A NETWORK THEORY FOR THE INCREMENTAL DYNAMIC BEHAVICR
OF INTERCONNECTED SPATIALLY DISTRIBUTED MARKETS

A.H.Zemanian
Department of Applied Mathematics and Statistics
State University of New York at Stony Brook
Stony Brook, N.Y. 11794

I. Introduction

Our purpose herein is to construct a network theory for
the variations in prices and flows of commodities ih a collection
of markets interconnected by transportation facilities. We do
this under the assumption that the deviations of these prices
and commodity flows from their static equilibrium values are so
small that the various supply, demand, and transportation
characteristics can be taken to be linear.

The model we set up for such a system of markets is similar
to a grounded electrical network; prices correspond to node
voltages, and commodity flows correspond to electronic flows (not
to conventional current). We exploit this analogy by borrowing
a number of results from electrical network theory. In fact,
one of the contributions we claim for this work is that our
network models make the large body of literature concerning
tne dynamic behavior of electrical networks available to the
analysis of spati ally distributed markets interconnected by
transportation facilities. Actually, analogies between electrical

networks and market behavior have previously been pointed out



and exploited, especially with regard to analog computation.
For example, Morehouse, Stotz, and Horwitz [12] have developed
an electrical analog for the dynamic behavior of a single
one-commodity market. Enke [8] has proposed a piecewise-linear
electrical analog for the determination of static equilibrium
in a one-commodity multimarket system. Our work is distinguished
from these in that it is addressed to the dynamic behavior of
a multimarket system; moreover, our analysis can be extended
to a multicommodity system. (It may be worth mentioning that
electronic analogs have also been used for various feedback-control
models in macroeconomics; see, for example, [1; Chapter 9],
[15], and the references therein.)

We first assume that a single homogeneous commodity is
traded in a finite number of purely competitive markets: which
are situated in different locations. Some or perhaps all pairs
of markets are connected by transportation facilities. 1In a@dition
to the producerqgnd consumers at the various markets, there is
another (not necessarily disjoint) class of traders, called the
"shippers" who transport goods between markets becausé of price
differences. Under static conditions, the behavior of the producers,
consumers, and shippers are specified respectively by supply,
demand, and transportation curves. The prices in the various
markets are then determined by the market-clearance conditions,
which equate the goods supplied per unit time in every market
to the goods demanded per unit time, including those supplied
or demanded by the shippers. A result from the theory of nonlinear
resistive electrical networks is invoked to establish the existence

of a unique set of equilibrium prices in the markets, given certain



assumed shapes for the supply, demand, and transportation curves.

Next, we turn to the incremental dynamic behavior of our
system of markets. The first step is to postulate the behavior
of the producers, consumers, and shippers by means of various
mathematical expressions or equivalently by network configurations,
which will be taken to be linear. This assumes in effect that
the variations in each price around its equilibrium value are
small and that the behavior of the producers, consumers, or shippers
at each market varies in a smooth fashion as the equilibrium price
changes. The equivalent networks are then connected together
in accordance with the interconnections between the markets.
The result is a "market network", which can be analyzed by means
of Kirchhoff's node and loop laws to obtain the price variations
in each market, and thefeby the variations in commodity flows
petween producers and consumers and along the transportgtion
facilities., .

Our market networks correspond to certain kinds of electrical
networks, about which much is known. We cite some results of
this nature. For example, the concept of passivity, which has
been such a fruitful idea in electrical network theory, can
also be interpreted in terms of our system of markets. We discuss
how the "customary” behavior of producers, consumers, and shippers
is passive, whereas speculative behavior is not passive.
Apparently, the passivity concept has not been taken into
consideration in the economics literature.

In addition, we establish restrictions on transient

variations in price on the following sort. Sudden shifts in

demand or supply can be represented..by suddenly applied



commodity-flow sources at certain points. The resulting transier 3
propagate throughout the market network, but the further away
a market is from the point of disturbance the more slowly will
these effects be felt. Our results state quantitative restrictio
on the way these propagated disturbances build up.

In the last section of this work we consider the case of
many commodities traded in a number of locations interconnected
by transportation facilities. For each different commodity we
have a separate market network. Under the assumptions that at
each locality the total static-equilibrium consumer expenditure
on all commodities remains fixed with regard to different
static-equilibrium points and that the variations in prices and
commodity flows remain small as compared to their static equilibrium
values, it is shown that the separate market networks are coupled
together by ideal transformers. Thus, electrical network theory
can also be used to analyze the dynamic behavior of this multimarket

multicommodity system.

II. Static Nonlinear Market Networks

In this section we discuss the static equilibrium of a
spatiallyﬁistributed but interconnected system of markets for
a single commodity. First, consider one of those markets. Typical
supply and demand curves are shown in Figure i(a)s; for a given
price P, Q5(P) is the commodity units per unit of time supplied
to the market by the producers and Qd(P) is the commodity units
per unit of time taken from the market by the domestic consumers.
The difference Q = H(P) = Q%(P) - Q4(P) is shown in Figure 1(b)
for two different forms for QS(P); if the market remains cleared,

[



Q represents the commodity units per unit of time shipped out
through the various transportation facilities servicing that

market. In order to establish the existence of a unique equilibrium
in our market network, we shall extend H(P) for negative values

of P (as is indicated by the dotted lines in Figure 1(b)) and

shall assume that for every market in our network H(P) satisfies the
following conditions.

Condition A. H is a continuous, strictly increasing function

of P such that H(P)—> +® (-®) as P— += (respectively, =-o).
Moreover, H"1(0) > 0 (i.e., the curve H(P) cuts the P-axis at a
nonnegative point E).

We shall subsequently show that the manner in which H(P) is
extended for negative P is immaterial because the equilibrium
price (which, because of the transportation connections, is in
general different from E) is always nonnegative,

Set r(Q) = H'I(Q) - E. In words, r is the function of Q
obtained by shifting the function H downward to make it pass through
the origin. Since P = H"1(Q), it follows that P and Q can be
symbolically related by the electrical circuit of Figure 2 consisting
of a fixed voltage source E in series with a nonlinear resistor r(-).
(In Figure 2 as well as in subsequent network diagrams, we use
conventional electrical symbolism.,) Here, the market is represented
by a single node whose price P is taken to be the node voltage
measured with respect to a hypothetical ground node. The commodity
flow Q is analagous to the flow of electrons toward the market
node and produces a voltage rise in the direction of its flow.

