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1~}'e conce'Dt of lJ,niform conti:nu~L t:T of psendometric

~:D8.ces has 'been gf'n,;;,'~'qlizec1 in tvvo wa;ys l)oth of whicb

"-'1" es P'Y' v P' S \i"11n1C'+1"V' ,thp "ic"-l'l or't O .t:"I G~ l'l ( i:) ) ,1-l l]" ('\l lJ p-l l 11r l. f' o-~m
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through proxiDity spaces. Bo~h af t~2seD nethods yield

completely reQl18T sps.ce;. ~rhe me~hod illVOJ. vine; I)roxlmi ty

spaces C<'Dl be generalized still further, viith preservation

~. 'f <::!.'T..."~ t .".. n',' -!-1,'" .,,'11 ,.'.-:J.' ~",r;.,,'J::>,~ -!-" '; c'f'..,nl ~"n",r)",0 - '-'.J )"WE. J,.1 t c-.[,I), v1J, Q " J .j l C..L.J. .i. L::,LU. ,'.L I.,0.;' o~ 06l \., ,,:,-,- i:3.!!<.-;"\,,t::..,::>.

'rhis CSI!. be accorrrplisbed t:l:('cu[~b. the use of asymrcetric

binary relation) hsvinc all t~8 ~roperties of a proxiEity

except one ~hich is modified) whose topolo~y is re~ll&r;

every regular topology is the topology of such a relation.

Products of s'Jch binary relE;.t5.onsare 21so consid ered in

t ' .
Ins paper..

'.

Regarding proximity spaces, t~e ter~inology 'used

-j t '\..i C' ", ", Y' . '" th '~-'- f :"'-'1','1 r7' I ( -7."
..n Ii_,) ra,)e., J.,) , cl., 0.. ..."".J,l;6lC )).

TJst '8 be 8. set. ?O1' a SL'bsct A of J~',;ewill wri to
',,' [,'

cA = l~~- Ao If' b C 2"~ >< 2''-> and (A, B) I b we ~iill

e.lso write (As B) s cb; if A =:; txl we will vrri te (xt B)

for (AtB)o
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E E
. Let 1" c: 2 >,<. 2 be such t~at for all subsets

AsF,C,D of 15 and all .x in T::;

1. (A,E) E. r irY'}Jlies (E9A) €. r

")
( -,..!. \

. L. ~J,/\U; E.. cr

3. (A,B) c 1" P C D r-- D -' 'TI" ] '~ (
,., D) <::

~ , l. '- ,L'.~ .L.<:1~.Y li, ~ r

,+- (A U B,C) L 1" implies (A, C) C. r or (B, C) (. 1"

5. A n B =t!. r/, iJ1]1)lies (A., B)
(r .

E 1"

6. (x,A) E:cr implies trlere is S c: ::~ such that

(x,s) ~ cr and (cS,A-) E cr.

Definition 1. A binary relation r defined 2S above

is said to be a reguler relation fOl~ E. rrhe ordered pair

\E,r) is said to be a regular f.>pgce.

We will usuallywriteE for (E,r) if the context

malces the mecn"J.ing cleo.!'.

Let ~ b t:> tlle f' aill ,l
"
l v 0 a l l S" b C!p-r.c< T of l;' ."" .1,

...J v _. ',' ... v L - u...)~, ~,).. . J.J ::5L.c~_..

that x in T i~ulies (x,cT) E c:>:'.It is o1;vious tha't ,c:J

is a topology for E.

Definition 2. Let (E,r) be a regular space. The

to:rology "J o'btsined as above is called the topology of r

or of (E,ri and (li,r, '1 ) the topologic[il Sl)ace of r.

';rhen (E,1") is considered as a topologica1 spaGe \"e

will Vl1"ite (E, r, '1 ). Let k be the Kurato\'!ski closure

function of the topolor:~T ~ . de wi11 denote (E,r,1 )

a1 so by (E, 1",k) or by E alone if the mep~:ing is cl ear.
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Let k denote the intc;'ioT fnnetion of k. 1'hen k - ckc.

