he  growth of 

Cluctua t i o n s  and t h e  mean r a t e  of t r a n s p o r t  of temperature ,  

t o  p o i n t  o u t  t h a t  i n  t h e  u s u a l  experiment e l  

zique f o r  examining a  model such a s  t he  above heeted g r i d s  Ere 

r..12ced i n  the  wind s t ream and the  temperature  tagging i s  zccon;p- 

lished by s u i t a b l e  c o n t r o l  dimensions and tempera l u r e s ,  

;%ere i s  then the  added complicat ion t h a t  t h e i n i t i a l  s c a l a r  f i e l d  

s t a t i s t i c s  w i l l  be t o  some e x t e n t  c o r r e l a t e d  wi th  t h e  v e l o c i t y  

f i e l d .  Attempts t o  i nc lude  t h i s  p o s s i b i l i t y ,  except  i n  a pu re ly  

formal sense, have been l a r g e l y  unsuccess fu l  and we he re  re- ia in  

the assumption t h a t  t h e  s t a t i s t i c s  of t he  s c a l a r  t agg ing  a r e  

independent of the  tu rbu lence ,  1Ho.buevex i n  s e c t i o n  (2.3) tue derive 

some simple p r o p e r t i e s  of p o i n t  source  t a g  which  i s  c o r r e l a t e d  

x i t h  the Eulex ian  f i e l d  a t  t h e  source.  

Under the  assumptions mentioned above i t  has  a l r e a d y  been 

pointed out  i n  paragraph 2.1 t h a t  t he  mean p r o f i l e  evo lu t ion  i s  

independent of t h e  i n i t i a l  f l r i c t u a t i o n s  and i s  a fur ic t ion only 

of the i n i t i a l  mean p r o f i l e  and t h e  turbulence s t a t i s t i c s ,  More- 

over the d e t a i l e d  e v o l u t i o n  of c e r t a i n  c l a s s e s  of determinate  pro-  

f i l e  has been d i scussed  e lsewhere  ('' and i s  t h e r e f o r e  s t i l l  

relevant. 

To examine the h e a t  t r a n s p o r t  p r o p e r t i e s  we n o t i c e  krom t h e  
I 

Eulerian energy equa t ion  t h a t  \ 

, ,  

' .  

I . .  

, : I  



,, -;hat only t h e  mean p r o f i l e  i s  re levaa- t ,  Aad a g a i n  the d e t a i l s  

-;hat have been d i s c u s s e d  rlseivhere remain valid. 

F i n a l l y  t h e  f l u c t u a t i o n  equa t ion  becomes i n  the -2erminology 

I s  t h e  p r o b a b i l i t y  

i l l a t  a p a r t i c l e  w i t h  i n i t i a l  coord lnz te  p o s i t i o n  u a t  t i m e  6 o 
X 

zero w i l l  be a t  p o s i t i o n  y a t  time - a 

-0- 
If we de f ine  t h e  displacement x=3-y j0  t h e n  

-ell 

where f ( X )  i s  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  of )( and hono- 

g e n e i t y  h a s  been assumed, 

To c a l c u l a t e  the  behavior of f l u c t u a t i o n s  we a r e  in te res - ied  

i n  the q u a n t i t y  

n 

-4nd ev iden t ly  on ly  t h e  f i r s t  term on the  right hand side of 

(2.4) can r e f l e c t  t h e  r o l e  of i n i t i a l  f l u c t u a t i o n s  



3"q;e obtain /** 

f rom which we i n f e r  the  not  too su rp r i s i i -g  resul t -  t h n t  a s  f a r  r s  

aean square f l u c t u a t i o n s  a r e  concerned the  i n i t i a l  mean square 

f luctuat ion cont r ibute  i n  the same fashion  a s  does the  square  of 

the  mean p r o f i l e  . . . 

Again the  previous ly  deduced' behavior of f luctua-kions remains 

v a l i d  i f  t he  con t r ibu t ion  of the  i n i t i a l  mean p r o f i l e  i s  incorporated,  

I n  the  circumstance t h a t ,  

f o r  a l l  Lkg 

the i n i t i a l  f l u c t u a t i o n s  can be ignored. Furthermore s ince  t he  

asymptotic r e s u l t  ha s  been shown t o  be spac3aE uniformity of t h e  

f luctuat ions f o r  & l a r g e  i t  will b e  s u f f i c i e n t  5n some circun- 

stances t o  requi re  only the  averages over Li t o  s a t i s f y  the 

requirement 

Further extensions of t h i s  problem, f o r  exanple the  consideration 

of n-point c o r r e l a t i o n s  a r e  ev iden t ,  but we w i l l  no t  pursue the  

mat ter  f u r t h e r  . 

