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Abstract—Odd–odd nuclei around double shell closures are a direct source of information on the proton–
neutron interaction between valence nucleons. We have performed shell-model calculations for doubly
odd nuclei close to 208Pb, 132Sn, and 100Sn using realistic effective interactions derived from the CD-
Bonn nucleon–nucleon potential. The calculated results are compared with the available experimental
data, attention being focused on particle–hole and particle–particle multiplets. While good agreement is
obtained for all the nuclei considered, a detailed analysis of the matrix elements of the effective interaction
shows that a stronger core-polarization contribution seems to be needed in the particle–particle case.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Odd–odd nuclei around double shell closures pro-
vide the best testing ground for the matrix elements
of the proton–neutron interaction between valence
nucleons. In this context, of special interest are nu-
clei in the close vicinity to 208Pb, 132Sn, and 100Sn,
which show strong shell closures for both protons and
neutrons. From the experimental point of view, the
208Pb neighbors have been extensively investigated
and a large amount of data is available for them. On
the other hand, the 132Sn and 100Sn neighbors lie
well away from the valley of stability, which makes
it very difficult to obtain information on their spec-
troscopic properties. In recent years, however, sub-
stantial progress in the development of spectroscopic
techniques has opened the way to the exploration of
nuclear structure in the regions of shell closures off
stability. This has led to new experimental data for
the immediate odd–odd neighbors of both 132Sn and
100Sn. The information presently available for nuclei
of this kind, although still rather scanty, is of great
value for the understanding of the effective proton–
neutron interaction in these two regions as well as for
a comparison with the proton–neutron interaction in
the 208Pb region.

During the past several years, we have studied
a number of nuclei around 208Pb, 132Sn, and 100Sn
within the framework of the shell model employing
realistic effective interactions derived from modern
nucleon–nucleon (NN ) potentials. In most of these
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studies, however, we have been concerned with nu-
clei having few identical valence particles or holes.
A summary of the results obtained through 2000 is
given in [1].

More recently [2, 3], we have turned our attention
to nuclei with unlike valence nucleons to try to gain
information on the neutron–proton effective inter-
action. The main aim of this paper is to report on
some selected results of our current work along these
lines, which we have obtained starting from the CD-
Bonn freeNN potential [4]. In particular, we consider
the six odd–odd nuclei 208Bi, 210Bi, 132Sb, 134Sb,
98Ag, and 102In and focus attention on the particle–
hole and particle–particle multiplets, which offer the
opportunity to test directly the matrix elements of our
calculated realistic effective interaction.

To place this study in its proper perspective, it
should be mentioned that the particle–hole multiplets
in the 208Pb region were the subject of great theo-
retical and experimental interest [5–8] some thirty-
five years ago. In particular, the spectrum of 208Bi
was extensively studied through pickup and stripping
reactions and several proton–neutron hole multiplets
were identified [5, 6]. The pattern exhibited by the
observed multiplets was well reproduced by the shell-
model calculations of [7], where particle–hole matrix
elements derived from the Hamada–Johnston NN
potential [9] were used.

Despite these early achievements in the under-
standing of the effective proton–neutron interaction
around closed shells, little work along the same lines
has been done during the last three decades. The new
data which are becoming available in the 132Sn and
2004 MAIK “Nauka/Interperiodica”
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Table 1. Proton single-particle and neutron single-hole
and single-particle energies (in MeV) for the 208Pb region

π(n, l, j) ε ν(n, l, j)−1 ε ν(n, l, j) ε

0h9/2 0 2p1/2 0 1g9/2 0

1f7/2 0.896 1f5/2 0.570 0i11/2 0.779

0i13/2 1.609 2p3/2 0.898 0j15/2 1.423

1f5/2 2.826 0i13/2 1.633 2d5/2 1.567

2p3/2 3.119 1f7/2 2.340 3s1/2 2.032

2p1/2 3.633 0h9/2 3.414 1g7/2 2.491

2d3/2 2.538

100Sn regions, as well as the prospect of spectro-
scopic studies of unstable nuclei opened up by the
development of radioactive ion beams, havemotivated
us to undertake the present study and perform shell-
model calculations making use of a modern NN po-
tential and improved many-body methods for deriving
the effective interaction.
The outline of the paper is as follows. In Section 2,

we give a brief description of our calculations. Our
results are presented and compared with the experi-
mental data in Section 3, where we also discuss the
effects of the core polarization. In Section 4, we draw
the conclusions of our study.

2. CALCULATIONS

In our calculations for the Bi isotopes, we assume
that 208Pb is a closed core and let the valence proton
and neutron hole occupy the six single-particle levels
0h9/2, 1f7/2, 0i13/2, 1f5/2, 2p3/2, and 2p1/2 of the 82–
126 shell, while for the valence neutron the model
space includes the seven orbits 1g9/2, 0i11/2, 0j15/2,
2d5/2, 3s1/2, 1g7/2, and 2d3/2. Similarly, for the Sb
isotopes, we assume that the valence proton and neu-
tron hole occupy the five single-particle levels 0g7/2,
1d5/2, 1d3/2, 2s1/2, and 0h11/2 of the 50–82 shell,
while the valence neutron outside the 132Sn core
occupies the orbits of the 82–126 shell. As regards
98Ag and 102In, we assume that the valence neutrons
outside the 100Sn core occupy the orbits of the 50–
82 shell, while for the proton holes the model space
includes the four orbits 0g9/2, 1p1/2, 1p3/2, and 0f5/2

of the 28–50 shell.
As regards the choice of the single-particle and

single-hole energies, we have proceeded as follows.
For the Bi isotopes, we have taken them from the
experimental spectra [10] of 209Bi, 209Pb, and 207Pb.
In the same way, for the Sb isotopes, we have made
PH
Table 2. Proton single-particle and neutron single-hole
and single-particle energies (in MeV) for the 132Sn region

π(n, l, j) ε ν(n, l, j)−1 ε ν(n, l, j) ε

0g7/2 0 1d3/2 0 1f7/2 0

1d5/2 0.962 0h11/2 0.100 2p3/2 0.854

1d3/2 2.439 2s1/2 0.332 0h9/2 1.561

0h11/2 2.793 1d5/2 1.655 2p1/2 1.656

2s1/2 2.800 0g7/2 2.434 1f5/2 2.055

0i13/2 2.694

use of the experimental spectra of 133Sb [11], 133Sn
[12], and 131Sn [10]. In the spectra of the two former
nuclei, however, some single-particle levels are still
missing. More precisely, this is the case of the pro-
ton 2s1/2 and neutron 0i13/2 levels, whose energies
have been taken from [13] and [14], respectively, to
which we refer for details. As regards the neutron hole
energy εh11/2

in 131Sn, we have adopted the value
of 0.100 MeV, which has been recently suggested
in [15]. This is somewhat smaller than that reported
in [10]. For 98Ag and 102In, the single-particle and
single-hole energies cannot be taken from experi-
ment, since no spectroscopic data are yet available
for 101Sn and 99In. Therefore, we have taken them
from [16] and [17], where they have been determined
by an analysis of the low-energy spectra of the Sn
isotopes with A ≤ 111 and of the N = 50 isotones
with A ≥ 89. For completeness, our adopted values
for the single-particle and single-hole energies are
reported in Tables 1–3.
As already mentioned in the Introduction, in our

shell-model calculations, we have made use of a real-
istic effective interaction derived from the CD-Bonn
free nucleon–nucleon potential [4]. This high-quality
NN potential, which is based upon meson exchange,
fits very accurately (χ2/datum ≈ 1) the world NN
data below 350 MeV available in the year 2000.
The shell-model effective interaction Veff is defined,

as usual, in the following way. In principle, one should
solve a nuclear many-body Schrödinger equation of
the form

HΨi = EiΨi, (1)

withH = T + VNN , where T denotes the kinetic en-
ergy. This full-space many-body problem is reduced
to a smaller model-space problem of the form

PHeffPΨi = P (H0 + Veff)PΨi = EiPΨi. (2)

Here, H0 = T + U is the unperturbed Hamiltonian,
U being an auxiliary potential introduced to define a
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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convenient single-particle basis, and P denotes the
projection operator onto the chosen model space,

P =
d∑

i=1

|ψi〉〈ψi|, (3)

d being the dimension of the model space and |ψi〉
the eigenfunctions ofH0. The effective interaction Veff
operates only within the model space P . In operator
form, it can be schematically written [18] as

Veff = Q̂− Q̂′
∫
Q̂+ Q̂′

∫
Q̂

∫
Q̂ (4)

− Q̂′
∫
Q̂

∫
Q̂

∫
Q̂+ . . . ,

where Q̂, usually referred to as the Q̂-box, is a ver-
tex function composed of irreducible linked diagrams,
and the integral sign represents a generalized folding
operation. Q̂′ is obtained from Q̂ by removing terms
of first order in the interaction. Once the Q̂-box is
calculated, the folded-diagram series of Eq. (4) can
be summed up to all orders by iteration methods, as,
for instance, the Lee–Suzuki one [19, 20].
A main difficulty encountered in the derivation of

Veff from any modern NN potential is the existence
of a strong repulsive core which prevents its direct
use in nuclear structure calculations. This difficulty
is usually overcome by resorting to the well-known
Brueckner G-matrix method. Here, we have made
use of a new approach [21] which has proved to be
an advantageous alternative [21–23] to the use of
the above method. The basic idea underlying this ap-
proach is to construct a low-momentum NN poten-
tial, Vlow-k, that preserves the physics of the original
potential VNN up to a certain cutoff momentum Λ.
In particular, the scattering phase shifts and deuteron
binding energy calculated by VNN are reproduced by
Vlow-k. The latter is a smooth potential that can be
used directly as input for the calculation of shell-
model effective interactions. A detailed description of
our derivation of Vlow-k can be found in [21], where
a criterion for the choice of the cutoff parameter Λ is
also given.We have used here the valueΛ = 2.1 fm−1.
Once Vlow-k is obtained, the calculation of the ma-

trix elements of the effective interaction is carried out
within the framework of the folded-diagram method
outlined above. The key feature of this approach is
that there is no need for G-matrix procedures to
eliminate the effects of a strongly repulsive core, since
Vlow-k can be used directly in the calculation of the
vertex function Q̂-box. The calculation of Q̂, which
is in principle an infinite sum of irreducible diagrams,
can only be made approximately by selecting certain
classes of diagrams. In our calculations, we have in-
cluded in Q̂ all the one-body and two-body diagrams
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
Table 3. Proton single-hole and neutron single-particle
energies (in MeV) for the 100Sn region

π(n, l, j)−1 ε ν(n, l, j) ε

0g9/2 0 1d5/2 0

1p1/2 0.700 0g7/2 0.200

1p3/2 2.100 2s1/2 2.200

0f5/2 3.100 1d3/2 2.300

0h11/2 2.700

up to second order in Vlow-k. For instance, for the
particle–particle case, these are precisely the dia-
grams shown in [24]. In this connection, it should be
pointed out that the proton–neutron matrix elements
for 208Bi, 132Sb, 98Ag, and 102In have been explicitly
derived in the particle–hole formalism. A description
of the derivation of the particle–hole effective interac-
tion is given in [2].
To summarize, there are three main steps in our

derivation of Veff. We first derive the low-momentum
Vlow-k from the CD-Bonn potential, then calculate
the Q̂-box including diagrams up to second order
in Vlow-k, and finally obtain Veff by summing up the
folded diagram series (4) bymeans of the Lee–Suzuki
iteration method.

3. RESULTS AND COMPARISON
WITH EXPERIMENT

In this section, the results of our calculations for
the proton–neutron multiplets around 208Pb, 132Sn,
and 100Sn are presented and compared with the
experimental data. In the first two mass regions, both
proton–neutron hole and proton–neutron multiplets
are considered by studying 208,210Bi and 132,134Sb.
These nuclei, all having only two valence nucleons,
are the most appropriate ones to study the effects of
the proton–neutron interaction. As regards doubly
magic 100Sn, the two immediate odd–odd neighbors
for which some experimental information is presently
available are 98Ag and 102In, both with four valence
nucleons. We have therefore considered these two
nuclei to study the proton hole–neutron multiplets
in this region. We present our results separately for
each mass region in the three following subsec-
tions. All calculations have been performed using the
OXBASH shell-model code [25].

3.1. 208Pb Region: 208Bi and 210Bi

The particle–hole multiplets in 208Bi were long
ago found to exhibit a peculiar behavior [5, 6]; namely,
4
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Fig. 1. Proton particle–neutron hole multiplets in 208Bi. The calculated results are represented by open circles and the
experimental data by solid triangles. The lines are drawn to connect the points.
the states with the minimum and maximum J have
the highest excitation energy, while the state with
next to highest J is the lowest one. As mentioned
in the Introduction, the results of the shell-model
calculations of [7] turned out to be consistent with this
pattern.

In Fig. 1, our results for three multiplets are re-
ported and compared with the experimental data [10].
Note that the energies are relative to the 5+ ground
state, which is a member of the doublet πh9/2νp

−1
1/2.

We see that the calculated energies account for the
pattern of the experimental multiplets, the quantita-
tive agreement being remarkably good with discrep-
ancies well below 100 keV for almost all the states.
It should be pointed out that our calculations give a
better description of the experimental data than the
early realistic calculations of [7].

Let us now come to 210Bi. In Fig. 2, the calculated
πh9/2νg9/2 multiplet (represented by open circles) is
shown and compared with the experimental data [10].
This multiplet shows a breakdown of the Nordheim
strong rule [26] in that the 1− state is the ground
state while the 0− one lies at about 50 keV excitation
energy. We see that our calculation predicts for the
ground state Jπ = 0− with the 1− state at about
150 keV excitation energy. This is, however, the most
significant discrepancy, all other experimental exci-
tation energies being reproduced within a few tens
of keV. As a whole, the pattern of this multiplet as
P

compared to that of the particle–hole multiplets is
still parabolic, but concave downward. Of course, this
stems from the fact that the interaction changes from
repulsive to attractive.

It should be pointed out that the behavior of all
the multiplets considered above is directly related to
the proton–neutron effective interaction since their
members are of almost pure configuration. In this
context, it is quite interesting to study the renor-
malization of the effective interaction, which we have
taken into account through second-order diagrams
in Vlow-k. By way of illustration, we report in Ta-
bles 4 and 5 the diagonal matrix elements of the effec-
tive interaction for the particle–hole πh9/2νf

−1
5/2

and
particle–particle πh9/2νg9/2 configuration, respec-
tively. In both tables, we also show the corresponding
matrix elements of Vlow-k and 〈Vph〉, the latter rep-
resenting the contribution of the particle–hole core-
polarization diagram, the so-called "bubble." Here,
we do not consider the contributions coming from ei-
ther other second-order diagrams or folded diagrams,
both of which we have found irrelevant for the present
discussion. From Table 4, we see that the matrix
elements of Vph, although not very large inmagnitude,
are quite relevant in determining the pattern of the
considered particle–hole multiplet. In fact, they are
repulsive for states with minimum and maximum J
and attractive for J = Jmax − 1. It is worth noting
that the repulsive contribution to the Jmax state is
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 2. Proton–neutron πh9/2νg9/2 multiplet in
210Bi. The calculated results are represented by open circles and squares (see

text for comments) and the experimental data by solid triangles. The lines are drawn to connect the points.
essential to place it above the state with J = Jmin + 1.
For the particle–particle case, Table 5 shows that the
core-polarization contribution is essentially repulsive,
except for the Jπ = 1− state. This goes in the right
direction, as it reduces the spacing between the 1−

and 0− states. However, as is evident from Fig. 2, it
is not sufficient to produce the inversion of these two
states.

On these grounds, we have found it interesting to
modify our effective interaction for 210Bi by simply
increasing the diagonal matrix elements of Vph for
the πh9/2νg9/2 configuration. It turns out that all the
calculated energies go in the right direction, a factor
of 2.6 being sufficient to give the correct ground state.
The results of this calculation (represented by open

Table 4. Diagonal matrix elements of Veff, Vlow-k, and Vph
(in MeV) for the πh9/2νf

−1
5/2 configuration in 208Bi

J 〈Veff〉 〈Vlow-k〉 〈Vph〉
2 0.479 0.512 0.102

3 0.140 0.194 –0.008

4 0.069 0.129 –0.027

5 0.071 0.091 –0.001

6 –0.020 0.044 –0.055

7 0.151 0.082 0.087
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
squares) are shown in Fig. 2. It can be seen that they
practically overlap the experimental ones.

3.2. 132Sn Region: 132Sb and 134Sb

The particle–hole and particle–particle nuclei
132Sb and 134Sb play in the 132Sn region the role
played by 208Bi and 210Bi in the 208Pb region. In this
connection, it is worth mentioning that the resem-
blance between the spectroscopy of these two regions
has been emphasized in several recent papers [27].

Table 5. Diagonal matrix elements of Veff, Vlow-k, and Vph
(in MeV) for the πh9/2νg9/2 configuration in 210Bi

J 〈Veff〉 〈Vlow-k〉 〈Vph〉
0 –0.524 –0.514 0.020

1 –0.426 –0.333 –0.093

2 –0.250 –0.306 0.053

3 –0.179 –0.174 –0.002

4 –0.089 –0.153 0.065

5 –0.117 –0.138 0.025

6 –0.027 –0.084 0.061

7 –0.126 –0.157 0.034

8 0.015 –0.038 0.059

9 –0.275 –0.286 –0.003
4
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Fig. 3. As in Fig. 1, but for 132Sb.
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Fig. 4. As in Fig. 2, but for the πg7/2νf7/2 multiplet in
134Sb.
The nucleus 132Sb has been the subject of our
study of [2], to which we refer for details. Some mul-
tiplets have been also reported in [28] together with
some results for 134Sb. For completeness, we re-
port in Fig. 3 the πg7/2νd

−1
3/2 and πg7/2νh

−1
11/2 mul-

tiplets in 132Sb, while Fig. 4 shows our results for
the πg7/2νf7/2 multiplet in 134Sb. Note that these
multiplets are just the counterparts of those consid-
ered above for 208Bi and 210Bi (aside from the doublet
πg9/2νp

−1
1/2). Comments on the behavior of the multi-

plets as well as on the quality of agreement between
theory and experiment can be found in [2, 28]. In
the latter paper, the diagonal matrix elements of Veff,
Vlow-k, and Vph for the πg7/2νd

−1
3/2 and πg7/2νf7/2

configurations are reported. We emphasize here that
the particle–hole and particle–particle matrix ele-
PH
ments of the effective interaction in the 132Sn region
show the same features as those evidenced above
for the 208Pb region. In particular, we have found
that, also in this case, the core-polarization plays a
significant role, but it is not sufficient to give the
right spacing between the 0− and 1− states in the
particle–particle multiplet of 134Sb (see Fig. 4). We
have then modified the effective interaction by mul-
tiplying the diagonal matrix elements of Vph for the
πg7/2νf7/2 configuration by the same factor used for
210Bi. The corresponding results are represented by
open squares in Fig. 4, where we see that they are in
excellent agreement with experiment.

3.3. 100Sn Region: 98Ag and 102In
In the 100Sn region, the counterpart of 208Bi and

132Sb is 100In, which until now has not been ac-
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 5. Proton hole–neutron particle πg−1
9/2

νd5/2 multi-

plet in 98Ag. The conventions of the presentation are the
same as those used in Fig. 1.

cessible to spectroscopic studies. We have therefore
considered the two neighboring odd–odd isotopes
98Ag and 102In, focusing attention on the πg−1

9/2νd5/2

multiplet, for which some experimental information is
available. The members of the calculated multiplet in
both nuclei have been identified as those dominated
by this configuration with the two remaining valence
nucleons forming a zero-coupled pair. In Figs. 5 and
6, we report the results of our calculations for 98Ag
and 102In, respectively, and compare them with the
experimental data [10]. We see that the agreement
between experiment and theory is of the same quality
as that obtained in the 208Pb and 132Sn regions, the
largest discrepancy being 130 keV for the 5+ state in
98Ag. The pattern of the calculated multiplets turns
out to be similar to that of the multiplets in 208Bi
and 132Sb. However, we find that the percentage of
components other than those we have considered
to characterize the multiplet is rather large. For in-
stance, it reaches about 60% for the 7+ state in 102In.

Table 6. Diagonal matrix elements of Veff, Vlow-k, and Vph
(in MeV) for the πg−1

9/2νd5/2 configuration in 100In

J 〈Veff〉 〈Vlow-k〉 〈Vph〉
2 0.994 0.891 0.197

3 0.328 0.335 0.020

4 0.171 0.249 –0.038

5 0.196 0.175 0.021

6 –0.007 0.112 –0.102

7 0.487 0.205 0.244
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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A detailed discussion of the structure of the calculated
states will be included in a forthcoming publication.
The diagonal matrix elements of the effective

interaction for the proton hole–neutron particle
πg−1

9/2νd5/2 configuration are reported in Table 6,
where we see that their behavior is quite similar to
that occurring in the heavier mass regions.

4. SUMMARY AND CONCLUSIONS

We have presented here some results of a shell-
model study of odd–odd nuclei in the close vicinity to
doubly magic 208Pb, 132Sn, and 100Sn, where use has
been made of realistic effective interactions derived
from the CD-BonnNN potential.
The main aim of this work has been to gain insight

into the effects of the proton–neutron interaction on
the pattern of the particle–hole and particle–particle
multiplets. To this end, we have made a detailed
comparison between the calculated results and the
available experimental data as well as an analysis of
the proton–neutron matrix elements of our effective
interaction. It has turned out that the core polariza-
tion is essential for the effective interaction to produce
a good description of all considered nuclei. In this
context, we have found out that some discrepancies
for the particle–particle multiplets in both 210Bi and
134Sb are removed when the core polarization contri-
bution is increased by a factor of 2.6. This is likely to
be traced to the coupling of the single-particle motion
to the octupole excitation in 208Pb and 132Sn.
A relevant outcome of our calculations is that for

all the particle–hole multiplets the Jmin and Jmax
states have the highest excitation energy, while the
state with next to the highest Jmax is the lowest,
in agreement with the predictions of the Brennan–
Bernstein coupling rule [29].
In summary, we may conclude that the results

of the present study show that realistic shell-model
4
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calculations are able to describe with quantitative
accuracy the effects of the proton–neutron interac-
tion around closed shells, which gives confidence in
their predictive power. This is of particular value for
nuclei in the 132Sn and 100Sn regions, for which it
is of utmost importance to gain more experimental
information.
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Relativistic Description of Exotic Nuclei and Nuclear Matter
at Extreme Conditions*

J. Meng**, S. F. Ban, J. Li, W. H. Long, H. F. Lü, S. Q. Zhang, W. Zhang, and S.-G. Zhou
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Abstract—Recent works on the relativistic description of exotic nuclei and nuclear matter at extreme
conditions are reviewed.New parameter sets for the Lagrangian density in the relativistic mean field (RMF)
theory, PK1, PK1r, and PKDD are proposed with the center-of-mass correction included in a microscopic
way. The density-dependences of effective interactions in RMF for nuclear matter and neutron stars are
discussed. They are able to provide an excellent description not only for the properties of nuclear matter
and neutron stars, but also for the nuclei near or far from the beta-stability line, including halos and giant
halos at the neutron drip line in nuclei and hypernuclei. As a step toward the investigation of deformed
nuclei close to the drip line, the Woods–Saxon basis has been suggested to replace the widely used
harmonic oscillator basis for solving the RMF equations. Based on the two-neutron separation energy, shell
correction energy, and effective pairing gaps, etc., new magic numbers for superheavy nuclei are suggested.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

A widely used and successful approach for de-
scribing properties of nuclear matter and finite nuclei
is the relativistic mean field (RMF) theory [1]. It has
been used not only for describing the properties of
nuclei near the valley of stability successfully [2], but
also for predicting the properties of exotic nuclei with
large neutron or proton excess [3, 4]. Based on the
RMF theory and its generalization, some works on
the relativistic description of exotic nuclei and nu-
clear matter at extreme conditions have been done at
Peking University, including the following:

1. The ground state properties including the ra-
dius, density distribution, and one-neutron separa-
tion energy for C, N, O, and F isotopes up to the neu-
tron drip line have been systematically studied using
the self-consistent microscopic relativistic contin-
uum Hartree–Bogolyubov (RCHB) theory. With the
proton density distribution thus obtained, the charge-
changing cross sections for C, N, O, F, and Na iso-
topes are calculated using the Glauber model. Good
agreement with the data has been achieved [5, 6].

2. We study the proton magic O, Ca, Ni, Zr, Sn,
and Pb isotope chains from the proton drip line to the
neutron drip line with the RCHB theory. Halos and
giant halos in Ca isotopes with A > 60 and Ne–Na–
Mg drip line nuclei are investigated [7, 8].

∗This article was submitted by the authors in English.
**e-mail: mengj@pku.edu.cn
1063-7788/04/6709-1619$26.00 c©
3.Based on the systematic investigation of the da-
ta available for nuclei withA ≥ 40, aZ1/3 dependence
for the nuclear charge radius is shown to be superior
to the generally accepted A1/3 law. A new isospin
dependent Rc/Z

1/3 formula for the nuclear charge
radius is proposed [9].

4. The Woods–Saxon (WS) basis is suggested to
replace the widely used harmonic oscillator basis for
solving the RMF equations in order to be generalized
to study exotic nuclei [10, 11].

5. Structure and synthesis for superheavy ele-
ments based onRMF theory and research on nuclides
beyond the drip line have been done [12, 13].

6.We also investigate the hyperon–nucleon inter-
action and the existence of hyperon halos and neu-
tron halos in hypernuclei [14–16], as well as neutron
stars [17–20].

7. Based on the Dirac equation, we have discussed
the exact pseudospin symmetry in the particle chan-
nel and also spin symmetry in the antiparticle chan-
nel [21–24].

8. The difference of spectral statistics properties
between single-j and two-j shell models has been
studied in the framework of the cranking model and
the particle-rotor model. The chiral doublets for nu-
clei in the A ∼ 100 and A ∼ 130 regions have been
studied with the particle-rotor model [25, 26].

In this paper, we will present our new parameter
sets for the Lagrangian density in RMF theory, PK1,
PK1r, and PKDD, together with their description for
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. The microscopic center-of-mass correction in comparison with phenomenological ones.
nuclear matter and neutron stars, halos and giant
halos at the neutron drip line, the RMF theory in
theWoods–Saxon basis, and new magic numbers for
superheavy nuclei.

2. NEW EFFECTIVE INTERACTIONS
IN RMF THEORY

In the mean field theory, the effective interactions
are adjusted to reproduce various properties of nu-
clear matter and finite nuclei. A number of effec-
tive interactions of meson–baryon couplings based
on the RMF theory have been developed, including
nonlinear self-couplings for the σ meson or ω meson,
such as NL1 and NL2 [27], NL3 [28], NLSH [29],
and TM1 and TM2 [30]. These nonlinear interactions
have problems of stability at high densities, as well as
the question of their physical foundation [27]. A more
natural alternative is to introduce a density depen-
dence in the couplings [31]. Based on the results of the
Dirac–Brueckner theory, Typel and Wolter proposed
the density-dependent effective interaction TW-99
and expected that the model could be extrapolated
to nuclear matter at extreme conditions of isospin
and/or density [31]. Along this line, Nikšić et al. de-
veloped another effective interaction, DD-ME1 [32].

Along the β-stability line, NL1 gives excellent
results for binding energies and charge radii. Far away
from the stability line, the results are less satisfactory
due to the large asymmetry energy a � 44 MeV.
In addition, the calculated neutron skin thickness
shows systematic deviations from the data. NLSH
produces an asymmetry energy a � 36 MeV while
giving a slight overbinding along the line of beta
stability. It also fails to reproduce the superdeformed
minima in Hg isotopes. For the nuclear matter in-
compressibility, NL1 predicts K = 212 MeV, while
PH
K = 355 MeV for NLSH. Both fail to reproduce the
isoscalar giant monopole resonances for Pb and Zr
nuclei. As an improvement, the effective interactions
NL3 and TM1 provide reasonable incompressibil-
ity, KNL3 = 271.7 MeV and KTM1 = 281.16 MeV,
and asymmetry energy (aNL3 = 37.4 MeV, aTM1 =
36.89 MeV), but they give a fairly small saturation
density, ρNL3 = 0.148 fm−3 and ρTM1 = 0.145 fm−3.
One should note that, in all these parametrizations,
the center-of-mass corrections are treated in a phe-
nomenological way. In Fig. 1, themicroscopic center-
of-mass correction from the RCHB calculation [3, 4]
for proton magic isotopes is shown in comparison
with usual phenomenological estimates. Systematic
deviations can be seen.

As the effective interaction without nonlinear ω
terms leads to a strong repulsive potential for nu-
clear matter at high density, new effective interac-
tions with nonlinear ω self-coupling (PK1) and also
nonlinear ρ self-coupling (PK1r) have been devel-
oped. The microscopic estimates for the center-of-
mass corrections have been improved by the fitting
of new effective interactions. Following the density-
dependent interaction TW-99 and DD-ME1, PKDD
is also proposed as shown in Tables 1 and 2. In the
parametrization, the masses of some spherical nuclei
and the incompressibility K, the saturated density
ρsat, and the symmetry energy asym of nuclear matter
are included (the details can be seen in [33]).

3. NUCLEAR MATTER AND NEUTRON
STARS

Using PK1, PK1r, and PKDD together with NL1
and NL2 [27], NL3 [28], NLSH [29], TM1 and TM2
[30], GL-97 [34], and the density-dependent param-
eter sets TW-99 [31] and DD-ME1 [32], the density
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004



RELATIVISTIC DESCRIPTION OF EXOTIC NUCLEI 1621
Table 1. The nonlinear effective interactions PK1, PK1r, and density-dependent effective interactions PKDD in compar-
ison with TM1, NL3, TW-99, and DD-ME1

PK1 PK1r PKDD TM1 NL3 TW-99 DD-ME1

Mn 939.5731 939.5731 939.5731 938 939 939 938.5000

Mp 938.2796 938.2796 938.2796 938 939 939 938.5000

mσ 514.0891 514.0873 555.5112 511.198 508.1941 550 549.5255

mω 784.254 784.2223 783 783 782.501 783 783.0000

mρ 763 763 763 770 763 763 763.0000

gσ 10.3222 10.3219 10.7385 10.0289 10.2169 10.7285 10.4434

gω 13.0131 13.0134 13.1476 12.6139 12.8675 13.2902 12.8939

gρ 4.5297 4.55 4.2998 4.6322 4.4744 3.661 3.8053

g2 −8.1688 −8.1562 0 −7.2325 −10.4307 0 0.0000

g3 −9.9976 −10.1984 0 0.6183 −28.8851 0 0.0000

c3 55.636 54.4459 0 71.3075 0 0 0.0000

d3 0 350 0 0 0 0 0

Table 2. Density-dependent parameters of PKDD for meson–nucleon coupling in comparison with TW-99 and
DD-ME1

aσ bσ cσ dσ aω bω cω dω aρ

PKDD 1.327423 0.435126 0.691666 0.694210 1.342170 0.371167 0.611397 0.738376 0.183305

TW-99 1.365469 0.226061 0.409704 0.901995 1.402488 0.172577 0.344293 0.983955 0.515000

DD-ME1 1.3854 0.9781 1.5342 0.4661 1.3879 0.8525 1.3566 0.4957 0.5008
dependences of various effective interaction strengths
in RMF are studied and carefully compared in nuclear
matter and neutron stars [35].

In Fig. 2, the dependences of the effective interac-
tion strengths for gσ (top), gω (middle), and gρ (bot-
tom) in nuclear matter as a function of the nuclear
density are shown. Without otherwise stating, we
label the curves in the figures from top to bottom in
order from left to right. The shadowed area corre-
sponds to the empirical value of the saturation point
in nuclear matter, that is, Fermi momentum kF =
1.35 ± 0.05 fm−1 or density ρ = 0.166 ± 0.018 fm−3.
For the nonlinear effective interaction, the "equiva-
lent" density dependence of the effective interaction
strengths for σ, ω, and ρ is extracted from the meson
field equations according to

gσ(ρ) = gσ + U ′(σ)/ρs = gσ + (g2σ
2 + g3σ

3)/ρs,
(1)

gω(ρ) = gω − U ′(ω)/ρ = gω − (c3ω3)/ρ, (2)

gρ(ρ) = gρ. (3)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
For the σ meson, TW-99 and DD-ME1 are quite
different from the other strengths in either magnitude
or slope. In particular, the strength in TW-99 and
DD-ME1 for the density interval in Fig. 2 is almost
two times larger than that of GL-97. Quite differ-
ent results can also be seen at the empirical nuclear
matter densities. For the ω meson, except TW-99,
DD-ME1, TM1, and TM2, all the other strengths
are density-independent. However, the strengths are
closer to each other at the empirical saturation density
than that of the σ meson, although large differences
can also be seen at low density. For the ρ meson,
which describes the isospin asymmetry, the strengths
for TW-99 and DD-ME1 show a strong density de-
pendence in contrast with the other parameter set;
PK1, PK1r, and PKDD are just in between.

The interaction strengths as a function of the
baryon density for neutron star matter are given in
Fig. 3. We do not include NL2 and TM2 here as
they are mainly used in light nuclei. At low density,
ρ < 0.3 fm−3, Fig. 3 is similar to Fig. 2. For the
scalar meson, the interaction strengths of TW-99,
4
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DD-ME1, TM1, and GL-97 decrease with the
baryon density in similar slopes. For NL1, NL3,
and NLSH, the interaction strengths decrease with
baryon density for ρ < 0.2 fm−3, then increase af-
terwards. For the vector ω meson, the interaction
strengths of TW-99, DD-ME1, and TM1 decrease
with the baryon density. For σ and ω mesons, the
strength for PKDD is in between FTW-99 and
DD-ME1, while PK1 and PK1r show a similar trend
as TM1. For the isospin-vector ρ meson, the inter-
action strengths of TW-99 and DD-ME1 decrease
dramatically with baryon density and do not coincide
with the others at saturated density. PKDD gives a
value in between.

The binding energy per nucleon, EB/A = ε/ρ−
m, is also investigated for pure neutron matter, sym-
metric nuclear matter, and neutron stars; more details
can be found in [33].

In order to study the structure of neutron stars,
we must investigate the equation of state (EOS). At
low density, neutron stars consist mainly of neutrons.
As the density increases, high-momentum neutrons
β decay into protons and electrons (n↔ p + e− +
ν̄e). When the above reaction reaches equilibrium,
the chemical potentials satisfy the relation µp = µn −
µe [35]. The stiffer the EOS, the larger the mass
that can be sustained against collapse. There are two
limits. One is that the EOS is as stiff as allowed by the
causal constraint ∂p/∂ε ≤ 1 and the limiting mass is
just over 3M�. The other corresponds to a very soft
EOS by assuming that dense matter consists merely
PH
of a free Fermi gas of neutrons, protons, and leptons
in equilibrium and the limiting mass is about 0.7M�.
Any realistic model involving nuclear forces should be
within these two limits. Here, the EOS calculated by
different effective interactions is given in Fig. 4. GL-
97 gives the softest EOS due to its smallest interac-
tion strength. TW-99 and DD-ME1 give softer EOS
than those of NL1, NL3, and NLSH. The EOS of
TM1, which includes nonlinear self-coupling of both
σ and ω mesons, is very close to those of TW-99 and
GL-97. PKDD is similar asDD-ME1, while PK1 and
PK1r are close to TM1 and TW-99.

For a given EOS, the Oppenheimer–Volkoff (OV)
equation has a unique solution which depends on
a single parameter characterizing the conditions of
matter at the center. In Fig. 5, the central density
(top) and radius (bottom) vs. maximum mass for
neutron star for different interactions are shown.
The OV limits calculated from different EOS are
2−3M�, and the corresponding radii are 10−14 km.
The results calculated by DD-ME1 and TW-99,
respectively, are 2.563M�, 12.552 km and 2.2325M� ,
11.24 km, which are similar to those of TM1 and
obviously smaller than those given by NL1, NL2, and
NLSH. GL-97 gives the minimumOV limit and radii
2.0425M� and 10.732 km. The results of PK1, PK1r,
and PKDD are between TM1, TW-99, and DD-ME1
and TW-99. The introduction of nonlinear ω terms
can soften the EOS.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004



RELATIVISTIC DESCRIPTION OF EXOTIC NUCLEI 1623

 

2

0 0.3

 
g

 
σ

 

Baryon density 

 

ρ

 

, fm

 

–3

 

6

9

2

6

14
 

g
 

ω
 

g
 

ρ
 

TW-99 DD-ME1
NLSH

NL3NL1

TM1

GL-97

PK1r
PKDD

 

0.6 0.9

4

12

15

10

 

NL1 NLSH NL3

DD-ME1

TW-99
GL-97

TM1

NLSHNL3NL1 TM1

DD-ME1
TW-99

GL-97

PK1

Fig. 3. Similar to Fig. 2, but for neutron star matter.