J.f A - s ,- 1"" e Y''; 1 } ":',.,..: ,'-,.-, 1 ~"" r 1r [

\...'\..I W, ;i.J..-'-". "'J ,:. "'" ,',h J '), \. ~~

( X f c!>.) (.

'1
E er j;rlJere I\. C

C... 1. \TO'"

- J . ,J., II

I

},;., r

'J'heorern 1. tA ::.: t x

:Proof. Let B ::: {x :
I I

kA c: B C. A. Hence if k3

; (x, cJ.)

B tIlen leA =- B. Let x E. B.

~:'hen (x, cA) (. cr and so (x, C) t er, (eC,eA) t. er for

~\o]'1'Jesubset C of E. Then y ~ eC implies (y,cA) e: c r 2nd

no y \::.. B from which it follo';;s cC c: .8. Hence eB C C
I

anri :30 (x, cB) E cr which iYTDlies kB -:: B.

Corollary. kk -- 5 "

1.x ~ (x, A) E. r} .

It ' t ,'" {' D '\

lS easy 0 see 1;'1Cl'C ,A, nj t:. cr L:11)lies

A n kB =: ,° and kA n I3 ::::. f . Llso (x,A) c. cr

implies (kx, kA) E cr for from (x,~) ~ cr ~e Get

(x,C). £ cr, (cC,A) £. cr for some f;ubset C of B and then

(
" D'
A, I €. er, (cD,C) €.. cr arlO. (cC,1'...) E cr for some

su'bset D of E; hence kx C. cD, kA c:. C 8l1cl so (kx, kA) E cr.

Definition 3. A to~o],ogy 1 for E is said to be

regular iff A is a closed SlJbset of E and x is 8, point,

of E, not in A im})ly x 8110.A have disj oint neighborhoocls.

A topology <J for S is said to be conpletely reguJ.ar iff

A is H clofJecl subset of E B.nd. x is 8> point not in A inrl:r

there is a contin'G.012s function f from E to the closed

unit interv2~ [0,1] such tl',8.t f( Xl = () anc1fP. = 1.
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Theorem 2. 'J?he tc:"o:togy of a regulnr .relFtion is

r (:)gu.Lar .

I)." f
'

L .J..,.., 1, r, -~ 0'1 1 ~., " 1.., .t..; 'v, .:" . P "y, 1 ( .,.". 1-'
100. 8l,.L "e n .1 e,jJ__c,l ) e".c"\'~c).u .Lor .U "".C,. .I.J,1',l\')

the topological space of T. J.Jet A =. leA and x t. cL. 'I.'hel1

(x,A) c cr and so (x,D) ~ er, (cB,A) £. cr for some

~rubset B of E. Hence there is a subset C of E such that

(x,C) E 01:' and (cC,B) t cr. Evidently x t: cke and
I I

A ekE. Now ekC and kB are disjoint open sets since they

are subsets respectively of cC and B.

Definition 4. Let (J~tr,k) be a rep:Lllar space.

L set B is said to be a r-neighborhood of a set ~ iff

C
. '\ e 1-1:. .L., .~/ c: cr.

A r-neighborhood is obviously a neighborhood.

If (x,A) t er then x 811.a A 112.ve disjoint r-neit:hbor-

hoods, because (x,A) E: cr imnlies there arEJ subsets E,C of }~

E;uch that (x,O) to CI ~ (
'cC' 1:)"

'. , .J , J..)) ( T> ,. '\
E. cr, CD,lij €. cr and tben

cC and B are disjoint r-neighborhoods respectively of x

{md it..

Theorem 3. If A is a r-neiahborhood of x then there'.. .

is 8.n open r-neighborhood B of x and a closed r-neighbor-

rwod C of x suoh that 0 c=: B c: A.

