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Dielectric spectra of amorphous polyacenequinone
(PAQ) [1] can play an important rolein studying kinetic
phenomenain disordered semiconductors [2-4].

We have interpreted temperature dependences of the
frequency position v, for two maxima of the tangent of

the dielectric-loss angle tand(v) in spectraof amixture
of PAQ grains with paraffin (Fig. 1, curve 1).

The PAQ under study was obtained with the help of
a technique described in [5], i.e, through the cyclic
polycondensation over 24 h of pyrene with pyromellitic
dianhydride in the presence of anhydrous zinc chloride
at 300°C.

Curves 14 in Fig. 1 are evidence of the practically
constant low-frequency (LF) position for the maximum
of the quantity tand(v) within the range (60, +20°C).
The change of the position of the high-frequency (HF)
maximum for tand(v) is symbatic to the temperature
dependence of the electric conductivity o for pressed
samples of PAQ grains (Fig. 2).

According to thermal-emf data, PAQ is ahole semi-
conductor [6]. For polymerswith asystem of conjugate
bonds, this is caused, as a rule (for measurements in
ambient air), by oxygen adsorption [6]. In accordance
with the mass spectra of the thermal-desorption prod-
ucts emanating in the case of PAQ vacuum heating [7],
the surface changes of this polymer and a combination
of electrophysical properties caused by these changes
can be associated with the effect of oxygen adsorption.
The Van Ruyven model of an isotype heterojunction
with doubl e depletion can serve asabasisfor relaxation
processes in the surface barrier (cit. according to [8]).
The correlation of the values of o for pressed samples
and v, in spectra of PAQ grains insulated by paraffin
(Fig. 2) isaconsequence of the quasi-insulated state of
the surface-state systems and is associated with elec-
tronic processes in the surface space-charge regions of
contacting grains. Asis well known, in the equivalent
circuit, this corresponds to two Schottky diodes con-
nected opposite to each other. In an alternating electric
field, thisis manifested as an exchange of surface states
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by charge carriers predominantly from the volume of
the state’s own grain. In the model [9] of an intergrain
barrier, such behavior is caused by the antiparallel ori-
entation of the surface dipoles due to the redistribution
of the electron density between the adsorbed oxygen
and the surface-active center. It is possible that the
absence of changes for v, within the range —60,
+20°C (Fig. 1, curves 1-4) is associated with a similar
process. This indicates that the mechanism of the LF
relaxation processis electron tunneling in the system of
adsorption bonds.

In the model of inhomogeneous semiconductors
with large-scale fluctuations in electric potential, the
independence of v,4«(T) corresponds to a tunnel
recombination channel for charge carriers through the
regions of the potential-relief maxima[2]. In the quali-
tative agreement with this model, the decrease in the
activation energy W in the low-temperature linear seg-
ment o(T) isaccompanied by atransition from electron
tunneling to a conventional process of surface capture
of chargecarriers(Fig. 1, curves4, 5, and Fig. 2, curve 1).
According to [10], thisfact isimplied by the activation
shift of the LF maximum for tand(v) towards the LF-
side at 90°C (Fig. 1, curve 5). Consequently, within
the temperature range corresponding to the indepen-
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Fig. 1. Frequency dependence of tand for amixture of PAQ
with paraffin at temperatures (1) 20, (2) 0O, (3) —20, (4) —60,
and (5) —90°C. The PAQ concentration, sample thickness,
and diameter of electrodes are 10%, 242 pm, and 15 mm,
respectively.
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Fig. 2. Temperature dependence of (1) o for the PAQ
pressed sample and (2) v,y for the high-frequency maxi-
mum of tand(v) according to the data given in Fig. 1. The
sample thickness and diameter of electrodes (Ag) are
375 pm and 4.6 mm, respectively.

dence of v,4(T), the frequency position for the LF
maximum of tand(v) is determined by the commensu-

rable characteristic times for surface processes of cap-
turing and recombining charge carriers.

The correlation of values of v,y and o in their tem-
perature dependence indicates the connection of the HF
region of the dielectric absorption spectra with the
relaxation properties of a percolation cluster. The prob-
able mechanism of the HF relaxation process can be
associated with the recharging of deep localized states
of charge carriers. These states are similar to the energy
levels of deep impurity centers in inorganic semicon-
ductors [11]. In accordance with modern concepts of
electronic processes in polymer semiconductors [12],
the efficient conjugate fragments of the PAQ chemical
structure should be considered as an organic analogue
of the deep impurity centers in PAQ. In this case [13],
we can expect that the concentration N; of ionized cen-
ters determined by the slope of the capacitance-voltage
characteristics for the metal-PAQ contact is consistent
with the concentration n = 2 x 10 cm of free charge
carriers [6]. This fact is actualy observed for the Al—
PAQ contact state closeto equilibrium (Fig. 3, curves,
1, 2, 2). The measurement frequency of 400 Hz is
close to the low-frequency limit of the dispersion
region connected with the near-electrode space-charge
region (Fig. 4).

The percolation theory uses the concept of quasi-
equilibrium finite clusters, i.e., fragments of percola-
tion clusters inside which a quasi-equilibrium is estab-
lished during the period of the existence of the external
electric field [4]. The correlation between the values of
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Fig. 3. Dependence of 1/S~«V) accordi ng to the data of
capacitance-voltage characteristics for the contact of aPAQ
pressed samplewith Al (the second electrodeis made of Ag)
in the case of two frequencies of measurement voltage at

room temperature: (1) N; = 1.2 x 106 cm™3; (') N; = 8.6 x
10 cm3 and the frequency is 400 Hz; (2) N; = 2.8 x
10% em™3; (2') N, = 1.2 x 108 cm™ and the frequency is
400 Hz. Repeated measurements are performed after
25 days: (3) N; = 1.0x 108 cm™; (3') N; =6.6 x 10 cm™3
and the frequency is 1 kHz.

0 and v (Fig. 2) can be explained assuming that the
double dielectric dispersion in the PAQ spectrum
(Fig. 1, curve 1) reflects the relaxation propertiesin the
system of surface space-charge regions functionally
identical to the family of quasi-equilibrium finite clus-
ters. However, in accordance with the proposed inter-
pretation of the LF- and HF-relaxation processes, the
condition of quasi-equilibrium should take into account
the interconnected processes of recharging the surface
states and levels of bulk deep centers in the space-
charge region.

tand

102 10* 106

v, Hz

Fig. 4. Frequency dependence of tand for the contact of a
PAQ pressed sample with Al (the second electrode is made
of Ag) at room temperature. The sample thickness and the
diameter of the electrodes are 546 um and 1 cm, respec-
tively.
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It is worthwhile to note the specific separation of
functioning in the double dielectric dispersion: both
LF- and HF-relaxation processes are associated with
charge carriers of different signs. Thisfact indicatesthe
connection of the processes under consideration with a
phenomenon similar to the compensation of donor and
acceptor impurities found in the case of crystaline
semiconductors [3]. Following [14], we can consider
the adsorbed oxygen to be playing the role of a com-
pensating acceptor impurity for the PAQ surface layer.
In our case, the main function of oxygen should be
associated with the appearance of vacancies on the
donors, which, according to [3], is a hecessary condi-
tion for the phenomenon of hopping conductivity over
localized states to take place.
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In the last decade, arange of millimeter radio waves
(wavelengths from 10 to 1 mm) were widely used in
variousfields of science and practical applications, e.g.,
inradio location, radio infrared imaging, radio commu-
nication, medicine, introscopy, €etc.

In this connection, it is of importance in many cases
to know the reflection and absorption characteristics of
various physical objects in the millimeter wave range.

In this paper, measurement results for these charac-
teristics at different frequencies covering almost the
entire range of millimeter waves are presented.

In the regions related to the wavelengths A = 8 and
4 mm, the measurements of the reflection and absorp-
tion coefficients were carried out in metalic
waveguides with increased (compared to the conven-
tional waveguides) cross-sectional dimensions. This
provided conditions close to those of the normal inci-

dence of the plane wave onto the surface of an object.
The measurements of the material characteristicsin the
shorter wavelength regions of the millimeter wave
range were carried out in quasi-optical beam guides
made of nonreflecting lenses[1]. Inthiscase, thereflec-
tion and transmission coefficients of samples onto
which a practically plane wave had impinged were
measured. The measurement errorsfor the transmission
T and reflection R (in power units) did not exceed 2%.

The results obtained for the reflection coefficient
modulus R (in percent) and attenuation L (dB) for vari-
ousobjectsinthewavelength rangefromA = 8to 1 mm
are given in the table. For measurements, the following
objects were used: clothes (fabric, natura leather),
structural materials (bricks, wood, rubber) and certain
other items. The magnitudes of the reflection coeffi-

Reflection coefficient R and attenuation coefficient L for various objects

E A=8mm A=4mm A=1.65mm A=1mm
Object o8 L,
25 |R% L,d—B Is,dB | R % L,d—B ls,dB| R, % L,d—B Is,dB| R, % | dB |[Is, dB
S mm mm mm —
(% = mm
Woolen clothfor coats | 2-3 4 0.1 4 0.35
Woolen cloth for suits | 0.5-1 4 0.5 4 0.5 0.3-06 0.9
Silk cloth 02| <1 0.06 <1 2 0.4 1.25
Toilet soap 10 4 |(>1 |>10 <1 |>1 >10
Porous rubber 10 10 0.5 5 31 0.45 45
Cast plastic 10 <1 0.2 2 <1 15 (>10
Wood (pine) (vector E| 30 4 0.17 <1 0.33 25 | 0.38
is perpendicular
to fibers)
Natural |eather ~1 <1 0.3 <1 0.5 <8 | 05
Silicate brick 60 7 0.05 10 0.25 8 | 1.0
Surface of ahuman 40-50 31 22 16
body
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cient from the human epidermis are also given in the
table.

It should be noted that the magnitude of the reflec-
tion coefficient of an electromagnetic wave from the
surface of the human body dlightly depends on the par-
ticular region of the body for which the measurements
were performed (arm, breast, abdomen). This testifies
to the fact that the reflection is caused by the epidermis
of the human body. As is seen from the data shown in
the table, the reflection coefficient from the surface of a
human body reducesfrom R=50% to R = 10% with the
shortening of the wavelength from A = 8to 1 mm.

The data obtained are important for evaluating the
possibility of detecting particular objects on the human

DOKLADY PHYSICS Vol. 45 No.10 2000
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body and also certain objects behind building struc-
tures.
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In spite of the unabated interest in the unique prop-
erties of quantum dots, i.e, quasi-zero-dimensional
objects formed during heteroepitaxial growth under
conditions of an essential misalignment of lattice and
substrate parameters [1-6] by the Stranski—Krastanov
mechanism [ 7], the mechanism of their formation isnot
entirely clear. In our opinion, their formation especially
concerns the influence of the growth rate and the time
of interruption of the InAs-layer growth on the forma-
tion of quantum dotsin alnAs/GaAs system. For exam-
ple, in [3], the dimension of quantum dots was shown
to be conserved when the growth rate decreased and
only their density increased, but negligibly. Inthiscase,
according to [6], a long-term interruption of growth
stimulating the surface migration of In atoms resultsin
increasing the dimension of quantum dots for small
effective thicknesses (~2 monolayers) of deposited
InAs.

The purpose of this study is to investigate specifi-
caly this problem in the case of the molecular-beam
epitaxy of INASGaAs heterostructures by means of
varying the arsenic pressure P,, in a growth chamber,
the growth rate, and the time of interruption of the
InAs-layer growth, and to subsequently investigate
these properties through photoluminescence.

The heterostructures under investigation, whose
cross section is shown in Fig. 1, were grown by molec-
ular beam epitaxy on semi-insulating (001) GaAs sub-

strates at two different arsenic pressures; Py, =8 x 107

and P,i54 =2 x 10% torr. The InAs layers were depos-
ited at atemperature T, = 490°C, and all the remaining
layers were deposited at T, = 590°C. While growing
these heterostructures, we first deposited a buffer layer
of undoped GaAs 1 um thick onto the growth surface.
InAswith an effective thickness of 2.7 monolayerswas

Institute of Radio Engineering and Electronics,
Russian Academy of Sciences, Mokhovaya ul. 11,
Moscow, 103907 Russia

then deposited. After this, the growth was interrupted
for a certain time and, then, the following layers were
deposited: alayer of undoped GaAs 4 nm thick, alayer
of undoped Al,,Ga,sAs 100 nm thick, and, finaly, an
upper protective n* (5.5 x 10*® cm3) silicon-doped
GaAs layer 6 nm thick. We investigated three regimes
of interrupting the growth during InAs formation. The
interruption time T;,, amounted to 30 s in the first
regime and 180 sin the second regime. Inthethird case,
when the so-called submonol ayer-epitaxy regime[6, 8]
was realized, growth was interrupted for 100 s after the
deposition of each 0.3 monolayers of InAs. Thus, the
8-fold interruption of the growth for 100 s was carried
out when depositing 2.7 monolayers of InAs. The last

Si=5.6 x10"®¥ cm™3 GaAs 6 nm

Undoped

Iayer A10_2 GaOVS As 100 nm

GaAs 4 nm

2.7 monolayers of InAs

Undoped
buffer layer GaAs 1 pm
Semi-insulating
subsirate GaAs (001)

Fig. 1. Cross section of the AIGaAgGaAsINAYGaAs het-
erostructure with an effective InAs coating of 2.7 mono-
layers.
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regime is the closest to deposition at a reduced growth
rate.

The photoluminescence spectra of the heterostruc-
tures under investigation were measured at T = 77 K.
We used an Ar* laser with awavelength A = 514 nm and
an emission density of up to 100 W/cm? as a source of
photoluminescence excitation.

In Fig. 2, we show the photoluminescence spectra
for four samples identical in structure (Fig. 1), but
grown at various arsenic pressures P, , and under vari-
ous growth interruption conditions. As is seen from
Fig. 2a, in the case of the sample grown at P, = 8 x
108 torr and 1, = 30 s, asingle relatively narrow line
(~15 meV in half-width) is observed in the photolumi-
nescence spectra at hv = 1.440 eV. Increasing T, to
180 s at the same pressure P,, = 8 x 107° torr leads to
acertain narrowing in the origina line (to 12 meV) and
to the appearance of anew, narrower (~5 meV) and less
intense line on the short-wave side from the original
lineat hv = 1.467 eV (Fig. 2b, curve 1). Decreasing the
arsenic pressure P, , to 2 x 10 torr at T, = 180 sleads
to dramatic modifications in the photoluminescence-
spectrum shape (see curve 2 in Fig. 2). The entire
spectrum is shifted to lower energies hv (larger wave-
lengths A), and, in this spectrum, a structure consisting
of four new lines at hv, = 1.295 eV, hv, = 1.314 eV,
hv; = 1.358 eV, and hv, = 1.396 eV appears. Figure 2¢
shows the photoluminescence spectrum of the sample
also grown at a reduced pressure P, = 2 x 107 torr,
but in the submonolayer-epitaxy regime (at the 8-fold
interruption of the growth for 100 s). In thiscase, asin-
gle wide band (~80 meV) is observed with a peak at
1.394 eV.

In discussing the results presented, we, following
authors of [6], proceed from the fact that, in the course
of the heteroepitaxy of InAson GaAsand depending on
the growth condition, the formation of three different
morphological aggregations of InAsis possible: athin
wetting layer, two-dimensional flat domains, and three-
dimensional coherent idands, i.e., the quantum dots. In
correspondence with their dimensions, we must
observe the most short-wave and narrow photolumines-
cence line for a thin wetting layer; a somewhat more
long-wavelinefor plane domains; and the widest bands
for three-dimensional islands, i.e., quantum dots. Based
on this fact, we may propose the following interpreta-
tion of the photoluminescence spectra in Fig. 2. The
photoluminescence line at hv = 1.440 eV in Fig. 2afor
the sample grown at a high arsenic pressure corre-
sponds to two-dimensional plane InAs domains.
Increasing T, for the same pressure P, (curve 1 in
Fig. 2b) not only does not lead to the formation of
larger islands, but, on the contrary, stimulates stabiliza-
tion of athin wetting layer (theline at hv = 1.467 eV),
possibly at the expense of redistributing the material of
the plane two-dimensional domains. On the other hand,
decreasing the arsenic pressure from 8 x 10 to 2 x

DOKLADY PHYSICS Vol. 45
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(a)
x 0.625
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1.443 eV 1.358 eV
(b)
2
1.467 eV
1.314 eV
l ‘1.295 eV

1.394 eV
(©
hv
1 1
0.844 0.883 0.934 0.976
A, pm
Fig. 2. Photoluminescence spectra for  the

AlGaAgdGaAdInAgGaAsheterostructuresunder investiga
tion with an effective InAs coating of 2.7 monolayers:
(a) photoluminescence spectrum of the sample grown at

Pasa = 8% 10 torr and Tint = 30 s; (b) photoluminescence
spectrum of the samplegrown at (1) Py 4 =8 % 1078 torr and
Tjne = 180 sand (2) Pagy = 2 x 10° torr and 1 = 180 s; and
(c) photoluminescence spectrum of the sample grown at
Pasa =2% 1078 torr in the submonol ayer regime of growth.

107 torr stimulates the formation of three-dimensional
islands of quantum dots (curve 2 in Fig. 2b). The exist-
ence of four peaks in this spectrum indicates the pres-
ence of four groups of three-dimensional islandswith a
small spread of dimensions (dispersion) within each of
these groups. For amore than four-fold decrease in the
growth rate under conditions of a low arsenic pressure
Pa =2 x 1078 torr, agroup of isandsis formed with a
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wide distribution over the corresponding dimensions,
asfollows from Fig. 2c.

From here, we can make the following conclusions.
At a high arsenic pressure P,,, = 8 x 107° torr in the
growth chamber, the formation of InAs plane domains
(presumably three-monolayer domains) is predomi-
nant. An increase in the interruption time also contrib-
utes to the stabilization of athin wetting layer (presum-
ably of the two-monolayer variety), whereas no three-
dimensional idlands, i.e., quantum dots, are formed (in
contrast to the data from [6]). Such a situation can be
explained on the basis of the fact that, for an excessin
arsenic, the mgjority of In atoms react with arsenic
atoms at the substrate and their surface migration is
limited by the wetting-layer boundaries and by flat
domains arranged on it. The migration of In atoms,
which is, obviously, more efficient the longer the
growth interruption, improves the uniformity of the
elastic-stress distribution; that is, it decreases the
amplitude of their fluctuations in the layers formed.
This leads to the stabilization of the layer-by-layer
growth, not manifesting itself in a transition to the
three-dimensional quantum dots for an effective thick-
ness of InAs coating of lessthan 2.7 monolayers.

On the other hand, a reduction in the arsenic pres-
sure, which is known to be a destabilizing factor in
layer-by-layer growth and beneficial for the surface
segregation of In atoms, evidently leads to an increase
in the amplitude of fluctuations of elastic stressesin the
deposited InAs layers stimulating the formation of the
guantum dots (Fig. 2b, curve 2, and Fig. 2c). It is of
interest to note that, depending on the growth condi-
tions and also on the state of the substrate surface, it is
possible that both one (Fig. 2c) and several groups of
guantum dots are formed (Fig. 2b, curve 2). The quan-
tum dots formed differ in mean dimensions; however,
thislast fact isirreproducible from process to process.

The data obtained indicate the important role played
by kinetic parameters in forming quantum dots in the
InAs on the GaAs system near the critical thickness of
InAs. The surface migration of In atoms depending on
the arsenic-flux density, the growth rate, the time of
growth interruption, and the state of the substrate sur-
face (including uncontrollable potential barriers limit-
ing the migration) determine the conditions for quan-

MOKEROV et al.

tum-dot initiation, their density, the mean dimension
(or even several characteristic dimensions), and the dis-
tribution in these dimensions.

It should be noted that a somewhat higher value of
2.7 monolayers for the InAs critical thickness, for
which quantum dots arise in the samples under investi-
gation, compared to the values of 1.6-1.7 monolayers
reported in the literature, can be associated with the
higher temperature T, = 490°C (commonly, T, < 480°C)
of layer deposition. In fact, an elevated deposition tem-
perature must favor a more efficient surface migration
of In atoms and, correspondingly, a decrease in the
amplitude of the elastic-stress fluctuations in the InAs
layers. This improves their homogeneity and leads to
stabilization of the two-dimensional growth and to a
delay in the onset of quantum-dot formation.
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Fluctuation processes whose power spectrum varies
inversely proportional to the frequency (flicker noise,
or 1/f noise) are a subject of thorough investigations for
many years. First discovered in electric circuits, 1/f
noise is observed in systems of various nature (geo-
physical, astrophysical, biological, ecological, etc.).
Presently, extensive data concerning the properties
of the flicker noise in particular systems (see, eg.,
reviews [1, 2]) are accumulating. For example, one of
the most known studies involves a model according to
which the 1/f noise is the consequence of the superpo-
sition of independent L orentz sources having the relax-
ation-time distribution function g(t) ~ t=' [1, 2]. Ther-
mal models are also widely discussed in which the ther-
mal conduction mechanisms [3] are considered to be
responsible for the Uf noise in solids. Explaining
experimental manifestations of 1/f noise in particular
physical systems can be problematic when using the
current models; we run into problems in attempting to
explain the origin of the 1/f noisein systemsof different
natures. In spite of long-standing efforts, no commonly
accepted picture of this phenomenon has been available
until now and the mechanisms leading to fluctuations
obeying the 1/f spectrum are often unclear. Therefore,
the problem of searching for new systems with flicker
noise and of constructing new models for this phenom-
enon remains urgent.

