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B technique for expanding certain 5cht;rartz distributions 

into serles of orthonormal functions is devised. The:method 

works for all the classical orthogonal polynomials and many 

other sets of oxthogovlal functions, This result is then used 

Lo -generalize various standard integral transforms, vrhlch are 

based on orthogonal series expansions, to distributions. As 

specific examples, the following d i s t r i l i u t i ona l  transforms 

are developed: the finite Fourier transform, the Laguerre 

transform, the Kermite transform, the Jacobi transform, the 

Legendre transform, the Chebyshev transform, the Cegenbauer 

transform, the finite Hankel transfom.of zero order. An 

application to the solution of differential equations 9s given. 



1. Introduction, The objectives of this paper are to - 
w 

develop a method for the expansion of certain Schwartz dis- 

tslbutions p] into series of orthonor~al functions and to 

I generalize 'in a distributional way a variety of integral 

transforms. Any complete system of functions that are the 

etgenfunctibns of a certain type of self-adjoint differentla- 

tlon operator mey be used in the expansions. .The resulting 

integral transforms that are thereby generalized include the 

I finite Fourier transform, the Laguerre transform, the Hermite 

transform, the Jacobi transform with its special cases: the 

1 Legendre, Chebyshev, and Gegenbauer transforms, and finally 

I the finite Hankel transform of zero order. There is quite 

1 an extensive literature on these classical transforms, See 

for example [ 2 ]  - [I 01 . Apparently, however, they have not 

I as yet been extended to Schwartz distributions, e~cept for 

the finite Fourier and Aermite transforms [ I  ; Vol. 11, pp. 

80-87 and 1 1 6-1 19 

I Other works that apply the technique of orthogonal series 

I ' 

expansion to generalized functions are by 0. Widlund [ 1 1 ]  
I 

and H. Giertz 1121 . Their procedures are developed for the 
generalized functions of Temple [13] and ~ig-llthill 1141 , 

1 whereas the present work is suitable for the distributions 

of Schwartz. 

2. Some Definitions and Assumptions. Let I denote the - ---- 
1 open interval, a ( x ( b, on the real line. Here, a = - * 



i and b = - a r e  not  excluded. As i s  customary, I;,(I) s h a l l  

I denote t h e  space of quadra t i ca l ly  (Lebesgue) in teg rab le  

I f u n c t i o n s  o n  I (more p rec i se ly ,  the  space o f  equivalence 

1 c l a s s e s  of such funct ions t h a t  equal  each other almost every- 
C 
i where,) L,(I )  i s  a nornM l i n e a r  space w i t h  t he  norm, 

1 ~ h u s ,  a sequence { fu)z, i s  sa id  t o  converge i n  L , ( I )  if 

I Ilf, - fpl\ ---+ 0 as Y and p tend t o  in f in i ty  independently. 

L,(I) i s  a sequen t i a l ly  complete space [15, pp. 216 ] : t h a t  

i s ,  t o  each sequence f tha t  converges in L, (I), t he re  

exists  a func t ion  f o L,(I) such t h a t  /If - f,ll + 0 as 

u+ ; The inner product in  L,(I) i s  defined by 

E y  a smooth funct ion  on I we s h a l l  mean a funct ion  t h a t  

has ordinary de r iva t ives  of a l l  o r d e r s  at  every poin t  of I. 

0, (k = 0, 1 ,  2, . . .) shall always denote a real-valued 

smooth funct ion  on I such t h a t  ( x )  # 0 on a 4 x < 

t *Y) s h a l l  denote a l i nea r  d5.fferentj.ation opera to r  o f  tbe 

I form, 

I where D' = dP/dxp We also impose t h e  r e s t r i c t i o n s ,  
I 
C 

I o4 = ev-* , n*,, = n,-* , and, if y i s  odd, nc,,)/Z is even. 