Proof We are given (x~oA) E 0 r i-i -. 0 e. (
, }r r' f. \. ".erl. - . )(,.\ ,uo.j E cr
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;:;nd so B ::: ckcA is an ar8n r-nei borhood of x. Now (x, cD) ~ or

c:nd so (XtD) ~ Cl', (cD, cE) E cr :for SO:'18 subset D. Then

C = kcD is such that (x, cC) E cr and so C is 8. cJ.o;:;ed

r-neighl)orhood of x. ,[e aJ.so know tl1at l<::cDaT<,d.cB are

dis,joint and 30 keD is a s11118et of B. Hence C c: B C A.

Let B 3' A dE'Jl"ote B is a r-neLq-hborhood of A. if
.dJ ~ J

fl, j r"l -" ': 11 "T ' t n .c:" r fT\f' 0 f' 11 u'i.,.., r- . ~ "~.-'
1.. XJ " e In , "rl e D ::3 :i", J,d" ..0 ,0\'1_--6 pr oper ld,es

of r-neighborhoods are easy to prove;

1. B ~ A im;01ies cJ\. 2> eB.

2 'R ~
-

f, l' '-n--'1l ' ,> s; Of) 1< r-,. .J .=::!/ J:'- '".I., 'J'- D '" --~.

7 B ~ A
'

C . n --.,. J, ~\ C '''''''('\ 1 -' r< H:J. ,,) ~} - l ,OJ:' D --" '":::;:::/ l:.!.". --Le,,, .u ;~ C.:::;:./

4 B' ;..-y f, l' - 1 O n i r,p-l y U B. " dJ .t1.. , - ~,c.,..., ' - "IJ,~ " ,
l l l

~ , ( '- p ~" r "

c:111Cl - ) ,j. ;::;:!) ~ }!I....l l

5 B ~ . l ' p.::::z-, .:;;;y f A
-. - ;::!) x lnrp les J.} -::::VA -::d x: or sone .

.'.~) ( ,
::::y "-.) h i

It is clear that urtiform spaC8S aDd proximi ty spaCE'JS

8.re regular spaces. A regular spe,ce (E,r,k) is Hausdorff

iff it is 'r .
. 1

Theorem 4. Let A be a subset of a regular SDace

(I~tr,1{). Then kA is the intersection of (3J.l the r-neigh-

borhoods of A.

IJroof. Let B be the inter'seetion of all the r-neigh-

borhoods of A; then kA is R subset of B. Suppose

x t B - kA. This implies there is (;1,r-neighborhoocl

C of A such that x is not in C. But B is a subset of C

and bence x is in C which :Ls a contracUction.
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Corollary. The interior of A is the 1ll1ionof all

the sets for ,,"1:1ich A :\.f'; a r-ne:Ltf;}11:J01'hood.

De:c'irdtion 5. A sul)set S of a topological space E

is said to be compact iff every open cover of S has a

finite subcover. A subspace S of E is compact iff S as

a s~bset of E is compact.

Theorem 5. Let A,B be subsets of (E,r,k) such that

A is compact and A and 1\B are disjoint. Then (A,kB) E cr.

Proof. x in A implies (x,kB) ~ or and so tYiere ifJ

C such that (x,C), (cC, k13) ~ cr. rrhen ckC is an open

set contairli:ng x; the family of (')J.l ;::;',lch ekC for x in /';.

is 8n open cover of Ii and fJC has a fini te sub cover

D ,..., D , say. Let D :::: D
l

U1 n

for f?ach i :::: 1,..., n and so (D,kB)

U D . H0\7 (D , kB)
n i

€ cr" Hence

t er

(A,kB) e cr.

.' .

Corollary. A,B are disjoint closed subsets of a

,... .,., ,.., , t ( ';C', - 1.'\ °m"'-' l r ( A 1=:),~Obpc~C Jj,.r,,\) l,,<.'_,~, [~,_.! f.. cr.

~:heorem 6. Let ~ be a regular topology for E.

Then ~ is the topology of a regalar relation r for E.