Thus, voltages such as E have units of price, and flows are

measured in commodity units per unit time.



Next, we consider the collection of all transportation facilities
connecting two given markets, say, market i and market k. Its
aggregat#ﬁehavior is a function Tik relating the price difference
Pk - Pi to the flow Qik of commoditieé&rom market i to market k
through those facilities. This is illustrated in Figure 3(a).

We shall assume that the following is satisfied.

Condition B, For every i and k, Tk is a continuous, strictly

increasing function Qikvr Pk - Pi such that rik(o) = 0 and
rik(Qik)—+-+°°(-aﬂ as Qik—*'+a:(respectively. -®), Moreover,
rki(qki) = - rik(Qik)‘ where by definition Qik = - gki'

rip can be represented as a nonlinear resistor connecting
the market nodes i and k, as shown in Figure 3(b).

Upon connecting together the equivalent circuits of Figures 2
and 3(b) in accordance with the interconnections between the

various markets, we obtain a,  network such as that shown in Figure

4, We shall refer to such a network as a static market network

if the following conditions are satisfied: The network is finite.
There is a node, called the ground, which is ad jacent to ewvery

other node. (Those other nodes will be called market nodes.)

Between every market node and ground, there is exactly one branch,
and that branch has the form of Figure 2. Not every pair of
market nodes need be adjacent, but those that are are connected
by a single branch having the form of Figure 3(b). There are

no other elements in the network.

Any arbitrary assignment of the market-node prices Pi will
yield price differences across the branches that satisfy Kirchhoff's
loop law, namely, the sum of the branch price rises minus the
sum of the branch price drops found by tracing once around any

loop is equal to zero. Moreover, these price hifferences determine
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commodity flows in the branches if conditions A and B are fulfilled.

But, the commodity flows will not in general satisfy Kirchhoff's
node law, which 'states that the sum of the commodity flows going
towards a node minus the sum of the commodity flows going away
from that node is equal to zero. However, clearance at every
market is equivalent to the fulfillment of the latter law. So,
the question at hand is whether there exists a set of market prices
for which Kirchhoff's laws are satisfied and, if so, whether that
set is unique. Some results of Duffin [7; Theorems 1 and 3]
immediately yield the following answer.

Theorem 1, Let there be given a static market network
whose ground node is at zero price and whose branches satisfy
Conditions A and B, Then, there exists ond and only one set of
market-node prices for which Kirchhoff's laws ére satisfied (i.e.,
for which every %arket is cleared).

A theorem of Desoer and Katzenelson [6; Theorem IJ] implies
that the monotonicity requirements in Conditions A and B need
not be strict. H and'rik may have zero slopes on parts of their
domains.

The signs of the equilibrium prices have yet to be settled.

Theorem 2, Under the hypothesis of Theorem 1, every market

price is nonnegative,



Proof. Assume that the ith market node has a negative price:
Pi < 0, We first show that there is at least one market node,
say, node j adjacent to node i for which Pj < Pi' Indeed, if
all adjacent nodes had prices no more negative than Pi' then,
by Kirchhoff's node law and Condition B, there would have to be
a nonnegative commodity flow from the ground to the ith node through
the branch that connects ground to the ith node. But, in view
of Condition A, this implies that Pi > 0, a contradiction to our
first assumption.

We now apply the same argument to node j to conclude that
there exists a node k adjacent to node j such that Pk-d Pj'
We must have that node k is distinct from node i since Pk~< Pj < Pi’
Continuing this argument, we see that there must be an infinite
sequence of distinct nodes in the market network. But, by definition
a market network is finite. Hence, Piia 0. .

Given a static market network, the equilibrium markeﬁprices
can be computed by using any one of a number of suitable
algorithms, See, for example, [#1, [5], [9], [10], [11], and the

references therein,

III. Dynamic Linear Behavior
We now examine possible types of aggregate dynamic behavior
for the producers, consumers, and shippers when commodity flows
and prices are allowed to vary with time t by only small amounts.,
By virtue of this restriction, we take that incremental behavior
to be linear, and we do so by postulating such behavior by means

of either linear operators or their equivalent electrical networks.



Producers' one-ports. Consider the collection of all producers

supplying a particular market. We Bhall represent the collection

by a two-terminal network whose behavior is the same as the
aggregate behavior of those producers, and, in conformity with
Eustomary electrical-network terminology, will refer to that netﬁork

as a producers' one-port.

First of all, we assume that the equilibrium price P and
the equilibrium commodity flow Q° for our producers’ one=-port

are linearly related by

5 = ~a+bvP, b>o0. o (3.1)

This could be taken to be a tangent or a chord of the static supply
curve in the region of variation for the dynamic behavior.,
As one possible mode of dynamic behavior in the vicinity
of the equilibrium point [2; pp. 435-436], we then assume that
the commodity units per unit time Q5(t) supplied by the producers

is related to the price P(t) at the market by

Q3(t) = - a - h(t) + bP(t) + cP'(t), (3.3)
where
R%(t) = @ + q°(t) (3.3)
and 2
P(t) = P +p(t). (3.4)

In (3.2) the prime denotes the first derivative, and a, b, and

¢ are constants. The term h(t) is inserted to allow for the
shifting of the supply function with time; 1in effect, we are
allowing the static equilibrium line (3.1) to shift its location
but not its slope. Insert (3.1) into (3.2) and note that P is

constant with respect to time. 7This yields the following expression
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for the incremental dynamic behavior of our producers' one-port.

q%(t) = - h(t) + bp(t) + cp'(t). (3.5)

An equivalent representation is provided by the parallel network
of Figure 5. Going from left to right, we have the following
elements: A commodityflow source that propels h(t) commodity
units per unit of time in the direction shown by the arrow. A
linear "conductance" of b commodity units per unit of time and
per unit of price. A linear "capacitance"of ¢ commodity units
per unit of price,