21 I?oint Source w i t h  a DeEjendence of the S c a l a r  Tag on the  Velocity .- - 
Field - 

The s imples t  s i t u a t i o n  i n  which t o  i n v e s t i g a t e  t h e  e f f e c t  of 



some c o r r e l a t i o n  between t h e  v a l u e  of the s c a l n r  wjt-bh wl-:i@h a 

P ~ r t i c l e  i s  tagged and the p a r t i c l e  v e l o c i t y  a t  t h e  po i l i t  of 

tagging i s  t h a t  of a  p o i n t  source .  We a v o i d  a l l  o-kher complexi- 

t ies by assulning t h a t  any f P u c t u a t i o n  i n  k!>-t_e s c a l a r  abou-l. its 

yean is due o n l y  t o  f l u c t u a t i o n s  i n  t h e  v e l o c r t y  f i e l d ,  

The a p p r o p r i a t e  f o r m u l a t i o n  w i t h  which t o  replace e q u a t i o n  

(? ,2 )  is e a s i l y  s e e n  t o  be 

\ where t h e  f i r s t  term on t h e  r i g h t  hand s i d e  i s  j u s t  t h e  proba- 

b i l i t y  t h a t  t h e  p a r t i c l e  a t  t h e  o r i g i n  a t  zero t i m e  w i l l  be tagged 
e 

x i t h  a va lue  g i v e n  t h a t  t h e  s u b s e q u e n t  p o s i t i o n  of the', same 
! 

j par t i c l e  a t  t ime + i s  )e . 
Cc . 1 \ 

L e t  u s  r e s t r i c t  o u r  i n t e r e s t  t o  the  mean s q u a r e  s c a l a 4  f i e l d  
. ,,> 1 

I 
1 

-dl 

Tie classical r e s u l t  i m p l i e d  by Taylorts (50) work  concerns  s i t u a -  

t ions  i n  which t h e  p r o b a b i l i t y  d e n s i t y  under t h e  i n t e g r a l  sign is 

independent of t h e  p a r t i c l e  p a t h  and one obtains 

To t h i s  we add  t h a t  e q u a t i o n  ( 2 , I . O )  i s  evidently t he  asymptotic 

form of (2.9) even w i t h  dependence of 1, on t h e  p a r t i c l e  p a t h ,  

since f o r  t imes v e r y  much g r e a t e r  t h a n  t h e  L a g r a n g i a n  "cirne s c a l e  1 
* +  I 

10. G. I. T a y l o r ,  P roc .  London Math. Soc,, 2, 1921, 



i t  i s  unreasonable  t o  expect 

t o  be s i g n i f i c a n t l y  dependent  on the i n s t a n t a n e o u s  p a r t i c l e  

posi t ion.  

For s h o r t  t inies we f o l l o w  T a y l o r  and a s s i g n  t h e  E u l e r i a n  

veloci ty  X (o,o) t o  t h e  p a r t i c l e  s o  t h a t  (2.9) becomes 

I-,- 

Knowledge of t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  t h a t  occurs  in 

(2 .11)  is then s u f f i c i e n t  t o  e s t a b l i s h  the  b e h a v i o r  of s c a l a r  

f l uc tua t i ons  subsequen t ly .  A s  a  p a r t i c u l a r  c l a s s  of phenomena 

suppose we know ) > / q o )  a s  a d e f i n i t e  f u n c t i o n  of ~ ( 0 ,  A a )  only;  

say 

b l 0 , o )  = $I  %i0,4) 

then 

and (2.11) c an  be s e e n  . t o  become 

A s  a s p e c i f i c  example c o n s i d e r  t h e  c a s e  of t e m p e r a t u r e  tagg-ing 

c o n s t a n t  temperature p o i n t ,  With increased one 

expect a dec r ea se  i n  t h e  a c t u a l  tagged t e m p e r a t u r e  or" t h e  a i r .  

can 



L e t  us f o r  s i m p l i c i t y  consider a flow with a mean v e l o c i t y  in 

the x-direct ion and i d e a l i z e  t h e  tagging phys ics  s u c h  t11a-t ~(o ,o )  

depends only on t h e  magnitude of the  % v e l o c i t y  component . 