Proof. Let k be the Kuratowski closure function

of <rJ . For subsets A,13 of JE '.'{rite (A, B) E riff
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11:1\, l::B are not di s;j air:. t~

Definition 6. Let ::" 1.)8 :;I, sul1set of a regular space

( .t'<' Y' ) }i'or C'llh S (:.>' tS ' ;" Ti O 'p !i'
\ J f" .. ., ". u, '.' '. ,CI.~" ..- ~ t (A r ),e \JJ.~ ",l € s iff (A1B) £ r.

rrb A y ( fit S
'

) l' c< C aJ 1 e (! ~ 01) .j'

) ",,-, 0:)..~, 0 ,(:' (' ";' " )
\

, . , <::.1 "., I . ,) ,- c. (:', ,~\--,..:>.t° c~c: c. .!. , J../,.. .

Defl
'

nl
'

tJ
'
on 7 J't -"Dm1 l ~Y' sp p c p ( 'f" }~ 1,') l

' s C-:.110..:1 a. ." . .L"'u"" ~".. """",,, '-",.s'':\., , C""---,\:;U. ~

''''- e y4.- nc<i OI~ O f' a r Acrl] J 0~ C'r'~"'o> ( Ti' Q 1,\ l
'

]"f' 1<' 'c< 'd o' CC> l
' n

,I. ,,', ve .-'-'- ,.L ,. "<''';''--''''], '-'-,fc-Ct" .., '-", -.J L l.o .."l1,ot- ..

E and (li',s) is 8. subspe.ce of (E,r).

h
S ' 11) c<r ac A f!i' ",' 0 ,(> ." re rn ll ry. C<1-~ 'r-' ( p r \ ]. QH. ", u:J' ~ ,~,;::,) .L ,"- 'es' c:.~ ,'.,)C;,C::, .u, .I .'.J

obviously regulari also the to}Jologyof s is tbe

relativization of the topology of r to J1'.A regular SlJ8,ce

('H'e,' 11) a' o "" " 10 t. 8
"
1 """rc S ~cn' + C' 'hA .1"" 18 ' 13 1',,,\ a C r'~' l1

'
)ac

't,J. ''''' .c. ,e.:.. 1 . " . \"ct.} ,) t:vlcJ. "j uc; u,,;', , '. ...1., ")"" '

'l~ e rnl 1a 'p S T,r' ce ( Tr r 1-<' -"'or -1.11 0>1,,\ tIle ,'-, TO '! Or,," 0 .0 '1-1 "T o " l r1
,c ese..,. ,,0, J-"" L) .L ~ vL<::;." ,", ltU)_,L bJ J, ~ V. cL d,

be completely reQllar, being the relativizationof the

completely reE':ular topology of k B.nd ~30 all reg-ular sp8.ces

do not have compact r-extensions.

.
Definition 8. Let O~,r), (l<',sj be two regular spaces

8X:Ldf e. func ti on from E to ]<'. Then f is said to be a

r-mapping OT r-function iff :\.1BeE (md (A., B) e. r

.
L
'

I'nY
,)

' l v (fA f' }JJ
, J'j-" ,J .,~, J .I €.. s. A r-functioD f is called a r-homeomor-

phi8m iff f is one to one a:nd both f 2nd its inve:rse are

r-functions.Two regular spaces are said to be r-homeo-

morphic iff there is a r-homeomorphism be een tbem.

Lemma. Let f be 8, fllnction fl'om a regulcl.r space
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( p r ' 1" '\ i-0 "0 1" to (,..,11 Q r c"n" ,-, p ( 1.j1 c; l~'" 'r 1-. O r'
)

.r l. c' C 0 )' -1:
-

.J,. , n.., J (J.., <,:;(c>..c. a. .." re.,., ,- . ..l., , ..J,. .- _.'.iC' . ,l. ,.J , 1. 0 " c" ,J

iff (x,A) ~ r imply (f(x). fA).. ., , ~ s fox' x :in E and A C 1.~.

