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Kelley (1) has G"tls.racterizeJ topologtcnl Sp'::i,C~~;by

convergence of nets. l{e-;;s are defined J.n terns of a direC"lr.:<~

S.::t. It i.3 ::';"',c;":n in this ~::np'?r t118t t'1],5 ]:\TO})ert,y of dj,!~c,::tLHl
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Kurc::.:tO::i3ki closure i\:n~ti(~~l huJ.; t1:j,s C?J1 be T)T'ovcd. 1)'11 U;').il"~ t'lCj ~. . '..

di~ected ~ropeTty of the neighbo~~cod system of a point.

',711e'n a. to:p(';loE.~ic&1 concept 5'..1C:-'las H2.u.sclo:ri'.L;'.r;;;E OJ:
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C~:,J " .It' :. c, ~ v ,..c.J, .1( \.J, . b Ceo~ .. . - -- '-oJ -. .

IJct I.1 be a set. Ji'or a subset~ B of ;.;,10t cD rlcnotc: t\l8

comple:1lr:n.t o'!: B wi t~1 ref.ncct to H. Let h be P. }:Ul'<.'.to\"l:;1d.cl[!::~1n',:,~
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." , U.) ,., -.- "'- v , ,.. "J
,"



--" ~~...".
"'1),;,-' h. C:o:'",nosit'Lon of fnnctions \:ill be ienotccl 1)'[ ;iu;~t!1nofji tion ,..1. .. v .

th ' c '.n 1"' lJ '",,,,, (1''' ) 1 -1.. '", ol ' v ' '('. '!"". t " - 1-"" i' n f
' ,. .

~1..~ Cll..; -,1... 1,.8".11 C 1.0. v 1" : J.OU,-) "".1", c.J SU ).,C' . j) 0.. :.~ 18

a ncigh"bor~lOod of a ~)o:i,nt x iff x is hl chcB. r,

Definition 1. A nonenpty f:)l!1ily b of nonemr.'ty Sl1b;:;ctf;

f ".:'",,.. ' dt 1-(0) rrp' r "'11'f7Arlf' l
'
Jt "h" - .,1 ," 1 1 r< ,i',o. ,.. 1..> ,-')a1 0 l)~ a :;)~r.(> '.4 .J~", - -.,r~o::.se. .Ie \,1 .~aJ. ,) J.S

in Ct subset B of r,iiff 0VC"J.'Y r~emb'?r of b is ~ subset of B. Jl

generc'.lizp.rl filtero2sPb is s?5n to be firel~ than 0. GCY1.eY,;l:i.~cc1

filtcrbese diff every ~e~ber of d contains a member of b.

A geneY2.1izeclfil terbE').se0 is said to be event'lally in a set

B l'f' f ~ OJ"'r> ",-,p'r' O AY' of b 1'", '" <:"Jbs p t of b ,. ''' (>ne 1''<'] ]l '~ e (l 'f J'l'!'p""' O '1"'"
... u ,,~ ~.. ~., " ,. oJ (A, ..0'.. . ~ . . 1-> G, - cc.. .r,'.. -.. ,-- " :- ., ,..') <.;

b is s::dd. to converse to a point x iff b is eventn2J.ly in each

nei~hborhood of x.

Theorem 1. x t. h3 iff so~e £?;eneralizecl fil tr3r1}8.se in ~3

converGes to x.

It is obvious t1:at if a generalizocl filtcrbasc b convorges

to x' and d is 2. gener2.1ized fil terbe,se finer tha.l1 b t';8n c1 <;.1so
. ..

converses to x. .

TheoreJ11 2. Let the 8eneralized fil tcrbase b in j.. ~J B

conve:r.r~e\to t11e point x. T(~ereis then 2. generalized f:Lltc~:,b':',.~e

d such that d is either in A or in B <:nn d conver:.;e~.; to x.

Proof. Every neighborhood of x intersects A U D fJ.nc1 ~jO

A intersectsevery neichborhoodof x or B intersects every

neig~borhood of x.

Theore~ ~t Let d be a 5cner~,iz2d fiIt0rb~8G and x ~

, "--
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POi!lt in )'1 SHch thRt---d ~do-es r;oT conv\-'riic to x.~- Thcre--ls tllen-

a f;u.Dset X of M such t,,"(~t there is in X a .:'~eneralizC'8. filtcrh:1s8

e finer the.l1 d and t'l::-~t no Generali7.(,~. fil tcrb;;se in :{ c011verces

to x.

