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.-- A s i g n i f i c a n t  y=t; of el.ec t ~ i c d  nstwork thsorg i s  c: o.z.:ae:.ced :;i:%,?~ the re la t ion-  

ships between th:? idealized physiczl properties of sysic::tls such a s  l i nea r i t y ,  time- 
1 

invariance, causal i ty ,  =d passivity,  on the one hand and cer ta in  analytic properties, 

'. such a s  c onvolution representations and positive-?? ea l i ty  , on the other hand. Almost 

dl of t h i s  work i s  concerned w i t h  n-ports: t h a t  is, 115th systems whose inputs and 

outputs a r e  ( ordinary. or gener d i z  ed) functions having values i n  n-dimensional 

Euclidean space. (see the bibliography i.n Zemanian [b].) This i s  despite the f a c t  

t ha t  many physical  phenomena a re  bet ter  represented by systems whose inputs and outputs 

have values i n  a Hilber t  space. For example, a ca~ri ty  resonator t ha t  is  being excited 

through a wave guide i s  such a system (~sirrgay [l]). What is  usually done i s  t o  

assume t h a t  a l l  bu t  a f i n i t e  number o f  n~odes i n  the wave g ~ ~ i d e  a re  negligible a t  any 

appreciable dis tance from the  cavity resonator so  tha t  the system can be viewed approx- 

' 
imately a s  an n-port ( ~ a r l i n  [I]). It may a t  times be desirable not t o  make such an 

approximation, and therefore  a r ea l i zab i l i t y  theory for systems having Hilbert-space- 
k 

. valued functions on the r e a l  l i n e  as the i r  inputs and outpuis is called for.  To coin 

apbrase, we chbpse t o  c a l l  such a systern allHilbert -port1; since it i s  such a n a t d  

extension of the idea of an n-port. 

Previous works t h a t  r e l a t e  the physical and analytic properties of a system having 

inputs and outputs i n  an m b i t r a r g  Hilbert space a re  Batt  and Konig [I], B ~ l t r a m i  121, 

Dolph PI, Hackenbroch [I], Lax and Phi l l ips  [I], Saeks [I], Schwindt [l], and Tonning L11- 
.I 

Tanning' s work deals p r i ~ a r i l y  with frequency-domain properties of electromagnetic 

' propagat,ion systems. The recent  report  of ' Saeks possesses great  gener d i t y  but  does 

not a t tack the problem considered here. The works of B e l t r h ,  Dolph, and  ax-~hilli~i 
(see a l s o  the  references  therein)  a r e  based on a spectra l  analysis of the so-called 

:. r ' d i s s i p a t i ~ e  operators.  For instance, Dolph assumes t h a t  the input v and output u a r e  
- 

re la ted by (1.1) 



where A i s  a diss ipat ive operator. Then, he shows tha t  the resolvent for A i s  positive- 

r ea l  when the system is passive, md conslersely. The theories tha t  corne closest  t.0 

t h i s  one are  those of ~ a t t - ~ G n i ~ ,  Schwindt, and Hackenbroch, which extend the c lass ica l  

paper by Konig and Meixner [l] and obtain time-domain representations for cer ta in  l inear  

operator s on a Hilber t space . 
I n  contrast  t o  the aforementioned l i t e ra tu re ,  we allow o w  inputs and outputs t o  be 

Hilbert-space-valued dis t r ibut ions =d make essent ial  use of the convolution o f  Banach 

space-valued dis t r ibut ions.  T h i s  does not appear to'have been done before. Our theory. 

i n  f a c t  is a generalizatf~on of one for  an n-port (~emanian [3] which is  the reason we use 

the phrase "Hilbert portI1 instead of "Hilbert system. I'  Many of the steps of OUT 

. . .analysis, which i n  the case of n-ports required no proof, must be justified when deal.- 

ing with Hilbert  ports  . Furthemore, we have t o  employ sorne rather m c m o n  ideas, such 

. as the  convolution and Laplace transformation of Ban~~ch-space-valued distributions.  

' The theories for  the l a t t e r  two subjects, which are  described i n  sections 2 and 3 re-  

. spectively, a re  s-:e believe rather  navel and have not been previously developed i n  qui te  . 
theway presented here. I n  summary, i n  comparison t o  n-port theory, the m l b e r t  port  

theory is c onsi.der ably more involved and r equir es more extensive pr. oof s . 
I n  this work R denotes the  r e a l  l i n e  and C the complex plane. When a E R and 

b E 8 with a < b, [a,b ] and (a,b) denote respectively closed w d  open intervals,  and 

similarly for  (a,b], and [a,b). B and l a t e r  on A w i l l  denote Banach spaces. The norm 

, i n  B is denoted by  I / * I I  = / / * ( / B .  H w i l l  be a Hilbert space, which need not be separable, 
Z 

and its inner product i s  denoted by. ( . , . ) . The strong kth derivative of any B-valued 



A smooth func t ion  i s  one having contin~zous derivatives of e l l  orders a t  all 

poin t s  of i t s  domain, supp cp denotes the  support of cp. Ue at  times use the  

symbol A t o  denote an equa l i ty  when it i s  a defini t ion.  - - 
and g'denote the  customary The symbols 2, EK, g l ,  3 3  $ 9  % $9 & 

spaces of  t e s t i n g  functions and d i s t r ibu t ions .  We w i l l  define them subsequently i n  

a more general  context. 

Next, l e t  a E R, b E R, and 

L i n  the  space of smooth functions (2 from R t o  C such t h a t  f o r  each nonnegative 
-a,b 
in teger  k, 

03 

It is assigned t h e  topology generated by the  sequence of seminorms {yk jkT0  

L' is i t s  dual, Now, l e t  {an} and {bn] be sequ.ences o f '  r e a l  numbers such t h a t  . -,b 
I 

an+w+ and bn+z-(w = - and z = * rn a r e  allowed here). Then JL(w,z) i s  defined a s  

t h e  countable-union space generated by t h e  L 
4 n 3  b, spaces. ~'(w,a) i s  the dua l  o f  

L (w, z) . These spaces a r e  discussed i n  g rea te r  d e t a i l  i n  Zemanian [2], [ 5 ] .  
N 



-- 2. Ezi-.,ch-s;?,'.~e-val.u$d Dis t r ibut ions  and TLoi~a G:mvcl.ut5 on 

The tkec\iqy of d i s t r i bu t i ons  having values i n  a11 ~ h i t l - a r y  tc?ological 

vec to r  space has  been worked out i n  g r ea t  depth by L. Scliwa-rtz (see Schwartz 

[2 ]  and [3]). Sebastiao e S i lva  [l] a l s o  has a theory for  such vector-valued 

d i s t r i b u t i o n s  basecl on h i s  axiomatic method of t r e a t i ng  d i s t r ibu t ions  as  the  

de r iva t ives  o f  continuous functions. These theor ies  are complicated, but 

fo r tuna te ly  t h e  p resen t  work requires  only t h e  much simpler case of Banach-space- 

valued d i s t r i bu t i ons .  J. L. Lions sum.~narizes a few r e s u l t s  f o r  t h i s  simpler case 

(see Lions [I], chapter 11, sect ion I). Mikusinski [l] has a theory f o r  t he  con- 

vo lu t ion  of Banach-space-valued d i s t r ibu t ions  based on the Mikusinski-Sikorski 

[l] s equen t i a l  theory of d i s t r ibu t ions .  

- In t h i s  s ec t i on  we s h a l l  present  t h a t  p a r t  of the  theory of Banach-space- 

valued d i s t r i b u t i o n s  t h a t  w i l l  be  used i n  t h e  subsequent sections. We choose t o  

use Sch-t!-artzls approach t o  such d i s t r i bu t i on  by t r e a t i ng  them as continuous l i n e a r  

mappings on c e r t a i n  tes t ing-funct ion spaces. 

Let  B be a c o q l e x  Banach space. I n  subsequent sections, we s h a l l  on occas- 

i o n  dea l  w i t h  a r e a l  Barlach space. But all the  r e s u l t s  t h a t  we s t a t e  fo r  a com- 

plex Banach space carry  over t o  a r e a l  Banach space; We now formulate a general  

type of tes t ing-funct ion space - H(B) of f u n c t i ~ n s  from R i n t o  B. E(B) encompasses 

a s  s p e c i a l  cases  a l l  bu t  two of the  p a r t i c u l a r  test ing-functions spaces t h a t  appear 
.. .--f - . . 

i n  - this  work. 

- -  . - In the  f o l l m i n g  p,, y , k, m, n, p, and q denote nornegative integers.  Tha 

n o t a t i o n a < k ,  - my ..., q < b m e a n s  - t h a t a < k < b ,  - - a < m < b ,  - - ... B < q < b .  - - A 
a 

sequence { K ~ ) ~ = ~  w i l l  b e  ca l l ed  a nes ted closed-interval  cover of R i f  each Kn is 

a closed i n t e r v a l ,  KO c K, c c ..., and u:=~ Kn = R. Let [K~);=, and [I lW q q=o 

be two  ne s t ed  closed i n t e r v d  covers of R. For each p a i r  n and m, l e t  the re  be 
i 
I 

given a continuous funct ion ( t )  from R i n t o  R such t h a t  u ( t )  > 0 f o r  a l l  t. 
n,m n,m 



 his impl ies  that, f o r  any compact subset  0 of R, there  ex i s t s  an c > 0 such 

t h a t . x n J m ( t )  > r  o n n ) .  Also, assume tha t ,  f o r e a c h m ,  x ( t ) z n  ( t ) :  
0, m 1 ,m 

~ 2 , ~  ( t)  >_ * * *  For each p a i r  n and p, we define the  functional  p on 
~ J P  

su i t ab ly  r e s t r i c t e d  smooth funetions Q ( t )  from R i n t o  B by 
t 

For each n, we def ine  H.n (B) a s  the  l i n e a r  space of a l l  smooth functions 
N 

cp(t) from R i n t o  B such t h a t  supp cp c Kn a d  pnJ-,(P) < ' fo r  every Pa zn(B) 
CD 

i s  assigned t he  topology generated by the  sequence of seminorms [ p  n,p ] p=o.. This 

sequence w i l l  be c a l l ed  t he  multinorm f o r  H (B) , H (B) and i t s  topology a r e  in-  - -n 4 - 
dependent of t h e  &oice of {Iq] q.O so  long as {I i s  a nested closed i n t e rva l  

9 q=o 

cover of  R. [Note t h a t ,  i f  I = R, then f o r  each p > q, p n  
9 - YP i s  a norm on &(B). 

On the o the r  hand, i f  p i s  a norm, then I = R] , 
n,o 0 

Clearly,  p I-+ rp(k) i s  a continuous l i n e a r  mapping of %(B) i n t o  $(B). 

Moreover, s i nce  H 
nul ,m n ~ m  . . 

( 1 (t) 5 K ( t ) J  we have t h a t  Pn+! ,p 'P < p (cp) f o r  every - n,p 
cp E H (B); t h i s  impl ies  t h a t ,  f o r  every n, H (B) c Zn, (8) and the  topology of 

4 e l  

H (8) is s t ronger  then t h e  topology induced on zn(B) by htl (B) . Also L(R) i s  -n. 

a Hausdorff, l o c a l l y  convex, metrizzble, topological  vector space. A standard 

argument (see Zemanian [2], the  proof of  lemma 3.2-1) shovrs t h a t  &(B) i s  complete. 

Thus, %(B) i s  a Frkchet space. 

.C 
03 

Next, we l e t  H(B) = U ( B )  , and we supply - ~(33) with the following r u l e  
03 

-. - . . for~equ.enti.al:.con.rargenoe: A seqi:mce {p,2,:, cnnvsrges i n  X(B) i f  and only i f  

t he r e  exists a q E E(B) and a fixed. n such t h a t  all cp E H (B), rq c %(B), and 
N v -.n 

-tc.p i n  H (B) . 'Phis makes H(B) a sequential-convergence l i n e a r  space. (~emaniam 
' V  4 N 

[2], sec t ion  1.4). S ince  each %(B) is  co~iple te ,  H ( 8 )  i s  a l so  complete (we w i l l  ~n 

always mean sequen t ia l ly  complete, when we wr i t e  complete), The proof of t h i s  i s  



prec i se ly  t h e  sane as t h a t  f o r  the  spec ia l  case +here B = C (~e~rianian [2], 

sec t ion  1.7). The f a c t  t h a t  we a r e  now dealing with E--valued functions in-  

troduces no d i f f i c u l t i e s ;  t h i s  w i l l  always be  the s i t ua t i on  whenever we make 

a reference t o  Zemanian [2], which deals  wi th  only C-valued functions. 

A s p e c i a l  case a r i s e s  when a l l  Kn = R and simultaneously nnJm(t) = 

x,, , ( t )  f o r  a l l  n o  In t h i s  case &(B) = H(B) fo r  a l l  n so t h a t  the  se- 
9 N 

quential-convergence l i n e a r  space ~I(B) is  simply a ~ r g c h e t  space. 

A subse t  i2 of - H(B) i s  cal led  bounded'if, f o r  a l l  p c n, supp p c % f o r  some 
. . 

f i xed  n and t he r e  e x i s t s  constants C such t h a t  p (9) < Cp f o r  a l l  rp c n. 
P n, P 

E&ivalently, 0 i s  a bounded s e t  i n  - H(B) i f  and only i f  0 c H (B) fo r  some n and an 

n i s  a bounded s e t  i n  %(B). Here  again,^^ v(k)  i s  a continuous l i n e a r  mapping of 

H(B) i n t o  H(B) , and, a s  rp t raverses  a bounded s e t  i n  H(B)', p(k) a l so  t raverses  a 
N N N 

bounded s e t  i n  E(B). 

Let  Y be  an  index s e t .  To each u E Y we assign a fu,ktion rp, a F(B) and a 
N 

CD 

i n  H(B). The sequence irp is  s a i d  t o  converge tocpv sequence ( Y , , . ~ I ~ *  - U > V  

uniformly i n  - H(B) , if there  e x i s t s  and n such t ha t  p c %(B) f o r  a l l  u e Y and 
U,V 

dl v and i f ,  f o r  each p P ~ , ~ ( ~ ~  - CP,,~) -t 0 as v + uniformly f o r  a l l  u e Y. . 

We now define a terminology t h a t  we s h a l l  use i n  t h i s  work. Any space of 

functions t h a t  f i ts  i n t o  t he  general  formulation f o r  H(B) w i l l  be s a id  t o  be a ---- - N  ----- 
p- tme  tes t ing-funct ion space. 

-! 
I n  t a b l e  I, we list the  def in ing .quan t i t i e s  f o r  a number of p-type t es t ing-  

-. - .. : -f'unctf'on gpaces: -The syxbols i n  t he  laa-5 t w 5  cohms  af t ha t  t ab le  -rill 3 e  d i s -  

cussed i n  a moment. Erramples of the s p e c i a l  case mentioned h a-previous para- 

graph a r e  given i n  rows 11, 111, and VII. 