 

0 400
Energy density 

 

ε

 

, MeV fm

 

–3

NL1

PK1r
PKDD

 

800 1200

200

 

NLSH

NL3

DD-ME1

TW-99

GL-97

TM1

PK1

 

400

600

Pressure 
 

p
 

, MeV fm
 

–3

Fig. 4. EOS p vs. ε for neutron star for different effective
interactions (as marked in figure).

4. HALOS AND GIANT HALOS

We calculate the even–even nuclei of Pb iso-
tope chains with the newly obtained parameter sets.
Shown in Fig. 6 are differences between the predic-
tions of PK1, PK1r, and PKDD for Pb isotopes and
the data [36]. For comparison, the results of TM1,
NL3, TW-99, and DD-ME1 are also shown. All the
results are calculated with RCHB theory [3]. The
pairing correlations are considered self-consistently
for zero-range δ force. The microscopic center-of-
mass correction is used in all the calculations.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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The newly obtained effective interactions PK1,
PK1r, and PKDD provide a good descriptions of
the masses for Pb isotope chains. In Fig. 6, all the
effective interactions overestimate the binding energy
at the beginning of the isotope chain, while from
190Pb to 210Pb the newly obtained interactions give
better descriptions than all the others. Similar cases
can also be seen for the other proton magic isotope
chains.
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Figure 7 shows the single-particle energies of
208Pb calculated with the newly obtained parameter
sets PK1, PK1r, and PKDD. The results obtained
with TM1, NL3, TW-99, and DD-ME1 are also
given for comparison. The experimental values are
extracted from one-nucleon separation energies [36].
Good agreement with the data can be found for
the single-particle energies near the shell gap. The
order of levels is well described by the new effective
interactions except some special case, which exists
for all the effective interactions.

From the binding energies, we can extract the
systematics in the two-neutron separation energies
S2n = EB(N,Z)−EB(N − 2, Z). In Fig. 8, the sys-
tematic behavior of two-neutron separation energies
with neutron number, predicated by the new effective
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PH
interactions PK1 and PKDD, is shown. As is seen
from these figures, the newly obtained interactions
give a good description for two-neutron separation
energies. Here, all the theoretical results are from
RCHB theory [3]. The interesting phenomena of the
so-called giant halo predicted in Ca and Zr isotopes
near the neutron drip line [3, 7, 8, 14–16] exist also
for these new interactions.

5. RMF IN THE WOODS–SAXON BASIS

Although the RCHB theory has achieved success
in describing the exotic nuclei near the drip line, the
deformation is not included there. For deformed nu-
clei, working in r space becomes much more difficult
and numerically very sophisticated [10]. A reconciler
between the HO basis and r space may be the WS
basis because (i) the WS potential represents the nu-
clear average field more suitably than the HO poten-
tial and (ii) in principle there is no localization restric-
tion in the WS potential. In [11], we have solved the
spherical relativistic Hartree theory in the Woods–
Saxon basis (SRHWS). The Woods–Saxon basis is
obtained by solving either the Schrödinger equation
(SRHSWS) or the Dirac equation (SRHDWS). The
formalism and numerical details for both cases can be
found in [11]. The WS basis in the SRHDWS theory
is much smaller than that in the SRHSWS theory.
This will largely facilitate the deformed problem.

The results for 72Ca from SRHWS are compared
with those from solving the spherical relativistic
Hartree theory in the harmonic oscillator basis,
SRHHO, and those in the coordinate space, SRHR.
For stable nuclei, all approaches give identical results
for properties such as total binding energies and
the neutron, proton, and charge rms radii as well
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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as neutron density distributions. For neutron drip
line nuclei, e.g., 72Ca, which has a very small neu-
tron Fermi energy λn ∼ 0.2 MeV, both SRHR and
SRHWS easily approach convergence by increasing
the box size, while SRHHO does not. Furthermore,
SRHWS can satisfactorily reproduce the neutron
density distribution from SRHR, but SRHHO fails
with similar cutoffs, as shown in Fig. 9.

In SRHDWS calculations, negative energy states
in the Dirac sea must be included in the basis in
terms of which nucleon wave functions are expanded.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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Fig. 10. Magic number for proton Z and neutron N in
superheavy nuclei. The available observed and also the
calculated nuclei are shown, respectively, as filled points
and the shaded area.

We studied in detail the effects and contributions of
negative energy states. Without the inclusion of neg-
ative energy levels, the calculated nuclear properties
depend on the initial potentials. A small component
from negative energy states in the wave functions,
about 10−4−10−5, contributes to the physical ob-
servables such as E/A and rrms by 1–10% in mag-
nitude. When the initial potentials differ more from
the converged ones, the contribution from negative
energy levels becomes more important. It can be
concluded that the WS basis provides a compromise
between the harmonic oscillator basis and the coor-
dinate space which may be used to describe exotic
nuclei both properly and efficiently [11]. The extension
of the relativistic Hartree theory in theWoods–Saxon
basis to deformed cases with pairing correlations in-
cluded is in progress.

With this experience, we also find the relation
between the spin and pseudospin symmetry in the
spectrum of single nucleons and single antinucleons
in a nucleus [24]. Using RMF theory to investigate
single-antinucleon spectra, we find a very well devel-
oped spin symmetry in single-antineutron and single-
antiproton spectra. The dominant components of the
wave functions of the spin doublet are almost iden-
tical. This spin symmetry in antiparticle spectra and
the pseudospin symmetry in particle spectra have the
same origin [21–24]. However, it turns out that the
spin symmetry in antinucleon spectra is much better
developed than the pseudospin symmetry in normal
nuclear single-particle spectra.

Based on the two-neutron separation energy, shell
correction energy, and effective pairing gaps, etc.,
4
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from RCHB theory with the available effective in-
teraction, new magic numbers for superheavy nuclei
Z = 120, 132, and 138,N = 172, 184, 198, 228, 238,
258 are suggested as shown in Fig. 10. The properties
and the shell correction effects at equilibrium and the
saddle point of these nuclides are obtained. The cross
sections of cold fusion were estimated by applying
the structure information obtained above.Work along
this line will be published soon.

6. SUMMARY

The new effective interactions PK1, PK1r, and
PKDD are proposed. They are able to provide an
excellent description not only for the properties of
nuclear matter and neutron stars, but also for nuclei
in the nuclear chart from the proton to the neutron
drip line, including halos and giant halos at the neu-
tron drip line in nuclei and hypernuclei. As a step to
describe the deformed nuclei close to the drip line, the
Woods–Saxon basis has been suggested to replace
the widely used harmonic oscillator basis for solving
the RMF theory by solving either the Schrödinger
equation or the Dirac equation. Based on the system-
atic calculation from RCHB theory [3], new magic
numbers Z = 120, 132, and 138, N = 172, 184, 198,
228, 238, 258 for superheavy nuclei are suggested.
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Abstract—Experimental studies of neutron drip line nuclei are introduced. The neutron drip line in the
oxygen–magnesium region has been explored by the projectile fragmentation of a 48Ca beam. New
neutron-rich isotopes, 34Ne and 37Na, have been observed together with some evidence for the particle
instability of 33Ne and 36Na. Recent data on mass measurements of neutron-rich nuclei at GANIL and
some characteristics of binding energies in this region are discussed. Nuclear binding energies are very
sensitive to the existence of nuclear shells, and together with the measurements of instability of doubly
magic nuclide 28O, they provide information on changes in neutron shell closures of very neutron-rich iso-
topes from carbon up to calcium. The conclusion about a rearrangement in neutron shell closures is given.
The spectroscopic measurements can reveal details of the underlying microscopic structures; in-beam γ-
ray spectroscopy is an effective tool to check for shell closures. The results on the γ-ray energies of the first
2+ level in even–even nuclei for the range N = 12–32 are discussed. The strength of N = 20 and N = 28
shells is variable in the region from carbon up to magnesium. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The study of the properties of neutron-rich nuclei
far from stability is one of the most exciting areas of
modern research in nuclear physics. The progress in
our knowledge of the properties of these nuclei has
enormously broadened because of the new radioactive
ion beam facilities and the development of very so-
phisticated fragment separators. One interesting fea-
ture has been found in the region of the light neutron-
rich nuclei. As was established in 1975 [1], neutron-
rich nuclei with N ∼ 20 constitute a good exam-
ple of shape coexistence of spherical and deformed
configurations. In the framework of the shell model,
the deformed ground state for nuclei with N = 20
(for example, 32Mg) is a consequence of the strong
correlation energy of 2p−2h neutron excitations from
the sd to the pf shell. It was suggested that the
extra binding energy was gained by the deformation
associated with the particle–hole excitation across
the N = 20 shell gap. If a nucleus gains binding
energy through deformation, the drip line extends
farther than expected for a closed shell. Recent exper-
iments at GANIL [2] and RIKEN [3] were dedicated
to the study of the stability of neutron-rich nuclei
with Z > 7 and around N = 20. The variation of the
shell gap and deformation as a function of N and
Z could be a major challenge. Modern radioactive

∗This article was submitted by the authors in English.
**e-mail: lukyanov@main1.jinr.ru
1063-7788/04/6709-1627$26.00 c©
nuclear beam facilities allow one to produce and study
intense beams of very neutron-rich nuclei, previously
unavailable. The aim of the experiments was to study
the particle stability of these nuclei; their masses,
which constitute the basic knowledge of the nucleus;
and their spectroscopic characteristics.

2. PARTICLE STABILITY
OF NEUTRON-RICH NUCLEI AROUND

N = 20 AND N = 28
Among the recent experiments dedicated to ex-

plore the neutron drip line in the region of elements
from O to Mg, one could mention those on the par-
ticle instability of the neutron-rich oxygen isotopes
26,28O [4–6] and on the discovery of the particle sta-
bility of 31Ne [7] and 31F [2, 8]. The appearance of
a so-called “island of inversion” with respect to the
particle stability of isotopes has been claimed through
various theoretical predictions. A particular feature
in this region is the progressive development of a
deformation in spite of the expected effect of spherical
stability due to the magicity of the neutron number
N = 20 [9–12]. It was argued that the deformation
might lead to enhanced binding energies in some of
yet undiscovered neutron-rich nuclei.

The question of the possible stability of the doubly
magic nucleus 28O has recently attracted much at-
tention, even though the particle instability of 25,26O
beyond 24O has been clearly shown by the experi-
ments [4, 6]. The expectation for 28O to be stable
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Two-dimensional A/Z vs. Z plot, which was
obtained in the reaction of a 94.1 A MeV 40Ar beam on
a 690-mg/cm2 tantalum target during a 4-day run. The
new isotope 31F is clearly visible (eight events). No events
associated with 25N and 28O or with 24N, 25,26,27O, and
30F were obtained. In the case of the particle stability of
28O or 25N, the associate events are expected to appear
inside the ellipses. The dashed curves are drawn to guide
the eye for the isotopes with the same neutron numbers,
N = 2Z + 2 and N = 2Z + 4.

stems from an enhanced stability anticipated from the
double magicity or the deformation. The stability of
28O has been discussed in several theoretical papers,
which, however, yielded conflicting results. Recently,
an attempt to search for 28O has been made by using
a 36S beam [5]. No events of 28O were observed,
and the particle instability of 28O was concluded from
a comparison with the larger estimated yield in the
case of the particle bound character of 28O. Such a
yield estimate was made by means of an extrapolation
method using the results of heavier isotones of N =
20. In order to reduce possible uncertainty, use of
an interpolation method, which was once applied for
the first evidence for the instability of 26O, should be
desirable. The puzzle of the instability of the doubly
magic nuclide 28O becomes more intriguing regard-
ing the next experiments to be performed. The recent
discoveries of the particle stability of 31Ne [7] and
31F [2, 8], in contrast to most of the mass predic-
tions, have motivated us to reexamine the location
of the fluorine drip line. The production cross sec-
tion of 31F was then obtained to be about 0.15 ±
PH
0.06 pb. A two-dimensional A/Z vs. Z plot is shown
in Fig. 1. The new isotope 31F is clearly visible (eight
events). No events associated with 25N and 28O or
with 24N, 25,26,27O, and 30F were obtained. In the
case of the particle stability of 28O or 25N, the asso-
ciate events are expected to appear inside the ellipses.
The dashed curves in Fig. 1 are drawn to guide the
eye for the isotopes with the same neutron numbers
N = 2Z + 4. The absence of events corresponding to
the 25,26,27,28O isotopes as well as 24,25N and 30F is
clearly confirmed. For instance, in the case of the par-
ticle stability of 28O or 25N, the associate events are
expected to appear inside the ellipses in Fig. 1, while
no events were found in those domains. The particle
stability of 31F gives strong evidence on the onset of
deformation in the region. One may underline that the
drip line for the fluorine–magnesium elements could
move far beyond the presently known boundaries.

The drip line for C, N, and O isotopes is consistent
with the closure of the 2s1/2 orbital. Particle insta-
bility of the 26,28O isotopes indicates that the 1d3/2

orbital energy is not low enough to bind nuclei. The
additional proton makes the neutron potential deeper.
For the fluorine isotopes, neutrons can fill completely
the 1d3/2 orbital for 29F, and the 1f7/2 orbital starts
to fill in 31F. Therefore, there is a great interest in
studying nuclei in the region of the neutron closure
N = 28. Experimentally, the properties of 44S have
been studied and it was concluded that the ground
state of 44S is deformed. This result suggested a
significant breaking of the N = 28 closure for nuclei
near 44S. We present the results of our attempt to de-
termine the neutron drip line for the Ne–Mg isotopes
in the region of the neutron numbers N = 20−28. In
particular, our experiment [2] was dedicated to the
direct observation of the 31F, 34Ne, 37Na, and 40Mg
nuclei.

The result of this experiment is shown in Fig. 2
(double dimensional matrix Z value vs. A/Z). The
new isotopes 34Ne (two events) and 37Na (one event)
are clearly visible. The discovery of 31F [8] is also
confirmed. No events which could be attributed to
33Ne, 36Na, and 40Mg were observed.

Production cross section values for very neutron-
rich fragments (31F, 34Ne, and 37Na) are given in
Fig. 3. The calculated estimates of the production
cross sections for these fragments are given by the
dashed curve. The most interesting nuclide in this
region is 40Mg, which is probably not bound since no
counts have been observed. We estimated the upper
limit for the production cross section of 40Mg to be
less than 0.06 pb. However, the present results do
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 2. Two-dimensional A/Z vs. Z plot, which was obtained in the reaction of a 58.9 A MeV 48Ca beam on a 161-mg/cm2

tantalum target during a 2.5-day run. The new isotopes 34Ne (two events) and 37Na are clearly visible. No events associated
with 33Ne, 36Na, and 40Mg were observed.
not allow drawing a definite conclusion on the insta-
bility of 40Mg; this is also supported by the trend of
the calculated yield in Fig. 3. The production cross
section for 34Ne and 37Na was estimated to be about
0.17 and 0.06 pb, respectively. The cross section for
31F is estimated to be about 0.7 pb. This value for the
production of 31F in the reaction 59.8A MeV 48Ca +
natTa is about 5 times higher than that in the reaction
94.1 A MeV 40Ar + Ta [8].

From the theoretical point of view, the descrip-
tion of the light nuclei in the sd−pf shells is still a
problem. In particular, the calculation of the binding
energy for the very neutron-rich isotopes of O, F,
Ne, and Na is a real challenge. There are various
theoretical calculations {viz., the finite-range liquid
drop model (FRLD) [13], versions of the shell model
(SM) [14–16], relativistic mean field theory [17], and
the Hartree–Fock approach [18]} that predict differ-
ent position of the neutron drip line in this region.
For instance, the FRLD model gives a very strong
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
binding energy for 40Mg. In the framework of this
model one- and two-neutron separation energies are
even above 3.4 MeV. One may note that the FRLD
model gives correct predictions for the stability of
31Ne and 31F, implying nuclear deformation effects
for both the macroscopic and the microscopic parts.
According to the shell model predictions [15], the
last bound isotopes are 24O, 27F, 34Ne, 37Na, 38Mg,
and 43Al. However, slight changes of the drip line
cannot be excluded since 37Na was predicted to be
bound only by 250 keV, while 31F, 40Mg, and 43Al
are unbound by 145, 470, and 550 keV, respectively.
According to another SM calculation [14], 26O, 34Ne,
and 40Mg are the last stable isotopes against two-
neutron emission, as indicated by their maximal bind-
ing energy. Both SM and HF calculations for even-
mass O, Ne, and Mg indicate a disappearance of shell
magic numbers and suggest an onset of deformation
and a shape coexistence in this region. The stabil-
ity/instability of the present nuclei can be explained
4
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by taking into account various degrees of mixing in
the sd and fp shells, which are related to the deforma-
tion effects. According to our results, the neutron drip
line is extended beyond N = 20 and reaches N = 24
for neon and even N = 26 for sodium isotopes as a
consequence of the mixing of the d3/2 and f7/2 states,
while the N = 20 shell closure disappears. A conclu-
sion about the vanishing of N = 28 and appearance
of new nuclear magic number N = 26 is given [19].

Thus, most probably, the neutron drip line has
been reached for the neon and sodium isotopes (see
Fig. 4). However, it seems that, to definitely conclude
whether these isotopes do mark the drip line or do not,
we will need to perform further experimental efforts.

3. MASS MEASUREMENT

The question of particle stability is directly related
to the masses and nuclear binding energies, which are
very sensitive to the existence of shells and may pro-
vide clear signatures of shell closures. An experiment
on mass measurement using a direct time-of-flight
technique was undertaken [20] in order to investi-
gate the N = 20 and N = 28 shell closures for nuclei
from Ne to Ar and thus to bring some clarifications
concerning the behavior of magic numbers far from
stability.

The two-neutron separation energies S2n derived
from the measured masses are displayed in Fig. 5.
P

Such systematics are of particular interest as the
S2n values correspond to a “derivative” of the mass
surface. The new data are presented with error bars,
while the rest, except the encircled data, are taken
from Audi and Wapstra. The Ca, K, and Ar isotopes
show a behavior typical of the filling of shells, with
the two shell closures at N = 20 and N = 28 being
evident at the corresponding sharp decrease in the
S2n for the next two isotopes and a moderate decrease
in S2n for subsequent points as the filling of the next
shell starts to influence S2n. The sharp drop at N =
22, shown by the dashed vertical line and correspond-
ing to the shell N = 20, is clearly visible through all
the Si–Ca region, while going to lower Z to the Al–
Na region, this drop seems to move towards lower
N . This was the reason why we made an attempt to
clarify the situation with the two-neutron separation
energies in this region. S2n values must be positive
and, therefore, we included the “expected” S2n values
of the heaviest particle-stable isotopes 23N, 22C, and
29,31F to the graph; they are marked by circles. The
“expected” S2n values for 29,31F point out the region
where they probably have to be located due to their
experimentally found particle stability (positive S2n

values).
These values are not crucial for determination of

the shell closure atN = 16 [21, 22]; important is only
the fact that particle-stable isotopes heavier than 23N
and 22C do not exist. The inclusion of the S2n values
for 29F and 31F was most important, because this
allowed us to observe the sharp drop of the 27F value,
followed by a moderate decrease in S2n values for 29F
and 31F giving a very clear evidence for the existence
of the new shell closure atN = 16 for fluorine. A sim-
ilar behavior confirming the N = 16 shell closure can
be seen at the neon isotopes that exhibit a moderate
decrease in S2n values for 29Ne and 30Ne. We have
already mentioned the sharp drop in S2n values in the
Al–Na region. It should be noted that the evidence
for a new magic number N = 16 [22] follows also
from Fig. 5 [22], where the S2n values are plotted vs.
atomic number Z. The position of various possible
shells or pseudoshells are also shown in Fig. 5. As has
already been pointed out, the Cl, S, and P isotopes
exhibit a pronounced change of slope aroundN = 26.
Moreover, this change in the Cl and S isotopes is
confirmed by the sharp drop at N = 28.

4. γ-RAY ENERGIES OF THE FIRST 2+

LEVEL FOR EVEN–EVEN NUCLEI

Since the spectroscopic measurements can reveal
details of the underlying microscopic structures, in-
beam γ-ray spectroscopy is an effective tool to check
for shell closures. The information on the energy of the
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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first excited state and on B(E2; 0+ → 2+) represents
only the first step to understand the structure and
to estimate the deformation of the nuclei. Such a
measurement can probe the underlying microscopic
structures, determine the shape of the nuclei under
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
study, and give new information on gaps between
neighboring orbitals. Recently, in-beam γ-ray spec-
troscopy measurements [23, 24] of a large number of
exotic nuclei produced by fragmentation were made.

The dependence of the γ-ray energy of the first
4
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2+ excited state on neutron number for even–even
nuclei is presented in Fig. 6. It should be noted that
oxygen isotopes exhibit the lowest E(2+) energy of
1.7 MeV for 20O, i.e., near the half-occupancy of the
d5/2 subshell (N = 12), just as the Ne and Mg iso-
topes do. However, the enhancement ofE(2+) energy
at N = 14 for Ne and Mg is much smaller than that
for oxygen. If the enhancement seen in oxygen also
appears in carbon, it will be another confirmation of
the existence of theN = 16 shell in the C–Ne region.
Moreover, we should note that the nonexistence of a
bound excited state inN = 16 isotones of carbon and
oxygen would also indicate the existence of a shell at
N = 16. As one can see in Fig. 6, the energy of the
first 2+ state for Ne isotopes rises from 1.25 MeV for
22Ne to 2 MeV for 24Ne and 26Ne and then drops
to 1.3 MeV for 28Ne, showing a flat maximum for
both neutron numbers 14 and 16 and suggesting a
competition between the 1d5/2 and 2s1/2 orbits as
well an elimination of the N = 20 shell. On the other
hand, Mg isotopes show a steady decrease in the
energy of the 2+ state, confirming the weakening
of the N = 20 shell after reaching the maximum at
N = 14. In Fig. 6, the γ-ray energies of the first 2+

state for even isotopes of S, Ar, and Ca are plotted.
These nuclei exhibit pronounced maxima at the N =
20 shell; however, the strength of the N = 16 shell in
these elements is very weak as these nuclei are no
more neutron-rich but lie on the proton-rich side of
the valley of stability.
PH
Thus, one may conclude that the strength of the
N = 20 and N = 28 shells is variable in the neutron-
rich region from carbon up to magnesium. Some
usual magic numbers disappear, while new ones
(N = 16 orN = 26) could arise. Nuclei in this region
have a tendency toward deformation in spite of the
effect of spherical stability due to neutron number
magicity.
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Abstract—The first 2+ states in N = 20 isotones are studied within the self-consistent quasiparticle
random phase approximation based on the Green’s function method. The residual interaction between
quasiparticles with full velocity dependence is consistently derived from the Skyrme interaction plus pairing
interaction energy density functional. The B(E2, 0+

1 → 2+
1 ) transition probabilities and the excitation

energies of the first 2+ states are well described within a single framework. We discuss mainly the
microscopic origin of the anomalously large B(E2) value and the very low excitation energy in 32Mg.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Several experimental observations point to a van-
ishing of the shell closure at the neutron number
N = 20 in neutron-rich nuclei. The evidence of the
breaking of N = 20 shell closure in neutron-rich Mg
and Ne isotopes is more clearly seen from the ob-
servations of E2 properties, the large B(E2) value
in 32Mg [1], and the low excitation energies of the
first 2+ states in 32Mg [2] and 30Ne [3]. The main
causes of this tendency could be attributed either
to deformation effects or to pairing correlations. The
experimental evidence of deformation in 32Mg is not
firmly established. The energy ratios of the first 4+ and
2+ states, E(4+)/E(2+), are 3.0 in 24Mg and 3.2 in
34Mg [4], and these values are undoubtedly close to
the rigid rotor limit of 3.3. On the other hand, the ratio
is 2.6 in 32Mg, and this value is in between the rigid
rotor limit and the harmonic vibration limit 2.0 [4, 5].
Moreover, the B(E2) value (in single-particle units)
is 15.0 ± 2.5 in 32Mg. This value is larger than that
in the other stable N = 20 isotones but smaller than
that in other deformed Mg isotones (21.0± 5.8 in
24Mg and 19.2 ± 3.8 in 34Mg).

In this paper, we emphasize how neutron pairing
correlations play an essential role in the description
of E2 properties in 32Mg and 30Ne. The existence
of neutron pairing correlations means the breaking
of the N = 20 shell closure. As we will see, the ap-
pearance of neutron pairing correlations is related to
a special mechanism in loosely bound systems. We

∗This article was submitted by the authors in English.
1)Institut de Physique Nucléaire, CNRS-IN2P3, Université
Paris-Sud, Orsay, France; e-mail: nguyen@ipno.in2p3.fr

2)Department of Physics, Kyoto University, Kyoto, Japan.
1063-7788/04/6709-1633$26.00 c©
study the first 2+ states in N = 20 isotones in the
framework of the self-consistent quasiparticle ran-
dom phase approximation (QRPA) with Skyrme in-
teractions.
The QRPA equations are solved in coordinate

space by using the Green’s function method [6].
Spherical symmetry is assumed for simplicity. The
residual interaction between the quasiparticles is self-
consistently derived from the Hamiltonian density
of Skyrme interaction that has an explicit velocity
dependence. We will show that theB(E2) values and
the excitation energies of the first 2+ states inN = 20
isotones from the stable nucleus 38Ar to the neutron-
rich nuclei 32Mg and 30Ne are well described within a
single framework and a fixed parameter set.
The paper is organized as follows. In Section 2,

we briefly describe the Hartree–Fock–Bogolyubov
(HFB) plus QRPA calculations that we have done.
In Section 3, we present the general results for the
ground states of theN = 20 isotones studied here. In
Section 4, we discuss the calculated and experimental
E2 properties of these nuclei. Conclusions are sum-
marized in Section 5.

2. FORMULATION AND INPUTS
OF HFB–QRPA CALCULATIONS

We use the approach of self-consistent HFB–
QRPA calculations with Skyrme interactions. The
QRPA problem is solved by the response function
method in coordinate space. A detailed account of
the method can be found in [6]. Here, we just recall
the main steps of the calculation. The QRPA Green’s
functionG is solution of a Bethe–Salpeter equation:

G = G0 + G0VG. (1)

The knowledge of G allows one to construct the
response function of the system to a general external
2004 MAIK “Nauka/Interperiodica”



1634 VAN GIAI, YAMAGAMI
field, and the strength distribution of the transition
operator corresponding to the chosen field is just
proportional to the imaginary part of the response
function.
In Eq. (1), the unperturbed Green’s functionG0 is

defined as

Gαβ
0 (rσ, r′σ′;ω) (2)

=
∑
i,j

[
Wα1

i,j (rσ)[W β1∗
i,j (r′σ′)]−

�ω − (Ei + Ej) + iη

−
Wα2∗

i,j (rσ)[W β2
i,j (r′σ′)]−

�ω + (Ei + Ej) + iη

]
,

where the functionsW (rσ) are introduced as

Wi,j(rσ) (3)

=



Ui(rσ)Vj(rσ) Vi(r, σ)Uj(rσ)

Ui(rσ)Uj(rσ̄) Vi(rσ)Vj(rσ̄)

−Vi(rσ)Vj(rσ̄) −Ui(rσ)Uj(rσ̄)


 .

Here, U(r) and V (r) are quasiparticle wave func-
tions, and the index α (α = 1, 2, 3) stands for
particle–hole (ph), particle–particle (pp), and hole–
hole (hh) channels. The notation f(rσ̄) ≡ −2σf(r−
σ) indicates time reversal and [Wi,j]− = Wi,j −Wj,i.

The residual interaction V between quasiparti-
cles is derived from the Hamiltonian density 〈H〉 of
Skyrme interaction by the so-called Landau proce-
dure,

Vαβ

(
rστ, r′σ′τ ′

)
=

∂2〈H〉
∂ρβ (r′σ′τ ′) ∂ρᾱ (rστ )

. (4)

The notation ᾱmeans that, whenever α is pp (hh),
then ᾱ is hh (pp). The normal and abnormal densities
are defined as


ρph(rσ)

ρpp(rσ)

ρhh(rσ)


 =



ρ(rσ)

κ(rσ)

κ̄(rσ)


 (5)

=



〈0|ψ†(rσ)ψ(rσ)|0〉

〈0|ψ(rσ̄)ψ(rσ)|0〉
〈0|ψ†(rσ)ψ†(rσ̄)|0〉


 .

The residual interactionV has an explicit momen-
tum dependence,

V(r, r′) = F[
←−
∆U +

←−
∆V ,

−→
∆U +

−→
∆V , (6)

←−∇U ±
←−∇V ,

−→∇U ±
−→∇V ]δ(r− r′).
P

The operators with ← (→) act on the coordinate r
(r′), and the operators with the index U (V ) oper-
ate on the quasiparticle wave functions U(r) (V (r))
only. In contrast with [6], where a Landau–Migdal
approximation was made, these momentum depen-
dences are explicitly treated here. Because we cal-
culate only natural parity (non-spin-flip) excitations,
we drop the spin–spin part of the residual interaction.
The Coulomb and spin–orbit residual interactions are
also dropped. Apart from these dropped terms, the
present calculations are very close to full consistency
between the mean field and the residual interaction.
Consequently, one needs practically no renormaliza-
tion of the residual interaction to obtain the spu-
rious center-of-mass state at zero energy. This is
to be compared with the 20% renormalization used
in [6]. Note that the present calculations are the first
Skyrme–QRPA calculations performed with the full
velocity dependence of the residual interaction.

Another important aspect is related to the descrip-
tion of the low-lying states. The B(Eλ) transition
probability is very sensitive to the treatment of the
residual interaction. For example, the B(E2, 0+

1 →
2+
1 ) in

20O calculated with the SkM∗ parameter with
(without) these momentum-dependent terms is 34.1
(20.9) e2 fm4. The B(E2) value increases by 64%.

The experimental data is 28± 2 e2 fm4 [7], which
is close to the value calculated with the momentum-
dependent terms. Thus, the full residual interac-
tion (6) is important for quantitatively describing the
low-lying states and for comparison with experimen-
tal data.
We apply the above formalism to study the first

2+ states in N = 20 isotones, 30Ne, 32Mg, 34Si, 36S,
and 38Ar. The ground states are given by Skyrme–
HFB calculations. The HFB equation is diagonal-
ized on a Skyrme–HF basis calculated in coordi-
nate space with a box boundary condition [8–10].
Spherical symmetry is imposed on quasiparticle wave
functions. The quasiparticle cutoff energy is taken to
beEcut = 50MeV, and the angular momentum cutoff
is lmax = 7� in our HFB and QRPA calculations.
The Skyrme parameter sets SkM∗ [11] and SkP

[12] are used for theHartree–Fock mean field, and the
density-dependent, zero-range pairing interaction

Vpair
(
r, r′

)
= Vpair

[
1−

(
ρ (r)
ρc

)α]
δ
(
r− r′

)
(7)

is adopted for the pairing field. The parameters α
and ρc are fixed as α = 1 and ρc = 0.16 fm−3. The
strength V0 is determined so as to reproduce the ex-
perimental neutron pairing gap in 30Ne,
∆n,exp(30Ne) = 1.26 MeV. 30Ne is the lightest mass
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 1.HFB neutron pairing gaps in 26,28,30Ne calculated
with SkM∗ and SkP . The pairing strengths V0 are fixed
so as to reproduce the experimental neutron gap in 30Ne.
The experimental pairing gaps are extracted by using the
three-point mass difference formula [13].

even–even N = 20 nucleus. The experimental pair-
ing gaps are extracted by using the three-point mass
difference formula [13],

∆n(N) = ∆(3)
n (N − 1)

=
(−1)N

2
[E(N − 2) + E(N)− 2E(N − 1)].

On the other hand, the average pairing gap in HFB
calculations is defined as the integral of the pairing
field [14],

∆̄n =
∫
drρ̃n(r)∆n(r)

/∫
drρ̃n(r).

The pairing strength adopted for SkM∗ is Vpair =
−418 MeV fm−3, and for SkP , Vpair =
−400 MeV fm−3. Figure 1 shows the experimental
and the calculated pairing gaps in 26,28,30Ne. With
these Skyrme parameters and pairing strengths, we
get a finite pairing gap in 30Ne (vanishing of N = 20
shell gap) and zero pairing gap in 26Ne (appearance
ofN = 16 shell gap) at the same time.

3. GROUND-STATE PROPERTIES

Figure 2 shows the neutron single-particle lev-
els in N = 20 isotones calculated in Hartree–Fock
with the SkM∗ force. Results with the SkP force
are qualitatively the same. The N = 20 shell gaps
change from 4.2 MeV in 40Ca to 3.4 MeV in 30Ne.
TheN = 16 shell gaps change from 2.4 MeV in 40Ca
to 4.0 MeV in 30Ne. Within Hartree–Fock, we can
describe the vanishing of N = 20 magicity and the
appearance of theN = 16magic number at the same
time. The change in N = 20 shell gaps looks mod-
erate in comparison with the effective single-particle
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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Fig. 2. Hartree–Fock neutron single-particle levels in
N = 20 isotones calculated with SkM∗. Solid lines cor-
respond to bound and resonance-like states; dashed lines,
to positive energy discretized states.

energies in shell model calculations [15]. However,
the definitions are different. In shell model calcula-
tions, the single-particle energies are inputs of cal-
culations and they are determined so as to repro-
duce the neutron separation energies and the one-
particle spectra of 17O and 41Ca, and the change
in the effective single-particle energies according to
proton number is due to the change in the many-
body correlations. On the other hand, the change in
the single-particle energies inmean-field calculations
reflects the self-consistent change in the mean-field
potential.

An important feature in Fig. 2 is the behavior of
low-l orbits, 2p3/2 and 2p1/2, in the fp shell. As the
proton number decreases, the single-particle ener-
gies of the high-l orbit 1f7/2 change almost linearly
while the changes in 2p3/2 and 2p1/2 energies become
very slow around zero energy. Moreover, the spin–
orbit splitting of the 2p3/2 and 2p1/2 states becomes
smaller. As pointed out by Hamamoto et al. [16],
these effects can be understood by different l depen-
dences of the kinetic energy and the spin–orbit form
factor as the single-particle energy comes close to
zero. Because of these different l dependences of the
single-particle energies, the level density in the fp
shell becomes higher with decreasing proton number,
and the three orbits 1f7/2, 2p3/2, and 2p1/2 become
almost degenerate in 30Ne. We can describe this be-
havior naturally by solving the Hartree–Fock and
HFB equations in coordinate space, but it is difficult
to get this property by the methods based on the
harmonic oscillator basis.
4
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Let us examine the evolution of the HFB neutron
pairing gaps in N = 20 isotones as a function of Z.
The pairing strengths are adjusted so as to reproduce
the experimental neutron pairing gap in 30Ne. As the
proton number increases, the neutron pairing gaps
decrease monotonically and, eventually, the neutron
pairing gap becomes zero (for both SkM∗ and SkP )
in 38Ar as expected in stable N = 20 nuclei. The
interesting point is that the N = 20 shell gap itself
changes very moderately, but the calculated neutron
pairing gap changes considerably from 1.26 MeV in
30Ne to zero in 38Ar. The mechanism can be under-
stood by the increase in the level density in the fp
P

shell when the proton number decreases, as noted
above.

4. B(E2) VALUES AND EXCITATION
ENERGIES

We have calculated the first 2+ states in N =
20 isotones in HFB–QRPA with Skyrme interac-
tions, assuming spherical symmetry. At the mean-
field level, the ground states in N = 20 isotones, in-
cluding 32Mg and 30Ne, have been found to be spher-
ical (see, e.g., [17, 18]). Our aim is to investigate
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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whether these 2+ states can be described as vibra-
tional states built on the spherical ground states.