Suppose 

\*here A ,  B ,  a r e  p o s i t i v e  constants .  

Then 

If we f u r t h e r  assume a Gaussian Eulerian v e l o c i t y  f i e l d  we 

obtain (11) 

I 
where 0 i s  the r o o t  mean square v e l o c i t y  i n  the  y d i rec t ion  

I 

2 1 
and (%'> = O! t f o r  t s m a l l ,  From which we can conclude 1 

that t h e  negat ive c o r r e l a t i o n  between y v e l o c i t y  and temperature 

f luctuat ions produces a wake t h a t  i s  s l i g h t l y  more peaked than a I i 
Gaussian. I n  t h i s  sense the wake can b e  s a i d  t o  be narrowed il 

. , 

under the condi t ions  examined here ,  Q u i t e  e v i d e n t l y  t h e  wake 

becomes broader a t  i t s  base i f  a p o s i t i v e  s c a l a r  f l u c t u a t i o n  i s  

produced by a y  v e l o c i t y  f l u c t u a t i o n .  

11. G. I<. Batchelor and A, A, Townsend, *'Surveys i n  Mechanicsw, 
Cambridge Unive r s i ty  P r e s s ,  New Yorlr, 1956,  p,  358, 



,: nsymptotic I s o t r o p y  of A n i s o t r o p i c  S c a l a r s  i n  Xsotro c  $urbulence  
A It  has been common practice(12"13) t o  i n v e s t i g a t e  jointly 

i s o t r o p i c  s c a l a r  and t u r b u l e n t  f i e l d s  b u t  t h e r e  seems t o  de no 

c l e a r  b a s i s  f o r  e s t i m a t i n g  how o r  i f  t h e  i s o t r o p y  of the t h r b u l e n c e  

tends t o  produce i s o t r o p y  of t h e  s c a l a r  f i e l d  I t  convec t s .  There \ 
i s  an i n t u i t i v e  f e e l i n g  mot iva ted  by the a p p a r e n t l y  successkui  pre- 

i 

d i c t i o n s  of I<olmogorof f ' s  s i m i l a r i t y  t h e o r y  (I4) t h a t  t h e  srnbil 
! 

sca le  s t r u c t u r e  p robab ly  tends  t o  i s o t r L p y  more r a p i d l y  thah the 

l a r g e  s c a l e ,  and t h e r e  seems t o  be a g e n e r a l  e x p e c t a t i o n  t h a t  i n  

i s o t r o p i c  t u r b u l e n c e  asymp'totic s c a l a r  i s o t r o p y  i s  t o  be e x p e c t e d  

of a l l  s c a l e s .  I n  t h e  p r e s e n t  f o r m u l a t i o n  t h e s e  e x p e c t a t i o n s ,  i f  

i n t e r p r e t e d  c o r r e c t l y ,  a r e  shown t o  be v e r y  p l a u s i b l e .  A time 

s c a l e  f o r  the  approach t o  e f fec t ive  i s o t r o p y  of t h e  large s c a l e  

motions i s  deduced and i t  i s  a rgued  t h a t  t h i s  i s  t h e  l o n g e s t  t ime 

sca le  t h a t  wi13 a r i s e  i n  de te rmin ing  the  approach t o  i s o t r o p y .  

For convenience we w i l l  c o n s i d e r  two p o i n t  c o r r e l a t i o n s  and 

examine a n i s o t r o p y  i n  terms of the  dependence of t h e  s c a l a r  c o r r e l a -  

t i o n  on t h e  o r i e n t a t i o n  of the v e c t o r  s e p a r a t i o n  between t h e  t w o  

points .  The g e n e r a l i z a t i o n  t o  n - p o i n t  c o r r e % a t i o n s  i s  immediate 

and does n o t  seem t o  i n t r o d u c e  any s i g n i f i c a n t  new f e a t u r e s .  

: 12. E. E. OtBrien and G, C. F r a n c i s ,  J: F l u i d  Mech., - 13, 3,  369 ,  
1962. 