A positive value for h(t) corresponds to a shift in the static
equilibrium line in the diﬁ?tion of decreasing supply. Also,
if the static supply curve is an increasing function of P in
the region of variation, then it is natural to assume that b > 0.
(If the static supply curve is backward sloping in the region
of variation for P, then b should be taken to be negative. The
presence of negative conductances - or negative cpapcitances -
leads to less stable dynamic behavior.) Furhtermore, ¢ can be
either positive, negative, or zero, depending on the kind of
behavior we wish to assume for the producers’ one-port. A positive
value of ¢ implies that producers respond with more goods per
unit of time not only to higher prices but also to increasing
prices. <This seems to be reasonable behavior for producers of
consumption goods. On the other hand, a negative value of ¢ implies
that rising prices tend to decrease the supply rate of commodities.
This may be characteristic of a speculative market, where, when
prices are r%sing. producers will tend to hold onto their stocks
in hopes of higher prices, and will tend to sell when prices are

falling. In line with this reasoning, we may view the "charge"

i}
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appearing on the capacitance ¢ as the increment in the inventories
of the producers, |

Furthermore, inertia in altering production or marketing
goods can be taken into account by introducing inductances.,
Morehouse, Strotz, and Horwitz [12] have proposed a piecewise=linear
equivalent network with just this provision. The corresponding
incremental network is shown in Figure 6, Here, qp(t) represents
the increment in goods produced per unit of time, whereas qi(t)
is the goods coming out of inventory per unit of time, }i and
1, are inductances whose units are price units times the square
of time units divided by commodity units., They reflect respectively
the inertia in altering qP(t) and q5(t). (Actually, Morehouse,
Strotz, and Horwitz include a nonlinear elementﬁn series with
the capacitance to account for an inventory policy.)

Actually, far greater generality can be encompassed by our
models if use is made of distributional convol;tion operators
[18; Chapter 5]. Beckman and Wallace [3] have used this appreach
with ordinary convolution operators to determine the stability
of market equilibria. Let®' be the space of real (Schwartz)
distributions on the real line R, and &' the subspace of distributions
of compact support. Let f € ¢' and Qs, a, h, P e o', with a being
a constant distribution. Then, we may hypothesize the following

behavior for a producers' one-port,

Q® = - a-h+fxP (3.6)

With the notation of (3.3) and (3.4), where Q° and P are constant

distributions, and with the condition

B =-a+rxp, . (3.7)
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(3.6) is equivalent to

q° = =-h+ f£xp. ” (3.8)

By regularization [18; pp. 132 and 135], we have fxP = bﬁ,

where b is the value f assigns to the function that equals one
everywhere. Thus, (3.7) is the same as (3.1). Equations (3.2)

and (3.5) are special cases of (3.6) and (3.8) respectively

obtained by setting f = bd + cd', where & is the delta functional.
ﬁigher—orderberivatives and discrete time lags can be encompassed

by allowing in f the shifted delta functional and its derivatives.
Finally, by restricting P to appropriate subspaces of D' that

contain the constant distributions, we can allow f to have an
unbounded support. Thus, for example, f can be the ordinary function

§ for t 2 0 and O for t < 0 if P is any distribution

that equals e~
of slow growth,

We note in passing that time-varying networks also arise
naturally in our market networks. For example, not only may the
supply line shift with time parallel to itself, but its slope b may
also change. In this case, the conductance b in Figure 5 becomes

a time-varying one.

Consumers‘® one-ports. The aggregate behavior of all consumers

trading in a particular market shall be represented by a two-terminal

network, which will be called a consumers' one-port. We assume

that the equilibrium price P and equilibrium commodity flow ﬁd

to the consumers are related by the straight line

¢ =« -pp, A > 0. (3.9)

An appropriate expression for (3.9) can be obtained by taking a
tangent or a chord of the static demand curve in the vicinity of

incremental operations., For small variations we postulate that
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the dynamic behavior of the consumers' one-port is given by

Qd = x +p - jxP (3.10)

where j ¢ &' and Qd. x, #, P € O, « being a constant distribution.
Upon setting Qd = ﬁd * qd. P=7F+ Py and b equal to the value

that j assigns to the function that equals one everywhere, we
obtain as before

a? = n - jxp. : (3.11)

As a special case, we set j = pd + ¥J' and obtain

q® =19 -pp - w0, (3422}

which can be represented by the equivalent network ﬁf Figure 7.
Here too, we can relax the restriction on the support of j if
we restrict the growths of j and p appropriately.
We have taken g to be a positive number to give the static
'dgmand line (3.9) its usual negative slope. On the other hand,
¥ can be either positive, negative, or zero. A positive value
means that consumers tend to buy fewer goods if price is increasing [13
A negative value means that increasing price encourages consumers
to acquire more goods, as in a speeculative market. Consumer
inertia, such as that arising from the reluctance of consumers
to change their buying habits, can be accommodated in Figure 7
by inserting an inductance into the line carrying qd(t).

1

Shippers' one-ports. A two-terminal network representing

the aggregate behavior of all transportation activities between
two given markets will be called a shippers’ one-port. By taking
a tangent of chord of the curve of Figure 3(a), we get the

following relationship between the equilibrium commodity flow
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6ik and the price rise ﬁk - 51 from market i to market k along

the shippers' one-port:

Q.. = a+g(P. -B,)y &2>0. {3.13)

ik
Here, d and g are constants.
As for dynamic behavior it does not seem reasonable to allow
a shifting term because shippers do not create or consume goods.

Hence, we postulate the relationship:

Qik = d + s *(Pk - Pi)' (3.14)
where s ¢ £' and Q), d, P, P, € D', By letting g be the value
that s assigns to the function that equals one everywhere, we

obtain the following relationship for the incremental variations.
q‘il’! =8 *(pk - pi) (3.15)

1V. Passive Behavior

A concept that has proved to be useful in the examination
of energy transference in physical systems is that of passivity
[19; Section 8.2]. This section examines the corresponding idea in the
present context. As we shall see, passivity is a behavioral
attribute of producers, consumers, and shippers.