In Fig. 3, our results of QRPA calculations with
SkM∗ are compared with the predictions of the
Monte Carlo shell model (MCSM) [15] and the
available experimental data [1–3, 19–21]. OurQRPA
results are in good agreement with the experimental
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
data and they are consistent with the MCSM pre-
diction of the B(E2) value in 30Ne, which has yet to
be measured experimentally. The QRPA calculations
have been done with the SkM∗ parameter set and
the fixed pairing strength V0 = −418 MeV fm−3,
the choice of which is explained in Section 2. The
general properties of the first 2+ states in N = 20
4
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isotones, namely, very large B(E2) values and very
low excitation energies in 32Mg and 30Ne, are well
reproduced within a single framework.
To check the interaction dependence, we have car-

ried out QRPA calculations with the SkP interac-
tion. Figure 4 shows theB(E2) values and excitation
energies of the first 2+ states with SkM∗ and SkP .
Concerning the B(E2) values, we get similar results,
especially very large B(E2) values in 32Mg and 30Ne.
On the other hand, large differences are seen in the
excitation energies in 34Si and 36S. This can be un-
derstood by the difference of about 0.5 MeV in the
neutron pairing gaps calculated with SkM∗ or SkP
in these two nuclei. Because the neutron pairing gaps
are larger with SkP than with SkM∗, the excitation
energies become lower with SkP than with SkM∗.
We now explain how the neutron pairing cor-

relations are important to make the B(E2) values
larger and the excitation energies lower. To see which
two-quasiparticle configurations contribute to mak-
ing the low-lying 2+ states, we show the unperturbed
isoscalar quadrupole strength functions in N = 20
isotones calculated with SkM∗ in Fig. 5. The peaks
indicated by full (dotted) arrows correspond to proton
(neutron) two-quasiparticle configurations. All these
neutron two-quasiparticle configurations appear be-
cause of the neutron pairing correlations. Many peaks
of the neutron configurations are seen in 30Ne, 32Mg.
On the other hand, the neutron configurations are
negligible in 34Si and they completely disappear in
36S. The B(E2) values are primarily made of the
proton configurations in the sd shell, but the neutron
configurations assist in making the B(E2) values
larger by coherence between protons and neutrons.
Actually, if the neutron pairing correlations are ne-
glected, the B(E2) values become very small and the
excitation energies are sizably higher in 32Mg and
30Ne, as shown in Fig. 6. Under these considerations,
we can conclude that the very largeB(E2) values and
the very low excitation energies in 32Mg and 30Ne
appear thanks to the presence of the neutron pairing
correlations.
We have seen in Section 3 that, around the drip

line, the origin of neutron pairing correlations lies in
the different behavior of the single-particle levels with
different orbital angular momentum l as the levels
approach the separation threshold.
Generally speaking, neutron 2p−2h configura-

tions across N = 20 can originate from deformation
effects or pairing effects. Both effects can a priori
contribute in the nucleus 32Mg. We have shown that
a spherical QRPA description, i.e., putting emphasis
on the pairing aspects and neglecting the possible
deformation effects, can give very satisfactory results.
PH
5. SUMMARY

We have studied the first 2+ states in N = 20
isotones by the HFB–QRPA model with Skyrme
interactions. The residual interaction is consistently
derived from the Skyrme Hamiltonian, keeping all its
explicit momentum dependence.
Because of the different behaviors of the neutron

1f7/2, 2p3/2, and 2p1/2 levels when the single-particle
energies approach zero, the neutron pairing gaps have
finite values. This mechanism breaks the N = 20
magicity in 32Mg and 30Ne.
Within our consistent QRPA calculation with

spherical symmetry, the B(E2, 0+
1 → 2+

1 ) values
and the excitation energies of the first 2+ states
in N = 20 isotones, including 32Mg and 30Ne, are
well described. The existing experimental data are
reproduced quantitatively. The B(E2) value in 30Ne
has not been measured yet, but the QRPA value is
consistent with the prediction of the MCSM. The
important role of the neutron pairing correlation is
emphasized. If the neutron pairing is dropped, we
cannot get the correct B(E2) value and excitation
energy in 32Mg and 30Ne. In the real 32Mg nucleus,
both neutron pairing and deformation effects may co-
exist and help to make the largeB(E2) value, but our
calculation shows that neutron pairing correlations
are essential.
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Abstract—We calculate, for the first time, the state-dependent pairing gap of a finite nucleus (120Sn)
diagonalizing the bare nucleon–nucleon potential (Argonne v14) in a Hartree–Fock basis. The resulting
gap accounts for about half of the experimental gap. Going beyond the mean field in the particle–particle
channel, the combined effect of the bare nucleon–nucleon potential and of the induced pairing interaction
arising from the exchange of low-lying surface vibrations between nucleons moving in time reversal states
close to the Fermi energy accounts for the experimental gap. Examples for light, halo nuclei are also
reported. The more studied effects of the particle-vibration coupling in the particle–hole channel are
discussed for the low-lying quadrupole vibration in 120Sn and the giant dipole resonance in the unstable
oxygen isotopes and 132Sn. c© 2004 MAIK “Nauka/Interperiodica”.
In the study of finite many-body systems such as
the atomic nucleus with its rich variety of quantal
size effects, structural properties, and fluctuations,
the central problem has been to identify the appropri-
ate degrees of freedom for describing the phenomena
encountered. The complementary concepts referring
to the independent motion of the individual nucleons
and the collective behavior of the nucleus as a whole
provide, in a mean field approach, the elementary
modes of excitation needed to describe the system [1].
Beyond the mean field, the unifying picture emerg-
ing from the interweaving of these degrees of free-
dom is well described in terms of nuclear field theory
(NFT) [2–6] based on the particle-vibration coupling
(for other related approaches, see, e.g., [7–10]). It has
been applied to a number of schematic models and
realistic situations [11–15] and its validity has been
demonstrated. It thus provides a natural framework
to assess the role that different degrees of freedom
play in the nuclear structure. In this contribution,
recent examples are presented of the effects of the
particle-vibration coupling in particle–particle (pp)
and particle–hole (ph) channels, following, in partic-
ular, [16].

An important subject presently under intensive
study concerns the characterization of an eventual
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long-range component of the pairing interaction in
nuclei [17–19]. In what follows, we use NFT to as-
sess the importance that the exchange of vibrations
between pairs of nucleons moving in time reversal
states has in building up pairing correlations in nu-
clei, taking also into account self-energy and vertex
corrections (cf. [20] and references therein).

In this scope, we study the quasiparticle and
vibrational spectrum of odd and even isotopes of
single-closed-shell nuclei, where all the richness of
the single-particle and collective degrees of freedom
are fully expressed, avoiding the extra complications
of static deformations and associated rotations. The
spectra of the A

50Sn isotopes, in particular, those
with mass number A = 119, 120, and 121, with
their abundance of detailed experimental information,
provide an excellent laboratory to test the importance
of the residual pairing interaction and its relation to
self-energy processes.

In general, one fixes the parameters of the effective
interaction of nucleons in the nucleus, by requiring
mean field theory, as a ruleHartree–Fock orHartree–
Fock–Bogolyubov theory if the system is superfluid,
to reproduce the experimental findings: binding ener-
gies, mean-square radii, etc. This is equivalent to re-
quiring that the solution of the Schrödinger equation
describing the bound states of the electron–proton
system, interacting through the Coulomb force, re-
produce the energy levels of the hydrogen atom. We
know that this is not possible unless the renormal-
ization effects arising from the electron–photon cou-
pling are properly taken into account as prescribed by
QED. Similarly, the parameters of the effective nu-
clear interaction should reproduce the experimental
findings only when the particle-vibration coupling is
allowed to renormalize, screen, and dress the different
2004 MAIK “Nauka/Interperiodica”
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modes of elementary excitation and the interaction
among them. In fact, it will be concluded that a con-
sistent description of the low-energy nuclear spec-
trum requires, aside from the bare nucleon–nucleon
interaction, not only the dressing of single-particle
motion through the coupling to the nuclear surface,
to give the right density of levels close to the Fermi
energy (and thus to an effective mass m∗ ≈ m [21]),
but also the renormalization of collective vibrational
modes through vertex and self-energy processes, pro-
cesses which are also found to play an essential role
in the pairing channel, leading to a long-range, state-
dependent component of the pairing interaction.

The formalism we shall use is based on the Dyson
equation [18]. It can describe on equal footing the
dressed one-particle state ã of an odd nucleon renor-
malized by the (collective) response of all the other
nucleons (Figs. 1a–1d of [16]), the renormalization
of the energy �ων (Figs. 2a and 2b in [16]) and of
the transition probabilityB(Eλ) (Figs. 2c–2f in [16])
of the collective vibrations of the even system where
the number of nucleons remains constant (correlated
particle–hole excitations), and the induced interac-
tion due to the exchange of collective vibrations be-
tween pairs of nucleons [17] moving in time-reversal
states close to the Fermi energy (Figs. 1e–1g of [16]).
We include both self-energy and vertex correction
processes, thus satisfying Ward identities (cf., e.g.,
[20]). Within this framework, the self-consistency
existing between the dynamical deformations of the
density and of the potential sustained by “screened”
particle-vibration coupling vertices leads to renor-
malization effects that make finite (stabilize) the col-
lectivity and the self-interaction of the elementary
modes of nuclear excitation, in particular, of the low-
lying surface vibrational modes, providing an accu-
rate description of many seemingly unrelated exper-
imental findings, in terms of very few (theoretically
calculable) parameters, namely, the k-mass mk [21]
and the particle vibration coupling vertex h(abν),
associated to the process in which a quasiparticle
changes its state of motion from the unperturbed
quasiparticle state a to b by absorbing or emitting a
vibration ν [1].

The Dyson equation describing the renormaliza-
tion of a quasiparticle a, due to this variety of cou-
plings is


Ea 0

0 −Ea


+


Σ11(Ẽa) Σ21(Ẽa)

Σ21(Ẽa) Σ22(Ẽa)






x̃a

ỹa



(1)

= Ẽa


x̃a

ỹa


 ,
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where Σii and Σij(i �= j) are the normal and ab-
normal self-energies. The quantities Ea denote the
quasiparticle energies obtained from a previous di-
agonalization of the bare nucleon–nucleon potential
within the framework of the generalized Bogolyubov–
Valatin transformation,

Σ11(Ẽa) =
∑
b̃ν

(
|V (ab̃ν)|2

Ẽa − (Ẽb + �ων)
(2)

+
|W (ab̃ν)|2

Ẽa + (Ẽb + �ων)

)
,

Σ12(Ẽa) = −
∑
b̃ν

V (ab̃ν)W (ab̃ν) (3)

×
(

1
Ẽa − (Ẽb + �ων)

− 1
Ẽa + (Ẽb + �ων)

)
,

with Σ22(Ẽa) = −Σ11(−Ẽa).
Equation (1) is to be solved iteratively and simul-

taneously for all the involved quasiparticle states. At
each iteration step, the original quasiparticle states a
with occupation numbers ua and va and quasipar-
ticle energies Ea become fragmented into the sev-
eral eigenstates ã of the energy-dependent eigen-
value problem of Eq. (1). For each positive eigenvalue
Ẽa, there is a corresponding solution with eigenvalue
−Ẽa. As in HFB theory, only positive solutions have
to be included in the iterative procedure. In Eqs. (1)–
(3), the phonon energies are denoted by �ων , and
V (ab̃ν) or W (ab̃ν) label the particle-vibration vertex
coupling the unperturbed quasiparticle a, with the
configuration composed of the eigenstates b̃ and of the
phonon ν. They are given by

V (ab̃ν) = h(abν)(uaṽb − vaũb), (4)

W (ab̃ν) = h(abν)(uaũb + vaṽb).

The basic particle-vibration vertex h(abν) is cal-
culated as explained in [1]. The unperturbed quasi-
particle energies and occupation factors, resulting
from mean field calculations, are denoted by Ea,
ua, and va, while Ẽa, ũa, and ṽa denote the cor-
responding renormalized quantities. The original
quasiparticle strengths become fragmented over the
different eigenstates ã with probability ũ2

a + ṽ2
a, while

the renormalized occupation factors are obtained
from the components of the eigenvectors, x̃a and
ỹa, according to the relations ũa = x̃aua + ỹava,
ṽa = −ỹaua + x̃ava. The quantities ũa and ṽa are
related to the spectroscopic factors measured in one-
nucleon stripping and pickup reactions, respectively.
One can also define [18, 20] a renormalized state-
dependent pairing gap through the relation ∆̃a =
4
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2Ẽaũaṽa/(ũ2
a + ṽ2

a), which in the limit of no fragmen-
tation reduces to the usual BCS expression.5)

We have also included vertex corrections that
renormalize the particle-vibration vertices V (andW )
according to

Ṽ (ab̃ν) = V (ab̃ν) +
∑
c̃µ

X c̃µ

b̃ν
V (ac̃µ)

Ea − Ẽc − �ωµ

, (5)

where X c̃µ

b̃ν
is the matrix element between the config-

urations c̃µ and b̃ν.
In the calculations reported below, a Skyrme inter-

action (Sly4 parametrization, with mk ≈ 0.7m [23])
was solely used to determine the properties of the
bare single-particle states and the collective vibra-
tions in the ph channel. On the other hand, in the
pp (pairing) channel, the interactions used were the
bare nucleon–nucleon v14 Argonne potential and the
exchange of collective vibrations.

As seen from Fig. 3 of [16], Hartree–Fock theory
is not able to account for the experimental quasi-
particle energies of the low-lying states. Diagonal-
izing the Argonne v14 nucleon–nucleon potential in
the Hartree–Fock basis, within the framework of the
generalized Bogolyubov–Valatin approximation in-
cluding scattering states up to 800 MeV above the
Fermi energy (to achieve convergence) in a spheri-
cal box of radius equal to 15 fm, one obtains state-
dependent pairing gaps. The resulting pairing gap
(average value for levels around the Fermi energy) ac-
counts for about half of the empirical pairing gap value
(≈ 1.4 MeV) obtained from the odd–even mass dif-
ference.6) In keeping with this result, the quasiparticle
spectrum, although being slightly closer to the ex-
perimental findings than that predicted by Hartree–
Fock theory, displays large discrepancies with obser-
vations.

Making use of phonons which account for the
experimental findings, the normal and abnormal self-
energies were calculated, and Eq. (1) was solved.
The average value of the resulting state-dependent
pairing gap of 120Sn is now close to the value ∆exp =
1.4 MeV derived from the odd–even mass difference
(cf. Fig. 4 of [16]). The peaks carrying the largest

5)The formalism leading to Eq. (1) is equivalent to that pre-
sented in [18], which was based on Green’s functions, and
is closely connected to that of [22], which was based on
the equation-of-motion method. To solve Eq. (1), we have
diagonalized an equivalent energy independent matrix as
explained in [22].

6)This result can be compared to a similar calculation per-
formed with an effective mass equal to one, which gives
∆ ≈ 2.2 MeV [24], a result which reflects the fact that the
gap depends strongly on the density of levels at the Fermi
energy.
PH
quasiparticle strength, for the orbitals around the
Fermi energy, provide after the coupling an overall
account of the lowest quasiparticle states measured
in the odd systems 119Sn and 121Sn.

Successful examples of the application of this ap-
proach to light nuclei like 11Li and 12Be are reported
in [25, 26]. At variance with the case of 120Sn dis-
cussed above, the two-neutron correlations are es-
sentially all due to the exchange of collective vi-
brations. This is due to two facts: (a) the small l-
space available to the two loosely bound neutrons
to correlate, which prevents them profiting from the
bare interaction favoring the high-l 1S0 scattering
processes; (b) the softness of the nuclear response of
the very extended, highly polarizable systems.

Moving to the ph channel, the situation is rather
similar concerning the low-lying quadrupole vibra-
tion of 120Sn calculated in the QRPA with standard
effective nucleon–nucleon interactions like Gogny
[27] or Skyrme forces supplemented by a zero-range
density-dependent force in the pairing channel [28,
29].While the energy is predicted too high, whichmay
not be too important, the B(E2) value is a factor of
2–3 too small, a result which calls for a better theory.

In fact, renormalizing the energy and the transition
strength of the 2+ phonon, following NFT [2], that
is, considering the couplings of the type depicted in
Fig. 2 of [16] (cf. also [30] and references therein), one
obtains an increase in the B(E2) transition proba-
bility which brings theory essentially into agreement
with experiment.7)

The most important processes that renormalize
the energy of the phonon are shown in Figs. 2a and 2b
of [16]. While these two contributions tend to cancel
each other in a normal system, this is not the case
in a superfluid nucleus. In fact, the phonons are cal-
culated in a Bogolyubov–Valatin-quasiparticle basis,
and while the cancellation is strong in the ph channel,
the opposite is true in the pp channel [32]. Other
graphs that are also of fourth order in the particle-
vibration coupling vertex, but contain intermediate

7)We have only considered the renormalization of the 2+ low-
lying phonon, the properties of the other phonons partici-
pating in the renormalization processes being instead taken
from experiment. For simplicity, the calculations were car-
ried out by making use of a separable multipole–multipole
interaction, including the modes with λπ = 2+, 3−, 4+, 5−.
The coupling constant of the quadrupole–quadrupole com-
ponent was adjusted so that the bare quadrupole vibration
displayed properties similar to those calculated by mak-
ing use of effective interactions (i.e., �ω2+ = 2 MeV and
B(E2 ↑) = 700 e2 fm4), while the other coupling constants
were chosen so as to give an overall description of the
measured energies and transition strengths of the low-lying
states [31].
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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states withmore than four quasiparticle states, lead to
very small contributions. This is because these terms
not only involve larger denominators, but also, due
to their higher degree of complexity, give rise to con-
tributions with “random” signs which tend to cancel
each other. In keeping with the above discussion, the
most important processes renormalizing the B(E2)
transition probability are those shown in Figs. 2c–2f
of [16].

We have also calculated the static quadrupole mo-
ment Q of the 2+ state, including the contributions
from the processes shown in Fig. 6.27 of [1]. The
resulting value of Q is rather small (8 e fm2), in
agreement with the experimental findings (10± 10 or
−5± 10 e fm2 [33, 34]).

Because in the above calculations we have in-
cluded only a partial set (although the most important
for the physics under discussion) of the NFT graphs
needed to provide a completely consistent descrip-
tion of single-particle and collective vibration renor-
malizations, the mixing of spurious states with the
physical states has to be contemplated. Although it is
difficult to give a precise estimate of the error induced
by such undesired couplings, 30% effects have been
found in the calculation of the energy of the one-
phonon state [35].

The contributions of the same diagrams mod-
ify, often in sizeable way, the properties of the gi-
ant resonances [30, 36]. In particular, the spreading
width is obtained, which is a redistribution of the
total strength. Recently, we have calculated [37] the
electric dipole strength distributions in the unstable
neutron-rich oxygen isotopes 18,20,22O. Low-lying
strength is found, which exhausts between 5 and
10% of the TRK energy-weighted sum rule (EWSR),
in rather good agreement with recent experimental
data [38]. In [29, 39], predictions (the experimental
data will soon be available, H. Emling, private com-
munication) for the low-lying dipole strength in the
nucleus 132Sn are reported. This quantity is rather
important for its role in determining the neutron cap-
ture rates in nuclei involved in the r-process. Below
the giant dipole resonance region (below 12 MeV),
about 10% of the EWSR is calculated. In all these
cases, from the analysis of the transition densities
(see, e.g., Fig. 1 in [29]), a noncollective character of
the low-lying strength appears.

One can conclude that mean field theory and
bare nucleon–nucleon potentials reproduce neither
the experimental transition strengths nor the pairing
gaps, let alone the density of quasiparticle states
close to the ground state. Dressing the single-particle
motion, the correlated particle–hole excitations of
the mean field and the nucleon–nucleon interaction
with collective surface vibrations bring the theory
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
into overall agreement with experiment. In particular,
about half of the pairing gap arises from the long-
range component of the pairing interaction associ-
ated with the exchange of collective vibrations. To
further clarify the interdependence of single-particle
and collective degrees of freedom, future studies
should, for example, concentrate on the role that
this interdependence has on the nuclear masses, in
particular, whether the explicit, simplified, inclusion
of ground-state correlations and of the induced
pairing interaction can reduce the present rms error
of 0.674 MeV, with which one of the best presently
available Hartree–Fock mass formulas [19] is able to
reproduce the experimental findings.
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29. G. Colò et al., Nucl. Phys. A 722, 111c (2003).
30. G. F. Bertsch, P. F. Bortignon, and R. A. Broglia, Rev.

Mod. Phys. 55, 287 (1983).
31. O. Beer et al., Nucl. Phys. A 147, 326 (1970);

N. G. Jonsson et al., Nucl. Phys. A 371, 333 (1981).
P

32. P. F. Bortignon, R. A. Broglia, and C. H. Dasso, Nucl.
Phys. A 398, 221 (1983).

33. P. H. Stelson et al., Phys. Rev. C 2, 2015 (1970).
34. R. Graetzer et al., Phys. Rev. C 12, 1462 (1975).
35. D. R. Bes and J. Kurchan, The Treatment of Col-

lective Coordinates in Many-Body Systems. An
Application of the BRST Invariance (World Sci.,
Singapore, 1990).

36. P. F. Bortignon, A. Bracco, and R. A. Broglia, Giant
Resonances. Nuclear Structure at Finite Tempera-
ture (Harwood Academic, New York, 1998).

37. G. Colò and P. F. Bortignon, Nucl. Phys. A 696, 427
(2001).

38. A. Leistenschneider et al., Phys. Rev. Lett. 86, 5442
(2001).

39. D. Sarchi, P. F. Bortignon, and G. Colò, in press.
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Abstract—We adopt the quasiparticle-phonon model to investigate the phonon content and the proton–
neutron symmetry of low-lying states recently discovered in nuclei around shell closure. The re-
sults are in overall agreement with experiments and consistent with the interacting boson model.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Considerable effort has been devoted to the study
of low-lying spectra in heavy nuclei since the dis-
covery of the magnetic dipole excitation in deformed
nuclei [1], known as the scissors mode [2] (see for a
review [3–6]). This is an isovector excitation existing
only in deformed nuclei, characterized by a strong
M1 decay to the ground state. In the algebraic IBM-
2, it belongs to the class of F-spin mixed-symmetry
states which are marked by weak E2 and strongM1
transitions to proton–neutron symmetric states [7].
The scissors mode was, actually, the only experi-
mentally knownmixed-symmetry excitation for many
years.

Only recently was unambiguous experimental
evidence in favor of such states in spherical or
nearly spherical nuclei provided [8–10]. The discovery
immediately stimulated theoretical investigations,
especially within the microscopic models like nuclear
shell model [11] and quasiparticle-phonon model
(QPM) [12, 13].

The latest experiments were performed on 92Zr
[14, 15] with the purpose of testing the limit of F-spin
symmetry in IBM. An analysis of the data based on a
severely truncated shell model calculation was carried
out and reached the conclusion thatF-spin was badly
broken in the lowest 2+ state. This, in fact, turned
out to be a neutron excitation and, as such, a linear
combination of symmetric and mixed-symmetry IBM
states.

The energy and collectivity of the low-lying states
in nearly spherical nuclei change considerably with

∗This article was submitted by the authors in English.
1)Institute for Nuclear Research and Nuclear Energy, Sofia,
Bulgaria; e-mail: stoyanov@inrne.bas.bg

2)Dipartimento di Scienze Fisiche, Universitá di Napoli Fed-
erico II and INFN Sezione di Napoli, Napoli, Italy.
1063-7788/04/6709-1645$26.00 c©
the mass number. These changes can be accounted
for only by microscopic models. Moreover, the QPM,
using a RPA phonon basis in a large configuration
space, provides a more reliable test for F-spin sym-
metry breaking with respect to the shell model. In-
deed, we will show here that the QPM not only gives
a description of the low-lying states of all the nuclei
explored experimentally, including the one supposed
to be at the borderline of the F-spin domain, but
also provides almost complete information about the
phonon content and the proton–neutron symmetry
properties of these states.

2. BRIEF OUTLINE OF THE QPM

The QPM intrinsic Hamiltonian has the form [16]

H = Hsp + Vpair + V ph
M + V ph

SM + V pp
M . (1)

Hsp is a one-body Hamiltonian; Vpair is the monopole

pairing; V ph
M and V ph

SM are, respectively, sums of sepa-
rable multipole and spin-multipole particle–hole in-
teractions; and V pp

M is the sum of particle–particle
multipole pairing potentials.

The building blocks of the QPM are the RPA
phonons

Q†
iλµ =

1
2

∑
τ=n,p

∑
jj′

{
ψiλ

jj′[α
†
jα

†
j′ ]λµ (2)

−(−1)λ−µϕiλ
jj′ [αj′αj ]λ−µ

}
τ
.

They are superpositions of bilinear forms of the quasi-
particle operators, α†

jm and αjm, obtained from the

particle operators (a†jm, ajm) through the canonical
Bogolyubov transformation [16]. According to (2),
the RPA basis includes collective as well as noncol-
lective phonons.
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Table 1. The dependence ofM1 and E2 transitions on the
ratio G(2)/κ(2)

0 in 136Ba

G(2)/κ
(2)
0

B(E2; g.s.→
2+
iv )RPA, e

2 b2
B(M1; 2+

iv →
2+
is )RPA, µ

2
N

B(2+)

0 0.0032 0.042 0.58

0.85 0.011 0.24 22.6

Table 2.The values ofB(2+) for 144Nd [Mn andMp repre-
sent the contribution of protons and neutrons, respectively,
in (4)]

E, MeV B(2+) Mn Mp

2+
1 0.695 3× 10−3 1.14× 102 1.19× 102

2+
2 2.054 21.54 15.16 –23.49

The quasiparticle-phonon Hamiltonian is diago-
nalized using the trial wave function of total spin
JM [17, 18]

Ψν(JM) =

{∑
i

Ri(νJ)Q†
iJM (3)

+
∑
i1λ1
i2λ2

P i1λ1
i2λ2

(νJ)
[
Q†

i1λ1µ1
⊗Q†

i2λ2µ2

]
JM

+
∑

i1λ1i2λ2
i3λ3I

T i1λ1i2λ2I
i3λ3

(νJ)

×
[[
Q†

i1λ1µ1
⊗Q†

i2λ2µ2

]
IK
⊗Q†

i3λ3µ3

]
JM

}
Ψ0.

In computing the norm of the wave function as
well as the necessary matrix elements, the exact com-
mutation relations for the phonons [16–18] are used.

3. NUMERICAL DETAILS

The numerical details of the calculations are
largely discussed in [13]. We adopt a one-body
Woods–Saxon potential U and choose f(r) =
dU(r)/dr as radial component of the multipole fields
entering into the particle–hole and particle–particle
separable interaction. We fix the strengths κ(2) and
κ(3) of the quadrupole–quadrupole and octupole–
octupole particle–hole interaction by a fit of the
energies of the first 2+ and 3− states. Only the
quadrupole pairing interaction in the particle–particle
channel is important for our purposes [13]. We set

G(2) = G
(2)
nn = G

(2)
pp and G(2)

np = 0.
P

Table 3. Energies and structure of selected low-lying ex-
cited states in 94Mo (only the dominant components are
presented)

State E, keV
Structure, %

T Jπ Exp. QPM

Is. 2+
1,is 871 860 93% [2+

is ]RPA

2+
2,is 1864 1750 82% [2+

is ⊗ 2+
is ]RPA

4+
1,is 1573 1733 82% [2+

is ⊗ 2+
is ]RPA

Iv. 1+
1,iv 3129 2880 90% [2+

is ⊗ 2+
iv ]RPA

2+
1,iv 2067 1940 95% [2+

iv ]RPA

2+
2,iv 2393 2730 27% [2+

is ⊗ 2+
iv ]RPA

2+
3,iv 2740 3014 59% [2+

is ⊗ 2+
iv ]RPA

4+
1,iv 3120 64% [2+

is ⊗ 2+
iv ]RPA

3+
1,iv 2965 2940 87% [2+

is ⊗ 2+
iv ]RPA

1+
2 3550 40% [1+

1 ]RPA

In order to test the isospin nature of the phonons,
the following ratio is computed:

B(2+) (4)

=
|〈2+||

p∑
k

r2
kY2µ(Ωk)−

n∑
k

r2
kY2µ(Ωk)||g.s.〉|2

|〈2+||
p∑
k

r2
kY2µ(Ωk) +

n∑
k

r2
kY2µ(Ωk)||g.s.〉|2

.

This ratio probes the isoscalar (B(2+) < 1) or isovec-
tor (B(2+) > 1) properties of the 2+ state under con-
sideration. The calculation shows that the first state
is isoscalar and will be denoted by [2+

is ]RPA. The prop-
erties of the second state, denoted by [2+

iv ]RPA, depend

critically on the ratioG(2)/κ
(2)
0 . The example of 136Ba

shown in Table 1 is illustrative of all nuclei. The ratio
B(2+) increases dramatically with G(2)/κ

(2)
0 , show-

ing that [2+
iv ]RPA changes from isoscalar to isovector.

Similar properties are exhibited by the [2+
is ]RPA and

[2+
iv ]RPA states in

144Nd (see Table 2).
Tables 1 and 2 show that, for an appropriate value

of the ratioG(2)/κ
(2)
0 (= 0.8−0.9), the RPA basis con-

tains a collective isoscalar [2+
is ]RPA and a slightly col-

lective isovector [2+
iv ]RPA state. The two states are

mutually coupled via a relatively strong M1 transi-
tion.

4. RESULTS
4.1. 94Mo

Energies and phonon structure of the calculated
excited states of 94Mo are given in Table 3. The first
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Table 4. E2 transitions connecting some excited states in
94Mo calculated in the QPM (the experimental data are
taken from [8, 9])

B(E2; Ji → Jf ),
e2 fm4 Exp. QPM IBM-2

∆T = 0

g.s.→ 2+
1,is 2030(40) 1978 2333

g.s.→ 2+
2,is 32(7) 35 0

2+
2,is → 2+

1,is 720(260) 673 592

4+
1,is → 2+

1,is 670(100) 661 592

∆T = 0

2+
2,iv → 2+

1,iv 127

2+
3,iv → 2+

1,iv 266

1+
1,iv → 2+

1,iv <690 374 556

3+
1,iv → 2+

1,iv 250+310
−210 368 582

(1.5+1.2
−0.6)× 103

4+
1,iv → 2+

1,iv 274

∆T = 1

g.s.→ 2+
1,iv 230(30) 150 151

g.s.→ 2+
2,iv 27(8) 18 0

g.s.→ 2+
3,iv 83(10) 10 0

1+
1,iv → 2+

1,is 30(10) 13 49

3+
1,iv → 2+

1,is 9+25
−8 12

2+
1,is is dominantly a [2+

is ]RPA one-phonon isoscalar
state, the second is an isoscalar two-phonon state,
and the third is an isovector one-phonon state.

TheE2 reduced transition probabilities are shown
in Table 4. We notice the strong E2 transitions
between isoscalar states differing by one [2+

is ]RPA
phonon, fairly strong transitions between isovector
states again differing by one RPA phonon, and very
weak transitions between isovector to isoscalar states
differing by an even number of phonons.

The M1 transitions are shown in Table 5. The
measured 1+

1,iv → g.s. and 1+
2 → g.s. M1 strengths

are both reproduced by our calculation. The struc-
ture of these two states, however, is totally differ-
ent. As shown in Table 3, the first one is basically
a two-phonon isovector state, consistent with the
IBM picture. The second 1+

2 instead has a composite
structure and contains a sizeable [1+]RPA with the
dominant spin-flip quasiparticle configuration. This
transition is outside the domain of the algebraic IBM.
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Table 5. M1 transitions connecting some excited states
in 94Mo calculated in the QPM (the experimental data are
taken from [8, 9])

B(M1;
Ji → Jf ),

µ2
N

Exp.

QPM

IBM-2gs
eff

0.7gs
free 0.0gs

free

∆T = 1

1+
1,iv → 2+

2,is 0.43(5) 0.75 0.22 0.36

2+
1,iv → 2+

1,is 0.48(6) 0.72 0.23 0.30

2+
2,iv → 2+

2,is 0.10 0.034

2+
3,iv → 2+

2,is 0.35(11) 0.24 0.072 0.1

3+
1,iv → 2+

2,is 0.24+0.14
−0.07 0.34 0.10 0.18

3+
1,iv → 4+

1,is 0.074+0.044
−0.019 0.26 0.08 0.13

4+
1,iv → 4+

1,is 0.8(2) 0.75 0.23

∆T = 1

1+
1,iv → g.s. 0.16(1) 0.14 0.09 0.16

1+
1,iv → 2+

1,is 0.007+6
−2 6× 10−4 5× 10−3 0

2+
2,iv → 2+

1,is 0.07 0.001 0.002 0

2+
3,iv → 2+

1,is 0.03 0.013 0.005 0

3+
1,iv → 2+

1,is 0.01+0.012
−0.006 0.006 0.0025 0

∆T = 0

1+
1,iv → 2+

1,iv <0.05 3× 10−6 2× 10−5 0

3+
1,iv → 2+

1,iv 0.021+0.035
−0.014 2× 10−5 9× 10−6 0

0.09+0.07
−0.03

2+
2,is → 2+

1,is 0.06 0.006 0.004 0

1+
2 → g.s. 0.046(18) 0.04 0.009

The theoretical scheme of the M1 transitions is
in remarkably good agreement with the experimental
picture. We get strong transitions between members
of the isovector and isoscalar groups having an equal
number of phonons.We also obtain weak or very weak
transitions between states of different isospin but with
a different number of phonons and between states
belonging to the same isospin group.

4.2. 92Zr

The nucleus 92Zr has two more neutrons than the
semimagic 90Zr. One could expect that the noncol-
lective degrees of freedom are more pronounced in
92Zr in comparison with those in 94Mo. The com-
parison of the properties of low-lying states in both
nuclei is presented in Table 6. The experimental data
4
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Table 6. Some properties of 2+ states in 94Mo and 92Zr

Transition 94Mo 92Zr

B(E2; 2+
1 → g.s.) [W.u.] 15.6 6.4

B(E2; 2+
2 → g.s.) [W.u.] 0.45 3.7

B(M1; 2+
2 → 2+

1 ) [µ2
N ] 0.06 0.46

Table 7. Contribution of neutrons and protons to [2+]RPA
states of 92Zr

State Neutron Proton

[2+
1 ]RPA 60% 40%

main
component amplitude main

component amplitude

(2d5/2)2 0.99 (1g9/2)2 0.64

[2+
2 ]RPA 51% 49%

main
component amplitude main

component amplitude

(2d5/2)2 –0.99 (1g9/2)2 0.79

reveal the importance of the shell gap between proton
orbitals 2p1/2 and 1g9/2 in the mass domain A =
90. The smaller value of B(E2; 2+

1 → g.s.) for 92Zr
reflects the dominance of the neutrons in the struc-
ture of 2+

1 state, while the large M1 strength means
that 2+

2 is a candidate to be a one-phonon mixed-
symmetry state. This is the first time that the 2+

2
state of a nearly spherical nucleus could be identified
as a one-phonon mixed-symmetry state [14]. On the
other hand, the fact that the M1 strength is smaller
than that in the nearby 94Mo suggests an appreciable
admixture with the symmetric component and, there-
fore, a nonnegligible F-spin symmetry breaking.

The calculated properties of the [2+]RPA excited
states are presented in Table 7. We obtain a neutron
dominance in the [2+

1 ]RPA and a comparable proton–
neutron contribution in the [2+

2 ]RPA. The main neu-
tron and proton components are in-phase in the
[2+

1 ]RPA state and out of phase in [2+
2 ]RPA. These

features lead to large B(M1; 2+
2 → 2+

1 ). A relatively
strong E2 transition connects the ground to the
[2+

2 ]RPA state. The calculated B(E2; 2+
2 → g.s.) is

2.2 W.u. This reveals that the isoscalar correlations
are important in the structure of the [2+

2 ]RPA state.
The quite small value of B([2+

2 ]RPA) [Eq. (4)] (	 1)
provides an additional indication of such an isoscalar
admixture. All the above properties lead to the con-
clusion that the nucleus 92Zr is on the verge of the
F-spin symmetry domain.
P

Table 8. Energies and structure of the selected low-lying
excited states in 92Zr (only the contributions of compo-
nents under consideration are presented)

State
E, keV

Structure, %
Exp. QPM

2+
1 934 1017 93% [2+

1 ]RPA

2+
2 1847 1945 90% [2+

2 ]RPA + 2.5% [2+
1 ⊗ 2+

1 ]RPA

2+
3 2067 2008 4% [2+

2 ]RPA + 19% [2+
3 ]RPA+

+ 65% [2+
1 ⊗ 2+

1 ]RPA

Table 9. The strength of E2 transitions connecting some
excited states in 92Zr calculated in QPM (the effective
charge e∗eff = 0.1 is used in the calculation)

Transition Exp. QPM

B(E2; 2+
1 → g.s.) [W.u.] 6.4(6) 6.5

B(E2; 2+
2 → g.s.) [W.u.] 3.7(8) 2.1

B(E2; 2+
3 → g.s.) [W.u.] 0.00018

B(E2; 2+
2 → 2+

1 ) [W.u.] 0.3(1) 0.39

B(E2; 2+
3 → 2+

1 ) [W.u.] 6.8

The structure of several 2+ states calculated with-
in the QPM is shown in Table 8. The first 2+ is a
one-phonon collective state. The second 2+ is domi-
nated by the one-phonon [2+

2 ]RPA, while the third 2+

includes a large fraction of the proton–neutron sym-
metric two-phonon collective component. This struc-
ture determines the values of E2 and M1 transition
probabilities. The computed strengths of the E2 and
M1 transitions are shown in Tables 9 and 10. They
are in good agreement with the measured ones. This
confirms the conclusion made in [14] that, in 92Zr,
the second 2+ is a one-phonon state. On the other
hand, it strongly suggests that the proton–neutron
symmetry is broken considerably in this state.