When B = C, we denote H (B) simply by H and H(B) by EI. Next, we define 
4 3 .  4 N N 

H'(B) as t h e  l i n e a r  space of all continuous l i nea r  mappings of H i n t o  B. Here 
N N 

again we use  t h e  nota t ion H' (c) = H' . < f, cp > denotes the mmber of B assigned 
N N 

by f e H'(B) t o  cp s H- The symbols f o r  H'(B) i n  several  pa r t i cu l a r  cases are 
N N N 

ind ica ted  i n  t he  next  t o  the l a s t  column of Table I. Note t ha t ,  i n  rows V and TI, 

we use  a somewhat d i f f e r e n t  notat ion f o r  H'(B) . . For example, the  members of D~(B) 
N N 

are smooth funct ions  whose supports extend i n  goneral i n f i n i t e l y  toward the .  l e f t  . , 

but a r e  bounded on t h e  r i gh t .  On t h e  other  hand, it can be shown t h a t  t he  con- 

t inuous l i n e a r  mappings of D i n t o  B have supports t h a t  extend i n  general in-  
-L 

f i n i t e l y  t o  t h e  r i g h t  bu t  a r e  bounded on the  l e f t .  To imply t h i s  property of t he  

supports we denote the space of such mappings by D' (B), ins tead of by D' (B) . a NL 
Since D is a dense subspace of E, L(w,z), zL, %, and S and s ince  sequent ia l  con- 

N - N N 

vergence i n  D implies s e q ~ e n t i a l  convergence i n  any of the  other spaces, D'(B) 
& - 

contains as subspaces Et(B) , L(w, z) (B) , %(B),  D ~ , ( B )  and s'(B) - - - - - .- . 

We ass ign  t o  - H'(B) two concepts of sequential  convergence. To a r r ive  a t  t h e  

concept o f  weak convergence, we f i r s t  define a col lec t ion {w 3 of seminorms 
cP rpEH 

Then, a'sequence [f,,];, i s  s a id  t o  convergi weakly i n  - H'(B) of a l l  fv E 2' (B) 

and t h e r e - d s t s  an f E H'(B) such t h a t  w (fv -f) + 0 as  v -+ a. - - - 'P - -. I - - -  . . 

~ i m i l & l ~  upon l e t t i n g  n vary through a l l  the  bounded s e t s  i n  g, we define 

the collection {5 1 o f  seminorms on on H' (B) by R fl N 



Then, we say t h a t  a sequence [fvr, converges strongly i n  z'(B) i f  all. 
-- 

f, E H'(B) and there exis ts  an f E H'(B) such that  o (f - f )  -t 0 as  v -P a. 
N N R V  

Clea-rly strong convergence implies weak convergence. 

In an analogous way we can define the weak Cavchy sequences i n  H'(B). A 
N 

s t ra ight forwad modification of a ,standard argument (~emsnian 123 ,  theorems 1.8-3 

and 1.9-2) shows tha t  H'(B) i s  weakly (sequentially) complete, 
N 

If cp E H and a E B ,  then cpa i s  that  function from R in to  B tha t  assigns to  
N 

each t E R the  value cp(t)a E B. Clearly, cp a E H(B). H O B  i s  the subspace of 
N N 

H(B) consis t ing of a l l  f i n i t e  l inear  combinations of elements of the form cpa. 

It is  a f a c t  t h a t  - l l @ B  is  dense i n  D(B) (see Schwartz [2], pp. 109-110); 
N 

we s h a l l  need t h i s  f a c t  l a t e r  on. 
F 
i; Note tha t ,  if B is r e a l ,  then it is understood t h a t  the members of - H are  real- 

valued functions. 

N e x t ,  i f  g E H' and a E B, ga i s  defined by the equation; 

i:, < ga, c p >  A <.g ,  Q >  a 9 E 'H  
- N - 

It is easy t o  show t h a t  ga E H'(B).. H' @ B  denotes the subspace of H'(B) consisting 
N & N 

of all f i n i t e  l i nea r  combinations of'elements of the form ga. 

Next, l e t  B' denote the dual of B, and l e t  [a, a'] be the complex number 

assigned by a' E B' t o  a E B, For any f E - H'(B) and any a' E B' we define the 

- symbol [f ,  a'] through the equation .r 

< [f, a'], cp > A [ < f, V > Y  a'] v E E* - - - - . : .  - .  - - _ -  _ . - - - - - . -- -- - . . . - -  - - - -  
. The right-ha& side has a sense a s  a complex number since < f,  cp > E B. 

We nas show t h a t  [f, a'] E N H'. Indeed, for  a, $ E C and %,cp, E - H, 
< [f, a*], a q, + p~ > = [ < f, cr c p ,  + $rp, >, a'] = [ a < f, Y, > + 8 .< f, w >,a'] 

' = r u  [Q, >, a'] + B  I< f, g>, a'] = a <  [f, .'I-% > + B < C f ,  a'], rp, >, 



so  that ,  [f, a'] i s  a l i nea r  functional H. Moreover, i f  I P ~  + 0 i n  H, we 
N N 

have. t ha t  

< If, a'], vv > = [ < f, cp >, a' 1 -+ 0 since < f ,  tp > -t 0 i n B .  
v v 

Hence, [f ,  a'] i s  a lso  a continuous functional on H. 
N 

Moreover, f I+ [f, a'] i s  a continuous l inear  mapping of %'(B) in to  5', 

*ere continuity i s  understood i n  ei ther  of the following two senses: I f  

fv -t f strongly (weakly)  in.^'(^), - then [f,,,, a ' j  4 I f ,  a'] strongly (respectively, 

weakly) i n  s'. Indecd, the l i n e a r i t y  of f t+ [f, a'] follows readily from the 

stanclard defini t ions of addition and multiplication by a scalar. On the other 

hand, I < [f, a'], v > 1 = 1 [ < f, v >, a'] I <_ 11 a' 1 I B /  11 < f, v > l l B  
from which our asser t ion concerning continuity follows. 

The preceding arguments hold equally well when we assume tha t  B is a 

Hilbert  space H, t h a t  a and a' a r e  members 3f H, and tha t  [ ., .I i s  replaced by 

the  inner product (.,.) iri H. I n  th i s  case, f w  (f ,  a') i s  a continuous l inea r  

- mapping of H' (H)  i n t o  H'. 
N N 

QI 

Proposition 2-1: - Let f E H' (B),  l e t  Ip ] - be the multinorm for  H and 
N 

- n,p p-o - - - &,,) - 
assume that ,  for each n, Pn,o is a norm on H The? corresponding to  each n, - -- - - a 8  - -- 
there ex i s t  a posi t ive constant M and a nonnegative in-; r such tha t  --- - - -* -- 

for a l lS rp  E s. Both M r depend i n  general on f and n. -- - - 

*=--. :  . . Proof: Clearlyy, pn,.(cp) 5 p,;, (y) 5 pap (cp) 5 . . . fo r  each cp E f$. Since _ -  - _ .  

, p is  a norm on H , we also have that  p ( c p )  > 0 if  cp( t )  f 0. Also, note tha t  
E n," 4 n,o 

(2.1) i s  obviously sa t i s f i ed  i f  cp(t) r 0. 

Mow, suppose t h a t  the proposition i s  not true. Then, for  each v there  exis ts  

a E ffn such tha t  cp ( t )  f 0 and 
v v 
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v ,.... 

0,, € s- and, for p, < V ,  

Therefore,  ( f ,  8,) + 0 5.11 B as v -+ w.  Ho;iever, accordillg t o  ( 2 . 2 ) ,  ll(f, @ , ) l l B  > 1. 

This  contredlc tin11 pInoves t h e  theorern. 

E?e:-:t, ' let bo th  I! and N be e i t h e r  both, coxqlex Bcn:_:ch spaces o r  both r c a l  

Ranacfi spaces,  L(:B,A) denotes the  Eauach space of a l l  contirit.ious linear rapp:i.rlgs 

of H(E)  i;..to A. Wa define H'[L(B,A)] as the li:le,zll space of al.1 contirluous l i n e a r  
N N 

m?p?ir,gs of H(B) i l l t o  A. I!ow, (y, Q) denotes t.hxt 1,:cmbar of A assign~d by y E H' 
' 

, N N 

[L(H,A)] t o  $ E - I ~ ( B ) .  0nl.y one concept of s e q ~ ~ c n t i a l  coixrergel-tce will. be a s s i p l e d  

to H'[L(B,A)], t k ~ c l ;  wsak one generated by the col lect ior l  of seminorms 
.N 

Y $ ( Y )  - A Il(y, $ ) \ I A  - Y E H'[L(B,A)-J 
N 

0: 

Thus, a secpcnce f ynJn3 i s  s a i d  t o  ccnvcrge i n  E ' ~ ( B , A ) ]  i f  all yn E E'[L(B,A)] 

and there e:.lsts ;? y E II'[IJ(B,A)] and t h a t  3 (:I -y) .+ 0 as n -1 whstc?ver be  t h e  
N n 

choice of ;SI E I~(B;. 
N 

\*!e use the  b:.:id:ets i n  t h e  syabol  I-I '[L(E,A~~] t o  di,stlngvi:;:: thLs space from 
N 

the  space - H'(L(E,R)) of all co;ltinuous l insar  risplingo o f  2 i l l t o  L(B,A). we ::h;il.l 

show in a mo:aerlt %!zit t o  each y E H'[L(B, A)] thore cor7respondo a uniqu,u 
N 

f E H'(L(B,A)). But ,  first . r . ~  s t a t e  . 
Y - 
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tlla t - 

f o r  3.11- cp E I ~ ( B ) .  Boil1 M and r depend i n  gc-ncrcl:L ozi y and n. - -- 
N 

Tie proof i s  t h e  sarm as tha t  of' propositio:? 2-1. 

D(B) i :; a dense su'uepace of E(B), L(W, z) ( n ) ,  I I ~ ( R )  , I)R(B), and s(B), 2nd se- 
N N N w & - 

quent ia l  ccrlwcrgence i n  ~ ( 3 )  irrLplics sequent ia l  cor;;ei.g?l~ce i n  arv of the  o ther  . .-" 

s'[L(B,A)] e r e  a l l  ~ubspzces  of D' [L(E,A) 1. - - 
I.Te nox show t h a t  under t h e  h;yyo%hesis of  propert ies 2-2, eyery y E H'[L(E, A ) ]  

N 

defines a unique continuous l i n e a r  myping fY of B in L($,A). L e t  cp E H ail.' a E B sothat  
N 

cpa E H O B .  Then,  (y, cpa) E A.  Thus 213 (y, cpa) i s  a rtapping of B i n to  A. It j.s ,., 
also l i n ea r  a16 contiinuous; i t s  l i n e a r i t y  i s  e a s i l y  seen and i t s  continuity I'c\l:l.o?rs 

f r o 3  pro;?osition 2-2 and  the inequali ty:  

m u  I ]{Y) y ~ )  i in  5 ?*I P (4'") = M / a l l B  < , St*  11'. (t) q(k)(t)l 
n , r  - 9 ,  q < _ r  n,m 

xhere H i s  clloaen t o  contain y . l?e denote tl-.e o ~ e r a t o r  a!+ (y, ya) by (fy, v) 
-2 

Ve have hereby d l o w  t h a t  T I +  (f , 9 )  i s  a r:~q-)ping of H i n t o  L(B,A), arzd it 3,s 
Y - rV 

.uniquely dete-r.;rin;d by y. IPJo are na tu ra l ly  l ead  t o  denote the l a t t e r  mapplng L:i. f Y' 

We f i n a l l y  note t h a t  the -ping f cp l+  (fy, 9 )  i s  cl~a~ly l i n e a r  and i s  continuous Y: 
since,  by preposition 2-2 zgain, 



T- -- i n t o  L(B,/\,) xhcrc -- (f , y~) :i.s dsficed i n  tourn as tho iva:wi.nz a.t+ (y, ~ a ) .  Y - - -.- -- -"- ---- -.. .L- 

Note t ha t ,  i f  supp y c c o p ) ,  then supp f C [o,m). We shlrll use t h i s  Y 
f a c t  i n  t h e  proo? of t l ~ e o ~ e m  5-1. 

We kave t o  g c i ~ c r a l i z c  the concept of t h e  con~7olut.j on of d is t r ibut ions  j.n 

order t o  a r r ive  at our redizabi l . . i ty  theory f o r  JIilber.1; ports .  Wu sha l l  aa:sunlc 

t h a t  x e  a r e  deal-ing 1x4 t h  CO~;~:I~CS space:;. Our dincussion of co~lvolut,ion r a m i n s  

the  ssne  en al.1 spcces z t8e r e a l .  

Let A 2nd R be t ~ i o  complex Bamch spaces. Let there a l s o  be giver!. t h r ee  

p-type tes t ing-funct ion spaces - x(B), 5, aud 5 s116tllu three corresponding 

spaces H' [L(B, A ) ) ,  I' (R) , and K '  (A). We assurle t h a t  the following four condi t ions  
N N N 

are  s a t i s f i ed :  

Conditions -- E: - 

FL. If cp E K,  then, f o r  each f ixed t, cp(.t+-r) as a function of T i s  a merriber 
N 

of A. 
E2. If v E I*(B), p E K, and 

N - 
((t) & ( ~ ( 7 1 ,  r p ( t+d ,  

then cp L+ $ i s  a continuous l inesr  mapring qf K i n t o  H(E). 

E3. If {vv]T, converges strongly i n  I'(E) t o  zero, i f  c,o E K, arid j.f 
N N 

then {qY]Tq converges i n  H(B) t o  zero uniformly f o r  all cp i n  any bounded subset 
N 

K. [ T h i s  means tha t ,  f o r  all CP i n  a given bounded s e t  h i n  K and fo r  dl v, the 
N N 

functions tv(t) a r e  a l l  contained i n  H (B) for  some n and t h a t  {$,] converges t o  
-11 

a limit under e v e r y  serinorm P,,~ (p=o, 1, ?I  ...) nnifornlly for all 4 E A.]  
u3 

1. Let  ipn be the  miltinoran f o r  H (B).  Given sny y E H'[L(E,A)] and 
,P P = O  -41 - 



fo r  all $ E: H (B). M and r dcpend i n  general ox y 2216 r,. -n 

We defTne ti le convolution products y -3 a. for y S s'[L(B,A)] ,and v E I'(E) 
N IV 

a s  a mapping on K by - 
(2.3) (Y %- V, v) = ( ~ ( t ) ,  ( ~ ( 7 1 ,  Q ( ~ + T ) ) )  cp E N K. 

Not,e tha t ,  under conditions El and E2, the  right-hand s ide  has a sense and is 

a member of A. 

P r o ~ i t i o n  2-4: Given t h e  Banrich sp .ccs  A and B, -J& p - t ; ? ~  tes t in ,~; t funct ion - --- --- - ---- - 
s aces H(B) , I, and K and t h s  corresponding =ccs H'[L(B,A)], I' (B) g& K'(A), A?-- N N -- N--  -- - N N 

assulae t h a t  condit ions E a r e  s a t i  sfi ed. &fine  Ah2 convo111t,ion proc111ct y-YN 5 -- -- -- - 
y E H' [L(B, A)] znd a v E I' (B) 5y (2.3). Then, the oj,srator v h y w  i s  a linear 

N -- r., - -- -- 
m ~ p i n g  of I f ( ~ )  i n t o  K'(A) t h a t  i s  a l so  contj.m:ous i n  the  folloxing scnso: 

b -* - - - -- --- 
N 
- 

N 

I f  {v,];, converges t o  v s t ron~&l-  i n  I' (B) , then { y t ~  ]? converges t o  y-x-17 - - --.- .,, \,-I ---- - 
N 

strongly i n  K (A). 
-,-4 

Proof: I n  the  follo'~.;ing, we define $ ana 4 r y  as i n  conditions E2 and E3. We 
P 

have already noted t h a t  'y::~ mps K i n t o  A .  ' yW i s  l i n e a r  on K s ince  y and cp I+ tj 
N N 

a r e  both l i n e a r  ~rappirigs. Moreover, i f  rp, 0 i n  & a s  v -t a, then $, + 0 i n  K(B) 
, , 

by condit ion E2, But then, (y, (rv) -0 in A. IIen.ce, y+:v I s  a l so  a continuous 

mpping of K i n t o  A. Thus, y3v E K'(A). .! 
N N 

Next, t he  l i n e a r i t y  of tho mapping v H y3W f o l l o~ r s  from the standard d e f i n i -  

t ions  of add i t ion  and multiplication-by-a-scalar f o r  operators. Finally,  l e t  
05 

[v,],=~ converge t o  v strongly i n  2' (B) . Than, [vv-r), converges'.Co zero s t rongly  

i n  L' (B) , and, by condition E3, [I#~-$], converges t o  zero i n  $(B) uniform3-y f o r  

a l l  rp i n  any bounded subset,  say,. A of X. This i ~ z p l i e s  t h a t  [(,-$1, i s  contajned 
N 

i n  H (B) f o r  some n, h%ztever be the  choice of rp i n  A .  'Ererefore, by co:x?itlo!r FA, 
~n 



By condit ion E3 again, cs v -+ m, the rigi~-t.-hzlndl s ide  coriuerges t o  zero unifcr ntly 

for  all. rp i n  A.  So t r u ly ,  y-:WV -+ y-!%? strong1.y ir!. R' ( A ) .  The proof i s  coq3l.ete. 
N 

Each one of t he  first f i v e  coluvns of table  11 presents a systen of spsces 

tha t  s a t i s f y  the  condit ions ass~imed i n  t h s  hypo.Ghesis of proper t ies  -4. That 

H(B) ,  I, and K ax-e p-type tiesting-firnction spaces is r e a d i l y  seen by r e f e r r i ~ j g  
rV N N 

t o  tab1.o I. The :spaces iniliccted jn the sixt.1; co1w.m a l s o  st:tisfy conditions E 

but now the  spzces h ' ( ~ )  = D (B), I = B, end. K = 
N 4. - N N 14, Fxe not  p.-type t e s t l r ~ g -  

function spaces. NeverWlel.e::s, our co~lvoluti  on can re3.dily be extended t o  t h i s  

case also, as we shall see. 