Consider a producers' one-port whose static supply curve

has the form of one of the increasing curves of Figure 1(a).
At the static equilibrium point (ﬁ. as), the quantity %63
represents the expenditures on the goods flowing from the producers
to the market. However, for the incremental dynamic variables
variables p(t) and q°(t), the quantity p(t)q°(t) does not represent
the increment in those expenditures; for, the latter quantity
is PqS(t) + ﬁ(t)as +p(t)q°(t). Nevertheless, it is useful to
examine p(t)a®(t) because it allows one to claﬁsify the behavior of

the one-port as being either "customary" or “uﬁusual”.
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Producers may increase quantities produced when prices
rise and lower them when prices fall. Such behavior is reflected
in a nonnegative value.for p(t)q®(t) whatever be p(t). This
need not be the case however when producers react in a more
complicated way to variations in price, as for example when producers
exhibit a continuous lag in their ad justments to p(t). Indeed,
if producers react in accordance with (3.5) wherein h(t) = O,
b is small,and ¢ is large and if p(t) equals t for 0 < t < 1,
2 -t for1<t <2, and O everywhere else, then p(t)q®(t) can
be negative during part of the interval 0 < t < 2, Nonetheless,
the integral

. _
j p(x)q®(x) dx (4.1)

- 0

will remain nonnegativé&or all t so long as b and ¢ are positive,
that is, so long as the static supply curve is not backward sloping
and the producers do not exhibit.speculative behavior. It appears
justifiable to view this aa the "customary" behavior of producers
and contrary behavior as "unusual". Indeed, it is a fact that
if the equivalent circuit for a producers’ one-port is a finite
network containing only positive conductances, capacitances, and
inductances and no sources, then (4.1) will remain nonnegative
for every value of t and every p in broad classes of functions [14],
Similarly, if a consumers’ one-port has a static equilibrium
curve (like that of the decreasing curve of Figure 1(a)), then
under static-equilibrium conditions ﬁﬁd represents the expenditures
on the flow of goods from the market to the consumers. Moreover,
if consumers raise (lower) their consumption when prices fall
(respectively, rise), then p(t)qd(t) will be nonpositive., For
the more complicated behavior of (3.12), this need not be so;

however, the integral . !

!

i
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T 4
- f p(x)q%(x) ax | (4.2)

will remain nonnegative for all t and every p in certain broad
classesbf functions so long as F and ¥ are positive. that is, so
long as the demand curve does not have a positive slope and the
consumers do not speculate. If we attach the minus sign in (4.2)
to qd(t), we obtain the same situation as that for producers.
Namely, when the incremental commodity flow is measured as a flow
toward the market node, the nonnegativity of (4.1) and (4.2) is
a characferistiq of the customary behavior of producers and
consumers,

The same arguments can be advanced to support the contention
that the "customary" behavior of shippers is such that

thA
| Ipex) = p00] gy (0 ax > 0

for all t and all suitably restricted Py and P Needléss to
say, the nonnegativity of these integrals may not hold for a
particular system of markets, idwhich case the consequences of
passivity cannot be invoked.

To make these ideas precise, we introduce some terminology
common in electrical-network theory. As before, a one-port is
a two-terminal network representing the relationship between a
commodity flow q and the price rise through which it flows. This
is shown schematically in Figure 8, where the plus (minus) sign
designates the terminal of higher (respectively, lower) price.
In general, p and q are real Schwartz distributions on the real
time axis. The one-port may define a single-valued mapping
Tt+ p—>q on éome domain in D' into ©'; in this case, 1 will be

called the admittance operator for the one-port. For example,

(3.8) with h = 0 defines an admittance operator on all of 9°'.



17

Similarly, Z3 q+ p is called the impedance operator for the

one-port whenever it exists.

Now, let £ be the customary space of real-valued functions
on R whose supports are bounded and whose derivatives of all orders
are continuous. An operator s p+>=q mapping D into D' will be
called pagsive if, for every p € D, q is locally Lebesgue integrable

and

t
g p(x)a(x) dx = 0

for every t € R,

The convolution operators appearing in (3.8), (3.11), and
(3.15) have a variety of properties that make them analytically
attractive [18], [19]. We mention just a few results: Let f ¢ &°.
The mapping p+ f* p is passive if and only if the Laplace transform
F of f exists gnd is a positive-real function [18; p. 186].

(A positive-real function F(3) is a function of the complex variable
7 which satisfies the following three conditions on the right-half
plane {33+ Re 3 > 0}: F is analytic. Re F(3) > 0. F(3) is real
whenever 3 is real and positive.) Another consequence of passivity
is that the support of f is contained in the nonpositive real

axis [19; Theorems 5,11-1 and 8.2-1].

Now,assume in addition that the positive-real function F(3)
is analytic at infinity and tends to zero as 3 approaches infinity.
The positive-reality of F(7) now implies that F(3) ~ K}'l as
3/ — <, where K > 0. It also follows that f is a continuous
function for O < t < @ and has no distributional singularities
in the neighborhood of the origin, that f(0+) = K, and that
I£(t)| < K for all t > 0. (The proof of the last bound, although
given for rational F(3) in [17], extends readi%y to the F(3)

considered here.,) Actually, every one-port coﬁsisting of a finite



network of positive conductances, capacitances, and inductances,
having no internal sources , and having at least one purely
capacitive path connecting its terminals satisfies the conditions
of this paragraph. In this case, K is the reciprocal of the
total capacitance between the one-port's terminals remaining
after every conductance and inductance is replaced by an

open circuit.

V. Market Networks
A network suitable for the incremental dynamic analysis
of our system of markets can be obtained by interconnectiné
appropriate producers', consumers', and shippers' one-ports
in accordance with the given transportation connections. We

shall refer to such a configuration as an incremental market

network. #An example of such a network is shown an Figure 9.
In that diagram the producers' and consumers' one-ports

at each market have been combined into a single one-port
consisting of a conductance and capacitance in parallel. Also,
it is assumed that there is a shift in supply and demand only
at the first market; thus, only the first market's one-port
has a commodity-flow source.