Another test of the structure of 2+ excited states
is obtained by calculating the corresponding g-
factors. Only the gyromagnetic factor of the low-
est 2+ has been measured. Its value is g(2+

1 ) =
−0.18(1)µN . The corresponding calculated value
is g(2+

1 ) = −0.20µN . This comparison leads to the
conclusion that the structure of low-lying quadrupole
excitations is described quite well within the QPM.

The experimental data show a state with quadru-
pole structure at 3.26-MeV excitation energy. This
2+ state is connected through a strongM1 transition
with the 2+

1 state (B(M1; 2+
3.26 → 2+

1 ) = 0.16(2)µ2
N ).
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Table 10.The strength ofM1 transitions connecting some
excited states in 92Zr calculated in the QPM

Transition Exp. QPM, gs
eff = 0.7

B(M1; 1+
1 → g.s.) [µ2

N ] 0.094(4) 0.069

B(M1; 2+
2 → 2+

1 ) [µ2
N ] 0.46(15) 0.68

The energy of the state (3.26 MeV) is close to the
energy of the unperturbed three-phonon configura-
tion [[2+

1 ⊗ 2+
1 ]IK ⊗ 2+

2 ]2+ . According to the exper-
imental energy of the first and second 2+ states,
the energy of the three-phonon configuration has to
be around 3.7–3.8 MeV. This structure leads to a
strong M1 decay to the 2+

1 state. Such a transition
belongs to the group of boson forbidden transi-
tions discussed in detail in [18]. It is similar to the
M1 transition connecting the ground and the 1+

1

states dominated by the [2+
1 ⊗ 2+

2 ]1+ . If the struc-
ture of 2+

3.26MeV state is dominated by the three-
phonon component [[2+

1 ⊗ 2+
1 ]IK ⊗ 2+

2 ]2+ , the value
of B(M1; 2+

3.26 → 2+
1 ) has to be close to the value

of B(M1; 1+
1 → g.s.). We have estimated the tran-

sition probability assuming that the structure of the
2+
3.26 MeV state is exhausted completely by the [[2+

1 ⊗
2+
1 ]IK ⊗ 2+

2 ]2+ component. The estimated strength is
B(M1; 2+

[[2+
1 ⊗2+

1 ]IK⊗2+
2 ]2+

→ 2+
1 ) = 0.14µ2

N , close to

the experimental value. We conclude that the excited
2+ state at 3.26 MeV is a good candidate to be a
three-phonon state.

5. CONCLUSIONS

According to our findings, the low-lying excita-
tions observed recently in several nuclei near either
proton or neutron shell closure are adequately de-
scribed within the QPM as multiphonon states com-
posed solely of the two lowest RPA [2+]RPA phonons.
The first of the RPA phonons undergoes a strong
isoscalar E2 decay to the ground state and is, there-
fore, symmetric with respect to proton–neutron ex-
change. The second occurs at low energy only for a
sufficiently strong quadrupole pairing interaction and
decays through a strong isovector E2 transition. It is
therefore proton–neutron nonsymmetric.

The resulting low-lying QPM states can be clas-
sified according to the number of phonons and the
proton–neutron symmetry. Indeed, states with the
same symmetry, differing by a collective RPA phonon,
are connected by appreciable, often strong,E2 transi-
tions. On the contrary, nonsymmetric states with an
equal number of phonons are coupled by strong M1
transitions.
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The level and transition scheme is in excellent
agreement with the experiments and fully consistent
with the IBM picture. Indeed, the symmetric QPM
states can be put in one-to-one correspondence with
the F = Fmax IBM states. The nonsymmetric ones
are the QPM counterpart of the IBM F = Fmax − 1
mixed-symmetry states. The QPM approach appears
to be suitable also for describing the low-lying spectra
of nuclei at the borderline of the F-spin symmetry
domain. In the case of 92Zr, recently studied experi-
mentally, our QPM calculation confirms the F-spin
breaking but suggests that such a breaking occurs
mainly in the second 2+ and to a less extent in the
first one, contrary to the conclusions drawn on the
grounds of an analysis based on a severely truncated
shell model space. We suggest the measurement of
several key transitions and magnetic moments which
should conclusively clarify the issue of F-spin sym-
metry breaking in this nucleus.
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Collective Excitations and a Backbending Phenomenon in 156Dy*
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Abstract—We propose a self-consistent practical method to study collective excitations in rotating nuclei
within the cranking + random phase approximation approach. It consists in solving the cranking Hartree–
Bogolyubov equations for the modified Nilsson potential + monopole pairing forces. Further, the mean field
results are used to construct collective vibrations treated in the random phase approximation (RPA). Spe-
cial attention is paid to fulfill all conservation laws in the RPA to separate spurious and physical solutions.
We demonstrate that the backbending in 156Dy can be explained as a result of the disappearance of collec-
tive γ vibrations of the positive signature in the rotating frame. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The backbending phenomenon has been a sub-
ject of interest in nuclear physics for more than
three decades [1]. It is widely accepted that the
phenomenon is caused by the rotational alignment
of angular momenta of a nucleon pair occupying
a high-j intruder orbital near the Fermi surface.
The alignment breaks a Cooper pair and leads to a
sudden increase in the kinematical moment of inertia
J = I/Ω along the yrast level sequence as a function
of rotational frequency Ω.

The mainstream of microscopic analysis of the
backbending has been carried out in terms of var-
ious cranking Hartree–Fock–Bogolyubov (CHFB)
calculations. In medium-heavy and heavy nuclei, the
studies are based on the pairing plus quadrupole–
quadrupole interaction (cf. [2]) and on effective forces
such as the Gogny [3] and the Skyrme interac-
tions [4]. It should be noted that there also exist a few
calculations of the backbending in lighter nuclei such
as 48,50Cr in the shell model framework [5]. In this
paper, we attempt to shed light upon the role of col-
lective excitations in the backbending phenomenon.

The application of the shell model to heavy nuclei
loses it feasibility due to a large number of relevant
basis states. The CHFB approach, being a mean
field theory, violates fundamental symmetries such

∗This article was submitted by the authors in English.
1)Institute of Particle and Nuclear Physics, Charles

University, Praha, Czech Republic; e-mail:
kvasil@ipnp.troja.mff.cuni.cz

2)Departament de Fı́sica, Universitat de les Illes Balears,
Palma de Mallorca, Spain; Bogolyubov Laboratory of Theo-
retical Physics, Joint Institute for Nuclear Research, Dubna,
Moscow oblast, 141980 Russia.

3)Kazan State Power Engineering University, Kazan, Russia.
1063-7788/04/6709-1650$26.00 c©
as the particle number and the angular momentum
conservation laws. However, a correct description of
the backbending requires dealing with states that
have good quantum numbers. The RPA is one of the
effective methods to restore broken symmetries. In
the case of broken symmetries, the RPA separates out
the collective excitation associated with each broken
symmetry as a zero-energy or spurious RPA mode,
with an inertial parameter fixed by the approximation
(cf. [6]). Furthermore, the RPA provides a consis-
tent way to take into account quantum fluctuations
around the mean field solution. In fact, the contribu-
tion of quantum fluctuations to the total energy mod-
ifies the moment of inertia [7, 8] and, consequently,
the analysis of this contribution could bring new in-
sight into the backbending phenomenon. It should be
emphasized that it is quite important to achieve self-
consistency between the mean field and the single-
particle orbitals and total energy minimization at the
stage of the application of the RPA. In addition, for
detailed analysis of experimental data that manifest a
complex interplay between single-particle and collec-
tive dynamics, it is important to start with a reliable
single-particle basis.

The practical application of the RPA for nonsepa-
rable effective forces such as the Gogny or Skyrme in-
teractions in rotating nuclei requires too large a con-
figuration space. Moreover, different parametrizations
of effective forces do not provide a well-established
single-particle spectrum. A self-consistent mean
field based upon phenomenological cranking Nils-
son or Saxon–Woods potentials with pairing forces
is still quite competitive from the above point of
view. These potentials allow one to construct also a
self-consistent residual interaction neglected at the
mean field level. The RPA with separable multipole–
multipole interaction based on these phenomeno-
logical potentials is an effective tool for the analysis
2004 MAIK “Nauka/Interperiodica”
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of low-lying collective excitations of rotating nuclei
(cf. [9, 10]). In this paper, we propose that a shape
transition, when one of the low-lying collective modes
disappears, could lead to the backbending. Our goal
is to clarify this issue by using the RPA with separable
interaction and comparing the result of our analysis
with existing experimental data for 156Dy.

The paper is organized as follows. In Section 2, we
introduce our mean field and RPA model. Section 3
is devoted to analysis of experimental data within the
framework of our model. The conclusions are drawn
in Section 4.

2. THE CRANKING + RPA MODEL

2.1. The Effective Mean Field
We start with the cranking Hamiltonian in the

form

HΩ = H −
∑

τ=N,P

λτ N̂τ − �ΩI1 + Hint. (1)

Here, H = H0 + Hadd, where H0 =
∑A

i h0(i) is a
spherical Nilsson Hamiltonian with

h0 =
p2

2m
+

m

2
ω2

0r
2 (2)

− �ω00[2κl · s + κµ(l2 − 〈l2〉N )].

Here, κ and µ are the Nilsson parameters [11], and
ω0 = ω0(β, γ) and �ω00 = 41A−1/3 MeV are oscilla-
tor frequencies (β and γ are quadrupole deformation
parameters defined below). In the cranking model
with the standard Nilsson potential, the value of the
moment of inertia is largely overestimated due to
the presence of the velocity dependent l2 term. This
shortcoming can be overcome by introducing the ad-
ditional term Hadd =

∑A
i hadd(i) with

hadd = −(∇pV ) ·mΩ× r (3)

= −Ωm

(
x2

∂

∂p3
− x3

∂

∂p2

)
V (r,p)

= Ωmω00κ

[
2
(
r2s1 − x1r · s

)

+ µ

(
2r2 − �

mω00

(
N +

3
2

))
l1

]
.

This term restores the local Galilean invariance of the
Nilsson potential in the rotating frame (see [12] for
details). As a result, the kinematical and dynamical
moment of inertia calculated in the mean field ap-
proximation become much closer to the experimental
values.

Since in 156Dy the backbending occurs in the pos-
itive parity yrast band, it is enough to consider only
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
the positive parity residual interaction. The interac-
tion is taken in a separable form

Hint = −
∑

τ

GτP
+
τ Pτ −

1
2
κ

[∑
r,m

Q(r)
m

2
+ M (+)2

]
.

(4)

Here, τ = neutron or proton particle number; P+ =∑
k c+k c+

k̄
; and c+k and ck are creation and annihilation

single-particle operators, respectively. The index k
labels a complete set of oscillator quantum numbers
(|k〉 = |Nljm〉) and the index k̄ denotes the time-
conjugated state. The index r indicates the signature
quantum number (r = ±1) (see [9]). The quadrupole
operators Qm are defined by

Q̂(r)
m =

i2+m+(r+3)/2√
2(1 + δm0)

(
Q̂2m + (−1)(r+3)/2Q̂2−m

)
,

(5)

m = 0, 1, 2.

The monopole interaction is defined by the positive
signature operator M (+) = r2Y0. Single-particle ma-
trix elements of any one-body Hermitian operator
F =

∑
kl fklc

+
k cl (P,Q,M) are determined by the

signature, time-reversal, and Hermitian conjugation
properties of the operator (cf. [9]). The choice of the
constants G and κ will be discussed below.

Using the generalized Bogolyubov transformation
for quasiparticles (for example, for the positive signa-
ture quasiparticle, we have α+

i =
∑

k Ukic
+
k + Vk̄ick̄)

and the variational principle (see details in [9]), we
obtain the Hartree–Bogolyubov (HB) equations for
the positive signature quasiparticle energies εi,

h(1) �

� h(2)




Ui

Vi


 = εi


Ui

Vi


 . (6)

It is sufficient to solve the HB equations only for
the positive signature, since the negative signature
eigenvalues and eigenvectors are obtained from the
positive ones.

For the present discussion, we need to know only
the structure of matrix elements h(1) and ∆, which
are the following:

(h(1))kl = δklε
0
kl + 〈k|hadd|l〉 − �Ω〈k|I1|l〉 (7)

− κ(〈M〉〈k|M̂ |l〉+ 〈Q0〉〈k|Q̂0|l〉
+ 〈Q(+)

2 〉〈k|Q̂
(+)
2 |l〉),

∆kl = −δklGτ 〈Pτ 〉. (8)

Here, ε0
kl are eigenstates of the spherical Nilsson

Hamiltonian, and 〈. . .〉 means the averaging over the
HB vacuum state of the rotating system.
4
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We define the quadrupole deformation β, γ using
the parametrization

mω2
0β cos γ = κ〈Q0〉, (9)

mω2
0β sin γ = −κ〈Q(+)

2 〉.
It results in the following definition of oscillator fre-
quencies along the principal axes:

ω2
i = ω2

0

[
1− 2β

√
5
4π

cos
(
γ − 2π

3
i

)]
, (10)

i = 1, 2, 3.

In addition, we use the volume conservation con-
straint ω1ω2ω3 = ω3

00. We recall that, in the limit
of the harmonic oscillator, the use of the double
stretched coordinate representation allows one to
represent a three-dimensional oscillator determined
by the frequencies [Eq. (10)] as a spherical-oscillator-
type potential again, i.e., x′′

i = (ωi/ω0)xi ⇒
Vdef.osc(r′′) = mω2

0r
′′2/2.

2.2. Collective Excitations

We introduce the following boson-like operators:
b+
kl̄

= α+
k α+

l̄
, b+kla = α+

k α+
l , b+

k̄l̄
= α+

k̄
α+

l̄
. These two-

quasiparticle operators are treated in the quasibo-
son approximation (QBA) as elementary bosons; i.e.,
all commutators between them are approximated by
their expectation values with the uncorrelated HB
vacuum. The first equality introduces the positive
signature boson, while the other two determine the
negative signature ones. The corresponding commu-
tation relations can be found in [9]. The positive and
negative boson spaces are not mixed, since the corre-
sponding operators commute. In this approximation,
any single-particle operator F can be expressed as
F = 〈F 〉+ F (1) + F (2), where the second and third
terms are linear and bilinear order terms in the boson
expansion. We recall that, in the QBA, one includes
all second order terms in the boson Hamiltonian such
that (F − 〈F 〉)2 = F (1)F (1).

Although in the double stretched representation
the residual interaction formally has the same form
as in (4), its structure is different. For example, the

operators Q
′′
0 and Q

′′(+)
2 expressed via nonstretched

coordinates have the following forms:

Q
′′
0 =

(
1− 1

2

√
5
π
β cos γ

)
Q0 (11)

− 5
4π

β cos γM (+) +
1
2

√
5
π
β sin γQ

(+)
2 ,

Q
′′(+)
2 =

(
1 +

1
2

√
5
π
β cos γ

)
Q

(+)
2

PH
− 5
4π

β cos γM (+) +
1
2

√
5
π
β sin γQ0.

The RPA Hamiltonian is diagonalized by solving
the equations of motion

[ĤΩ, P̂λ]RPA = i�ω2
νX̂λ, (12)

[ĤΩ, X̂λ]RPA = −i�P̂λ, [X̂Ω, P̂λ]RPA = i�δλλ′

for each signature separately. Here, X̂λ and P̂λ

are generalized coordinates and linear momenta of
a given intrinsic state with the energy �ωλ. The
equations of motion (12) lead to the determinant of
the secular equationsF(ωλ) = det(R− 1/2κ), which
is the fifth and the second order for the positive and
negative signature, respectively (cf. [9]).

The zeros of the functionF(ωλ) = 0 yield the RPA
eigenfrequencies ωλ. Since the mean field violates
the rotational invariance and particle number conser-
vation law, among the RPA eigenfrequencies, there
exist few spurious solutions. Introducing the opera-

tor Γ+ = (Î(1)
2 − iÎ

(1)
3 )/

√
2〈I1〉, we can separate the

“spurious” rotational mode ωλ = Ω from the vibra-
tional ones of the negative signature part of the full
Hamiltonian,

H(r = −1) (13)

= 1/2
∑

λ(ωλ �=0,Ω)

(P̂ 2
λ + �

2ω2
λX̂

2
λ) + �Ω(Γ+Γ + 1/2).

The other solutions with zero frequency are associ-
ated with the rotation around the first axis and the
particle number conservation law, since

[Ĥ, Î1] = [Ĥ, N̂τ ] = 0, τ = n, p. (14)

The first equation allows one to determine the Thou-
less–Valatin moment of inertia, while the second one
gives the nucleus mass [13, 14]. As a result, for the
positive signature RPA solutions, we have

H(r = +1) (15)

=
1
2

∑
λ(ωλ �=0)

(
P̂ 2

ν + �
2ω2

λX̂
2
λ

)

+
1
2
gI1 Î

(1)2

1 +
1
2

∑
τ

gNτ N̂
(1)2
τ ,

where 1/gNτ and 1/gI1 are the mass parameters for
neutrons or protons and the Thouless–Valatin mo-
ment of inertia, respectively.

3. NUMERICAL RESULTS

3.1. Mean Field Solutions

For a three-dimensional harmonic oscillator, the
variational principle with the volume conservation
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 1. The experimental dependence of quadrupole de-
formation parameters β and γ on the angular momentum
I . These values were taken from [20], where they were
determined from E2 transition probabilities along the
yrast line.

condition leads to the self-consistent condition
ω2

1〈x2
1〉 = ω2

2〈x2
2〉 = ω2

3〈x2
3〉 [15]. This condition fixes

the self-consistent constant κ2 = (4π/5)(mω2
0/〈r′′2〉)

for a residual interaction (quadrupole and monopole
terms) in the oscillator potential [16].

At the minimum of the mean field, the expectation

values of the operators Q0 and Q
(+)
2 expressed in the

double stretched coordinates [Eqs. (11)] are zeros,

〈Q′′
0〉 = 〈Q

′′(+)
2 〉 = 0. (16)

We propose to use Eqs. (16) as the self-consistent
HF conditions for equilibrium deformations β and γ
in the yrast state | 〉. Since the residual interaction
consists of such a type of operators, with these con-
ditions, we will fulfill the requirement that the residual
interaction does not change the equilibrium deforma-
tion. The spin–orbit and l2 terms would break these
conditions; however, the violation is very weak.

In order to avoid solving highly nonlinear mean
field equations, we use the experimental values of
deformation parameters β and γ (see Fig. 1). These
values are the input parameters for Eqs. (9), (10) and
the HB equations (6). For the pairing field ∆kl =
δkl∆τ (Ω) in Eq. (6), we assume the phenomenolog-
ical dependence of the pairing gap ∆τ (τ = n, p) on
the rotational frequency Ω introduced in [17],

∆τ (Ω) =




∆τ (0)

[
1− 1

2

(
Ω
Ωc

)2
]

for Ω < Ωc,

∆τ (0)
1
2

(
Ω
Ωc

)2

for Ω > Ωc.

(17)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
Here, Ωc = 0.32 MeV is a rotational frequency where
the first band crossing (which is approximately the
same for protons and neutrons) occurs for 156Dy. The
values of pairing gaps ∆n(0) = 0.857 MeV, ∆p(0) =
0.879 MeV (for 156Dy) are obtained from the odd–
even mass difference (see also [18]). The Nilsson pa-
rameters κ and µ are taken from systematic analysis
for all deformed nuclei [11]. The calculations have
been done for all shells up to N = 8. This configu-
ration space exhausted 97% of the energy-weighted
sum rule for quadrupole transitions.

To check the self-consistency of our mean field
solutions, we calculate Eqs. (16) when all terms are
included in the HB equations (6). In fact, the double
stretched quadrupole moments are approximately
zero for all values of the rotational frequency. The vari-
ation of the deformation parameters β and γ around
the experimental (equilibrium) values results in a
strong deviation of the double stretched quadrupole
moments from zero values. We found also that the
experimental values of β and γ correspond to the
minimum of the total energy, but this minimum is
very shallow for higher rotational frequencies.

3.2. Low-Lying Excited States

In order to analyze the low-lying excited states, we
construct the Routhian function for each rotational
band (ν = yrast, β, γ, . . .),

Rν(Ω) = Eν(Ω)− ΩI1(Ω). (18)

Next, we define the experimental excitation energy in
the rotating frame [19],

ων(Ω) = Rν(Ω)−Ryr(Ω). (19)

The experimental excitation energy [Eq. (19)] can
be directly compared with the corresponding solu-
tions �ωλ of the RPA secular equation. Experimental
Routhianes Rν have been obtained in [20] using ex-
perimental data from [21].

It is important to hold self-consistency in the RPA
as well as in the mean field. In the pure oscillator, the
self-consistent constant κ2 warrants the fulfillment
all conservation laws in the RPA for rotating nu-
clei [7]. We propose the following recipe to recover lost
self-consistency for realistic calculations: we define
our constants from the requirement of the fulfillment
of the conservation laws Eqs. (14) and the separation
of the rotational mode in the RPA. In other words,
we force the separation between the spurious and the
physical solutions. Otherwise, the physical solutions
would be mixed with the spurious one.

We compare the positive signature experimental
and calculated lowest excitation energies in Fig. 2.
The lowest excited rotational bands are γ and β
4
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Fig. 2. The comparison of the lowest two experimental
and calculated Routhians of positive signature in the
dependence on rotational frequency Ω. The low-spin part
of the lowest rotational band can be identified with the
γ band and the second lowest band starts as β band.
Experimental Routhians were obtained in [20] using the
data from [21].

bands. The results demonstrate excellent agree-
ment between theory and experiment. The lowest
γ-vibrational frequency calculated for the positive
signature states (even spins) becomes zero at Ω ∼
0.32 MeV. Near this rotational frequency, backbend-
ing occurs in the considered case. The negative
signature states describe quite well the γ-vibrational
states with odd spins at low rotational frequencies.
At higher rotational frequencies, these excitations
correspond to wobbling excitations of the three axially
deformed systems.

4. SUMMARY

Although the cranking + RPA approach has been
well known for a long time, a reliable practical scheme
for the analysis of vibrational states in rotating nuclei
is still missing. In this paper, we further developed
the effective approach [9] to describe numerically, at
the same level of accuracy, both the yrast properties
P

and the low-lying excitations. The approach is based
on the cranking Nilsson model + monopole pairing
forces to study mean field properties and the RPA to
analyze the vibrational states. The key point of our
approach is to hold the self-consistency at the mean
field level and to restore mean field broken symme-
tries at the RPA. To this aim, we proposed the self-
consistency conditions that should be fulfilled at the
mean field level and in the RPA.

We solve the RPA equations of motion and ob-
tain remarkable agreement with available experimen-
tal data for 156Dy for low-lying excitations. We found
that the disappearance of the positive signature γ-
vibrational excitations in the rotating frame leads to
backbending in this nucleus. It is a novel mech-
anism, in contrast to the standard explanation of
the backbending phenomenon as a result of two-
quasiparticle rotational alignment. The analysis of
the backbending, based on this mechanism, in other
nuclei is in progress. At low-rotational frequencies,
we describe the low-lying states that belong to the
γ band with odd spins as the negative signature γ-
vibrational RPA excitations. We predict that, with the
increase in the rotational frequency, these states can
be associated with the wobbling excitations.
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Abstract—There are two approximations in relativistic models which keep the continuity equation of the
baryon current without renormalization of the divergence. One is the no-free-term approximation (NFA)
which neglects the divergent terms, but keeps the Pauli blocking terms coming from nucleon–antinucleon
excitations in the RPA correlation functions. The other is the no-sea approximation (NSA) where an-
tiparticle states are assumed to be empty with negative energies. It is shown that both approximations
formally satisfy the Ikeda sum rule and the RPA theorem for the β− and β+ transition strengths also, but
that the NFA requires negative strengths in the positive excitation energy region, while the NSA requires
positive strengths in the negative excitation energy region, as a price of neglecting the renormalization of
the divergence. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Nuclear ground states are explained phenomeno-
logically very well by the relativistic mean field ap-
proximation, where antinucleon degrees of freedom
are neglected [1]. For description of excited states in
RPA, however, the nucleon space is proved not to
be enough. In the nucleon space only, the continu-
ity equation of the baryon current is violated [2–5].
Moreover, the Landau–Migdal (LM) parameters, F0

and F1, are not described correctly without antin-
ucleon degrees of freedom [4]. This means that the
center-of-mass motions, giant monopole states, nu-
clear magnetic moments, etc., which are expressed
with these parameters [6], are not described correctly
in the nucleon space only [7, 8].

In principle, the renormalization of the divergence
is necessary to take into account the antinucleon
excitations. To avoid the divergence problem without
renormalization, two approximations are proposed.
One is to keep the Pauli blocking terms coming from
nucleon–antinucleon excitations in the RPA corre-
lation function, while all divergent terms are simply
neglected [2, 3]. We call this approximation the no-
free-term approximation (NFA). The other is called
the no-sea approximation (NSA) which assumes that
the Dirac sea is empty and antinucleon states are
particle states with negative energies [7, 8]. It has
been shown that these two approximations keep the

∗This article was submitted by the authors in English.
1)Department of Physics, Faculty of Science, Chiba Univer-
sity, Chiba, Japan.

2)Department of Applied Physics, Fukui University,
Fukui, Japan, and RIKEN, Wako-shi, Japan; e-mail:
suzuki@quantum.apphy.fukui-u.ac.jp
1063-7788/04/6709-1656$26.00 c©
continuity equation [2–5, 7] and provide LM param-
eters which are consistent with the corresponding
mean field approximation [4].

The purpose of the present paper is to show first
that the Gamow–Teller (GT) sum rule, which is
called Ikeda sum rule [9], also requires antinucleon
degrees of freedom and is formally satisfied in the
above two approximations. Second, the two approx-
imations will be shown to satisfy the RPA theorem
for the energy-weighted sum of the GT strengths.
This theorem by Thouless [10] is known in the case of
no-charge-exchange excitations, but will be shown
to hold also in charge-exchange excitations with
respect to the sum of the β− and β+ transition
strengths. Finally, we will show, however, that there
is a serious difficulty in the two approximations. The
Ikeda sum rule and the RPA theorem are satisfied
owing to the contribution from unphysical strengths
which are negative in the NFA, and are positive, but
distributed over the negative excitation energy region,
in the NSA. Consequently, the total energy-weighted
strength becomes negative in both approximations.
This fact implies that renormalization of the diver-
gence is not avoidable in relativistic models, even if
they are phenomenological ones. We will show these
results in an analytic way by calculating the GT
strengths in nuclear matter.

In the following section, we will present the rel-
ativistic mean field correlation function for the GT
excitations. Using it, we will discuss the Ikeda sum
rule and RPA theorem in Section 3. The final section
will be devoted to a brief discussion and conclusions.
2004 MAIK “Nauka/Interperiodica”
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2. THE MEAN FIELD CORRELATION
FUNCTION

We assume throughout the present paper that
Dirac particles are bound in the Lorentz scalar and
vector potentials, although the Lorentz vector poten-
tial does not appear explicitly in the present discus-
sion. The Lorentz scalar potential is included in the
nucleon effective mass M∗. Then, for the β− excita-
tion at q = 0 in N > Z nuclei, the mean field corre-
lation function for GT excitations in the particle–hole
space is described as [5]

Πph = −4
∫

d3p
M∗2 + p2

y

E2
p

θ
(n)
p − θ

(p)
p

q0 + iε
. (1)

In the above equation, we have defined the abbrevia-

tionsEp =
√
M∗2 + p2 and θ(i)

p = θ(ki− |p|) (i = p,
n), kp and kn being the proton and neutron Fermi
momenta, respectively. In addition to the particle–
hole excitations, transitions from the Dirac sea to the
Fermi sea are taken into account in the NFA. These
transitions are forbidden, but are required for the RPA
correlation function to satisfy the continuity equation
of the baryon current. The correlation function for
these excitations is described as [5]

ΠPauli = 4
∫

d3p
p2 − p2

y

E2
p

(2)

×
(

θ
(p)
p

q0 − 2Ep + iε
− θ

(n)
p

q0 + 2Ep − iε

)
.

Since the above function is density-dependent, there
is no divergence problem.

In the NSA, the Dirac sea is considered to be
empty and transitions from the Fermi sea to the an-
tiparticle states with negative energies are taken into
account. In this way, the NSA can avoid divergence
and keep the continuity equation. For the β− transi-
tions, the correlation function for those transitions is
given by changing the sign of the imaginary part of
Eq. (2) as [5]

Πno-sea = −4
∫

d3p
p2 − p2

y

E2
p

(3)

×
(

θ
(n)
p

q0 + 2Ep + iε
− θ

(p)
p

q0 − 2Ep − iε

)
.

The correlation functions for the β+ transitions are
obtained by changing the sign of q0 in Eqs. (1)–(3).
In the case of β− transitions, there are no backward
amplitudes for particle–hole pairs, while, in the β+

case, there are no forward amplitudes, but instead
backward ones.
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The response function R(q0) is defined with the
above correlation functions as [3]

R(q0) =
1
π

V

(2π)3
ImΠ(q0),

V standing for the volume of the system (3π2/2k3
F)A.

In the NFA, Π(q0) is provided by the sum of Eqs. (1)
and (2), while the one in the NSA is given by Eqs. (1)
and (3). The total GT strength in the mean field
approximation is obtained by integrating R(q0) over
q0. The contribution from the particle–hole states to
the strength of the β− transitions is

S
(−)
ph =

1
π

V

(2π)3
lim

η→+0

∞∫

−η

dq0ImΠph(q0) (4)

=
4V

(2π)3

∫
d3p

(
θ
(n)
p − θ

(p)
p

)M∗2 + p2
y

E2
p

,

where the variable η is introduced, since ImΠph(q0)
contains δ(q0). For nuclei with (kn− kp)/kF � 1, the
above equation is written approximately as [5, 11, 12]

S
(−)
ph ≈

(
1− 2

3
v2
F

)
2(N − Z), (5)

where vF denotes the Fermi velocity kF/EF.

In the present definition of the spin–isospin opera-
tors, the well-known Ikeda sum rule is described as3)

〈|Q+Q−|〉 − 〈|Q−Q+|〉 = 2(N − Z) (6)

with Q± =
∑A

i τ±iσyi. This sum rule is nothing but
a result of the commutation relation: [τ+σy, τ−σy] =
2τz . Comparing Eq. (5) with the above equation, one
can see that the GT strength in the nucleon sec-
tor of the relativistic model is quenched by a factor(

1− 2
3
v2
F

)
. This value is about 0.88 for vF = 0.43

fromM∗ = 0.6M and kF = 1.36 fm−1. As shown be-
low, the quenched amount is taken by the nucleon–
antinucleon pair excitations. In the present model,
there is no GT strength of the β+ transitions in the
particle–hole sector.

The total GT strength of the proton–antineutron
(β−) excitations in the NFA is given by Eq. (2) as

S
(−)
Pauli = − 4V

(2π)3

∫
d3pθ

(p)
p

p2 − p2
y

E2
p

, (7)

3)In most of the literature, the Ikeda sum rule value is quoted
to be 3(N − Z), since the definition of Q± is different from
the present one by a factor.
4
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which is negative. One of the neutron–antiproton
(β+) excitations is obtained in the same way by
changing the sign of q0 in Eq. (2),

S
(+)
Pauli = − 4V

(2π)3

∫
d3pθ

(n)
p

p2 − p2
y

E2
p

, (8)

which is also negative.
From Eqs. (4), (7), and (8), we obtain the GT sum

value in the mean field approximation of the NFA,

S
(−)
ph + S

(−)
Pauli − S

(+)
Pauli = 2(N − Z), (9)

which is just the Ikeda sum rule. Thus, the quenched
amount of GT strength in the nucleon sector is taken
by the nucleon–antinucleon pairs, and thus, the Pauli
blocking terms are necessary for the NFA to satisfy
the sum rule, although each strength of the proton–
antineutron (β−) and neutron–antiproton (β+) exci-
tations is negative.

In the NSA, the GT strength of the particle–hole
pairs is the same as in the NFA, but the strengths
from the antinucleon degrees of freedom are different.
For the β− transitions, the integration of Eq. (3) over
negative excitation energy gives

S
(−)
no-sea =

4V
(2π)3

∫
d3pθ

(n)
p

p2 − p2
y

E2
p

,

which is equal to −S(+)
Pauli as seen in Eq. (8). In the

same way, we obtain S
(+)
no-sea = −S(−)

Pauli for the total
strength of the β+ antinucleon–hole excitations in
the NSA. In the NSA, each strength is positive,
but the energy-weighted sum becomes negative. Al-
though the strengths of the β− and β+ transitions in
the NSA are different from those in the NFA, their
difference satisfies the sum rule, as in Eq. (9).

Thus, the NFA and NSA formally satisfy the Ike-
da sum rule, but with help of the unphysical GT
strengths coming from antinucleon degrees of free-
dom which are taken into account for the continuity
equation of the baryon current.

3. THE GT SUM RULE
IN RELATIVISTIC RPA

In nonrelativistic models, the RPA correlations in
the GT states are assumed to be induced by LM
parameter g′ [13, 14]. In the relativistic model, we
also introduce g′, which is provided in the nuclear
Lagrangian as a contact term with the pseudovector
coupling:

L =
g5

2
ψ̄Γµ

i ψψ̄Γµiψ, Γµ
i = γ5γ

µτi, (10)

g5 =
(

fπ

mπ

)2

g′.
PH
For the above Lagrangian, the RPA correlation
functionΠRPA is written in terms of themean field one
Π as [5, 11, 12]

ΠRPA(q0) =
Π(q0)

1 + χ5Π(q0)
, χ5 =

g5

(2π)3
.

Then the RPA response functions for the β− and β+

transitions are given, respectively, by

R
(∓)
RPA(q0) =

1
π

V

(2π)3
ImΠRPA(±q0).

3.1. The Non-Energy-Weighted GT Sum Rule

In NFA, the non-energy-weighted GT sum value
in the RPA is given by [5]

S
(0)
RPA (11)

= lim
η→+0




∞∫

−η

dq0R
(−)
RPA(q0)−

∞∫

η

dq0R
(+)
RPA(q0)


 .

In order to calculate the right-hand side, we expand
ΠRPA in terms of χ5,

S
(0)
RPA =

1
π

V

(2π)3

∞∑
n=0

(−χ5)
n lim

η→+0
I(0)
n , (12)

where I(0)
n is defined as

I(0)
n =

∞∫

−η

dq0Im(Π(q0))n+1 (13)

−
∞∫

η

dq0Im(Π(−q0))n+1.

Due to the fact that Π(±q0) has no pole in the first
quadrant of the complex plane, and the relationship
Π∗(−iq0 − η) = Π(iq0 − η), In can be expressed as

I(0)
n = −Im

∫

C

dq0
[
(Π(q0))n+1 − (Π(−q0))n+1

]
,

(14)

where C indicates the contour on q0 = Reiθ (0 ≤ θ ≤
π/2). When |q0| → ∞, Π(q0) in the NFA behaves as

Π(q0) = −2(2π)3

q0

N − Z

V
. (15)

Hence, the integration on the contour C gives∫

C

dq0

(
Π(±q0)

)n+1
(16)
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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=
i

Rn

(
∓2(2π)3

N − Z

V

)n+1
π/2∫

0

dθe−inθ → 0

(R→∞, n ≥ 1).

From Eqs. (14) and (16), we finally obtain

I(0)
n = 0 (n ≥ 1). (17)

Thus, the GT sum value of the RPA in the NFA
is equal to the one in the mean field approximation
Eq. (9) and satisfies the Ikeda sum rule,

SRPA =
1
π

V

(2π)3
lim

η→+0
I
(1)
0 = 2(N − Z). (18)

We can calculate in the same way the GT sum
value of the RPA in the NSA, but performing the
integration over negative energy,

S
(0)
RPA

= lim
η→+0




η∫

−∞

dq0R
(−)
RPA(q0)−

−η∫

−∞

dq0R
(+)
RPA(q0)


 .

In this case, a closed contour with no pole is taken in
the second quadrant. In this way, we can prove that
the NSA also satisfies the Ikeda sum rule.

We have shown that the difference between total
GT strengths for the β− and β+ transitions in the
RPA is equal to the one in the mean field and both
the NFA and the NSA satisfy the Ikeda sum rule.
Of course, the distribution of the GT strengths is
different from that in the mean field and depends on
the value of the LM parameter g′. We will show below,
however, unphysical GT strengths remain outside of
the giant resonance region, as in the mean field.

