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An extengive theory of syntonogenousg structures has

heen developed by purposs of this nanrer

is to gtudy the relationship hetwesn gyntornorenous

n

tructures and cornlete resularity.
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w syntonorzsnceng structure givss rise to two Tonolosioes

. in general =2nd so it is natarel to associzte a2 bitorologicul
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pace ith a syntorozenong structure. 4 svntopogenons
structure characteriges a varticul=zr tyne cf bitopelogicel
gpace; a bitowncleosical zpece is comuletely remalar 177 4t

N

is gyntopeogenizable, This ig similar to the result that =
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symnetric svntoposenons ghtriicture characts

type of tonologicsl snace ~—- the comnletely regular one,

The bitonclozicel gmece of & nerfect syntonosencas

structure has some special vroperties.
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Definition 1. Let 7}, f) he tro topologies for o,
Then the ordered triple (3, 7 , 9 ) is =2id to be a
bitopologsical snace: " and T} ere called the left =nd

SR, P o - s TS S S -y
right tomologizs of this smace.

Let < he & tovorenous strieiurs on I as dofined
Rl

on nece 59 o szar (1). Denote by C’ the family of all

Q
o)
M

subgets T of & sueh that x £ T implies o < ex; it ig then
obvious that 7 ic a topeology for &, Talte ’j to he the
farily of 211 subsets T of E guch that x € © imnlies x < &

then ©J is also a tonolosy for I,

/
s s s b — W h G 3 :
Definition 2. Je will call (3, < , %! , } ) the '
{
bitopological space, 7 the left topolegy and 7 the right

topology of < .

But when the context makes the ueaninz clear e will

also dencte this snace by (i, L) or i,

Denote hy k, k the Kuratorgkhi closure funetions
. l '
resvectively for "j , . ixpress convosition of function:z

by juxteposition; thus ck will denote cillh) Tor 2ll snhasets

; . N / ) X . .
L of B, Tak%e 1 = cke, 1 = cke; then i =xd 1 are the interios
functions for k and k:

hitonological smace (E, 9 , 7 ). Then i contains orly o
i

ginrle point = we vwill write kx for W& snd kx for .,
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Fov y & ¢ irplies € < ¢y and co of. < ¢7y hence v ¢
which im=lieg ¢C & 3B, erafore o ¢ C vhence

. o g [ R B B T .
vart of The thzoren; can

Corcliary. ®i = L oa ji } gnd = z X oz oz sl
y H 5 /
¢

Proof. Let &4 < B, Then ¥4 C B since x ¢ ki inmmlie;

x & B for x £ 3B

e B Cex and so0 A £ ¢ox hich

is a contradiction. flso x € A imnlies x & B and so = &

y
H
9

whics it follows A C iR,

. . - . - - s o =] o
How A < B imrlies there is C & Z sne that A < C <

3 : v o] r % e O B

dence kK1 C < B and so ki Be Also L <L C C 1d =2nd ano

-4 (S R, i 1 3 1 1 1 1.2 .. . oy = L P I
L o< iB., Mhs A < B dmnlies kL < B whish in torn Lvolies

The converse igs obhviocus.
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erd right topolomies of < coinci
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1y with the right and lelt tornolan
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< wives rize to a tororenons



i

L rcenerates no new tonologies.
i i
TY o & L + a b P frie SR IS, i .
efinition 3. Let (Z, 7,7 3, (7,5, W) he o

biterological anaces evd £ a Mnction from 1 to B, Then f

ej'“;f )

is gaid To be continvous i7F § is R continuoug and

3)

i
- . . . ~ A & y
Definition 4. Let (73, ':7 s j ) he bltono osical
sneee and P oz suhset of i, Denote hy ﬁL the rel ““'HV"-—
gations regnsctively of “’j s 7 to . %hen U, 3L, EL

a gnbsnace of (4, j s o e
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Let R he the =et of 21l resl numbers., Define a

guasinetric m for R as fol

n ; vo<
There < denotes the umeal order for the reals
T ' £ ") in) s 1 [ A & ! s &
Tor subsets 4,8 of R write W(i,B) = inf iﬁ(x,,) o LAy

A -+
y € B } Define < for R by 4 < B iff Li(4,cB) > When
< 1s a topogenous structure on H,

o~
Definition 5. e ;111 call < +the nensl topogenous
,/u

structure an 2 and the bitopological suece of £ the uwrm-l

bito-ological space for R, If 4 ig & sudhget of R Then The

PR T B A s A A ! O . . N S o] RNk
suhg see for A dg g2id fo he the uauvel b i,,OvI?OlO,’j',lC.—;A,,z.. SRRl SR



Denote T (Ryr,r,; the usnal bitorolosical snace

R. Liet I denote the clogsed unit interval &f,l

.

ie will 2lso dencte by 1 the usunl bhitopological svace

L.

~,
0.

Definition A bitopolosical snesce

sald to be

(

completely resmlar 1fF

i) i fj—closed and

e
>

S vy in ch Imply

continuous function £ from & to 1L

~z

T4 O and f(y) = 1 and

{
B is “J -closed and x g cB

(4

St

imply there is

a

continuous function g from £ to I such that

0 and gB 1.