Proof. Since d does not conv('~Ge to x there is a

neighbor~oo1 B of x such that cB inte~sects every me~ber of d.
"

T?ke :{ = cE. ~hen t:~e f2.n1ily of all intersections of P1e~b8rS of

d ,ith cD is a generalized filterbase e, in X, ~hich is finer

than d. It is clee.rthat no generalized filterbase in .>: converges

to Y...

Theo:;.~em 4. Let B be a subset of l'.i such that no generalizer1

filterbas2 in B converges to a point x in M. There then exist

two sets X, Y whose u~ion is g ffilChthat d is a generalized

filterbase in X implies d does not converge.to x and.e is a

generalized fil terte_se in B, y is a point in Y im:pl~/ c c100S

not converge to y.

Proof. Obvlously x is in chB. Take X = hB, Y = ch}-~.

-Definition 2. R is said to be a conveYfJcnce re1sticn

iff' R is' a s'~'hset of the CllrtesiB.Tl product of the sst of nIl

generalized fil ters i!l 1\1 and the set ;',; such t'1-'?t

(i) if the gener8.1izcd fil terbcwe b consists of. th-:: one-poi:""

set {x) 210ne then (b,x) t H.

(ii) if the general i zp.cl fiJ terbase b is fin"]' t,1 ~m d nn~

(dtx) ~ ? t~en (b,x) ( R

(iii) if (d,x) ~ ~-t for a 8.eneralized :~iJ."V:rb(l~;(' c1 :in

A U B t11cn there is a generalized fil terbasc b r.llr.h th ~t h i~-;
, '.

in A or b is in Band Cb,:.:) £. R



(i v) i{,c'(~l-~-~)-l" n fo;;~~e~--B'ener8Jrz~d fil te71'1;:l~'P. d VU:1l

t1 . . -I." "T . '} t '" L t ' ., \' . ,
. 1e1"e 1.8 rl sU~:f,e l: A 01 I.t S11C.1 'Ia'v ',18re 18 1.n -'I. ~l Gencr;~ll:'~8Q

fil terlE'se finer than d e.nd <.b, x) r R for all g0ncraJ.i:~e(1

filterb~scs b in X.

(v) if b is a Gene~~8.li3e1 fi1 t0rb;;:.se in a ~mbsct B of i,I

1., rn pl1. ''-''C' ( 1,\ X ".
r-
' !:, t " e"l t horp e V )' '"' t t\ " O S'JI 0 "' ets ? Yr

O f' .: S" C
'
n.:. <:::~, u,..' . L .,,, : , ~ - ~ .'-. .,) '. .-). . .'\ , - 1.1 .l

.that X U Y = I':!, (d, x) F 11 for nIl generalized 'fil tsrb:lses

'd in :~ and (e',y) I n for c:ll gener8lizcc1 fiJ.terb:::..ses e in j3

and for all points y in Y.

It has already b~en sho~n thBt convergence of Generalized

fil terbc:.ses in (1.;,11) sati sfi es all these condi tions.

Theorem 5. Let R be a convergenc~ relation. Define

the ~et-value,:l St::t-fU!lction h (3,S foll()","s~ for a s1J,1)sf'?t B, of ns

'liewill denote by hB t~e set of all x such th:::.t <.hs x) ( ;"t for

some f;EmcreJ.iz'2d. fil te2~'b?.se b in B. TLen (I.:, h) is a to~)olo;ical

spa.ce End (b, x) E. Riff b conv~rges to x in the tOlJolo(:ical

space U:, h) . (.

Proof. It is cl'?<3.Y t12.t 11f = I ' A C hA nnd ~1l. C hB

for A C B c= i'i. It t11enfollows fro:n cO't1o,ition (iii) of

Definition that hU. U B) = hA U hB. ':'e v.'ill now prove h is

idempotept. Let A be a subset of LI and let x £. chAt InlCn h is

a generalized fil terb;;.~se in L implies (b, x) I H. II'here L'.~I'('t':cn

sets X, Y such tha.t X U Y = 1'1, (d, x) f R for all Gener~.J. i :',,:d

fil tero2.s'es d in X and (c,y) f R for all f:;cncro.li7.0<1 f:D.t('rh~~es
. ~ ~.I"' .1 " , ,r ,- 'f" ',.: . II ']

e ln ;1 8,!lO. .Lor a. 1 pOl~l'GS Y In Y. n.p.-!1cp. 1 c:: C.I." Y. (;. C... < .