The low-frequency divergence for the spectral den-
sity of the fluctuations testifies to the fact that no char-
acteristic time scale for the process with a flicker spec-
trum exists. This fact makes it possible to assume that
the system is in the vicinity of a critical phase transi-
tion. Interest in random processes with diverging spec-
tral characteristics has risen sharply in recent years in
connection with the discovery of the phenomenon of
self-organized criticality [4]. In the case of self-orga-
nized criticality, the system arrives at the critical state
asaresult of itsevolution and no fine tuning of the con-
trolling parameters is required. The concept of self-
organized criticality is reasonably general; however, it
could only be realized experimentally, until recently,

Institute of Thermal Physics, Ural Division,
Russian Academy of Sciences, Pervomaiskaya ul. 91,
Yekaterinburg, 620219 Russia

using the model system of a “sand pile” In [5-7], a
hypothesis was presented to the effect that the self-
organization of the critical state can be a consequence
of the intersection and the interaction of subcritical and
supercritical phase transitions.

In studies [5, 6, 8], fluctuations with 1/f spectrum
werefound for the case of changing the regimes of boil-
ing for nitrogen on a surface of thin films of high-tem-
perature superconductors under the conditions of Joule
self-heating. In this case, the overlap and theinteraction
of two nonequilibrium phase transitions occur: the sub-
critical transition from bubble boiling to film boiling
and the postcritical transition associated with the local -
ization of Joule heat release in a heat domain. In [9],
thermal fluctuations with 1/f and 1/f2 spectra were dis-
covered for the film boiling of water on avertically ori-
ented wire heater. The similarity between the process
under investigation and the self-organized criticality
phenomenon was also noted. In order to explain the
experimental results, we propose a mathematical model
[5—7]. Thismodel describes nonequilibrium phasetran-
sitionsin alumped system which represents the system
of two nonlinear stochastic equations:

dx

G = Y YT,
q (1)
T = X (t),

wherex andy aretheinteracting order parameters, I ,(t)
and I,(t) are the Gaussian &-correlated noises, and the
parameter y > 1 takes the presence of external fluxes
into account. This system, describing the dynamics of
intersecting subcritical and postcritical phase transi-
tions, transforms white noise into two stochastic pro-
cesses with spectral densities proportional to 1/f and
/f2. It is possible to suggest various sets of nonlinear
stochastic equations, including potential sets[10] sim-
ilar to (1), which can predict that fluctuations with
diverging spectral characteristics do exist in the case of
two intersecting and interacting phase transitions. The
intersection and the interaction of two nonequilibrium
phase transitionsis areasonably frequent phenomenon.
For this reason, 1/f noise can be expected in a wide
class of processes accompanied by phase transitions.
A classical example of a noneguilibrium phase transi-
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tion is represented by combustion processes. The prop-
agation of the combustion front in a quiescent medium
is described for the simplest case by two dynamic vari-
ables, i.e., by temperature and the concentration of a
combustible substance, which can be considered the
order parameters. When certain conditions (the ratio
between the coefficients of thermal conduction and dif-
fusion) are fulfilled, various self-oscillation modes of
travelling are observed for the combustion waves [11].
In the case of the combustion of volatile substances, the
chemical reaction of vapor oxidation can be accompa-
nied by boiling of the condensed phase. In this case, we
have the superposition of two transitions, i.e., the
chemical reaction of oxidation and the boiling. Therole
of an external noiseis played by random acts of boiling.
The interaction of these two transitions may result in
peculiar features of combustion-front dynamics.

RESHETNIKOV et al.

In this study, we present the results of our experi-
mental investigation devoted to flame-front fluctuations
in the combustion of a flat porous wick impregnated
with ethyl alcohol.

To provide for the boiling of acondensed phasein a
combustion of vapors, it is necessary that the flame
front not cover the entirewick. The experiments carried
out show that such a condition is satisfied by the use of
a flat wick clamped by metal plates. In this case, the
flame propagates along a thin horizontal wick surface
and stops near its ends. At the wick ends, no combus-
tion takes place, owing to an oxygen deficit. The oxy-
gen deficit results from the presence of small gaps
between the wick and the metal plates. In combustion,
alcohol impregnating the wick endsis heated dueto the
thermal conduction and its explosive boiling occurs.
Such boiling can be sometimes recognized by charac-
teristic snaps. The acts of boiling are random. When
boiling, a portion of the vapors is gected and ignites.
This was observed in the form of flame splashes at the
wick ends.

The dimensions of the wick were approximately
2 cm by 1 mm. Two platinum wires 20 pm in diameter
were placed in the flame zone. A direct transport cur-
rent of ~50 mA was passed through these wires. The
voltage drop across the wires was detected with S9-8
digital oscilloscopes connected to a computer. Depend-
ing on the displacement of the wire probes, we can
judge the combustion-front fluctuationsin various parts
of the flame and the mutual correlation between such
fluctuations. In order to prevent the effect of random air
flows on the flame dynamics, the burning wick was
placed in aglass box.

In Fig. 1, we show one of the oscillograms for the
voltage drop across the wire probe arranged along the
burning wick surface at a distance of about 2 mm. Near
zero, the distribution function for the oscillation ampli-
tudesiswell approximated by the Gaussian normal dis-
tribution. However, in the region of large gections,
deviations from the Gaussian dependence are essential.
In the case of the simultaneous recording oscillograms
from two wires, we discovered a spatial correlation
between oscillations even in the case where the probes
were widely spaced. This testifies to the fact that the
source of stochastic oscillation is localized near the
combustion front.

From the measured oscillograms, the spectral densi-
ties of fluctuations were found using the Fourier-trans-
form method. For widening the frequency range, which
was determined by the oscilloscope buffer memory
(2048 points) for a single oscillogram, the measure-
ments were carried out at various time samplings. Fig-
ure 2 shows the spectrum of oscillations for the voltage
drop across the probe arranged parallel to the wick's
surface. The dashed line in Fig. 2 corresponds to the
dependence Sf) ~ f09; i.e, the 1/f behavior of the
spectrum is observed. Figure 2 also shows that such a
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dependence extends over four decimal orders of fre-
quency.

It should be noted that, when using wicks of another
shape, in particular, cylindrical wicks, the flicker noise
isonly occasionally observed. Thisis likely associated
with the fact that, in this case, it is more difficult to pro-
vide the conditions of local boiling ahead of the flame
front.

Thus, the boiling of afuel ahead of the combustion
front can result in stochastic oscillations of the reaction
front with the spectral density inversely proportional to
the frequency, which affirmsthe critical behavior of the
system. Such behavior stems from the interaction of
two processes, i.e., a chemical reaction and explosive
bailing. The boiling isthe typical first-order phase tran-
sition. The exponential character of the heat release in
the combustion reaction yields grounds for considering
this process a postcritical nonequilibrium phase transi-
tion. In other words, theintersection and the interaction
of two phase transitions may lead to the self-organiza-
tion of the critical state of the system. Thisfact presents
freshinsight into the nature of self-organized criticality,
the spatial distribution of the system being optional.

Theresults of this study testify to the fact that flicker
noise is not necessarily aresult of observations of nat-
ural phenomeng; it can be detected in simple, intention-
ally posed laboratory experiments.
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Two surprising facts were previously considered [1].
First, the standard tabular masses M; + oM; of funda
mental particles correspond best, i.e., within the least
mean-square deviation

z (M; -D* ni)2
S=t—x M
to the integer one-dimensional sequence (n; are integer

numbers) with period D* surprisingly close to the tri-
pled electron mass [2]:

D* — §
Tﬁ”m‘? = —(6.3+6.5) x 10 )

Second, the mass differences for pairs of fundamen-

o =

20

18+
44422
16 - o

141 442.01

il 485.95

tal particles (see Fig. 1) whose masses are known
within an error of less than 2 MeV are multiply

repeated and equal the unified value E = 440 MeV,
which satisfies the relationship
me

e = 1151x10°%~ 2 = 1159%x10°.  (3)
E 21

Here, a = 1/137; i.e, the ratio of the electron mass to
the aforementioned value coincides to an accuracy of
1% with the fine structure constant divided by 21t[3].

The surprising and paradoxical nature of these facts,
i.e., their contradiction of the accepted paradigms of
physics, disappears if

() multiple experimental observations of the
Sukhoruchkin effect assert that the electron mass m,

888.55
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I deohistogram of the density of possible mass differences AM,; = M, — M; between leptons and hadrons (for masses known within
an accuracy of oM; <2 MeV (DataBooklet, ed. AIP, 1992). The ideohistogram step (the channel width) is AE = 0.005E. Numbers
above the maxima represent the positions (expressed in MeV) of the channel centers.
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has a value or integer-multiple equal to the observed
singularities [4]

or if (2) Einstein’s vision of a unified universal
theory of interaction [5] anticipates the possibility
of reducing all known interactions to one unified inter-
action.

The evident nontrivial and controversial nature of
this situation ecourages the author to publish his pre-
print [1] on awider scale.

Indeed, the situation is changing rapidly and even
today, i.e., in the six years after the preprint was pub-
lished, more experimental evidence in favor of the
existence of the Sukhoruchkin effect, i.e., the fact
observed in[6], isbeing obtained. It isalso quiteimpor-
tant that attempts to develop the unified (in the spirit of
Einstein [5]) theory of fundamental particles have been
published (see[7] and, especialy, [8]).
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According to classical concepts [1], a steady-state
detonation wave consists of a shock wave and the zone
of chemical reaction following this wave. In this zone,
the pressure falls and the substance expands, i.e., the
von Neumann spike is formed. The validity of this
model is confirmed by numerous experiments, and its
ability to describe detonation in the magjority of explo-
sives is beyond question. However, in high-density
hexagen and octagen, the authors of [2] registered a
pressure increase instead of the von Neumann spike in
the reaction zone. The assumption that a steady-state
detonation wave can propagate without the von Neu-
man spike rai ses doubts concerning the correspondence
of thefinal state of the explosion products to the Chap-
man-Jouguet point and the selection rules of the deto-
nation velocity. The validity of these concepts is deter-
mined by thereliability of experimental datafixing fea-
tures of the detonation conversions in condensed
explosives. In particular, it is of interest to study the
character of the change in the structure of a detonation
wavewith anincreaseintheinitial density of the explo-
sives used. This paper is devoted to the study of the
above-mentioned change.

As the object of investigation, we choose 2',2',2'-
trinitroethyl-4,4,4-trinitrobutyrate CsHgNgO,, (TNETB),
a powerful explosive with alow-negative (—4.15%) oxy-
gen balance and a monocrystal density of 1.839 g/cm?
[3,4]. The TNETB sensitivity to mechanical actionsis
at a level of hexagen sensitivity, but the heat of the
explosive conversion isin excess of that of the hexagen.
Thelayout of the experimentsis shown in Fig. 1. Deto-
nation was initiated by a shock wave with an amplitude
larger than 4 GPa, which was formed by a plane-wave
generator (1). The diameter of the charges was 30 mm;
their length ranged from 40 to 80 mm, which ensured
the attainment of a steady-state regime of detonation.
The wave profiles were recorded on a VISAR laser
interferometer with a time resolution of ~3 ns and an

Ingtitute of Problems of Chemical Physics, Russian
Academy of Sciences, Chernogolovka, Moscow oblast,
Russia

accuracy of velocity measurement of +5 m/s indepen-
dent of the value of the absolute velocity [5]. The prob-
ing radiation was reflected from a 100- to 400-pum-thick
aluminum foil (2) placed between the charge end and
water window (3). The experimental data present
velocities registered for the foil surface adjoining the
water window. They reflect all of the structural details
of the reaction zone in the steady-state detonation
wave.

The results of the experiments are presented in
Fig. 2. The initial charge density p,, thickness of the
aluminum foil h,,, and ratio of the charge diameter and
charge length /1 are presented in the table for each
experiment, and the fact of registration of the von Neu-
mann spike or the velocity increasein the reaction zone
isaso noted by indicating the characteristic time. At an
initial density of 1.48 g/cm? (experiment 1), a velocity
drop of approximately 300 m/s, caused by the presence
of the von Neumann spike in the explosive, whose
duration attains approximately 50 ns, is observed after
the shock. Therise in the velacity 50 ns after the shock
is related to the wave circulation in the 200-um-thick
foil situated between the water window and the explosive.
The use of a 400-um-thick foil (experiment 2) increases
the circulation time, thus allowing us to refine the dura-
tion of the von Neumann spike and eval uate the charac-
ter of itsdecay asfar asit propagates along the foil. An
increase in p, to 1.51 g/cm?® (experiment 3) leads to a
decreasein the spike duration by ~10 nsand areduction
of its amplitude to 200 m/s. However, even a p, =

Explosive

Fig. 1. Layout of the experiment: (1) plane-wave generator;
(2) duminum foil; and (3) water window.
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Fig. 2. Velocity of the boundary between the foil and water-
window.

1.56 g/cm®, velocity profile 4 is subjected to qualitative
changes. the von Neuman spike disappears and a
domain of constant parameters arises behind the shock.
Upon further increase of the initial explosive density,
an ~100 m/sincrease in the velocity is recorded imme-
diately at the time of ~30 ns after the shock. Note that
a good reproducibility of the structure of the reaction
zone is observed at an invariable charge configuration
(experiments 7, 8), as well as a a twofold increase in

Parameters of the experimental assembly

521

Pressure

Volume

Fig. 3. Phase trajectories in the pressure-volume plane. A
and H are the Hugoniot adiabat and the detonation adiabat,
respectively; J is the Chapman—Jouguet point; the dashed
lineisthe Michelson straight line.

the charge length (experiments 5, 6). This fact is proof
of the presence of a steady-state detonation regime in
all experiments conducted. Note that the mass velocity
corresponding to the final state of the explosion prod-
ucts (in the presence of the von Neumann spike, thisis
the Chapman—Jouguet point) increases with the initial
density. This is not the case in the vicinity of p, =
1.56 g/cm® (Fig. 2b), where an anomalous character of
thevelocity variation isobserved: it islower by approx-
imately 50 m/s at a density of 1.56 g/cm? compared to
that at a density of 1.51 g/cmq. This can be explained
by the presence of atransition to an uncompressed det-
onation regime at the moment of the von Neumann
spike disappearance.

Thus, the experimental data obtained agree with the
assumption that the steady-state detonation can exist
without the von Neumann spike. Nevertheless, the
probability that the reaction time is shorter than 4 ns
and that the applied technique does not resolve the von
Neumann spike cannot be excluded. It is, therefore, dif-
ficult to understand the qualitative change in the wave
structure, whereas a monotonic pressure rise in the

N Po, g/lom® haj, UM O/, mm/mm Remarks
1 1.48 200 30/42 VVon Neuman spike, 50 ns
2 1.48 400 30/42 Von Neuman spike, 50 ns
3 151 200 30/42 VVon Neuman spike, 40 ns
4 156 200 30/42 Plateau
5 161 200 30/40 Rise, 30 ns
6 161 200 30/80 Rise, 30 ns
7 171 100 30/38 Rise, >30 ns
8 171 200 30/38 Rise, 30 ns
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reaction zone can be easily explained within the frame-
work of known theoretical approaches allowing for the
width of the detonation wave front [6-8]. In this case, a
dimensionless number L appears in the problem. This
number characterizes the ratio of the front viscous
width to the characteristic length of the reaction zone.
At small L, the steady-state detonation regime takes
place, which does not differ qualitatively from the clas-
sical case. The corresponding phase trgjectory in the
pressure-specific volume planeis shown in Fig. 3: only
the amplitude of the von Neumann spike decreases and
part of the explosive proves to have been reacted in the
front of the compression wave. However, there exists a
critical value L such that if L > L. then a qualitative
change in the detonation front occurs: the final state on
the detonation adiabat is attained as aresult of a mono-
tonic pressure rise (Fig. 3). In the general case, the
uncompressed regime is realized and the detonation
velocity is determined by kinetics of the chemical reac-
tion, not by thermodynamics and gas dynamics aone,
asisthe casein classical detonation theory.

UTKIN et al.
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In recent years, great interest has been allotted to
investigating self-organized ensembles of quantum
dots, i.e., the quasi-zero-dimensional objects (with
sizes of ~10-20 nm) formed in the process of hete-
roepitaxial growth. These objects arise in the case
where there is a mismatch between parameters of a
crystal lattice and substrate [1-6] by the Stranski—
Krastanov mechanism [7]. According to this mecha
nism, for a certain critical thickness, a system can exe-
cute a phase transition from the two-dimensional layer-
by-layer growth to the formation of three-dimensional
coherent islands, i.e., the quantum dots on the surface
of athin wetting layer. To date, awide set of investiga-
tions have been carried out to study the mechanisms of
nucleation and formation of quantum dots (qd), their
morphology, and their structural properties [1-5]. The
optical properties of quantum dots are being investi-
gated [6] with particular intensity. As was shown by the
authors of [6], the photoluminescence method makes it
possible to fix the appearance of quantum dots and to
study their properties using the occurrence of a supple-
mentary long-wave band in the photoluminescence
spectrum. Interesting results have also been obtained for
devel oping quantum-dot injection heterolasers[8, 9].

At the sametime, it should be noted that the major-
ity of the data cited in publications refers to undoped
heterostructuresin which the quantum dots are not pop-
ulated by electrons, whereas the optical and electrical
properties of doped structures containing quantum dots
are mentioned to a much lesser extent.

The goal of this paper is to study the above-men-
tioned problem by investigating the optical and electri-
cal properties of modulation-doped superlattices of
INAs/GaAs with layer thicknesses below and near the
guantum-dot formation threshold.

We used modulation-doped heterostructures grown
by molecular-beam epitaxy on GaAs (001) semi-insu-

Institute of Radio Engineering and Electronics,
Russian Academy of Sciences, ul. Mokhovaya 18,
Moscow, 103907 Russia

lating substrates as the samples under investigation.
These structures involve a GaAs undoped buffer layer,
an InNAg/GaAs superlattice, an Al,,GaygAs undoped
spacer layer, an Al,,Gay gAs doped layer, and a GaAs
thin protective layer (Fig. 1). In the investigated series
of the samples, the effective thickness d,, of the InAs
layers varied from 0.33 to 2.7 monolayers (Fig. 1). In
this case, the thickness of the GaAs layer was varied
proportionally in order to retain an average composi-
tion of the superlattice equivalent to that of the
INg16Gay gsAS solid solution. The number of superlat-
tice periods was regulated, so that the superlattice
attained a total thickness of approximately 14 nm. The
thicknesses of the InAs and GaAs components of the
superlattice in various samples, and also the number of
superlattice periods in each of these samples, are indi-
cated in the caption to Fig. 1. All the superlattices were
grown at atemperature T, = 490°C, whiletheremaining
layers were grown at T, = 590°C. The growth pro-
ceeded at a pressure of 8 x 107 torr in an ambient
arsenic. After depositing each InAs layer, the growth
was interrupted for 30 s. For comparison, aheterostruc-
ture was also grown in which an Ing ,4Ga, g,AS solid
solution of the same thickness was formed instead of
the INAS/GaAs superlattice mentioned previoudly.

The optical and electrical properties of the grown
heterostructures were investigated by measuring the
photoluminescence spectraat T = 77 K and by deter-
mining the mobility i, and the electron concentration
N,p a T =77 and 300 K on the basis of the Hall method.

In Fig. 2, we show the photoluminescence spectra
for a sample of the Iny;sGaygAS solid solution
(Fig. 2a) and for seven superlattice samples (Figs. 2b—
2h). In the table, the results of the Hall measurements
for Ww,p and n,p are given. For comparison, in Fig. 2b
(curve 2), we aso show the photoluminescence spec-
trum of the superlattice with undoped AlGaAs.

It follows from the table that all the samples have
comparable electron concentrations n,; = (6-10) x
10! cm. However, the mobilities Y,p of the electrons
in the samples are substantiadly different, changing
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GaAs nt 6nm T =590°C
Aly,GaggAs  35nm  T,=590°C
/I 3-Si, 5 x 102 cm™2

Aly,GaggAs  10nm  T,=590°C

GaAs  dg, T, =490°C

InAs di, T, =490°C
L IIoooIIIooooIIooood Superlattice,
TIIIIIIIIIIIIIIIIIIIIIiiiiiiiig N periods

GaAs  dg, T, = 490°C

InAs dy, T, = 490°C *

GaAs I-um buffer T, =590°C

GaAs  Substrate (001)

Fig. 1. Cross section for the AlGaAs/InAs(n, monolayer)/GaAs(n;MC)/GaAs(n; monolayer)/GaAs modulation-doped superlat-
tices. dg, isthe GaAs-layer thickness, dy,, is the InAs-layer thicknessin each superlattice period, and N is the number of periodsin

the superlattice.

from sample to sample within the range 6326-
32896 c?/(V 9).