.
.

X <¥ y% and

2
it

let

R

"For %,y in %k

Rx = { y

:{y
/

[3
e

/
v < x)

for the reals. Then the set of all xR for x in { is a
base Tor the left topolosy of R end the set of all
Rx for x in R is a base for the richt tovnology of H.
/ .
< will denote the usual order relation for the

e

S L

reals in Lemmas 1, Theorem 3. Lerme 1 is wel

the

A such that

(i1) U { s8] 5 % e pl =
Por z in ® take £(x) = inf { t r x & b(t}} « Then

where < is the usual order reletion

known

for

real s,
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{X 2 f(x) < u} = ) { SCt) + 8 & D oand t < ujan
. I o an i
$x ¢ () < oz () { 5(t) ¢+t & D oand u < b§ f
every real U,
9 o l I N . ’
Lermma 2, Let (&, ¥ , k¥ J be a biterologicsl sne

Bor each £t in a dense auhs
S(t) be a subset of X
.« N l ,
(i) i8{(t) = s(%)

[
U { os(e) =t ¢
£

(iii)

Then the function from

{ t s

Tor a resal

/

Froof,

igs the union of i -open sets and so is

/
r continuous,

/
k

Next, for a real u,
—1

L

and so cf

say. Fow £ < () { k8(%)
(ﬁ { k5(t) ¢+t € D, u

-

~

/
imply there is v in D suclh that v < v <«

—— e
e

s

ks(v) ¢ C) e

e

(

is -closed.

Hence
and so

ig k-r continuous.

iy

and let ig

There

S(u) if

)
=4

X £ S(t)} is conti

1 the

uk = { x ¢+ f{x

Theref

then a continuous

-
6]

2t D of the nositive reals

such that

/
t < 1u and

D=8

— A

to R defined by f(x)

Nnuous.,

the set £ uR =
i
/\-, \ "
) < U.} = { SCtr s

_ / .
: v £ D, u <« t} « Also

/
't} C A since= t € D, u

£

t and so

- sad this Ly i
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ore ich ch

<, k,kj be a bitopelomicel s

functicn °
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B to I guch that FA = O and fel = 1.

Proof, Let D be the get of 11 numbers of the form

u?  vhere » and q are vositive dntesers., Tekwe S(t) = o for

;
. " 4 \\ o Ty - o K ~ Sy g N .
T in D and 1 < 4, tale 3{(1L) = B and take S{(0) to he an

/
s . A - K : < LY« = 1 : N
i-omen set such that A < 5{0) < B, Tor t in D and

/ / . =1
0 < t < 1 take t in the form t = {(2a241)2  and choose,
/ .
inductively on n, 3(t; to bhe an i-oren set sweh that
P . ” Rt N . . X
S(2m? Jo< s5(%) < S({2m+2)2 ). Such choice is poscidle

since < ig a torogenous structure. Take £{x) = im’t’{‘t D ST

P

Then f is continuous. Also FA = 0 and feB = 1.

Corollarv., &L < B imnplies there is a continuous

/
and fked — 1.

O

function £ from ¥ to I such that fki =

(B, < ,k,k) is

(o)

Corollary. The bitopological spac

conpletely recular.

Let 8 be a syntopogenous structure for L. Define ‘]

to be the family of all subsets T of % such that x in T
i : / / .
implies ¢T < c¢x for some < in S. Then 1 is a topolony
fd.
for 2. Similarly the family “J , of =2ll subsets T of
E . / / .
such that x in T inplies x < T for some < in S, is =ilsw

a topology for E.

/

fon

Definition 7. ‘e will say (5,5, 7 , oy de the

’z bitopological smace of 8, % 1is the left topology of .

oo o’
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and

i
?j is the risht tomeliosy of &,

Given a syntonosenouns structire
/
ry relation < by A < B iff 4 < B

< is a toroszenous structure on =

t torologies of < coincide ro

S on

for gome < in 9
and the left and

right topologzies of S. ilence a syntonogenous snace

(B,8) is completely regulaf. Also L <

impl

> 4% -
les there

that f4 = 0 and fe3 = 1.

gaid

is a syntonogenous structure (or to DO

ce is (B, *J, f}).

T wh

Definition &, A bitopological sz

to be syntorogenizable {or tonogen

ose bitopological sva

Q“'

Thampuran (3) hag proved that a

om & to I guch

gnectively +ith the 1lafi

commletely regular

hitopological space is guasiuniformizable.

quas
in t
be ©

the
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iuniformity U e can ret a syntopo

he sane vay ag 2 symmetric syntorogenous

btained from & uniformity --- such

same hitopolozical spece.

ad

It ig clear that = bhitopological

it 1s svntopogenizable, Je now have

Theoren A, 4 bitopcolorzical snoce

it is torvogenizable,

geno

that

sn

the
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gtricthire cun

WU and o hove
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Definition 9.
sald to he
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