Regularity Structures
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The study of uniform snaces was begun by Jeil (3);
meny of the properties of pseudometric spaces have their
anelogs for uniform spaces. Also it is well known that a

topological sreace is uniformizable iff it ig completely

regular. It is shown in thi
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have also a similar property; a structure -~- regularity ---
similar to uniformity exists and a topologicel space is
regular iff ivs topology is that of a regularity. Hence

many of the proverties of uvnifornities can he generalizead
J 2 & >

Terms not defined in this paner heve the same

:
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meening as in Kelley (1).
be a set. If A is a subset of i and U is @
subset of Il »< Il then write AU ::{;y ¢ (x,y) € U for sonme

X in A} « If A contains only one point x» then we will write
xU for AU, By xUU is meant (xU)U. For a subset A of Il tale

Let 11 be a set and W & femily of subsets of i == L.

such that for all U in ql
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in U for each x in K
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. the inverse of U is in L
Z. x is in M and U is in A imply there is V in U
such that xVV

4, U,V in PLL imply U (Vv is in W

5, U VC M=<1l and U in A, imply V is in W .,

space.

et (1, W ) be a reguler s
femily of all subse‘tu T of ¥ such that x in T implies

xUC T for some U in AL . Then fJ is a topology for M.
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i j as defined above is said to be
the topology and (I, U , Y Ll topological space of 5 8

and (%, W, 9 ) will also be called 2 regular space,
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Le be the tovology of a regularity W for H.

#hen a regular space (I, "W ) is considered as a topologzical

space, we will write (11, W , 9 ) or simply I if the contex
makes the meaning clear.

Theorem 1. Let (1, W, 7 ) be a regular space. Then

the interior iA of a subset A of M is given Dy
ik = {x i XUC A for some U in U} ‘

Proof.Let B = {x : xUC A for some U in W } é

t



Now 1A C B CC A and so if B is open then iA = B, Let
x be a point of B. Hence there is U in Ak such that

xU C A and then there ig V in W such that xVV . il
Let y € xV. Then yV € xVV  xU C A and so y is in

Therefore xV ¢ B which implies B is open.

Definition 3. Let (i, ©J ) be a topological space,

Then the svace (and 2lso 7] ) is said to be regular iff

A is a closed subset and x a point of i imply x and A

.

have disjoint neighborhoois.

Theorem 2. Let (15, W ) be a regular space. Then
the topology of AN is resular.

FProof. Let A be & closed set of (15, W, I ) and
x'a point of the complement cA of A, There is then U in
W such that xU C cA. Hence there is a symmetric V in
AU such that xVV ( xU. Then xV and AV are disjoint

neighborhoods of x and A,

Definition 4. Let I be a set. Then a set-valued
set-function m mapping the power set, of I, to itsell

g o

is said to be a neighborhood function for ii iff
s D"}ﬁ = ;2‘
2 A C mA for each A C W

2. A CC B C K imply mA & nE



The ordered pair (Ii,m) is said to be a neighborhood space.
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A subset A is said to be a neighborhood, relative to (lL,m),

spaces, £ a function from il to L, and x a point
f is said to be continuous at the point x iff B is a

neighborhood of f(x) implies the inverse of B, under f,

Fal

is a neighborhood of x. Ve will say ¥ is continuous iff

f is continuous at every »oint of I,
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Let denote the gel consisting
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Define a distance function e for ¥ as follows. Let u,v

represent points of K.
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0 if there nmember of N between u,v
e luviz

lu—v| otherwise.

For r > 0 let V(r) be the set of all pairs (u,v) such that
e(u,v) < r, Define a neighborhood function n for N as

follows. For a subset A of H teke nh topnthe set of all
points u such that uV(r) intersects A for each r > 0.
Phampuren (2) has vroved the following result: If (i, 7))
is a regular space, A a closed subset and x a point not in
A then thers is a continuous furnetion f from (ki, 7) ) to

(N,n) such that f(x) = 0 and f is 1 on A.

Theorem 3, Let (I, ¥} ) be a topological space.

Then ) is regular iff it is the topology of a regularity
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Proof. First, let the space be regular. Then for

»ach closed set A and each point X not in A, there is a
ontinuous function f from i to (N,n) such that £(x) = 0
and f is 1 on A; for y,z in I write d(y,z) = e (£(yJ), £(z)).
There is such a 4 for each closed subset A and each point
x, of i, such that x is not in A; let D be the family of
all such d. For d in D end » > 0 take V{d,r) = {(x,y)d(x,yl<r}.
Consider a U = V{d,r) and & point x in i, It is obvious
xU is a neighborheod of x in (11, T Jj; let cA be the interio
of xU, Then A is a2 closed set and so there i1s a continuous
function g from (M, °J ) to (¥,n) such that g(x) and
& 1 on A. Por y,2 in I e b(y,z) = elgly2, g(z)J.
Take V = V(b, 1/8). Let s be in xV. Then b(x,s) < 1/8 and

g(s)<<1/8. If t is in sV then gt} < 1/4 and so t is

in cA. Hence xVV . chA & xU.

Let AN be the family of all subsets ¥ of L><i
such that 7 contains the intersection of a finite number
of the sets V(d,r) for d in D and » > 0. It is clear that
WU is a regularity for i,

/

Tinally let “] be the topology of W and let T
be a member of this topology. Then x in T implies there is
Uin U such that xU < T. Now U DD the intersection of

a finite number of V(d,r), & in D

xV(d,r) is a °J -neighborhood of

°j -neighborhood of x, Hence T ¢
Next let S ¢ 9 and x &€ S. Then

and r > 0; each
x and so xU is also &

7 and ﬁjlcj;(j ;

here is 4 in D such that



xv{a, 1/4) C B

been proved. This

That the topology of a regularity is regular heas alr
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Hence S is in 7) and so 9] (— ‘]
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conpletes the proof.
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