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Kelley (1) has cheracterized topclogical spsces by
convergence of nets. Nets are defined in ternms of a directied
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yE. It 13 ghomn in this zaper thet £his property of direction
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s not needed in ths characterization of torologicel gnaces by
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conversence., The only place where the property of nets denanding
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on direction is used is in the rroof of the additivity of the
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¥uratorskl closure functicn bat this can be proved by using the
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directed property of the neighbortcod system
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dhen a topclegiczl concept such as Hausdorffnesg o2
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corpeotiess inposes extra conditions on the swnace then the
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medium used for convergence has to have more strucinre too; Tor
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setey, clogures 2%0.
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can be char ;;terizeu without eny exira cenditions;

trme of continuity.
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Unless otrer-ize specified, the terns used in inis

paper have the same wmeening as in XKelley (2)
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Let 1i be aget. For a subset B of " .)et oB denote the

complement of B with resnect to i. Let h be » HKuratowski clocure

funetion for l; denote by (iI,h) the topological spoce

horiingg
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by h. mposition O* Tinetions

will be denoted by juxtavosition;
thus chd will nmean c(hB). It is obvious that & subset B of il is

2 neighborhood of a voint x iff x is in eheB.
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Definition 1. A nonenpty family b of nonemply subsets
of I is said to be a gerneralized filterbzse., We will say b is
in a subset B of i iff every member of b is =2 subset of B, A

generalized Tilterbzse h is said to he.fiheﬁ than a generalized
filterbese 4 1ff every member of d contains a member of b,

A generalized filterbase b is said to be eventually in a set

B iff some member of b is a subset of B.i generalized Tilierbase

b is said to converze to & point x iff d» is evenitually in each

neighborhood of x.

Theorem 1. x ¢ h3 iff some generalized filterhase in 3

converges to X.

It is obvious that if a generalized filterbase b converges

to x"and 4 is a generslized filterbzse finer then b then d &lso
converges to X,
Theorem 2. Let the generalized filterbase b in A () B

converse ‘to the point x. There is then 2 generalized filterbase

d such that d is either in 4 or in B and d converges to x.

Proof. Every neighborhood of x intersects & () B and so
A intersects every neighhorhood of x or B intersects every
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neighborhood of x.

1terbesge and X &
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Theorem %, Let d be a generalized £
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point in i such that d does rot converge to X, There is therm
R - -~ by 4

a subset X of M such that there is in X a generalized filiterbase

e finer than d and that no generalized filterbise in X conversges
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Proof. Since 4 does not converze to x there is
neighborhood B of x such that ¢B intersects every member of
Take ¥ = e¢B. Then the family of all intersections of members of

¢cB is a generalized filterbase e, in X, vhich is Tiner
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than d. It is cleer that no generalized filterbazse in X converges

to x.

Theorem 4, Let B be a subset of i such that no generalized
filterbasz in B converges to a point x in i, There then exist

T e

s I such that & is a generalized

b

two sets ¥, ¥ whose union

filterbase in X implies & does not converge to x and e is a
generzlized filterbase in B, ¥y is a point Y imply ¢ does

not converze to y.

Proof. Obviously x is in chB, Take X = hB, Y = c¢hi,
‘Definition 2. 1 is szid to be a convergence relation
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iff R isva subset of the Cartesian preduct of the sct of all
generalized filters in M and the set i such thet

(i) if the generelized filterbase b consists of the one-poin
set {x] alonelthen (b,x) £ R

(ii)
fd,x) e B then (b,x) £ B

f the generalized fl1iOTbJSQ b is finer than 4 and

(S

. 14
T . ., 2 s~s1+apbase 4 in
(1ii) if (8,x) € R for a generalised filterbase C

11terbase b sneh that b is
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A} B then there is a generalized T

N Aoy B igiin Band (h,x) £ B



(1v) if (1 v) # it for a revnrrli}oﬂ filterbase 4 then

there is a2 subset X of Li such that there is in X & generaligsed

fiiterhsse finer than 4 znd (b, x) ¢ i for all genecralized
filterbsses b in X. ‘

(v) if b is a generalized filterbsse in a subset B of ii
inplies ; { then there exist two subsets X, ¥ of iI such

thet X (U Y = ¥, (d,x) £ R for all gemeralized filterbuses
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d in X and (e,y) ﬁ for 211 generalized filterbzses e in 3B

and for 21l points y in Y.

It has 2lready bzen shown thel convergence of gencralized

filterbases in (l,h) satisfies 3l1} these conditions.

Theorem 5. L2t R be convergence relation, Define
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the sei-valued setv-funciion h e2s follors: for a subset 3, of il

ii g

wve will denote by hB the set of all x such thut (b,x) € it for

=

some generalized Tilterhase b in B, Tren (I5,h) is a tonolosical

space end (b,x) € R iff b converges to x in the topoloeg

space (I,h).