X ,-- Y , ~ c: h'" ], ,/ (IC '-- C c nA. T~C""0forc hA c: X Hnd GO h\I)~ ~ .\ f:D.n c (' . 1..
...
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C'l/. c: Cb:l:'.. This i;~lrl:i.e3 h:~,A c hA ~jnr1 so hh = h si,l1cC h is

.; so -1'on o "'nn"' e f o ""e. ( . 11) 1., C' ~ to n o' arr; cal S 'n~"' e.L V v. l , - J." . . '-' ,~. o'~ ,:,-., c , "'.' C>.\- .

Next. let the Gene~Rli3ed filterbEse' ~ conve~~e to

x in (!.I,h) but let (n.,x) f R. There is t':1en H subset X of ~.:

Sl1C~ t'h2.t thc'!:'e is in X a [eD8ral.. 1.'?J'd fil te'~b:l.se e finer thP.11

d e.nd (b, ~':) f. R for all p.:8lteral.izeo. fil to:rb~ses h in X. 'I'hen

e converges to x ,md. so x f.. hX. But x I hX since <- '0, x) f R

for ?~l geners.lized fil terl)8.ses b in X.

}'inally let (d, x) c. Ii. for a generali zed fil tel'b;-:..s e c1

but let d not converGe to x in 0.':,'1). It then follo"'s from

T11 ore ri' 3 .Lnr:: t t ' ~ . co C'"h~ t 'r f' ':. '1 h .t..h ~.L t 1,c"",,,,, 1. Qe .!l l,'.::.. [17;re 1;;) a "" uue H 00 ... SllC. v. c;..v ..., t;; 'J

in X a generalized fil te:r':)G2e e finer them d and th~).t no

generalized fil ter'o8.se in X conveTC;8s 1;0 x. By this last

condition x I hX. But le,x) E R since e is finer th~l d
hence x €. hX.

and

, ,

Thearer!}' 6. x is an accurr.m12,tion point of a s-:'10set

A of 1:1iff t~1ere is a genfOTalized filterb8,se in A - {x)

convergiF.fs to x.

Proof. If x is an accnnule,tio!l point of A t~101l cver.\T

neishbor}lOod of x intersects A - {x}. If a p:eneral izscl fiJ. te~"-

ba,se in .\ - {x} conV8r~es to x t'hen ever" nei~!1bor~'JC)ocl of x" '..

intersects A - {x}.
The next result follo~s fro~ Theoren 1.

.....

',..., ... .,.
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'l'heorem 7.--A' set B fs- closcd--iff no 8encrllli~-c:':t-
- - ~ ". -...

fil tcrbGso in B cOnVeJ'f,8s to a point of cD.

Theorem 8. A set B is a neisl~horhood of a point :.:

iff every GC~1erali'.~'"'d fil te-:~b2..se converGing to x is evcnt~lally

in B.

Proof. The necessity part is evident. Let B be not a

neighborhood of x. Then every neiChborhood of x intersects cB

and the f8.:'1ily of all the~e intersections is a generali::;cd

fiJ.terb2.se b, in cB, converging to x. But b is not evc2::t118.11y

in Band t'-.is pToves sufficiency.

Corolle.ry. A set B is open iff evel~Y Generalized

fil tprbe.se cO!1verginc; to a point of B is eve!1t1J.~ll;y in B.

It l
'

S e "' sl .'" "'ee n .1.'\-."t .., .J..o""
Ol o ""' l

"

C ~ l S -r,"' ce ]
'

s rj1 '.L-f'{'
. v. -,j 'J -. l...<;;. c lJ ;.- - u (". .'C' .- "'1 - ,.,-

for e8.c'l-t }Joint x tit.e zenere.lizpd fil terb2~se consisting of the

51
. n 0-1 /:) ~,p''' b /:) r {x}0-. ~ "'. ~...,~ - converges only to x.

Definit~onL3. A Beneralized fi1terbase b is caia to

have t11.e pair-':lise i!1tersecticn propcTty iff every pair of

members of b has a none~~ty intersection.
\

Theorem 9. A. topoJogical S~)2.ce if3 H2.nsc'lorff iff 0V(~Y'Y

genere1ized fil tE'Tbase ~:1ith t~e pair-"'ise intersection ~'rGf'~rt.'.'

converGcs to no more than one point.