We nov d i s c u : ~  i n  turn the f i rst  f i v e  cases indi.caled'Lx1 tab le  1% t o  siloti. 

t h a t  condit ions E a r e  s a t i s f i e d  i n  each case. 

Case I.: Conclition E l  i s  obviously sa t i s f ied .  

To ver i fy  coildition E2, xe have t o  show t !~t ,  for an;l v E E'(B) and p E Dy 
N N 

the operator cp I+ ~ ( t )  (v(T),  cp(t+-~)} i s  a con t inuo~~s  l i r ~ c a r  mapping of D i n to  
N 

~ ( 1 3 ) .  Since t he  s c p p o ~ t s  of v and cp are both bounded, the support of \jr i s  al-so 
N 

bounded, We czn ;how t h2 t  $I (t) 5 s sniooth and t ha t  

(2.h) $(") t )  = (v (T) ,  s~(':)(t-h)) k = 0, 1, 2, ... 
through an induc.t:ive argucl~nt.  hssua? t ha t  (2.h) i s  tzwe fo r  sane k. It i s  t r u c  

by de f i h i t i on  f o r  k = 0.  Tnen, let; A t  $ O,il.ct t be fixed., and co~lsj.der 

where 





It; i s  not  ci:iffi~~l.$ t o  el~c?;.~ t h a t  0 (T)  ir-;. !> ::.:; ::i.:.%o ; s  I~t i  -+ 0. 
A t  ,.-. 

~ T R x . ' ~ ) ,  l e t  X E be such t ha t  h (7)  = 1 on a r,cig:i~bo~hood of supp v ( T ) .  I f  

X, =[-n, n] if; a co~iipact i n t e r v a l  containing supp X , t;hc-n T. rp E D f o r  a l l  cp E D. 
-K- N 

11 

Consequently, by v i r t u e  of proyosit icn 2-1, 

Noreover, as y t r averses  any convergent sequence i n  2, the supports  o f  the corrcs- 

ponding g a r c  a l l  cont,ain.ed i n  a f ixed bounder3 interval .  This f a c t  and the  est imate 

(2.5) 5.1ply t h a t  the in:ipping cp I-+ 4 is  continuoils, i t s  l i n e a r i t y  being obvious. 

Condition E2 has been ver i f ied .  

To v c r i e  condit ion E3, assume t ha t  v -+ 0 stro11gl.y i n  E' (B) a s  v -+ a. This  
v N 

means tha t ,  f o r  every v, the supp v are a l l  c o n t a i ~ e d  i l l  a f i xed  compact; subset,  
. v 

say, G of R and that (v,,, 8) + 0 i n  B unifoni~ly f o r  d.1 0 i n  any bounded subset  of 

E. ry Wol-cover, defining E t t o  be such t h a t  .T.(T) -z 1 on a neighborhood of G, we 

m y  w r i t e  

6 ( t )  = (v (71, ~ ( 7 )  c p ( t t * r ) )  v v 
.! 

From t h i s  it follows tht the supp Pv  a r e  a.11 contained i n a  f ixed  cotxpact subset o f  

. . R f o r  a l l  v anci a l l  q i n  a bounded subset - of - -  D. 

. Furthermore, f o r  any f ixed  nonnegative integer k, the v(k) ( t + ~ )  c o ~ p r i s e  a . 

bounded s e t  i n  g as t t raverses  R and cp t raverses any bounded s e t  i n  2. Tkis 

impl ies  t ha t ,  as v -+ =, the  

t v = (v (7)) (p 
V 

(k) (t.7)) 



Fe have h~>-..- ,LG'L~ r . 7  C' ,,,,..:,,* :..  TI^.,,' ih t  $ 
t, 

-+ 0 i n  D(B) u ~ i f o r i , ~ l y  for a l l  cp i n  ally bounded 
N 

To see  t h a t  condition i s  s a t i s f i e d  we need rrlerely invoke proposit ion 2-2 

s ince  p . i s  tyul.y a noxi; on H (B) = D (B) in case I, 
I1,O 4 -'h 

Case II: Here again, ccndition El. is obviously fu l f i l l ed .  ---- 

Canbiticr. E2 stzktes tiiat, i f  v E z'(B), cp E 2, and ( ( t )  = (~(TI, V ( ~ + T ) ) ,  

then cp :,r-t rjl i s  a, con.ti~luois~ l i l ie2r  mapping of D i n to  E(B) . We can show t h a t  
N N 

$ ( t )  f - E(B) and. t h a t  (2,L) holds by follo'i-:ing the argument; used i n  case I* More- 

over, i f  Kn = [-n,n] and J i s  another conipsct interval., then, f o r  a l l  t E J and 

a l l  p E DK , all thc supports o f  < - J ( ~ + T )  considex-ed ss functions of T a r e  coatained 
" n 

i n  m.otl-ler co1ipac.1; i n t e rva l ,  say, I. Hence, by proposition 2-I., there  exists a 

constant M > 0 and an. in teger  r - > 0 such t h a t  

sup I / ( ( ~ )  ( t ) / /  < H m9x sup 1 tq (k*,J ( t-k)l 
t E J  B O < p <  .- - r r E S  

%J 

for a l l  (p E llK,. This ineq~i*ll ty i~~g l i e : :  t h a t  G+ ji i s  a continuous l i n e n r  mpring 

of D i . ~ i t o  E(B) . 
N N 

Turriing t a  condit ion E3, assume t h a t  { v  'j converges sti70ngly i n  D'(R) t o  zero. 
9 N 

This mans t h a t  (I($, e)(ig + 0 uniformly f o r , a l l  8 i n  any bounded s e t  (2 i n  - D. 
. But,  - 

and, fo r  any conpact s e t  K, the i p ( k ) ( t ~ ) c o m p r i s e  z bounded s e t  in N D as t traverses 

K and cp t r averses  z11y bounded subset of - D, Consequently, the suprexum on t E K 

of t he  lest e.xpr.szsio:l cori-irerges t o  zero u-niforrdy f o r  al.1 cp in n. This i s  t r u e  



,c::. b-.? t,j-i;> ,-.,-J;-.,-. : ;:: <--; ,-:<. ;.- 2. .. ,,:, 3 7  
,a ,.. , A:. ...,-. .. . .... .. ciir-,,,-.- k o r  i A e  ~Cii~pact s e t  K. This proves t l x t  

y. 

[(iy] C O I ~ V E ~ ~ ( . S  ~ C J  &;I,(: i i l  ~ ( l i )  UK~.~CJI.~XIJ f o r  a l l  cp (P En. Condition E3 i s  ver i f ied .  
-' 

N 

For condit ion Eb, l e t  y E - E'[L(B,A)]. Hence, y E D'[L(B,A)] and y has  a 
N - compact support ,  Choose X E D such t h a t  x ( t )  z 1 on a neighborhood of supp y. 

M 

Therefore, (y,  q )  = (y, A ( ) ,  and h $ E D (B) fo r  a l l  $ E E(B) = %(B) = H(B), 
"K, N N 

where Kn 3 supp X. Ilwoking proposit ion 2-2 for  y E D'[L(B,A)], we miy wri te  
N 

I1 (Y, i)llA5 max 
O < k < r  - - ~ ~ s u p p ~  

This, inequal-ity implies t h a t  condi.tioli d4 i s  sa t is f ied .  

Case 111: Again condition El i s  c lea r ly  sa t i s f i ed .  -- 
For cond i t l o~ l  E2, we f i r s t  note t h a t  the szrpport of v E 2'(B) i s  bourided on 

the  l e f t  and t i a t  t he  support of p E is bwrlilded on the r igh t .  It follows t h a t  . N 

A + ( t )  - (V(7), Ip(t+7)) is a B-valued f ~ ~ n c t i o n  on R whose s u ~ ~ p ~ r t  i s  bounded all t h e  - 
r i g h t .  That JI is smooth and t l u t  (2-4) holds follows .as i n  case I. Now, hovever, 

we have t o  show t fmt gAt(7) converges i n  D t o  zero fo r  each f i x ~ d  t. The coiqu- 

t a t i o n  i s  straightforwgrd. Thus, I# E D (B). 
-L . 

Furthermore, l e t  Kn = (-03, n] , and l e t  n and q be fixed posi t ive  in tegers .  . 

Then, f o r  a l l  (3 E U (i.e., f o r  a l l  cp E E with supp cp c Kn) and f o r  all t E [-q, m], 
"Kn - 

the i n t e r s ec t i ons  of s ~ ~ p p  V ( T )  with tne supports of (p ( t+~)  considered a s .  fi1nc.t1oiis 

of T a r e  all contained i n  a f ixed coxpact in te rva l ,  s a ~ ~ ,  J,  So, choose X E Il such  
N 

t h a t  X(7) " 1 on a neighborhood of J.  hen: since v i s  a l so  a member of D'(H),  
rv 

we may invoke proposi t ion 2-1 t o  

max 
(k 

SUP ( )  [ I  < M sup I $ x ( ~ ) v  (%*)I 
- q <  t < w  B -  ~ < p < r  - - 7 E supp X 

- q < t < w  

This impl ies  t h a t  q!+ I) i s  a continuous l i n e a r  mapping of D i n t o  D (B), and there-  
NL NL 

fo re  condition-E2 i s  ver i f i ed .  



To provo colidi t ior~ B3, l e t  vv -b 0 s t m c g l y  in 1;; (E) as v + O, I-c t r;! E ,I)L, 
F l .  

and ' se t  t V ( t )  - A ( v ~ ( T ) ,  q~(t+r)) .  OW ~a j . ' l i iy~t . i~ l i ,  / / ( V ~ E ~ / ~ - +  0 ur.ifo~*r;ly f o r  - 
all e i n  ary bounded s e t  i n  ILL. Given any q, a s  t t raverses  [-q, m) and q~ 

t raverses  a bounded s e t  0 i n  3, y ~ ( ~ ) ( t + i )  as a function of T t raverses  another 

bounded s e t  i n  SO, the right-hand sids of 

converges t o  aero uniforiKLy fo r  all y E On  his ve r i f i e s  condition E3. 

Turning t o  conGt ion  -c:e have y E D'[L(B,A)] c D'[L(B,A)]. Given a"ny n, 
a N 

s e t  Kn = (-a, n]. Then, f o r  all J. E DK (B) = &(B), supp y n supp + i s  c o n l ~ i n e d  
" n 

i n  a f ixed c o s ~ a c t  in te rva l ,  say, J. Choose A E 2 such t h a t  A ( % )  r 1 on J, Then, 

invoicing proposit ion 2-2, we obtain 

Inas sup IlII" $ (t)\lB 
O < p < r  - .  - t E s u p p h  

This i n  t u rn  irrpl ies t h a t  condition 4 i s  sa t i s f i ed .  

Case IV: The argument here i s  the same as that f o r  case ID. Tnle mer3.y 

interchange " lef t -s idedu f o r  "right-sided" . 
Case V: Condition Fa. i s  egain s a t i s f i e d  since $tr, z) i s  closed under trans-  

l a t ion .  

That condit ion E2 i s  s a t i s f i e d  can be shorn by modifying tlie proofs of 1e;;uxas 

3.7-1, 3.7-2, and 3.7-3 of Zemmian.[2]. 

Consider now condit ion 33. That vv + 0 strongly i n  &'(w,z)(E) a s  v -+ means 

t h a t  (vv, 0 )  converges i n  B t o  aero uniformly f o r  a l l  0 in any bounded s e t  i n  

L , )  ,., . Furthe~inorc, n i s  a bounded s e t  i n  ~ ( w ,  e) i f  2nd only  i f  there ex i s t  an 

a > w and a b < z such tha t ,  f o r  each pos i t ive  in teger  m, tho  values: 

are f i n i t e  co!rip3.se a bounded s e t  as c? t raverses R .  Now, f o r  each f ixed k, 



(k.) - .;.;.;+: ;; ';. - > i : j . d c d  the ;?~:,r-:r:.$:i:::..~ ,: . t )  , ( L + ~  ) 2s ~ U ~ P , $ ~ O S ~ E .  :: . ::,:... . 
2. ? :.: ... - s e t  i n  

r' and xa,.,(t) xa,b(~)/xa:b(t+~) i s  bounded on the (t, T )  pl-ane. (see  Z e r i i a n  

[2], Sec. 3.7). Thus, 

uniior~CLy f o r  a11 q E n. This shows t h a t  condition E3 is  sa t i s f i ed .  

For condit ion E&, vre need merely invoke proposition 2-2 since p i s  a norm 
n,o 

We have s o  f a r  shown t h a t  the systems of spaces irdicated i n  the f i r s t  f i ve  

columns of t a b l e  I1 s a t i s f y  the hypothesis of proposition 2 4  so t h a t  the convo- 

l u t i o n  process defined here in  can be appl ied  i n  each cese. We s l l a l l  nohi show t h a t  

t h i s  conv6lution process can be applied xhen we h.avs the  system of spaces indicated 

i n  the  s i x i h  colulm of t ab l e  11, even though qt (B) and aye not p-typo spaces. 
N 

We f i r s t  s t a t e  what these spaces are;  our.notation follows t h a t  used by 

S c h ~ a r t z  (sac Schsw~tz  [l], vol., 11, pp. 55-31). D (B) i s  the  space of slnooth 
-r, 

funct ion cp from R i n t o  B such that ,  f o r  each nonnegative integer k, 

m 
. . D (l3) is supplied t h e  topology generated by the nlultinorin . D (8 )  i s  corn- 

-L ( p J k = o  ,& ., c 1. 

p l o t e  and i n  fact, a Frechct  space. Also, p, i s  a norm on D (B). Both t h e  s h i f t i n g  
J-3. 

operator ox: cp(t) I+ (D ( t .+~) and di f ferent ia t ion.  are  continuous l i nea r   upp pings of 

D (B) i n t o  D (B). A s  before, %hen B = C, we denote t h i s  space simply by .D 
-r, -4 A* 

Next, B'(B) is t h e  I-inear space of al.1 ccntinuous linw..r mappings of O, i n t o  
Cu -- 

B. The elenents of D arDe t h e  so-called B-valued bounded dis t r ibut ions .  FJe ass ign . 

-4 



t i o n  2-1 possesses t h e  following anaJ.og.ile ~.;!licki i s  provcrl i n  jus t  the  smt? n y .  

