
P.n extc??sive t'ieo?:.y of' s~:nti?~o~eno..l.,.;.. s t ~ x c t u ~ o a  ' : a s  

/ / been clevelsped b:r Ssaaz:3.r (1). T'le puspos?  of t h i s  ]~:t:)cr. 

i s  -to ~t1:~J.y t h e  r~l.ati .o~.slrri i ,  bet;.iee-i! sy~tu?o , r?enol . l~  

s t r u c t u r e s  2.nd co:.:y!lete rc,u:!.srity!,t, 

A a g n t o p o ~ ; e n c ? ~ s  stl-u.c.h?re gi-irss ~ 4 3 ~ 3  -to two i,o?ol o.$-,?s 

in < e n ~ r . ~ . l  znd. 8 0  it IS nz1..t7lrz.!- t o  assoc.i.;'i;e 2 bLto;:ol.o;yic:,.l! 

.!-:, s:?:!,ce -;; L.A a s::.nl:n.i~~;:~no-~?.s . - struc- txtro,  X s : ~ n t o p o ~ e z a n ~ s  

~-kr-~1c ' t1~~e c h a r a . c t f ~ ! ~ i z e s  a, ~z.::-ticula..r t y ~ e  cf bitopo!.o;.;9ct.,l. 

space;  a. b i toyc lo , r ; . i cz l  aTi...c:e is co??:!!.rlete!-y jvro~~.2lr-.:r $.:?:f it 

is sgntopo~~er_i~t~'ri!.e. T h i ~  is similcr t o  t?le resnl-l; -t"l .~-5 n. 

syr? ;se t r ic  s y n t n p s s . : e n o ~ ~ s  s t ~ i ~ c t u r e  charz,c . te7-i~;  es '3 p ?.:r-i;ic;~la.: 

t y p e  o f  "c;>ologic?-i. s ? a c e  --- t h e  c  r?-pl et2l-;r req11.1- 3-0 i:.,? ? . 

L e t  2 den.l.ote a s e t .  T41e e:?~n-t:.- EII -~BFI;  o f  2 ----- 

. -. rl.enoted d y , ~  p( w.6 :or e s i ;hget  i; O? i -:re .::i1.3. write c;.  2 c:r. 

+ 7.. , -. 
,$ ,I.) ~'~) ' ' :?- . : l . t? :1~i l% 0.r ,L. ~f i'i :octair:s f):1?.1~ 0'1';% ~.!l-C?.:!Tr:.~>-i: I: . . I:  

: f i l l  :::rite cx  Qor  c , i .  



/ 
obvious t77n.t .'j i c  8, t 0 ~ 0 ! . 6 ~ ~ y  fay 2. T z l : ~  7 to 

D e f i n i t i o n  2. e 1 1 1  , < , , ? t h e  
I 

r P b i t o p o l o g i c a l  space, f the l e f t  topol~gS a13 -j t h e  rich-t 

But .?Then t h e  c o n t e x t  na?res l ;?~e :Q~T;.L,-Q:~II: el ear , -e  :iil.l 

also dent-tc tliis s;?ace by (:.I, <) o r  j.'. 

I 
Denote by k, 7c tln,e I(urato.-;s~.ri c?-~s~lre fu.ric tiot1.s 

I 
r e s ~ e c t i v e l g  f o r  3 , , 3xpress coqns- i - t ion of P~nct i r : ) !?? 

%y j ? l . ~ t z ? o s . i t i ~ n ;  t'!?.u.s C!C -:'%?-I d.epote ~$4.':) f o r  d.7. :::lt?:;r?t:-: 
I I f 

of 3. Ta:?,lre i = c , ? . ~ ,  F = C ~ C ;  tj>en i ::>:3 i :.re tl-!e i.:;.!;fi::!-i.i'i-' 

f u c c t i o n s  for k 2nd 1:;. .:e o.ill also ::ri$-? ( d , k , h  Yc.? ,I; !-a q 

I 
bito;7o?ozice7- s?:?.cc; (;I, QJ , 9 jJ). ,I.ren co~?.!;a.i~?s i!--:-!.y c 

I / 
siul:.:le ::o.;.'-:-1; y :ye y?i!-3. :.lri-ljo ::x To?: 1:A s?lf? I:?: -!'or ? : s i .  



x E 3 for x cB i*.y?-ies 3 C: c s  acd  EQ A C c:\: . -1~5c?q 

. ., 
is a con.!.t;"?.d.tctio?. . ~ J so  T: t: A im?.2l_ies r_ 4 B and. so :: E .I,.> 

I 

fro:::: !;;!,!ic;: it follo-,-is A C i.3. 

q11- 
--le convers P i s  O ~ T T ~ C ~ J  S. 



i 
4 ~ : s ~ > . e r a t c s  j.10 nec ~tc-ol-ogics, 

I 
DefiniJij.on 4.. Let ( 3 ,  9 7 ) 'a? 5 TJ~~o:I?c>~.o.~~c?~I- . . 