As can be seen from Fig. 2, the photoluminescence
spectra for the modulation-doped solid solution
(Fig. 28) and for six modulation-doped superlattices
with monolayer thicknesses d,, < 2 (Figs. 2b—2g) have
a similar shape and are disposed in the same spectral
region. In these samples, we observed two peaksin the

photoluminescence: the low-energy peak of energy hv,
(within the range 1.356 to 1.375 eV) and intensity I,
and the high-energy peak of energy hv, (within the
range 1.406 to 1.434 eV) and intensity |,, sothat I, > |,
inall cases.

However, when the thickness of the InAs layer
attains 2.7 monolayers, aradical transformation in the
photoluminescence spectrum shape takes place. In the

Results of the Hall measurementsfor the mobility p,p and the concentration n,p, of two-dimensional el ectronsin the modul ation-
doped samples of the Iny ;6Ga g4As homogeneous solid solution and the INASGaA s superlatticesat T = 77 and 300 K

mgg m(ggcgllgyg“ttﬁi gllc(rﬁr;s) Hp (;:r7n ZK/§V 9 nyp, 104 em2(77K) MZD(,SCOrBZI/S/ 9 |n,p, 101 cm2(300K)
1172 Homogeneous solid solution 17670 9 6000 9.6
1178 0.33 32896 10.3 7747 9.96
1171 0.67 6620 85 2830 9.6
1169 1.0 8560 6.46 4164 6.2
1181 133 10696 8.63 5436 9.64
1170 1.58 6610 6.6 3480 6.6
1206 2.0 20900 9.85 5370 8.2
1179 2.7 6326 7.86 4059 7.42
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long-wave spectral region, a new broad and intense
band arises with its peak at hv,y = 1.265 eV (Fig. 2h).
As was shown in [6], such modifications of the spec-
trum are associated with the phase transition from the
two-dimensional layer-by-layer growth mode to that of
the three-dimensional growth mode corresponding to
the formation of quantum dots.

In this connection, it is reasonable to consider sepa-
rately the characteristics of a modulation-doped super-
lattice of InAs layers with thicknesses d;, < 2.0 mono-
layers, for which the two-dimensional layer-by-layer
growth is presumed to be realized, and the characteris-
tics of the modulation-doped superlattice with d;, =
2.7 monolayers, where the growth mode corresponding
to the formation of INnAs quantum dots in the GaAs
matrix is realized.

1. The photoluminescence spectra and electron
mobility in a modulation-doped superlattice with
thicknesses of InAs layers lower than 2.0 monolay-
ers (below the guantum-dot formation threshold). In
order to interpret the optical properties of the modula
tion-doped superlattice with d,, < 2.0 monolayers, we
base our assumptions on the fact that the presence of
two peaks in the photoluminescence spectra of the
N-AlGaAgInAsGaAs modulation-doped quantum
well (i.e, the solid solution) is a consequence of the
population of two subbands of the two-dimensional
electron gas in the InGaAs quantum well [10, 11].
These peaks correspond to the optical transitions from
the lower e, and upper e, subbands to the hole sub-
bands. In the case of undoped (empty) quantum wells,
we can observe only a single photoluminescence peak
caused, asiswell known, by optical transitions between
the lowest (unfilled) electron and hole subbands
(Fig. 2b, curve 2). Based on the similarity between the
photoluminescence spectra of a modulation-doped
solid solution (Fig. 2a) and a modulation-doped super-
lattice (Figs. 2b—2g), we can assume that, in the latter
case, the hv, and hv, peaks are of the same nature as
those in the former. In other words, two electron sub-
bands are also populated in this case and the energy
range hAv,, = hv, — hv; determines the energy gap
between them. Thus, in spite of the difference in the
“construction” of these two types of heterostructures
(layered and homogeneous), their subband structures
are similar. This fact is evidently caused by the strong
overlapping of the wave functions of neighboring InAs
layers in the superlattice owing to the efficient tunnel
coupling through the GaAs barriers.

However, in spite of the general similarity between
the photoluminescence spectrain Figs. 2a-2g, there are
also certain distinctions between them. For example, the
sharpest and most intense peaks are observed for the
modul ation-doped superlattice with d;, = 0.33 monolay-
ers (Fig. 2b). It is of interest that the intensity and
sharpness of the photoluminescence peaks drop
abruptly when d;, merely increases to 0.67 monolayers
(Fig. 2c). As can be seen from Figs. 2c—2g, such asitua-
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Fig. 2. Photoluminescence spectra for  the
AlGaAs/(InAs/GaAs)/GaAs modulation-doped superlattice
and the Ing16Gagg4As modulation-doped homogeneous
solid solution at atemperature T = 77 K: (a) spectrum of the
homogeneous solid solution; (b)—(h) spectra of a modula-
tion-doped superlattice with thickness dp, (in units of the
monolayer thickness): (b) dy, = 0.33, N = 24; (c) dy,, = 0.67,
N=12; (d) dj, =1, N=8; (€) dy,, = 1.33, N=6; (f) d,, = 1.58,
N=5;(g) d, =2, N=4; and (h) dj, =2.7, N=3.
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Fig. 3. Dependence of the electron mobility in the modula-
tion-doped superlattices under investigation on the effective
thickness of the InAs layer in the superlatticeat T = 77 K.

n-GaAs
Undoped
Undoped 10 nm
AlGaAs
GaAs
InAs InA
4 nm
GaAs
InAs InAs
GaAs
InAs InAs
Undoped
GaAs buffer
GaAs semi-insulating
substrate

Fig. 4. Cross section of the assumed heterostructure with
vertically coupled quantum dots.

tionisaso retained for other samples having thicknesses
of InAs layers within the range up to 1.58 monolayers.
A certain increase in photoluminescence intensity mani-
festsitsalf in the case of d;,, = 2.0 monolayers (Fig. 29).
However, sharp peaks, such as in Fig. 2b, are not
observed in this case. To clarify the reasonsfor the vari-
ations observed in the shape of the photoluminescence

MOKEROV et al.

spectrawhen changing d,,,, we analyze the dependence
of the electron mobility W, in the modulation-doped
superlattice on the thickness dy, (see Fig. 3). It follows
from Fig. 3 that (smilarly to the dependence of the
photoluminescence intensity on d;,) the highest mobil-

ity Hop = 32896 cm?/(V s) is observed in the sample
with d;, = 0.33 monolayers and, then, drops abruptly
with increasing dy,. Already for d;, = 0.67 monolayers,
the mobility becomes equal to 6620 cm?/(V s). Further-
more, up to the value of d,, = 1.58 monolayers, the
mobility varies insignificantly. Note that the superlat-
tice sample No. 1206 (d,, = 2.0 monolayers), for which
we observe elevated values for both the photolumines-
cence intensity and mobility p,p, was grown on the
substrates made of the other ingot. For this reason, we
do not accentuate the deviation exhibited in this sample
from the regular characteristics exhibited in the others.

On the basis of the above-mentioned facts, we can
assume the following. For a minimum submonolayer
InAscovering (d,, = 0.33 monolayers), when the ampli-
tude of the elastic-stress fluctuation is yet far from crit-
ical owing to the small thickness of deposited InAs, an
amost ideal layer-by-layer growth takes place, thus
forming the most perfect crystal lattice. In this lattice,
in contrast to the situation in the solid solution, indium
atoms are disposed in a certain order and the processes
associated with electron scattering and radiationless
recombination must be minimized. Therefore, we here
observe the sharpest and most intense photolumines-
cence peaks and the maximum value for the electron
mobility. At the same time, an increase in the InAs
effective thickness must enhance the elastic stresses
and their fluctuations, which results in fluctuations of
the relief and the necessity of introducing additional
mechanisms of electron scattering and radiationless
recombination. We assume that the decrease in W, the
reduction of the intensity, and the sharpness of the pho-
toluminescence peaks in the case of increasing the
thickness of the InAs covering are related to an addi-
tional scattering of charge carriers at the fluctuations of
potential and to an increasing contribution of the radia-
tionless recombination caused by the fluctuations of
elastic stresses and the layer relief induced by them.
Here, we deal with the unexpected fact that these
effectstake place even at asufficiently small quantity of
deposited InAs. Indeed, they are observed for a sub-
monolayer covering (d,, = 0.67 monolayers), whereas
the almost normal layer-by-layer growth is commonly
assumed for this case in other publications.

2. The properties of a modulation-doped super-
latticefor thicknessof InAscovering dy, = 2.7 mono-
layers (near the quantum-dot for mation threshold).
As was aready noted, we ascribe the photolumines-
cence broad long-wave band at hv = 1.265 €V inthe mod-
ulation-doped-superlattice sample with d,, = 2.7 mono-
layers to the appearance of quantum dots. We also
relate the weak short-wave peak at hv = 1.390 €V to a
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thin wetting layer. However, it is necessary to note
that while investigating a similar heterostructure in
which only one InAslayer with an effective thickness
d,, = 2.7 monolayers was grown instead of the
InNAs/GaAs superlattice, no additional photolumines-
cence long-wave band testifying to the presence of
guantum dots was found. It follows from this fact that,
although no quantum dots are formed in the InAs lower
layer of the modulation-doped superlattice, the elastic
stresses arising from it stimulate quantum-dot nucle-
ation in the subsequent layers of the superlattice. The
assumed cross section of the modul ation-doped super-
lattice with quantum dots investigated by us is shown
inFig. 4.
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Under tension, polymers often demonstrate creep,
i.e., gradual elongation with time. This creep is caused
by inelastic processes occurring in the material. For a
constant sampl e length, these processes manifest them-
selves as a gradual decrease in stretching force. In this
case, we say that the sample is tested in the regime of
relaxing (i.e., decreasing) stress. If the stretching force
is constant and the sample length increases, then the
tests occur in the creep regime. Relaxation behavior is
quite intrinsic to aramid SVM fibers (SVM is a trade-
mark).

A characteristic feature of SVM fibersisan increase
in the elastic modulus with deformation [1]. The elas-
ticity modulus rises rather noticeably from the initial
value of 110 to 120 GPa to approximately 200 to
210 GPa at a strain of 3%. An increase in the elastic
modulus is observed in the case of both tension with a
constant rate and creep under aconstant load [2, 3]. The
rise of the elastic modulus is reversible and gradually
decreases to the initia value after unloading. This
reversibility testifiesto the fact that the rise of the mod-
ulus does not depend on the orientation irreversible at
temperatures much lower than the glass-transition tem-
perature T, [4].

There are several explanations for the rise of the
elastic modulus of polymers with strain. For example,
this effect can be associated with the nonlinear elastic-
ity of fibers [5]. However, since elastic processes pro-
ceed instantaneously, nonlinear elasticity cannot
explain the gradual rise of the modulus in the presence
of creep. Therefore, a theoretica model was proposed
according to which the polymer chain contains defects
having alowered rigidity. Therise of the modulusinthe
case of creep is explained by the transition of defect
fragmentsin apolymer chain in the morerigid straight-
ened state[3, 4, 6]. Thistransition has an activation bar-
rier, and it takes time to overcome it. The goa of the
present study isto investigate the behavior of the elastic
modulus of SVM fibersin the case of different methods
of loading.

Institute of Chemical Physics,
Russian Academy of Sciences, Vorob' evskoe sh.,
Moscow, 117312 Russia

We have investigated samples of SVM threads with
alinear density of 58 tex, which consisted of 300 ele-
mentary fiberswith adiameter closeto 13 microns. The
length of the samples was 600 to 800 mm. The samples
had cone-shaped ends at both the input and the output
of the sonic signal.

We studied stress relaxation and fiber creep using
various experimental equipment. Stress relaxation was
investigated with the help of an Instron 1122 universal
testing machine, whereas creep was investigated by
means of nonstandard equipment. The upper end of the
thread was immobile, whereas a certain load was
attached to the lower mobile end, and the sample elon-
gation was measured. In both cases, longitudinal ultra-
sound pulses with afrequency of 250 kHz and a repeti-
tion frequency of 0.9 kHz were passed through the sam-
ple. The elastic modulus E was determined according
to the speed ¢ of the ultrasound [7]:

E = pc, (1)

where p isthefiber density. The speed of the ultrasound
was determined as the ratio of the sample length to the
time of pulse passage.

Before loading, the fibers were dried for 20 min at
110°C. Then, they were trained by loading up to a
2-GPa stress and annedled at a temperature of 150°C
over 1.5 hours. The samplelength increased after train-
ing by approximately 0.5%, and the elastic modulus
grew from 120 to 125-128 GPa. For subsequent |oad-
ing/unloading cycles, we observed no irreversible
changes in either the strain or the elastic modulus.
Thus, training made it possible to exclude inelastic
effects.

1. Creep. Figure 1 shows strain of SVM fibersas a
function of time in the presence of creep under a stress
of 1.6 GPa. As is seen, the fiber length gradually
increases with time, while the creep velocity decreases.
Curve 2 shows that the fiber elastic modulus E rises
simultaneously with an increase in the fiber length.
Curves 1 and 2 are similar in shape. Thisfact indicates
the unambiguous connection between the length and
the elastic modulus of the fibers.

2. Stressrelaxation. Figure 2 illustrates the behav-
ior of the thread after it had been stretched to the stress
of 1.6 GPaand in then the clamps of the tensile testing

1028-3358/00/4510-0528%20.00 © 2000 MAIK “Nauka/ Interperiodica’
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machine were stopped. For 25 min, the stretching stress
corresponding to curve 1 dropped by approximately
15%. In contrast to the stress, the elastic modulus grad-
ually increased (see curve 2). It is worth mentioning
that this unusual behavior of the elastic modulus at a
fixed sample length was observed, in this case, for the
first time.

3. Recovery. Figure 3 illustrates the dependence of
the elastic modulus on the fiber strain € for different
loading schemes. Crosses show the behavior of fibers
after a sharp reduction in the load. The thread crept
under a stress of 2.25 GPa over 1.5 hours, after which
the stress decreased to 0.45 GPa. After reducing the
load, the behavior of the thread became unusual. The
thread length gradually decreased, and the 1.8-kg piece
hanging on the thread rose. Apparently, the internal
energy is stored in the fibers in the case of creep under
loading. This energy performs the work of lifting the
weight after a sharp reduction in the load. The gradual
decrease in the elastic modulus (1) occurs simulta-
neously with the reduction of the thread length. The
direction of the processwith timeisindicated in Fig. 3
by the arrow.

The experimental dots in curve 2 of Fig. 3 are
obtained according to a similar loading scheme. This
distinction from curve 1 consistsin the fact that, before
reducing the load to 0.45 GPa, the thread crept for a
shorter duration time under a stress of 2.25 GPa. In this
experimental run, we varied the creep time under the
stress of 2.25 GPa. Figure 3 illustrates the behavior of
the thread in the case of the usual creep corresponding
to the case of Fig. 1 (the thread was not kept under the
large stress). The direction of the process in the case of
creep is opposite to that observed after a strong
decreasein loading. The dependence of the modulus on
the fiber length in all three cases is described by a uni-
fied curve. Thus, there exists an unambiguous connec-
tion between the fiber length and the eastic modulus,
which is independent of the loading prehistory. Note
that this statement is true only in the case of the same
stretching load.

4. Therelaxation at the constant length. Theload-
ing scheme corresponded to curve 1 in Fig. 3; however,
both thread ends were fixed after the decrease in the
load. Figure 4 illustrates the change in the stretching
stress (curve 1) and the acoustic modulus (curve 2) for
fibers observed after the load had been decreased. In
this case, we observed a gradual elevation of the stress
with time. After 15 min, the stress increased from 270
to 310 MPa. The rise of the elastic modulus was
observed simultaneously with the above-mentioned
increase in stress. Evidently, the increase in stress is
associated with the constant fiber length.

The behavior of the fibers can be explained assum-
ing the existence of defects in the molecular-chain
structure. We can consider the structure of these defects
to be similar to a loop. Under loading, these defects
(loops) straighten; therefore, therigidity of the polymer
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Fig. 1. Behavior of fibersin the case of creep under a stress
of 1.6 GPa: (1) fiber strain €; (2) acoustic elastic modulusE.
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Fig. 2. Behavior of fibersin the regime of stress relaxation
in the case of immobile clamps of atensile testing machine:
(2) stretching stress o; (2) acoustic elastic modulus E.
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Fig. 4. Behavior of fibers after the load has been decreased
from 1.6 to 0.27 GPa. The fiber length was constant:
(2) stress o; (2) acoustic elastic modulus.

chain is enhanced. The transition has an activation bar-
rier, which takes time to overcome. Figure 3 testifiesto
the reversibility of the transition. Apparently, thereisa
certain equilibrium concentration of defects dependent
on the stress and temperature. An increase in load stim-
ulates the straightening of the defects. Conversely, a
decrease in load stimulates reverse transitions and the
elastic modulus reduces. The gradual rise of stress after
the load has been decreased (with immobile testing-
machine clamps) is aso explained by the reversibility
of the transitions, namely, by the increase in the con-
centration of short and soft defects.

In spite of the increase in the concentration of soft
defects after the reduction of the load, Fig. 4 demon-
strates a rise of the elastic modulus. This fact proves
that, apart from the transitions, there exists a second
mechanism governing the change in the modulus. This
mechanism consists in the nonlinear elasticity of the
fibers[3, 5]. Itisworth noting that the result of the com-
bined action of the two mechanisms (i.e., the variation
of the defect concentration and the existence of the
nonlinear elasticity) depends on the loading scheme:

(i) Inthe case of creep, the stressis constant and the
effect of nonlinear elasticity is not manifested. There-
fore, the change in the modulus is determined only by
transitionsinto amorerigid state. Thisexplainstherise
of the elastic modulus and fiber length with time.

(ii) After a sharp decrease in the load, reverse tran-
sitions are initiated and the defect concentration is € e-
vated. If the load is constant, then the elastic modulus
and fiber length gradually decrease.

(i) In the stress relaxation regime, the mechanisms
of nonlinear elasticity and the transitions act in oppo-
sitedirections. A decreasein stressresultsin the lower-
ing of the elastic modulus due to nonlinear elasticity.
Contrarily, a decrease in the concentration of soft
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defects el evates the el astic modulus of apolymer. Since
the combined action of these effectsleadsto anincrease
in the elastic modulus (see Fig. 2), the transitions of the
defects into the rigid state prevail over the nonlinear
elasticity.

(iv) After adecreasein load at afixed samplelength,
the stress and elastic modulus increase simultaneously.
As in the preceding item, the nonlinear elasticity and
molecular transitions act in opposite directions. The
gradual rise in stress results in an increase in the fiber
modulus due to nonlinear elasticity. The increasein the
concentration of soft defects leads to a drop in elastic
modulus. The combined result consistsin therise of the
elastic modulus. In contrast to the preceding item, the
effect of the nonlinear elasticity in this case is stronger
than that of the relaxation transitions.

Relaxation phenomena in polymers are usualy
described by various models similar to the Maxwell
classical model. This modd is composed of a sequen-
tially connected spring and a damper, which makes it
possible to describe both the elasticity and relaxation
behavior of a polymer [8]. Owing to the existence of a
spectrum of relaxation times, more complicated models
composed of aset of springs and dampers are also used.
In the most general mathematical form, these models
can be described by theVolterraintegral equation. Nev-
ertheless, even this equation is not capable of describ-
ing the increase in the stress or elastic modulus with
time. As a consequence, the kernel of this equation
must be significantly modified in order to involve func-
tions ascending with time. Thus, after a decrease in
load, the relaxation of the polymer fibers can manifest
itself in a paradoxical manner as an increase in both
stress and elastic modulus.
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The generation of low-temperature highly ionized
plasmain heavy-current el ectrode dischargesis usually
associated with discharges in hydrogen. In other gases,
the attainment of the necessary electron temperature is
hampered by the energy loss of plasmathrough itsradi-
ation. A new possibility for the study of virtually com-
pletely ionized plasma in lithium vapors was indicated
andrealizedin[1, 2]. The propertiesintrinsic to lithium
were used, e.g., the low ionization energy of lithium
atoms and the extremely high excitation and ionization
energies of Li* helium-like ions. Plasmawith a density
of 10'5-10% cm= and an electron temperature T, =
2-3 eV, which exhibited amost complete ionization of
lithium atoms, was obtained. Moreover, the energy loss
for ionization and radiation in the plasma were rela-
tively low.

In this case and under steady-state conditions, the
energy balancefor electrons can bewritten out in awell
known form [3]:

2e'nt,_, 10 NT.T. 0T
e = 22 e et s

ey

i ‘e

For preliminary estimates, we take n, = 10 cm=
and T, = 3 eV. Thetime scale of the electron—on energy
exchange for these parameters is approximately 3 x
10 s. Consequently, in discharges with a duration
longer than 10+ s, electron and ion temperatures are
almost equal and the Joule heat is predominantly trans-
ferred outward, i.e., to the tubewalls, owing to the el ec-
tron thermal conductivity. Near the walls, this heat is
spent to the new ionization of atoms produced in the
process of recombination and for the compensation of
other energy loss on the walls. The energy balance is
independent of the plasmadensity. In the case of ahigh
degree of ionization, the plasma concentration enters

* Ingtitute of High Temperatures Scientific Association
(IVTAN), Russian Academy of Sciences,
[ zhorskaya ul. 13/19, Moscow, 127412 Russia
** NPO Elei-2, ul. Lyuteranskaya 25,
Kiev, 252024 Ukraine

only into the boundary conditions. A rough estimate of
the term d/dr = 1/a in equation (1) yields the following
expression for the eectric field in atube with radius a:

==1, @)

where T, is the temperature at the axis. From the
Spitzer formula for the conductivity of a completely
ionized plasma, the density of the maintaining current
turns out to be on the order of several hundred A/n?.
It isalso possible to obtain the dependence of theresis-
tance of the discharge column on the current intensity:

I |j|]_3/5
R=C=sH7 . 3)
a2ta!
Here, | isthe column length and C isacertain factor on
the order of 1.