14. A .  N, ~ o l m o g o r o f f ,  C, R, Acad, S c i , ,  U.R.S.S. - 30, 301, 
1941. 



From ( 2 . 3 )  

UZ& .O -4 (2.15) 
Assuming homogeneity of b o t h  f l e l d s  and denot ing 

we can i n t e g r a t e  (2.15) t o  ob ta in  . 

J 
G! 

The t u r b u l e n t  f i e l d  t w o  p a r t i c l e  displacement  probabili-Ly 

g?clclr9,0) which appears i n  (2.16) i s  the p r o b a b i l i t y  t h a t  two 

p a r t i c l e s  separa ted  by a t  time zero w i l l  be separa ted  by 
hr 

a) a t  time . Tne . ' no ta t ion  i s  here consi'sten"i wi th  t h a t  of B a t c h e f o r .  

who has c a r e f u l l y  summarized the s i t u a t i o n s  in w i ~ i c h  some iiiforma- 

t i on  about &[rJt / ~ ~ : , , o  ) o r  r e l a t e d  may be 

deduced. 

Turbulent i s o t r o p y  i s  e q u i v a l e n t  t o  dsernanding t h a t  

where r and r;; a r e  the magnitudes of i and respect ive ly .  
w 

15. G. K. Batchelor ,  Quar t .  J. Roy. Met. Soc. - 7 6 ,  133, 11950. 



Since $(<,t) a s  given by (2 .0 )  i s  a l i n e a r  func t lon  oZ 

4I.i 0) i t  i s  appropr ia te  t o  i n v e s t i g a t e  t h e  c o n d i t i o n  

where S(f- 5) i s  the  Dirac d e l t a  funct ion .  

Then t,t 1 @),0) 

Iso t ropy.of  f ( c ,  t) is  the  requirement t h a t  i t  can be 
e- 

written c(r,%) and i t  i s  evident  from (2.17) t h a t  the depend- 

ence of , on r. i s  the source of an i so t ropy  of the  s c a l a r  

field. 

There are s e v e r a l  reg ions  of t o  be considered.  If \ I is .., e 
small compared t o  t h e  Kolmogoroff microscale  th,en t h e  p a r t i c l e s  

czn be considered t o  be  undergoing a uniform s t r a i n i n g  motion over 

the time s ca l e  c h a r a c t e r i s t i c  of t h e  small  eddies .  If  (01 is  of 
& 

t h e  order  of  " c h e  srna39, eddies  an immensely complicated s i t u a t i o n  

a r i ses  i n  which t h e  m a t e r i a l  l i n e  jo in ing  the t w o  p a r t i c l e s  be- 

comes s i g n i f i c a n t l y  convoluted during r e l a t i v e  motion or' the par- 

t i c l e s  i n  the  time sca le  of the appropr ia t e  F o u r i e r  components of 

the v e l o c i t y  field. F i n a l l y  when the  i n i t i a l  s e p a r a t i o n  (El ' i s  

l a rge r  than say the  i n t e g r a l  l e n g t h  s c a l e  of t h e  turbulence t h e  

p a r t i c l e s  may be a b l e  t o  be considered a s  wandering separa te ly  and 

the .problem becomes one of fo l lowing t h e  independent  s t a t i s  t i c s  of 



I 

) 
! 

zl;o f l u i d  po in t s .  The l a t t e r  o p e r a t i o n  can b e  s a t i s f a c t o r i l y  accomp-. 

: i s ted  s i n c e  asymptot ic  s i n g l e  p o i n t  behavior  i n  i s o t r o p i c  turbulence I 

is reasonably w e l l  documented. 

From, (2 .10)  we have i 
I 

'r 0 

;,: Suppose we cons ider  f lrp,o) de f ined  over two r e g i o n s  ' of r o  : 
..c 

and 

where 1 i s  meant t o  r e p r e s e n t  a r..;ighborhood around the  o r i g i n  

o f  t h e  o rde r  of t h e  Kolmogoroff n i c x o s c a l e .  \ 
I 

For a l l  p a i r s  of p o i n t s  describer!  by z < j POI we expeck an  
I 

assumption of independent wandering afa:er f i n i t e  t ime t o  be /  l e g i t i -  
I 

mate whereas f o r  n e a r e r  ne ighbors ,  that i s  -those w i t h i n  the!Kol -  

mogoroff mic rosca l e ,  j o i n t l y  dependent mot ion is  assumed t o  e x i s t  

for times which may approach infinity. In p a r t i c u l a r  co inc iden t  

points  and i n f i n i t e s i m a l l y  s e p a r a t e d  p a r t i c l e s  e f f e c t i v e l y  remain 

bound t oge the r  s t a t i s t i c a l l y  f o r  all t ime.  