In the RPA, the excitation energy of the giant GT
resonance state is obtained from the dimesic function.
For (N − Z)/A� 1, it is given by [11, 12]

ω0 ≈
1− 2v2

F/3
1 + 2g5κ/(3π2)

g5
8k3

F

3π2

N − Z

2A
, (19)

where κ comes from the coupling of the particle–hole
states with the nucleon–antinucleon ones,

κ = − (PN̄ (kn, q0) + PN̄ (kp, q0)) ,

PN̄ (ki, q0) =
3
4π

kF∫

0

d3p

E2
p

p2 − p2
y

2Ep + q0
.

For q0 �M∗, the above function PN̄ (ki, q0) becomes

PN̄ (ki, q0) ≈ P (kF, 0) (20)

= E2
F

(
3
2
vF − v3

F −
3
4
(
1− v2

F

)
log

1 + vF
1− vF

)
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= k2
F
v3
F

5

(
1 +

3
7
v2
F + . . .

)
.

This equation shows that, for vF = 0.43, the effect of
the Pauli blocking term on the excitation energy is
less than 0.5% and is negligible. When we neglect
κ and v2

F, Eq. (19) is reduced to the nonrelativistic
expression for the excitation energy of the giant GT
resonance state obtained before [14].

The strength of the giant GT resonance state is
given by the residue of the response function at q0 =
ω0,

SGT ≈
1− 2v2

F/3(
1 + 2g5κ/(3π2)

)2 · 2(N − Z). (21)

Since the κ-dependent term from the Pauli blocking
terms is negligible, the above equation shows that the
GT state exhausts the sum value of the GT strengths
in the nucleon space of the mean field.

The rest of the GT strengths in the NFA are dis-
tributed over the excitation energy region q0 ≥ 2M∗.
The total strength of the β− transitions in this region
is given by

S
(−)
NFA =

∫

2M∗

dq0RRPA(q0) =
V

8π4
(22)

×
2EFp∫

2M∗

dq0
IPauli(kp, q0)

(1 + χ5Πr(q0))2 + (χ5IPauli(kp, q0))2
,

while that of the β+ transition is given by

S
(+)
NFA =

∫

2M∗

dq0RRPA(−q0) =
V

8π4
(23)

×
2EFn∫

2M∗

dq0
IPauli(kn, q0)

(1 + χ5Πr(−q0))2 + (χ5IPauli(kn, q0))2
,

where Πr(q0) stands for the real part of the RPA
correlation function and IPauli(ki, q0) stems from the
imaginary part,

IPauli(ki, q0) (24)

= −4π

ki∫

0

d3p
p2 − p2

y

E2
p

δ(q0 − 2Ep)

=



−4π2

3

(
q2
0 − 4M∗2)3/2

q0
, 2M∗ < q0 < 2EFi,

0, otherwise,

with EFi =
√
M∗2 + k2

i . Thus, both total GT

strengths in this region are negative, as seen from
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the sign of IPauli(ki, q0). With help of the unphysical
strengths, theRPA in theNFA satisfies the Ikeda sum
rule.

The distribution of GT strengths in the NSA are
also calculated in the same way as in the NFA. On
the one hand, since the real part of the RPA correla-
tion function is the same in the two approximations,
the excitation energy and strength of the giant GT
resonance state are predicted as in the NFA. On the
other hand, the strengths of the region |q0| ≥ 2M∗ in
the NSA are obtained by performing the integration
of the response functions over negative energy, as we
did before. The results are expressed in terms of those
in the NFA as

S
(−)
NSA = −S(+)

NFA, S
(+)
NSA = −S(−)

NFA. (25)

In this case, each total strength of the β− and β+

transitions is positive, but distributed over the neg-
ative energy region.

As a reference, in the figure, we show the response
functions of the NFA in the high-excitation-energy
region |q0| ≥ 2M∗. They are shown in units of nuclear
volume V as a function of the excitation energy. The
solid and dashed curves show the ones for the β− and
β+ transitions, respectively. The values of parameters
used here are shown in the figure. In this case, the
excitation energy and strength of the giant GT reso-
nance state are predicted to be 11.9 MeV and 89% of
the Ikeda sum rule value, respectively, while the abso-
lute value of the total strength for the β− transition in
the high-excitation-energy region is 11% of the sum
rule value. This means that the sum of the energy-
weighted β− strength in the giant resonance and
the high-excitation-energy region becomes negative.
This is also true in the NSA.

3.2. The Energy-Weighted GT Sum Rule

In no-charge-exchange excitations, there is a
famous theorem on the energy-weighted sum value of
the excitation strengths in the RPA by Thouless [10].
According to theRPA theorem, the sum value is equal
to the expectation value of the double commutator of
the nuclear Hamiltonian with the excitation operator.
Here, the expectation value is calculated by the
ground state in the Hartree–Fock approximation. In
this subsection, we will show that the same theorem
holds for charge-exchange excitations with respect to
the sum value of the β− and β+ transition strengths
in the present model, although negative energy-
weighted strengths appear in both the NFA and the
NSA.
P

In the case of the NFA, the energy-weighted GT
sum value is given by

S
(1)
RPA =

1
π

V

(2π)3
lim
η→0

( ∞∫

−η

dq0q0ImΠRPA(q0) (26)

+

∞∫

η

dq0q0ImΠRPA(−q0)
)
,

where the first term on the right-hand side stands
for the energy-weighted sum of the β− transition
strengths, while the second term is that of the β+

ones. In the same way as in the previous subsection,
we expand ΠRPA in terms of the coupling constant χ5,

S
(1)
RPA =

1
π

V

(2π)3

∞∑
n=0

(−χ5)n lim
η→+0

I(1)
n , (27)

where I(1)
n is defined as

I(1)
n =

∞∫

−η

dq0q0Im(Π(q0))n+1 (28)

+

∞∫

η

dq0q0Im(Π(−q0))n+1.

By the same arguments in the previous subsection,
we can prove that

I(1)
n = 0 (n ≥ 2).

After calculating I
(1)
0 and I

(1)
1 , finally we obtain the

energy-weighted sum of the β− and β+ transition
strengths in the RPA of the NFA,

S
(1)
RPA = − V

π3

∫
d3p

p2 − p2
y

Ep
(θ(n)

p + θ
(p)
p ) (29)

+ 4g5
(N − Z)2

V
.

Next, we will show that Eq. (29) is equal to the
expectation value of the double commutator of the
Hamiltonian with the GT operator, when the expec-
tation value is calculated by the ground state in the
mean field. The nuclear field in the present model is
written with the usual notation as

ψ(x) =
∫

d3p

(2π)3/2

∑
α

(uα(p) exp(ip · x)aα(p)

(30)

+ vα(p) exp(−ip · x)b†α(p)).

The mean field Hamiltonian, the interaction, and the
GT field operator are described, respectively, as

H0 =
∫

d3xψ̄(x) (−iγ ·∇ + M∗)ψ(x),
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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V = −g5

2

∫
d3xψ̄(x)Γµ

i ψ(x)ψ̄(x)Γµiψ(x),

F± =
∫

d3xψ̄(x)γ5γyτ±ψ(x).

The double commutator of the mean field Hamil-
tonian with the GT operator is easily calculated,

[F+, [H0, F−]]

= 4i
∫

d3xψ†(x)γ0

(
γ ·∇− γy

∂

∂y

)
ψ(x).

Its expectation value of the ground state in the mean
field becomes

〈|[F+, [H0, F−]]|〉 (31)

=
V

π3

∫
d3p

p2 − p2
y

Ep
(2− θ

(p)
p − θ

(n)
p ).

The double commutator of V with the GT operator
is calculated in the same way,

[F+, [V, F−]] = −g5

2

∫
d3x(ψ†(Xµq)†ψψ†Xµ

q ψ

+ ψ†fµqψψ
†[f2

+,X
µ
−q]ψ + ψ†[f2

+,X
µ
−q]ψψ

†fµqψ

+ ψ†Xµ
q ψψ

†(Xµq)†ψ),

where we have used the abbreviations
fµ

q = γ0γ5γ
µτq, Xµ

q = [fµ
q , f

2
−]

(q = ±, 0).
In themean field approximation, the expectation value
is calculated neglecting the exchange terms of the
matrix elements. Keeping the direct terms only, we
obtain

〈|[F+, [V, F−]]|〉 (32)

= g5

∫
d3x〈|ψ†(X2

+)†ψψ†X2
+ψ|〉 = g5

V

(2π)6

×
(

4
∫

d3p(θ(p)
p − θ

(n)
p )
)2

= 4g5
(N − Z)2

V
.

Thus, if we neglect the divergent term of Eq. (31),
the sum of Eqs. (31) and (32) is just equal to the
energy-weighted sum of the strengths for the β− and
β+ transitions in the RPA given in Eq. (29),

S
(1)
RPA = 〈|[F+, [H0 + V, F−]]|〉. (33)

In the NSA, the nuclear field is given by replacing
the creation operator b†α of the antiparticles with the
annihilation one in Eq. (30). Because of this change,
on one hand, we obtain, instead of Eq. (31),

〈|[F+, [H0, F−]]|〉

= − V

π3

∫
d3p

p2 − p2
y

Ep
(θ(p)

p + θ
(n)
p ),
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which does not contain the divergent term, but is
negative. On the other hand, the expectation value
of the double commutator as for V is the same as
Eq. (32). Thus, in the NFA also, the energy-weighted
sum of the GT strengths in the RPA is equal to the
expectation value of the double commutator as in
Eq. (33).

Formally, we have proved that the RPA theorem
holds in charge-exchange excitations also with re-
spect to the sum of the strengths for the β− and β+

transitions. In the present relativistic model, however,
we have also shown that the energy-weighted sum
value itself is negative in the NFA and NSA. Gener-
ally speaking, all previous calculations using the NFA
and NSA have the same problem. In order to solve
this problem, we definitely need the renormalization
of the divergence.

4. DISCUSSIONS AND CONCLUSIONS

The relativistic model has been extensively used
as a phenomenological model of nuclei for the past
30 years [1]. In particular, it explains very well the
ground-state properties of nuclei with the mean field
approximation, where antinucleon degrees of freedom
are neglected [1]. In the RPA based on the mean
field approximation, however, it is known that we
cannot describe the excited states within the nucleon
space only. If the configuration space is restricted
to the nucleon sector, the continuity equation of the
baryon current is violated. In order to keep the con-
tinuity equation without renormalization of the diver-
gence, we should include Pauli blocking terms from
nucleon–antinucleon excitations in the RPA corre-
lation functions [2, 3]. We have called this approx-
imation the NFA. It is also known that the NFA
reproduces the correct LM parameters in the sense
of the mean field approximation [4]. It is not obvious,
however, that the addition of Pauli blocking terms
4
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to the nucleon space is enough for the RPA to keep
various other conservation laws.

In this paper, we have investigated whether or
not the NFA satisfies the model-independent sum
rule of the GT strengths. It is with respect to the
difference between the total strengths of the β− and
β+ transitions, and is usually called the Ikeda sum
rule [9]. Since this sum rule is just a result of the com-
mutation relation of the spin–isospin operators, any
model should satisfy it. We have shown that the NFA
satisfies the sum rule and the Pauli blocking terms
are necessary. If the configuration space is limited to
the nucleon one only, the sum rule value is exhausted
only by about 88%. When adding the Pauli blocking
terms to the RPA correlation function, the sum rule
value is reproduced. This fact has been shown in
an analytic way by calculating the GT strengths for
nuclear matter.

The Ikeda sum rule has been also investigated
in the NSA [7], where the Dirac sea is assumed to
be empty, and the antinucleon states are treated as
particle states with negative energy. It is known that,
in this way also, one can avoid the divergence problem
without violating the continuity equation. We have
shown that the NSA also satisfies the Ikeda sum rule
and predicts the same quenching of the GT strength
in the giant resonance region. It has been shown,
however, that each strength of the total β− and β+

transitions outside of the giant resonance region is
different from those in the NFA.

The energy-weighted sum of the GT strengths in
the RPA is also studied in the NFA and NSA. It
has been shown that the sum of the energy-weighted
strengths for the β− and β+ transitions is equal to
the expectation value of the double commutator of the
Hamiltonian with the GT operator, when the expec-
tation value is calculated with the ground state in the
mean field and the divergent terms are deleted. Thus,
the well-known RPA theorem by Thouless [10] holds
for charge-exchange excitations also.

We have shown formally that the NFA and NSA
are consistent with the Ikeda sum rule and do not
violate the RPA theorem. There is, however, a serious
problem in both approximations, as a price for ne-
glecting the divergence. The NFA and NSA require
contributions from the unphysical GT strengths for
the RPA to satisfy the Ikeda sum rule. The NFA
needs negative strengths, while the NSA needs pos-
itive strengths, but in a negative excitation energy
region. Moreover, the sum of the energy-weighted
GT strengths is negative. Thus, it is not a justification
of the approximation to satisfy the continuity equation
only. So far, most of the nuclear observables are well
reproduced phenomenologically without the renor-
malization. In order to solve the above problems, we
PH
definitely need the renormalization of the divergence
in a future study.

It may depend on nuclear observables whether or
not effects of the renormalization are important. In
the previous studies [4], on one hand, it was shown
that the LM parameter F1 depends on antinucleon
degrees of freedom, only through the Pauli blocking
terms. These facts were shown by fully renormalized
calculations in the σ−ω model [15]. As a result, some
physical quantities which are dominated by F1 can be
described using an approximation with Pauli blocking
terms. Indeed, for example, the nuclear current at
q→ 0, or nuclear magnetic moments and the center-
of-mass motion were shown to be described well in
the NFA and NSA [6, 7]. On the other hand, effects
of the antinucleon degrees of freedom on the LM pa-
rameter F0 are not represented by the Pauli blocking
terms only, and the contribution from other nucleon–
antinucleon excitations is more important, as shown
in [4]. Another example is the Coulomb sum rule,
where the renormalization provides us with a strong
quenching of the sum rule value at high momentum
transfer [15].

Thus, there may be some cases where the renor-
malization is not essential for description of the ob-
servables, but generally speaking, we should investi-
gate in the future how effects of the renormalization
change previous results in relativistic models, includ-
ing the GT strengths discussed here.

We note finally that detailed discussions presented
here are required not only from a theoretical point
of view, but also from the recent experiment. It has
been shown experimentally that the sum rule value
is quenched by about 10% from the nonrelativistic
analysis of the (p, n) reaction [16]. In nonrelativistic
models, so far, all of the 10% quenching was assumed
to be due to the coupling of the particle–hole states
with ∆-hole states [17, 18]. If 6% quenching is due
to the relativistic effects, however, it follows that only
4% stems from the contribution of the ∆ degrees
of freedom. This weak coupling of the particle–hole
states with the ∆-hole states yields the extremely
small value of LM parameter g′N∆ which dominates
the critical density of the pion condensation [19] and
other spin-dependent response functions [20]. Thus,
we need to discuss GT strengths carefully for the
study of the spin-dependent structure of nuclei in
detail.
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Abstract—Photonuclear reaction data play an important role in basic and applied research. Radiation
shielding design, radiation transport analysis, activation analysis, astrophysical nucleosynthesis, safe-
guards and inspection technologies, human body radiotherapy absorbed dose calculations, beam moni-
toring in heavy-ion dissociation research at ultrarelativistic energies, etc., could be mentioned. However,
there exist quite evident systematic discrepancies in both shapes and magnitudes between photonuclear
cross sections measured in various laboratories. These discrepancies noticeably reduce the accuracy and
reliability of data. A systematic overview of various types of data contained in the international database
is given. The modern status of the data is discussed. The reasons for significant discrepancies between
various photonuclear data are analyzed and methods to reduce them are suggested. c© 2004 MAIK “Nau-
ka/Interperiodica”.
INTRODUCTION
The absolute majority of data on photonuclear

reaction cross sections in the energy range of giant
dipole resonance (GDR) have been obtained [1–5]
in experiments with bremsstrahlung (BR) and quasi-
monoenergetic photons produced by annihilation in
flight of relativistic positrons (QMA). There are ev-
ident systematical discrepancies in both shapes and
magnitudes between the data obtained not only in ex-
periments of different types, but in experiments of the
same type as well. The discrepancies are larger than
statistical uncertainties and obviously depend on the
experimental method explored. Though the majority
of cross-section data were obtained quite long ago,
they are included in the contemporary large database
[6] and still extensively used. Thus, the current status
of photonuclear research on the whole, as well as the
accuracy and reliability of each set of data, becomes
understandable only after a careful analysis of existing
systematical disagreements and of the ways to take
them into account. Large databases give a good pos-
sibility for such an analysis.

1. TWO MAIN TYPES OF PHOTONUCLEAR
EXPERIMENTS

1.1. Experiments with Electron Bremsstrahlung
Photons

The bremsstrahlung spectrum is a continuous one
and, therefore, a direct measurement of a reaction

∗This article was submitted by the authors in English.
1)Physics Faculty,MoscowState University,Moscow,Russia.
2)Skobeltsyn Institute of Nuclear Physics, Moscow State
University, Moscow, Russia.

**e-mail: varlamov@depni.sinp.msu.ru
1063-7788/04/6709-1664$26.00 c©
cross section is not possible with it, but only a reac-
tion yield Y (Ejm). The latter is a cross section σ(k)
with a threshold Eth depending on a photon energy k
and folded with the photon spectrumW (Ejm, k) with
the endpoint energy Ejm:

Y (Ejm) =
N(Ejm)
εD(Ejm)

= α

Ejm∫

Eth

W (Ejm, k)σ(k)dk.

(1)

Reaction cross section σ can be obtained from the
experimental yield Y using one of the well-known
mathematical methods (Penfold–Leiss, Tikhonov
regularization, etc.). All of them have been developed
especially to produce the effective photon spectrum
(the apparatus function) that looks like (Fig. 1b)
a sufficiently narrow line. However, a constructed
apparatus function has a complex shape, which can
produce additional uncertainties in shape, magnitude,
and position of a cross section.

1.2. Experiments with Quasimonoenergetic
Annihilation Photons

As an alternative to the procedure of solving in-
verse ill-posed problem (1), QMA experiments have
been developed [5] [the majority of data have been
obtained at Livermore (USA) and Saclay (France)].
They consist in producing annihilation photons with
the energy Eγ = Ee+ + 0.511MeV by fast positrons.
Since annihilation photons always are accompanied
by positron bremsstrahlung, a QMA experiment is
carried out in three steps (Fig. 1—63Cu(γ, n)62Cu
reaction [7]): (i) measurements of the yield Ye+(Ej)
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Experimental yields [7] of 63Cu(γ, n) 62Cu reaction (×), appropriate effective photon spectra (solid curves), and the
apparatus function obtained by the reductionmethod (dashed curves): (a) the yield differenceYe+(Ej)− Ye− (Ej) = Y (Ej) ≈
σ(k) (2), i.e., the difference between spectra of photons produced by positrons and electrons, respectively; (b) the yield Ye−(Ej)
and the electron bremsstrahlung spectrum [the apparatus function obtained by the Penfold–Leiss method is also presented
(+)]; (c) the yield Ye+(Ej) and the spectrum of photons produced by positrons (the sum of bremsstrahlung and annihilation
processes).
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of the reaction induced by photons from both the
annihilation and the bremsstrahlung of e+; (ii) mea-
surements of the yield Ye−(Ej) of the reaction induced
by photons from the e− bremsstrahlung; (iii) the sub-
traction (the bremsstrahlung spectra is assumed to be
identical for e− and e+)

Ye+(Ej)− Ye−(Ej) = Y (Ej) ≈ σ(k). (2)

The difference (2) is interpreted as a reaction cross
section “measured directly.”
The following points should be mentioned: (i)

There is no beam of QMA photons in reality: the
QMA photons arise only as a difference of two real
spectra. (ii) The apparatus function (Fig. 1a) of
an experiment is obtained individually because it
depends on conditions of both themeasurements (i.e.,
on yields—Ye+ , Ye−). (iii) The production of positron
annihilation γ quanta is a result of a few successive
processes [bremsstrahlung production (e− +A→
A+ e− + γ); production of pairs (γ +A→ A+ e− +
e+); positron annihilation (e+ + e− → 2γ)]. Due to
this, the number of quasimonoenergetic photons ap-
pears to be small, and hence the statistical accuracy
of measured yields, as well as their normalizations, is
also low. (iv) An apparatus function has a complex
shape and is spread over a wide energy range, so the
result of (2) is really not a cross section, but again a
yield.

2. MAIN DISCREPANCIES
BETWEEN REACTION CROSS SECTIONS
OBTAINED WITH BR AND QMA PHOTONS

As follows from the above discussion, conditions
of these two types of experiments are different and this
is the reason for a significant disagreement in their
results.

2.1. Total Photoneutron Reaction (γ, xn)
Cross-Section Shape (Structure, Resolution)

As a typical example of well-known discrepancies
under discussion, photoneutron reaction 16O(γ, xn)
total cross sections obtained in the BR [8] and QMA
experiments [9, 10] can be pointed out. There are
well-separated resonances in all three cross sections
obtained with a high enough energy resolution (200
[8], 180–200 [9], and 200–300 keV [10]). However,
all the QMA resonances have larger widths and
smaller amplitudes than the appropriate BR ones.
The QMA data look like smoothed versions of the
BR data. Absolute values of the BR data [8] and
the Saclay QMA data [9] are close: integrated cross
sections for the same integration limits are 36.90 and
34.52 MeVmb, respectively, but the Livermore QMA
data [10] [(1.12–1.20) × 27.64 MeV mb] became
P

close enough to the other two only after additional
normalization (the factor 1.12 will be discussed later).
An additional example of discrepancies concerned

is a detailed comparison [11] of resonances in the
18O(γ, xn) reaction cross section obtained with BR
[11] and QMA photons [12]: all the resonances have
larger amplitudes (〈ABR/AQMA〉 = 1.17) and smaller
widths (〈ΓQMA/ΓBR〉 = 1.35) in the BR cross sec-
tions than in the QMA cross sections. Integrated
cross sections for the energy range 8–28 MeV are
also different: σintBR = 187.12 MeV mb and σintQMA =
167.33MeV mb (the ratio is again∼1.12).
The general systematics3) [13] of the disagree-

ments is shown in Fig. 2 for a special parameter
named “structureness” that describes as a whole the
deviation of each reaction cross section from its sig-
nificantly smoothed value (with a smearing parameter
∆ about 1 MeV) for the whole energy rangeD:

S =
1
N

N∑
i=1

(σi − 〈σi〉)2
〈〈σ〉〉2 , (3)

where

〈σi〉 =
1
∆

Ei+∆/2∫

Ei−∆/2

σ(k)dk, 〈〈σ〉〉 =
1
D

∫

D

σ(k)dk

are averaged cross sections.
In Fig. 2, the ratios S/SL are presented, where

S values are calculated for data from various labo-
ratories, whereas SL is for the Livermore QMA data
(some other QMA data are used also). Data clearly
separate into two groups: BR (〈S/SL〉 = 4.35) and
QMA (〈S/SL〉 = 1.22). This means that, in all the
QMA laboratories, an estimation of energy resolution
using the width of the annihilation line (in many cases
250–400, sometimes 500, more rarely 150–300 keV)
does not give a real resolution: the QMA cross sec-
tions are oversmoothed. This is confirmed by the
value 〈S/SL〉 = 4.22 for data obtained in [14] using
a tagged photon (TP) technique (the TP apparatus
function is close to the Gauss shape).
Since in reality a QMA cross section (2) is only

a yield (1), a real cross section can be obtained [15–
18] only after an additional processing by the use of
a real apparatus function and the reduction method
[19, 20]. Actually, this is not a method of solving an
inverse ill-posed problem (1) to unfold a cross section
from a yield. The reduction method transforms data
obtained with some experimental apparatus function
(Fig. 1) into those which would have been measured

3)It contains more than 500 total photoneutron (γ, xn) cross
sections for nuclei from 3H to 238U.
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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by means of an apparatus function of another quality
(the better, e.g., the Gauss line with an exactly known
energy resolution). As a result, one gets the most
reasonably achievable monoenergetic representation
of a reaction cross section from a reaction yield.

A reaction yield (1) measured using an apparatus
function A and written in an operator form reads

y = Aσ + ν. (4)

Then after the simple transformation

Ry = R(Aσ + ν) = Uσ + (RA− U)σ +Rν = σeval

(5)

with a special operator R [18, 19],

R = U(Σ−1/2A)−Σ−1/2 = U(A∗Σ−1A)−A∗Σ−1,
(6)

it can be transformed into the evaluated cross section

σeval = Ry = Uσ +Rν, (7)

which represents the “measured” cross section with
the apparatus function U of a needed quality.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
The main result of processing using the reduction
method is that the structure of a QMA cross section
became much clearer and closer to that of a BR
cross section. This is seen after processing of the
QMA results (Fig. 3e) for 63Cu(γ, n) 62Cu reaction
[7] and a comparison for the same energy resolution
of 210 keV of all three cross sections (2) obtained
by the reduction method with the result of the BR
experiment [21]. The inverse operation of smoothing
of cross sections from Figs. 3b–3d gives [22] the real
QMA result (Fig. 3e): the energy resolution is only
∼1.3 MeV (i.e., 4 times worse than the estimated
width of the annihilation line). The same processing of
197Au(γ, xn) reaction data [23] gives a real resolution
value of 1.6MeV (i.e., 3 times worse than the declared
one).

2.2. Magnitude of a Total (γ, xn) Reaction Cross
Section (Absolute Value)

Integrated cross section data. There are def-
inite discrepancies between absolute values of data
obtained at different laboratories using both the BR
4
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and QMA photon beams. In addition to the data for
16,18O presented above, other examples are presented
in Table 1, where a comparison of the integrated
QMA (γ, xn) reaction cross sections [1] from Liv-
ermore and Saclay is given. These four cases [1] are
taken because of very close integration energy limits
Emax

γ or vise versa—integrated cross section values

σint (many other similar discrepancies can be found in
[1] as well). One can easily estimate that, in all cases,
P

the values from the Saclay experiments are higher
than those from the Livermore ones by 6–16%.
A systematics of integrated cross sections.

A systematics of ratios of integrated cross sec-
tions was obtained [13, 15, 16] for (γ, xn) reaction
cross sections measured for energy ranges of inci-
dent photons between the thresholds of (γ, n) and
(γ, 2n) reactions. Specially calculated ratios Rintsyst =

σintvar.lab(γ, xn)/σintL (γ, xn) of data from various lab-
oratories to that from Livermore are presented in
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Table 1.Comparison of the experimental QMA data on integrated (γ, xn) cross sections from Saclay (upper values) and
Livermore (lower values)

Nucleus 51V 75As 90Zr 165Ho

(E int
γ )max [MeV] 27.8/27.8 26.2/29.5 25.9/27.6 26.8/28.9

σintS /σ
int
L 689/654 = 1.06 1306/1130 ≥ 1.16 1309/1158 ≥ 1.13 3667/3385 ≥ 1.08

Table 2. Recommended [23] normalization factors F to improve agreement of the Saclay and Livermore data

Nuc-
leus

Rb 89Sr 89Y 90Zr 91Zr 92Zr 93Nb 94Zr 127I 197Au 206Pb 207Pb 208Pb 209Bi

Lab. S S S L S L L L S L S S L L L S L

F 0.85± 0.03 0.85± 0.03 0.82 1.0 0.88 1.0 1.0 1.0 0.85± 0.03 1.0 0.8 0.93 1.22∗ 1.22∗ 1.22∗ 0.93 1.22∗

∗ The Livermore data increasing instead of the Saclay data decreasing.
Fig. 4. The results definitely confirm that, as a rule,
the Livermore cross sections are smaller than the
others: the values Rintsyst are concentrated near the

mean value 〈Rintsyst〉 = 1.12 (just mentioned above).
The QMA data from Saclay are more consistent with
the data (both QMA and BR) of other laboratories.
Absolute values of reaction cross sections.

Cross sections of photonuclear reactions on nuclei
natZr, 127I, 141Pr, 197Au, and natPb measured earlier
at Livermore have been specially remeasured [24].
Remeasured data were used for a detailed comparison
of absolute values of photoneutron cross sections in
14 nuclei (Table 2) with the aim to solve the evi-
dent problem of appreciable discrepancies between
the data of different laboratories, primarily Livermore
and Saclay. It was pointed out that “this comparison
implies the Livermore experiment error either in the
photon flux determination or in the neutron detection
efficiency or in both.” The major recommendations
to put data into consistency were somewhat dual:
(i) to decrease the Saclay data for various nuclei by
factor F = 0.8–0.93 (Table 2); (ii) to increase the
Livermore data for 206,207,208Pb and 209Bi (indicated
by asterisks) by a factor of 1.22 to achieve agreement
with data from experiments with tagged photons [14].

3. DISCREPANCIES BETWEEN CROSS
SECTIONS OF PARTIAL PHOTONEUTRON
REACTIONS (γ, n) AND (γ, 2n) OBTAINED

WITH QMA PHOTONS AT SACLAY
AND LIVERMORE

Besides the discrepancies in (γ, xn) = (γ, n) +
(γ, np) + 2(γ, 2n) cross sections, there are certain
discrepancies between cross section values of partial
reactions (γ, n) and (γ, 2n) [1]. It was found for
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
12 nuclei (89Y, 115In, 117,118,120,124Sn, 133Cs, 159Tb,
165Ho,181Ta, 197Au, 208Pb) [25] that, while the in-
tegrated (γ, n) cross section from Saclay is higher
than that from Livermore, the integrated (γ, 2n) cross
section is lower (Table 3). For example, the (γ, xn)
data from Livermore and Saclay for the nucleus 159Tb
differ [1] only by 6%, but the (γ, n) data from Saclay
are 37% higher than the corresponding Livermore
data [25]. At the same time, the (γ, 2n) data are lower
by 47%.
These data were accurately recalculated [26] and

supplemented with similar data for the other seven
nuclei (51V, 75As, 90Zr, 116Sn, 127I, 232Th, 238U).
The complete systematics of integrated cross section
ratios (Saclay/Livermore) for 19 nuclei is presented in
Fig. 5. As a rule, the ratios of the (γ, n) data (squares)
are noticeably larger than 1.0, but those for the (γ, 2n)
reaction (triangles) are less. On the basis of a detailed
comparison [25] of (γ, n) and (γ, 2n) data with the da-
ta from (e, n) and (e, 2n) reactions measured for 181Ta
using both the neutron multiplicity sorting and the
residual activity measurement methods [27–29], it
was shown that discrepancies are produced by the dif-
ference in the neutron multiplicity sorting procedure.
The Saclay procedure was not correct, and therefore
the (γ, 2n) data were underestimated [some events
were interpreted as (γ, n) ones]. Correspondingly, the
data for the (γ, n) reaction were overestimated.
The method to correct data [25, 26] is very simple

and clear. Since (γ, xn) = (γ, n) + 2(γ, 2n), the ra-
tio R = σS(γ, xn)/σL(γ, xn) must be used for joint
correction of data from Saclay and Livermore. With
this factor, one obtains the following expression of the
corrected Saclay (γ, 2n) cross section σ∗S(γ, 2n):

RσL(γ, 2n) = σ∗S(γ, 2n) = σS(γ, 2n) (8)
4
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+
1
2
(σS(γ, n)−RσL(γ, n)).

Expression (8) reflects the main idea described
above: a part of the Saclay (γ, n) cross section
(σS(γ, n)−RσL(γ, n))/2 is added (“transmitted
back”) to the Saclay (γ, 2n) cross section σS(γ, 2n).
The Saclay (γ, n) cross section can be corrected by
subtraction of the RσL(γ, n) cross section for ener-
gies higher than the threshold of the (γ, 2n) reaction.
At the same time, the left part of (8) means that the
recalculated cross section σ∗S(γ, 2n) must agree with
the Livermore (γ, 2n) cross section multiplied by R,
i.e., must be equal to RσL(γ, 2n).
The corrected cross section ratios for all 19 nuclei

(Table 3) together with the integrated cross sections
are presented in [26]. As an example, in Fig. 6, we
show results of the joint correction of the Saclay and
Livermore data for 208Pb.

4. SUMMARY: MODERN STATUS
OF WELL-KNOWN DATA

4.1. Important Conclusions

The problems discussed above clarify the “mod-
ern” status of well-known published photonuclear
data. The value, accuracy, and reliability of all data
could be understood only after a special analysis of
systematic disagreements, which depend on the ex-
plored experimental method. The “modern” status of
data under discussion means the following:
Owing to obvious discrepancies between various

data, they should be used with caution and strongly
individually; special attention has to be paid to the
experimental method and data processing procedure
explored in every particular case.
The QMA data are strongly oversmoothed (its

real energy resolution is a factor of 3–4 worse than
the declared one) in comparison with the BR data.
The QMA data must be reprocessed using either the
reduction method (4)–(7) or a similar one to take
into account the real (not enough local) shape of an
apparatus function (an effective photon spectrum).
The absolute values of (γ, xn) cross sections

measured with the QMA photons at Livermore in
general are smaller than those measured with the
BR and QMA photons at various other laborato-
ries. As a result, the data on (γ, xn) cross sec-
tions from Livermore for 19 nuclei listed above [26]
must be corrected; i.e., they should be multiplied
by appropriate coefficients Rint(γ, xn) = Rint(γ, n) =
σintS (γ, n)/σintL (γ, n) (Table 3), and for other nuclei, by
〈Rintsyst〉 = 1.12 [13, 15, 16], at least.
Cross sections of the partial photoneutron reac-

tions (γ, n) and (γ, 2n) from Saclay experiments are
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
Table 3. Ratio of integrated cross sections of (γ, n) and
(γ, 2n) reactions before [1, 25] and after [26] correction

Nuc-
leus

σintS (γ, n)/σintL (γ, n)
[both—MeV mb]

σintS (γ, 2n)/σintL (γ, 2n)
[both—MeV mb]

Before [1, 25] After [26] Before [1, 25] After [26]
51V 1.07∗ 1.00 0.79∗ 0.98
75As 1.21∗ 1.00 1.22∗ 1.01
89Y 1.33 1.00 0.75 1.05
90Zr 1.26∗ 0.93 0.73∗ 1.05
115In 1.09 1.00 0.55 1.02
116Sn 1.10∗ 1.00 0.92∗ 0.98
117Sn 0.97 1.00 0.46 0.96
118Sn 1.06 1.00 0.49 0.93
120Sn 0.99 1.00 0.59 0.97
124Sn 0.82 1.00 0.75 1.02
127I 1.34∗ 1.00 1.07∗ 0.99
133Cs 1.24 1.00 0.65 1.04
159Tb 1.37 1.00 0.68 0.94
165Ho 1.20 1.00 1.03 1.03
181Ta 1.68∗∗ 1.00 0.90 0.93
197Au 1.18 1.00 0.62 1.06
208Pb 1.54∗∗ 1.00 0.38 0.98
232Th 0.84∗ 1.00 0.69∗ 0.94
238U 0.81∗ 1.00 0.80∗ 1.01

∗ New data from [26].
∗∗ Incorrect initial data used.

not correct due to exploiting an incorrect neutron
multiplicity sorting procedure. They should be recal-
culated with expression (8).
The Livermore neutron multiplicity sorting proce-

dure is correct. Therefore, the Livermore (γ, n) and
(γ, 2n) cross sections are consistent with each other
as well as with (γ, xn) cross sections, and both sets
can be used, but again only after multiplication by
coefficients Rint(γ, xn) or 〈Rintsyst〉.

4.2. Important Physical Consequences

Themost important physical consequences are the
following:
An intermediate GDR structure (peaks with

widths on the order of hundreds of keV) exists; the
BR data seem to be preferable for detailed study
4
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S(γ, 2n), (dashed curve) the Livermore evaluated data
RσL(γ, 2n)].
of the GDR structure because the QMA data are
strongly oversmoothed. The energy resolution∼ 1.3–
1.6 MeV does not allow one to investigate properly
the properties of resonance substructures having
smaller width. An additional processing of the QMA
data reveals that the GDR structure is close to that
obtained from the BR data.
It appears that a statistical branch dominates a

decay of GDR; the Saclay interpretation [30–33] of
high-energy tails of (γ, n) cross sections as a contri-
bution of high-energy neutrons from the GDR non-
statistical decay (this contribution is evaluated to be
about 17–30%) seems to be very doubtful because of
a small decrease in (γ, n) cross sections at energies
higher than the (γ, 2n) reaction threshold B(2n); the
corrections to the Saclay (γ, n) cross sections dis-
cussed above reduce them and put them in agreement
P

with the Livermore data; i.e., the direct decay contri-
bution is not more than 10–12%.