In this study, we describe a new experimental setup
(called Robotron) developed in the Kiev scientific-
industrial company Elei-2 and the first results obtained
with the help of this setup.

Experimental setup. The principle structure of the
experimental setup and the diagram of its electric-
power supply are shown in Fig. 1. The discharges are
initiated in a well evacuated quartz tube with an inner
diameter of 25 mm. Two cathodes are placed at the tube
ends. One of theseisthe cathode of the basic discharge.
This cathode has the shape of a hollow cylinder
rounded at its edge. The surface of the other cathodeis
made of lithium deposited on a vanadium substrate and
serves for the injection of the lithium plasma into the
tube. The tubular anodes are arranged near the lithium
injector. All the electrodes are made of vanadium.

Both cathodes are supplied with special auxiliary
electrodes initiating the appearance of cathode spotsin
the case of feeding the electrodes by a high-voltage
pulse with a duration of several microseconds. The
cathode spots arising under the action of this pulse give
rise to a heavy-current stage of discharges. The dis-
charge in the lithium injector is excited first. The onset
of the basic discharge along the entire tubeis controlled
by adelay within several hundred microseconds.

The discharge device shown in Fig. 1 was placed
into an evacuated quartz tube 120 mm in diameter. Two
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Fig. 1. Discharge tube and its electric power-supply circuit: (1) ignition of the lithium-plasma source; (2) anode of the lithium-
plasma source; (3) the basic-discharge anode; (4) quartz tube; (5) ignition of the basic discharge; (6) the basic-discharge cathode;
(7) cathode of the lithium plasma source; (8) ballast resistor of the lithium-plasma source; (9) capacitor banks of the first-discharge
source; (10) capacitor banks of the lithium-plasma source; (11) and (12) ballast resistors; (13) capacitor banks of the second-dis-

charge source.

banks of capacitors feeding the basic discharge had
independent switching-in with a controllable delay.
The highest energy of both discharge banks was 2.4 kJ.
Fine tuning of voltages and ballast resistors made it
possible to vary the parameters of both the basic dis-
charge and the lithium plasma injection within wide
limits.

A specific feature of the dischargesisthe absencein
them of a constant concentration of lithium atoms. The
plasma pressure in the discharge is much higher than
the pressure of saturated lithium vapors at the wall tem-
perature. The current intensity is measured by the
Rogowski loops. The difference of potentials acrossthe
electrodesis measured according to the current through
the resistor, with the galvanic decoupling realized by
means of an optical pair consisting of a photodiode and
light-emitting diode. Theinformation isrecorded by an
analog-to-digital converter with a maximum readout
frequency of 500 kHz. While simultaneously recording
several channels, the readout time increases corre-
spondingly.

In Fig. 2, theinitia stage of dischargesis shown as
an example. The basic current arises with a delay of
300 ps from the onset of lithium plasmainjection. Usu-
ally, strong oscillations of the voltage across the dis-
charge appear. In similar discharges in argon, no
marked oscillations were observed. The spectral analy-
sis of the discharges shows the presence of lines of
atomic and ionized lithium, the spectrum of atomic
vanadium, and the lines of the Bamer series in hyd-
rogen.

Current-voltage characteristics. The spectrum of
strong oscillations of the voltage lies within the range
(up to the frequency of 250 kHz) accessible for detec-
tion. The autocorrelation function for these oscillations
has anarrow peak with awidth corresponding to amin-

imum recording time of 2.5 ps. As arule, the voltage
recording frequency had a period of 12.5 pys. Further-
more, such a signal was averaged over five points. In
the case of the determination of the current-voltage
characteristic for the discharge column in itself, we
subtracted the sum of the near-€lectrode voltage drops,
which was taken to be equal to 30V from the measured
voltage.

The experiments showed that, after the basic dis-
charge had been ignited and the stage of the quasi-
steady mode in the presence of strong oscillations had
been established, the discharge resistance increases
with decreasing the current to | = 100 A in accordance
with formula (3). Furthermore, the resistance rises
abruptly owing to the onset of the recombination.

I,A;)V,V
3
2000
1
1000 [
2
' M\
0 1 1 1 1 1 1 1 1 1
0 400 800 1200 1600 ¢, ps

Fig. 2. Time dependence of the discharge characteristics:
(2) discharge current intensity; (2) voltage drop across the
discharge; (3) electric-current intensity in the lithium-
plasma source.
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In Fig. 3, we show that the discharge resistance is
proportional to the power law of the current intensity
with the exponent of —3/5, which istypical of turbulent
discharge. A similar dependence also existed in dis-
charges described in [1] characterized by the discharge
tube radius a = 0.8 cm. Such a power law has a high
reproducibility with a spread not exceeding 10%. The
slope of the straight line in Fig. 3 corresponds to the
relation eEa/T, = 1.43 in formula (2). The suppression
of the voltage oscillations across the discharge
decreases the discharge resistance by several times and
makes its current dependence more complicated than
that in Fig. 3.

On the nature of the turbulence observed. At a
glance, it is unclear why it is the strong turbulence that
agrees well with estimate (2) taking into account only
the electron thermal conductivity in the energy balance.
We can suggest the following explanation for this fact.
The turbulence increases the radial transport in the
plasma. In this case, the radiation intensity for the
atomic-lithium line increases abruptly near the walls.
The plasma concentration near the walls is maintained
by the new ionization of plasmarecombined at thewall,
while the necessary energy is delivered by the electron
thermal conductivity. Thus, the turbulence requires the
increase in the radial heat flux.

Apriori, the most probabl e reason for the turbulence
observed is the current-convective kink instability (see,
for example, reviews [3, 4]). Borrowing the criterion
for initiation of screw instability in arc discharges at
atmospheric pressure from [4] and using the transport
coefficients from [5], we obtain the relationship

T
Ra~ GOfE%greazn, 4)
|

where r, = €/m,c? is the electron classical radius; 15"

and ri’l are the collision frequencies for electrons and

ions, respectively; and n is the plasma concentration.
According to (4), convection arises for n, > 2 x

105 cm3.

This criterion corresponds to the conditions where
the perturbation for all the quantities at the walls can be
ignored. In our case, these rigorous boundary condi-
tions are not fulfilled. Therefore, instability must arise
for lower concentrations. We can assume that the volt-
age oscillations across the tube are induced by the for-
mation and breakup of the screw form of the discharge
and by a change in its internal inductance. The reason
for the breakup of the screw form can be adeficiency in
the radial heat flux for an extra-large injection of
plasma onto the walls. As was noted in [2], the thermal
conductivity is able to remove only alimited quantity of
hest, which corresponds to the condition Ea/T, < 1.43.
The gtraight linein Fig. 3 showsthat the resistance of the
turbulent discharge is restricted by this value.
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Fig. 3. Dependence of the discharge resistance R on the cur-
rent intensity (1=>). The straight line corresponds to the
ratio eEa/T, = 1.43.

The measurement results for the longitudina mag-
netic field outside of the discharge tube became a direct
confirmation of the appearance of the screw form of the
discharge. The longitudinal magnetic-field component
H, was measured by aHall probeinstalled at adistance
of 6.5 cm from the tube axis near its middle section.
The measurements allowed us to detect oscillations of
the H,-component which are associated with those of
the discharge current I. The amplitude of the H,-com-
ponent attained several Oersteds. Thus, the oscillations
of the longitudinal magnetic field in the discharge were
on the order of hundreds of Oersteds. Thisvaluefor the
current of ~1 kA does not contradict the estimate of a
possible screw pitch A = ma [4]. The average vaue of
H, decreases with time proportionally to the discharge
current that confirms the origin of this component. The
oscillations of the H,-component correlate with those
of the voltage across the discharge.
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According to the model of interatomic pair interac-
tion, there are two possible types of interaction between
components of binary metallic substitutional aloys: the
attraction between the A and B atoms, resulting eventu-
aly in the formation of chemical compound A, B,, (the
Mixing energy E,ix = Uaa + Uag — 2U,g iSNEgative), and
the repulsion between A and B atoms, giving rise to a
mixture of crystals formed by pure components (the
mixing energy is positive). In thermodynamics, these
two types of interatomic interactions are related to the
tendency of asystem to ordering (the sign of deviations
from the Raoult law is negative) and to phase separa-
tion (the sign of deviations is positive), respectively.
These two types of interatomic interactions correspond
to two basic types of equilibrium phase diagrams: for
the case E,;, < 0, the phase diagrams consist of the
regionswhere chemical compounds are formed; for the
case E; > 0, the phase diagrams consist of the regions
corresponding to the mechanical mixture of crystals
formed by components of the alloy.

However, there exists alarge number of equilibrium
phase diagrams involving domains (bounded and
unbounded) in which, as expected, solid solutions are
formed. The presence of the solid solution domains in
the phase diagrams means that these solid solutions are
equilibrium phases. If the solid solution is an equilib-
rium phase at temperatures for which the diffusion of
components is sufficient for its decomposition, it is
possible to say that such a solid solution isideal. Such
aconclusionisin striking contrast with thermodynamic
data which suggest that the overwhelming majority of
solid solutions are nonideal and exhibit either positive
or negative deviations from the Raoult law. As a conse-
guence, they demonstrate the tendency either to phase
separation or to ordering, which should certainly lead
to the decomposition of the solid solution when the sys-
tem approaches equilibrium.

Physicotechnical Institute, Ural Division,
Russian Academy of Sciences, ul. Kirova 132,
| zhevsk, 426000 Russia

In fact, numerous experimental data demonstrate
that solid solutions are nonideal. For example, in alloys
Fe—Cr at 1100-1300°C [1, 2], Fe-V at 1220-1420°C
[3], Fe-Mn at 1170-1590°C [4], Fe—Co up to 1200°C
[5], and in many others, either positive or negative devi-
ations from ideality are observed. These deviations
mean that the structure of a solid solution in these sys-
tems cannot be fixed upon approaching the system to
equilibrium. Thus, the question arises as to why solid-
solution domains are usualy shown in equilibrium
phase diagrams when it is known that these solid solu-
tions are nonideal and, therefore, must decompose
upon approaching the system to the equilibrium?
Apparently, the concept of the existence of the solid-
solution domains in the equilibrium phase diagrams
appeared based on numerous experimental results
obtained by differential thermal and X-ray phase anal-
yses. It is well known that these methods, used rou-
tinely for constructing equilibrium phase diagrams, are
not able to reveal a stage of the decomposition process
such as cluster formation; therefore, these methods do
not make any distinction between the cluster-contain-
ing structure and the structure of homogeneous solid
solutions.

Itiswell known that clustersare formed at theinitial
stages of the decomposition process either as a conse-
guence of the tendency of aloys to phase separation or
as a consequence of the tendency of nonstoichiometric
compositions to ordering [6]. The clusters can be inter-
mediate products of the decomposition process both on
the way to the formation of the mixture of crystals
formed by pure components (tendency to phase separa-
tion) and on the way to the formation of particles of
chemical compound A,B,, in nonstoichiometric com-
positions (tendency to ordering). The clusters can aso
be final products of the decomposition process arising
when the concentration of the second component in the
aloy isnot sufficiently high for forming an equilibrium
phase (either the A, B, particles or amixture of crystals
of pure components) [6]. The clusters are easily identi-
fied by structural methods (transmission electron and
field-ion microscopy); their chemical composition can
be determined by using electron energy 10ss spectrom-
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Fig. 1. Iron-reach region of the iron—chromium equilibrium
phase diagram. The dot-and-dash curves indicate the lines
of the second-order phase separation—ordering phase transi-
tions [10].

etry in the electron microscope and also by the use of
an atomic probe. However, it is not possible to use
some separate structural data to find what tendency, to
ordering or to phase separation, is responsible for the
formation of clusters. To make a definite conclusion,
we need a comprehensive investigation, for example,
one such asthat reported in 7, 8].

Here, we present several examples supporting the
fact that the solid solutions in the phase diagrams are
not equilibrium phases and decompose owing to their
tendency to phase separation. The Fe-Cr dloys are
known [9] to form a continuous sequence of solid solu-
tions within the entire range of concentrations and tem-
peratures, except those compositionswhich are closeto
equiatomic; for these, the formation of the o phase is
characteristic at 440-830°C. However, the precision

USTINOVSHCHIKOV

Fig. 2. Electron domains formed in the Fe-47% Cr alloy
after the initial thermal treatment favoring the phase-sepa-
rated structure (quenching from 1200°C, 1 hour in water)
and the subsequent thermal treatment ensuring the transfer
to the ordering region (700°C, 4 hours cooling in water).
Notation: (1) electron domains; and (2) undissolved parti-
cles of the phase-separated structures.

electron-microscopy investigations of the structure of
Fe—(20-47)% Cr in the range of their solid solutions
show that, at 1100-1450°C and also at temperatures
below 600°C, these alloys undergo phase separation
with the formation of chromium-enriched clusters of
various morphology inside the chromium-depleted
matrix, the particles of pure chromium are also identi-
fied in these alloys at 1200-1400°C [10]. The results of
these investigations are shown in the form of a phase
diagram (Fig. 1). In this phase diagram, we also indi-
catethelines of the second-order phase transformations
of the phase separation—ordering type. At these lines,
the tendency of the aloy to phase separation changesto
the tendency to ordering. The phase separation—order-
ing phase transitions were revealed in Fe-Cr alloys
owing to the formation of the so-called electron
domainsin their structure (Fig. 2). Similar to magnetic
domains, these domains are observed employing the
defocusing technique; they are regions with electron
structure different from that of the matrix [10].

It is usually assumed that the Fe-Co alloys form a
continuous sequence of solid solutions above 730°C.
Below this temperature, B2 type ordering [9] takes
place in these alloys. Through a routine X-ray struc-
tural analysis [11], it was shown that the (110), line
bifurcates into the (110) line of the bcc iron and the
(1112) line of the fcc cobat at a temperature above
730°C; that is, the phase separation into components
occurs in these alloys and the temperature of 730°C is
nothing but the line of the phase separation—ordering
phase transition.

Generalizing numerous experimental and theoreti-
cal results concerning the decomposition of the Fe—Ni
alloysin the Invar (30—40% Ni) range of compositions,
a certain region was found in the phase diagram where
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the phase separation of solid solutions into clusters
enriched (50%) and depleted (25%) by nickd (Fig. 3)
[12] occurs at high temperatures.

It was shown [13] that the solid-solution domain in
the Fe-Ti phase diagram [9] is the domain where the
tendency to phase separation manifests itself at all
points. Depending on the aloy composition, this ten-
dency leads either to the tweed structure or to the mod-
ulated periodic structure. It was found that, in the
Fe-5.0% Ti alloy, for example, the titanium content in
enriched and depleted clusters differs approximately by
afactor of 10 (according to the results of atomic-probe
analysis). Similar results (the coexistence of the phase-
diagram domains where the tendency to phase separa-
tion manifestsitself and those in which the tendency to
ordering takes place) were also observed in the Fe-Al,
Fe-Si, and Al-Li systems and in many nickel-based
alloys[14]. The authors of [14] considered such behav-
ior of the systems mentioned abovein terms of instabil-
ity of disordered or ordered phases with respect to the
phase separation, ordering, or disordering. Such a
purely phenomenological approach beyond the frame-
work of chemical thermodynamicsisnot ableto clarify
the true causes of the change in the chemical orienta-
tion of the components in the same system with the
variation of the composition or temperature. We
attempted to find these causes by X-ray electron spec-
troscopy. It was shown that the X-ray electron spectra
of the Fe-50% Co-alloy valence band at temperatures
below 730°C, when the tendency to ordering was
revealed, and above 730°C, when the tendency to phase
separation takes place, were different. At T > 730°C,
the shape of the X-ray electron spectrum of the valence
band becomes similar to a superposition of the valence
bands of pure iron and cobalt.

The above discussion leads us to the following con-
clusions.

The usual assumption of the existence of the
domains corresponding to equilibrium solid solution in
the equilibrium phase diagrams is not confirmed by the
structural experimental data. If we do not take into
account the highly diluted solid solutions obeying the
Henry law and the solid solutions at very high temper-
atures, at which their thermal energy is essentially
higher than the energy of a chemical bond between the
atoms of the components composing the alloy, we can
argue that the so-called domains of existence for equi-
librium solid solutions are, in fact, the regions where
E.ix > 0 and that the phase separation of the aloy into
clusters and, eventually, into a mixture of crystals of
pure components occurs.

The experimental determination of deviationsin the
behavior of solid solutions from the Raoult law usually
undertaken at high temperatures characterizes the state
of aloys only in the measured point of the phase dia-
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Fig. 3. Equilibrium phase diagram of Fe—Ni alloy. The high-
temperature phase separation y — y; + Y, is denoted by a
solid line for the case of thermal treatment and by the dot-
and-dash line for the case of irradiation [12].

gram. From these data, it isimpossible to come to def-
inite conclusions concerning the sign of the deviations
within al the other regions of the phase diagram asis
often presently done.

In the phase diagrams, the coexistence of the
domains where the ordering occurs (with the following
formation of a chemical compound) with the regions
where the phase separation takes place makes it possi-
ble to consider these systems as being able to change
the sign of the chemical orientation of the components
with respect to each other depending on variations in
composition and temperature.
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Several years ago, the phenomenon of sonolumines-
cence, that is, the luminescence of gas bubbles in an
acoustic field, was discovered [1, 2]. This phenomenon
is of interest not only from the scientific point of view;
it also has a number of important applications for prac-
tice. For example, the appearance of such adirectionin
chemical technology as sonochemistry is associated
with the discovery of sonoluminescence. By virtue of
the appearance of high temperatures in bubbles, the
acoustic field can initiate certain chemical reactions
which are impossible under other conditions. But the
most impressive fact is that a nuclear-fusion reaction
can be initiated in bubbles at superhigh temperatures.
Deuterium bubblesin heavy water at overcompressions
can release thermonuclear energy (“bubble nuclear
fusion”), but a routine ultrasound is not sufficient to
make this take place.

In recent years, a number of studies [3-11] were
devoted to the theoretical description of the behavior of
an individual gas bubble vibrating in a liquid under a
wave-field action provided that the pressure and tem-
perature in the gas can reach extremely high values.
The principal idea of the new approach [7], referred to
asthe“basketball” mode, isthe coordination of the pro-
cess of varying the pressure in aliquid with the forced
vibrations of a bubble and the use of a nonlinear reso-
nance during an aperiodic action of an external field of
amoderate-amplitude pressure. To redlize thisidea, we
formulated and solved the problem of spherically sym-
metric vibrations of a gas bubble in acompressible lig-
uid [8-10]. On the basis of the analytical solution
obtained, we developed an efficient computer code for
the mathematical simulation of the bubble collapse
with alowance for various dissipative mechanisms,
such as viscosity, heat conduction, radiation, ioniza-
tion, wave processes around and inside the bubble, and
heat-and-mass exchange between the bubble and the
ambient liquid under overcompressions of the bubble.

Theinvestigation of the processestaking placein an
individual collapsing bubble is obviously an important
and necessary stage; however, the above applications
are associated with a bubble liquid, i.e., a mixture of

Ingtitute of Theoretical and Applied Mechanics
(Tyumen Branch), Sberian Division, Russian Academy
of Sciences, Tumen, Russia

carrier liquid with alarge quantity of bubbles dispersed
init.

In this study, we propose a method for processing a
limited volume of the bubble liquid by an aperiodic
moderate-amplitude wave action, as a result of which
waves arise with amplitudes exceeding that of the initi-
ating action by several orders of magnitude. This
method is illustrated by the results obtained from a
direct numerical simulation.

We consider a cylindrical volume of bubble liquid,
which has the length L bounded by solid walls and a
mobile piston (Fig. 1).

The basketball mode for the excitation of the gas—
liquid-mixture is realized by means of specifying the
following boundary condition at the piston:

_ OPmacr Vp20

[l
pp mein! Vp < O,
where p, and v, are the pressure and velocity of the
medium at the piston. In such a situation, the waves
traveling from the piston to the wal, the waves
reflected from the wall and traveling back to the piston
reflected from it, etc. propagate in the bubble mixture.

For the numerical investigation of the problem for-
mulated, we use the model of the dynamic behavior of
abubble liquid and the method of its computer realiza-
tion outlined in [12].