Although an incremental market network can be much more
complicated than its corresponding static market network, the
- former does have the following properties in common with the
latters The network is finite. There exists a hypothetical
node, called the ground node, with respect to which every price
in the market system is measured. Eachlmarket is represented

by a unique node, called a market node, and the price at that

market appears as the voltage at the market node. (Since we

are now dealing with incremental quantities, harket prices
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may be negative.) Between every market node and ground there

exists a one-port consisting of producers' and consumers' one-ports
and possibly other parameters such as: tax-induced price sources.
Not every pair of market nodes need be adjacent, but those that
are are connected by shippers' one-ports.-
However, 1in contrast to static market networks, our incremental
market networks are linear, and therefore we may apply results
from the vast literature on linear electrical networks. Indeed,
for a spatially distributed and interconnected system of markets, the
incremental deviations of the market prices from their equilibrium
values due to shifts in the various supply and demand functions
can be determined by sétting up the corresponding incremental
markeﬂnetwork, inserting appropriate commodity-flow sources to
represent these shifts, and then analyzing the network under
Kirchhoff's laws. For, market clearance in every market at every
instant of time is equivalent to the satisfaction of Kirchhof%'s
node law at every market node. At the other nodes (such as those
inside the producers', consumers', and shippers' one-ports),
Kirchhoff's node law is satisfied simply by the definition of
these one-ports as electrical networks. Also, the condition
that each node has one and only one price associated with it is
equivalent to the satisfaction of Kirchhoff‘'s loop law. Finally,
the one-ports characterizing the behavior of the producers,
consumers, and shippers impose the remaining restrictions required
by electrical network theory, namely, relationships between
commodity flows and price differences along the network's branches.
If the number of markets is large, then the analysis of the
incremental market network can become onerous. However, a variety

of conclusions may be drawn from the general behavior of electrical
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networks. For example, if the market network consists only of
conductances, capacitances, and inductances, all of which are

positive and if every capacitance (inductance) is in parallel
(respectively, in series) with a conductance, then the market

system is stable in the following sense, The transient price

or commodity-flow variations due to a sudden shift in supply or
demand in one of the markets will die away exponentially, and

all prices and commodity flows will approach a new stable equilibrium.
More particularly, if all the producers' and consumers’ one-ports
have the forms shown in Figures 5 and 7 and every shippers’ one-port
is a single conductance, if all conductances and capacitances

are positive, and if ail commodity-flow sources are zero except

for the one at the first market which is instead the delta functional,
then the incremental variation in the price at that first

market is given by _ . 5
n =-pt .
pi(t) = > Ak e K 4 ¥ 5 0.,
k=1
where the Ak and p, are all positive numbers [16, pp. 312-31i3].
In other words, the market network as seen from the first market

and ground terminals is a relaxive one-port [20].

VI. Bounds on Transient Responses
As was mentioned above, the determination of transient
responses in large incremental market networks may require extended
computations. However, the special form that market networks
have allow us in many cases to write down bounds on those transient
responses merely by inspecting the networks. These bounds indicate
how slowly the prices and commodity flows respond'to variations

in supply and demand.
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As an example, consider again the incremental market network
shown in Figure 9. Assume there occurs a shift in either supply
or demand in the first market resulting in the commodity-flow
source h(t). If all capacitances and conductances are positive,
the price variation at the fourth market lags h(t). In fact, when

h(t) is the delta functional, the price pu(t) at the fourth market

satisfies
€ 8¢ t3 gbgd t3 gagegd tb
[ ]
_ ¢ coCy 3e clcjch ; b clczcjcu L
; ) {7.1)
gbgegc t
+-—--—-—.-—o
'E'!'o
clcjczcu

When h(t) has a more general form with h(t) = 0 for t < 0, the

resulting price, say, vh(t) at the fourth market can then be bounded

by estimating the convolution integral

t
v (t) = go h(t - x)p,(x) ax, t >0,

(7.1) will be justified by establishing a more general result.
Consider an arbitrary incremental 'market networkhhere every market
one-port (i.,e., the parallel combination ofkhe producers’' and
consumers’ one-ports for the market) satisfies the following conditiog,
wherein Zk is the driving-point impedance of the kth-market one-port.

(A driving-point impedance of a one-port is the Laplace transform

of p in Figure 8 when q is the delta functional,)

Condition C., For every k, Z, is a positive-real function

k
analytic at infinity, and 2, (3) ~ (ck3)'1 as 3 — o,

Let us introduce some additional terminologys A path in
a network is a finite alternating sequence of nodes and branches
such that the first and last terms are nodes, each branch is incident

to the nodes immediately precediné and succé%iné it in the
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sequence, and no node appears more than once in t{he sequence.
Now, consider a market network where every shippers' one-port,
no matter how complicated, is treated as a single branch. By

an admissible 1 to m path we shall mean a path in a market

network which terminates at nodes 1 and m and has only shippers'
one-ports as branches, Next, assume in addition that every shippers’
one-port is a single conductance and every market one-port satisfies

Condition C. The conductance-capacitance ratio of an admissible

1 tom path is the product of all the conductances in the branches
of the path divided by the product of the constants Cy for the
market one-ports connecting the path’s nodes to ground.
Theorem 3. Assume that, in a given incremental market network,
the impedance of every market one-port satisfies Condition C,
and every shippers' one-port is a single positive conductance.
Let pm(t) be the incremental price variation at the mth market
node (m # 1) resulting from the application of a delta-functional
commodity-flow source at t = O directed from the first market
node to ground. Then, for t > O,
o
Ajt :
[p (t) < 2> ; | ¥ )
J

!
N:s
J

Here, Aj is the conductance-capacitance ratio for the jth admissible

1 to m path, nj is the number of branches in that path, and the
summation is over all the admissible 1 to m paths.
Proof. Assume there are r shippers' one-ports of condunctances

8,¢ 8ys e+ » &, incident to the first market node. Let pl(t)

v
be the price variation at that node. We replace our market network
by another one obtained by deleting the first market one-port
and the delta-functional source and connecting r price sources

from ground to those shippers’ one-ports that are incident at



the first market node., The procedure is illustrated by the
transition from Figure 10(a) to 10(b). If each price source
generates pl(t). then this transition does not alter the price
and commodity-flow variations throughout the rest of the market
network. Bﬂsuperposition. pm(t) is the sum of r terms, each
of which is obtained by shorting out all but one of the price
sources indicated in Figure 10(b). Consider the resulting
network for one such term, say, the one p:(t) for which all
price sources other than that connected to g, are shorted out.
Make a change of source by replacing the series combination of
pl(t) and ga by the parallel combination of a commodity-flow source
gapl(t) and the conductance g_. This is indicated in Figure 10(c).,

Assume that g, connects node 1 to node 2 and thathhe price
variation at node 2 is vz(t). We now repeat the above procedure
by deleting the parallel combination (including the market
one-port) that connects node 2 to ground, separating all leads
to node 2, and connecting a separate price source of value vz(t)
from ground to each and every one of those leads. This yields
a set of connections similar to those of Figure 10(b). It
follows by superposition again that p:(t) is a sum of terms,
each of which results from the shorting out of all but one of
the price sources just introduced.