1J.
11 1eO ~C> JJ1 r; ''' v' r'-~'r 'Y' 'C" J n ct i o 1'1 f" rom (';" ",. Ir ) tC) fl;' C' 11 \

L . .1. c, ., ..LJ <.:.1. <1 .'. -- 1. i. . -., .- L.. '.l J:', ~, , .,c , \. .C' , .:>, ~ ,/

is continuous.

The converse of Theorem 7 is obviously not valid.

It is e8.f3Y to ,see that a function f frODl (:"~,r) to 0', s)

l
'

S a 1".- f'-1''1 n tl
'
on l'Pf' A B {- ,,1 8 n .:1 (Ii B) ~ C S l

'
II)p] \i

. ., ... ~ lot. ~.- . -".- , .. ~- J:, A II \.'~, ... J '. .,;

-1 -1
( f' " ,t:" I) ) c cr It l' (' also C1'o'~ I~ +,h.'-'- "J f ' f' l' C! ~-- 1:>., 1.) "".. ,c C ..Ce;- uJJ.('.[, ..- -- .~ Cc

function from a proxtmity space \SsS) to <3proximity space
I f

, 0' 6 ) t l f ' ~ r.r.< 1'1 J..' .: :1
","-' f .; c r' ~ f 'I (' t ' n'" .\D, . ",1en . li:> a 0 -.LU.~C GlOn -'-,1. -- J_.~ d. I- .11L'J ljL,

this ShOVIS that r-functions are generalizc\tionsof

i; -.ful'lc tionsand ttlat regular spaces havG s~Tj'imetry 8,ncl

form a class of spaces, more geneTsl than l}Toximi ty SpeWes,

which ar.lmit of such generalization~).

Let "E,k), (F~h) be regula.r topological spaces.

Define re~llar relations r,a for E,F as follows:

C,D '--= i{\ l
.

]~Y11 '.'r ( (; D) <:'.L ".t..} ,~, ""

I

1" iff kA () kB r p Bnd

s iff hC () hD i' I . '.rhon a.

A,B c::=- E imply (A,B) E

function f f:r:om (E,r,k) to (F,s,h) is a r-function iff f is

continuous.

Le t c be t lle l
' nt o','c ectl

'

on 0 ,[' a -"'C1J11i ] ,r n f re 0°11-' '''1~
,) .. ~.L >:0 '. j~ -'.v,t,.-.;.. J(.)C._v_--

relations for E. Then s has all the properties of a

r'-c'gUJ_8..r relation except l)erhaps the fourth condition in the

defini tion of a :"'(,[',11.1arrele:tion. Similarly trJe union of
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8 fa.mil y of reguJ.8T rel:'i,:l.c!nf: fOT E ':.'ill hav,? 811 the

propertins of a regular 1'elation except perlJa,ps the sixth

condition in the definition of a regular reJation.

Definition 9. Let A be a set. Then a finite family

A ,e.., A , of s1Jbsets of A and whose union i8 A, is said
1 m.

to be a D2rb..tionof f..". ,

Defini tioYJ 10. y"et r, s be tHO regular relations

~ o~ 8 spt w T~ en r ~~ S ~~ Lrl t . o b o ~~w le ~ ~' !.1~~ D (or c ~c- .L ", -c .de. J..,. -'-.;) c."., .,~ .L~..L J. 1,- <-"'"'- >~ . >-J .1...0

coarser them r) iff (A, B) E. r implies (lis B) t. s.

Theorem 8. Let fj be the intersection of a family

P of refular relations for a set ~. Denote by u the union

of all the reglll ar rel ations finer than each mem1)8r of F.

]) .t:'. -'" 11 . -'" I B C. ", '-} (
,. .B-'

e-Llne r as 1.0- O\VS: 12.. ~"", L 'l..J.en .'-'.., ) E. r 1ff

A , , A and B ,..., B are partitions of i~ and B impl;y
1 m 1 n

(A., B.) f. S for some i -= 1,..., ill and some j :::: 1,...,n.
1 J .

Then r := 11 and r is the coarsest reg-ular relation finer

than each member of R.