' Proposi t ion 2-5: Let - f E 2' (B). - Then,, there ex i s t s  5 posit ive constant M 

and 2 nonnegative i n t e ~  r such t h a t  - -- 
( ? ) \ I B  < P,(V) 

On the  other hand, f o r  L(B,A) defined as bdforo, R'[L(B,A)] i s  the  l i n e a r  
N 

space of a l l  c o n t i n ~ d u s  l i nea r  mappings o f  D (13) i n t o  A. We w i l l  n0t .need.a  -r, 
topology f o r  t h i s  space. The analogue t o  proposit ion 2-2 reads a s  follows. 

Proposi t ion 2-6: Let  y E B'[L(B,A)]. Then, t he r e  ex i s t s  5 pos i t ive  constant - - - 
N 

- -- 
M --- and a n o m 2 a t i v e  i n t e ~ e r  r such t h a t  -L -- 

fo r  eveyy $ E D (B).  M @ r depend on y. - NL 
I 

When H denotes D and H' denotes B' = B' (G) ,  t h e  symbols x B and 
N -r, N N %O 

B' @B have the  same meanings as  before .  Moreover, f o r  f  E B'(B) and a '  E B', 
N N 

[f ,  a'] i s  a l s o  defined a s  before and is  a member of B', and s imi lar ly  f o r  (f, a') 
N 

when B is a Hi lber t  space I-I. 

D(B) i s  a dense cubspace of D (B) (sce for  exampl.e, l c~n-2  8-1) and t he  topol- 
N 4 

ogy o f  g(~) i s  s t roxger  then the  topology induced on - D(B) by D (B). Conseq~~en-bly, -r, 
B' (B)  i's a subspace of D'(B), and B'[L(B,A)~ is a subspace of D'[L(R,A)]. 
N CU N N 

Final ly ,  B(B) i s  t he  space of smooth func.tions cp from R i n to  B such t h a t  cp 
- - - .  - .  --... - r - ' . -  - . -  - . - 

and each of i t s  der iva t ives  a - e  bounded i n  B on R ,  B(B) is supplied the  topology 
N 

Co 

generated by y ~ e  multinorm EYkIk=, where 



. 
R ( B )  i s  t h a t  subspace of B(R) such ths'i, fo r  E R(R)  and eny nomleg:-:lj ve 
N N N 

in tdger  k ~ l ~ ( k ) ( t ) l l  + o a s  it1 -r -=. ;(B) pcsscses t!ie topology induced by s(E). 'B N N 

D'(B) i s  t he  l i n e a r  space of a l l  continuous l inear  mappings of 6 i n t o  R, and we 
Jl N 

supply D' (B) with both a weak and strong topology i n  the usual way. The members 
-r, . 

of D' (B) a r e  t h e  so-called B-valued integrable d io t t r ibu t ion  on R. A s  before, -r, 
we drop t he  argument nota t ion (B) whenever B = C. 

Our next  object ive  is t o  show t h a t  the  conclusions of proposit ion 2-4 hold 

even when we make the  iden t i f i ca t ion  of spaces indicated i n  the  s i x t h  column of 

t ab le  11. Actually, we need herely ver i fy  t ha t  tlie conditiorlsl::E a r e  s a t i s f i e d  

s ince  t he  proof of theorem 2-4 applies j u s t  a s  well i n  t h i s  case. 

That condit ion E l  i s  s a t i s f i e d  is again obvious. 

Now f o r  condit ion E2: We f i r s t  show that, f o r  v E D' (B) and cp E D , $r ( t )  
-4 -4 

i s  smooth and t h a t  

(2.6) $ (")( t)  = ( ~ ( 7 ) )  cp (k) ( t c r ) )  k = 0, 1, 2, ..* 
by using 2.n induct ive  argument. Assume Eq. (2.6) i s  t rue  fo r  some k; i t  is t r u e  

by de f i n i t i on  fo r  k = 0. Also, assurre t h a t  A t # 0 and t ha t  t i s  fixed,  and con- 

s ide r  

The smoothness of I$ ( t )  and the  va l id i ty  of  Eq. (2.6) p i i l l  be  es tabl ished once we 
- - . . -. I ' - - -  - .  - ._ _-: . _ - .  - .  - 

show that -0-  (T) co&erees i n  D t o  zero as / ~ t /  4 0. 
% A t  4 

Some manipulation s h o ~ ~ s  that, f o r  each nonnegative in teger  m, 



! 

By Fubinils theoren, we ]nay change the order of inkcpa-Lion .  Hence 

b 

a The right-hand side tends to  zero as i ~ t l  + 0, which proves the smoothness o f  $(t) 

L and the va l id i ty  of Eq. (2.6). 

Next, we prove t h a t  g E D (R). This k i l l  be acco~nplished when we show that,  
-I;. . . 

f o r  each nonnegative in teger  k, 
I .  

Since v E 13' (B) , for  every cp E D 
- '  4 

where the p a r e  nonnegative 'integers, $ denotes a f i n i t e  sum, a d  the hp(7) are  

7 B-valued Lebesque-integrable fu~zctions on R ( i  .e., h,, E ((R) ). (See Schwartz 

1 01. I ,  p. 7 ) .  By a standard estimate (see Williamson [l], p. 69, 

.I 
which i s  what we xdshed t o  show. (Although the references c i t e d  here discuss only 

, . . - , - C-value6 - functions and d i  stri'tiutions, t h e i r  ~g. rnen.1;~ c-ẑ xrr*g over t'o B-val.ued 

functions and dis t r ibut ions . )  

Finally, ~ ' 3  $ is clear ly  a l inear  mapping of i n t o  D (B), and the % -=I 

estimate (2.7)  shows t h a t  it i s  also continuous. The completes OUT ver i f ica t ion  

of condition E2. 



WE now tu rn  t9 c~:xl i t io i i  P3. That vv 0 qtrongly i n  D'(B) means the  
-=I 

following, For esc!~ p i n  2 f i n i t e  s e t  of nolzregative integers,  there e x i s t s  
. Q 

a sequence {\  ,v]v of continuous B-valued functions which converges i n  4 (B) 
. .  . . 

m 
$0 zero ( i -e . ,  (Ihp5v(t) l lgdt+ 0 a s  v - t m ) ,  and, i n a d d i t i o n ,  

-43 

f o r  every q i n  B.  (see Schwartz, vol. 11, p. 58.) Now, if  cp i s  an a rb i t r a ry  

member i n  a bounded subset  n of D we have that ,  f o r  each nonnegative in teger  
4' 

where the  constants Kk do not  depend on cp E Q. Hence, by (2.8) and the estimate 

indicated i n  (2.7), 

We have es tabl ished t h a t  { tv)  converges in 'D  (B) t o  zero uniformly f o r  all -r, 
i n  any bounded subse t  of . .% 

Final ly ,  condit ion E4, is  s a t i s f i e d  by iTirtue of proposit ion 2-6. 

Ke have hereby es tabl ished the  following analogue t o  proposit ion 2-4. 

Proposi t ion - 2-7: --A For a ~ l y  y E B'[L(B,A)I'I & s y  v E 
N 

%(B) , boi~voluti  on 

product - y -% v defined & (2.3) ( a h  K = D ) a.s 5 mapping from D i n t o  A. 
. - - - . - - 4  -4. 

 oreo over, v + y -?- v - -  i s  a E n c a r  limpping Of $(B) into B' ( A )  t h a t  i s  a l so  con- 
N N 

---- 
m 

tinuous --- i n  the following - sense: - If { v ~ ) ~ . ,  converges -- t o  v strongly i n  D'(B), - JI 
w 

then, {y i* vV),, converges t o  y i* v strongly i n  B '  (.A). - - - 
N 

Another r e s u l t  hie s h a l l  employ i s  a regular iza t ion process corresponding t o  

the  con-goluti on in  p r p o s i  t ion  2-7. More speci f ica l ly ,  -,!o sha l l  need 



Proposit ion 2-8: -- I f  y E B'[L(B,A)] and v E D (B), end i f  the convo1utio:i 
N - -r, -- - - ---- 

produ'ct y .3(- v is  defined b~ (2.3) f o r  K = - then -- $ 5 -  

( 2 * 9 )  (Y -3 V )  (7) = ( ~ ( t ) ,  ~ ( r - t ) )  

i n  the  sense of equal i ty  i n  B' (A). Moreover, v t+ y -% v i s  a continuous l i n e a r  , ---- - 
N 

-- 
mapping of D (B) i n t o  B(A) . -4 - Iu 

Proof: The left-hanu s i de  of (2.9) has a sense as a convolution i n  accord- 

ance with proposi t ion 2-7 because D ( I3)  c I&(B). Next, l e t . ?  E D Tns equal i ty  -r, -&L 

i n  (2.9) i s  es tab l i shed  through the  following .mnipulations: 
. . 

Note t h a t  (~(7)) y ( t h ) )  is. a Bochner i n t eg ra l  and i s  i n  f a c t  a member of D+ (B). 
j 

To see this, we need merely r e f e r  t o  the  ara~ntents culminating i n  (2.7). Thus, 
$ 

t h e  equa l i t i e s  down t o  (2.10) i n  the above manipulations a re  val id .  

Moreo~rer, the  last  two expressions i n  the  above manipulations have a sense 

and a r e  equal becau,se (y ( t )  , V(T- t ) )  is a msmnber of a ( A ) ,  the  space of a l l  A- 

valued bounded snooth functions on R each of whose derivatives are  a l so  bounded on 

R. Ind.eed, we can show tha t  (y ( t )  , V(T-t)) is smooth i n  the usual way [see the  
t 

argument fol-lowing (2.6)]. That i t  i s  a mem6er of B(A) follows from proposition 
N 

. 2-6 q d .  t h e  -following: . . :---: - . - .  - - - .  -_  - - . . - .  
k (k) 
(Y ( t ) ,  v ( ~ - t ) ) / l ~  = I I (Y(~ ) ,  v (7-t))IIA 



Thus, t o  establ5.~11 (2.9) we have olily t o  pyove t h a t  (2.10) i s  equal t o  

b 
( 2 . l )  To c?o t h i s  xtci sh.311 ra;>lac? t he  in tegra l s  on T by c e r t a i n  Riernann 

I sums and then w i l l  show tha t  the  r e su l t i ng  approxislations are equal  t o  each 
C 

other  and converge t o  (2 . lo)  and (2.11). 

Let T be (for  t he  momsnt, an unspecified) posi t ive  number. Pa r t i t i on  the 

i n t e r v a l  [-T, T] i n t o  2N subintervals  o f  length T/N. Also, . l e t  7, be a po in t  i n  

t h e  n th  subinterval .  Since v E -D (B) and E .  D , we can approfimate -s, 

Upon applying y E B'[L(B,A)] 'to (2.14)~ which i s  a member of D (B), we obtain 
N 4 

t h e  following member of A. 

1 We have already noted t h a t  ( y ( t ) ,  V(T-t))  i s  a member of B(A), and it therefore  
N 

follows t h a t ,  as 1\T + co and then T -+ w, the  right-hand s ide  of (2.15) converges t o  

t h e  Eochner i n t e g r a l  (2 .u) . On the  other  hand, we w i l l  have proven t ha t  the  

lef t -hand s i d e  of (2.1.5) .converges t o  (2.10) as first N m and then T + when' 

. . 
we prove t h a t  

converges i n  % (B) t o  zero. 
N 

' . f i ' rs t  n o t e -  t h a t  (2.13) &an h e  di f ferent ia ted  with respec t  t o  t under t h e  

i n t e g r a l  sign any number of times. Next, f o r  any f ixed nonnegative integer k, 



Given any s > 0, t h e  right-hand s ide  can be  made l e s s  than $/2 by choosing T 

' . : . l a r g e  enough. F i x  T t h i s  way. - .  

. . Next, using t h e  aforemnt ioned p a i t i t i o n  of [-T, TI we my wri to  
. . 

where 

and 

(We have used Fubinils theorem t o  change t he  order of i n t e p a t i o n  i n  the last 

term of D . Now, 
N, T 

-X " (k) .t 

(J- + SX) IIv (41 B d t  

- - - - -  - - - - .  - - .  A - -  - - - - -  - 
c& be made as s m h l  as ' desired uniformly f o r  all 1 r 1 < - T by choosing X l a rge  

enough. Moreover, 



as N + a, : It f o l l o ~ r s  t ha t  D can be mde less  than c /4  uxifo~inly for  a l l  
NYT 

N > - 1 by choosing X large enough. Fix X t h i s  way. 

Final13 EN becomes l e s s  than e / L  fo r  a l l  suff ic ient ly  large N because 
9 5 

the  integrand of the i n t eg ra l  on t tends t o  zero uniformly on - X < t < X as  

N -+ w by v i r t u e  of the f a c t  t ha t  V ( ~ ) ( T - ~ )  and t p ( ~ )  are  smooth on the ( t ,  7 )  

plane, This completes the  proof of (2 *9). 

The l a s t  statement of proposition 2-8  i s  now implied by the  inequality 

(2.12). Q.E.D. . . 

We a l s o  have a regular izat ion for  column I of table  11. We sha l l  need 

it i n  sect ion 4. 

Proposition 2-9: If y E D'[L(B,A)] and v E D(B), and if the  convolution - 
N 

- 
N 

product y * v - i s  defined Q (2 .3)  - fo r  K = D, then 
N N -  

i n  the  sense of equal i ty  i n  D' (A) ,  Moreover, v i+ y -% v i s  a continuous l inear  ---- -- 
N 

- 
mapping - of D (B) i n t o  E (A) .  

N 
- 

N 

The proof of t h i s  is  j u s t  l i k e  t ha t  of proposition 2-8 and i n  f ac t  simpler. 

We therefore  o m i t  it. 

We s h a l l  need s t i l l  another property of our convolution process, Let x be 

any r e a l  number, and l e t  ax be the  sh i f t ing  oparator. That is,  fo r  any function 

cp(t) D~rn R i n t o  B, ax cp(t) A cp(t+r). It ig a f ac t  tha t  ax i s  a continuous - - 
l i n e a r  operator mapping H(B) i n t o  H(B), where H(R) denotes e i ther  D (B), B(B), 

N N N -4 N 

- - - - . z  . 
%(B), N a3$o&-bi the  testing-function spaces indicated i n  the first calu~rm of 

, t ab l e  I. This is read i ly  seen from the def ini t ions  of these spaces. I n  these 

cases we define a on H' (B) by 
X - 



/ I 

i t  follows t h a t  o, is a continuous l i n e a r  rnappil:g o f  H (B) i n t o  H (B) . 
-.- - 

* We can now prove. - 
- - . -. 

t 

Proposi t ion 2-10: I f ,  f o r  any of the  syste~ns of spaces i:~C:icated i n  table 11, - - ---- -- - - -- - 
y H'[L(B,A)] and v E I'(B), then cx(y * v)  = y -:- (oxv) ; i n  other words, ox 

N - CU - --- 

P 
commutes t&th t h e  operator vt-t y * v. . 

Proof: For cp E H, - 
N 

(o,(y -3 v), CP) = (Y -% VJ 0-x  CP) = (y(t), ( ~ ( 7 ) )  C J - ~ ( P ( ~  + 7 ) ) )  

= (y ( t ) ,  (a, v (T) ,  C P ( ~ + T ) ) =  (Y it (ox v) ,  cp) 

Q.E.D. 

Later  on, we w i l l  iden t i fy  t as the time variable. I n  such a case, we w i l l  re- 

fer to the property that ax cornlutes with the operator v(+ y * v by saying t h a t  t he  

operator v w y * v i s  time-invariant . 