1 Moreover, we s h a l l  assume t h a t  31 poFsesses eigenvalues 1% 



and normalized eigenfunctions (n = 0, 1 , 2, . . . . ) with 
the following properties, The 'k, form a complete orthonomal 

system in E,(I). The h, are real and have no flzite polnt of 

accumulation. TTe shall always number the X, such that 

Ix.l s lx,l 4 I xl 5 *.*,e 

A11 the orthonomal systems arising from the classical 

orthogonal polynomials and many other s t a n d z r d  sets of orthogo- 

nal functions appear as special casesof this general formula- 

tion. YTe 1 9 s t  a number of these at the end of this paper, 

denotes the space of smooth functions whose supposts 

axe contained in I, We assign to it the topology that makes 
5 

its dual Q1 the space of Schwartz distributions on I. This 

topology is rather complicated [I ; Vol. I, ppe 651 but we can 

describe it simply by eaying that a sequence {%I;, converges 

in if and only if the supports of the (PY axe all contained 

within a fixed compact subset of I and, for each k, ( D*G)#:, 

converges uniformly, This concept of convergence in is 

all we shall need, Clearly, is a sequentially complete 

space, 

The number that f 6 O: assigns to 6 is denoted by 

If f is an integrable function on I, we s e t  

9 

To a, we assign its weak topology, which is generated by 

the seminorms 



Thus, a sequence {f,\,, i s  s a i d  t o  converge i n  8: if, for 

eacb Q i n  ax ,' the numerical sequence { (fg ,q)) 
1 

converges. It is a f a c t  that is a l s o  sequentially 

complete [ I  6; Sec, 2-2 .] 

Still another class of functions we shall make use of 

is the space &, of all smooth functions on I. The topology 

of &, is generated by the seminorms, 

 PA,^ ( Y ) = max sup 1 D~ (XI J 
o<p$m rCrn 

where a is an arbitrary compact su5set of 1. For every fi 

and every m, we have ano the r  sem9norm, Thus, a sequence 

, is said to converge in &I if each Pv is in &I and, 

for each p , I D' Pv I converges uniformly on every as 

Y- - [ I ;  Vol.  I, pp. 883 . The sequential completeness 
of 6, is a The dual of &I is the space E; of all 

distributions whose supports  are compac.t subsets of I [ 1 ; 

Vol. I, pp, 89 1, 

3, The Testing FunctS on Space a . Ye s h a l l  now describe - ---- 
a ce r t a in  space (a = Cil ( f l  ,I) of testfng functions. Its dual 

turns out to be a space of distrPbutions ~sh ich  can be expanded 

Into a series of the y*. consists of a11 complex-valued 

functions c4 def tned  and smooth on 1 such that 



4 and ( f i P q ,  y* )  = ( q ,  11. y ! )  f o r  each n end B. a i s  a l i n e a r  

1 space over t h e  f i e l d  of complex numbers, The Y&(S) a re  taken 

I as t h e  seminorms o f  @. . They are a sepera t ing  s e t  s ince  ye ( q )  

I 

I Is  t h e  customary norm f o r  %,(I). I n  accordance with the  

1 topology generated by these seminorms, we s h a l l  say t h a t  a 
W 

sequence { %} v m ,  converges i n  a i f  each CBy is i n  a and, f o r  

each k ,  r4( cp, - qp ) -+ 0 as Y ~ n d  g tend t o  i n f i n i t y  indepen- 

dent ly ,  

Obviously, i s  contained i n  A and convergence i n  Qr 
impl ie s  convergence i n  a . 

1-loreover, each '4.'- i s  in a because 

I end, viith $,, denoting the  monecker  d e l t a ,  

I We a l s o  note  t h a t  the opera tor  n i s  a continuous l i n e a r  

I xapping o f  i n t o  i t s e l f ,  This follows d t r e c t l y  f r o m  the  

d e f f n l t i o n  of  a .  
Theorem 1 : Q 2 sequen t i a l ly  conplete . 
Proof: F o r  each k,  we have t h a t  ?I4% converges i n  L, ( I )  

1 as m -+ oq . By the sequent ia l  completeness o f  L, ( I ) ,  there 

I 
I 

e x i s t s  a funct ion  Xc o L, ( I )  such t h a t  3'qm converges t o  it 
d 

i i n  I ) .  We shall  first show t ha t  3 x4 = X*,, a t  each po in t  of 

t I and f o r  every k. 




































