Definition 11. Let F l)e a faraily of reculp,r relations

:for E. Then the coarsest regular relation, finer tllrJ.n

each member of F, is said to be generated by F.

Definition 12. A topology ~ for E is said to

be finer than a topolog;,'
~

<:0 for 1:; (or \:~) is coarser



10

than ry ) if'.f'c. .L 0) is a su1,faI"ily of 'J

Let r be th~ re~llar relation generate~ by a fa~ily

F of regular relations for a set E. Then the topology

of r is the coarsest tC})ology :fine; them that of each

member of F'.

Definition 13. A faMily R of binary relations
E E

b C 2 ;::< 2 is said to be a regular family for E iff

1. each member of F satisfies the £irst five conditions

in tile defi.ni tion of a regular relation

2. s,t are in F imply there is u in F such that u

is finer than sand t

'Z c< J. "l T;I an (1 ( X f. )j. 0:>..~. '- , .t"- E. os imply there j.s t in f' and

8. subset C of E such that (x,C) E. ct end

(cC,A) E. ct.

The orderecl l)8.ir (E,B) will also be called a regular spacee

A reglllar relp.,tion is a rezo.lar family conte.ining

only one member.

Definition 14. Let R be a re~llar family for E.

Then the fe.mily c::J , of a..11Slibsets T of E such that

x in T implies eXt cT) E os for some s in R)(which is a

topology for E) is said to l)ethe topology cf nand vre

will denote the resul ting topologica1space by (E, 11, ~ )

or simply by E.
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Definition 15. Let R be a regular family for E.

T'

) ").", d ' -(-" ", a 1 1 T {l' ,>" ,,! c:< .:. .' "":t' ( /, P \ " ~.' ,- l' ,,1, ,."
1eL .L t 8.1.1.l,-,( ):J Vit i),' .L,:> J..Yl I lL. '~9 1.)1 l::... .In e,:I,c... menDer

of R,(which iaa regular relation) is called the regular

relation generated by R.

The topology of <:1.regl'1-1 al" f amiJ.y R coincides with

the topology of the regular relation generated by R.

Let F be a faJ'dly of regular rels.tio:ns for a set E.

For each fini te su1Jfe.21il;r G of }' there is a c08rScf;t

regular relation g finer than each member of G; let H

be the fsc;1ilJT of all such g for each finite subfamily G

of F. Then R is a regular f8/flily. Al so Rand F generate

the sarne regaler relation.

Definition 16. Let R,S be two re~llar families

for E. rr.hen E is sait, to be finer than S (or 3 is coarser

thEm R) iff for each s in S there is I' in R such that

I' C s'... ifle will say Rand S' are ' equivalent iff GEiCh is

finer th8.:tl the other.

I I
Df

. ".
17 L -'-

( .-' h \ ( P 1") \ 1 1 ~

e"lnl"Glon . ei.J lS,.:.U, j,:;,lL) oe reeH ar spdces
I I

. and f 2. function from :S to I!:. 'l'hen f is said to be (n, R)-con-
I I

tinuous iff for each r in R there is I' in R such that
I

!fA T) )
" '

J '

C
r., r'n" .\A,b lS In r lmp_leS lA, I~) 18 In r.

I I
Let (E,R) (E,E) be regular spaees and f a function

from E to E. Denote by r, r' the re8ular relations generated
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I I I'
[ "IT P 1) rp}) e11 f' +' r () ill ( 1,' "r') '''

0 (T;' .~ ) 1'", q -rf ' ' n C-1' 1
'

()n-.J ...".t\.. _."oJ- .- -'- " .u,... L> \"~;-'- oJ <.k .- u. ,.l.. .

/

if f :Ls (R,nJ-continuous but tl-,e conveI'f3e is not

necessarily tr'Cte.

Let
I /

be a set (,,' P ) ' J re c"' ll !:1"v' ('n~ ce 'OY Id -P 'a '<"'
11,..,.1-1' ('" n.,." ." -'-1, ~l c,.. '1:,<' C-.t. "':C' c:l 0.,., J. . .1 \..L...,-. l, ~.