Continuing this procedure, we see that pm(t) is a sum of
terms, each of which corresponds to a distinct admissible 1 to
m path in the original market network. Indeed, our procedure
results in a contribution to the terms comprising pm(t) whenever
we trace out.an admissible 1 to m path. On the other hand, if

we apply our procedure along a sequence of shippers' one-ports

!

[
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in such a fashion that we meet a node for a second time, that
node will be shorted to ground. Therefore, its price in the
resulting network is identically zero and cannot contribute
anything to p_(t). ‘ ‘

(HWe can now estimate each term in the aforementioned sum for
pm(t) as follows., Let W be the driving-point impedance between
the first market node and ground for the entire network, but with
the commodity-flow source d(t) removed, and let X be the
corresponding driving-point impedance with the first market
one-port also removed. It is a fact that the driving-point
impedance of a one-port consisting only of an interconnection
of one-ports having positive-real driving-point impedances is
also positive-real. Hence, W is positive-real. Moreover, X is
a rational function of the impe?ances in the market network,
all of which are analytic at infinity by Condition C. Consequently,
X is either analytic or has a pole at infinity. X cannot have
a zero at infinity because every shippers’ one-port incident to
the first market node is a finite conductance. Since W is the
parallel combination of X and the impedance Z1 of the first market
one-port, it follows that W(3) is asymptotic to 21(3) as 3 —»w.,
That is, W(3) ~ (cls)'1 as 3—»>o, Since Py is the inverse
Laplace transform of W, we may now invoke [17; Theorem 1] to obtain
Ip, (£)] < c]t.

In Figure 10(c), let Z2 be the impedance of the market
one-port connected between ground and node 2. Then, the same
argument shows that the driving-point impedance Wz between those
two nodes (with gapl(t) = 0) is asymptotic to ZZ(}) and hence
to (czzi)-l as 3-»o, Let w, be that right-sided distribution

whose Laplace transform ;s Wz. Then, we see ass/before that
g
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-1

lwy(t)] € ¢« But, for t3 0,

t
vz(t) = SO gapltx)wz(t - X) dx

and therefore
ga

lvz(t)| £
-

Continuing this sequence of estimations along an admissible
1 to m path, we obtain one of the terms in the sum (7.2). This
completes the proof of Theorem 3.

The significance of Theorem 3 is a natural ones The
further away one market is from another market having a shifting
supply or demand function, the greater must be the lag in the
response of the former market to that shift.

(7.2) justifies the right-hand inequality in (7.1). The
left-hand inequality in (7.1) can be established by using the
following two facts. The convolution of two nonnegative functions
is again nonnegative. Every function appearing in the sequence
of convolution integrals in the preceding proof is nonnegative
due to the fact that the altered networks arising from Figure 9
are all relaxive one-ports.,

The driving-point admittance of a one-port is the Laplace

transform of q in Figure 8 when p is the delta functional., A
result similar to Theorem 3 can be stated if every shippers®’ one-port

satisfies the following condition, wherein Yk denotes the

driving-point admittance of the kth shippers' one-port.

Condition D. Yk is a positive-real function analytic at

infinity, and Y, (3) ~ (}kg)"l as 1>,

With the notation introduced in Conditions C and D, we define

the inductance-capacitance factor of an admissiple 1 to m path

}
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as the reciprocal of the product of all the constants Cye for
the market one-ports connecting the path's nodes to ground and

all the constants 1, for the shippers' one-ports through which

k
the path proceeds.
Theorem 4, Assume that, in a given incremental market
~ market
network, the driving-point impedance of everonne-port satisfies
Condition C and the driving-point admittance of every shippers'
one-port satisfies Condition D, Let pm(t) be as in Theorem 3.
Then, for t > 0, [pm(t)l is bounded as in (7.2) except that now
Aj is the inductance-capacitance factor for the jth admissible

k
This theorem is proven as is Theorem 3 except that, instead

1 to m path and n, is the number of 1, and ¢, in Aj}

of making the changes of sources indicated in the transition from
Figures 10(b) to 10(c), we proceed as follows. To obtain the
appropriate figures for the present case, repldace the conductances

g cee v B by shippers' one-ports having the admittances

ot
T v eoe Y.. In Figure 10(b), the commodity flow q, passing

to the left through Ya is equal to the convolution of P, with

the function that q, would be were P, the delta functional. This
function is zero for t < 0, and it can be shown as before to be
bounded in magnitude by ;;1, where Y _(3) ~ (;ag)'l as 3w,

Then, in Figure 10(c), a commodity-flow source of value qa(t)

is applied between node 2 and ground (but now gapi(t) and g do

not appear.) The proof continues in this fashion, and the

desired bounds are obtained by estimating a sequence of convolution
integrals. ‘

Actually, we can combine the proofs of Theorems 3 and 4 to

write down a bound on pm(t) even when some of the shippers' one=-ports

are conductances g and the remaining shippers'’ one-ports are
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admittances Y satisfying Conditions D. In this case the factor
Aj contains those g3 in its nuperator and lk in its denominator
corresponding to the shippers' one-ports occurring in the jth
admissible 1 to m path; ny is again the number of 1, and Cy in
the denominator of Aj'

It is worth mentioning that with no further assumptions
on our market network, the bound (7.2) cannot be improved. For,
networks can be constructed for which the difference between the
two sides of (7.2) can be made arbitrarily small for any given t.