I 

-- . . 3 .  Tne L ~ g l a c e  - Tra l i s for~a t  ion 
r 

We shs l l  szy t h a t  f i s  a Laplace-tra~isformktli: ?::~~r!:ber L'Z D' (B)  i f  there . 
-_I 

5 

e e  sts two members a, a ~ d  a, of the extended r e a l  l i n e  [a, w] such tha t  

4 < a,, f E L ' ( ~ ,  o , ) (B) ,  and i n  addition, f k! L'(w,z)(B), i f  e i ther  w <  q 
CV N 

o r  z > < ~ 2  The s t r i p  5,n tho conrplex s' plane: 

Df = [s: 4 < Re s < o,) 

will be ca l l ed  the s t r i p  of def ini t ion f o r  the Laplace transform Qf of f. Noting 

t h a t  e-st € L ( q ,  (3) f o r  s E ", we define Ff by 
N 

A , A 
F(S) = ( ~ f ) ( s )  = ( f ( t ) ,  s E flf 

It is  eas i ly  shown t h a t  ~ ( s )  i s  a B--valued analytic function on Qf. (One need 

merely modify s l i g h t l y  the proof of theorem 3.3-1 of Zemanian r 2 ]  .) 

Similarly,  i f  there  ex i s t  two members fi and Tk 'of the extended r e a l  l i n e  

[-a, -1 such t h a t  1), '< 1), and if  y € - L'(Q,  & )  [L(B,A)] A d  y $! L1(w,z) [L(B,A)] 
N 

whenever e i t h e r  w < Th or  z > ?\, , then y ~ J i l l  be called a Laplace-transformable 

member df N D'[L(B,A)]. Also, corresponding to  y, we have the unique mapping f Y 

of L(Q , & ) i n t o  L(B, A)  specified i n  proposition 2-3. We define the Laplace 
N 

\ 

transform Qy of y as simply the Laplace transform Ffy of fy, and we take 

A 5 - - ( s :  'I& c Re s < & 1 ' as  the corresponding. strip' of definit ion.  Thus, 

I n  t h i s  case, Y(s) i s  an L(B,A)-valued analytic function on 5. Thxs i s  proven by 

modifying t h e  proof of theorem 3,3-1 . in Zemanian [2] i n  an obvious way. Whenever 

: -. . ye .write "f . E .- D'(B) . and B f  -.F(s) f o r -  s E ?il, It is  understood that  f is  a 
I 

Laplace-transformable member of D'(B) and tha t  Of is  the s t r i p  of definit ion f o r .  
N 

Sf A similar convention i s  followed whenever we write" y E D'[L(B,A)] and 
N 

8 = Y(s) f o r  s E 5." 
We are now ready t o  s t a t e  the exchange formula which i s  given by (3.1) below, 

This f o ~ m u l a  s t a t e s  how convolution i s  converted by the Laplace transformation, 



3. The Lz9lace - 

$ie s h a l l  sw t h a t  f i s  a Laplace- t ra~sfor~abl i -  r:-lin:lser* c.f D'(B) i f  there . 
ni - 

e x i s t s  two mombers q a ~ d  0, of the extended r e a l  l i n e  [e, a] such t h a t  
* 
r" 9 < 02 ., f E N L' (al, a, ) (B), and i n  addition, f f! - L' (w, z) (B), i f  e i ther  w < ol 

o r  z > a,. The s t r i p  5.n the c o q l e x  s' plane: 

nf = {SZ a= < Re s < a,] 
r 

w i l l  be ca l l ed  the s t r i p  of def ini t ion f o r  the Laplace transform B f  of f .  Noting 

t h a t  e-st € L(a,, U,) f o r  s E n,, we define 2f  by 
w 

A . A 
F(B) = ( ~ f ) ( s )  = ( f ( t ) ,  e -st) s E nf 

It i s  eas i ly  shown t h a t  ~ ( s )  i s  a B-valued analytic function on nf. (One need 

merely modify s l i g h t l y  the proof of theorem 3.3-1 of Zemmian r2]. ) 

Similarly,  i f  there  ex is t  two members and & .of the extended r e a l  l i n e  

[a, -1 such t h a t  a < % and if y E - L' (fi , % ) [L(B,A)] and y f! L' (w, Z) CL(BIA)] 
N 

whenever e i t h e r  w < or  z > %, then y w i l l  be called a Laplace-transformable 
U 

member o'f N D' [L(B,A)]. Also, corresponding to  y, we have the unique mapping fy 

of L('&, &)  i n t o  L(B,A) specified i n  proposition 2-3. We define the Laplace 
N 

transform S y  of y as simply the Laplace transform 2fy of fy, and we take 

A f$ - - { s: Q < Re s < &) ' a s  the corresponding. strip' of definition. Thus, 

I n  t h i s  case, Y(s) i s  an L(B,A)-valued analytic function on %. Thls i s  proven by 
6: 

modifying t h e  proof of theorem 3.3-1 i n  Zemznian [2] i n  an obvious way, Whenever 

. . y e  - ~ r i t . e  "f E D'(B) and B f  ---.F(s) f o r - s  E $Iftt, i t  i s  understood tha t  f i s  a 
- -N . 3 

. ,  Laplace-transformable member of D' (B) and tha t  Of i s  the s t r i p  of def ini t ion fo r  - 
N 

Qf. A similar convention i s  followed whenever we write" y E D'[L(B,A)] and 
& 

- 2  Y f o r  s E $." 
We a r e  now ready t o  s t a t e  the exchange formula which i s  given by (3.1) below. 

This folmula s t a t e s  how convolution i s  converted by the Laplace transformation. 



sense of .tile con-i7olution of y  E L ' ( ~ , Z )  [L(B,A)] 75th v (1. ~'(u,~) (B) wilere the  ----. - 
N 

- 
N 

-- 
i n t e r v a l  (c,.) - i s  - the  -- i n t e r s ec t i on  of ny n T$ 15th  the  r e a l  axis. loreover,  - --- --- - - 

fo r  s E ny n sa,, - 

a ~ d  f ~ r  =c& fixed s E n nV, Y(s) V(s) E A. 

Proof: That y -% v e x i s t s  i n  the  s t a t ed  sense fol.lows from proposi t ion 2-4 

and t3e f a c t s  t ha t ,  3.f v E ~ ' ( a , ,  02) (B) and a, < w <  z < o,, then v E L'(w,z) (B), 
N - - hl 

and s imi la r ly  f o r  y. Moreover, f o r  each f ixed  s such t h a t  w < R e  s < z 

Here, e-st € L(wy Z) and ( ~ ( 7 ) )  eLs7) E B. Iience, 
N 

-st 
e (v(I-1, e E N L(W,,z) @B 

and by 2-3 we get  

-st 
~ ( y  v)  = ( f y ( t ) ,  e ) (v(T), e = Y(S) ;(s) 

i 

Ena l ly ,  s i nce  Y(S)  E L(B,A) and ~ ( s )  E By we have t ha t  Y(s) ~ ( s )  E A fo r  any fixed.  

I '  

s E ny n n,. Q.E.D. 
f ' 

We now s t a t e  two lemmas wiiich. w i l l  be ubed i n  the proof of  an invers ion theorem 

f o r  t he  Laplace t ransfornat ion.  

Lemma 3-1: && y E ~'(o, , cr,) [L(B,A)], a d  l e t  fy be t he  corresponding 
N 

-- - - -- 
.rneni%er - of - J , ({~ . ,  a,-) (L(B,A)) i n  accor&nce with proposition-2-.3. AlsoJ let 

N -- -- 

Then f o r  arry two f i xed  r e a l  numbers r and a such t ha t  0 < r < m and < D < o; -9 - --- - -- - 
and fo r  s = a + i w, -- 



i - and 

t Ls3lrta 3-2: Let e, h, o,  a d  r be r e a l  numbers with a < cr < b. Also, l e t  
s ----- 

r- 

rp E I l (B) .  Then, 2 r -P m p  

w 0% s in  rt . ,. 

1 J + ( t c i )  e --t d t  
,1T -a 

converges - i n  &a,h(B1 2 y (I-). 

., Except f o r  sonie obvious charges, the  proofs of .these two lcmms a r e  respect- 

i v e l y  the  same as those  of l c m a s  3.5-1 a11d 3.5-2 i n  Zemanian c2). The integrand 

on the left-hand, s i de  (3.2) i s  t he  r e s u l t  of applying the L(B,A)-valued functioil 

- 
{fy('), e ") t o  the  R-valued function t (3). The i n t eg ra l  on the left-hand side 

can be defined from t h e  corresponding Riemnn surns i n  the usual  vky, and possesses 

t h e  usual  p rope r t i e s  ( s ae  Sec. 7 ) .  

Proposi t ion 3-2 (~ln Inversion ~ o ~ u l a )  : I f  y 6 I)-'[L(B, A)] and Oy = Y ( s )  for- 
".I 

-- --- - - 
s E fly = [ s :  q < Re s  < o, 1, then, i n  the  sense of weak convergence i n  D'[L(I),A) J - ----- - N  

1 y ( t )  = l i m  . -l ,m T;; J-r 
~ ( s )  est diu 

>?here s = o -t- i cu and 5 i s  a fixed r e a l  number sati.s~Yying al < o < c .  . - - -- - -- 
S i n i l a r l ~ y ,  - i f  f E - D'(B) - and B f  = ~ ( s )  - f o r  s E Qq = [s: ox < Re s < o,], -n, jn 

t h e  sense o f  weak convor sencp i n  D'(L(B,A)) ,.! C . c -  

( 3 3  
st . f ( t )  = i J F(S) e 

-+ LTT ,r 
- - - .  - .  - - - - -. - - - . - . . 

where s' and cr axe r o d r i c t e d  -as before.- .  ' - - -  - 
. Proof: We proye -I;lle first statement only since the  proof of  the  second one 

i s  a h o a t  t h e  ssumo. Let  p E D(B), and choose a and b such t h a t  q < a < o < b < og . 
We want t o  show t h a t  



We note t h a t  t he  In t eg ra l  ort w h i th in  tine ].eft-halid si.ds i::  EL.^ L (32, ~ ) - ~ ~ ? ! _ u t . d  
i 

continuous funct ion of t. Thu~,  the passage t o  the li1xi"Lhero is f;dcing plcice 
r- 

i n  the Banach space A. The left-hand side without the  Emit nota t ion i s  equal t o  

and, by a Fubini theorem ( ~ i l l e  and Ph i l l ips  [l], p. 84), the  order of in tegra t ion 

. . may be changed. Then, upon invokcing l e r m  3-1, we f ind the  last  expression t o  be  

equal  t o  

which, by t h e  same FL~bini theorem, i s  t h e  same as  

1 
( ~ ( 7 1 ,  - SDP_ ~ ( t  + gt s i n  rt 

rr " t dt)  

Lemma 3-2 now co tq le tes  t h e  proof. 
I 

Corollary -- 3-2a  he Uniqueness - of -- the  =ace -  rans sf or mat ion): Let 3.1 y, . 

members of D'[L(B,A)], lot Gy, = Yv ( s )  - f o r  E nyv and v = 1, 2 ,  -- and 1.~3% 
N 

.. 
y1 ( 4  = y2 (s) z n Y l  n nY2 , The11 y, = y, ---- i n  the sense of equal i ty  -- i n  

L' (IT,~) [L(B,A)] where the i n t e rva l  ( ~ , a )  i s  the  in tersect ion of 
N 

-- -- - %I n "B "ith 
t h e  r e a l  axis. A s imi la r  statement hol-ds t rue  when the spaces D'[L(B,A) and --- ---- ---- N - 
L' (sq, z) [L(B,A)] a r e  r o w  b;11 D' (L(B,A.) )' 2s L' (w, z )  (L(B,A)) r e ~ p e c t ; i ~ ~ , ~ o l y .  
N 

-- 
N N 

Proof: That y1 and y, a re  i den t i c a l  on D(B) follows from proposi.tion 3-2. 
N 

Furtherhore, ~ ( 3 )  i s  dense i n  L(w,a) (B), aiPj y, and y, are both mersbors o f  
N N 

L' (w, a)  [L(B,A)] . Therefore, yl and & a r e  ident ica l  on ~(w, a )  (23) as  w i l l .  
- .  N -. - N - - - :  ' - . - - _. . . - '--. +..-- :-: -: -- " ._ . . . - .  -, - . - .  - .  

The 'second- conclusion i s  proven i n  tho same way. 

We can character ize  Laplace transforms as follows: 

~ r o ~ o s i t i o n  3-3: Necessary - and suf f i c ien t  conditions f o r  ~ ( s )  --- t o  be t he  

Laplace t ~ a n s f o n a  -- of a y E D'[L(B,A)] & f o r  the corresponcllg sfzip of dedn-i . t ion 
N 

- 
t o  be fly = is: 4 < R e  s < o ; )  ere tha t  ~ ( s )  L ( B , A ) - - ~ ~ . J P ~  an.jbtnic Pt~?-?5niy -- ...-. --,.",. - -- . ---- .- --.-- - -- .-- 

on Qy 2"d, foT ~ : F A  - 



IJoLi.: It h s fa", t ha t  P depends ir?. geliera,:! :':!~.'t!i~: c::~lce:i of' a, and b,. . -.---. 
. , 

. . 

,* Proof:. Necessity: It has already been pointed o u t  t h a t  Y ( s )  i s  an .L(B, A)- -- ---. 

I valued znaly t i c  funct ion on ny . Moreover, 
L 

n,, = ( f ,  e-st)  s E RY 

where fy F&%~&;B,A))  f o r  every a and b such tha t  3 < a < b < o, . Therefore,' 

by proposi t ion 2-1, there  ex i s t  a pos i t ive  numbor M and a nonnegative in teger  r 

such t h a t ,  for all s in the s t r i p  {s: a < - Re s - < b], 

Sufficiency: We first prove 

Lemna 3-3: If, on the strip {s: a < Re s < b], ~ ( s )  -- i s  an L(B,A)-valued -- - 
ana ly t id  funct ion t h a t  s a t i s f i e s  I / ~ ( s ) ( l ~ ( ~ , ~ )  <_ K / / S ~ ' ,  %filere K i s  a constant, - - 
and i f  '. -- 

where s = 0 + i w & o i s  Tixed with a < Q < ' b ,  t h ~ ~ ? .  g(t) i s  a1 L(B,A)-valued 
4 - ----- --- -- -.- 

continuous - function that does not depend on the choice of 0, and a l s o  g(t) --- - - -...- - -- 
genera tes .  a mernber g or L' (a,b) (L(B,A) ) t ~ o u @ &  a &f&$>&;: 

N 

Proof of l e m  3-3: That g ( t )  does not depend on a follows from Caucllyls 

theorem (Hi l l e  and P h i l l i p s  [ l ] , , p .  95). Also, 



is a continuous f '~i2~:  l . lc~j b j tile t;nj.fol*n~ coilvsrgc~~ce of tphe i n f i n i t e  i n t e ~ ~ a l .  