Then we may w r i t e  



F o r  $he second i n t e g r a l  the  assumption of s e p a r a t e  wanderings 

l a r g e  impl ies  Eoi- -- (1) 

where X i s  t h e  vec to r  displacement of e i t h e r  of the  two p a r t i c f e s  
% 

!: and Q(x,+;~) i s  t h e  s ing le  p a r t i c l e  displacement p r o b a b i l i t y  
f 
I 

density. I ! . , 
j Thus glC,t. ( b,o) can be w r i t t e n  2 LC- co,t) and the l a s t  

term i n  (2.10) r eads  
I i 

rr 
Furthermore from (2.11) ( - i s  a convolution 

w i t h  Q ( & , ~ )  almost 

c e r t a i n l y  asympto t ica l ly  Gaussian, 

In  f a c t  de f in ing  

and tak ing  the  Four i e r  t ransform of the f i n a l  term of (2.18) we 

ob ta in  

' a r e  the  t ransf  orrns of [ ) and I! L) 
I.r 

Tne remarkable f e a t u r e  of ( 2 ;20 )  i's the  permanence of aniso t ropy  

i n  Jh (4, f due t o  i n i t i a l  an i so t ropy  i n  $ (#,, ) and inde- 
M - 

pendent of i s o t r o p y  of t h e  v e l o c i t y  field q u a n t i t y  (4 - 3 t) . 
It is t o  be noted however t h a t  t h i s  i s  the  kind of permanent 



anisotropy t y p i c a l  of d i f f u s i o n  problems,  For  exampic Bachelor  

h a s  s h o r ~ n ( ~ )  a s i m i l a r  consequence f o r  asympto t ic  p robabl l i ' ry  

2znsity of marked f l u i d  a t  a p o i n t  a f t e r  a f i n i t e  c loud o f  marked 

~ ~ - - ; < ~ ~ e ~  is r?lezsez, I - 

I; is j a s ~  z!:e sort of anisotropy t h z t  r e x i n s  for 

t i nes  when thermal d i f f u s i o n  from a n o n - i s o t r o p i c  hea t ed  r ~ g i o n  

t a k e s  p l ace  i n  en i s o t r o p i c  media ,  One n i g h t  b e t t e r  a s k  f o r  a 
I 

I measure, i n  terms of the  i n i t i a l  c loud  geometry, of t h e  t i n e  u n t i l  

the cloud appears  s p h e r i c a l  when viewed from s s u i t a b l y  defhned 
i 

d i s tance .  I 
I 

For our  purposes we would i n  t h i s  s e n s e  expect appsoximake 

i so t ropy  when the  mean square mot ion of a p a r t i c l e  i s  very much 

g r e a t e r  t han  the  i n i t i a l  s e p a r a t i o n  between t h e  mos2 widely 

separated c o r r e l a t e d  po in t s .  If t h e  s c a l a r  c o r r e l a t i o n  extends 

a d i s t ance  L i n i t i a l l y  where F >) 17 t h e n  e f fec t ive  i so t ropy  
L 

a t  l e a s t  f o r  t h e  l a r g e r  scale motions  might be expected when 

(x2) ,) 2 , where CX') i s  t h e  mean' s q u r r e  p a r t i c l e  d i sp lace-  

ment i n  some d i r e c t i o n ,  Asympto t ica l ly  (xZ ) = &&> Tt where 

T i s  a Lagrangian time s c a l e ,  Hence a s  a n  e s t i m a t e  f o r  e f f e c t i v e  

l a rge  s c a l e  i so t ropy  we o b t a i n  

The smal l  s c a l e  motion i n  homogeneous t u r b u l e n c e  has  been t h e  

s u b j e c t  of numerous i n v e s t i g a t i o n s ,  
- 

Batche,lor (I6) i n  h i s  work on 

m a t e r i a l  l i n e s  has  made use  of t h e  model of two p a r t i c l e s  i n i t i a l l y  

s o  c lo se  t h a t  t hey  may 'be considered t o  expe r i ence  a uniform r a t e  

of s t r a i n  over the whole time h i s t o r y  of i n t e r e s t .  Tiis of course  