Upon replacing nj by nj + 1 in (7.2), we obtain a bound on
how quickly a market price can start responding to a unit jump
in supply or demand. Another consideration of interest is the
delay inherent in the transition of that market price toward its
new equilibrium value. There are a variety of results in the
electrical-network literature on this question; we describe
just one of.them. ‘

Assume there is a unit jump in supply of demand at the first
market. This is represen?ﬁ%)2%“?hcopqgg%gg-{&3w¢3%35c$ﬁh}t) = 1 AE)
connected between the first market node and ground.;ﬁﬂssume further
that the driving-point impedance Z of the entire market network as

seen from those two nodes is positive-real, analytic at infinity
and on the closed right-half plane {31 Re 3 > 0}, and such that
2(3) = (c})'1 as 3y—»e and 2(0) = r > 0. In many cases, ¢ and
r can be determined simply by inspecting the market network.

Under these assumptions, the incremental price pl(t) at
the first market node is a continuous function, zero for t < O,
which rises toward and exponentially approaches (possibly in an

oscillatory fashion) the constant value r as t o , With

i
i

]



28

0 <& < 1, we define the settling time z, as the least time beyond

which |p(t) - r|l < €r. There is a lower bound on 7, depending only

on ¢, r, and ¢ [20; Corollary 21. It is

j+1
@ (-1
Ty 3 (-1)
T, > Fo K §————— = 2y T Y
0<y<l | sin Ty =1 j(j° - ¥y*)
[=2]
- g{{-jlz_—— % 2y3 ZE - > ] .
sin Ty j=1 j(§% - ¥y*)

The right-hand side is plotted in [20; Figure 5]. Thus, here
ag;ain. we can readily ascertain an informative restriction on
the transient behavior of our market network.

Similar restrictions exist on the settling times of the prices
pk(t) at the other markets (k # 1); see [21] and [22]. But now,
some extended computations may be needed to see if the market

netwerk satisfies the hypotheses under which the restrictions hold.

VII. Several Commodities

We now relax the assumption that we are dealing with only one
commodity. We assume instead that, at each of m different market
locations, n different commodities are traded. By the (k,i)
market we shall mean the market at the kth location that
trades in the ith commodity. Thus, k =1, ¢ee , mand i =1, ... , N,
The orices and commodity flows in each market will be denoted by
a similar double subscript notation.

It follows that we have n different market networks, one
for each commodity. In order to relate them, we restrict the
behavior of consumers as follows.

Postulate E. At each market location, a shift in demand

for any commodity causes simultaneous shifts in the demands

for the other commodities in such a fashion that the total
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static-equilibrium expenditure of the consumers on all the commodities
traded at that location remains the same before and after the shift.
This implies that the consumers at each market location have
a budget constraint. If their demand for oﬁe commodity increases,
then their demand for another decreases, and their total expenditure
before the transients have started equals their total expenditure
after the transients have died away. g
We could have used another postulate; namely, the supply
curves for the commodities at a gisgxzfgcation shift together
in such a way that the total static-equilibrium value of all
goods delivered by the producers at that location remains the
same before and after the transient pe:iod. However, the analysis
in this case is virtually the same as what we present below,
Let (Pki' ﬁgi) and (ﬁki' aii) be two static-equilibrium
points as seen by the consumers at the (k, i) market. Postulate

E is equivalent to the equations

n n

—— -~ ud P A..d
2. P _.Q = P,.Q k=1, aes o Mo (8.1)
tmi ki®ki =1 ki®ki °
-~ _ ~ Ad = Md .
Set Pki = Pki + Vii and Qki = Qki U Then, (8.1) is the same
as
’ 5 ~d 1 -~ i _
i [viea (g * es) + By * 3vegdug ] = o

We now assume in addition that uy is small as compared to ﬁii

and that Viei is small as compared to P Then, upon discarding

X"
the product Wi Vied in the last equation, we get an approximation

to zero,which we will take as an equality:

n
d 3 - -

We base the rest of our analysis on (8.2). In other words,

i

i
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instead of using Postulate E precisely, we use an approximation
to it given by (8.2). The smaller the increments in the static-
equilibrium points, the better will be this approximation.

We take the increments Viei and Uy ¢ to be the results of shifts
in the demand curves with no slope changes as before. YThe latter
shifts appear as commodity-flow sources fki across the market
one-ports. To compute the Vii for a given i, we alter the incremental
market network for the ith commodity by replacing all capacitances
by short circuits and all inductances by open circuits. This
assumes that all transients due to shifts in supply and demand die
out with time, which will certainly be the case for jump-type
shifts whenever the network is passive with only positive
parameters and every loop in the network contains a nonzero conductance
The result will be a linear grounded network having the form of
Figure 4, except that each branch incident to ground consists -of
a conductance in parallel with a commodity-flow source fki' In‘
this network the Vit (k =1, «es , m) are the prices at the market
nodes., A nodal analysis yields a system of linear algebraic equations
in the unknown Vieq? with the known terms being linearly homogeneous
in the fki' If every conductance in the network is positive, then
the network's structure insures that the determinant of coefficients
for ouﬂsystem of equations is dominated by its diagonal elements
and is therefore nonzero. Thus, the equations can be solved for

the Vies s which in turn immediately determine the u as the

ki
commodity flows through the consumers® one-ports., All this

shows that the solutions for the Vies and u,; are linearly

homogeneous in the f Consequently, upon substituting these

ed”
solutions into (8.2), we obtain an expresféon of the form

'
i

1
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% Tkifki = 0, k=1, ..0 , m, (8-3)

where the Tki are constants depending upon the various equilibrium
values ﬁki and ﬁgi and the conductance values in the incremental
market networks.

Equations (8.3) are precisely the restrictions that would
be imposed by m ideal transformers with n coils each, whoseﬁoils
are connected in series with the commodity-flow sources fki
[14, pp._9-11]. These connections are illustrated in the incremental
market network of Figure 11 for the case of 2 market locations and
3 commodities.