In Fig. 2, we show the time dependences for the
pressure at the piston, the piston velocity, and the gas
pressure in bubbles in the middle of the volume (x =
L/2) calculated for the case of the basketball and wave
(Pp = Pumax) Modes of excitation of the hydrogen—gly-
cerin bubble mixture with the parameters a; = 1 mm,

L

7 © 0000OOGO OO OO OO O
0 0 0 "mn ~lis2 1m0 0 o
o o o « BubeeIIqUId o o o

0O 0 0O O O OO OO O O 0 ©o
70 06 0 06 0 00000000

P

Fig. 1. Schematic of the piston excitation for a bubble
liquid.
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Fig. 2. Profiles of liquid and gas pressures and piston velocities for (a) basketball mode and (b) steady-state mode of bubble-liquid

excitation.

0 = 2%, Ty = 293 K, L = 20 cm, p, = 10° Pa, p,,,, =

1.2Py, Prin = Po, @Nd V= J/Po/P, Wherea, a, p, T, and
p are the radius and volume content of the bubbles, the
density, temperature, and pressure, respectively. The
subscripts| and g denote the liquid and gas parameters,
and O impliesthe initial values of the parameters.

It can be seen (Fig. 2) that the maximum gas pres-
sure in the bubbles growsfor the basketball mode of the
piston motion during each subsequent travel of awave,
whereasfor aconstant pressure at the piston (astep-like
wave), the gas pressure in the bubbles tendsto the pres-
sure at the piston.

Figure 2 confirms the fundamental possibility for
excitation of overcompression in a bubble mixture by
means of an aperiodic moderate-amplitude action.

The mechanical system under consideration exhib-
itsaresonance. Comparing the eigenfrequencies of this
vibrating system and those of the bubble vibrations in
the mixture, it is possible to estimate the system param-
eters for which the excitation mode is resonant.

The eigenfrequency ws of the system for the wave
excitation can be estimated as

_2m

o = 28 ;oL L

= 5. by
where Dg and Dy, are the velocities for the wave travel-

ing from the piston and the wave reflected from the
wall, respectively. Their values can be calculated in the

equilibrium approximation from the formulas

= [Pma = | Pr
Ds = aop;’ Dr aspy’

_ %oPo

pmax

2
Prmax
=—, a
Pr Do s
where ag isthe volume gas content behind the incident
wave and pg is the pressure behind the wave reflected
from the wall.
The eigenfrequency wy of the bubble vibrations in
the mixture can be determined from the formula

1/3
llao _ao

_ 1/ 3YPma
1-q,

“ = LT=o)e ? T

wherey is the gas adiabatic index and ¢ is the correc-
tion taking into account the fact that the bubbles are not
single.

Equalizing the frequencies ws and wg, we can find
the resonance values of the parameters. As can be seen
from the formulas, one of the parameters (a,, q,,
L, p,...) is determined by the resonance condition from
the given values of the remaining parameters (for the
chosen liquid and gas).

InFig. 3, we display the calcul ated oscillograms for
pressure in the liquid, pressure and temperature in the
gas bubbles, the radius, and the volume content of the
bubbles situated in the middle of the volume (x = L/2)
for the resonance excitation of a water—air gas-iquid

DOKLADY PHYSICS Vol. 45 No.10 2000
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Fig. 3. Profiles of liquid and gas pressures, radius, temperature, and volume concentration of bubbles in the case of the resonance

excitation.

mixture with the parametersa, =1 mm, o, = 0.1%, T, =
293K,L=5cm, py=0.1 MPa, and p,,, = 1.5p,. It can
be seen that, in this case, the pressure amplitude is two
orders of magnitude higher than that of the initiating
pulse, whose amplitudeis only 0.05 MPa. Asthistakes
place, the gas temperature increases to a value higher
than 2000 K for ashort time. The time dependences for
the bubble radius a, radial velocity w, and volume con-
centration o show that the amplitudes of their vibra-
tionsincrease with time.

The wave properties of the bubble liquid have been
relatively well studied. The behavior of shock waves
depends on the choice of carrier liquid phase (its den-
sity and viscosity), but isto agreater extent determined
by the dispersed phase, even when it is small not only
in mass, but also in volume. The gas propertiesin bub-
bles, their size, and the character of the interphase heat
exchange can radically influence the structure of the
shock wave.

The numerica analysis carried out showed that with
decreasing the radius of the bubbl es the response of the
bubble mixture is enhanced in the resonance-excitation
mode. This fact agrees with the conclusion obtained
in [10] for an individual bubble.

Thus, we have proposed the method of the reso-
nance excitation of a bounded volume of a bubble lig-
uid by an aperiodic moderate-amplitude action, as a
result of which extremely high pressures and tempera-

DOKLADY PHYSICS Vol. 45

No. 10 2000

tures can be achieved for agasin bubbles. Thisfact is
qualitatively illustrated by the profiles of the pressure,
temperature, bubble radius, etc. calculated in terms of
the single-velocity two-temperature model with two
pressures in the bubble mixture with an incompressible
liquid phase. In order to obtain more exact quantitative
information associated with particular applications,
e.g., with the problem of bubble nuclear fusion, it is
necessary to develop more complicated models of bub-
ble liquids, which take into account various dissipative
mechanisms, such as the compressibility of the liquids,
radiation, ionization, wave processes around and inside
individual bubbles, etc.
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1. A basicaly new numerical—analytical method of
solving nonlinear boundary value problems for Euler—
Lagrange equations is presented. This method is based
on the application of the dependence of deficient initial
data on theinterval length and the specific introduction
of a smal parameter. In addition to conventiona
approaches associated with the determination and
reduction of residuals of the solution (integral residuals
or those at finite points), we also proposeto find and use
the residual (with respect to the argument) of an
approximate solution. Both residuals in their combina-
tion testify to the existence of the solution and defineits
accuracy. Such an approach enables us to construct a
recursion agorithm with a high computational effi-
ciency, namely, simplicity, effectiveness, accelerated
(quadratic) convergence, and immunity to both mal-
functions and an accumulation of rounding-off errors.
The advantages of this approach are significant in the
case of bulk high-precision calculations of multipara-
metric problems (parametric synthesis of mechanical
systems). This method is also fairly efficient when
studying problems of the Sturm-Liouville type for
determining the eigenfrequencies and oscillation
modes of highly inhomogeneous distributed systems,
including solving generalized boundary value prob-
lems[1].

For definiteness, we consider a classical variationa
problem of the form [2]

F(x,vy,2)dx - min, z =Y,
JO’ (% Y,2) y y )
O Y. D .o, =0, (v,2)OG.

Here, F and ¢ are sufficiently smooth functions of sca
lar arguments X, y, and z and G is an open bounded
domain. Function ¢ determines the nonlinear boundary
conditionsat x = 0, |. In addition to separated boundary
conditions (1), we can deal with mixed boundary con-

I nstitute of Problems in Mechanics,
Russian Academy of Sciences, pr. Vernadskogo 101,
build. 1, Moscow, 117526 Russia

ditions. In particular, at x = 0, |, the equalitiesy = 0 or
z =0 can take place, which are usually met in solving
applied problems.

Assuming that the necessary Legendre condition is
satisfied, we formulate the boundary value problem for
the Euler—Lagrange equation [2]:

y =z Z=1f(XxVy2, 0<xsl,
¢(X’ Y, Z)|><=0,I = O’ (2)
f=(F,—F,-2zF,)/F; F.#0, (y,20G.

The function f in (2) is considered to be sufficiently
smooth. We need to construct a set {y;(X)} of smooth
solutions and select an optimum solution to bring the
functional (1) to the minimum. Note that the functions
F, f, and ¢ may depend on the vector of the system’s
parameters and that a family of solutions should be
constructed (parametric synthesis, see Section 4). For
brevity, we present the procedure of solving the prob-
lem with the boundary conditions y(0) = y(I) = 0; sub-
sequent possible generalizations will require obvious
modification.

2. We assume that the deficient value of y'(0) = pis
known and equal to p,. It can be determined on the
basis of the variational approach by using appropriate
trial functions. We construct numerically the solution to
the Cauchy problem for system (2), y, = Y(X, py), % =
Z(X, py), and requirethat (y,, z)) [J G together with acer-
tain vicinity. We calculate aroot (zero) of the function
Y, whichisthe nearest tol, and introduce asmall param-
eter € inherent in the problem

E = argmini||_Ei|! Ei = Arng(X! pO)’
e =1-¢&/I, 0<lgl<1.

This parameter characterizes the closeness of the esti-
mate p, to p and the accuracy of the desired solution to
the boundary value problem (2). For e <0 (i.e, &> 1),
the function f is extended smoothly for | < x< &. The
determination of the value & = &(p,) (3) is necessary for
the reliable inference of the existence of the solution. It
is calculated rather easily through the process of inte-
grating the Cauchy problem. Theroot & isconsidered to

3)
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be nondegenerate, Z(&, p,) # 0, indicating its uniqueness
at sufficiently small |€| > 0. As aresult of the smooth-
ness of Y and Z with respect to py, the closeness of p, to
p implies the smallness of parameter €. The inverse
statement is generally incorrect because of the presence
of focal points [e.g., ' = —(1Y)?y]. Furthermore, we
consider the general situation and assume that, in the
g-vicinity of the point x = I, there are no focal points,
i.e.,, while varying p,, a similar displacement of the
point x = | occurs (and vice versa). Thisimpliesthat the
parameter p = p(l) strongly depends on |: the derivative
p'() ~ 1 with respect to the small parameter € is
clel= [p—pol £ ||, wherec, , > 0; the constructive
condition is contained in (5).

In addition to theinitial boundary value problem (2)
for the unknown y, we consider the adjoint problem for

the sensitivity function s= %’ . We have

u=w, w=fu+fw,
u(0) = 0, w(0) = 1; 4)
k() = p1), s(l) =-z().

Relationships (4) are variational equations for y. We
calculate the unknown quantity k using the boundary
condition for s and derive k(I) = —z(I)/u(l) under the
assumption u(l) # 0. Note that the functionsy, s, and u
depend on the parameter .

Let the expression p = p, + €lk + €2... be the basis
for the recursion algorithm similar to the Newton’s tan-
gent method (of the first order) [3] for determining the
desired quantity p = p(l) within the required accuracy
with respect to €. The following operations are exe-
cuted at theinitial stage:

(i) the estimate p, for the quantity p(l) = z(0) is
found;

(ii) the Cauchy problem (2) isintegrated at y(0) = 0
and z(0) = p,; i.e., the functions y,(x) = Y(X, p,) and
Zy(X) = Z(X, p,) are calculated;

(iii) in the calculation procedure according to (3),
the root (zero) & = &, of the function y,(x), which is
nearest to x =1, and the small parameter € = ¢, are deter-
mined;

(iv) the Cauchy problem (4) is integrated simulta-
neously with (2); and

(v) the estimate k, is calculated for k() = p'(1): ky =
—Z(&0)/Ug (&)

3. At the first step of the iterative algorithm, the
values of the desired quantities are refined by opera-
tions (i)—<(v). Note that, in operation (i), the approxima-
tion p, of the parameter p is determined as p, = p, +
£olk,, where al quantities are known.

Furthermore, operations (ii)—(iv) are performed on
the basis of the refined value p;:

s = ku,

AKULENKO, NESTEROV

Thefunctionsy,(xX) = Y(X, p;) and z,(X) = Z(X, p,) are
calculated.

Theroot &, of the functiony,(x) isdetermined in the

g5-vicinity of x = |, and the parameter €, = 1 — £/l is
calculated.

Function u,(x) is found simultaneously with y,.
The refined estimate k, =—z(&,)/u,(€,) is calculated.

Subsequent iterations are then performed by induc-
tion and approximations of arbitrarily high orders are
determined. Indeed, according to (i)—(v), on the basis of
values of the nth approximation, namely, p,, &, €n, K,
and y,(X), z,(X), u,(x)), we derive the solution of the (n +
1)th approximation:

Pre1 = Pot Enlkn,
€n+1 = argmin|l —Arg,Y(X, Pn+1)|,
€rs1 = 1-&,,4/1,
= <Zy1 1(&n+ 1)/ Unv2(&nvn), )
Z,+1(8n+1) 20, Unia(&n+1) 20,
Yo+1(X) = Y(X, Pn+1)s Zoea(X) = Z(X Prsa)s
Un+1(X) = U(X, Pn+a)-

Hel’e, Y(X’ pn+1)’ Z(X’ pn+1), and U(X’ pn+1) are
obtained as a result of the simultaneous solving of
Cauchy problem (2), (4) under the conditions y(0) =
u0) =0, z0) =p,, ;, and W(0) = 1.

Next, we estimate the rate of the convergence of
algorithm (5). We assume that the estimate p, is close
to the exact value p(l) = z(0) and the initial parameter €
(3) is sufficiently small. Then, using methods of the
perturbation theory, we can prove that for p,, the ine-
qualitiesc|e,| < |p - pn| < ¢le,| arevalid (¢, , >0, n=
0, 1, 2, ...). For the small parameter €, we obtain the

estimate |¢,| < de’_; < d!(de)®™, where B(n) = 2"
(n=1). This estimate corresponds to the accelerated
convergence of the algorithm for a sufficiently small
|€] > 0. The constants ¢, , and d are determined con-
structively on the basis of the method of successive
approximations and estimatesfor zand s. The functions
Ya(X), Z,(X), and u,(X) converge with an increased rate to
the desired solution to problems (2) and (4) over the
uniform metric for all x withintherange0 < x<|.

kn+l

The proof of the existence and unigueness of the
desired solution (y(x), z(x)) 0 G and the estimate of the
radius of convergence for the parameter € are carried
out by methods of the perturbation theory on the basis
of the Schauder—Banach theorems for the compression
operator [3]. For this purpose, the initial boundary
value problem (2), containing no small parameters in
the explicit form, is reduced to the standard-type per-
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turbed problem by transforming the argument in the
spirit of the Lyapunov—Poincaré approach [4, 5]:

n'=¢ T =(1-g)*f((1-£)76,n,(1-€)7),
n(0) = n(&) = 0; (6)
0 =¢&x/l1, 0s0<¢, y(x)=n(6,¢).

Here, thevalue & = &, isfixed according to (3) and € is
a small parameter. Assuming € = 0, we arrive at an
unperturbed boundary value problem with the known
solution n, = Y(6, py). Substitutingn =ny+ o, dn ~ €
and performing identical transformations, we reduce
problem (6) to the quasi-linear form. The unknown
quantity dn is constructed by successive approxima-
tionsin terms of powers of €, the algorithm of the solu-
tion being substantiated in astandard manner [5]. How-
ever, this approach is inefficient for numerical calcula-
tion because of the comparatively slow convergence
(g, ~ €. A moresignificant difficulty isassociated with
the rapid complicating of derived expressionsand accu-
mulating of rounding-off errors with increasing the
iteration number. Such drawbacks are amost absent in
the recursion algorithm (5) presented above. Thisalgo-
rithm converges very rapidly, and only parameter p(l)
needs to be corrected. All defining equations and func-
tions have the same form, and they do not become more
complicated.

The computational practice confirms the high effi-
ciency of the accelerated-convergence algorithm. For
example, at € ~ 0.1-0.01, the relative error 10N (N =
4-8) isattained in two to threeiterations: n=1.4InN =
2-3. The shooting method and the method of succes-
sive approximations require, respectively, n = 3.3N =
13-26 and N = 4-8 iterations (without the difficulties
mentioned above). The applicability of the quasi-lin-
earization method [3, 6] is hindered in the presence of
internal focal points and envelopes of the trgectory
family; this method is substantiated for a short interval
of changing the argument (property of the monaotonic-
ity [3, 6], see Section 4.1).

4. We now consider examples of particular signifi-
cance.

4.1. Problem (2) a f = aexp(PBy), where a, B =
const > 0, is of interest for its relevance in magnetic
hydrodynamics[3, 6]. By substitutions x, = ./ap xand
Y, (X,) = By(X), we reduce this problem to the case of
o =B =1. Theequationisintegrated analytically. Then
the system of two transcendental equationswith respect
to p (or w) and & needs to be solved:

exp(-y/2) = (/2w) " cos(wx + ),
| = (2/w)arccos2w, p = —2(1/2-w)

(7

1/2

Parameter w can be found from (7) numerically or
graphically, and the desired quantity p(l) O [-/2, 0] is
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10 Re

Velocity gradient p and its derivative A at confuser walls as
functions of the Reynolds number.

expressed in terms of wx1). We use dgorithm (5) for | =1,
taking a rough estimate p, = —0.37 [the exact estimate
isp(1) =-0.4636] from the variationa principle for the
trial functiony, = -0.12sinTix; the parameter €,is~0.2.
The second iteration yields the solution with aresidual
of 10~; the convergence and accuracy of computations
for other | ~ 1 are almost the same.

4.2. We consider variational problems of mechanics
which satisfy the Fermat principle (brachistochrone
[2], sound channel [7], etc.). In (1), we have F = (1 +
2)'2/v(x, y), wherethevelocity v > 0isdetermined by
the force field or properties of the medium. For the
practically important case v(y), (X, 1) = >, we obtain
the solution in the form of an improper quadrature:

/

y
X—M:tﬂf—fﬁfuﬂ$$,ywo=f&&

y

The dependence of x on y is ambiguous; the unknown
variable ¢ should be determined, which is, to a certain
extent, computationally difficult. Moreover, limitations
are often imposed on the trgectory, eg., y(x) = 0.
Therefore, the explicit formula (8) is the “apparent”
solution, so that the use of algorithm (3)—5) isa sim-
pler operation. For the function v = v,(1 + ay), the
curve y(x) is the arc of a circle with the center on the
abscissa axis, which is shifted by —a! [6]. For X, = 0,
X = 1, we derive p = p(y°, y, a); more specificaly,
p(0, 0, a) = a/2. For the test valuesa = 1 and p, = 0.45
(the exact value of pis0.5), thefirst iteration yields the
residual |p —p,| = O(1077); a similar calculation accu-
racy is attained after the first iteration for other values
of the parametersa and y° .

4.3. Next, we examine the plane problem for a flow
of viscousfluid in aconfuser (Hamel problem[8]). This
problem admits variational formulation (1) under addi-
tional isoperimetric conditions of the constant fluid
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flow rate. The boundary value problem isreduced to the
form

y'+a’y—by’ = A, y(0) = y(1) = 0,
y(x) =2BV(0), x = 1/2(6+p),
g=y-1, q(0) =q(l) =0;

V. (06,r) = -QV(8)/r, Q = congt,

®

whereV,(8, r) istheradial velocity; 6 isthe polar angle,
Q>0,r>0; 2B isthe angle between the confuser walls;
a = 4B; b = 2BRe; and Re is the Reynolds number.
Equations (9) are integrated in elliptic functions; the
roots of a system of two transcendental equations with
respect to the gradient p = y'(0) and the Lagrange factor
A = y"(0) should be determined. At present, the results
of studiesfor two limiting casesRe< 1 andRe> 1 are
known [8], the satisfactory accuracy being attained at
b~ 10°-10* (i.e,, Re ~ 10*~10°). Time-consuming cal-
culations are required for the practically important
moderate numbers Re ~ 1-102. This is why numerical
results are insufficiently represented in the literature.

Thetechnique developed makesit possibleto obtain
ahigh-precision solution with aresidual of 10°to 10~
for the Reynolds numbers indicated above. Shown in
the figure for B = 1 are the quantities p(Re) and A(Re),
which determine the desired functions y(x, Re) and
g(x, Re) as the solution to the Cauchy problem (9). It
follows from the calculations (and this is consistent
with concepts of mechanics) that the velocity gradient
near confuser walls p = y'(0) = |y(1)| increases,

AKULENKO, NESTEROV

whereas the velocity at the confuser axis (x = 1/2)
decreases, with increasing Re.
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It is well known that the theory of synthesis of
mechanisms was founded by P.L. Chebyshev, who for-
mulated and solved the problem of designing such
machines whose particular points execute a priori
given motions. Among such devices, we may recall, for
example, mechanisms with stoppings of certain linksin
prescribed positions. We generaize this Chebyshev
problem by requiring the motions of certain points of a
mechanism to be the solutions to given differential
equations of the nth order (n = 0). We assume that the
mechanism is supplied by control forceswhose number
is equal to the number of equations involved. In [1-4],
the authors proposed using the generalized principle of
least constraint in the case of equations of the nth order
(n = 3). However, it has been found that this approach
can lead to paradoxical results [5, 6]. In this study, we
use anew approach to the generalized Chebyshev prob-
lem. The approach is based on composing a closed set
of differential equationswith respect to the generalized
coordinates and control forces. The consideration
begins with the case of n= 3.

1. Formulation of the problem. Let the motion of
amechanical system under the action of the given gen-
eralized forces Q, be described in the generalized coor-

dinates g° by the Lagrangian equations of the second
kind:

daT_aT _ _ My o

dtaq® aq° Qo T = 50900

c=12,..s5 qp=02..s, )
=t ¢ =1,

where M is the mass of the entire system. Henceforth,
we assume that the summation is performed over the
repeated subscripts.