Proof. l~ecessi ty is obvious. To prove s'Jfficic::c.'.' let

the spac(; be ~ot Hc:.1lsoorff. ~hen ttH:!re a~!."e t',"/O '1i:,;ti.nct ~;(d.nt~;

x,y such t"-12.t eV8ry n0.ig:lhor~",-oOd of x intcrf~nc-t.;, ('vC'nt :'('1. 'ld)nY'~';f'

, "...,
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filtnrbase, ":i tD t1-Jc nair- ::i se inter~:;ction In'orert~r, conv':~rgi~i,(;

to both x and 'j'.

Definition 4. A point x is said to be a clust8r point

of 8, p;enera.lised fi1terbaseh iff b is not eventua'n~.r in t~,e

com~l e!:!C!lt of any nei[':~ bor}1oo~l of x.

The follo'-'ing results a.Te t:'ien easy to !1rove:

(i) if x is a clustcr !)oi:tt of 2. 5enera1..i~p',1 filtcrbase d

finer than b t~'2en x is a clust"rpoint of b

(ii) if a generalized fil t",rbase b has t':le pair-"ise

intersectio!l propert:: a-r:.cl cOYlyerges to x then x is

a cluster point of b.

(iii) if a sener?.lizc;d fil t8rbs.se d wi th the pair-'."ise

intersection prope:ty converGes to x and is finp.r

than b then x is a cluster point of b

(
.

)
'f" 1 .L ' . t f' b t 'h t ,. )

. d~v ~.l. X 1S a c us l,er :9°~n O.L I ~.en {}f'>re 1S a 8enera .1Z';

, fil tr:orbasc d convc;rf,i~:.g to' x cmd finer. than b

(v) if B is a C105~d slJ.bs~t of J,j then eV8"'Y clust~r 1)oint,

of each 8eneralized filterbaso in B,is a p0i~t of B

(vi) if every cJ.uster point of ef..c}1 gen8Talizcc1 f'il.t0rb:'0'~'

in B, 'si t~ t'r1e pair-~r"ise intersection pro:)8rt~r h(~J.o!':..~s

to B t~en B is closed p

(vii) a point x is a clust~!' poi::1t of a cenerr:li:~t~d 1'i1 t.;!'-

base b iff x is in the closure of e~ch nc~bcr of b.

Fer a first count2"blc s:;:e.ce the uS'Jal rcs1l1tf> c:m h.;

provsd in tr;rms of Generalized ~il t(3rbr.:.scs.
,

HeGarcliYlg c~ntinui ty "'':' have t',:e follo"'inf, )~(~fjHlt. L(~t
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f he a flJnct:iJ'n P;,~).T)p5..11gt'1c to"i1o}.oe:ical S')c;.GCn intntriG
I

tc''',olor:;iCcl.l space n . For e. senern1:lzcct filte:r.o.::~;e h in].1

.
let fb ch:"!1ote t!1e fa-:>"ily (If elll irnl1ges of mcml)r.>rs of b under

I
f. 71ms :Cb is a Gcnei'aliz{~:d fil to-,'b;::.S0 in ~,i .' Then r is

con .l-l
'

111' O' 1 ~ 1., -"'f' b l
'

S a (t ene ",,~,'l l
'

Z P d f' l"j.J'o"- b ,:,c e. 1
"

1 1
'

1 CO ~lV , "'(r" L' l °'
--I. CAL.;) .L.- ":.> _..c'-'- J.~ V.,.: "'.0. j' '. ,..Lb"~:>

to Y.. implies the general i zed fil t0r::)[J.se fb convergcs to f (x) .
The proof f0110'''s the usu2.l lines.

Ne~t consid~r compactness. It is e~sy to see that

a SN?ce is cO;rl:9act iff c2.ch generc~liz.ed fil terbase b, such

that the fc.~ily of 8.11 C1os1J.Tes of members of b has the finite

intersection property, has a cluster point. So ~e do not Bet

an~Tthin[; essential1y ne"'.'in this csse.

I t has thus been sho".-n tf18'.:8. topologice.l spc~ce as yre11 ,

as o'nen sets, closed sets, clos'1res etc., can be char-acterized

by conversence of 8cneralized fil t(;~:'bases y.'hic'r, have little

structure. 1t is obvious ho',-' to gener8.li:0e nets to (?chieve the

saffie purpose.
. ~
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