1 6 ,  G. K. Ba tche lor ,  Proc. Roy. Soc,  A -- 213, 349 ,  1952. 



i s  r e l e v a n t  to t h e  s i t u a t i o n  /r,l cc % and we may seek  from h i s  
rL 

r e s u l t s  some es t im'a te  of t h e  t ime to e f f e c t i v e  . isotropy of n e a r  1 
neighbors.  I n  f a c t  he i n t r o d u c e s  an a s s u m p t i o n  which r e q u i r e s  1 
f a i r l y  r a p i d  l o s s  of i n f l u e n c e  of t h e  i n i t i a l .  o r i e n t a t i o n  of PO f o r  

rC. I 
s m a l l  enough. By f a i r l y  r a p i d  we mean i n  a t ime l e s s  t h a n  a  

'b ! 1 

c h a r a c t e r i s t i c  time of e longat ion of the m a t e r i a l  l i n e  spanning t h e  I 
i 
; 4 

s e p a r a t i o n  to . 
r.. - 

Forlowing B a t c h e l o r  if < 1 )  dm 1' ' i s  d e f i n e d  t o  be 
I 

such a  t ime s c a l e  i t  c a n  by d i m e n s i o n a l  r e a s o n i n g  be r e l a t e d  t o  ! ~ 
3 Ji 

1 C E )  t h e  Kolmogoroff time s c a l e  c l l a r a c t e r i s t i c  of t h e  small edd ies .  1 1  

I 

$ is  t h e  k i n e m a t i c  v i s c o s i t y  and  & t h e  d i s s i p a t i o n  r a t e .  ' i  
It is  r e a s o n a b l e  t o  e x p e c t  t h e n  t h a t  i s o t r o p y  of t h e  r e g i o n s  I 

of t h e  s c a l a r  spect rum a s s o c i a t e d  w i t h  t h e  s m a l l  s c a l e  motion of 

the  t u r b u l e n c e  w i l l  become r a p i d l y  i s o t r o p i c  i n  a time s c a l e  

S u c h ' a  r e s u l t  a g r e e s  n i c e l y  with t h e  e x p e c t a t i o n s  of t h e  u n i v e r s a l  

s i m i l a r i t y  t h e o r y  and i n  t h a t  s e n s e  i s  n o t  unexpec ted .  It may a l s o  

be remarked t h a t  even i n  n o n i s o t r o p i c  t u r b u l e n c e  fo r  h i g h  enough 

Reynolds numbers s m a l l  scaie i s o t r o p y  i s  p r e d i c t e d  by  Kolmogorovian 

reagoning and t h u s  t h e  above a n a l y s i s  h a s  wider validity t h a n  t h a t  

done on the l a r g e r  s c a l e  mot ions  w h i c h  a r e  u n l i k e l y  t o  e x h i b i t  

i s o t r o p y  i n  a n y  p r a c t i c a l  s i t u a t i o n .  

I , ! I  
/ s ., 

I 
9 ,  

i.' 
I 
I : ,  



- 3  ?ormulation With Mof e c u l a r  Dif fus ion  
C 

The d i f f i c u l t i e s  of i nc lud ing  d i f f u s i o n  p h e n o n e ~ ~ a  i n  a Lzgrang- 

i a n  framework a r e  w i d e l y  recognized. A f ormai s t a t emen t  of t h e  

evo. lut ion of -a d i f f u s i n g  s c a l 2 r  b i n  terms of t h e  f i e a d  va r i ab les  

4 and + can e a s i l y  be shorvn t o  be descr ibed  by 
* 

! 

where CCL_ )t) i s  the  Lagrangian p o s i t i o n  field for'which an 

inverse i s  assumed end which allows an E u l e r i a n  desc r ip t ion i  of t h e  

i n i t i a l  p o s i t i o n  of a p a r t i c l e .  