Furtheriiiore, f o r  2% :I.o.zi; c-l < Re s < 53, KG have t ha t  

-st - ' G(E) = j': g ( t )  e d t  

This can be es tab l i shed  by extending t h e  proof of theorem 8.2-3 of Zemanian [ I - ]  

t o  t he  case of two-sided L(B,A)-valued functions i n  accordance with t he  discussion 

of Secs. 6.2 and 6.3 of Hi l l e  and P h i l l i p s  [I]. Finally, fo r  each a such t h a t  

-at a < a < b, Ije 
FJt)lL(B,n) 

i s  bounded on - < t < a, Therefore, g ( t )  E 

~ ' ( a , b )  ( L ~ ( R , A ) ) ,  and 
rV 

Bg = ( g ( t ) ,  e-st) = J'O' g ( t )  emst d t  = ~ ( s )  
-m 

f o r  a t  l e a s t  a < Re s < b,  

Turning now t o  t h e  proof of suffj.ciency, we choose 2 nu~;~er ie~r l ly-valued 

polynomial Q( s )  t h a t  Is d i f fe ren t  from zero on the given s t r ip{  s? a < - Re s < - b] 

7 and s a t i s f i e s  

- Se t  G(s) = Y(s)/Q(s). Then g ( t ) ,  'as determined by ( 3 , 6 ) ,  possesses t h e  p r o p e r t i e s  

s t a t e d  i n  t h e  conclusion of l e r m  3.3. I n ' t he  sense of d i f f e r en t i a t i on  D i n  t h e  

space L' (a,b) (L(B,A)), we s e t  f y ( t )  = Q(D) g ( t ) ,  so tha t ,  f o r  a l l  p 6 L where 
N &,d . 

a, < a < c < d < b < 02, we have 

(3.7) (fyi a) = SOD -- g ( t )  Q(-D) yet) d t  E L(B,A) 

f i r thormore,  we def ine  y on h y d ( ~ )  by 
.P 

(3.8) (Y, $) - C, J: g ( t )  Q(-Dl ( (%I-  d t  E A . t E JL (B) 
4, d . . - - . -  - - - -  - -  - - - - -  - - - - - - 

 or each t, t he  l&t ' in tegrand  i s  a member of A; Also,  the i n t e g r a l  converges; indce,  

















1. 

where t h e  Y are t h e  real numbers: 
k-ll 

Upon invoking p ropos i t i on  2-6, we ob ta in  

which, i n  view of  (5.3) ,  implies  t h a t  y i s  a cont in~lous l i n e a r  mapping of & a , b ( ~ )  

i n t o  A. But t h i s  i s  t r u e  f o r  eve ry  a and b such t h a t  o  < a < b < Hence, 

We now s t a t e  a b a s i c  d e f i n i t i o n :  

Def in i t ion  5-2: - ~ ( s )  is  c a l l e d  a p o s i t i v e  mapping o f  H i n t o  H i f  t h e  fol-- . - - - - ---- 
lowing  t h r e e  cond i t i ons  a r e  s a t i s f i e d  on t h e  half-plane {s: . Re s > 03. - -- -- - 

1, For  each  f i x e d  s, ~ ( s )  i s  a continuous l i n e a r  mapping o f  H i n t o  H [i.e., - -- - -- - -- - - 

2. Y(s) i s  a n a l y t i c .  - 

3 .  every  a E H, Re ( ~ ( s )  a, a)  > - 0: 

Assuming t h a t  condi t ion  1 holds t m e ,  we can i n t e r p r e t  c o n d i t i o n  2 i n  e i t h -  

' 

e r  of two equ iva l en t  ways: F i r s t ,  ~ ( s )  is  an2ly t ic  on {s: Re s > 03 i f  and o i ~ l y  

(5.4) Y(S + A S) - ~ ( s )  
A s  

converges under t h e  norm of  t he  space L(H, H). Secondly, ~ ( s )  i s  a n a l y t i c  on 
L 

1s: Re s > 0') &f and only  i f ,  f o r  e v e p j  choice of a E H and b E I-I, ( ~ ( s )  a, b )  



gunce of (5.L) i s  antoxatic?.lly u n i f o ~ n  wi t41  raspee'c, t o  s i l l  c.:~;). conipact sub- 

s e t  of {s: Re s > 01. (see  EIille ax~d Phil l j -ps 111, pp, 92-94 or. Taylor [I], 

One of t h e  p r l ~ c i p a l  results of t h i s  work is  

Theorem 5-1: If 2 = y-X, where y E B ~ L ( H ,  H ) ]  and i f  9 i s  passive on --- - - - -- - - 
D, (H) , then ~ ( s )  = (Qy) ( s )  e x i s t s  f o r  {s : Re s > 01 and ~ ( s )  i s  pos i t ive .  - 1 - -- - - - 

Proof: By proposit ion 5-1 and lemna 5-2, supp y C [o, w) and 

y E Lf(o,m) [L(H, H)]. Therefore, y does possess a Laplace transform whose re- - 
gion o f  de f i n i t i on  contains {s: Re s > 03; namely, f o r  a t  l e a s t  Re s > 0, 

Here, f ( t )  i s  t he  member of L ' ( o , ~ )  (L(H, H)) generated by y as ind ica ted  i n  
Y - 

proposi t ion 2-3. I t  follows t h a t  ~ ( s )  i s  an L(H, H) -valued ana ly t i c  function 

f o r  Re s > 0. Thus, t h e  f i r s t  t~.?o conditions of def in i t ion 5-2 are s a t i s f i e d .  

To prove the  t h i r d  condition, choose any two r e a l  numbers x and xl such 

that  -co < x < x < 43. Even zny s with Re s > 0, choose m ( t )  E E such t h a t  
1 '. - 

q ( t )  = cst on -m < t < 5 and p(t) = 0 on x + 1 < t < a. Hence, ~ ( t )  EL(-, Re s), 
1 - 

and it follows t h a t  we may convolve y with v = cp a, a E H, i n  accordance v i t h  

.r 
column 5' of Table I1 wherein w = 0 and z = Re s. Moreover, s ince  y E B'[L(H,H)] - 

By lemma 5-1, (u, v) E 3 . So, by the  pass iv i ty  of  9 on 5 (11) we have 
1 1 



r Since scpp y c: [o,m), s;?pp 1: ST c [ o , ~ ) ) ,  Therefore, beczuse < t < x, t he  

) Q.E.D. 

We now wish t o  introduce t he  idea  of a r ea l  mapping of H i n t o  H. I n  or-  

de r  t o  do t h i s  Ire s h a l l  assume t h a t  H has been generated from a r ea l  Hi lber t  

space Hr through complexificetion (~achnan and Narici [l]), That is, given a 

r e a l  Hi lber t  space Hr, t h e  elements of H a r e  defined t o  be a + i a  where a 
1 2 1 

and az a r e  a r b i t r a r y  members of Hr. Also, the  inner  product ( *  , ' )  on Hr i s  
* 

extended cnto H through the  def ini t ion 

(al + i a ,  2 b 1 + i b )  h ( a ,  b )  + ( a ,  b )  + i  (a2, b l ) - i  (al,b2) 
2 - 1 1  2 2 

-- 

where a a bi, and b are a rb i t r a ry  numbers of HH. It i s  easy t o  show t h a t  
1, 2' 2 

H is  a complex H i lbe r t  space whenever it i s  generated i n  t h i s  way from a given 

Hr. Also, any br thonomal  bas is  f o r  Hr ii a l so  an or.lhono.ma1 bas i s  f o r  H. 
, '  . 

* Throughout t he  remainder of t h i s  section it i s  understood t h a t  H has t h i s  s t ruc-  

ture. 
: 

N e x t ,  a l i n e a r  mapping Z of H i n t o  H i s  sa id  t o  be r e a l  i f  Z maps Hr i n to  

- L .  - - E ~ b t i  - t ha t ,  if t h e  (hot necessar i ly  r ea l )  l i n e a r  mzpping Z i s  defined only 

on Hrf i t can be extended i n to  a r e a l  l i n e a r  mapping of H i n t o  H through the 

de f in i t i on  : 



This  convent ion i s  adopted i n  t h e  fo l lo~~6 .ng .  

On t h e  o t h e r  hand, if Z is a. ( no t  nscessi.-riS>- r e a l )  ri~?.:>,?i.t;g o f  i n t a  E3 

we can decompose it i n t o  r e a l  and in~aginary p a r t s  as follobru. m2ps  my 

a E Hr i n t o  a member bl + i b o f  H  he^ b E Hr and b2 E Hr. So, we d e f i n e  
2 1 

t h e  r e a l  p a r t  Z1 and t h e  imaginary p a r t  Z of Z by 
2 

and we w r i t e  Z = Z1 + i Z2. Tke conplex conjugate  o f  Z is by definit-j-on 

i & f i n i t i o n  5-3: - Y(s)  i s  c a l l e d  a positive-re?-1 m?.pping of H into H if it - - ---- - -- 
is a p o s i t i v e  mapping o f  H i n t o  H a d ,  f o r  each r e a l  p o s i t i v e  nurnber a, Y(O) is - -  - - - ---- - 

a r e a l  mappin2 of H i n t o  H, - -  

Corollz-ry - 5-la: If 17 = yX-, where y E R ' [L(H~,  H,)], and i f  3 i s  p a s s i v e  - - - - -- 
on D (H,) , then  3 s a t i s f i e s  t h e  hypothesis  of theorem 5-1 and ~ ( s )  i s  p o s i t i v e -  - -4 - - - - 
r e a l .  - 

a 

- Proof :  Any rp E D (H) can be  decoinposed i n t o  = p + i v2 where p and 
-L 1 

1 
1 

cp a r e  unique members o f  DL (H,). So, following t h e  aforementioned convention, 
2 - 1 

we d e f i n e  y on I& (H) by 

It fo l lows  r e a d i l y  t h a t  y E B'[L(H, H) 1. - 
Moreover, f o r  v E 3 ( H ) ,  Ire have t h a t  p E B(H) by v i r t u e  o f  p ropos i t i on  

C1 

1 

2-8. Upon making t h e  u s u a l  decompositions v = v + i v v E DL ( H ~ ) ,  
- .  1 2 )  1 - 1  
- - . I  ' - .  _._. - _ . . - -  € < ( H i )  and i= ul + i u u = B(H,), u2 E B(M,), we s e e  from (5.5)  t h a t  

2 - 1  2' 1 - - 
3 i s  p a s s i v e  on D (H) whenever i t  is pass ive  on qL ( H ~ ) ,  Thus 2 s a t i s f i e s  t h e  

J.1 - 1 

h y p o t h e s i s  o f  theorem 5-1. 



fin an)^.^ siricd y E B ' [ L ( I ~ ~ ,  IT,)], it I I :  . ' I ,  H,)). Con- - J -.- 
,-, . 

r' :; :;::::'1>ct7 of scqct?ntly, f o r  r.xy rgr.1 pcrsit.ive 0, ~ ( o )  ~ . ( i ' ~ 7 ( ~ ) l , : . ~ ~ ' ' ~  
' ' 

. . .  



02x8 f i n a l  c?5Joct9vc: 5,s t r ,  de~cl .o2 t h e  c,onver::e t o  theorern 5-1 and i t s  co ro l -  

lary. We accor;ialish t l l r i s  by us ing  sone r ep re sen ta t ions  of pos i t ive- rea l .  mappings, 
+ 
p .  which i s  t h e  s u b j e c t  o f  t h e  p re sen t  s ec t ion .  We s t a r t  wi th  a r ep resen ta t ion  due 

t o  Be l t r ami  [I]. r- 
I -. 

B e l t r a n i ' s  Rep~*esen ta t ion :  ~ ( s )  i s  a p o s i t i v e  mapping of H i n t o  H if and - - - -  - -- 
i 

o n l y  i f ,  f o r  Re  s > 0, ~ ( s )  admtts t h e  fol lowing representa t ion :  For every a and -- - - - 
b i n  H, 

where t he  fo l lowing  cond i t i ons  a r e  s a t i s f i e d .  A i s  cons tan t  s e l f - a d j o i n t  non- -- - - - 
n e g a t i ~ e - d e f i n i t e  cont inuous  l i n e a r  mapping o f  H i n t o  H. Q i s  a c o n s t a n t  skew- - -- - - - -  - 

JC % 
s e l f - a d j o i n t  ( i . e . ,  Q = -Q* where Q denotes the  a d j o i n t  of  Q) continuous l i n e a r  - - -- - - 
m q p i n g  of H i n t o  II. For  each 'l) E R, $(7) i s  a s e l f - a d j o i n t  c;ontinuous l i n e a r  - - -- -- ,- 
mapping of H i n t o  H; f o r  each a € H, ( $ ( ~ ) a ,  a)  i s  a r e a l  nondecreasing bounded - - -- ---- 

? - func t ion  on -m < Tl < a; f o r  every a and b i n  H, ($ (TJ)~ ,  b)  is of  bounded v a r i a -  - -- - - -- 

We extend  B e l t r a n i  s r ep resen ta t ion  a s  follows: 

Fropnsi.tion - - 6-1: ~ ( s ) .  i s  a p o s i t i v e - r e a l  mapping of H 'ink0 H i f  and o n l y  . - - --- - --- .  

if t h e  r e p r e s e n t a t i o n  (6.1) possesses  t h e  f o l l o ~ r i n g  a d d i t i o n a l  p r o p e r t i e s  : A and - -- - --- - 
Q a r e  real.  mappings, and $(T) = - m. -- - 

We f i rs t  prove .! 

L e m a  6-1: L e t  H and Hp be  as before.  An opera tor  Z mapping H i n t o  H i s  
* .  .-- _-- - - -  - - -- -- - - 

real i f  and o n l y  i f  ( 2  a, b )  i s  r e a l  whenever a and b a r e  i n  H,. ----- -- - --- 
Proof: Le t  c = cl + i c, = Zawhere cl ,  c2 and a a r e  i n  Hr. If ( Z  a, b) i s  

real f o r  a l l  a and b i n  Hr, then (c  , b) = 0 because 
2 - 

Since b i s  a .~%it ra : r , .  c = 0.  Hence, Z i s  r e a l .  The converse i s  obv io l~s .  
2 



Proof of P ropos f~ t ion  6-1: Assme tI12t A, Q, and  Q haw t h e  s t a t e d  praper-- - - --- - 
t i e s ,  S e t t i n g  $ = + i $ whcrbo $ rad 4i2 arc? yea1 o l ~ ~ ~ - a t c : r e ,  we see 51,a-L 

$1 2 1 

$ ( 7 )  is  an odd mapping o f  t h e  r e a l  l i n e  i n t o  L(II, 11) 2nd tht t - t  1: (I) i s  m even 
1 2 

mapping. Moreover, f o r  a r e a l  and p o s i t i v e ,  t h e  imaginary p a r t  of t h e  l a s t  term 

on t h e  r igh t -hand s i d e  o f  (6.1) i s  

This express ion  i s  equal  t o  zero  f o r  o r e a l  and p o s i t i v e  by v i r t u e  of  t h e  oddness 

and evenness of t h e  tw: i n t eg rands  and of  (( ( l l )a ,  b )  and ($l('Q)a, b )  wi th  r e s p e c t  
2 

t o  T, By l e m a  6-1, ~ ( 5 )  i.s a rezl. ope ra to r  f o r  a reed and p o s i t i v e .  

To prove t h e  "only i f f 1  p a r t  of propos i t ion  6-1 we s h a l l  need two more lemmas. 

Lemma 6-2: L e t  Q be a l i n e a r  ope ra to r  mapping t h e  (coi;lplex) I I i l be r t  space H -- - --  - 
i n t o  i t s e l f .  If Q is skew-self-adjoint ,  then ( ~ a ,  a )  i s  imaginary f o r  a l l  a EH. - - -- - -- - 

Proof: If Q i s  skew-self-sdjoint ,  then (&a, a) = (a,  &*a) = -(a, &a)= -'-a) 

s o  t h a t  (Qa, a )  i s  i x a g i n a r y ;  
6 - 
-. Lemma --.- 6-3: - L e t  Q b e  - -  a skew-self-zdjoint  continuous l i n e a r  mapping of t h e  com- - -- -- - - - 

plex  H i l b e r t  space  H whi.ch i s  generated. from t h e  r e a l  H i l b e r t  space Hr throug1-1 con+ - - ---- --- - 
p l e x i f i c a t i o n .  Then, Q i s  r e a l  i f  and only  i f  ( ~ a ,  a )  = 0 f o r  a l l  a EH,, - ------- -- 

Proof: If Q is  r e a l ,  then Q a E H, f o r  :iil a E Hr, m d  ( ~ a ,  a )  i s  r e a l .  But 

s i n c e  Q is  skew-se l f -ad jo in t ,  ( ~ a ,  a) is  imaginary according t o  lemma 6-2. There- 

fo re ,  (&a, a )  = 0. 
.r 

Conversely, a s s m e  t h a t  ( ~ a ,  a) = 0 f o r  a l l .  a  E Hry and s e t  Q = Q + i Q, 
1 

- - .\C * ' - - ' where -Ql - and Q a r e  r ea l .  - T1123, Q ^ ' 4 - i Q Since S = - Q * ~  we have 
2 

x- 
Ql = Q and Q2 = Q ~ " .  Moreover, 

1 

tea, a) = (Q+, a )  + i (Q2a, a ) .  