\ 
I 

s;?Fce ?-nil z,, ssubset o f  3. reno- te  by , '4 ,  t k e  re?-.a-tivi- 

L e t  3 be t'?e s e t  of 811 real  ~zusberr , .  Define a 

g?.~.?si?e.t-.ic m for 3 F.S follo7::s: f o r  2-3-7- ~ e z . 1  x , y ,  
/ 

\!? - :: , x s y  

- -~here  .( f i e n o t ~ s  t h g  u ? ' ~ ? e ~ l  O Y : ~ ~ ? Y  for tl?e :reaIs. 

$ 1  
?or ssnbs2ts A , 3  of R -:?rite !.5(;-,9) = i f ,  : x & 

t *- -y.- 
\ 

y E 8 ) . De.f ins  < f o r  2 by A < D iff :.:(A,cB) > 9. T'len 
.*- < is a t topoi~eno?rs s t ~ i ~ . c t l l r e  on. 3. 

f c r  :-. 



(i) A is 7-c?. .osed and g in cA i q l y  t he r e  is 2 

. * conti??uox.t.s f~??iiic.-tio f fro::! Z to 1 sx~cb. tllat 

fR z 0 and. f(y) = 1 anc? 
f * - 

(iS E is $7 - ~ 1 o ~ a r i  . m d  x E. C-8 iil:ipl?j t3ere is a 
I 

continil.ous f u n c t i o n  g .Cror?. 2 to I such t k a t  
! 
\ 

gcx) = 0 and ~3 = 1, 1' 

i 
I 

' F o r  x,g i n  R L e t  x3 z y : x < y )  a?d 
I / 

Rx : ( y : y < x] where < i s  t b e  usaal o r d e r  r e l ~ t j - c ~ r .  

f o r  t h e  r e a l s .  Then the s e t  of all x3 f o r  x in R is a. 

base fclr the  l e f t  Lopo!.o_r;y of P, cn?  the  se-t of a l l  

Rx f o r  x in B is a. ba.se f o r  t'le r i ~ h t  topo logy  of 3 .  

rea1.s in. Leslmzs 1, 2 and Theorem 3. Ler_?.rnz. I is ;:'elI k!.;o:;:n. 

p o s i t i v e  rzz1.s let S ( t )  be a subset of  3 svch t h z t  
/ 

(f S ( t )  C S(u) i.? -t < u r~n?. 

I ( i i j  U 4 S ( t ;  : t r D = ;$. 
C 

P o r  x in 3 t a k e  P(x)  = inf { t : r b ~ ( i ) )  . T h m  



/ f 

{ x  : f ( x )  < u ] = { ~ ( t )  : t E. D >,-,:fi t -< n 1 i . n ~  
t v  / ,  

{ x  : f(::) I L  j z 0 s ( t 1  : t t II and n ; * t j  f o r  

ever:: r e a l  u. 

' \ l l e ~ ~ . 3 .  3. Let (15, k , k j be a bi.d:r;~olo,~i~cc"hS s::~ce. 

For eac3 t i1-1 a. $.ense sll??set D o:f t?.le 3as:i.tive r~?(:Cs l e - t  

S(1;) 'ue r:, subset of  3 ~ 8 ~ ~ 1 2  t'na.t 
I 

i i t  = S ( t )  
/ 

(ii) l c S ( t )  C, S(u) if t i u. ~nci 

.- ( i r i j  CJ I s(t) : t E 17 1 = is. 
b 

Then the Puriction f f rcl- 2 t o  3 ':I.efined 3:; f (x )  = i s i f  

{ t : x E ~ ( t ) ) -  i s  cor!tinv-ous. 

-1. 1 
Proof .  For r. red- 11 t h e  s g t  f ,231 = { x : / 

/ J 
i s  t h e  union o f  i -oFen s e t s  and s o  is i -open. !-lencr, f i.s 
/ / 

k - r continuous.  

-1 I 
Wext, f o r  a r e a l  n, the s e t  f 7 1 2  = '1. 

{ X :  u < f ( x , J  
-1 I 

; ~ n d  SO cf I :?=  ( x :  f ( ~ )  U. ) = t. 

/ 
say. Herr A c { ( : t E D, u <- t] . ~ l s o  

/ f 
irnp1.g tkere is v i l l  I1 x1,lc:z th2. i  12. ( v ., t and so 

i s  k-r contimlous, 

n 
/ 

i j leorv!  3. L e t  ( 2 ,  < , , be i;..tn:,nl.o:.ic.:l *;:,::L:-"~ 

and !.~t k C Ha There is t hen  a contiyl~7.o: :; : r ~ ~ n n t i c : ~  r ?I-:- ,, 



i< -L;o I such t ? t ~ . t  f R  = 9 ;~.nc! Gc:B = I.. 

l':rac?:f. 1 ~ o . t  D be -tL?e s e t  o f  ??I ~ i l ~ . n . ~ b e ~ s  o f  .t?-~e for;;! 
-" 