A large extravalue of the integrated cross sec-
tion σint(γ, abs) ≈ (1.3–1.5) · 60NZ/A (MeV mb)
becomes questionable, being totally due to changing
of the effective nucleon mass because of an influence
of exchange forces [30–33]; errors in the Saclay
procedure of neutron multiplicity sorting seriously
affect the corresponding results for the total pho-
toabsorption cross section evaluated by the use of
the following combinations of cross section data:
(γ, abs) = (γ, sn) + (γ, p) and (γ, sn) = (γ, xn)−
(γ, 2n); it is obvious that errors in (γ, 2n) reaction
data produce errors in both the (γ, sn) and the (γ, abs)
reaction data; the corresponding corrections reduce
their values.
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Some of the disagreements in the experimental
data can be overcome by exploring methods similar
to that described in the present paper; up to now,
many data have been analyzed, evaluated, and put
into consistency. However, new intensive really mo-
noenergetic photon beams (High Intensity Gamma
Source—HIGS [34] or similar) combined with effec-
tivemeasurement methods of photon flux, detector ef-
ficiency, neutron multiplicity sorting, etc., are needed
to obtain really accurate and reliable experimental
data for both shapes and magnitudes of total and
partial cross sections of photoneutron reaction and
photoabsorption, especially for medium and heavy
nuclei.
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Abstract—The structure of neutron-rich nuclei in several isotopes is investigated by shell model calcu-
lations. We study the electric dipole (E1) transitions in C isotopes focusing on the interplay between the
low-energy Pigmy strength and the giant dipole resonance (GDR). Reasonable agreement is obtained with
available experimental data for the photoreaction cross sections in 12C, 13C, and 14C with the inclusion
of the quenching effects. A low-energy peak in the dipole strength in 15C is associated with a single-
particle motion of the 1s1/2 valence neutron relative to the 14C core. The calculated transition strength
below the GDR in C isotopes heavier than 15C is found to exhaust about 50–80% of the cluster sum rule
value and 12–16% of the classical Thomas–Reiche–Kuhn sum rule value. Next, we point out that the
quadrupole and magnetic moments in the odd C isotopes strongly depend on configuration, which will
be useful to determine the spin parities and the deformations of the ground states of these nuclei. The
electric quadrupole (E2) transitions in even C isotopes are also studied. The isotopic dependence of the
E2 transition strength is found to be reasonably well explained, although the calculated strength largely
overestimates the unexpectedly small strength observed in 16C. The E1 strength in 18N and 19N as well as
in Ne isotopes is also investigated. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

We have studied E1 strength in neutron-rich
O isotopes by using the shell model [1] and found
that the Pigmy strength exhausts about 10% of the
Thomas–Reiche–Kuhn (TRK) sum rule and more
than 40% of the cluster sum rule [2],

SC =
�

2

2m
9
4π

(Z1N2 − Z2N1)2

AA1A2
, (1)

where A1 = N1 + Z1 and A2 = N2 + Z2. Calculated
values of the Pigmy strength are in good agreement
with the recent experimental observations in 20O and
22O [3].

Here, we extend our work on O isotopes and study
the structure of neutron-rich C, N, and Ne isotopes
by the shell model. The structure of C isotopes is
studied in Section 2. The E1 strength in 12−19C is
investigated with focus on the interplay between the
low-energy Pigmy strengths and the giant dipole res-
onance (GDR). The configuration dependence of the

∗This article was submitted by the authors in English.
1)Department of Physics, College of Humanities and
Sciences, Nihon University, Tokyo, Japan; e-mail:
suzuki@chs.nihon-u.ac.jp

2)Center for Mathematical Sciences, the University of
Aizu, Aizu Wakamatsu, Fukushima, Japan; e-mail:
sagawa@u-aizu.ac.jp

3)Yukawa Institute for Theoretical Physics, Kyoto University,
Kyoto, Japan; e-mail: hagino@yukawa.kyoto-u.ac.jp
1063-7788/04/6709-1674$26.00 c©
quadrupole (Q) moments and magnetic (µ) moments
in the odd C isotopes is also discussed. We also study
the isotopic dependence and the magnitude of the
E2 transition strengths in the even C isotopes. In
Section 3, the E1 transition strength in N and Ne
isotopes is studied. A summary is given in Section 4.

Ratios of the EWS of the strength up to Ex = Emax to the
TRK sum rule values (experimental values taken from [6, 7]
and calculated values are shown in the third and fourth
column, respectively; experimental values compared to the
calculated ones are represented in the last column)

A Emax,
MeV

Experiment
Cal. Exp./Cal.

(γ, n) (γ, p) total

12C 30 0.24 0.40 0.64 0.91 0.70

100 1.62

150 1.86

13C 30 0.50 0.22 0.72 0.98 0.73

14C 30 0.53 0.08 0.61 1.04 0.59

0.43± 0.06 (T<) 0.58 0.74

0.18± 0.04 (T>) 0.45 0.40
2004 MAIK “Nauka/Interperiodica”



ELECTRIC DIPOLE TRANSITIONS 1675

 

0.3

0.2

0.1

0 10 20 30

 

E

 

x

 

, MeV

 

B

 

(

 

E

 

1), 

 

e

 

2

 

 fm

 

2

 

1/2

 

–

 

 + 3/2

 

–

 

Skin

 

}

 

T

 

 = 3/2 only

 

p

 

 

 

→ 

 

sd

 

0 2 4 6 8

0.2

0.1

0

–0.1

–0.2

 

r

 

, fm

 

ρ

 

(

 

r

 

)

 

5.93 MeV

 

Neutron

Skin

Proton

 

0 2 4 6 8

0.2

0.1

0

–0.1

–0.2

 

r

 

, fm

 

ρ

 

(

 

r

 

)

 

12.74 MeV

 

Neutron

Proton

 

(

 

a

 

) (

 

b

 

) (

 

c

 

)

 
15

 
C

 

T

 

 = 3/2 + 

 

T

 

 = 5/2

Fig. 1. (a) Calculated B(E1) strength for 15C with the use of the WBP10 interaction. The solid and dashed curves include the
results of both T = 3/2 and T = 5/2 states, while the dash-dotted curve includes only those of T = 3/2 states. The solid curve
is obtained with the effects of neutron skin. The dotted curve shows contributions from the 0p → 1s0d transitions. (b) Neutron
and proton transition densities for the Pigmy state at Ex = 5.93 MeV. The dash-dotted curve includes the neutron skin effects.
(c) The same as in (b) for the GDR state at Ex = 12.74 MeV.
2. STRUCTURE OF C ISOTOPES

2.1. Electric Dipole Strength in C Isotopes

We study the E1 strength of C isotopes by shell
model calculations with the use of the Warburton–
Brown interaction (WBP10) [4]. A model space of
0s−0p−1s0d−1p0f shells including up to 3�ω ex-
citations is taken for 12−14C. The B(E1) transition
strength is defined as

B(E1, ωn) =
1

2Ii + 1
|〈n||Ôλ=1||Ii〉|2, (2)

where Ii is the angular momentum of the initial state
and |n〉 is the nth excited 1− state with the excitation
energy �ωn. The E1 transition operator is given by

Ôλ=1
µ = −eZ

A

N∑
i

riY1µ(r̂i) + e
N

A

Z∑
i

riY1µ(r̂i) (3)

subtracting the center-of-mass motion. The transi-
tion strength is averaged by a weight factor of Loren-
zian form with a width parameter of Γ = 1 MeV
(see [5]). Calculated results of C isotopes are shown
in [5]. The calculated and observed strength below
Ex ∼ 15 MeV in 13C and 14C is due to the excitation
of the valence neutrons outside the 12C core. Ener-
gies of the dipole states are rather well reproduced
by our calculations, while further quenching is found
to be necessary to explain the experimental mag-
nitude of the strength. Comparison of the energy-
weighted sum (EWS) to the TRK sum rule value is
shown in the table, which indicates that the calcu-
lations including up to 3�ω excitations need further
quenching by about 30–40% up to Ex = 30 MeV.
A large fraction of the strength is pushed up beyond
Ex ∼ 30 MeV. When these quenchings are taken into
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
account, the observed photoreaction cross sections
are well explained (see [5] for details).

We now discuss 15C. The calculated strength is
shown in Fig. 1a. Contributions due to 0p → 1s0d
transitions are denoted by the dotted curve, which
looks similar to the strength of 14C. The low-energy
peak at Ex ∼ 6 MeV in the strength of 15C, there-
fore, comes from the excitation of the 1s1/2 valence
neutron to the 1p shell. Proton and neutron transition
densities defined by

ρp(r) =
N

A
Mp(r), ρn(r) = −Z

A
Mn(r) (4)

with

Mn(p)(r) (5)

=
∑
µ,f

|〈φf (r)|e
∑

i∈n(p)

riY1µ(r̂i,n(p))|φg.s(r)〉|2

are shown in Figs. 1b and 1c for a Pigmy state and
a GDR state, respectively. For the Pigmy state at
Ex = 5.93 MeV, the neutron and proton transition
densities contribute coherently in the large radial re-
gion at r ≥ 4 fm. The ρn(r) is mainly caused by the
1s1/2 → 1p3/2 transition. Here, the neutron motion
and the proton motion represented by Mn(r) and
Mp(r), respectively, are opposite in sign; that is, the
contribution is isovector. Note that the isovector and
isoscalar transition densities are defined by

ρiv(r) = −1
2
(Mn(r)−Mp(r))

and

ρis(r) =
N − Z

2A
(Mn(r) + Mp(r)),
4
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Fig. 2. Calculated B(E1) strength for C isotopes with N = 10−13 with the use of the WBP10 interaction and the
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and 1s0d → 1p0f transitions, respectively. (b) The solid curve includes the halo effects. (d) The ground state is taken to be
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respectively. The strength of the resonance amounts
to about half of the strength given by Eq. (1) for 14C
and the valence neutron as the two clusters. Thus, the
Pigmy mode can be considered as the single-particle
motion of the valence 1s1/2 neutron relative to the
PH
14C core. For the GDR state at Ex = 12.74 MeV,
the coherent isovector contribution at r ∼ 3 fm is the
dominant one.

The calculated E1 strength for 16−19C is shown in
Fig. 2 (see [5] for details). Here, we add a comment
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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that the 0p→ 1s0d and the 1s0d→ 1p0f transitions
contribute destructively in the low-energy region be-
low Ex ∼ 10 MeV and that the Pigmy mode does not
develop well in these isotopes. We find a coherent en-
hancement of the low-energy peak at Ex ∼ 12 MeV
in 16C as in theGDR region in 16−19C.The separation
of the Pigmy mode and the GDR becomes obscure
in heavier isotopes, 17−19C. The calculated EWS val-
ues below Ex = 14 MeV, as well as the cluster sum
rule values, are shown in Fig. 3. The ratio EWS/SC
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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amounts to about 80% for 16C and decreases to
∼50% in heavier isotopes.

2.2. Q Moments, µ Moments, and E2 Transitions
We study electromagnetic moments and transi-

tions in C isotopes by the shell model calculations.
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We first discuss the Q moments. The WBP10 inter-
action is adopted within the 0�ω space with the inclu-
sion of effective charges. State-dependent polariza-

tion charges, e(SA)
pol [8], given by the microscopic par-

ticle vibration coupling model (Hartree–Fock + ran-
dom phase approximation) are used. The polarization
charge can be parametrized as

eII
pol/e = a

Z

A
+ b

N − Z

A
+
(
c + d

Z

A

N − Z

A

)
τz

(6)

with a = 0.82, b = −0.25, c = 0.12, and d = −0.36 to
reproduce the values of e(SA)

pol for 12C and 16C. They
are shown in Fig. 4. Both the neutron (ν) and pro-
ton (π) polarization charges decrease as the neutron
excess increases.

The Q moments obtained by using these polariza-
tion charges are shown in Fig. 5. Open circles denote
results of the shell model calculations with the use of
e
(SA)
pol . Single-particle or single-hole values with the

use of eII
pol are given by open triangles. The configura-

tions for 9C and 11C are νp3/2 and νp−1
3/2, respectively.

The configurations for 17C and 19C are νd5/21s2
1/2

and νd−1
5/2 (νd5

5/2), respectively, for the 5/2+ state.

For the 3/2+ state of 17C, a case for a single-particle
configuration of νd3/2 is given.

Closed triangles are obtained for νd±2
5/21s1/2 con-

figuration with the use of eII
pol. The νd2

5/2(J = 2)1s1/2
PH
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1 → 0g.s transitions in
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charges eII

pol given by Eq. (6). Open and closed trian-
gles are obtained with ep = 1.2, en = 0.3 and ep = 1.5,
en = 0.8, respectively.Closed circles denote experimental
values [17, 18].

and νd−2
5/2(J = 2)1s1/2 are possible simple configu-

rations for 17C and 19C, respectively, as the νd3
5/2

or νd3
5/21s

2
1/2 configuration corresponding to the

middle of the d5/2 shell results in the vanishing
of the Q moments. The Q moments are given by
∓2

5e
n
polQsp(d5/2) for 3/2+ and ∓4

7e
n
polQsp(d5/2) for

5/2+ for the νd±2
5/2(J = 2)1s1/2 configuration. Here,

en
pol is the neutron polarization charge and Qsp(d5/2)

is the single-particle value of the Q moment for d5/2.
Note that the signs of the Q moments for 17C and 19C
are opposite.

The shell model values of the Q moments are ob-
tained by the admixtures among these configurations,
and their magnitudes are usually enhanced compared
to those of the simple configurations. Nevertheless,
the difference of the signs between 17C and 19C can be
understood from those of the simple configurations.

A deformed Skyrme HF + BCS calculation [10]
shows that 17C is prolate, while 19C is oblate, though
the deformation surfaces are rather soft and there are
also energy minima on the opposite deformation sides
(see Fig. 6). In the case of 3/2+ or 5/2+, this seems to
be consistent with our shell model calculations which
show the change of the sign of the Q moments in 17C
and 19C. The spin of the ground state of 17C has been
assigned as 3/2+ [11]. The spin of 19C is assigned as
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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1/2+ in the Coulomb breakup reactions [12], while it
was not determined in [13].

Calculated values for the magnetic (µ) moments
are shown in Fig. 7. Here, geff

s /gfree
s = 0.9 is used for

neutrons. The values of the µ moments are found to
be sensitive to the configurations as in the case for
the Q moments, which is useful to find out the spin
parities and the deformations of the ground states of
these nuclei.

Let us now discuss the E2 transitions in the even
C isotopes. Calculated and experimental B(E2) val-
ues for the 2+

1 → 0+
g.s transitions are shown in Fig. 8.

The shell model values obtained with the use of eII
pol

are larger than the experimental values except for 10C,
for which larger effective charges of ep = 1.5 and en =
0.8 are needed. For 12−16C, the isotopic dependence
of the observed values [17, 18] is well explained by
that of eII

pol, but their magnitudes are smaller than the
calculated ones. In particular, the observed B(E2)
value is quite small for 16C [18], which suggests
some exotic structure as yet unknown in the isotopes.
Other models [19] also fail to reproduce this abnor-
mally small B(E2) value. It would also be interesting
to find out whether the B(E2) value increases for 18C
as the calculation predicts. This increase comes from
that of the neutron contribution.

3. N AND Ne ISOTOPES

We investigate the E1 strength in N and Ne iso-
topes. Photoreaction cross sections for 18N and 19N
obtained by the shell model calculations are shown in
Fig. 9. The photoreaction cross section is given by

σ(ω) =
16π3

9�c
ω
dB(E1, ω)

dω
, (7)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
where B(E1, ω) is the averaged transition strength
by a Lorentzian. The Pigmy peak is found at Ex ∼
8 MeV for 19N. The transition densities are also
shown in Fig. 9 for the Pigmy state at Ex =
7.75 MeV. The main contribution for the neutron
transition density comes from the 0d5/2 → 1p3/2

transition. A coherence of the neutron and proton
contributions is found at r ≥ 3 fm.

The E1 strength and deformation properties of
even Ne isotopes are studied. A deformed HF + BCS
calculation with pairing effects (SkM∗ interaction
with volume pairing) [10] leads to deformations in the
Ne isotopes. 20Ne and 22Ne are found to be prolate
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with β = 0.29 and β = 0.33, respectively, while 24Ne
is found to be oblate with β = −0.14, as shown in
Fig. 10. The deformation properties for 26−32Ne are
investigated in [20]. The deformation surface for 26Ne
is found to be rather soft.

Calculated photoreaction cross sections are shown
in Fig. 11 for 20−26Ne. We find Pigmy modes in
22Ne at Ex ∼ 15 MeV and in 26Ne at Ex ∼ 8 MeV.
The two-peak structures seen in Fig. 11 for 20Ne,
22Ne, and 24Ne could be attributed to the deformation
effects.

4. SUMMARY

We have studied Pigmy and GDR in C isotopes.
For 12−14C, the shell model calculations explain well
the observed photoreaction cross sections at Ex ≤
30 MeV with the quenching effects. In 15C, a Pigmy
resonance is found at Ex ∼ 6 MeV, which can be
assigned as a single-particle motion of the valence
P

1s1/2 neutron relative to the 14C core. For 15−19C,
the EWS of the E1 strength below Ex = 14 MeV
amounts to 50–80% of the cluster sum rule. The
separation between the Pigmy and the GDR modes
becomes obscure in heavier isotopes.

We point out the configuration dependence of the
Q moments and µ moments in the odd C isotopes,
which can be attributed to the shell effects. This de-
pendence can be used to determine the spin parities as
well as the deformation properties of the ground states
of the isotopes. The isotope dependence of the B(E2)
values in even C isotopes is found to be rather well
explained, while the experimental values are found
to be smaller in 12−16C, in particular, in 16C, where
the observed B(E2) value almost vanishes. This sug-
gests an exotic structure of 16C still to be discovered.

Finally, we have studied the E1 strength in N and
Ne isotopes. Pigmy modes are found in 19N, 22Ne,
and 26Ne. The two-peak structure in the GDR in
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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20−24Ne would be attributed to the deformation ef-
fects.
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Abstract—Experimental indications for the nuclear phase transitions described by the new symmetries
E(5) and X(5) are discussed for the stable Ba, Nd, and Gd isotopes. Their low-lying dipole excitations,
systematically investigated at the bremsstrahlung facility of the 4.3-MVStuttgart Dynamitron accelerator,
provide indications for the phase transitional behavior, including the proposed critical point candidates.
c© 2004 MAIK “Nauka/Interperiodica”.
1. MOTIVATION

The dynamical symmetries of the interacting bo-
son approximation (IBA) [1] are well established. The
limits can be associated with different nuclear shapes:
U(5) describing spherical vibrators, SU(3) for axially
symmetric rotors, and O(6) for the γ-soft nuclei.

In the last few years, new ideas were developed to
describe the shape transitions between these limits.
With the Bohr Hamiltonian [2] the geometric collec-
tive approach leads to the new symmetries E(5) [3]
and X(5) [4]. These symmetries describe the criti-
cal points of quantum phase transitions in a finite
nuclear system. The X(5) symmetry describes the
critical point of the phase transition from U(5) to
SU(3). This phase transition is of first order. There-
fore, both phases (spherical vibrator, axially sym-
metric rotor) may coexist (see Fig. 1). Candidates
which show the predicted properties of theX(5) sym-
metry (e.g., E4+

1
/E2+

1
= 2.91, E0+

2
/E2+

1
= 5.67) are

150Nd [5], 154Gd, and especially 152Sm [6]. The other
phase transition from spherical vibrator U(5) to O(6)
γ-soft nuclei is of second order and described by the
E(5) symmetry. The 134Ba nucleus is proposed to ful-
fill the spectral properties [7] (e.g., E4+

1
/E2+

1
= 2.20,

E0+
2
/E2+

1
= 3.03).

The question to be investigated in the present
contribution is whether this transitional behavior can
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Germany.

2)Institut für Kernphysik, Universität zu Köln, Köln, Germany.
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1063-7788/04/6709-1682$26.00 c©
be observed in the systematics of low-lying dipole
excitations too. Low-lying electric dipole excitations
are, e.g., the so-called two-phonon excitations [8] in
spherical nuclei and the excitations of the bandheads
of the different octupole bands (K = 0 and K = 1)
in deformed nuclei. Strong low-lying magnetic dipole
excitations occur in deformed nuclei, e.g., the M1
scissors mode [9, 10].

2. EXPERIMENTAL METHOD

Because of the small angular momentum transfer
and its strength selectivity, the scattering of real pho-
tons is an excellent tool for the investigation of dipole
excitations in stable nuclei. Using a photon spectrum
with a continuous energy distribution produced by
bremsstrahlung, the dipole excitations in an energy
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Fig. 1. The Casten triangle showing the classical IBA
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minimum atA ≈ 150, where the nuclei of theX(5) symmetry are expected.
range up to the endpoint of the bremsstrahlung spec-
trum can be measured simultaneously. Therefore, one
gets the excitation energyEγ and the integrated scat-
tering cross section for the level

IS,f = g

(
π�c

Eγ

)2 Γ0Γf

Γ
W (θ)
4π

, (1)

g =
2J + 1
2J0 + 1

.

Here, Γi and Γ are the partial and total decay widths;
W (θ) is the normalized angular distribution, which
can be determined by the comparison of spectra
measured at different angles to the incoming photon
beam. In the case of an even–even nucleus, the
so-called spin factor g is equal to 3 for a dipole
excitation. The reduced ground-state transition width
Γred0 for a dipole transition Γred0 = Γ0/E

3
γ is related

to the reduced electric or magnetic dipole transition
probabilities B(Π1). Furthermore, it is possible to
determine the spins and to assign the parities of
the excited states. More detailed descriptions can be
found in the preceding article [11].

3. DIPOLE EXCITATIONS IN THE MASS
REGION OF THE X(5) SYMMETRY

In this paper, we want to concentrate on the mass
region fromN ≥ 82 as representatives ofU(5) spher-
ical vibrators to N ≈ 100 as representatives of the
SU(3) axially symmetric rotors, including the critical
point candidates 150Nd, 152Sm, 154Gd with N = 90
of the new X(5) symmetry. In the following, the de-
velopment of E1 and M1 transitions shall be in the
limelight.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
3.1. E1 Transitions

The shape transitional behavior was already ob-
served in the early 1970s, when the giant dipole res-
onance (GDR) was investigated thoroughly. In the
neodymium and samarium isotopic chains, the onset
of the deformation splitting takes place in the pro-
posed critical point candidates 150Nd and 152Sm [12,
13].
For the low-lying E1 strength in Fig. 2, the ex-

citation energies of the first 1− states are plotted as
a function of the mass number. In spherical nuclei
around theN = 82 neutron shell closure, these levels
have rather high excitation energies up to 4 MeV,
which drop rapidly with the onset of the deformation.
Aminimum is obvious at the critical point candidates.
At larger mass numbers, we see slightly increasing
energies until the observedE1 strength breakdown at
mass numbers of about A ≈ 180 (see Fig. 3).
To understand this feature, the internal structure

of the first 1− states has to be considered. In the
vicinity around the closed shell, the first 1− state is of
two-phonon character, where the first 2+ quadrupole
and the first 3− octupole phonons couple nearly har-
monically (E2+ +E3− ≈ E1−). This coupling leads to
a quintuplet of states with spins and parities 1− to
5−, of which in nuclear resonance fluorescence (NRF)
experiments only the 1− state is excited. The drop
in the excitation energies of the 2+ and 3− phonons
explains the drop in the excitation energy of the first
1− state upon stepping away from the closed shell. In
the middle of the shell, the first excited 1− states are
given by the bandheads of theK = 0 octupole bands.
4
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The B(E1)↑ strengths are shown in Fig. 3. The
closed-shell nuclei show strong transitions from the
first 1− state which decrease upon stepping away
from the closed shell. The strength rises again and
reaches a saturation while crossing the critical point
candidates 150Nd and 152Sm.

3.2. M1 Transitions
The low-lying magnetic dipole strength below

4 MeV is ascribed to the scissors mode. The sys-
tematics ofM1 strength summed over the fragments
of the scissors mode in the mass region above the
N = 82 shell closure is shown in Fig. 4.
PH
In the spherical N = 82 isotones, no M1 transi-
tions are observed. With the onset of and increase
in deformation, the B(M1)↑ values increase propor-
tionally to the square of the deformation parameter δ.
This fact is known as the δ2 law [14]. From the point
where the deformation remains constant, we reach a
region of saturation. The B(M1)↑ strength remains
constant at a value of

∑
B(M1)↑ ≈ 2.7µ2

N . It is not
astonishing that this is the case for theN = 90 nuclei:
152Sm and 154Gd.
The next question to be investigated is the behav-

ior of the fragmentation of theM1 strength in isotopic
chains undergoing the phase transition. In this paper,
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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the neodymium [15, 16] and gadolinium [17] isotopic
chains are chosen as examples. Their M1 strength
distributions are plotted in Fig. 5. The data, except for
154Gd, have been obtained from NRF measurements.

The nearly spherical isotope 144Nd shows a more
random distribution of weakM1 transitions. Towards
the critical point candidate 150Nd, the strength in-
creases and the fragments accumulate. The center of
the distribution shifts to 3MeV. A similar distribution
is visible in the other critical point candidate 154Gd.
After the phase transition, the center of the distribu-
tion shifts to higher energies, and the number of frag-
ments increases. This easily can be understood by the
increasing number of valence nucleons and, therefore,
the increasing number of possible configurations.

4. DIPOLE EXCITATIONS IN THE MASS
REGION OF THE E(5) SYMMETRY

The mass region below the N = 82 isotones pro-
vides us with an example of the second-order phase
transition from U(5) spherical vibrators to O(6) γ-
soft nuclei. Especially the barium and xenon isotopic
chains are well-applicable examples of this phase
transition. Of special interest is 134Ba fulfilling the
spectral properties for E2 transitions of the new E(5)
critical point symmetry. That is not really surprising,
because 134Ba usually was treated as a typical repre-
sentative of O(6) γ-soft nuclei and often compared to
196Pt.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
The (γ, γ′) spectra of the stable barium iso-
topes [18–20] from the closed shell nucleus 138Ba to
the critical point candidate 134Ba are plotted in Fig. 6.
Peaks belonging to transitions from the photon flux
calibration standard 27Al are marked. Further peaks
stemming from the transition from the 1− two-
phonon states or from the 1+ scissors mode states
are marked too. It is better to discuss the distribution
of the reduced ground-state transition widths for the
dipole transitions (shown on the right part of Fig. 6).

The transition strengths from the 1+ states in-
crease, as expected, with the deformation. The M1
strength in the critical point candidate
134Ba (

∑
B(M1)↑ = 0.56(4)µ2

N ) is comparable to
that in the O(6) representative 196Pt (

∑
B(M1)↑ =

0.69(7)µ2
N ) [21].

The data of the 1− two-phonon states of the bar-
ium isotopes are summarized in the table. Addition-

Properties of the 1− two-phonon states in the even–even
barium isotopes

Isotope E1− ,
keV

E2+ ,
keV

E3− ,
keV

E2+ + E3− ,
keV

B(E1)↑,
10−3 e2 fm2

138 4026 1436 2881 4317 13.0(28)

136 3436 819 2532 3351 5.39(33)

134 2824 605 2255 2860 2.30(30)
4
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ally, the energies of the first 2+ quadrupole and the 3−

octupole phonons and their total energy are given.

The small difference between the total energies of
the 2+ and 3− phonons and the excitation energies of
the two-phonon 1− state suggests only small anhar-
P

monicities in the coupling. Furthermore, a decrease

in the B(E1)↑ strength by stepping from the closed

shell isotope 138Ba to the critical point isotope 134Ba

is obvious. This result will now be discussed in a
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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more general systematics of two-phonon excitations
around theN = 82 shell closure (see Fig. 7).
For the transitions from the [2+ ⊗ 3−]1− state to

the ground state, we see, as before in the barium iso-
topic chain, strong transition for theN = 82 isotones
which drops by moving away from it by pairs of neu-
trons. The transitions to the first 2+ level show an op-
posite behavior: weak transitions on the closed shell
and strong ones beside. Within the quasiparticle–
phonon nuclear model (QPM) [22], this can be ex-
plained by the dipole core polarization effect. This
effect mixes the pure two-phonon configurations with
the low-energy tail of the giant dipole resonance. A
detailed discussion can be found in [8].
Recapitulating the second-order phase transition,

obviously there is a lack of available data. The stable
barium isotopes have only beenmeasured down to the
critical point candidate 134Ba. The other two existing
more γ-soft stable barium isotopes 130,132Ba could
not be investigated in NRF experiments at present.
Due to their low natural abundance, enriched targets,
even of low enrichment, are too expensive.
An alternative can be measurements of the neigh-

boring stable xenon isotopes (Z = 54). This isotopic
chain consists of seven stable even–even isotopes,
from N = 82 to N = 70. The experimental challenge
is the gaseous nature of xenon. NRF measurements
have been made possible by the development of a
high-pressure gas target [23], which consists of a
thin-wallet titanium sphere, able to stand pressures
of 140 bar. The first measurements, performed at the
bremsstrahlung facility in Stuttgart, showed encour-
aging results.

5. CONCLUSIONS

In the present article, we have seen that the low-
lying dipole excitations showed a transitional be-
havior for the first-order phase transition from the
spherical vibrators to the axially symmetric rotors
at the proposed critical point candidates. For the
second-order phase transition from spherical vibra-
tors to the γ-soft nuclei, not enough data are available
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
at present. Ongoing measurements of the gaseous
xenon isotopes will provide more data in this very
interesting mass region.
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Abstract—An overview is given on the experimental nuclear physics aspects of the astrophysical p-process
that is responsible for the production of the heavy proton-rich nuclei known as p-nuclei. The nuclear physics
input of the p-process scenario involves the knowledge of radiative capture cross sections,mostly calculated
by the Hauser–Feshbach statistical model. Our experiments test the reliability of the model calculations
in the proton-rich region as well as provide experimental information on the cross sections relevant to the
p-process. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Although the nucleosynthesis of heavy elements
is well described by neutron capture via the s- and
r-processes, there are some isotopes—called p-
nuclei—not reachable by the above processes. The
aim of this paper is to give an account of the nuclear
physics problems behind the nucleosynthesis of the
p-nuclei. A short introduction to the present status
of light- and heavy-element nucleosynthesis can be
found in [1].

The stable neutron-deficient isotopes of the el-
ements with charge number Z ≥ 34 are classically
referred to as p-nuclei. They have been observed only
in the solar system and here they represent 0.1 to
1% of the abundance of the bulk isotopes, made pre-
dominantly of the more neutron-rich s- and r-nuclei.
The stellar process synthesizing the p-nuclei is called
the p-process. Several models have been developed
for describing the p-process. There are differences
in the details (astrophysical site, temperature, time
scale, reactions involved, etc.); however, the generally
accepted main process involves subsequent (γ, n)
reactions starting from s- and r-nuclei and driving
the nuclei towards the neutron-deficient region [2–4].
Along this isotopic path, the binding energy of neu-
trons gradually becomes larger. As a result, the (n, γ)
and (γ, n) reactions become equilibrated, the reaction
flow slows down, and, at some point, it is deflected
by (γ, α) and/or (γ, p) reactions. At these branching
points, the matter tends to accumulate. The branch-
ing points are the p-nuclei themselves (lower mass
region) or their progenitors (heavier mass region). It

∗This article was submitted by the authors in English.
∗∗e-mail: fulop@atomki.hu

∗∗∗Bolyai fellow.
1063-7788/04/6709-1688$26.00 c© 2
is also expected that the rp-process has a contribu-
tion to the production of p-nuclei [5].

A recent overview on the p-process can be found
in [6]. In the following sections, the contribution of
experimental nuclear physics to the understanding of
the p-process is described.

2. EXPERIMENTAL NEEDS

The modeling of p-process nucleosynthesis re-
quires a large network of thousands of nuclear re-
actions involving stable nuclei as well as unstable,
proton-rich nuclides. The relevant astrophysical re-
action rates (calculated from the cross sections) are
inputs to this network; therefore, their knowledge is
essential for the p-process calculations. While there
are compilations of neutron capture data along the
line of stability above the iron region, there are still
very few charged-particle cross sections determined
experimentally, despite big experimental efforts in
recent years. Thus, the p-process rates involving
charged projectiles are still based mainly on (largely
untested) theoretical cross sections obtained from
modern Hauser–Feshbach statistical model calcu-
lations [7, 8].

Therefore, the primary aim of the present p-
process studies is the test of statistical model cal-
culations in the mass and energy range relevant to
the astrophysical p-process. Because of technical
reasons, instead of (γ, α) or (γ, p) experiments,
usually the inverse (α, γ) or (p, γ) cross sections are
determined experimentally. However, due to the fast
developments of high-intensity gamma sources, it is
expected that, in the near future, the first gamma-
induced charged-particle-emitting reactions in the
p-process region can be investigated.

Because in many cases the cross sections are de-
termined by the activation method (Section 2.2), the
004 MAIK “Nauka/Interperiodica”
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accuracy in the half-lives of the residual nuclei also
plays an important role. Since the reliability of the
statistical model calculations depends on the input
parameters, experimental determination of optical al-
pha potentials is desirable at astrophysical energies.
All those aspects will be described below, indicating
the experimental approaches, the arising problems,
and their possible solutions.

2.1. Cross Section Determination via In-Beam
Gamma Spectroscopy

The most straightforward method of determin-
ing the charged-particle radiative capture cross sec-
tion is in-beam gamma spectroscopy. Since the ex-
pected cross sections at sub-Coulomb energies are
rather low, high beam intensity, enriched and sta-
ble targets, and high-efficiency gamma detectors are
needed. Also, the determination of target thickness is
crucial; usually, the PIXE, XRF, and RBS methods
are used for this purpose.

As an example of in-beam gamma spectroscopy,
the pioneering work [9] on the reaction
70Ge(α, γ)74Se is discussed in detail.

2.1.1. 70Ge(α, γ)74Se. The experiment on the
70Ge(α, γ)74Se reaction has been performed at the
MGC cyclotron in ATOMKI, Debrecen, and the
Dynamitron Tandem accelerator in Bochum from
E = 5.0 up to 7.8 MeV, using a He++ beam. Single
gamma and γγ coincidence measurements have
also been performed using high-efficiency HPGe
detectors. For reducing the background yield (pre-
dominantly caused by high-energy gamma rays and
neutrons from the 13C(α, n)16O reaction), thin gold
foil was used as a target backing and a liquid N2

shroud close to the target served against carbon
deposition. The evaporated 70Ge-enriched (86.5%)
target had a thickness of 36 µg/cm2. An average
target current of 1 pµA has been used without any
target deterioration. The accumulated charge for
the gamma-ray spectra varied between 120 µC and
62 mC, depending on the bombarding energy. An
electric field of 300 V was applied to eliminate the
effect of secondary electrons on beam integration. The
measurements were repeated at several bombarding
energies on the gold backing without a target to iden-
tify clearly the peaks belonging to the 74Se nucleus.
Coulomb excitation was used extensively throughout
the measurement series for monitoring the target
stability. Only the Eγ = 635 keV gamma transition
from 74Se, namely, the head of theKπ = 0+ ground-
state band, was clearly seen in all the spectra taken in
the bombarding energy range. The total cross section
of the reaction was obtained using the intensity of the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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Fig. 1. The astrophysical S factor of the reaction
70Ge(α, γ)74Se. The solid curve is the SMOKER statis-
tical model calculation [8]. Taken from [9].

Eγ = 635 keV peak only with a small correction due
to a loss through another ground-state transition.

The resulting S factor is in satisfactory agreement
with the statistical model calculation, as is shown in
Fig. 1.

2.2. Cross-Section Determination via Activation

It should be noted that, in other reactions, the in-
beam cross-section determination can be much more
complicated. In the case of the 88Sr(p, γ)89Y reac-
tion [10], for example, there are more than ten sec-
ondary transitions contributing to the reaction yield;
therefore, the resulting spectra are more complicated,
an angular distribution determination being neces-
sary for all the transitions. A possible solution to this
problem is the activation method, where the irradia-
tion is separated in time from the gamma detection.
The advantage of this method is that capture reac-
tions on different isotopes can be studied simultane-
ously using natural targets, and the in-beam back-
ground is reduced to the laboratory background that
can be shielded well. On the other hand, because of
the possible longer half-lives of the residual nuclei,
new targets should be prepared for each irradiation, or
longer cooling periods should be applied. The method
can be used only in a limited range of residual nuclei:
the residual nucleusmust be radioactive, and the half-
life should be reasonable; overly short- or long-lived
isotopes cannot be measured. Also, the γ branching
of the decay is a limiting factor.

As examples, the investigation of the Sr isotopic
chain with the activation method [11] and the study
4
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Fig. 2. Part of the chart of nuclides showing the in-
vestigated reactions and the decay scheme of reaction
products. Stable nuclides are indicated by bold squares.
Taken from [11].

of the 144Sm(α, γ)148Gd reaction [12] are described
below.