I I I
from E to E. For each l' in R write (A,B) f: r for subsets

A, B of E iff (fA, fB) t:
I

1'; let H be the family of all
I

C'llC t } r" ~'}~n n p 1
,

S ~ "' e m I18r f ~m l
' J Y T o '~ T,' and +' 1, C ( T) 1:"1") con.~.. L . ..L:.. - .l Co .L ~'.)L , .. "',,1- "c - 1. J" _. ,J. .) ll, J.l.l- ".-

tinuous. Also if S is a regular family for E such that
f

f is (S,R)-continuous then S is finer th8.n Ro Write
-1 I

f R;;;;: R.

1)et E be a set and R, a regular fSJnily, for E, for
1

oac11i in an index set I. Denote by S tbe union of 11 for. i
..:

1
'

11 I Fa "" a f' l
'

11l
'

te c'l1 b f' aT'11'lv T Of' ("1 a'c>+' l
'

n .e ( 1\ B)
..L o~. ~~. J )C).A --.<, ---cI -,-.J .L"J. . .n., t:. tiff

Pi ,..., A ~md B1' 0. ., B are partitions of A and B imply1 ill n

(1... , 'B ) is in each meT:1"ber of T for some a = 1,... ,m and
8. b

some b = 1,..., nj 1 et R be t}le family of all S11Ch t for

each finite subfamily l' of S. Then R is a regular family

for E finer th2~ each E., i
1

E I a.nd R is coa1':3e1' than

each regular feunil:y for E w11ic" is finer than ea,cb R,;
1

in this sense we can say E is the coarsest re011lar family

finer than eacr.l H,. Obviously R is lmioue up to equivalence.
l

Next, let E be a set and f, 8 fllT.lction from E to
I 1

8. regular space (E" H,) for each i in an index set I. 1J8t

. -1 I 1 - l" ,.
0 - f R Do~ ote I)V R t } l ~ n o ~~ se.a t 1ftcml 1 Q- +~ n1 J l v il l 1e T
il - .. . 'J"-'. ) 1. . \;j '- C< ~,.. v;:;>~- '.-J. .J.c.. ". ""'... .. _. ...
i ii' .

than ec~cb R. for i in I. ~rhen It L:;:-'18 coa1'sent regular
l
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fan:iJ v for ;'.; s~lCh that eacb f is (R.n )-continuous.
'.' . . .

l. J.

Definition H3. Let (E. t R.) be a family of reE'~ular
1. 1.

spaces for each i in an index set I. Denote by E the

Cartesian uroduct of E for i in I. Let R be the coarsest
~ i

regular family for E such that projection into the :L-th

coordinate space is (R,R.)-continuous for eacb i in 1.
1.

rrhenR is said to be the l)roduct of the regular families

R for i in I and (E, 11) is said to be the product regulari
space..

It is clear that a product R is unique up to

equivalence. It is easy to see that tbe topoJogy of the

IJroduct regular faL1ily is the product of the to:poJ.ogj.es

of the reg'lLl ar families n. for i in I.
, J.

Let (E,R), CE',S) and (G,T) l)e regu18.:r sp8,ces. J..Jet

f be a (R, S)-contil1U01JS function from E to F and g a

(S,1)-continuous function from ¥ to G. Then the composition

gf is a (R, T)-continuous function from E to G. rrhe next

theorem is easy to prove.

Theorem 9. Let f be a function from a regular

space (F,S) to a product (E,R) of regular spaces. Then f

is (S,R)-continuous iff the composition p f is (SsR, )-con-
-, i 1.

tinuous for each i in I (usin8 the notation of Definition 18)

and this Pro lJertv determines the eauivalence class of H.c ~
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Rep:ula.r s~Jacps 0.0 POSS":'f;S a prorerty of functional

separation similar to that of coqpletely regular spaces

and is proved in 8nothe:.c of Iny pap ers.
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