We need to determine what time-dependent forces
R should be added to the forces QO in order for the mo-

K. Petersburg Sate University, Universitetskaya nab. 7/9,
S. Petersburg, 199164 Russia

tion to satisfy the following set of differential equa-
tions:

K _ K . =1 M4 K . n-1)
fr=as(t,q,9,..., 9 )q +a(ta9d,...,q)=0,

K =12,..Kk, 2)

n=3.

oc=12,...,s,
k<s,

In the formulation of such a problem, attributes for
both direct and inverse problems of dynamics are
present. In fact, on one hand, the motion of the system
can be found for the known forces Q,. On the other
hand, the supplementary forces R, providing a motion
for which Eq. (2) isfulfilled are sought as functions of
time. For this reason, S.S. Grigoryan has proposed to
cal the formulated problem the mixed problem of
dynamics. The application of theforces R,(t) isrealized
owing to the control forces A(t). For t = t;, we have

Ad(te) = AL,
. .0 (n-3) <n*30> 3
Ac(te) = Ny ooey A(to) = A2, €)
K=12,..,k

Let the forces R, and A, be related by the expres-
sions
Rs(t) = A(t)bs(t, @, ),
o=12..,s, k=12, ...,k
with motion within theranget, <t < t, such that

det[al,big° ] 20, 0,1 =12, ..,5
K,u=12 ..,k

Here, g°" are elements of the matrix reciprocal with
respect to the matrix having elements g..

We can show that, under the assumptions made and
according to theinitial data,

“)

ad°(t) =do, () =, 0=12..5s ()

given that we can unambiguously find, in the indicated
interval of time, such forces A () (k =1, 2, ..., K) for
which the motion satisfies equations (2).

1028-3358/00/4510-0547$20.00 © 2000 MAIK “Nauka/Interperiodica’



548

Adding the forces R, to the forces Q, and intro-
ducing a tangent space makes it possible to write out
the set of Egs. (1) in the form of a single vector equa-
tion [5]:

MW =Y +ADb", k=12 ..k, (6)
inwhich

Y = Q.e”, b" = bse’,

= (9orl + To,apd"dP)e” = (67 +T264"0) ey,
GleagTB_l_agw ag(xBD 0
o,1=12,..s op=01..5s k=12 ..k

Here, e, and e® arethe vectors of the principal basisand
the mutual basis of the tangent space, respectively.

2. Composing a close set of differential equations
with respect to the functions g°(t) and A.(t). It fol-
lows from expressions (6) and (7) that

° = F(t,a,aN),

rgB = gcrrr,a[} 29

F = Tod @+ QAL ®

o1=12,..5s ap=01..5s k=12 ..,k

Initially, we consider the case with n = 3. Using for-
mulas (7) and taking into account that

e =T5qe, 01=12..s5,
a=01,..5s
we write out the set of Egs. (2) in the vector form:

as W = x3(t, g, 6,d), a5 = as.€’,

K K K d g -0-
X3 = _a30+a30%ﬁ(ru[3q qB)
(G + Mo Mg’ )
o,1=12,..,s aop=01..s k=12 ..,k

Differentiating Eqg. (6) with respect to time, we
obtain

MW = Y +Ab*+ADb", (10)
where
Y = (Qi—QuM % a")e,
= (b —bsM )€,
o,t=12,..,5, a =01,..s k=12 ...,k

ZEGZHDA, YUSHKOV

Taking the scalar product of Eg. (10) and the vectors
ah , we find, with allowance for expressions (9),

Achs = Bi(t, g, 6, G, ),
B = Mxh—Y [ah—A,b" (&},
hy* = a [b* = al,blg™,
o,1=12..5s KJL=12 ..,k

By assumption, condition (4) is considered to be ful-
filled. Hence, it follows that

A« = hiu(t g9, 8)B5(t g, 4,8 A),
K,u =12 ..,k

(11)

3
Here, hy,
with respect to the matrix having elements hs" . Formu-

are the elements of the matrix reciprocal

las (8) allow us to exclude the derivatives §° from the
functions hfu and BY and to present the right-hand
sides of equations (11) in the form

A« = C(t,q,q,A), K =1,2 ..k (12)

For an arbitrary n, there appear the functions hﬂu

and B}, from which the exclusion of the derivatives
(n—1)

4°, ..., q° isrequired. From expressions (8), it fol-
lows that
g o o o
qo = OF5 OFZ. OFf. OFf.
ot oq' g oA, (13)
o,t=1212..5 k=12 ..k

Formulas (8) make it possible to eliminate the deriva-

tives " from expressions (13) and writethem out inthe
form

q0 = Fg(tv q! q1A1/\)1 0= 1’ 2’ ’S

Using asimilar line of reasoning, we obtain

(’l*GI) . . . (n-3)
q = Fn—l(t1 q! q1 /\1 /\1 /\ )

oco=12...,s
Thus, we have, in the general case,

2 (n=3)
= Clt g G AA, o) N,

k=12 ..k n=3.

A specific example of these equationsis set (12).
Equations (8) and (14) form the set of equations
closed with respect to the functions g°(t) and A,(t). For

(14)
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initial data (3) and (5), this set has a unique solution
which proves the statement.
Note that if the differential equation which the
motion must obey depends nonlinearly on higher deriv-
(n-1)
atives q°, then, differentiating this equation with
respect to time, we arrive at an equation depending lin-
(n)
early on the derivatives q° . Consequently, the theory
proposed can also be used for cases of nonlinear con-
straints of highest orders.

3. Mixed problem of dynamics and the principle
of least constraint. The solution constructed for the
mixed problem of dynamics depends substantially on
the set of vectors b¥ over which the desired force R(t)
is decomposed. We consider a particular case when the

coefficients ay, in Eq. (2) are the functions of only the

variablest, g, §. In this casg, it follows from Egs. (9)
that

t
az (W = a§DN|t:to+I(X§+a§ OW ) dt,
to

K=12,..,k.

(15)

For fixed values of the variablest, g, and ¢, this system
of equationsin the acceleration space W presets the set
of accelerations W, which is admitted by Egs. (2) at
n = 3. This set represents the (s — k)-dimensional plane
in the acceleration space for both n = 3 and arbitrary n.
To fulfill the program of motion (2), the end of the vec-
tor W must lie in this plane. As follows from Eq. (6),
the vector W can be obtained by adding the desired

K
K

vector to the vector _I\Yﬁ . If the control is such that

b*=ay,k=1,2, ...,k and k< s, the modulus of the

AD™ ,
“— s equal to the shortest distance between

vector —
the point % and the given plane. Thus, for by = ay;,

o=1,2,....,sk=1,2, ..., k, and k< scontrol is real-
ized in accordance with the principle of least constraint
according to which measure of constraint must be least
in the case under study:

4
_T Yf
Z, = ZM@V"MD'
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Here, Tistheinfinitely small timeinterval entering into
the formulation of this principle.

We now consider the case when the equations for
the motion program are given in the form of aset of dif-
ferential equations of the zero, first, and second orders,
in the last case, they are linearly dependent on acceler-
ation. Differentiating these equations three times, two
times, or one time, respectively, we arrive a a set of
equations which can be written inform (2) forn=3. In
this case, the right-hand sides of Egs. (15) can be rep-
resented in the form of functions of the variablest, q,
and § [5]. Therefore, the components A, of the vector

K

KA connecting the point % with the (s — k)-dimen-

siona plane given by Egs. (15) can also be found as
functions of the same variables. Consequently, having
given initial data (5) coordinated with the program of

motion, we can also determine the initial values A° of
the control forces.

Thus, the set of Egs. (8) and (12) can also be used
for determining the control forces A.(t) in the case
when the program of motion is given in the form of
constraint equations on the order of n < 3. The control
for which the principle of |east constraint holds true we
refer to as perfect. Note that this definition of the per-
fect control for constraints on the order of n < 3 can be
written in the form of the d’' Alembert—Lagrange princi-

ple[5].
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To separate out classes of solutions to systems of
differential equations, Yanenko [1, 2] proposed the
method of differential constraints, providing an oppor-
tunity to find gradient-type relations involving the
desired functions while being consistent with theinitial
system. He demonstrated that this approach can be used
to construct and justify the closure procedure for
moment equations in the theory of turbulence.

The available models of turbulence using the sec-
ond-order closure (for example, the K—e model) include
gradient-type parameterizations of the third moments,
which are based on a phenomenological approach.
When turbulent pulsationsin aflow are highly anisotro-
pic (for example, in astratified flow), these modelsturn
out to be insufficient and the models involving the clo-
sure of higher order are used. The method of closure of
higher-order moments, which ensures physically rea
sonable (satisfying the Schwartz inequality) behavior
of statistical moments of turbulent pulsations, isformu-
lated in[3]. Itsefficiency for different types of turbulent
flows is also shown. This method includes obtaining
approximate algebraic parameterizations for higher-
order moments. We note that no rigorous justification
of the proposed approach can be found in the literature.
This problem is discussed in the present paper. Discus-
sion is based on the classical problem of the theory of
free turbulent flows concerning the development of a
shear-free mixing layer.

In this paper, we prove the existence of a parametric
family of self-similar solutions and determine the dif-
ferential constraints for the formulated approximate
model with the third-order closure for the shear-free
mixing layer. It is established that the algebraic expres-
sion for triple correlations (the differential constraint of
the model) coincides with the tensor invariant model
obtained in [4].

1. Model of turbulent transfer in the mixing
layer. The following system of averaged equations is

Institute of Computer Science, Sberian Division,
Russian Academy of Sciences, pr. Akademika Lavrent’ eva 6,
Novosibirsk, 600090 Russia

used to describe a shear-free mixing layer between
flows having different scales of turbulence:

0c, _ w0 cr 2.7 2
at 9z T[ 3} 3©
de _ 0 €], €
Fri a—z[cerN 5 + - Bg e CEZT,
0 _ o™
ot oz T2Potwél
C, 2 2
- [ —3E}— p

Without shear of the average velocity, the horizontal
components are assumed to be equal and g, = ([W20+
[W20)/2. According to our notation, w is the fluctuation
of the vertical velocity component, W2[lis the second-
order single-point correlation of the fluctuations of the
vertical velocity component, T = E/e isthetime scale of
turbulence, E isthe kinetic energy of turbulence, e isthe
spectral flux of the kinetic energy in the turbulent flow,
B = 1/0 is the coefficient of volume expansion, © and
0 are the average and fluctuating potential tempera-
tures, g is the acceleration of gravity, ¢ with subscripts
are the coefficients of the model, and the angular brack-
ets [LIdenote averaging. The system is supplemented
by the transport equation for triple correlation of verti-
cal velocity fluctuations

3 2
owhl_ 0C 52§ WD
ot 0z 0z

3
+3Bg W60, H’;’ B

For the forth-order cumulant C, the triple correlation
W?0and the vertical heat flux WOl gebraic parame-
terizations are written as[5]

2 3
=6 Wil 4o Eﬂ

C3
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w2 = —C—[ 3D°@ 2ng\/e}

won= L o B0
Cs 0z

where r = 1/1,, Tg IS the time scale for the fluctuating
component of the potential temperature and N is the
Brunt-Véisdla frequency. In the approximation of bal-
ance between the exchange mechanism and dissipation,
the equation for the kinetic energy of turbulence in the
horizontal direction is reduced to the following alge-
braic equation:

Cl[eh %3 Dwm} %h DNZEE
Asaresult,
_c -1 _ 3c;
€ = c1+2DNZD E= 2(c1+2)DNZEJ
_ 3 WD
TT 2 +2) €

Using the expressions derived for an unstratified fluid,
we can rewrite the equations as follows:

dWD_ oWl & WD
ot 0z ¢ +2 1’
de

ot oz.c, 9 oz O
2 3
s 7

The second term is dominant in the model of cumulant
C[5]. Thus, the model equations take the form

dWD_ 9D G WO (L)
ot 0z ¢ +2 1’ '
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ot  odzl.c, (12)
; .
B o B0
de _ 0
% = eamwids]-c.t (1.3)

2. Nonlinear eigenvalue problem. Self-similar
variables should be chosen taking into account that a
midpoint of the profile, for instance, z,, shifts toward
less intense turbulence with the growth of t. This fea
ture of the process and the imperfect self-similarity [6]
of the problem under consideration imply that distribu-
tions of the turbulence energy, of second- and third-
order correlations of longitudinal velocity fluctuations,
and the characteristic half-width L take the form [7]

d*""h(Z)

mv/u+3(t + t0)3u+v’

d*q(&)

€y —

2.1)

wn= 1@ g
m(t + to) ™" m3(t +to)**
_z-% | _ A
E - L ] - dv(t )
ZO = )\0L+)\1, t0>0,

wherem, d, A, and A; are positive quantities and param-
etersp and v should be determined simultaneously with
f, h, and g. Considering anonlinear eigenval ue problem
for profilesf, h, and g, we choose the Dirichlet bound-
ary conditions. The system of equations is reduced to
the form free of independent variable §, and the order
of the equations decreases. The complete analysis of
behavior of integral curves corresponding to the
derived system is rather complicated. For the simpler
K—e model, this problem was partly solved in [8].

3. Existence of a self-similar solution. Solutionsto
the nonlinear eigenvalue problem are sought as steady
states of a certain evolutionary system. We shall start to
deriveit fromtheanalysisof T = W2[Je. Calculating the
derivative with respect to variable t, we find

0T _ 10W'0 [WPe

ot e ot 2 ot
2 2
__E.GHND G_é%za DI\ZID_'_aWVz'j_alZ'
€ 0z 0z 9z
T W
w oz 0P
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Thus, the equation for T takes the form

W0
0z

ar
ot

6T
07 |]N2

+ 57wl @;’ZD+6T%’3§N %] o+p.

= SWi—

Parameters of the moddl (a, K, v, 8, and p) are positive
constants which are combinations of constants of
model (1.1)—(1.3). Taking into account the structure of
(2.1), we introduce the following self-similar process-

ing [9] of W2[) Ve, and T:
®(E, 8) = (t+1)" W (z 1)
X(E,8) = (t+1t)™ W (z )]
u, 8) = (t+ty)* e(z 1),
W(E, 0) = (t+t) ' T(z 1),

where, without loss of generality, d, m, A, and A; are set
equal to unity and 8 = In(t + t,) is the new evolutionary
variable. This leads to the following system of equa-
tionsfor u, w, and X:

ou
5”2%5*(1 W&+ 1) 5
3.1

+(2u+1)u—pvﬂv,

o - 6ww‘;?w +(L-WE+D3F .
——[gé+6wwg+6w%§’g} w—a+p, |
6_>9( aE%lvzuaED 3.3)
(- E+ g —vvlv+ 3uX-
The equation for @ has the form
g—g’ 62 +(1—p)(E + 1w + 2pm—au.  (3.4)

Steady states of system (3.1)—(3.3) are determined by
solutions to the corresponding system of nonlinear
ordinary differential equations.

Taking into account (3.4), we find from (3.1)—3.3)
that the functions uy&), wy(&), and X&) satisfying the
relationships

- _P —,_ - a
Wy = 2u+1_p a, M 2(p_a)! (35)

GREBENEV,

ILYUSHIN
3(WolgUg)s + (L—p)(E+1L)ug = 0,  (3.6)
Xs = —OW W, 3.7)
are steady states of (3.1)—3.3) at
K = 9, 3 y = ga, p-y>0. (3.8

S p-y

Starting from the formulation of the problem, we
find for ug that

U(—e) = aty"" "’ uf+e) = atg", (3.9
wherea, = lime(z 0), a,>0..
Z - too

Numerical methods were used in [10] to solve the
Cauchy problem for Eq. (3.6). At zero boundary condi-
tions, equations of such aform were studied in[11] in
connection to self-similar solutions to the equation of
motion for gas (liquid) in a porous medium. The analy-
sis carried out for integral curves of the equation also
demonstrates the existence of the solutions belonging
to the class of positive functions. We shall analyze this
class of solutionsin detail for the boundary-val ue prob-
lem (3.6), (3.9). The following theorem is valid:

Theorem 3.1. For any positive finite numbers a_
and a, (a_< a,), there exists a value of parameter t,
such that the boundary-value problem (3.6), (3.9) hasa
unique positive monotonically increasing solution.

Having determined u,, we calculate e, according to
the formula

us(€)

€x(zt) = (‘t‘;‘t‘)‘zr—l
0

and for W] we have

W= €V = (p—0)(t+to)e,

To determine HNiD, we use expression (3.7), which
yields

W= 3T AW, T = (p—a)(t+tp). (3.10)

The calculations, which take into account (3.8) and the
above-formulated assumptionsfor d, m, A, and A;, show
that the differential equation for DNﬁD is satisfied iden-
tically.

Theorem 3.2. Let p — y> 0 and conditions (3.8) for
parameters of the model hold. Then, there exists a self-

similar solution W20 [W.L, e, to system (1.1)—(1.3)
such that [W>[J satisfies the algebraic model (3.10).

Remark 3.1. Relation (3.10) coincides with the ten-
sor-invariant model obtained in [4].
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Let us consider the equation

WG = —5T WAIW 3, — 5T W0 (3.11)

written in variables (z t). We then supplement two dif-
ferential constraints T, = 0 and (3.11) into system

(1.1)«1.3). This leads to an overdetermined system
which has a solution concordant with Theorem 3.2. In

other words, the self-similar solution WL, (WLl e, is
a particular solution to the overdetermined system,
whereas agebraic relationship (3.10) is interpreted in
the framework of the method of differential constraints.
The method of differential constraints [2] can be
applied to separate out other classes of solutions and to
derive algebraic relationships useful for numerical sim-
ulations of statistical characteristics.
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In this study, we apply the semi-inverse method for
solving static problems of nonlinear elasticity theory.
Under the semi-inverse method, we understand proce-
dures of constructing such particular solutions for
which the initial set of equations is reduced to equa-
tions with a smaller number of independent variables.
The semi-inverse solutions to static and quasistatic
problems related to large strains of continuum, which
involve unknown functions of only one spatial variable,
were constructed in [1, 2]. Below, we find several two-
parametric familiesfor final strains of an isotropic elas-
tic body for which the set of three-dimensional equa-
tions of equilibrium is reduced to a set with two inde-
pendent variables. The semi-inverse solutions obtained
make it possible to reduce to two-dimensional bound-
ary value prablems a number of spatial problems in
nonlinear elasticity theory for the bending and torsion
of prismatic bodies, as well as for curved bars having
the shape of a sector of an axisymmetric body.

In the absence of massforces, the set of equations of
the elastostatics for an isotropic homogeneous body
involves the equilibrium equations for the Piola stress
tensor D [3],

divD =0, (D
the equations of state
D = (a,E+a,G+a,G™) [T,
am = an(ly, 15 13),
m=-1,01; I, = trG, @
I, = %(trzG—ter), I, = detG

and the geometrical relationships
G =C[C", C =galR, R = Xi,. 3)

In(1)—(3), Cisthestraingradient; X, k=1, 2, 3, are
the Cartesian coordinates of particles of the deformed
body (Euler coordinates) and G is the Cauchy strain

Rostov Sate University, pr. Sachki 194,
Rostov-on-Don, 344104 Russia

measure; |, |,, and |5 are the invariants of the tensor G;
an, are certain functions of the invariants; i, are the unit
vectors of the coordinates; E is the unit tensor; and div
and grad are the divergence operator and gradient oper-
ator in the Lagrangian coordinates. Furthermore, we
use for these coordinates the Cartesian coordinates X,
x =1, 2, 3 for the body reference configuration and also
the circular cylindrical coordinates r, ¢, and z, which
are connected with the Cartesian coordinates by the
relationships

X, = rcosp, X, = rsing,

Set (1)«(3) can be easily reduced to a set of three
scalar nonlinear equations with unknown functions X,
X5, X5 and independent variables X;, X,, X;. Below, we
deal with the particular solutionsto the set of Egs. (1)—3)
containing unknown functions of only two Lagrangian
coordinates. Each of these solutions represents a two-
parametric family of strains described by the function
Xk = Xk(xl’ X2, X3) or Xk = Xk(r’ q)s Z)-

Thefirst family is

X3 = Z.

X1 = Ug(Xyg, %) COSW X3 — Uy(Xy, %) SINYXs,
Xy = Ug(Xg, Xo) SINWX5 + Uy(Xy, Xp) COSWX3,  (4)

X3 = AXg+W(Xq, X5), A, @ = const.

The family of strains (4), which was presented pre-
viously in [4] in the other form, describes the torsion
and tension of a prismatic (cylindrical) body with the
generatrix parald to the xs-axis. As a particular case
(W =0), formulas (4) contain the combination of the
generalized plane strain and antiplane strain. The strain
gradient corresponding to transformation (4) has the
form(a,B=1,2)

X
C = a_XSISIk =

ou ow

B. .
—Bj e+ —i,e
0X, P 0%, 3

— YU,z + YU, ize; + Aige,,
(5)

€, = i,CosPX;+i,SNYPXs,

e, = —i,;SnYX;+i,CoSYX;, €; = ij.
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SEMI-INVERSE SOLUTIONS

Sincethevectorse,, e,, and e; form an orthonormal-
ized basis, the Cauchy strain measure G isindependent
of the x;-coordinate. On the basis of (2) and (5), we
conclude that the Piola stress tensor is represented as

D = DSkiSek! S, k = 1! 21 31 (6)

where the components Dy are independent of X; and
satisfy the equations of equilibrium,

aDll aDZl —
0%y * X, Pz )
+ —=£ = _—t — =
X, 0%, YDa, X, 0%, 0.

which follow from (1) and (6).