2.2.1. 84,86,87Sr(ppp, γ). The element Sr has four
stable isotopes with mass numbers A = 84, 86, 87,
and 88, having isotopic abundance of 0.56, 9.86,
7.00, and 82.58%, respectively. Only the (p, γ) cross
section of the first three isotopes can be determined
by activation because in the case of the 88Sr(p, γ)
reaction the product nucleus 89Y is stable and its
isomer is short-lived (T1/2 = 16.06 s). In the case
of 84Sr and 86Sr, the partial cross sections leading
to the isomer and ground state of the corresponding
Y isotopes can be determined separately because of
the different decay pattern of the isomeric and ground
state. The relevant part of the chart of nuclides can
be seen in Fig. 2, where the decay of the reaction
products can also be seen. As mentioned above, the
isotope 88Sr, which cannot be investigated by acti-
vation, has the highest natural abundance of about
80%. Thus, in the case of natural targets, only 20%
of the material is effective for the activation. However,
the use of natural Sr targets has the advantage that
the isotopic abundances are very well known and
natural Sr is easily available in many chemical forms.
In our measurements, we used natural SrF2 targets,
evaporated onto thick carbon backings. The fluorine
content of the target causes no disturbance because
in the investigated energy range there is no activity
produced by proton bombardment on F and it has a
lowmass number; thus, it is well separated from Sr in
Rutherford backscattering (RBS) spectra that were
also measured during the irradiation in order to mon-
itor the target stability. Carbon causes no disturbing
long-lived activity, and due to its low mass number,
the C edge lies far below the Sr and F peaks in the
RBS spectra. The number of target atoms was de-
termined by proton-induced x-ray emission (PIXE)
at the PIXE setup of the ATOMKI. The results were
checked by α-RBS determining the width of the Sr
PH
peak. Altogether more than thirty targets were pre-
pared; some of them were only used for test runs.

Using natural Sr targets, the (p, γ) cross sections
of 84Sr, 86Sr, and 87Sr can be determined simulta-
neously in a single activation procedure. At Ep =
2.67 MeV bombarding energy, the 87Sr(p, n)87Y
channel opens, which results in the same product nu-
cleus as 86Sr(p, γ). Consequently, above this energy,
the cross section of the 86Sr(p, γ) reaction cannot be
deduced. However, this is the only disturbing proton-
induced reaction channel on Sr isotopes which is
open in the investigated energy range.

The resulting cross sections were compared with
statistical model calculations. While good agreement
was found between experiment and theory for the
cross section of the reaction 84Sr(p, γ)85Y, the pre-
dictions for the other two reactions differ considerably
from the experimental results.

2.2.2. 144Sm(α, γ)148Gd. The activation me-
thod can also be used when the residual nucleus
is an alpha emitter. Here, the high efficiency and
better figure of merit of the alpha detection al-
low a study involving heavier isotopes such as the
144Sm(α, γ)148Gd reaction [12].

Since the cross section here is determined via
off-line detection of the alpha decay of 148Gd resid-
ual nuclei, alpha activity of the target material (as
well as the backing) is not desirable. Therefore, the
well-known reductive evaporation of samarium ox-
ide is not suitable, because the small contamination
from lanthanum used for the reduction shows alpha
activity. The electrophoresis method, however, pro-
vided samarium oxide targets free from disturbing
alpha activity. The thickness of the samarium oxide–
enriched (87 and 96%) targets varied between 20 and
350 µg/cm2. The prepared targets were analyzed by
RBS and PIXE. Figure 3 shows the diffusion-like
RBS pattern of the loose structure of the samar-
ium oxide grains on the backing in comparison with
the metallic Sm produced by reductive evaporation.
To increase the target stability during the bombard-
ment, a very thin aluminum layer was evaporated onto
the samarium oxide layer. A chamber containing a
surface-barrier detector for the detection of the scat-
tered α particles has been constructed for the irradia-
tion. The yield of the scattered particles has been used
to monitor the target stability during the irradiation
process. An electric field of 300 V was applied again
to eliminate the effect of secondary electrons on beam
integration.

Poly-allyl-diglycol-carbonate (TASTRAK, Eng-
land) etched track detectors have been used for the
determination of the number of α particles emitted
from the 148Gd (T1/2 = 74.6 ± 3.0 yr [13]) residual
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 3.RBS spectra from (a) samarium oxide (beaded surface) and (b) metallic Sm targets on nickel backing. Taken from [12].
nuclei. The track detectors enclosed the targets in 2π
geometry in normal air conditions at room temper-
ature, with the exposure time varying between two
weeks and half a year. Track counting was done man-
ually using an optical microscope. The separation of
the 3.18-MeV α-particle tracks (148Gd) from 2-MeV
ones (background) was achieved by track size and
shape comparison by visual inspection. The detec-
tion efficiency of the track detector and of the track
counting method was taken into account to obtain
the number of 148Gd nuclei on the target. The alpha
activity of unirradiated natural and enriched targets
has also beenmeasured to check the effect of contam-
inants. For confirmation of the experimental results,
targets irradiated at the highest α energies of the
bombarding energy region have also been measured
by a surface barrier Si detector (600 mm2) in an un-
derground laboratory having a very low background
(LNGS, Italy). The α spectra from a target before
and after irradiation at Eα = 13.355 MeV are shown
in Fig. 4. The extracted activities agree with the ones
from the track detectors.

The activation method implies knowledge of the
half-life of the residual nucleus, and the error of the
half-life in question directly affects the error in the
reaction rate.

In order to determine the half-life, we started to
measure the alpha decay of a weak 148Gd/241Am
mixed source with a compact dedicated system [14].
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
The 148Gd isotope was obtained from the Los Alamos
National Laboratory, USA, as gadolinium (III) in
a 0.1 M HCl solution. The source preparation was
done at Niigata University by mixing and depositing
148Gd and 241Am on a platinum sheet. The source
was covered by a thin gold layer. The α particles are
detected by a Si photodiode in close geometry on
air pressure. The data acquisition was a PC-based
commercial system. To ensure the long-term stabil-
ity, the electronics, as well as the data acquisition,
was equipped with an uninterruptable power supply
(UPS). The source stability and the electronics can
be monitored by the yield of long-lived 241Am. The
data acquisition systemwas programmed tominimize
the possibility of data loss. The daily results were
summed up for periods of four weeks. From the decay
curve of 148Gd obtained so far, the preliminary result
is T1/2 = 70.9± 1.0 yr. The decay curve of 241Am is
also constructed with a least squares fit where the
half-life is fixed to the literature data. The statistical
analysis of both data sets shows that 65% of the data
points are within a 1σ range of the fitted decay curve,
fulfilling the required distribution pattern. In order to
investigate the systematic errors, we also fitted the
ratio of the 148Gd/241Am yields. Since the half-life of
241Am is well established, we can give the half-life of
148Gd from this decay curve after a correction for the
known 241Am half-life. The resulting decay curve is
shown in Fig. 5. Since the 241Am decay rate in the
4
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sample is 10 times less than that of 148Gd, in this
case the statistical error is dominated by the lower
alpha yield from 241Am. The obtained result (T1/2 =
74.5 ± 3.7 yr) is consistent with the data based only
on the 148Gd decay, and both data support the validity
of the accepted value.

In summary, to get a reliable cross-section value,
sophisticated target preparation, detection methods,
underground experiments, and independent half-life
determination were needed. This shows the com-
plexity of the p-process experiments, especially in
the heavy-mass region. Nevertheless, the activation
method should be used in general, and only in those
cases where the activation does not work is the more
complicated in-beam spectroscopy the answer.

The resulting S factor of the reaction
144Sm(α, γ)148Gd is shown in Fig. 6 together with
statistical model calculations using different optical
model potentials. An updated analysis of the data can
PH
be found in Fig. 20 of [6]. The results show clearly the
need for more reliable optical potential parameters.
The experimental efforts to retrieve those parameters
from elastic scattering experiments are discussed in
the following section.

2.3. Elastic Scattering Experiments
Of the many nuclear properties entering the sta-

tistical model calculation, the α-particle width is the
dominating one. This particle width is obtained by
employing an α+ nucleus optical potential. The ex-
perimental determination of the α–nucleus poten-
tial at energies below the Coulomb barrier is limited
in general because the experimental data show only
small deviations from the Rutherford cross section,
and the optical potentials have ambiguities.

The (γ, α) and (α, γ) reaction rates show a
strong dependence on the chosen α-nucleus po-
tential. Therefore, systematic folding potentials have
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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been determined by elastic α-scattering experi-
ments on different proton-rich nuclei (144Sm, 92Mo,
112Sn [17–19]). In those experiments, complete
angular distributions have been measured, and the
corresponding α-nucleus potentials for 144Sm [17],
92Mo [18], and 112Sn [19] have been fully determined
at the measured energies. These potentials can be
used to predict (α, γ) reaction cross sections, and
their inverse (γ, α) reaction rates can be calculated
using detailed balance. To understand the systematic
behavior of optical potentials, neutron-rich 124Sn was
also studied.

The angular distributions of the elastically scat-
tered α particles were measured at the Cyclotron
Laboratory ATOMKI, Debrecen. The highly enriched
targets were set in the center of the 78-cm scatter-
ing chamber, and spectra were registered at angles
between 20◦ ≤ ϑlab ≤ 170◦ in one-degree steps. For
the measurement of the angular distribution, we used
four silicon surface-barrier detectors mounted on an
upper and a lower turntables, which could be moved
independently. On each turntable, two detectors were
mounted at an angular distance of 10◦. Directly in
front of the detectors, apertures were placed result-
ing in solid angles from ∆Ω = 1.63 × 10−4 to ∆Ω =
1.55 × 10−4. The ratios of the solid angles of the
different detectors were determined by overlap mea-
surements with an accuracy much better than 1%.
Additionally, two detectors were mounted at the wall
of the scattering chamber at fixed angles of ϑ = 15◦
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
and 165◦, respectively. These detectors were used
as monitoring detectors to normalize the measured
angular distribution and to determine the precise po-
sition of the beam spot on the target. The solid angle
of both monitoring detectors was ∆Ω = 8.10× 10−6.
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The angular calibration of the setup is of crucial
importance for the precision of a scattering experi-
ment at energies close to the Coulomb barrier be-
cause the Rutherford cross section depends sensi-
tively on the angle as sin−4 (ϑ/2). A small uncertainty
of 0.1◦ in the determination of ϑ leads to a cross-
section uncertainty of 2.0% (1.0%, 0.6%) at an an-
gle ϑ = 20◦ (40◦, 60◦). The following methods were
applied to measure the precise scattering angle ϑ:

The position of the beam on the target was con-
tinuously controlled by twomonitoring detectors. The
precise position of the beam spot was derived from the
ratio of the count rates in both monitoring detectors,
which were mounted at angles of 15◦ left and right
relative to the beam axis. Typical corrections were
smaller than one millimeter, leading to corrections in
ϑ on the order of 0.1◦.

The position of the four detectors was calibrated
using the steep kinematics of 1H(α, α)1H scattering
at forward angles (10◦ < ϑlab < 15◦).

Finally, we measured a kinematic coincidence be-
tween elastically scattered α particles and the cor-
responding 12C recoil nuclei using a pure carbon
backing as the target. One detector was placed at
ϑlab,α = 70◦, and the signals from elastically scattered
α particles on 12C were selected by a TSCA. This
TSCA output was used as a gate for the signals
from another detector which was moved around the
corresponding 12C recoil angle ϑlab,recoil = 45.5◦. The
maximum recoil count rate was found almost exactly
at the expected angle.

The overall uncertainty of the angles ϑ in these
experiments is about 0.1◦. The above setup enables
accurate angular distribution determination at low
bombarding energies; consequently, improved optical
PH
model parameters can be given. A typical angular
distribution pattern is shown in Fig. 7.

The experimental determination of relevant optical
potential parameters is an important step to improve
the reliability of the statistical model calculations.

3. OUTLOOK

To understand the nature of the astrophysical p-
process, the various astrophysical scenarios should
provide reliable abundance values for the p-nuclei.
In lack of experimental data, that process involves
extensive reaction rate calculations using cross sec-
tions based on the statistical model. Therefore the
sensitivity of statistical model calculations to various
input parameters (ground-state properties, level den-
sities, gamma-strength functions, optical potentials)
should be studied especially in the proton-rich region.
A recent study reveals the sensitivity of the statis-
tical model calculations to several input parameters
in the case of (p, γ) cross sections for various Se
isotopes [20]. Further cross-section experiments are
needed to cover especially the heavy-ion region. In
order to establish a reliable global alpha potential,
further low-energy elastic scattering experiments are
also needed. The first steps have been made towards
an experimental nuclear database for the p-process,
but the most difficult part—alpha capture cross sec-
tions close to the heaviest p-nuclei—is missing be-
cause of technical difficulties.
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Abstract—An important effort has been developed in recent decades to measure the masses and β-decay
rates of very neutron-rich nuclei at radioactive ion beam (RIB) facilities. However, major astrophysical
applications involve a huge number of exotic species. Most of them cannot be synthesized in terrestrial lab-
oratories and only theoretical predictions can fill the gap. We concentrate on the self-consistent predictions
of the β-decay rates needed for stellar r-process modeling and for performing the RIB experiments. The
continuum QRPA approach based on the self-consistent ground-state description in the framework of the
density functional theory is briefly described. The model for the large-scale calculations of total β-decay
half-lives accounts for the Gamow–Teller and first-forbidden transitions. Due to the shell configuration
effect, the first-forbidden decays have a strong impact on the total half-lives of the r-process relevant nuclei
at N = 126, Z = 60−70. The performance of existing global models for the nuclides near the r-process
paths atN = 126 is critically analyzed and confronted with the recent RIB experiments in the region "east"
of 208Pb. c© 2004 MAIK “Nauka/Interperiodica”.
1. THEORETICAL FRAMEWORK

Reliable prediction of the weak interaction rates
based on the microscopic description of the β-
strength function poses a certain challenge for nu-
clear theory. The nuclear models fitted to experimental
data close to the β-stability line usually allow for
a crude extrapolation to high isospin values. For
the r-process calculations, self-consistent models
are mandatory. The predictions of the β-decay rates
based at least on the same ground-state description
as the one used to calculate the nuclear masses pro-
vide more reliable extrapolation far from stability. This
is essential in order to ensure the internal consistency
of the nuclear structure and nucleosynthesis models.

The ultimate QRPA model of the β-decay prop-
erties should be based on the self-consistent mean-
field and pairing potential and on the universal ef-
fective NN interaction which, in principle, are to be
derived from a single nuclear energy–density func-
tional (DF). So far, some restrictions exist in ap-
plications of the fully self-consistent approach. The
parameters of the spin–isospin part of the DF are
constrained by the values of the scalar parameters
defining the ground state [1]. In the Landau limit,
the spin–isospin parameter g′ derived from the avail-
able Skyrme DFs turns out to be much lower than
its empirical value [2]. Satisfactory spin-dependent
DFs have not been developed yet for spin-unsaturated

∗This article was submitted by the author in English.
**e-mail: iborzov@astro.ulb.ac.be
1063-7788/04/6709-1696$26.00 c©
nuclei [1, 3]. However, for large-scale calculations,
one can use the fact that the ground-state properties
are rather insensitive to the spin and spin–isospin
dependent components of the DF (except for the
spin–orbit term). Then the scalar and spin–isospin
components of the DF can be decoupled and the
effective NN interactions in the scalar and spin–
isospin channels can be introduced independently [4].
The DF + QRPA approach developed in such a way
has an advantage of using the well-founded spin–
isospin effective NN interaction of the finite Fermi
system theory (FFS) [5].

We have followed the approach to the large-scale
calculations of the allowed Gamow–Teller (GT) and
first-forbidden (FF) decays developed in [6]. The spe-
cific features of the model are as follows:

1. The ground-state properties are treated self-
consistently in the framework of the local energy–
density functional theory. The Fayans’ phenomeno-
logical DF [1] consisting of a normal and a pairing
part is adopted. The DF3 version of the functional [4]
contains the two-body spin–orbit and velocity-
dependent effective NN interactions important for
the full consistency, as well as the isovector spin–
orbit force. The latter ensures a correct description
of the single-particle levels near the "magic cross" at
132Sn [7]. In [2, 6], we have studied also a possibility
of the ground-state description given by the Skyrme
SkSC17 [2] andMSk7 forces [8].

2. The pairing energy density depends on the
anomalous nucleon density ν as εpair = νF ξν∗/2.
Here, F ξ is the effective NN interaction in the
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. The total half-lives for the N = 126 chain. Notation: a—allowed transitions; a + 1f—the first-forbidden transition
included; SM, 4, 8—see text.
particle–particle (pp) channel chosen in the density-
dependent form as F ξ(r12) =
−4N−1

0 f ξ(x)δ(r12), where N0 = 150 MeV fm3 is the
inverse half-density of states at the Fermi surface
in equilibrium nuclear matter; X = (ρp + ρn)/2ρ0,
where the ρp(n) are the proton (neutron) densities;
the f ξ(x) is expressed in a Skyrme-like form [1]. For
density-dependent pairing, a local cutoff treatment
of the pairing energy density [1] helps to avoid the
problem of the choice of the cutoff energy. An efficient
pairing regularization procedure has been suggested
recently in [9].

3. For the excited states, the continuum QRPA
(CQRPA) equations of the finite Fermi system the-
ory [5] are solved with an exact treatment of the
particle–hole (ph) continuum, pairing, and effective
NN interaction in the ph and pp channels [10]. Thus,
the SO(8) quasispin symmetry of the QRPA problem
is preserved.

4. The method to include the ph continuum for
the ∆T = ±1 excitations of superfluid nuclei [10] is
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
similar to the one for ∆T = 0 excitations [11]. It is
based on exact treatment of the pairing in “valence
λ space” (µτ − ξ < ελ < µτ + ξ), where µτ are the
neutron and proton chemical potentials. Far from the
Fermi surface, the ph propagator is the same as in the
system with no pairing. It is calculated via theGreen’s
functions constructed in the r space which allows the
exact inclusion of the ph continuum.

5. The universal medium renormalization (beyond
the QRPA-type correlations) of the spin–isospin
fields is taken into account via the quasiparticle
local charge operators êqi = eq[V JLS

0 ]; the so-called
“quenching factor” is Q = eqs[στ ]2 = (gA/GA)2.
The smallerQ, the less strength contained in the low-
energy part (ω < εF) of the spin–isospin response,
and therefore the longer the β-decay half-lives.

6. A finite-range effective NN interaction in the
ph channel is chosen in a δ + π + ρ form. The one-
π and one-ρ exchange terms modified by the nuclear
medium are important in describing the magnetic
properties of nuclei and the nuclear spin–isospin re-
sponses. The competition between the one-pion at-
4
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traction gπQ < 0 and contact spin–isospin repulsion
g′0 > 0 determines the degree of “softness” of the
pionic modes in nuclei that influences the β-decay
half-lives.1)

The effective T = 0 NN interaction in the pp
channel is assumed to be similar to a like-particle
pairing. It cannot be neglected, as this would de-
stroy the SO(8) symmetry of the QRPA equations
and cause unrealistic odd–even staggering of total
β-decay half-lives. The CQRPA equations of the
FFS allow a reasonable description of nuclear spin–
isospin modes in the region far from the instability
point in the pp channel [10].

7. Total β-decay half-life is calculated through the
corresponding β-decay strength functions SJπ(ω),
where ω is the decay transition energy.2) The strength
functions are found by solving the CQRPA equations
for the following driving operators: σ; γ5, [σr](J=0);α,
r, [σr](J=1); [σr](J=2). Thus, for nonunique decays,
the relativistic vector operator α and axial charge op-
erator γ5 should be included along with the spacelike
operators. An efficient approximation used in global
calculations of total half-lives is to replace α and γ5

by space-dependent fields. The exact nonrelativistic
relation for the matrix element of the timelike operator
〈α〉 = ξ/λe ·Λ1 · 〈ir〉 can be appliedwhich reflects the
conservation of the nuclear vector current (CVC). In a
fully self-consistent approach, a precise cancellation
of all the terms except the averaged Coulomb poten-
tial takes place; thus, the translation factor Λ1 reads
ξΛ1 = ωif + ūC.

For the timelike operator γ5 and its spacelike
counterpart σ · r, no analogous exact relation ex-
ists due to the partial conservation of the axial
current. On the basis of the chiral symmetry and
soft-pion theorem, it has been argued that the 〈γ5〉
vertex is amplified in the nuclear medium due to

1)So far, two basic sets of FFS parameters have been found
to describe satisfactorily the spin–isospin nuclear proper-
ties: (A) Q = 0.81, g′ = 0.9−1.0 derived from the magnetic
moments, which allows for moderately soft π modes [12];
(B) Q = 0.64, g′ = 1.0−1.1 derived from observed GT and
M1 strength distributions [13, 14]. A strong quenching ex-
cludes the existence of soft π modes. The recent analysis of
(p, n) reaction spectra at Ep = 295 MeV [15] and excita-
tion energies up to Ex < 50 MeV gives some evidence for
Q = 0.93 ± 0.05, i.e., of a lower quenching than previously
deduced in [13] from the old (p, n) data at Ex < 30 MeV
[16]. The experimental uncertainties still remain large, and
both sets will be applied in the calculations of the β-decay
half-lives.

2)Notice, though the excitation energies in the daughter nuclei
are used for the experimental decay schemes, the adequate
variables within the RPA-type approaches are the β-decay
transition energy ω relative to the parent nucleus ground
state.
PH
the meson-exchange currents and the effective NN
interactions [17]. The self-consistent FFS sum rule
approach [13] is used to approximate the operator
γ5 in an analogous way by the spacelike operator
σ · r taking into account the medium corrections
which are mainly due to the spin–orbit and velocity-
dependent interactions [6]. With the resulting set of
space-dependent external fields, large-scale calcula-
tions of the β-decay half-lives are feasible.

2. RESULTS

2.1. β Decay vs. (νe, e−) Capture inN = 126 Region

Currently favored r-process scenarios—neutrino
driven wind, shock-heated helium shells, and neu-
tron star merger models—assume that the material
ejected after the core collapse of a type II supernova is
exposed to extreme fluxes of neutrinos of all flavors.
All these models demand much shorter r-process
time scales than the one of the canonical model ob-
tained in the allowed transition approximation.

Though a rule of thumb is that the β−-decay half-
lives become longer as closed (sub)shells are ap-
proached, the T1/2 values are sensitive to the specific
N , Z-shell sequence. The interplay of the low-energy
GT and high-energy FF transitions may result in hin-
dering the β-half-lives due to a phase-space amplifi-
cation of the high-energy FF decays. In the previous
microscopic large-scale calculations, the validity of
the allowed transition approximation has not been
analyzed, which needs to be critically revised. Within
the proposed microscopic approach, both the GT and
FF transitions are treated self-consistently and on
the same footing. On this basis, systematic large-
scale calculations of the GT and FF decays for the
r-process relevant nuclei are performed.

In the important r-process region near Z ≈
60−80 and N = 126, the role of the FF decays is
decisive. These nuclei undergo high-energy first-
forbidden decays related to the ν1i13/2 → π1h11/2

configuration. Our CQRPA calculations predict a
strong high-energy Jπ = 1− (S = 1) transition near
Z ≈ 70 and N = 126 with a β-decay energy of about
6 MeV, well above the GT transitions at 4 MeV cor-
responding to the ν1h9/2 → π1h11/2 configuration.
At the same time, the unperturbed β-decay energy of
the main GT decay configuration ν1i13/2 → π1i11/2

is low (about 1 MeV).
Our calculated half-lives are displayed in Fig. 1

together with the shell-model (SM) calculation [18]
performed in the GT approximation. We see that the
inclusion of the FF transitions made in [6] results in
noticeably shorter half-lives in the N = 126 region.
The deviation with the GT approximation amounts
to typically a factor 5 to 10 and is more pronounced
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 2. The total half-lives for neutron-rich Bi isotopes.
for heavier nuclei approaching the closed proton shell
at Z = 82. Note that the SM half-lives [18] (ob-
tained for the GT decay with the SM-quenching fac-
tor (gA/GA)2 = 0.55) would be shorter if the first-
forbidden decays were included.

The shorter half-lives predicted for N = 126 im-
ply an acceleration of the flow of matter through
this “waiting point,” both in the r-process standard
scenario and in a neutrino wind model where the
flow of matter to higher Z may speed up due to the
combined effect of the β decays and charged-current
electron neutrino captures. Shown in Fig. 1 are our
calculated inverse (νe, e

−) rates at the neutrino tem-
perature Tν = 4 MeV [2] (corrected for the forbidden
transitions) and the RPA calculations by [19] for Tν =
8 MeV (the neutrino luminosity is Lν ≈ 1052 erg s−1,
and the distance from the center of the neutron star is
R = 100 km).

One observes from Fig. 1 that, even at Tν =
8 MeV (with complete neutrino conversion νe � νµ,τ

in effect [19]), the GT + FF β decays dominate over
charged-current electron neutrino captures in this
F ATOMIC NUCLEI Vol. 67 No. 9 200
region of the r-process path (for the accepted values
of Lν , R, and T ). The shorter β-decay half-lives
obtained in the present work for the N = 126 region
may change the estimate of the distance from the
neutron star surface at which the neutrino–nucleus
reactions occur and influence the picture of the r
process both in the canonical and in neutrino wind
scenarios.

2.2. β Decay in the Region “East” of 208Pb

For the time being, the predictions in the Z =
60−70, N = 126 region cannot be verified exper-
imentally. The current experiments [20] concern
mostly the nuclei “east” of 208Pb. In the region close
to 208Pb, the strong first-forbidden β decays are
well known experimentally. The main problem that
the models encounter lies in a near cancellation of
the leading matrix elements for J = 0, 1 transitions,
which results in a deviation of the electron spectra
from a statistical shape.
4
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In Fig. 2, we compare the measured half-lives [20]
with the predictions from the existent global ap-
proaches [6, 21–24]. The total half-lives for the GT
decay calculated within the FRDM + RPA model [23]
overestimate the experimental ones by orders of
magnitude. The scale of the odd–even effects pre-
dicted by [23] is generally too large because of the
inconsistent treatment of the ground-state properties
and pairing correlations and also due to the T = 0 pn
effective interaction not being included in [23].

The results of statistical model (gt) [21] with a
parametric description of the FF transitions vary sig-
nificantly from the odd-A to even nuclei (Fig. 2). The
results from the “microstatistical” (FRDM–RPA–
gt) model [24] (in which the “gross-theory” calcu-
lations of the FF decay is combined with FRDM +
RPA description of the GT decay) are closer to the
experimental data. This model provides shorter total
half-lives than the ones calculated for the GT decay
in [23]. However, the obtained strong renormalization
of the GT half-lives (for example, in 216Bi) is hard
to explain. It may well come from the inconsistency
in the microscopic and “gross-theory” inputs within
these hybrid models.

The QRPA calculations by [22] are overparametri-
zed compared to the BCS–RPA calculations by [23],
as the strengths of the separable ph and pp NN
interactions are fitted to the experimentally known
half-lives for each isotopic chain, which is a purely
empirical procedure. As the odd–even behavior of the
half-lives calculated in [22] is reasonable (the T =
0 paring has been included), such a procedure may
provide a sound local extrapolation in the vicinity of
experimentally known nuclei. As the FF transitions
have not been included, the calculations by [22] over-
estimate the experimental half-lives in the region of
Bi isotopes.

The results of the GT + FF calculation [6] show a
fairly regular behavior with some underestimation of
the experimental total half-lives (Fig. 2). The calcu-
lation may still be oversimplified in the specific region
“east” of 208Pb, especially if the ∆J = 0 transitions
dominate in the decay schemes. This is mainly due
to the neglect of the velocity-dependent terms in
the effective NN interaction and to the use of the
Coulomb (ξ) approximation. However, the results are
in a qualitative agreement with available experimental
data on total half-lives.

In summary, the developed DF + CQRPA ap-
proach is based on the self-consistent description
of the ground-state properties and on universal
(A-independent) effective NN interaction. These
features are of prime importance for large-scale
applications. A strong impact of the high-energy
PH
FF transitions on the total β-decay half-lives in the
region Z = 60−70, N = 126 is found. The present
calculations provide guidance for new experiments in
remote regions, in particular, in the region “east” of
208Pb.
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Abstract—The dinuclear system concept is applied to the explanation of the structure of nuclei. The
appearance of a low-lying band with negative parity states near the ground-state band in actinides and
other nuclei is described by oscillations of the dinuclear system in the mass-asymmetry coordinate. The
results for the parity splitting and electric multipole moments in alternating parity bands of these nuclei
are in agreement with experimental data. The ground-state band and the superdeformed band of 60Zn
are interpreted as being caused by α-particle and Be clusterizations, respectively. Hyperdeformed nuclei
are assumed as dinuclear systems which could directly be built up in heavy-ion collisions. Signatures of
hyperdeformed states in such reactions could be γ transitions between these states and their decay into the
nuclei forming the hyperdeformed nucleus. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The dinuclear system (DNS) is a configuration
with two touching nuclei which preserve their indi-
viduality and exchange nucleons and/or clusters [1].
Such configurations are also denoted as quasi-
molecular or bicluster configurations and nuclear
molecules [2]. Well-known examples with light nuclei
are the Be configuration built up by two α particles
and the nuclear molecular resonances in the reactions
12C on 12C up to 58Ni on 58Ni. The concept of the
dinuclear system has manifold applications in the
calculation of fusion cross sections for very heavy
nuclei and of the mass and charge distributions in
quasifission [3]. For example, in the production of
superheavy elements, the DNS is first formed in
the reaction between two heavy ions, and then the
touching nuclei exchange nucleons up to the moment
when the system crosses the inner fusion barrier and
an excited compound nucleus is formed.

In this article, we discuss applications of the DNS
concept for the description of nuclear structure ef-
fects. First, in Section 2, we introduce the basic facts
about the description of the dinuclear configuration
within the dinuclear system model. Then, in Sec-
tion 3, we explain the parity splitting of rotational

∗This article was submitted by the authors in English.
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2)Institute of Nuclear Research, Tashkent, Uzbekistan.
3)Institut für theoretische Physik der Justus-
Liebig-Universität, Giessen, Germany; e-mail:
werner.scheid@theo.physik.uni-giessen.de
1063-7788/04/6709-1701$26.00 c©
bands in actinides and other nuclei with vibrations of
the dinuclear system in the mass-asymmetry coordi-
nate. With the same type of vibrations, we interpret
the ground-state and superdeformed bands of 60Zn
in Section 4. In Section 5, we study the question
of whether hyperdeformed states can be assumed as
dinuclear molecular resonances and propose experi-
ments to produce hyperdeformed nuclei in heavy-ion
reactions.

2. DESCRIPTION OF THE DINUCLEAR
CONFIGURATION

The main coordinates of the DNS model are the
relative coordinate R between the nuclei (clusters)
and the mass and charge asymmetry coordinates de-
fined as η = (A1 −A2)/(A1 +A2) and ηZ = (Z1 −
Z2)/(Z1 + Z2), where A1, A2 and Z1, Z2 are the
mass and charge numbers of the nuclei, respectively.
The mass and charge multipole moments of the DNS
shape can be calculated with the expression

Qλ,µ =

√
16π

2λ+ 1

∫
ρ(r)rλYλ,µ(Ω)dτ, (1)

where ρ(r) is the sum of the mass or charge densi-
ties of the nuclei forming the DNS: ρ(r) = ρ1(r) +
ρ2(r + R) (frozen density approximation). In order to
get a correspondence of the DNS coordinates with a
multipole expansion of the shape of the DNS, we ex-
pand the nuclear surface with deformation parameters
βλ: R̃ = R0(1 + β0Y00 + β1Y10 + β2Y20 + . . .), where
R0 is the spherical equivalent radius. Equating the
multipole moments calculated with the deformation
parameters and with the parameters of the DNS,

Qλ,0(βλ) = Qλ,0(η,R), (2)
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Dependence of Q2 and Q3 (upper part) and of
β2 and β3 (lower part) on the mass asymmetry η for the
compound nucleus 152Dy.

we obtain a relation between these parameters which
is shown in Fig. 1 for two touching nuclei forming
the 152Dy system [4]. The same figure also gives the
dependence of the charge multipole moments Q20 =
Q2 and Q30 = Q3 on the mass-asymmetry coordi-
nate. Since the deformations of the DNS nuclei are
functions of η, this dependence has some oscillations.

The potential of the DNS is strongly repulsive
for smaller distances and hinders the nuclei amal-
gamating together in the relative coordinate. Under
the assumption of a small overlap of the nuclei, the
potential energy is usually semiphenomenologically
calculated [4],

U(R, η, I) = B1 +B2 + V (R, η, I) −B12. (3)

Here, Bi (i = 1, 2, negative) are the asymptotic
experimental binding energies of the nuclei, and
V (R, η, I) is the interaction between the nuclei,

V (R, η, I) = VC(R, η) + VN (R, η) + Vrot(R, η, I),
(4)

consisting of the Coulomb potential, the nuclear part,
and the centrifugal potential Vrot = �

2I(I + 1)/(2�).
The nuclear part is calculated by a double folding
procedure with a Skyrme-type effective density-
dependent nucleon–nucleon interaction taken from
the theory of finite Fermi systems. The potential
U(R, η, I) is related to the binding energy B12 of the
compound nucleus. Also, deformations of the clusters
P

are taken into account by assuming the clusters to be
in a pole-to-pole orientation.

The moment of inertia of the DNS can be assumed
in the sticking limit

� = �1 + �2 + µR2, (5)

where µ is the reduced mass of relative motion and
the moments of inertia �i (i = 1, 2) of the nuclei
are calculated in the rigid-body approximation (�i =
�r

i ).

3. PARITY SPLITTING IN ACTINIDES
AND OTHER NUCLEI

The appearance of a low-lying band with negative
parity states near the positive parity ground-state
band of even–even actinide nuclei such as Ra, Th,
U, and Pu is caused by reflection-asymmetric shapes
of these nuclei [5, 6]. The negative parity states are
shifted upwards with respect to the positive parity
states. This effect is denoted as parity splitting. The
band with negative parity and the parity splitting
can be explained by considering the dynamics in the
octupole deformation degree of freedom [7] or by as-
suming vibrations in the mass-asymmetry degree of
freedom [8, 9]. The later type of approach is based on
a cluster interpretation of the low-lying positive and
negative parity states and can be formulated in the
dinuclear model. This approach will be used in the
following to explain the parity splitting and to calcu-
late electric multipole transition moments observed in
alternating parity bands in actinides and other nuclei.

Instead of a parametrization of the nuclear shape
in terms of quadrupole, octupole, and highermultipole
deformations, we use the mass-asymmetry coordi-
nate η as the relevant collective variable. The ground-
state wave function in η is thought of as a superposi-
tion of different cluster-type configurations including
the mononucleus configuration at |η| = 1. Calculat-
ing the potential energy of the dinuclear system for
these nuclei, we find an α-cluster configurationmixed
to the ground-state wave function:

AZ → (A−4)(Z − 2) + α particle.

The mononucleus configuration can have a higher
potential energy than the α-cluster configuration.
The resulting potential is schematically depicted as
a function of the mass-asymmetry coordinate in
Fig. 2, where also the reflection-asymmetric shapes
of the α-cluster configuration are shown. The mass
asymmetry coordinates of the later configurations
are ηα = ±(1− 8/A). Since the potential energy of
configurations with a light cluster heavier than an
α particle increases rapidly with decreasing |η|, we
restricted our investigations of the ground-state band
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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to configurations with light clusters not heavier than
Li, i.e., to cluster configurations near |η| = 1, and not
overly high angular momenta.

It is convenient to substitute the coordinate η by
the following coordinate:

x = η − 1 if η > 0, x = η + 1 if η < 0.

Then the Schrödinger equation can be written as(
−�

2

2
d

dx

1
Bx

d

dx
+ U(x, I)

)
ψn(x, I) (6)

= En(I)ψn(x, I),

where Bx = Bη is the effective mass. The potential
energy is calculated with Eq. (3) by setting U(x, I) =
U(R = Rm, η, I) with the touching distance Rm

between the clusters. Details of the calculation of
VN (Rm, η) are given in [10]. The nuclear density
distribution is approximated by the Fermi distribution
with a radius parameter of 1.15 fm for the Ra–
Pu region and with a diffuseness parameter a =
0.48 fm for the densities of 4He and 7Li and a =
0.56(B(0)

n /Bn)1/2 fm for the heavy clusters, where

Bn and B(0)
n are the neutron binding energies of the

studied nucleus and of the heaviest isotope considered
for the same element, respectively. For example, in

the case of Ra, Th, and U isotopes, B(0)
n corresponds

to the neutron binding energies of 226Ra, 232Th, and
238U, respectively. To calculate the potential energy
for I �= 0, the moment of inertia � in the centrifugal
potential is expressed for cluster configurations with
α and Li as light clusters as

�(η) = c1

(
�r

1 + �r
2 +M

A1A2

A
R2

m

)
. (7)

Here, �r
i are the rigid-body moments of inertia for

the clusters of the DNS, c1 = 0.85 for all considered
nuclei [8, 9], and M is the nucleon mass. Single-
particle effects like alignment of the single-particle
angular momenta in the heavy cluster are neglected.