I 

Since Q i s  skew-self-ad j o i n t ,  (Q a, a )  is imaginary by lemma 6-2. But 
1 1 

(& a, aj  i s  a l so  r e1  since Q is  r e a l  and a E H',. Hence, (Q a, a) = 0 f o r  
1 1 1 

,. a l l  a E 11,. 2iy asswpi ion ,  (&ay a) = 0 f o r  aXL a E Hr also.  Thus, 
A 

(%a, a) = 0 f o r  a l l  a E Hr. But, i f  Q were not the  zero operator,  the re  
2 

I "  would be a t  l e a s t  one a # 0 i n  $ f o r  which ( e a ,  a )  4 0 because 
1 

(see  Riesz and Nagy [l], pp. 229-230.) Thus, Q must .be the  se rb  operator, 
2 

and Q the re fore  r ea l .  

Returning t o  t he  proof of proposition 6-1, assume t h a t  ~ ( s )  i s  posi t ive-  

rea l .  Since ($(?l) a, b) i s  of bounded var ia t ion on -a < 7 < it follows t h a t  

f o r  a r ea l ,  

. 
(see Shohat and   am ark in [l], pp. 23-24.) Thus, (Aa, b )  is r e a l  f o r  every a 

and b i n  II,, and there fore  A i s  a raeal operator by lemma 6-1. 
f - 
-. 

Next, s ince  Q i s  skew-self-adjoint, ( ~ a ,  a )  is  imaginary f o r  a l l  a E H, 

According t o  lemma 6-2. NOW, s e t  s = 1 and a = b i n  (6.1) t o  ge t  

-a0 

The lef t -hand side is  r e a l  f o r  a l l  a E Hr be'cause ~(1) is  a r e a l  operator.  Al- 

so, t h e  first and last  terms are r ea l  s ince  A and $(I) are  se l f -ad jo in t  (see  

Riesz and Nagy [l], p. 229). Consequently, . ( ~ a , .  a) i s  equal t o  zero f o r  a l l  

a E H . By lemma 6-3, Q is a r e a l  operator.' 
b .  - 1- - - -  - - - - - . , 

We can now'conciude tha t ,  f o r  a l l  a and b i n  H, and a l l  r e a l  pos i t i ve  s, 

( ~ ( s )  a, b), (Aa, b), and (&a, b) a re  rea l .  Therefore, 

i s  r e a l  under (he sane res t r id t ions  on a, b, and s. Since ~ ( s )  i s  ana ly t ic  f o r  



Re s > 0, we have from the  reflectLon pr inc ip le  that. 

I 
1 .  

Moreover, upon making the  change of variable 5 = - 7 ,  Ire obtain 

r '  
-00 

I - 
We now replace  5 by rl i n  t h i s  expression and invoke (6.3) t o  g e t  

f o r  a l l  a and b i n  A,. Ey a known .inversion formula (see Greenstein [I], 

theorem 2,1), ([$(v) + rjr(-n) ] a, b) is a constant on -a < Tl < 00, and t h i s  con- 

s t a n t  i s  equal  t o  zero s ince  ($(-co) a, b)  = 0, Since t h i s  is f x ~ e  f o r  611 a 
-- 

and b i n  Hr, $(T/) = - $(-I) f o r  a l l  7. This completes the  proof of proposit ion 

6-1. 

. 
I For our purposes we s h a l l  have t o  strengthen B e l t r m i  Is representa t ion.  

The next  proposit ion i s  a .step i n  t h i s  direction,  but we w i l l  eventually as- 
* 

-- . sume a s t i l l  s t ronger  representat ion.  we first n0t.e tha t ,  i f  we s e t  s = 1 i n  

Bel t ramils  representa t ion,  we obtain , f o r  all .  a and b i n  H, 

Since ~ ( l ) ,  A, and Q a r e  members of L'(H, H) , it follows t h a t  Y (1) - A - Q, which 
* - - - : .  - - - - . _ - -  ' . -----. = : 7 -  : .: . - 

we denote by  $(a), i s  i n  L(H, H) also.  Horeover, we have t h a t  

P f o r  a l l  a and b i n  H. Thus, we can view $(T() as being defined on the  extended 

r e a l  l i n e  -m < 'q < a with $ (-a) = 0 and $(as) satisfyirig (6,l~).  - - - 



Next, we show t h a t  t h a t  $(T) i s  of bounded var ia t ion on -a 5 TJ <_ a i n  the 

sense of de f i n i t i on  3.2.4(2) of Hi l l e  and P2 i l l ips  [I]. Let ((zi, Pi) be any 

f i n i t e  co l l ec t ion  of nonoverlapping open in te rva l s  on the  extended r e a l  l i n e  

[-a, m]. Then, Xi $(Pi) - $(ai) is  a member of L(H, H) because $(TI) E L(H, H) 

f o r  each 7 i n  [-a, a]. Moreover, f o r  each f ixed a E H and each f ixed  71 E [ -mla ] ,  

($(I)  al b) def ines  a continuous l i n e a r  functional on a l l  b E H. Also, f o r  

f ixed a and b, ( $ ( I )  a, b)  i s  of bounded variat ion on -a < 'l) < because it is 
- * -  

of bounded va r i a t i on  on -a < < a and con'tinuous from the r i g h t  and t h e  l e f t  

a t  ll = -a and 71 = respectively.  Thus 

I ( [ ? ($ (B~)  - $ ( a i ) l  a, b) 1 = a, b )  - ( $ ( @ a )  a> b) 1 <_va r* ( t ( l )  a,b) 
1 1 1 

where t h e  right-hand s i d e  denotes the t o t a l  var ia t ion of ($(I$ a, b) on -a< q <  - - 

Consequently, by t h e  p r inc ip le  of uniform boundedness ( ~ i l l e  and Dhi l l ips ,  p. 26) ,  

f o r  my f ixed  a E H 

*- where t he  s u p ~ ~ e ~ m  i s  taken over a l l  choices of the  col lec t ion {(a Pi) 1. Since 
i' - 

this i s  t r u e  f o r  every a E H, we may apply the principle of uniform boundedness 

again t o  wr i t e  

where t h e  supremum i s  again talcen over a l l  choices of { (a pi) 1. i ' 
So tnily, *(I) i s  of bounded var ia t ion on -a < 9 < c-3. Henceforth, we denote t h e  .I - - 
lef t-hand s i d e  of (6.5) by Var-w < ,,, < $ (v ) .  

- I -  

. . - - - '  _ -  - - .  - .  - _ _ - - .  _._-. - . _ _ .  _ . . ._  -- _.  - .  
We now note  t h a t  f o r  each f ixed s with a posit ive r e a l  pa r t ,  

r i s  a continuous function on -a < r] < which converges t o  s as e i t h e r  7-3 os 

7 a. Therefore, by  theorem 3.3.2 of H i l l e  w d  Ph i l l i p s  [l], the  i n t e g r a l :  

? 



-- - - 

exists i n  the nor,? -i;opolog~ of  L(H, H) f o r  eveqy f i l a 2 t ~  11 and I;., and we can 

[ ' t ake  n w and m a independent ly  t o  g e t  t h e  i n t s g r a l  

t 
which a l s o  e x i s t s  i n  t h e  n o m  topology o f  L(H, H ) .  It fo l lows  t h a t  f o r  any 

a and b i n  H 

It now fo l lows  from Be l t r ami l  s r ep re sen ta t ion  t h a t  

~ ( s )  a = ~ ( s )  a - Aas - Qa 

f o r  eve ry  a E H, and t h a t  

We have thus  a r r i v e d  a t  , t h e  fo l lowing  s t r o n g e r  r ep re sen ta t ion :  

~ r o ~ o s i t i o n  - 6-2:  ~ ( s )  i s  a p o s i t i v e  mapping of H i n t o  H i f  and on ly  i f ,  - -  - - ---- 
f o r  Re s >, 0 ,  ~ ( s )  admits t h e  representa t ion :  - - 

where A, Q, and $(I)) s a t i s f y  the  condi t ions  s k a t e d  i n  Be l t r ami1s  repreeenta-  - - -.- - 
t i o n  and i n  a d d i t i o n  $(TI) i s  of bounded v a r i a t i o n  on < ll < .o w i t h  $(-a) = 0 --- . - A  - - - 

and $(a) = ~ ( 1 )  - A-Q. - The i n t e g r a l  i n  (6.67 e x i s t s  i n  the norm topology o f  - - --- - 
L(H, H ) .  Furthermore, ~ ( s )  3.s p o s i t i v e - r e a l  i f  and only  if ,  i n  a d d i t i o n  t o  t h e  

% .. . . . . - - - 
I . . 

---- - . - -- 
. . -  . - .  - 

. preceding cond i t i ons ,  -4 and Q a r e  r e a l  and $(v)  = -$(-T) . - --- 



I 

7 .  The Riemann-Stiel t  j e s  I n t e g r a l  of sn H-valued In tegrand wi.tli Respect  

t o  an L(H, H)-valued I n t e g r a t o r .  

D e f i n i t i o n  7-1: L e t  B be  a Banach space. A B-valued f m c t i o n  $(q)  on t h e  - - - -  - - -- 
r e a l  l i n e  -a < 'Q < a, i s  s a i d  t o  be  o f  s t r o n g  bounded v a r i a t i o n  on t h e  r e a l  l i n e  -- ----- ---- 

I ' 
I - i f  t h e  supremum o f  t h e  s e t  o f  s t r o n g  t o t a l  v a r i a t i o n s  on compact i n t e r v a l s  -- 
F Fs f i n i t e .  ( s ee  H i l l e  and P h i l l i p s  [I], d e f i n i t i o n  3.2 .4(3)  f o r  t h e  d e f i n i t i o n  --- -- 

of  s t r o n g  t o t a l  v a r i a t i o n  on a compact interval . ) '  This supremum is denoted b y  - - -  - - - 
8, Var. $('I)) 

-w < 11 < 

Since 

i s  a monotonical ly  i n c r e a s i n g  bounded func t ion  of  5 as 5 + -, it fo l lows  t h a t  

6 
( 7  1 )  S. Var $(@ )- o 5 -,a. 

55' I )<q3 
I *  

But, b y  t h e  d e f i n i t i o n  o f  s t r o n g  bounded v a r i a t i o n  on compact i n t e r v a l s  

as T l  and 5 t e n d  t o  i n f i n i t y  independently.  By t h e  completeness of By t h e r e  ex- 

ists a +((..) € B t o  which $(T) converges i n  B a s  'I) -, a. Simi l a r ly ,  t h e r e  e x i s t s  

a $(-a)  E B t o  which $ (7)  converges i n  B as 71 4 -a. Thus, when $(T) is o f  

strong bounded v a r i a t i o n  on -a < 7 < a, we c p  def ine  it through c o n t i n u i t y  on 

t h e  extended r e a l  l i n e  -a 5 5 a. By' formally applying t h e  d e f i n i t i o n  
". - .: - - -- -. - - .  . --<-. -.:-- - - 

3.2;h(3) of-  H i i l e  [l] f o r  t h e  i n t e r v a l  [-w,-w], we o b t a i n  a d e f i -  

n i t i o n  f o r  

S . T J a r .  $(*(i) 

.. - w < T J < w  - - 
8 

and it fo l lows  e a s i l y  t h a t  



k We henceforth fol low these  coilventions i n  ex-bending the  def in i t ion  of $(n) onto 

F!e have defined $(a) i n  two ways, a s  a l i m i t  under the  operatoy norm and as 
I 

1 .  a weak l i m i t  according t o  (6.4). These two defini t ions a re  equivalenb whenever 

/ ' ~ ( 7 )  is o f  s t r ong  bounded var ia t ion on -co < T] < a. The sane s i t u a t i o n  holds f o r  
- 

*( -4 * 
* 

Next, we l e t  E (B) denote the  space of B-valued (strongly) continuous bound- 
-0 

ed funct ions  on -w < 7 < a. Our f i r s t  objective i n  t h i s  sect ion is t o  show t h a t  

we can apply a sense t o  the  Riemann-Stieltjes in tegra l :  

where h(?) E B (B) and $(T) i s  an L(B, A)-valued fu-t~ction of s t rong bounded var i -  
-0 

a t ion  on -a < 71 < a, Here, A i s  another Banach space. We s h a l l  show i n  par t icu-  

i.' l a r  t h a t  ('7.2) i s  a member of A and w i l l  obtain an estimate f o r  it. 

L e t  [ llR] denote a compact in te rva l ,  and l e t  n denote a f i n i t e  p a r t i t i o n  

- of it: 

A 
S e t  In 1 - - max. 1 Ti - Ij. 1 .  Also, we associa te  with n the po in t s  Si such t h a t  . 1 1-1 

TI 5 5i <_ \. The Ftiemann-Stieltjes sum: 5-1 

i s  a member of  A, and we s h a l l  show t h a t  it converges as 0. In (7.3) it 
-- . _ -  - _ _  - - - - - - . . " - 

i s  understood t h a t  hJI i s  j u s t  another way of writing $11. 