Proof, It is clear that h # ; A€ BA and hikcs hi
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for A B €& i, 1t then follows fr

rom condition (iii) of
Definition that h(A ) B) = hi () hB. 7e will now prove h is
idempotent. Let A be a subset of li and let x £ chA., Then b is
generalized filterbase in L implies (b, x) # R. Therec are then
sets X, Y such that X)) Y = H, (d,x) g 5 for all generclinad
filterhases 4 in X and e,y {.R for oll rzencralized filterbeses

e In A 2nd for all points y in Y. ience ¥ c--chi, X € c%a @it
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cX Y = ehA. Therefore WA ¢ X and so hhA C hi since h 19



{sotones Li--then follovs x £ c¢hi C chhd from which ve.get
cht ¢ chhii, This imilies Whs < hA snd so hh = h gince h is

isotone. Therefore (i,h) isc a tonolozical snace.

Next, let the generalized filterbese 4 converre to
wApn ok bat et Ld . x) ﬂ R, There is then a subset X of I
such that there is in X a generalized filterbase e finer than

d gnd (b,x) % R for all generaligzed filterbrses b in X, Then

‘e converses to x 2nd so x € h¥. But x ﬂ hX since (b;x) { R

r

for all cenerzlized Tilterbases b in X,

Pinally let (d,%) € R for a generalized filterbase a

but let 4 not converge to x in (E,h). It then follows from

Theorem 3 that th=are

a subset X of i such thet there is

)

in X a generalized filterdzse e finer than 4 and that no
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generalized filterdase in X converges to x. By this last

s L ; s e :
condition x F hX. But (e,x) € R since e is finer than d &nd

T

hence x € hiX%,

Theorem 6. x is an accurulation point of a subset

[

A of ki iff there is a generalized Tilterbase in a""{X}

converginz to X.

Proof. If x is an accumulation point of A then every
neizhborhood of x intersects_h-—-{X}. 1f a generalized filter-
base in A — bj converges to x then every neighborhood of

intersects A — {x}.

Phe next result Tollows from Theoren 1.
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Theorem 7. A set B i§ clesed iff no generalized

filterbase in B converges to a point of ¢B.

Theorem 8. A set B is a neishborhood of a point
iff every generaliz~d filterbase cenverging to x is eveninally
in B

Proof, The necessity vert is evident. Let B be not a
neighbtorhood éf X. Then every ﬁeighhorhood of x intersects 3B
and the family of &ll thece intersections is a generaliszed
filterbase b, in c¢B, converging to x. But b is not eventually

&

in B and t-is vroves sufficiency.

Corollary. A set B is open iff every generalized
filt~rbase converg ng to a point of B is eventueally in 3B,
It is easily seen that a topclogical snece is T, iff
for each point x the generslized filterbase consisting of the

single member {x} converges only to x.

Definition<3. A ¢ eneV”]ized filterbase b is said to

have the pair-wise intersection property iff every pair o:
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Theorem 9. A topological srecs is Heusdorff if{f every
generzlized filterbase with the pair-—ise intersection preperty

converges to no more than one point.
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Proof. Necessity is obvions. To prove sufficiency let

vy 4 e

the space be not Hausdorff, Then there ave tzo distinel nvoints

ol hhorse
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X,y such that every neighhortcod of x inlersecis CVOXS
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_of ¥ and the family of_all these intersections is a
filfnrbﬂr th éhe nzir-rise interso ot10n vroperty, convergih
to both x and ¥y
Definition 4, A po int x is said to be a cluster ﬁn;nu
of = generalizsad filterbase b iff b is not eventually in th
comdlenent of any neighdborhood of x. |
The follo-i ng results a then ezsy to nroves
(i) if x. is a cluster voint of a generalized filterbase d
finer than b then x is a clust~r voint of b
(ii) if a generalized filterbase b has the pair-vise
intersection property and converses to x then x is
e cluster point of b,
(iii) if a ceneralized filtsrbase d@ with the pair-vise
' irtersection property converges to x and is finer
than b then x is a cluster point of ©
(iv) if x is a cluster voint of b then there is a generalizzd
fllt rbase d converplng to x a2nd finer .than b
{v) if 8 is a closed subset of i then every clustar voint,
of each generzlized filierbase in B,is a peint of D
(vi) if every cluster point of each generalized filterba
| in B, with the peir-vise intersection property bdelo
to B then B is closed b
(vii) a point x is a cluster point of a generzlinzed filter-
base b iff x is in the closure of e2ch menber of b.
% countzble space the usnal results can ba
terbases.
result, Let
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£ be a function mavping the topological s»ace I into the
’

ar

tenoloricnl space 1! o For a generalized filterbazse b in |
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let fb denote the farily of 211 images of members of b under
. ( -
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a generalized filterbase in i + Then £
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continuous iff b is a generalized terbase in I coaverging
to x implies the generalized filterbase fb converges to f(x).

The proof follovs the usuzal lines.,
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e+t considar compactness. 1t is easy to sce that
e. snace is comrvact iff each genersalized filterbase b, such
that the family of 211 closiures of members of b
intersection property, has e cluster point. So we do not get

anything essentially new in this cese.

It has thus been sho'n thsiz topological spnace as well
as onen sets, closed sets, closures etc., can be characterized
by converzence of generalized filtcrbases which have little

structure. 1t is obvious ho~ to generslize nets to achieve the

Same purpose.
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