Now, a shift in demand at one or more markets produces
nonzero values fki for the commodity-flow sources, which must
satisfy the transformer conditions (8.3) according to our
approximation to Postulate E. The resulting transients and final
equilibrium values can be determined by making a standard

electrical-network analysis of the transformer-coupled market

network,

VIII. Conclusions

Electrical network theory can be used for the incremental
dynamic analysis of spatially distributed markets. In addition
to providing a means of calculating the price and commodity-flow
variations in a particular market system for one or more commodities,
it provides a variety of results that can be adapted to the general
theory of market networks. Thus, for example, a theorem concerning
nonlinear resistive networks provides an existence and uniqueness
theorem for a set of market prices under static equilibrium,
Also, the powerful concept of passivity is related to the

behavior of producers, consumers, and shippersf This in turn leads
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to bounds on the transient responses of market prices to variations
in demand or supply. ‘Above all, this paper introduces a method

of analysis which ‘should be fruitful in extending the theory of
interconnected spatially distributed markets.

Finally, we mention that value-added taxes, sales taxes, tariffs,
and various kinds of subsidies can be represented by appropriate
price sources inserted at various points of our market networks.

The burdens and benefits they place upon the different groups of
producers, consumers, and shippers can then be determined by
analyzing the resulting network. This will be the subject of a

subsequent paper.



[1]
(21

(3]

(4]

(5]

(61
171

(8}

[91

[10]

(11]

REFERENCES

R.G.D.Allen, "Mathematical Economics," Macmillan, London,

1957.

R.G.D.Allen, "Mathematical Analysis for Economists,”

Macmillan, London, 1938.

M.J.Beckman and J.P.Wallace, "Continuous lags and the
stability of market equilibrium,” Economica, vol. 36 (1969),
pp. 58-68.

G.Birkhoff and J.B.Diaz,"Nonlinear network problems,"”
Quarterly of Applied Mathematics, vol. 13 (1956), pp. 431-443,
F.H.Branin, Jr., "A fast rel_iable iteration method for dc
analysis of nonlinear networks," Proc., IEEE, vol. 55 (1967),
pp. 1819-1826.

C.A.Desoer and J. Katzenelson, "Nonlinear RLC networks,"

Bell System Technical Journal, vol. 44(1965), pp. 161-198,
R.J.Duffin, "Nonlinear networks. IIa," Bulletin of the American
Mathematical Society, vol. 53 (1947), pp. 963-971.

S.Enke, "Equilibrium among spatially separated markets:
solution by electric analogue," Econometrica, vol. 19 (1951),"
pPp. 40-47. .

T.Fujisawa, E.S.Kuh, and iphtsuki. "A sparse matrix method

for analysis of piecewise-linear resistive networks," IEEE
Transactions on Circuit Theory, vol. CT-19 (1972), pp. 571=584,
J.Katzenelson, "Nonlinear resistor networks: an algorithm,"
Bell System Technical Journal, vol. 44 (1965), pp. 1605-1620.
G.T.Minty, "Solving steady-state nonlinear networks of
'monotoné*’ elements," Transactions of IRE on Circuit Theory,

vol, CT-8 (1961), pp. 99-104,

33



(12

[131

[14]

EL5)

[16]

(171

(18]

(19]

(201

[21]

(22]

N.F.Morehouse, R.H.Strotz, and S.J.Horwitz, "An electro-analog

method for investigating problems in economic dynamics:
inventory oscillations," Econometrica, vol. 18 (1950),

rp. 313-328.

E.Mueller; "Consumer reactions to inflation, "Quarterly
Journal of Economics, vol. 73 (1959), pp. 246-262.
R.W.Newcomb, "Linear Multiport Synthesis,"™ McGraw-Hill

Book Co., New York, 1966,

A.Tustin, "The Mechanism of Economic Systems," Harvard
University Press, Cambridge, Mass., 1953,

D.,F.Tuttle, "Network Synthesis," John Wiley and Sons, New
York, 1958,

A.H.Zemanian, "Bounds existing on the time and frequency
responses of various types of networks," Proc. IRE, vol. 42
(1954), pp. 835-839.

A.H.Zemanian, "Distribution Theory and Transform Analysis,"
Xerox University Microfilms, Ann Arbor, Michigan, 1965,
A.H.Zemanian, "Realizability Theory for Continuous Linear
Systems," Academic Press, New York, 1972.

A.H.Zemanian, “éiaxive one-ports,” IEEE Transactions on
Circuit Theory, vol. CT-20 (1973), pp. 139-142.
A.H.,Zemanian, "Restrictions on the shape factors of the
step response of positive-real system functions,”™ Proc. IRE,
vol, 44 (1956), pp. 1160-1165.

A.H.Zemanian, "On transfer functions and transients,"

Quarterly of Applied Mathematics, vol. 16 (1958), pp. 273-294.

(23]

A.H.Zemanian, "Nondecreasing step responses whose transfer
functions are subclass k," Quarterly of Applied Mathematics,

vol. 18 (1961), pp. 363=373. , \

34



25
ACKNOWLEDGEMENT

*This work was supported by the NSF Fellowship HES75-20800

and NSI Grant MPS7505268. It was conceived and written while the
author was visiting the Food Research Institute, Stanford University.
He is grateful to the faculty and staff of that institute for

their hospitality to a stranger and their patience with his

ignorance [Matthew 25135].



e S @ T B e e -

(a)

Q(P)Q(P)

Figure 1




Z 94nbi1 4 |

(0)4+ 3 =
0}+ 3=d (')Jélo




(9)

£ ainbiy

()




4 94nbyy




G oauanbry

93 OLL

(1P|
)




o 24nby




| . ‘
9
inb
>
y

Q%mb
| d%

: I)'d
(), ( -.



g o4nb)4

740d-auo

Jl |l
- Vétq (¢



b 24nbi4

@ o

)'d

Pb

(2)td



(@) G = 6 ©

Figure 10



/] 34nb14

|

/] Aj1powwuod

b4 AQ1powwoy

Q -3 g g
8 % Q 3
~ X ™ A
o O 8 ®
g L = 5
N —
| |
WA —W
3| 3\
BEd| 71
2%
o
wh
W —W/
| \ |
7i 7]
-9
N
n
—W—
vWh W

Sk
—

£ Alipowiwo)