Since the values Dy, are expressed in terms of the
functions u,, u,, and w, relationships (7) represent the
set of three equations with respect to the three functions
of two variables. Thus, expressions (4) satisfy initia
equilibrium Egs. (1)—(3) with three independent vari-
ables, X, X,, and X5 if and only if the two-variable func-
tionsuy, U,, and w satisfy Egs. (7).

If adistributed external load f is given on the lateral
areaof aprism with the unit normal n = n,i, + n,i,, then
the boundary conditions on this surface have the form

n-D=f. ®)

We assume that the vector f of the load can be rep-
resented in the form

f = nOb,E +b,G +b,G?) [T,
b, = by(ly, 1y s Xy, %), t=0,1,2.

Inthis case, boundary conditions (8) for the strain of
type (4) contain no variable x;. Together with Egs. (7),
they form the two-dimensional boundary value prob-
lem for a plane domain having the form of the cross
section of aprism. Relationships (9) aretrue, for exam-
ple, for the loading in the form of a uniformly distrib-
uted hydrostatic pressure. In the case of a prismatic bar
with afinite length, the constants A and () can be deter-
mined assuming that the longitudinal force and the tor-
sional moment applied to the bar ends are given.

The second family is

&)

Xy = u(r,2sinnd + v(r,2cosnod,
X, = Ko +w(r,2), K,n = congt, (10)
X3 = u(r,2)cosnd —v(r,2)sinnéd.

Formulas (10) describethe straightening and torsion
of a curved bar having the shape of an annular sector
(axisymmetric body) in the reference configuration.
The deformation gradient and the Piola stress tensor
have the form

ov aw Jdu
C= ar = 0:h; + ar =-0:h, +al‘glh +nr g.h;

DOKLADY PHYSICS Vol. 45 No.10 2000

555

ov aw Ju

K
"‘nghz gzhs 37 =-0sh; + P =—0zh, + azg3h3’

D = Dsk(riz)gshki

g, = i;cosd +i,sind, an

g, = —i;sing +i,cosd, g; = s,

h, = ijcosng —izsinng,

h, =i,, h; =i;snné$ +izcosn¢.

The components of the Cauchy deformation mea-
sureG inthebasisg,, g,, and g, are independent of the
¢-coordinate. The functions of two variables u, v, and
w are determined by solving the two-dimensional
boundary value problem for the domain with the shape
of the annular cross section, i.e., the cross section of the
axisymmetric body by a plane passing through the x5
axis. The indicated boundary value problem involves
the equilibrium equations

aDll n aDSl
ar +rD23+ 0z
or r 0z

0D13 %_QD
or | r 2t 75

and the boundary conditions of form (8), (9) in which,
now,

N = N10; + N303,
Thethird family is
X1 = P(Xq, X3) COS[ WX, + B(Xq, X3)],

Xy = P(Xq, X3) SIN[WX, + B(Xq, X3)],

X3 = a(Xq, X3) +1%,, w, | = const.

= O’
= 0, (12)

0Dg3 _

b, = b(l,, I, 1571, 2).

(13)

Formulas (13) describe the spatial bending of the
prismatic bar whose axis is parallel to the x,-axis. On
the basis of (2), (3), and (13), we find

ap . 0
C= 5;(91'1k1+paB 1Ko+ a X 1k3+wp|2k2
. op. 0
+||2k3+£|3k1+paﬁ 3Ky + 6 3k3,
k; = i;cos® +i,sn®d,
oo . (14)
k, = —i;Sn® +i,cos®, ki = i,

D = WXy + B(Xy X3),
G = Gmn(xla X3)iminv D = Dmn(X:U X3)imkn-

In this case, the equilibrium equations and the
boundary conditions on the lateral surface of the prism,
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which form the two-dimensional boundary value prob-
lem with respect to the functions a, B, and p, have the
following form:

aDll aB aD31_%

0%, c?xlDl2 WDz * 0X, 6x3D32 =0

0B 0Dy, 0B 0Dg, _

axan FYa X, + WDy, + 6x3D31+ %, =0, (15)
0X,  0Xg

N Dy + N3Dgpy = f Ik,
ng=nb, m=123.

An important particular case of semi-inverse solu-
tion (13) is the bending strain in the x;x,-plane when
[=0,B=0,andf -k, =0. Inthis case, according to (2)
and (14), we ha\/e D12 = Dz] = D32 = D23 = 0, asare&."t
of which one of equations (15) and one of boundary
conditions (16) are identically satisfied.

The fourth family is

Xy = o(r, zcos[u¢ +y(r, 2)],
X, = o(r, 2sin[pé +y(r, 2)],
X;=1(r,2+vd, H,v = const.

(16)

(17)

Transformation of coordinates (17) corresponds to
the spatial-bending strain of the annular sector and
leads to the following expressions for the strain gradi-
ent, Cauchy strain measure, and Piola stress tensor:

0o 0 0t
C = arglpl a\rlcglpz arglpa"'%cgzpz

Y 00 ayo 0T
92p3 6293p1 9z O3p, + azg3p3’

p, = i,cos6 +i,sinB,
p, = —i;SiNB +i,c080, p; = i,
0 = ud+y(r, 2,

ZUBOV

G = Gy(r, 29n9n: D = Dp(r, 9P

The boundary value problem for the functions o, T,
and y are written out in the form

6D11+D11_HD22_6_VD +6D31 ay

ar r arPet 5 P2 T 0,
6D12+5_V D12+|J-D21 aVD 6D32 -0
ar  or r 022" oz ’(18)
or r 0z
N D1+ N3D3py = f Doy, 19
n=nlty, m=123 (19)

Forv=0,y=0,and f - p, =0, with second equation
in (18) and with boundary condition in (19) are identi-
cally satisfied for m= 2.

In conclusion, we note that the above semi-inverse
solutions also remain valid in the quasistatic meaning
for homogeneous isotropic inelastic (including elasto-
plastic) bodies.
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In[1], the uncertainty principlefor linear automatic-
control systems (ACS) was formulated. In accordance
with this principle, for aclass of steady physically real-
izable and asymptotically stable ACS with a finite
transmission band, the uncertainty function ®(t, w) is
defined (t and w are, respectively, the current time and
frequency). For thisfunction, the size of the uncertainty
body with dimensions 1 and 2 is constant and equal to
1 for an arbitrary pulse transition function k(t) of the
indicated class. This form of representation for the
uncertainty principle, which was suggested by Wood-
ward in the theory of signals, was later developed by a
number of authors[2].

The goals of this paper are the formulation of the
uncertainty principle for ACS in a significantly new
form similar to that proposed by Heisenberg in quan-
tum mechanics [3] and the proof of the equivalence of
two indicated forms for ACS.

In order to solve the problem, we prove the foll ow-
ing theorem:

Theorem 1. Let L = L(t) and Ap and Aq bethelinear
self-conjugate positive-definite operator, L-!, its
inverse operator, and the physical parameters, respec-
tively, defined by the relations

[ 9]

J’dt—z—lﬁj’[LCD(t, W] %dw = Ap: (1)
0 —o0
) 1 ) -1 2 _
J’dtﬁJ’[L d(t, w)] dw = Ag. )
0 —o0
Then,
Ap g1, 3)

where Ap and Aq are expressed in seconds [s] and
reciprocal seconds [s™], respectively. Snce the dimen-

Al'fair Sate Research and Industrial Association,
Aviamotornaya ul. 57, Moscow, 111024 Russia

sion of AqisHz, then

1
Apquﬁ; 4)

i.e., (3) acquires the standard form of the Heisenberg
principle.

In accordance with the property of the Woodward
uncertainty function for ACS[1], we have

2 o0 2

4t = { dt [ D, w)dw} = { a(t, wht, m)dw} ,
jog {
where a(t, w) = LO(t, w) and b(t, w) = L-1d(t, w).

After two successive applications of the Bunya-
kowsky—Schwartz inequality to the last relationship,
we arrive a (3) and (4).

Corollary. Let L be the operator of multiplying by
the time-dependent function f(t) > 0, whichisintegrable
within the semiaxis (0, ).

Then (3) and (4) take the form

ATAQ=1, ATAF=1/2m, (5)
where

00

AT = Ap = Ifz(t)dt%—_[ [t wdo
0 —00

AQ = Aq = J'f_z(t)dt%T [t o
while i -
. t
'2171 [t Wi = é_z [KOK -
isthe esti rr;te for the signal -to(znoise ratio and

Q= J’kZ(T)dT

is the effective transmission band.

1028-3358/00/4510-0557$20.00 © 2000 MAIK “Nauka/Interperiodica’
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If, for example, f(t) = 2./t, then relationship (5)
exhibits the inequality for estimating attainable dura-
tion AT [g] of the transition process and the frequency
band AQ [s] or AF [HZz]:

o t
_ 2 2 2
AT = Q—Z‘!tdt‘([k (Dk“(t—1)dr,
¢ ©6)
1 1 2 2
AQ = — [t dt[k (DK (t—T)dT.
ZQZ-! '! Ok(t-1)

It isworth noting that, in[4], the duration of the pro-
cess AT and the frequency band AF are bound by arela-
tionship similar to (5). However, AT and AQ are given,
in this case, in a manner which requires the difference
between the orders of the numerator and the denomina-
tor of the transfer function corresponding to k(T) to be
no lower than 2. This requirement excludes, e.g., iner-
tial links, astatic vibration links with astaticism of the
second order, etc. Formulas (5) and (6) are free of this
constraint and, by virtue of Theorem 1, are the corollar-
ies of the uncertainty principle expressed, according
to (6), in Woodward signal form.

Formulas (5) and (6) also hold true for unsteady
k(t, T) of the class indicated, but the parameter Q? is
changed by the parameter

o0 t

Q5 = IdtJ’k(t, T)K(t, t —T)dr.

The following theorem follows from formulas (3),
(5) aswell:

Theorem 2. The constancy of the volume ®(t, w) of
the uncertainty body, i.e., the uncertainty principle in
the Woodward form, follows from the relationship
ApAg = 1.

For the proof, it is sufficient to choose the unit oper-
ator for L. Then,

ApAq = ézb’dtj’kz(r)kz(t—r)dr}
0 0

< i[mdtmkz(r) K (t —r)drT.
Al

From this, together with opposite inequality (3), the
statement of Theorem 2 follows.

Corollary. The expressions of the uncertainty prin-
ciple for the ACS in the Woodward signal form and in
the Heisenberg quantum-mechanical form are equi-
valent.

We note also that if L = L(w) and the action of the
operator L isreduced to multiplication by theintegrable
sguared function ¢(w) of the frequency win the region
(—o0, 0), then Ap and Aq are expressed similarly to (5).

KLIMOV, TUMARKIN

However, in this case, f2(t) and f-2(t) are replaced by
$%(w) and d(w), respectively, and integrals over t and
w are interchanged by their positions.

The expressions for AT and AQ can be generalized
by using not the Bunyakowsky—Schwartz inequality,
but the Holder inequality:

ATAO 21, ATAFE: A

E_[a
B 0 ) Ur
AT = Itrdt%T J’d)r(t,u))dm} , -
e
7O = t‘solt%—T [ot oo)dco} ,
E J

where 1/r + 1/s= 1.

Another important generalization of theorems 1 and
2 istheir application to the class of discrete systems.

For the classindicated, the expression for the uncer-
tainty function takes the form

n
d(n, m) = é Z k]_kn_jeim(nlz—j)h, (8)

i=0

where

Q=Y K,

i=0

h = Awdt, kK = k(jAt).

Here, At and Aw are the discrete time and discrete fre-
guency, respectively, the Q series being convergent.

For the constant volume of the uncertainty body

-23;[ Yy om=1, )

n=0 m=—w

we obtain

4tt = Y Y e mfmaen, m) (),

n=0 m=—w

where f(n) is an arbitrary integer-valued function.
Applying the discrete Bunyakowsky—Schwartz ine-
quality to the last equality twice, we find

ATAQ, = AtAw = h,

Aw _ h _ - (10)
> —_— = — =
ATAF 2 At = o= = h,
DOKLADY PHYSICS Vol.45 No. 10 2000
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where

AT, = Aty f(n)%_[ Y ®’(nm),
n=0

m= —co
80, = A0y f_l(n)%T T o’(nm).
n=0 m= —o

Since

1 - 2 1 i 2,2
j=0

m= —co

then formulas (10) can also be expressed in the form

Y n
_ At 2,2
n=0 j=0 (11)

o n
AQ, = A—‘;’z 0 Y KK
Q n=0 j=0

In particular, if we assumef(n) =nin (10), thenrela-
tionship (9) defines the inequality for the duration of
the transient process and the frequency band for a dis-
crete ACS.

Similarly to the above-said, we can show the equiv-
alence of (9) and (10), i.e., the uncertainty principle for
an ACS in the signal and quantum-mechanical forms,
and also extend thisresult to unsteady systems and sys-
tems with afinite memory.

We now consider two examples.

Example 1. The sequential connection of an arbi-
trary number n of identical inertial links

Y(p) = [T@+pT)™, n=12..
I

Here,

1

_l_n—le—r/T (2n—2)!_—r

k(T) = n’ Q= 2n-1 2"
(n=D!'T 27 [(n=1)]
According to (6),
- _ 11
AT = (4n-2)T, AQ = =37’
dn-2 1
= =1+ >
ATAQ =3 1 n_3 1

The quantity ATAQ — 1 ash —» o; i.e., thisesti-
mate cannot be improved (changed by the value not
equal to an infinitely small one).

Example 2. The vibration link of the second order
(1+28Tp+T?pH) 1, 0<&< 1.
DOKLADY PHYSICS  Vol. 45
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02+BZ

Q= 4a '’

2 2
k) = LB sorgngar,

B
a=E&T", B=4J1-8Th
Using the notation a/B = A, we find

AN2+1

AT = > a
A+l

AQ = (A*+1)[(3N*+2) =3\ (A\*+ 1)arccotA]a,

ATAQ = (3N*+1)[(3N*+2) —3A (A + 1) arccotA].

ForA=1,ATAQ = 1.15andfor A — 0, ATAQ — 1;
i.e., it isnot possible to improve this estimate.

The set of the parameters Ap, Ag, for which formu-
las (3) and (4) are valid, can be extended proceeding
from the mutual uncertainty function [2] with the fol-
lowing form for an ACS.

t

Ot 00) = — Zrkl(T)kz(t_r)e"*’“’z‘”olr. (12)
0

Q.0

Here, k(1) and Kk,(t) are pulse transient functions
belonging to the above-mentioned classand Q, and Q,
are the corresponding effective transmission bands. In
this case, it is sufficient to replace ®(t, w) with
|P,5(t, W) in (1) and D(t, w) with [P, (t, w)| in (2) in
accordance with (12).

In conclusion, we emphasize that the uncertainty
principle for ACSin the Heisenberg form illustrates the
ACS stability to statistic actions (noises): the higher the
stability with respect to the noise, the narrower the cho-
sen frequency range must be. However, in this case, in
the framework of (5) and (6), the duration of the pro-
cesstreatment must be longer and, correspondingly, the
ACS operation rate decreases. A similar situation will
also take place for the relationship between the noise
and maneuvering in tracing problems.
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Structural materials and rocks containing pores,
microcracks, and other microscopic defects distributed
initialy in their bulk have some specific features. The
most significant of these are elastic deformations under
low pressures and small shears and the accumul ation of
damage under more intense |loads (including compres-
sion), resulting eventually in the macroscopic fracture
of the material. The process of crack accumulation in
such materials is accompanied by the development of
irreversible bulk strains (dilatation or compaction). In
the case of ardlatively high level of initial porosity, this
leads, specifically, to the following effect: the bar
becomes thicker under tensile stress. The energy model
used in this paper [1, 2] provides a unified picture, tak-
ing into account the af ore-mentioned features of defor-
mation and fracture in the initially porous materials.

According to the mathematical modeling of the
behavior of the initially porous brittle materials, we
will consider the effective medium initially isotropic
and the strains small. The state of the particle (in the
isothermal approximation) is characterized by atensor
of small strains e and by the scalar degree of the dam-
age w. The response of the medium is determined by
symmetrical stresstensor o, by density of elastic poten-
tial u(e, w), and by specific effective surface energy
U (w). Inthiscase, 6 = 6(e, W), U= U(e, W) areisotropic
functions of the symmetrical tensor e.

Thelocal balance equation for total energy U(e, w) =
Us(w) + u(e, w), which is equal to the sum of the elastic
potential and the effective surface energy, is writtenin
the form

pU = 6: ¢ (1)

where p is the density of material. The relation of the
stress tensor and the energy density is given by the

* Moscow Institute of Physics and Technology,
Ingtitutskii per. 9, Dolgoprudnyz, Moscow oblast,
141700 Russia

** Schmidt Joint Institute of Physics of Earth,
Russian Academy of Sciences,
Bol’shaya Gruzinskaya ul. 10, Moscow,
123810 Russia

formula

oU (e w)
e (2)

o(ew) =p

oU (e, w)
ow

in the medium undergoing a damage, two processes are

possible, passive (w = 0) and active. For the latter we

have

It followsfrom (1) and (2) that & =0;i.e,

fll_J?%_@ =0, ©®>0, w0 3)

The density of total energy is postulated in the form

pU(e, @) = puf} +yeo+ ZBef

4
+%K|§+ G —a (1) 0l — agwd.

Thevaluesof bulk strain |; and shear strain intensity
J are determined by the relationship

l,=1:e J=(e:e)? e = e—%lll,

wherel isthe unit second-rank tensor. ParametersK, G,

a, B, u?, and y of the medium are assumed to be
dependent only on the properties of the frame and on
the initial porosity. In contrast to the elastic potential
of the damaged homogeneous medium [1], representa-
tion (4) contains function a(l,), which is essentialy
sign-alternating. Under conditions of intense compres-
sion (I; < 0), this alows us to take into account the
decreasein elastic potential with the growth of damage.
From (2)—(4), it follows that

o = (Kl —,(1)w)l +%G—GL;E€, s

Go(1) = ag(ly) +lhally),

= %{ap(ll)lﬁasJ—v}. ©)
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Within the framework of the proposed model, we
consider the axially symmetric problem concerning the
deformation of the infinite circular cylindrical bar with
radius R, made of the material undergoing the damage
and subjected to fixed tensile stress (o, > 0). We will
approximate the boundary of the elastic region in the
half-plane of states (l,, J) using piecewise linear func-
tion J = f(l,) (Fig. 1). Then, the condition of the onset

for the active process, w1, J) = 0, gives a,(l,) asa
piecewise constant function: &, =aJy/l; for I¥ <I,<

17, &, =agdy/I7 for 17 <1, < 17 . We chooseacylin-
drical coordinate system (r, ¢, 2), whose z-axis coin-
cides with the bar axis. The motion vector of a particle
isdenoted asu = (u(r, 2), 0, w(r, 2)). The balance equa-
tions have the form

60'” +aorz+0rr_0¢¢ =0,

or 0z r
aorz+acu+ Ox _ 0,
or 0z r

where 0y, Oy, 05, and o,, are the nonzero physical
components of the stress tensor.

The boundary conditions can be written as follows:
forr =R,

O-rr(R()’ 2)=0, O-rz(RO’ 2)=0;

forr=0
u, 2 =0, 0,0, 2 =0;
forz=0
_ooou(r,z) _ 4.
w(r, 0) =0, o0 0;
forz—

0,(r,2) — 0y, O,(r,2) — 0.

We will seek the solution in the form u(r, z) = U,r,
w(r, 2) = W,z, where U, = const, W, = const. Then, we
obtain from (5) and (6)

0-rr(rv Z) = (K|1—dp00(|1, J))

1 a.0(lq,Jd
+§%p—%%UO—WO) = const,

0,2 = (Kl;—apw(ly, )

2 asw(llﬂ ‘]) —
+§%u—T%WO—UO) = const,

@)

0¢¢EO'”, GTZEO’ W = (dp|1+as‘]_y)v

Il = 2U0+Wo, J = A/2/3|(WO_U0)|

From boundary conditions o,,(R;) = 0, 0(r) = 0,
0<r<Rjitfollowsthat 0,,(r,2) =0 and 04T, 2) = 0;
consequently, the balance equations are satisfied iden-
No. 10
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Fig. 1.

tically. Thus, solution u(r, 2) = Uyr, w(r, 2) = W,z meets
the balance equations and boundary conditions.
Using (7), we can determine the values U, and W,
from the set
Grr(U 0y WO) = 01 C)-zz(Uov WO) = 00; (8)
however, the solutions found by such a method are rel-
atively cumbersome.

Below, in system (8), it is more convenient to passto
variables|, and J, which are defined by relationships (7).
Then, the system is written in the form

AJ-BI, = C,(0,), -BJ+DI, = C,(0y),

B’ B’

are the constant coefficients, which depend only on

andd=

dp

Q
»

the parameters of the material, and C, = ﬁco — Xg_s
g, dyas

3
andC, = 3 T are the quantities determined both

by the properties of the material and by applied load g,,.
The solutions of this system have the form

BC,(0y) + AC,(ay)
| =
1(00) AD — B2
9)
3oy = DC,(0p) + BCz(Go).
AD - B?