T h a t  i s  

An expansion of (3.1) i n  a power s e r i e s  i n  time indicates t h a t  

N otu 

and we obtain 



An e x p l i c i t  c a l c u l a t i o n  of t h e  term OhL) i n d i c a t e s  a s i g a i f i -  

cant  coinplesity i n  the c o e f f i c i e n t s .  31e d i f f i c u l t y  f o r  our purposes  

i s  t h a t  The c o e f f i c i e n t s  , un l ike  t hose  i n  t h e  term of O&), e r e  de- 

pendent upon t h e  s t a t i s t i . c s  of t h e  Lagrangian  v e l o c i t y  f i e l d ,  It may . 

be argued t h a t  we a r e  a l r e a d y  s e r i o u s l y  compromised by 'the necess i ty  

of having t o  p r e s c r i b e  Lagrangian v e l o c i t y  f l e l d  informat ion;  how- 

ever t o  include terms of h i g h  o r d e r  i n  t i m e  we w i l l  need t o  p r e s c r i b e  

j o i n t . p r o b a b i l i t y  d e n s i t i e s  f o r  t h e  Lagrangian  displacement  and a l l  

the  h igher  o rde r  s p a t i a l  d e r i v a t i v e s  of t h e  p a r t i c l e  pathj a t  t h e  
I 

i n i t i a l  i n s t a n t .  

If we consider  ( 3 . 2 )  of f i n i t &  order Equa t ion  (3.1) &,an be 

i n t e r p r e t e d  a s  a  l i n e a r  s t o c h a s t i c  o p e r a t i o n .  . i 
\ 

L b(s ,J~)  = PC%\*) \ \ 
\ 

with  P [ Q ,  .. 0) g iven  s t a t i s t i c a l l y  and indepenaent  of t h e  ye loc i ty  

f i e l d  b u t  wi th  the  c o e f f i c i e n t s  of t stoczrstic and no t  s t z f i s t i -  

c a l l y  independent of the  pa th ,  

Formally then we can  s t a t e  

A c e r t a i n  amount of p rog res s  has  been-made in t h e  problem of hand l -  , 

ing s t o c h a s t i c  l i n e a r  opera tors (17)  b u t  bo th  t h e  complexity of t he  
I) 

I 

17, G. Adomian, Revs, Mod. Phys. - 9  3 5  1, 185, 1963 .  



operntor L f o r  terms of . O(%L) o r  h ighe r  and i t s  s t a t i s t i c a l  

coupling with t h e  Lagrangian displacement f i e l d  axe discouraging, 

The situa-illon f o r  terms of OLk)  i s  n o t  so  depressing-  From 

( 3 . 2 )  we can a o t e  t h a t  the opera tor  k i s  now e n t i r e l y  defined on 

the s c a l a r  f i e l d  i n i t i a l  s t a t i s t i c s  and we a r e  required therefore  

t o  p resc r ibe  not  only  t h e  i n i t i a l  s t a t i s t i c s  of the  pe r t inen t  s to-  

c a s t i c  measure (mean, 2 po in t  c o r r e l a t i o n ,  etc. )  but a l s o  c e r t a i n  

second o r d e r  d e r i v a t i v e s  of i t .  

For example assuming homogeneity of bo-kh the  turbulence and 

the  s c a l a r  f i e l d ,  no dependence of ,the i n i t i a l  tagging on the t u r -  

bulence, and inc luding  molecular d i f f u s i o n  o n l y  t o  Ok& ) , v3e find 

f o r  t h e  two p o i n t  c o r r e l a t i o n  

where  t h e  f i r s t  term i s  the s c a l a r  evo lu t ion  wi thout  molecular 

d i f f u s i o n  and i n  the second term 

A s  a general  expecta t ion  ~ ~ f l ~ g , O )  w i l l b e n e g a t i v e i n  
I , \  

the region near t h e  o r i g i n  and p o s i t i v e  f o r  l a r g e r  s c a l e  / 6 so  I 
yc t . . 

t'nzt, not ing t 0 )  f o r  a l l .  c and 5 and f o r  s m a l l  times 
h N 
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, ( 

I 
' I  ' 

the c o n - t r i b u t i o n  t o  a f i x e d  5 will be p r i m a r i l y  f rsm r eg ions  of ("0 
* ' . 

I 
approximate ly  e q u a l  t o  r , t h e  i n i t i a l  e f f e c t  of m o l e c u l a r  d i f f u s -  I 

h 1 

i o n  w i l t  be t o  accen tua te  -tile actLon of t u r b u l e n t  nixing i n  the 1 I 1 1  
sense t h a t  the c o r r e l a t i o n  at smell s c a l e  motions will be decreased 

and that at l a r g e r  s c a l e s  w i l l  be accen tua t ed .  

\ 
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