.!. 
~3 x;rt?-lere !? 2nd q arc  :-mzit l : re  in+;syc?rs. T,z;,;c S ( - t )  = .; f ~ ? r  

/ 
t iz.1 1) 2 9 d  1 < t, t~:!;r! ~ ( 3 . 3  = 1.j a>:+. t?,'ce S ( 3 )  t o  3 c  : l f i  

I 
i - o ~ e 1 1  se-t s:~ck! t h a t  i,. < ~(9) < 3 ,  Por  t i n  i) nnil 

I i 
9 < t c. 1 t + ~  t in tile form i; = (2n+lj2-"  n?lA c l~ooce ,  

/ 
ind.uctively on n ,  S ( t j  t o  he ZTI i-ol?en s e t  such t h a t  

- 11 -n 
s(2m2 ) < ~ ( t )  < ~ ( ( 2 9 4 -  212 ). Such choice i s  yrowsibl-e 

s ince  4 i.s a t o p o ~ e c o u s  strncture. Take f(x) = i n f i t  : x t ;it).; 
I r 

Then f i s  c o n i ; ~ . n u o ~ ~ s ,  Also fh Z 0 %n6. fcB = I. 

\ '  

Coro l l a ry .  I < 9 i r : ~ l i e s  t he r e  i s  2. contin1101:s 
/ 

fLmc t ion  f  fro^ E t o  I S I I C ~  -that f k i  = 0 ~ ~ 1 1 1  f k c 2  =f 1, 

Coro l l a ry ,  The bitopo1og:~cal  spzce (2, 4 , k , k )  is 

c ompl e t e l  y r e-wl ar . 

L e t  9 be z syntopogenous a t r u c t . ~ r e  f o r  3. Defillc 7 
t o  be t ! ~ e  f ar!~i?.y of 2 , l l  s u b s e t s  T ,o f  3 s11c11 t1la-t x i l l  !C 

I / 
n 7 implies cT 4 cx for so-ie 4 in S. illen 3 i s  e top03 o-'\? .. 

/ 
f o r  3' S i n i l - ~ r l y  t h s  .fm~Fl_y "j , of ell subse.ts T 0." .; 

I I 
. . :; sue? t h a t  x in T i -qy l i e s  x < T for s o w  < in S ,  is 

a to7o logy  f o r  E. 



''I Given a ay: l topo~yenol.~ S ~ T I ;  C ' Z ~ I ? ~ ~  S on ..; d e f i ? ; ~  a. 
/ / 

b i ~ . a r g  r e l a t i o n  < by A .C1 ir; i f f  :; .< B foT 'snme ( rill 1;. 

Tken < is 2 to~o::en.ous s t : i . i~ct l~re Oil  '3 c118. t h e  I-efi; z~-tr! 

aul.c! ri.i~!~-t t o p o l o g i e s  of S . 'rlence 3. sylito:?o,c;enms sgc.ce 
I I 

(i2,S) is con.lpletely rep.~.lal:, ~ U s o  3 f o r  Csome 4. in S 

sa . id  t o  be sgn to rogen izab l e  ( o r  t o p o ~ e ~ : i z a b l e )  iff t k z r e  

i s  a synto>ogenous strzct~xre ( o r  topocenous s-tr~!.ct:'r.e) on  
I 

j2 w1?oso b i t o p o l o g i c ? ~  space  is (x, 9 , 7 j. 

ThRm_nuran (3 )  has  proved t h z t  2 c o ~ ~ . ; ? l e t e l y  r e g i l z r  

in t h e  s x ? e  --:ay s.s a syzrfiet;?:ic syn to?o~eno :~s  str l~c-k. t . rc  c:u; 

be o b t a i ~ ~ e c ?  from a. uniformity --- such that %k and :; !?;lve 

It is c l e a r  t3zt 2, b i t o p o l o ~ i ~ n '  syace  is to;:~.;nfii: ; . : . :~~.~ 

i f f  it is spntopo(yenizab1e. .:e noa ?iz.~.ve the  res1ll-b: 

rrl' .. . .L n e ~ r e m  /r., A b-jto;:o7.~yica!. s.;>.co is co7-lE?"i~~.:: '" r '  ' ? -  

iff i t  is topogenizab le .  



s a i d  to be re:-?llnr I ? P  

f co~,~l?letel;r ?c ; ;~~la r  s:?ac 9 i s  ev-iclsntly re~u.lcr;  

hence F~ syntcpogenous s?J?.ce i s  re?;ilar.  1-1; i s  c1.e.1: t,i.;.'L 

2, s~~'os;?:?,ce of a recn-iz.-i -, spzce :i.c ?+c~u:l-a~.  A proG:i!.c!; of 

re~j.11 a,? spaces h8.s been sh o-:!I?_ t o  i,e rs?~!l- .- sin by !2:1~~-2::l~~il Y~!": ( 2, . 

Theoren 5. L12t -< be a perfect top!,,ogenous ~tlr-:~.c.'i-.'-:.*~~ 
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