From condition wx1,, J) = 0, it follows that the pro-
cess of damage accumulation in the bar starts when the
applied load attains the value

0p = 0, = 2OKWY g+ 3K).

Since the process of cracking accumulation in the
media undergoing a damage is accompanied by the
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development of the irreversible bulk strain (dilatation
or compaction) [3, 4], this can give rise to an often
observed anomalous phenomenon, namely, to the
thickening of the bar under tensile strain. Is it possible
to describe this phenomenon within the framework of
the model under discussion?

Note that the thickening of the bar arises at U, > 0.

According to (7), this correspondsto J< +/2/31,. This
means that, at the points of plane (I,, J) located above

theline of the uniaxial deformationJ = ./2/31,, theten-
sion of the bar is accompanied by a decrease in the bar
diameter, whereas, at the points located under thisline,
thickening occurs. It follows from (9) that, in the active
process, we have J=al, + b, where

o= J6D+B

b = (,/6d —1)ay/B
J6B+ A’ '

J6B+ A

The mutual arrangement of linesJ = ./2/31, and J =
al, + b alows us to make definite conclusions concern-
ing the possible thinning or thickening of the bar based
on g, and on the parameters of the material. The onset
of the damage accumulation process would be accom-

panied by the bar thickening if J(0x) < ~/2/31,(0x).
This condition corresponds to 2u > 3K or -1 < v < 0.
Assuming that the Poisson coefficient for the isotropic
materials varies within the range 0 < v < 0.5, we find
that 2u < 3K; i.e., J(04) = /2/31,(04). Thus, withinthe

framework of our model, the bar diameter always
decreases at the onset of the damage accumulation.
When o, increases, one of two possible regimes shown

inFig. 1 occurs. For the material witha> ./2/3 (Fig. 1,
straight line &), the diameter of the bar decreases at al
values of g,. At a< /2/3 (Fig. 1, straight line b), the
decrease of the diameter of the bar occurs at small val-
ues of g, corresponding to the neighborhood of the

boundary of the elasticity domain. However, when the
load reaches the value

o = gh= (3K=2/Bud)ya,
’ B(/6D - /2l3A-B)’

the bar diameter startsto increase.

Note that the first regime is characteristic of the ini-
tially homogeneous material with effective moduli dif-
fering only slightly from the elasticity moduli and, con-

sequently, that a= /6 K/(2p) + o(1) > /2/3. The sec-

ond regime only becomes possible at a certain level of
initial porosity.

KONDAUROV, KUTLYAROVA

Another characteristic feature of the deformation of
the initially porous materials is the development of
damage under compressing loads. Analysis similar to
that presented above suggests that the damage accumu-
lation is either always accompanied by the thickening
of the bar or that the thickening occursin the beginning
of the active process. This depends on the materia
parameters and the magnitude of compressing stress g,,.
In the latter case, the thickening of the bar can change
by the decrease in the bar diameter with the growth of
the load due to the material compaction at the increase
in the damage.

L et usconsider now the rheol ogical instability of the
bar material. State g, is referred to as rheologically
unstable if there exists such anormal n, that the veloc-
ity of the non-steady-state surface corresponding to the
weak discontinuity obeys condition c(g), ny) — 0 for
e — &, N — n, [1]. The values of velocities c are
determined by the following relationships [2]:

pct, = M+Q£(Q°+q)"", pcs =M,
Q(en)=K+lp—&w
L 3 p
—ln[(&|+o(N)ZEh+q>%1D\|2Eh—lD
B P 6l
q=¢nIN°Ch—(nIN[h)?), T =& +nA,
_€ _ba, _ag oW
N - Jl E_ B ’ r] - B ¢l ¢ - J ’
v 2
- 1. 1. Op -1
A =K+3G-%0 3 8w, M=G 50

The vanishing of the smallest velocity defines the con-
dition of rheological instability appearing in the mate-
rial, whereasthe direction of the extremal normal deter-
mines the shape of the stability loss domain. For n =
(0,0, 1), the rheological instability occurring in the
form of the failure plane arises under condition ¢ = 2.
Forn = (1, 0, 0), the condition of rheological instability
has the form

0 = 2fuk-fy= 20 fof

Thefailure plane, in this case, isthe longitudinal plane
of separation. This can be treated as the nucleation of
the longitudinal crack separating the bar, which is

DOKLADY PHYSICS Vol. 45 No.10 2000
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Fig. 2.

directed along the z-axis. The mechanism of crack for-
mation was discussed in detail in [5, 6]. If

1 Mp_ O _1EP‘sD
2n3—2 ZEQ 6d 2060

then the failure surface is a cone with normal n deter-
mined as described. The smallest possible value of ¢ =
¢ determines the shape of the failure surface arising

earliest.

2 2

Taking into account the definition of ¢ and expres-
sion for w, we find

-1
J= _d[l_ﬂj} o+
as as— ¢ B
Straight line J = g(I,) from this family, correspond-
ing to ¢, bounds the domain of the steady-state defor-

mation of the bar in plane (1,, J) (Fig. 2). Thus, there
existsthe critical value

at which the bar looses its rheological stability.
Theresults of numerical calculationsfor the specific
caseof E/f=1.3,y/Bp=0.1,a4B=0.7,and I; =0.1are
presented in Fig. 2. Depending on the value of tangent
d (the slope of the boundary of the elasticity domain),
we found the following possible regimes of the bar
deformation. For d = 0.6 (Fig. 2a), the active process of
loading is accompanied by the decrease in the bar
diameter until a loss of stahility occurs. For d = 0.7
(Fig. 2b), a possible thickening of the bar does not take
place since the stress g* needed to generate such a
regime is higher than o,. If d = 0.8 (Fig. 2c), the
decrease of the bar diameter changes by its increase
when the applied stress attains value o*. This increase
DOKLADY PHYSICS Vol. 45
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continues as long as the bar retains its rheological sta-
bility. In al cases under discussion, the rheological
instability arises at conical surfaces.

Thus, a solution constructed based on the proposed
fracture model describes the following features charac-
terizing the behavior of the bar undergoing a damage.
For |oy| < |o%|, the bar isin an elastic state, itstensionis

accompanied by an increase in its diameter. In the case
when the applied stressisin the range |0«| < |0,| < |0,

the state of the bar is characterized by the damage accu-
mulation process, the bar extension can be accompa-
nied by thickening owing to the dilatation, and the com-
pression of the bar can be accompanied by a decrease
initstransverse size asrelated to compaction. For |gy| =
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|og|, the material of the bar becomes rheologicaly
unstable. Thisinstability can beinterpreted asthe result
of macroscopic failures nucleating in the bar and ori-
ented in aregular manner.
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Dependence of energy functionals on crack shapeis
important in fracture mechanics. In particular, when the
Griffith'sfracture criterion is formulated, the derivative
of the energy functional with respect to crack length is
the basic parameter [1]. In classical crack theory, the
boundary conditions specified at the edges have the
form of equalities. This can lead to contradictions. In
fact, the solutions can correspond to the interpenetra-
tion of opposite crack edges [2, 3]. Derivatives of
energy functionals with respect to crack length are
known in the classical theory [4, 5]. Variation of crack
shape was studied in [6] for the three-dimensional case
with the classical boundary conditions o, = 0 (i =
1, 2, 3) at the edges. Recently, there appeared signifi-
cant advances in nonlinear crack theory based on
boundary conditions corresponding to noninterpene-
trating edges [7]. In this paper, we consider the bound-
ary value problems that ensure the absence of edge
interpenetration and derive formulas for derivatives of
the energy functionals with respect to crack length.

1. Two-dimensional case. Let D [0 R? be abounded
domain with smooth boundary I'. The set

Sivs = { (X, X)[0< X, <1+ 3, %, = O

models a crack, where | > 0 and o is the parameter
which tends afterwards to zero. We assume that, for all
sufficiently small &, =, 5 belongs to D and consider
domains Qs = D\=,,5 and Q = D\Z, with cuts =, 5
and =,, respectively.

Below, we present the formulation of the equilib-
rium problem for alinearly elastic body, which, in the

* Laboratoire de Mathématiques, Institut Elie Cartan,
Université Henri Poincare, Nancy | BP 239,
Vandoeuvre-Les-Nancy Cedex, 54506 France
E-mail: sokolovs@iecn.u-nancy.fr

** Lavrent’ ev Institute of Hydrodynamics,
Sberian Division, Russian Academy of Sciences,
pr. Akademika Lavrent’ eva 15, Novosibir sk,
630090 Russia
E-mail: khlud@hudro.nsc.ru

undeformed state, occupies domain Q. We need to
determine vector function W= (u, v) such that

_GIJ,J = fi in Q, | = 1,2, (11)
W=0 at I, (1.2)

v]=20, 0,50, [0y, =0, 0, =0,
[ ] 22 [ 22] _ 12 (13)

[V]O-zz = O at i

Here, o;; = 0;;(W) are the components of stress tensor
and [v] = v* — v~ isthe jump of function v across =Z,.
The signs + correspond to positive and negative direc-
tionsof normal n= (0, 1) to set =, , 5. The summationis
performed over identical subscripts. The subscript after
the comma denotes differentiation. It is assumed that
the Hooke's law

oy = 2pg; +Adivwa;, i,j = 1,2 (1.4)
holds. Here, A 2 0 and 1 > O are the Lamé parameters,
3; is the Kronecker delta, g; = €;(W) are the compo-
nents of the strain tensor, €, = U, , €, =V, ,and &, =
1/2(uy, + v, ). For the given external load, we assume
that f = (f,, f,) O CY(D). The first inequality in (1.3) is
interpreted as a condition ensuring the noninterpenetra-
tion of opposite crack edges.

Let [1 -Oand [4 -[3 be scalar products in L*(Q) and
L2(Q;), respectively. Relationships (1.1)—<(1.3) are, in
fact, the differential representations of the problem
concerning the minimization of the functional

1(Q; U) = %[Uij(u)’ &(U)0- I, Ul (1.5)

U= (uv)

at aconvex closed set of the Sobolev space. Namely, we
introduce the closed convex sets

Ko={(u, v) OH(Q|u=v=0atT,[v]=0at 5},
Ks={(u,v) OH(Qp|u=v=0atl,[v]=0at 5,4}

1028-3358/00/4510-0565%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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Function W [ K, is a solution to the variational inequ-
ality
[6;(W), &;(V) —&;( W)= CF, V-WO OV O K. (1.6)

In addition to problem (1.1)—<(1.3), we consider a
family of the perturbed problems. Namely, the determi-
nation of vector function W = (W, v?®) isrequired. This
function meets the following conditions:

o= fiin Q5 1 =12, (1.7)

W =0 atT, (1.8)

[VB] 20, 05,<0, [0y,] =0, (19)
=0, [v]o,=0at =, .

Here, we havecr = 0;(WP) and g;; = &;(\W°), where g
and g; are related by Hookes IaN (1. 4) Similarly to
problem (1.1)—1.3), function WP [0 K is a solution to
the variational inequality

[0 (W), &;(V) —g(W)E = OF, V - W3
OV OKy,
which, consequently, minimizes the functional

(1.10)

1(Qs U) = 3 DEKLD g;(U)L— 0, UG,

U=(uv)
at set K;. Let J(Qp) = 1(Qs; WO) and J(Q) = 1(Q; W). In
this paper, we intend to justify the differentiability of
the energy functional with respect to crack length and
to derive the corresponding formula, i.e., to find thefol-
lowing limit:
im 222 =3(Q)
5.0 0
where WP and W are the solutions to problems (1.6) and
(1.20), respectively. The following statement is valid:
Theorem 1. The derivative of the energy functional
with respect to crack length can be calculated using the
relationship
dJ(Q5)
do

(1.11)

- % [(u+ MU0, +hu5s,

6=0

+2UUU (-0 ,) + UV (-8, + (2p + A) V38,
+2(N + U,V 4(-8 )

+2(2U+A)V 1V (-8 ) _I(efl),lu _I(e f2)v.

(1.12)

Here, function 6 is sufficiently smooth and finite in
D. Itisequal to unity and zero in the vicinity of points
% = (I, 0) and (O, 0), respectively. It can be proved that
the right-hand side of (1.12) isindependent of 6. Rela-
tionship (1.12) is usually referred to as the Griffith's

SOKOLOWSKII, KHLUDNEV

formula. In the framework of two-dimensional e astic-
ity theory with nonlinear boundary conditions (1.3) at
crack edges, the Griffith’sformula determinesthe value
of the derivative of the energy functional with respect
to the crack length.

According to [7], asolution to problem (1.6) has an
additional smoothness compared to that of the varia-
tiona procedure. Namely, for any x [E |, there existsa
certainvicinity V of the point x such that W O H>(V\=)).
Consequently, conditions (1.3) are met almost every-
where at =,. Note that the equality 0, = QU+ M)V, +
Au;, holds here. In addition to (1.3), we can prove the
val |d|ty of boundary condition

[0V 1] = 0,V 4] =0 ae. on =,. (1.13)

The Griffith’s formula (1.12) can be written in a form
not containing the function ©. For this purpose, we

choose circle B, (r) having radiusr and boundary I'(r)
insuch away that 6 = 1in B, (r). Then, integration by
partsin (1.12) yields

dJ(Qs)
dd

= |+
5=0

(fiu,+ fov ),
B, N\,

(1.14)

where

1
= 5 [Va(@rA) (U= vE) + (V- UD)
rm

+ I Vo((2UH+A)V v+ (A + U U, + pu U ,)

r(r)

and (v, V,) isthe unit outer normal to ' (r). The right-
hand side of (1.14) isindependent of r. Thus, we have
proven the following property. Let W be a solution to
problem (1.6) and f be equal to zero in acertain vicinity
of the point x. Then, integral | is independent of r for
al sufficiently small r. Moreover, we consider the
integral

v3) +u(vi-u3))
(1.15)
+IV2((2H +FA)V Vo (A+)u v+ ULU,)

e = 5[vil@n AW -

along curve C enclosing point x,. Then, v = (v, v,) is
the unit normal to the curve C. A part of this curve can
coincide with =,. Let = = =, n C. Then, according
to (1.13) and (1.3), mtegrals in (1.15) can be taken
along edges =+ and =~. We assume that function f van-
ishes in the domain with boundary C. The following
statement holds:

DOKLADY PHYSICS Vol. 45
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Theorem 2. Let the function f be equal to zero in the
neighborhood of point . Then, integral 1. is indepen-
dent of the curve C.

The integral in form (1.15) is caled the Rice-
Cherepanov integral. We demonstrated the indepen-
dence of thisintegral from the integration path for non-
linear boundary conditions (1.3). The available results
concerning the independence of the Rice—Cherepanov
integral of the integration path relate to the boundary

conditionsa,, =0, a,, =0, whicharemeton =; [8].In

this connection, the integral isusually written out in the
form

i 1
I%’iivjw,l_écijeijvlg (1.16)
C

Here, (W!, w?) = (u, v). The direct verification shows
that integrands in (1.15) and (1.16) coincide with each
other; hence, integral (1.15) hasthe classica form.

2. Three-dimensional case. Let D 00 R® be a
bounded domain with a smooth boundary I'. A crack is
modeled by the surface

=1+3
= { (X1, X2, X3) [X3 = 0, -h <%, <h,0<x; <| +8}.

Here,h>0,1 >0, and disasmall parameter. We assume
that =, 5 O D for al sufficiently small & and use the

notation Qs = D\=,.5 and Q = D\Z,.

Below, we present the formulation of the equilib-
rium problem for an elastic body, which, in an unde-
formed state, occupiesdomain Q. We need to find func-
tion W= (u, v, w) such that

o= fiinQ, =123, @2.1)
W=0atTl, (2.2)

Wln=0, o0,<0, [og,] =0,

[W] n [0n] ¢ 03

O-T = 01 o-n E[W]n = O at :|.

Here, 0;; = 0;;(W) are the components of the stress ten-
sor, n= (0, 0, 1) isthe normal to the surface =, , 5 and

{oyn}i-1 = 0, - N+ 0. We assume that Hooke's law
holds in the form (1.4) for the three-dimensional case,

g;(W) = %(Wﬁi + W) ) and (W', W2, WA) = (U, v, W)

Similar to the two-dimensional case, problem (2.1)—
(2.3) reduces to the minimization of the functional

1
U= (uv,w)
DOKLADY PHYSICS Vol. 45
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on the set

Ko = {(u, v,w) OH(Q)u=v=w=0atT,
[W]=0at =},

wheref = (f,, f,, f;) O C(D) is the given function.

The perturbed problem corresponding to (2.1)—2.3)
can be formulated as follows. It is needed to find func-

tion WP = (u?, v3, wP) such that

_oij,j = fi in Qa, i = 1, 2, 3, (2-4)
We=0atl, (2.5)

W’n=0, 0,<0, [o,] =0,

[Wn o [On] 2.6)

0, =0, o,0W’]n=0 at 5,

Here, 0;; = 0;;(\WP°) where o;;(W°) and g;(\WP) satisfy the
Hooke's law. As above, problem (2.4)—2.6), in fact,
reduces to the minimization of the functional

(@5 V) = 50,(U), &,V - I, UL,

U=(uv,w)
on the set
Ks = {(uv,w) OH(Qg)|u=v=w=0atT,
[W]=0at =, s}.

Let us denote the energy functionals as J(Q5) = 1(Q5;
WP) and J(Q) = 1(Q; W), where WP and W are solutions
to problems (2.1)—(2.3) and (2.4)—2.6), respectively.
The problem is to find the derivative in the form
of (1.11) for this case.

Theorem 3. The derivative of the energy functional
in problem (2.1)—«2.3) can be calculated by the use of
the following Griffith’s formula:

Q)| - %J'%Zu FA) (LS8 ,) + 128,

dd

5=0
+ W50, +2V 1V ,(-8,) + 2W,W4(—65))
+U(US0 , + V(-8 ) + U308, +Wi(-B ) + v,
+ W50 1+ 2U,U 5(—8 5) + 2u W (-8 )
+2V 1V 5(-03) + 2V Wo(—03) + 2V swy(-6,) (2.7)
+2W W ,(—0,) +2u,U (-0 ,) + 2V 1u,(-0,)

+2V 3W,0 1) + 2A(V ;W30 + U w,(-6 )

FV Wi (-8) + v Wy(-8) + UV (-8,
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—I(e f1),u —I(e f2) v _I(efS),lWV
0 0 0

where the function 0 is smooth and finitein D and equal
to unity and zero in the vicinity of sets L = {(X;, X, X3)|
X =I,-h<x, <h x=0}and M = {(X;, %, X3)| X; =0,
—-h<x, < h, x;=0}, respectively.

Similar to the two-dimensional case, we can show
that the right-hand side of (2.7) isindependent of 8. We
reduce (2.7) to the form not containing function 6. For
this purpose, we consider the vicinity § of the set L
having smooth boundary I, under the assumption that
8=1inS.According to our notation, (v,, v,, v;) isthe
unit outer normal to I',. Integration by parts in (2.7)
yields

dJ(Qs)
dd

= I(flu,1+ fov i+ faw,)
5=0 3

1
+5 Vi@ A (U= v -w)
rL

2 2 2 2 2 2
+FU(V—U,— U3+ W — V=W, =2V 3W))

—2\V ,W3) + Ivz((Zu +A)V iV,
rL

+U(V W+ W Wy + U U, + V gUy)

(2.8)

+A(V WatU,v )+ va((Zu +A)W W
rL
+U(UUz+HUW +V Vg + VW)

+FA(UW, + VW),
Denoting the functional in the right-hand side of (2.8)
ask(, h, f), we can write (2.8) in the form

dJ(Qs)

dd [5=0
Thus, J(Qz) = J(Q) + kd, h, )d + a(d)d, where
a(®) —= 0 as & — 0. Note that k(, h, f) does not
depend on the choice of neighborhood S . If function f
isequal to zero in the vicinity of set L, then the sum of
the corresponding integrals can be interpreted as an

analog of the Rice-Cherepanov integral, since the
right-hand side of (2.8) does not depend on T, .

= k(I h, f).

SOKOLOWSKII, KHLUDNEV

The proposed method allowing us to determine the
derivative of the energy functional provides an oppor-
tunity to analyze more complicated crack front pertur-
bations in the three-dimensional case. We assume that,
in an unperturbed state, the crack front is determined by
equation x, = g(X,), where g is the given function which
satisfiesthe Lipshitz condition such that g(—h) = g(h) =1.
The perturbed crack front is described by equation x,; =
9(%,) + 0. We assume that the chosen function 6 meets

condition ® O Cy (D) and is equal to unity and zero in
the neighborhood of sets {(X;, X, X3)| X; = g(%), —h <
X, < h, X3 =0} and M, respectively. Then, the Griffith's
formula aso has form (2.7), where domain Q corre-
sponds to the front x, = g(x,).

Similarly, let the crack front be determined by equa-
tion x, = | and a front perturbation have the form x, =
| + dg(x,). The given function g is assumed to be suffi-
ciently smooth such that g(-h) = g(h) = 0. We choose
function 8 in the same way as before. Then, the Grif-
fith's formula takes the form (2.7), where function 0
should be substituted by g6.
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