Next, l e t  n '  be  another pa r t i t i on  of , ] of n '  segmellts and p a r t i t i o n  

- p o i n t s  TI;; 5.' denotes t h e  associated points  as above. Thus, 
' 

1 
...I 



We now t ake  the  union of and [q.') t o  obtzin t he  p a r t i t i o n  p o i n t s  6 ] of 1 1. 

the p a r t i t i o n :  

This y i e l d s  

where each 5 i s  one of t h e  po in t s  6 and each C i f  i s  one of the  points  - Q' and i i Isi - ci'( <_ 2 max ( I n [ >  In':/)* 

Now, h(1) is uniformly continuous on .[TIL, TIR]* Hence, given an c > 0, there  

e x i s t s  a 6 such t h z t ,  f o r  max ( In [ ,  In'l) < 6 ,  
A 

f o r  all i. Therefore, 

W e  can now invoke t he  'completeness of  A t o  concl-ude t h a t  the re  ex i s t s  a 

- member of A, which we denote by 

, and t o  nhicl- ~ , ( h ,  $ )  converges as [n l  + 0 .  Moreover, 

Since convergence i n  A implies convergence of the  norms, we can conclude t h a t  



We now ' turn t o .  t h e  improper i n t e g r a l  (7.2). Thi:: i s  6e.rincd as t h e  

by ,arirt#uc of (7  '1) 2nd (7.5) . Thus, we ha>-c establl.:.hed 
s 

P r o p o s i t i o r ~  -- 7-1: If h E $(B) and $ i s  an L(B, A)-valued func t ion  o f  - - -- - 
1 ;  s t r o n g  bounded v a r i a t i o n  ---- on t h e  r e a l  l i n e  -a < 7 < a, - then (7.2) e x i s t s  - i n  

t h e  norm t o ~ o l o ~  of .A and 
P - - 

If, i n  addi t ion ,  h('fl) = g(v)  a, where g E %(c)  and a E B, then 

4 where $(TI) a i s  an A-valued func t ion  of  s t r o n g  bounded v a r i a t i o n  on -a < 'fl < ... 
This r e s u l t  i s  e s t a b l i s h e d  by working wi th  t h e  Riemann-Stielt jes sum approxima- 

L t i o n s  of b o t h  s i d e s  o f  (7.7). 
I 

I n  t h e  v e r y  same way we  can show t h a t ,  i f  A = B = H where H i s  a H i l b e r t  - space  and i f  b E H a l s o ,  then  

where ($(TI) a, b )  i s  a complex-valued funct ion of bounded v a r i a t i o n  i n  t h e  usu- 

a l  s e n s e  on -a < 'Q < =. we C, a l s o  ass ign  i. sense t o  t h e  expression: 

where h(7) and cl('f)) a r e  bo th  members of %(H) and $(TI) i s  an L(H, H)-valued 

L , - 
. func t ion  of s t r o n g  boimded v a r i a t ~ o n  on'-.< TI < a. To do t h i s  we start w i t h  

acornpac t  i n t e r v a l  [qL, ,IR] and a p a r t i t i o n  rr of it a s  above.  hen, working 

wi th  the Riemann-St ie l t jes  sum: 



much as be fo re ,  we can show t h a t ,  as In1 + 0 ,  t h i s  converges t o  a complex 

number which We d e r f ~ t ~ e  by 

In doing so, we u s e  t h e  boundedness and uniform con- t inu i ty  of  h(1) and q(1)  on 

\ 5 8 5 TR. We a l s o  o b t a i n  t h e  es t imate :  

We can then  show t h a t  (7.10) converges t o  a complex number, which we denote by  

(7 .9 ) ,  as 5 -+ -a and vR -+ a independently.  In  addi'cion, we g e t  t h e  est imate:  

We conclude t h i s  s e c t i o n  wi th  

Lemma 7-1: If $(T) i s  a.n L(H, H) -valued func t ion  o f  s t rong  bounded v a r i a -  -- - -- - 
t i o n  on -a < 7 < and i f  ($(T) a, a) 5.s a nondecreasing func t ion  of f o r  each -- -- - - - -- 
a E H, then ,  f o r  each ~ ( T I )  E %(H), - -- 

Proof: 

We o b t a i n  o u r  conclus ion  from t h i s  by pass ing  t o  t h e  limit as In 1 + 0 a 

.! 



8. The R e a l i z a b i l i t y  o f  Every S t rong ly  P o s i t i v e  Mapping 

I n  t h i s  f i n a l  s e c t i o n  we develop a p m t i a l  converse t o  t h e o ~ e m  5-1 and 

i t s  ' co ro l l a ry  5-la. To do so ,  we impose an addi3 iona l  condition on t h e  rzp-  

?- r e s e n t a t i o n  (6.6) f o r  a p o s i t i v e  mapping. 
F 

Def in i t i on  8-1: ~ ( s )  i s  c a l l e d  a s t o n g l y  p o s i t i v e  (pos i t i ve - r ea l )  mapping 
i - . - - 
/- o f  K i n t o  H i f  it i s  a p o s i t i v e  ( p o s i t i v e - r e a l )  mapping of  I.1 i n t o  H such t h a t  - - ---- - - , - -  

t h e  L(H, ~ ) - v a l u e d  f u n c t i o n  q(7)) i n  t h e  r ep re sen ta t ion  (6.6) is  of  s t r o n g  bound- - -- -- 
ed v a r i a t i o n  on t h e  r e a l  l i n e  -a < 1 < a. - ----- 

Before s t a t i n g  aur converse t o  theorem 5-1, we f irst  prove 

P ropos i t i on  - 8-1: - If ~ ( s )  i s  a s t r o n g l y  p o s i t i v e  (pos i t i ve - r ea l )  mapping - -  
o f  H i n t o  H y  then  ~ ( s )  i s  t h e  Laplace t ransform of a y E B'[L(H, H)] (respective- - - - -- - -  - 
ly, y E B'[L(H,, H,) 1) which i s  de f ined  on any (o € DLl (H) b~ - - - - --- - - - .  - 

- 
Here, - A, Q, - and $(y) -- a r e  t h e  g u m t i t i e s  i nd ica t ed  i n  t h e  representa t ion  (6.6) . - -- - 

f -  

-. w i t h  - $(q)  be ing  o f  s t r o n g  bounded v a r i a t i o n  on -a < 7 ]  < - - 

Proof:  First it i s  e a s i l y  seen  t h a t ,  as a  func t ion  of T, t h e  Bochner i n -  

t e g r a l  : 

is a member of %(H). Consequentl~y, b y  v i r t u e  of propos i t ion  7-1, t h e  last  

L term on ' the r i g h t  hand s i d e  o f  (8.1) e x i s t s  i n  the  nornz topology o f  H. Obvi- 

ous ly ,  t h e  o t h e r  two terms on t h e  r i g h t - h a d  s i d e  of  (8.1) a r e  a l s o  members o f  
- .  - -. * - -- -. - - . - -  . . - .  - .  . 

H. - ~ o r e o v k - r ,  by t h e  e s t i m a t e  (7.6) ;  



Thj.s proves t h a t  y i s  a conti.nuous m?.ppix~g of  D f3) int.0 H, i t s  1 ~ n p z l . r i t - -  011 -L1 ( 
D (H) being obYiouc, In other  words, y E 33 '[L(IJ), K) 1. -4 - 

r.  'It i s  a l so  obvious t h a t  supp y c [0, a). Therefore, by lemna 5.2, 

F y E .L'(o, w)[L(H, H) 1, So, we can t zke  i t s  Lapl.ace transform t o  get ,  f o r  a t  - 
i 

. l e a s t R e s > O ,  
a, 

Y (3) = {fy(t), e-st) = A s  + Q + lmdr (Il) [' eiqte-stdt + r(1- eiTt) D: dt ]  
-00 0 0 

This verZf5.e~ t h a t  Y(s) is t h e  Lzplace transform of y. 

Final ly ,  assume t h a t  Y( s )  i s  s t rong ly  posi t ive-rezl .  By the second s t a t e -  

ment o f  proposit ion 6-2, A and Q are members of L(H~, H~). COnsequently, both 

of the  mappings cp I-. - ~.i(l) ( 0 )  and cpc Q cp(0) a r e  mexbers of B'[L(H,, %)I. - 
Moreover, f o r  my rp E 3 (H  ), the r e a l  and imaginary pa r t s  of 

w 1 I- 

S eiTtcp(t)dt z r e  r e spec t i ve ly  even and odd mappings of the  r ea l  l i n e  i n t o  B,. 
0 - 
Also, s i n c e  +(?) = - $ ( - 7 ] ) ,  the  r e a l  and imaginary par t s  of $(T) are  respect -  

i v e l y  odd and even mappings of t h e  r e a l  l i n e  i n to  L ( H ~ ,  H,) . It follows t h a t  

t h e  i ~ n a g i n a ~ y  p a r t  of 

i s  equal t o  zero. I n  o t h e r  words, t h e  mapping t h a t  assigns t o  each q~ €3 (H~) 
.r 1 

t h e  member (8.2) of Ii  i s  a l s o  a mexber o f  B '[L(H,, Hr)]. - 
. - - - 

- ' '- - '  A' S imilar .  argument l e aa s  t o  the  s m e  conclusior! f o r  

Hence, y E B ' [L(H , H,)], and the  proof  o f  proposition 6-1 i s  complete. 
Z r 

FTe need two lemmas. 



Leztrn.~ - -  6-1: 963 H i s  daxse i x i  DL (li) . - L , -- --- , 
1 

Proof: 1% ;J c fret t!l;t - I I@X i s  dense in - D(H) ( s ee  Sch~ererta [2], pp* 

r 109-110). I~i~reover*, ~ ( i i )  23 dense in 5 ((H) . Indeed, l e t  F . ~  ( t )  = h ( t / v )  
I - 

1 f >. 
where X ED, - h ( t )  = 1 f o r  /tl < 1 and h ( t )  = 0 f o r  It1 > 2. Also, l e t  q E D  4 (8 ) .  

li Hence, hy cp E D(H). A s i ~ r p l e  computation shows t h a t  hv y 4  rp i n  3 ((H) a s  
I - 1 

V + which j u s t i f i e s  o u r  a s s e r t i o n .  Lemma 8-1 now fol lows from t h e  f irst  two 

sen tences  o f  t h t s  proof and t h e  f z c t  t h a t  s e q u e n t i a l  convergence i n  - D(H) im- 

I p l i e s  s t t i ~ ~ e n t i a l  convergence i n  DL (H). - 1 
Lema 0-2: If 7) i s  a continttous l i n e a r  mapping of DL (H) i n t o  B(H) and if 
--I_ - -- _I_-- - - -- 

1 

1 - i s  p a s s i v e  on - D @ H , - then  9 - i s  p a s s i v e  on DL (B) . - 
1 

I 
i Proof: I n  v i ew o f  l en~na  8-1 and t h e  f a c t  t h a t  DL 1 (H) has  a countable bas- 

I i s  o f  neighborhoods a t  each of i t s  po in t s ,  f o r  eny g v e n  v E 9, 1 (H) we can 

t 43 

Y '  choose a sequence [v, ) such t h a t  vn E D @ H and vn4 v i n  DL (H) a s  n ^ Up- 
n=1 I 

I on s e t t i n g  u, = %rn and u = Tm, rre t h e 3  obta in  t h a t  %'-' u i n  B(H). Our proof 

/ *  w i l l  be complete when we show t h a t ,  f o r  each f i n i t e  reed number x, 

because  t h e  r e a l  p a r t  of t h e  le f t -hand '  i n t e g r a l  i a  nonnegative by hypothesis.  
' 

I n  (8.3) it must be remembered t h a t  (u,, vn) i s  a function of t. 

..- - . - .  - _ _ - .  . .- - 
- .  

~ G c e  u, - u i n  - B(H); t h e r e  exists a cons tan t  M such t h a t  lllhll < a ~ d  llull < 

f o r  a l l  n and a l l  t. So, 



F& T t h i s  wa.y. Then9 f o r  x > T9 

f o r  a l l  s u f f i c i e n t l y  l a r g e  n because un u i n  - B(H) . Thus, 

and o u r  proof i s  complete. 

We a r e  f i n a l l y  ready t o  s t a t e  tb l a s t  major conclusion o f  t h i s  work. 

Theorem - 8-1: I _ _ e -  For every s t r ong ly  pos i t ive  - (posi t ive-real )  mzpping I- Y(S) - of 

H - i n t o  Hy t h e r e  exists - a unique - convolution operator 3 = y * which __- i s  passive 

on D (H) end i s  such t h a t  y E B'[L(H, H)]  (respectively,  .y EB'[L(H,, H,)])= - -L1 - - -  - - 
t h e  Laplace transforni of y being Y ( s )  . - .-I -- -- 

Proof:  I n  view of proposit ions 2-8 and 8-1 and l m n a  8-2, we need merely 

prove the !I? = y + i s  passive on - D x H where y i s  defined on a ~ y  g % (H) by - 1 

Corresponding t o  t he  second term on the Aght-hand s ide  of (8.1) we h w e  

t h e  convolution operator  Q 6 *, which maps e.-.ch v E - D @ H in to  Qv E D @ H. - 
Moreover, f o r  each f ixed  t, (QV, v) i s  purely imaginary according t o  lemna 6-2. 

f 
Hence, Q 6 ++ i s  c e r t a i n l y  passive on 0 0 

- . - Also, co;-respon&!-ng . t o  the first- term on the right-hand side o f  (8.1) wc 

hSve t h e  convolution operator A 6("a, which naps each v E D @ H i n to  CI 

A v") E - D @ H. Now, an a r b i t r a r y  v E - D @ X i s  equal t o  the f i n i t e  sum 

Z? a.f. where a E H and f .  E D. Hence, 
j =l 3 J j J - 



and 
A 

n n 
(u, v) = C C ( A  a 

(1) 
j =1 k=1 

j Y  fc' f j  Fk 

,'. 
r Consider a main d iagonr l  teirn i n  t h i s  q u a d r a t i c  form. Since (A a j ,  a.) i s  rea l ,  

. . J .  

On t h e  o t h e r  hand, some s t ra ight forward maaipulation shows tha t ,  fo r  a p a i r  of 

terms symmetrScally p laced around t h e  main diagonal we have from the f a c t  t h a t  A 

is  s e l f  -ad j o i n t  that 

(1) I1 1- 
Re [(A a j ,  %) f j  Tk + (A ak, a j )  fk f j ]  d t  

1 w 

Thus, f o r  every x, 
(1) 

n n 
Re (A  6 YI v, V) d t  = % ( A  Z f j  (x) a., Z f .  (x) a j )  > 0 

J j=lJ - - co i =I. 
d 

(1) ' 

because A i s  a nonnegative-defini te  mamber of L(II ;  I-I). This shows t h a t  A 6 * 
i s  also pass ive  on D @) H. - 

z F i n a l l y ,  corresponding t o  t h i r d  term onlthe right-hand s ide  of (8.1) we 

have the convolution operator  yaiC where f o r  my v E - D @ H 

The quan t i ty  wi th in  t h e  brackets  on t h e  right-hand s ide  is, as. a fhnction of 

3 (t f ixed) ,  a mmker a f B  (H) so  t h a t  t h e  right-hand s ide  e x i s t s  according t o  propo- 
-0 

i s i t i o n  7-1. Moreover, by proposit ion 2-8, us E - B(H) , and,by lemma 5-1, (u- L- , . v) E D . 
ha. 

- 



Next, set 
n .  

s - C a - f  2 EB, f. E D  
.J,1 3 3 j 3 - 

/' as b e f o r e ,  Making u s e  o f  (7.7) and (?.€I), we may >%rite 

e3(x) = Re r ( u  , v )  d t  
l i  -w 3 

, 
NOW, ($(I])% , %) i s  o f  bounded v a r i a t i o n  i n  t he  u s u a l  sense on -a < 7 2 

Moreover, fk E D and t h e  i n t e g r a l  on T i n s i d e  t h e  right-hand s i d e  i s  a continu- - 
> 

ous  bounded func t ion  on t h e  ( t ,  7 1 )  plane.  It fol lows t h a t  we may invoke 

f i b i n i t s  theorem t o  change t h e  o r d e r  of i n t e g r a t i o n  on t and 7 .  Some in t eg ra -  

l t i o m  by p a r t 3  then  y i e l d  

. n  n - 
- Re iZ I: sW 9 d($(l))aj ,  %) f .  ( t )  f k ( t )  d t  

j =l k=l ,o, -OD J 

t 
S i n c e  $ i s  s e l f - a d j o i n t ,  'the double i n t e g r a l  i n s i d e  t h e  l a s t  double summation 

is r e d ,  and hence t h e  las t  express ion  on t h e  right-hand s i d e  is  equal t o  zero. 

By b r e a k i n g  t h e  first double summation i n t o  r e a l  and imaginary p a r t s  and then 

t. .r 
n o t i n g  t h e  symmetry of t h e  in t eg rand  around t h e  t = T l i n e  i n  t he  (L, 7) plane, 

.. ._ . . +  we . .  s e e .  - t h a t  . .  . . we . may . . .  . w r i t e  .. . . .  - . .- . . . - .  : . i t .  . . . - .  
. -  . -  . . .: -..: . . . - . . . . .  . . . . 

n n 2 
- e p L x ) = b ~ e  ~p (1.7 )J.(x, 1 )  J&, TI) d(+(ll)aj ,  ak) 

j =I k=l - co 3 

where 

t 
* 

-1 

An i n t e g r a t i o n  by ports shows t h a t ,  f o r  each f ixed x, J,,(x, 71) = 0(71 as + 



Then, by (7.8) again, 

Lemma 7-1 now shows t h a t  e (x) 2 0 so t h a t  y * i s  also passive on D @ H. 
3 3 - 

This completes the proof o f  theorem 8-1. 
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