For |η| = 1, the moment of inertia is not known
from the data because the experimental moment of
inertia is a mean value between the moments of in-
ertia of the mononucleus (|η| = 1) and of the clus-
ter configurations arising due to oscillations in η.
We assume �(|η| = 1) = c2�r(|η| = 1), where �r is
the rigid-body moment of inertia of the mononu-
cleus calculated with deformation parameters and
c2 = 0.1−0.3 is a scaling parameter fixed by the en-
ergy of the first 2+ state. For example, for the isotopes
220,222,224,226Ra, we find �(|η| = 1) = 12, 17, 22, and
32 �

2/MeV, respectively.
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Fig. 2. Schematic picture of the potential in the mass
asymmetry and of the two states with different parities
(parallel lines, lower state with positive parity, higher state
with negative parity).

Then a smooth parametrization of the potential
U(x, I) is chosen:

U(x, I) =
4∑

k=0

a2k(I)x2k. (8)

The parameters a2k(I) with k > 0 are determined by
the calculated potential values for x = xα and x =
xLi. The value a0(I = 0) is taken so that the ground-
state energyE0(I = 0) is zero after the solution of the
Schrödinger equation. In the majority of cases, this
procedure leads to a value U(x = 0, I = 0) = a0(I =
0) close to E0(I = 0) = 0. However, for 222Th and
220,222Ra, we varied the inertia coefficient Bx = Bη

in Eq. (6) in the range Bη = (10−20) × 104M fm2 to
obtain the correct value of E0(I = 0) = 0.

The mass Bη can be estimated by relating the
mass-asymmetry coordinate η to the octupole defor-
mation coordinate β3. Such a relation between η, R,
and β3 was derived in [4]:

β3 =

√
7
4π
π

3
η(1− η2)R

3

R3
0

, (9)

whereR0 is the spherical equivalent radius of the cor-
responding compound nucleus. If we take the value of
Bβ3 = 200 �

2/MeV known from the literature, then
we obtain Bη ≈ (dβ3/dη)2Bβ3 = 9.3× 104M fm2,
compatible with the one used in the calculations.

We calculated the parity splitting for even–even
isotopes of the actinides Ra, Th, U, and Pu and
of the nuclei Ba, Ce, and Nd for different values of
nuclear spin I [8, 9]. Figure 3 gives a comparison of
experimental and calculated energies of states of the
alternating parity bands in 232−238U. The experimen-
tal data are taken from [11, 12]. Also, the results for
4



1704 ADAMIAN et al.

 

500

0 4 8 12

1000

0

500

1000

0

500

1000

0

500

1000

 
E
 
, keV
 

I

 

232

 

U

 

234

 

U

 

236

 

U

 

238

 

U

Fig. 3. Experimental (points) and theoretical (lines) rota-
tional spectra for 232,234,236,238U.

the other isotopes agree well with the experimental
data, with the largest deviations being in the lightest
Ra and Th isotopes.

The ground-state wave function has a maximum
in the vicinity of |η| = 1 even when the potential en-
ergy has minima at |η| = ηα because these minima of
maximal 0.8MeV are rather shallow.With increasing
angular momentum, the barrier at x = 0 separating
the minima at |x| = xα increases and the maxima of
the wave function shift closer to the minima of the
potential, i.e., to the α-cluster configuration. In the
ground state of 226Ra, we find a weight of the α-
cluster configuration, estimated as that contribution
to the norm of the wave function located at |x| ≥ xα,
of about 5× 10−2, which is close to the calculated
spectroscopic factor [13].

A good test for the quality of the calculations is
the reduced matrix elements of the electric multipole
moments Q(E1), Q(E2), and Q(E3). The electric
multipole operators can be obtained for the DNS and
result in the expressions [4, 9]

Q10 = 2D10 = e
A

2
(1− η2)Rm

(
Z1

A1
− Z2

A2

)
, (10)
PH
Q20 = e
A

4
(1− η2) (11)

×R2
m

(
(1− η)Z1

A1
+ (1 + η)

Z2

A2

)

+Q20(1) +Q20(2),

Q30 = e
A

8
(1− η2) (12)

×R3
m

(
(1− η)2 Z1

A1
− (1 + η)2

Z2

A2

)

+
3
2
Rm((1 − η)Q20(1)− (1 + η)Q20(2)),

where the charge quadrupole moments Q20(i) of the
clusters i = 1, 2 are calculated with respect to their
centers of mass. The charge-to-mass ratios Z1/A1

and Z2/A2 are functions of η. For the α particle,
this ratio is equal to 0.5. For small values of |x|,
we parametrize the ratio Z/A of the light cluster as
follows: Z/A is equal to the value of the mononucleus
for |x| < xα and Z/A = 0.5 for |x| ≥ xα as for the α
cluster.

In the calculations, we used effective charges eeff

instead of the unit charge e. We set the effective
charge for E1 transitions to be eeff

1 = e(1 + χ) with
an average state-independent value of the E1 polar-
izability coefficient χ = −0.7. This renormalization
regards a coupling of the mass-asymmetry mode to
the giant dipole resonance. For quadrupole transi-
tions, we set eeff

2 = e, although an effective charge
of 1.35e describes the experimental data better. Oc-
tupole transitions are treated with eeff

3,proton = 1.2e
and eeff

3,neutron = 0.8e by assuming effects from the
coupling of the mass-asymmetry mode with higher
lying isovector and isoscalar octupole excitations.
Figure 4 shows the result for the reduced electric
quadrupole transition moment of 226Ra as a function
of nuclear spin in comparison with experimental data
(from [14]). The obtained values are in qualitative
agreement with the known experimental data forQexp

λ

with some exceptions, e.g., in the case of 220,222Ra.
The calculation of the spectrum of 223Ra with an

odd number of neutrons leads to a doubling of the
states for fixed spin I. This is shown in comparison
with experimental energies in Fig. 5. The positive
parity state for a fixed spin I is situated lower in energy
than the corresponding negative parity state. Cal-
culated matrix elements for E1 transitions (K−I →
K+I) are also presented in Fig. 5.

4. GROUND-STATE
AND SUPERDEFORMED BANDS OF 60Zn
The 60Zn nucleus can be thought of as consist-

ing of a double magic 56Ni plus an α particle. The
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 4. Reduced matrix elements of the electric
quadrupole operator (solid curve) for 226Ra in comparison
with experimental data (squares).

threshold for the α decay of 60Zn is only 2.7 MeV
higher than the ground state of 60Zn. Therefore, it is
possible that the ground-state band of 60Zn contains
an α component which was used by Buck et al. [15]
for the description of the ground-state band of 60Zn.
Also, a superdeformed band has been observed [16]
which decays into the states of the ground-state band
in the spin region I = 8−12. The moment of inertia
in the superdeformed band takes the values (692–
795)M fm2 depending on spin. These values are close
to the sticking moment of inertia of the 52Fe + 8Be
cluster configuration, which is 750M fm2. In addi-
tion, the threshold energies for the decay of 60Zn into
52Fe+8Be (10.8 MeV) and 48Cr + 12C (11.2 MeV)
are close to the extrapolated value of the superde-
formed band head, which is approximately 7.5 MeV.
Therefore, it is justified to assume that two sets of
cluster states exist in 60Zn, namely, the states of the
ground-state band containing the α-cluster configu-
ration as an important component and the states of
the superdeformed band with a Be-cluster configura-
tion [17].

For the description of the 60Zn nucleus, we take
the dinuclear model discussed in Sections 2 and
3 where the mass-asymmetry coordinate η is used
for the presentation of the various clusterizations of
the nuclear system. The wave function in η can be
thought of as a superposition of different cluster-
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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type configurations including the mononucleus con-
figuration with |η| = 1. The relative contribution of
each cluster component to the total wave function
is determined by the collective Hamiltonian given in
Eq. (6).

In Fig. 6, we show the potential energy U(x, I =
0) of 60Zn. The potential at the α minimum is
4.5 MeV deeper than the energy of the mononucleus
at x = 0. The next important minima correspond to
8Be and 12C cluster configurations with the values 5.1
and 9.0 MeV of the potential, respectively. Using the
calculated values of the potential at the α, 6Li, 8Be,
10B, 12C (and so on) clusterizations, we obtained the
shown steplike potential. To minimize the number of
free parameters, we took the widths of all the barriers
and minima separately equal to each other. These
two widths were determined with the energy of the
experimentally known 3− state.

The potential energy for I �= 0 depends on the
moments of inertia �(η). For cluster configurations
(x �= 0), they are set equal to the dinuclear moment
of inertia calculated under the sticking condition as
4
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given in Eq. (5). The ground-state band is described
by a soft rotor with amoment of inertia�(|η| = 1) lin-
early depending on spin I for I ≤ 8. Thus, the known
energies of the states of the ground-state band are
fitted. The experimental energy of the I = 10 state is
higher than the value that can be obtained by extrapo-
lating the data for the lower spins. This is a shell effect
which is taken into account with an additional energy
shift of the states with I ≥ 10. For the estimation of
the mass parameter Bx in Eq. (6), see [17].

The calculated spectra for the ground-state and
superdeformed bands are shown in Fig. 7. The en-
ergies of the superdeformed band are described quite
well, including a variation of inertia with spin. In our
calculation, this variation is reproduced because at
spin values I = 20 the superdeformed band is crossed
by the ground-state band and becomes the yrast band
above I = 20.

Let us consider the decay of the superdeformed
states into the ground-state band. We calculated
the branching ratios of the intensities of the E2
transitions with ∆I = 2. In the experiment only
decays of the 18+

SD, 16+
SD, and 14+

SD states into
the superdeformed states were observed. We ob-
tained for the corresponding ratios in our calcu-
lations I(18+

SD → 16+
GS)/I(18+

SD → 16+
SD) = 0.02,

I(16+
SD → 14+

GS)/I(16+
SD → 14+

SD) = 0.07, and
I(14+

SD → 12+
GS)/I(14+

SD → 12+
SD) = 0.18. For the

ratio I(12+
SD → 10+

GS)/I(12+
SD → 10+

SD), where the
lowest experimental 10+ state is treated as the
10+

GS state, the experimental value is 0.54 [16] and
the calculated one is 0.42. For the ratio I(10+

SD →
P
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8+
GS)/I(10+

SD → 8+
SD), the experimental value is 0.60

[16] and the calculated one 0.63.

In addition to the positive parity states, the di-
nuclear model predicts the existence of negative par-
ity states [17]. However, no experimental informa-
tion about collective negative parity states in 60Zn
is known except the 3− state at an excitation en-
ergy of 3.504 MeV. According to our calculations, an
appreciable shift (of about 2 MeV) of the negative
parity states is obtained for the ground-state band,
whereas the parity splitting practically disappears in
the superdeformed band.

5. HYPERDEFORMED NUCLEI AS NUCLEAR
MOLECULES

Nuclear molecular states were first observed in
the 12C−12C collision by Bromley et al. and then
seen up to the system Ni + Ni by Cindro et al. [2].
The question arises whether heavier nuclear systems
have excited states with the properties of molecular
(or cluster) states. Such states could be the hyper-
deformed (HD) states which are explained by a third
minimum in the potential energy surfaces (PES) of
the corresponding nuclei. An interesting observa-
tion in shell model calculations was made that the
third minimum of the PES of actinide nuclei belongs
to a molecular configuration of two touching nuclei
(clusters) [18]. We showed that dinuclear systems
have quadrupole moments and moments of inertia
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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like those measured for superdeformed states and
estimated for HD states [4].

If hyperdeformed states can be considered as nu-
clear molecular resonance states, it should be possi-
ble to excite them by forming a hyperdeformed con-
figuration in the scattering of heavy ions. In the fol-
lowing, we discuss the systems 48Ca + 140Ce and
90Zr + 90Zr as possible candidates for exploring the
properties of hyperdeformed states [19]. The charge
quadrupole moments of (40−50) × 102 e fm2 and the
moments of inertia of (160–190) �

2/MeV of the di-
nuclear configurations 48Ca+ 140Ce and 90Zr + 90Zr
are close to those estimated for hyperdeformed states.

First, we calculated the potentials V (R, η, L = I)
with Eq. (4) as a function of the relative distance
for various angular momenta. These potentials are
shown in Fig. 8. They have a minimum around 11 fm
at a distance Rm ≈ R1 +R2 + 0.5 fm, where R1 and
R2 are the radii of the nuclei. The depth of this molec-
ular minimum decreases with growing angular mo-
mentum and vanishes for L > 100 in the considered
systems.

The potential pocket has virtual and quasibound
states situated above and below the barrier, respec-
tively. Approximating the potential in the neighbor-
hood of the minimum by a harmonic oscillator po-
tential, we can easily estimate the positions of one
to three quasibound states with an energy spacing
of �ω ≈ 2.2 MeV for L > 40. For example, in the
90Zr + 90Zr system, we find the lowest quasibound
state for L = 50 lying 1.1 MeV above the potential
minimum.

We assume that the quasibound states are HD
states and propose to produce these states in heavy-
ion reactions of 48Ca on 140Ce and 90Zr on 90Zr.
The following conditions should be fulfilled: (i) The
quasibound states should be directly excited by tun-
neling through the potential barrier in R, including
the centrifugal potential; i.e., the DNS should have
no extra excitation energy. (ii) The DNS should stay
in the potential minimum without changing the mass
and charge asymmetries. Spherical and stiff nuclei
(magic and double magic nuclei) fulfill the second
condition.

The cross section for penetrating the barrier and
populating quasibound states can be written as

σ(Ec.m.) =
π�2

2µEc.m.

Lmax∑
L=Lmin

(2L+ 1)TL(Ec.m.). (13)

Here, Ec.m. is the incident energy in the center-of-
mass system, and TL(Ec.m.) is the transmission prob-
ability through the entrance barrier, which can be
approximated by a parabola with frequency ω′:

TL(Ec.m.) (14)
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= 1/
(
1 + exp[2π(V (Rb, η, L) −Ec.m.)/(�ω′)]

)
.

The barrier is at Rb. The angular momentum quan-
tum numbersLmin andLmax in Eq. (13) fix the interval
of angular momenta contributing to the excitation
of HD states. The range of partial waves leading to
the excitation of quasibound states constitutes the
so-called molecular window known in the theory of
nuclear molecules with light heavy ions [2].

In the reaction 48Ca on 140Ce, cold and long-
living DNS states can be formed at an incident en-
ergy Ec.m. = 147 MeV and 90 < L < 100, and in the
reaction 90Zr on 90Zr at Ec.m. = 180 MeV and 40 <
L < 50. For both reactions, we estimate a cross sec-
tion of about 1 µb with Eq. (13). Also other reac-
tions, namely, 48Ca+ 144Sm (Ec.m. = 149 MeV, 80 <
L < 90), 48Ca + 142Nd (Ec.m. = 148 MeV, 80 < L <
90), and 38Ar + 140Ce, 142Nd, 144Sm (Ec.m. = 137,
141, and 145 MeV, respectively, 80 < L < 90), can
be thought to be applied for a possible observation of
cluster-type HD states.

The spectroscopic investigation of the HD struc-
tures is difficult because of the small formation cross
section and the high background produced by fusion–
fission, quasifission, and other reactions. However,
the latter processes have characteristic times much
shorter than the lifetime of the HD states, which is
of the order of 10−16 s. The HD states are character-
ized by γ transitions between the HD states and by
their decay into the nuclei by which they are formed.
4
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Therefore, if these signatures would be observed in
heavy-ion experiments, it would be unique proof of
the idea that HD states are cluster-type states and
further that quasimolecular configurations also exist
in heavier nuclear systems.

REFERENCES
1. V. V. Volkov, Izv. Akad. Nauk SSSR, Ser. Fiz. 50,

1879 (1986); Deeply Inelastic Nuclear Reactions
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Abstract—A cluster approach is applied to describing the decay-out phenomenon of the yrast superde-
formed states for mass regionA ≈ 190. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The intensities of the rotational E2 γ transitions
within a superdeformed (SD) band show a remark-
able feature. Transitions follow the band down with
practically constant intensity. At some spins, the
whole level-population intensity of the SD band
drops practically to zero within two transitions. This
phenomenon is said to be the decay out of the SD
band [1–5]. The sudden disappearance of the SD
bands at low spin I = 6−14 in the A = 190 region
and at I = 24−32 in theA ≈ 150 region together with
unobserved decay path has raised many questions
concerning the mechanism involved in the decay-
out problem [6]. It has been suggested that the decay
out is probably due to the mixing with the normal
deformed (ND) states in the ordered or chaotic
regimes. However, the numerical calculations have
been more or less schematic with a lot of parameters
and assumptions. We will apply the cluster approach
to describing the ND and SD bands and the decay-
out phenomenon.

2. CLUSTER APPROACH

The important modes of nuclear excitations are
related to a motion in charge ηZ = (Z2 − Z1)/(Z2 +
Z1) and mass η = (A2 −A1)/(A2 +A1) asymme-
try coordinates, where Z1 (A1) and Z2 (A2) are the
charge (mass) numbers of a light and heavy nucleus
of the dinuclear system (DNS) [7–11], two touching
nuclei or clusters. These relevant collective variables
describe a partition of nucleons between the nuclei

∗This article was submitted by the authors in English.
1)Bogolyubov Laboratory of Theoretical Physics, Joint Insti-
tute for Nuclear Research, Dubna, Moscow oblast, 141980
Russia.
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forming the DNS. The potential energy as a function
of ηZ (η) has a few minima corresponding to different
clusterizations of the whole system. The characteris-
tics of the states in these minima are close to those of
the ND and SD bands. The wave function in ηZ may
be thought of as a superposition of different cluster-
type configurations, including the mononucleus con-
figuration with |ηZ | = 1, the α-cluster 4He configu-
ration with |ηZ | = 1− 4/Z, the 8Be-cluster configu-
ration with |ηZ | = 1− 8/Z, the 12C-cluster configu-
ration with |ηZ | = 1− 12/Z, and other cluster (Z =
Z1 + Z2) configurations. The relative contribution of
each cluster component to the total wave function
is determined by solving the stationary Schrödinger
equation

H|Ψ(I)〉 = E(I)|Ψ(I)〉, (1)

where the collective Hamiltonian is

H = −�
2

2
d

dηZ

1
BηZ

d

dηZ
+ U(ηZ , I), (2)

with the inertia coefficient BηZ
and the potential

U(ηZ , I). The potential U(ηZ , I) in Eq. (2) is taken
as a dinuclear potential energy for |ηZ | < 1 [8, 12],

U(ηZ , I) = B1(ηZ) +B2(ηZ) + V (R = Rm, ηZ , I).
(3)

Here, the internuclear distance R = Rm = R1 +
R2 + 0.5 fm is the touching distance between the
clusters. Since the N/Z equilibrium occurs in the
DNS, the potential energy U is minimized with
respect to the mass asymmetry η for each fixed charge
asymmetry ηZ . The quantities B1 and B2 (which
are negative) are the experimental binding energies
of the clusters forming the DNS at a given charge
asymmetry ηZ . The quantity V (R, ηZ , I) in (3) is the
nucleus–nucleus interaction potential [12]:

V (R, ηZ , I) = VC(R, ηZ) + VN (R, ηZ) (4)

+ Vrot(R, ηZ , I)
2004 MAIK “Nauka/Interperiodica”
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with the Coulomb VC, the centrifugal Vrot = �
2I(I +

1)/(2�(η,R)), and the nuclear interaction VN poten-
tials. Calculating the potential energy for α-, 7Li-,
8Be-, 11B-, 12C-, 15N-, and 16O-cluster configura-
tions by formula (3), we interpolated the potential at
discrete points by the stepwise potential [11].
To calculate the potential energy for I �= 0, we

need the moment of inertia �(ηZ) = �(ηZ , Rm) [10].
As was shown in [8], the highly deformed states are
well described as the cluster systems and their mo-
ments of inertia are about 0.85 of the rigid-body limit.
Following this, we assume that the moment of inertia
of the cluster configurations can be expressed as

�(ηZ) = c1

(
�r

1 + �r
2 +m0

A1A2

A
R2

m

)
. (5)

Here, �r
i (i = 1, 2) are rigid-body moments of inertia

for the clusters in the DNS, c1 = 0.85 for all consid-
ered nuclei, and m0 is the nucleon mass. The rigid-
body moments of inertia are calculated with deforma-
tion parameters from [13]. For |ηZ | = 1, the value of
the moment of inertia is not known from data because
the experimental moment of inertia is a mean value
between the moment of inertia of the mononucleus
(|ηZ | = 1) and the moments of inertia of the clus-
ter configurations arising due to the oscillations in
|ηZ |. We assume that �(|ηZ | = 1) = c2�r(|ηZ | = 1),
where �r is the rigid-body moment of inertia of the
mononucleus and c2 is a scaling parameter which is
fixed by the energy of the first 6+ state of the ND
band. In the yrast ND band, the states with I ≥ 6 are
assumed to be rotational ones. We set c2 = 0.07 for
all nuclei under consideration.
The method of calculation of the inertia coefficient

BηZ
= (dη/dηZ )2Bη (where Bη is a mass parameter

in the mass-asymmetry coordinate) used for the clus-
ter configurations is given in [14]. Since the scale of
variation of ηZ is large, the η dependence of the inertia
coefficient is taken into consideration. Our calcula-
tions show that BηZ

is a smooth and weak function
of total charge number Z for Z = 80 and 82. For all
considered nuclei, we set BηZ

= 19.2 × 104m0 fm2

and 12.8× 104m0 fm2 for 8Be- and 12C-cluster con-
figurations, respectively. For the NDwells of all nuclei
considered, we setBηZ

= 7.5× 104m0 fm2. With this
BηZ

, the value of U (|ηZ | = 1, I = 0) was chosen so
as to obtain the correct values of binding energies
E(I = 0) of the ground states [10].

3. RESULTS OF CALCULATIONS

3.1. Potential Energy

For 190,192,194Hg nuclei, the potential energy has a
few important minima corresponding tomononucleus
PH
and 8Be- and 12C-cluster configurations. The DNS
with α cluster has a potential energy a little larger
than the energy of mononucleus at |ηZ | = 1. At val-
ues of |ηZ | corresponding to the 7Li- and 11B-cluster
configurations, the potential energy has maxima. The
states of the ND bands have a significant contribution
of an α-cluster component. The states of the ground
and excited SD bands are described mainly as 8Be-
and 12C-cluster configurations, respectively [9]. The
SD bands lie at high energy and are isolated in a well-
defined minimum at the point where they decay out to
the ND states. At a given spin, the SD state is viewed
as a zero-point vibration in the SD well. Since differ-
ent cluster configurations have different moments of
inertia, the barrier separating the SD and NDminima
smoothly decreases with spin, but it remains relatively
sizeable for the spins corresponding to the rapid es-
cape from the SD minimum to the ND minimum.
This indicates rather pure SD states until the lowest
observed member of each SD band. The interaction
between the SD states and ND states is suppressed
by the small tunneling through the barrier. The origin
of the spin dependence of the interaction between
the pure SD and ND states is clear in the cluster
approach [15].

3.2. Energy Spectra

Spectra of the yrast ND and SD bands for the
nucleus 194Hg are shown in Fig. 1. One can see that,
in the ND band, there is an appreciable shift of the
negative parity states with respect to the positive-
parity states that is parity splitting. In the SD bands,
the parity splitting almost disappears. The negative-
parity states in the ground SD band were not found
in the experiments. It should be mentioned that our
consideration provides the possibility of considering
the ground SD band as a mirror symmetric cluster
configuration with two α particles on the opposite
sides of heavy core like 194Hg = α−186Os−α instead
of asymmetric configuration 194Hg = 186Os−8Be.
We checked that the energies and moments of inertia
of these symmetric and asymmetric cluster configu-
rations were almost the same. Thus, it is very inter-
esting to consider in more detail in the experiment
with the aim of finding out whether the negative-
parity ground SD states exist or not [11].
Taking into consideration the absence of parame-

ters for fitting in our cluster approach, the description
of the experimental data is pretty good. Since the
calculated spectra are purely rotational, the deviation
from the experiment seems to be caused by the in-
fluence of other degrees of freedom (vibrations, the
coupling with internal degrees of freedom). If there
is a doubt about the spin and parity of the measured
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004



SUPERDEFORMATION AS CLUSTER STATE 1711

 

0

1

2

3

4

5

6

7

8

 

194

 

Hg

(20

 

–

 

)

(18

 

–

 

)
(16

 

–

 

)
(14

 

–

 

)

(12

 

–

 

)

(10

 

–

 

)
8

 

+

 

6

 

+

 

4

 

+

 

2

 

+

 

0

 

+

 

8

 

+

 

6

 

+

 

4

 

+

 

2

 

+

 

0

 

+

 

10

 

+

 

12

 

+

 

14

 

+

 

16

 

+

 

18

 

+

 

20

 

+

 

(19

 

–

 

)
(17

 

–

 

)
(15

 

–

 

)

13

 

–

 

11

 

–

 

9

 

–

 

7

 

–

 

5

 

–

 

5

 

–

 

7

 

–

 

9

 

–

 

3

 

–

 

1

 

–

 

11

 

–

 

13

 

–

 

15

 

–

 

17

 

–

 

19

 

–

 

20

 

+

 

18

 

+

 

16

 

+

 

14

 

+

 

12

 

+

 

10

 

+

 

8

 

+

 

20

 

+

 

18

 

+

 

16

 

+

 

14

 

+

 

12

 

+

 

10

 

+

 

8

 

+

 

6

 

+

 

4

 

+

 

2

 

+

 

0

 

+

 

SD-1, exp. SD-1, th.

ND, th.ND, exp.ND, exp. ND, th.

 
E

 
, MeV

Fig. 1. Experimental (exp.) and calculated (th.) energies of the states of the ground ND and ground SD (SD-1) bands in
194Hg. Experimental data are taken from [3].
level, its notation is given in parentheses in Fig. 1.
Some of these levels are in good correspondence with
the calculated ones. The yrast SD bands are well
defined as rotational bands and, thus, better described
in our approach than the ND bands.

For the 194Hg nucleus, the experimental levels
of the excited SD bands are in agreement with the
calculated ones (Fig. 2). The calculated transition
quadrupole moments Qt in the ground and first ex-
cited SD bands are also in satisfactory agreement
with the experimental data for 190,192,194Hg nuclei.

3.3. Crossing of SD and ND Bands

In Fig. 3, the energies of the ground and excited
ND states in the α-cluster well, as well as the yrast
SD state in the 8Be well, are shown as a function of
even spin for the isotopes of mercury. The energy of
the SD level is lower than the energy of the nearest
neighboring ND level at large spins. With decreasing
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
spin, the energy interval between these states de-
creases, and at some spin I, the ND states become
more energetically favorable than the SD state. In
all nuclei under consideration, this spin is close to
the experimental spin Iout (Iout = 10 for 192,194Hg and
Iout = 14 for 190Hg), where the decay out happens.
The SD band crosses the first excited ND band, from
which the collective transition to the ND band is
expected to be very weak due to the competition with
statistical quasicontinuum transitions.

Figure 4 shows that a significant increase in the
component c2 of the SD state in the ND well takes
place around the crossing point of the SD band with
the nearest neighboring ND band. The reason for this
steep rise of the ND admixture c2 of the SD states is
the relative position (interference) of the SD and ND
levels. A decrease in the barrier between the SD and
NDwells with spin smoothly influences only the value
of c2.
4
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Fig. 2. Experimental (exp.) and calculated (th.) energies of the states of the excited SD bands (SD-2 and SD-3) in 194Hg.
Experimental data are taken from [1, 3].
3.4. Probability of Decay Out

In spite of the relatively small ND admixture
of the SD state (for example, c2 = 2.4× 10−2 for
194Hg), the decay out occurs through this com-
ponent because the decay width ΓND in the ND
well is much larger than the decay width ΓSD in
the SD well. The ratio ΓSD/ΓND drops sharply as
spin decreases. ΓSD = �B(E2)E5

γ is determined by
collective rotational electromagnetic (nonstatistical)
quadrupole transitions in the SD well. The in-band
E2 transition rate falls rapidly because of the growing
fractional decrease inEγ andE5

γ dependence. In order
to determine ΓND, only statisticalE1 transitions were
considered for the decay between theND states, since
they are expected to dominate (with respect to the
collective E2 and statistical M1 transitions) due to
the high excitation energy of the SD states above
the yrast line (≈ 4 MeV). The latter comes from
fact that the moment of inertia for the SD shape
is larger than the one for the ND states and the
PH
SD states become more excited with respect to the
ND yrast line with decreasing spin I. The statistical
E1 decay is governed by the level densities and
the giant dipole resonance strength function based
on the energy-weighted sum rule. The E1 width is
approximated by the analytical expression ΓND =
3cE1T

5 [16], where T = (U/a)1/2, the excitation
energy U = E(I)− �

2I(I + 1)/(2�r(|η| = 1))− 2∆
[17], the level density parameter a = 22.58 MeV−1

[15, 17], the backshift parameter 2∆ = 24/A1/2, and

cE1 = 4!
e2

�c

1
m0c2

ΓR

ER

NZ

A
.

TheE1 giant resonance parameter is chosen asER =
78/A1/3 MeV and ΓR = 4.4 MeV [15]. The increase
in ΓND with decreasing I is evident.

The total probability Pout that the state in the SD
well decays into the state in the ND well is calculated
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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as follows:

Pout =
c2ΓND

c2ΓND + (1− c2)ΓSD
, (6)
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where c2 is the fraction of the wave function with the
dominant SD component in the ND well. Here, the
SD state has the partial width (1− c2)ΓSD to decay
in the next SD state and the partial width c2ΓND to
decay in the lower energy ND states.
One can see in Fig. 5 that the calculated total

probabilities Pout are in good agreement with the
experimental ones. This is an indication of validity of
the cluster approach. The increase in Pout is mainly
due to the increase in c2 for the 190,192,194Hg nuclei.
The origin of the decay out from the excited SD

band is expected to be the same as for the decay
out from the yrast SD band. It is still unclear to
us the nature (α cluster or two-quasiparticle-like
structures) of the excited ND band which is crossed
with the excited SD band. Another open question
is whether the mechanism underlying the transition
from the ground and excited SD bands to the ND
states in mass regions with A ≈ 130, 140, and 150
is the same as in mass-190 region. With the cluster
approach, we recently reproduced the experimental
data for the SD band of the 60Zn nucleus [11]. In this
4
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case, the one-step discrete collectiveE2 γ rays to the
ND yrast states carry a large fraction of the decay out
of the ground SD state since the width of collective
E2 transitions in the ND well is much larger than the
statistical one because of the small level densities.

4. SUMMARY

We conclude that the cluster approach provides
a good description of the spectra and decay out of
the ground SD bands in the mass-190 region. Our
analysis indicates that the sudden decay out of the SD
band (8Be-cluster configuration) into the ND band
(related to the α-particle clusterization) is because of
the crossing of the SD band with the nearest neigh-
boring excited ND band. Near the band-crossing
point, the statistical E1 decay to the ND configura-
tions competes successfully against the collectiveE2
decay along the SD band. The main reasons for the
decay out at the crossover point are (i) the perceptible
square of the amplitude of the SD wave function
component in the NDwell and (ii) the reduction of the
in-band SD collectiveE2 decay rate and the increase
in the ND statistical E1 transition rate due to the
large excitation energy of the SD state with respect
to the ND yrast line.
The decay width of a light cluster is one of themost

important physical quantities to identify a cluster-like
structure. During γ emission, the SD cluster states
can decay into two fragment clusters. Therefore, one
can identify the SD states bymeasuring the rotational
γ quanta in coincidence with the decay fragments
of the DNS. If the SD state is a cluster state, we
should observe pronounced yields of the light clusters
like α particles, 8Be (two correlated α particles), and
12C. The spectroscopic investigation of the SD states
turns out not to be easy because of the low cross
sections.
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Integral Equations in the Fock–Bargmann Space
and the Generator-Coordinate Method*

G. F. Filippov1)**, Yu. A. Lashko1), S. V. Korennov1), 2), and K. Katō3)
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Abstract—In the generator-coordinate method, the norm kernel built as a Slater determinant of the
Brink–Bloch orbitals plays a role of unity for the complete set of orthonormalized states defined in the
Fock–Bargmann space and satisfying the Pauli exclusion principle. The closure condition is then written
as the Hilbert–Schmidt expansion of the norm kernel and can be derived by a simple algebraic procedure.
A basis of eigenstates of the norm kernel is shown to be a powerful tool in resonating-group calculations.
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1. INTRODUCTION

The purpose of the present work is to construct
a complete orthonormalized basis in the generator-
coordinate method (GCM) and then use it in solving
the Hill–Wheeler equations. Moreover, the basis can
be applied in the resonating-group method (RGM)
calculations. Further details and references can be
found in [1].

Both the GCM and the Hill–Wheeler equations
are well known. Here, we recall only the points im-
portant for further discussion. A remarkable feature
of the GCM is that it reduces a many-body problem
to a study of just a few degrees of freedom reproducing
important modes of motion. Their importance is first
determined on the basis of physical considerations.

Some of the difficulties appearing in theGCM cal-
culations and ways to overcome them can be clearly
illustrated by a simple yet realistic example of the
interaction between a neutron and 4He nucleus. Gen-
eralizations are then straightforward.

2. GENERATOR-COORDINATE METHOD

An application of the GCM begins with the con-
struction of a generator (trial) function

Ψ(R; {ri}),
where R is a vector generator parameter introduced
to describe the relative motion of one of the nucleons
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Academy of Sciences of Ukraine, Kiev, Ukraine.

2)Université Libre de Bruxelles, Brussels, Belgium.
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and the center of mass of the rest of them; ri are
single-particle position vectors. The generator func-
tion is considered to be known. In the following, it is
assumed to have the form of a Slater determinant of
the five-particle system constructed of s orbitals (α-
particle nucleons),

φ0(r) = π−3/4 exp
(
−r2

2

)
,

and the modified Bloch–Brink orbital φ(R, {r}) for
the valence neutron [2],

φ(R, {r}) = π−3/4 exp
(
−r2

2
+
√

2(R · r)− R2

2

)
.

Being a Slater determinant, the generator function
Ψ(R; {ri}) = det ||φk(ri)|| (1)

is antisymmetric with respect to permutations of nu-
cleonic coordinates. The basis functions generated
by (1) satisfy the Pauli principle as well. We shall not
show the explicit form of this Slater determinant here
to keep things simple, but later some constructions
derived from it will be demonstrated.

Now, following the GCM procedure, we calculate
the norm kernel (overlap),

I(R;S) =
∫

Ψ(R; {ri})Ψ(S; {ri})dτ, (2)

as well as the Hamiltonian Ĥ kernel for the system
studied,

H(R;S) =
∫

Ψ(R; {ri})ĤΨ(S; {ri})dτ.

Integration is taken over all single-particle vectors.
In the GCM, the wave functions F ({ri}) have the

form

F ({ri}) =
∫

C(R∗)Ψ(R; {ri})dµB.
2004 MAIK “Nauka/Interperiodica”
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The problem is now reduced to the Hill–Wheeler
equation for the coefficients C(R∗),∫
{H(R;S)C(S∗)− E · I(R;S)C(S∗)}dµ̃B = 0.

(3)

Equation (3) follows from the variational principle
for the functional

J =
∫ ∫

C(R∗){H(R;S) (4)

− E · I(R;S)}C(S∗)dµBdµ̃B.

In the present approach, we search for the coef-
ficients, or rather functions, C(R) in the form of an
expansion over a complete orthonormalized basis of
states {ψn(R)} satisfying the Pauli exclusion princi-
ple. We set

C(R) =
∑
n

Cnψn(R).

The basis is defined so that

I(R,S) =
∑
n

Λnψn(R)ψn(S). (5)

The latter condition has a simple physical mean-
ing. The quantity I(R,S) is not only the norm kernel
but also the density matrix (of mixed states, to be
exact), which can always be diagonalized. Later we
will show how to do this, but for now let us note only
that the Hamiltonian kernel can be represented in the
form

H(R,S) =
∑
n

∑
ñ

ψn(R)〈n|Ĥ |ñ〉ψñ(S), (6)

which leads to the following form of the functional (4):

J =
∑
n

∑
ñ

Cn

(
〈n|Ĥ|ñ〉 − E · Λnδn,ñ

)
Cñ.

As a result, after variation of J , instead of the Hill–
Wheeler equation (3), we arrive at a set of linear
algebraic equations for the coefficients Cn,

∞∑
ñ=0

(
〈n|Ĥ|ñ〉 − E · Λnδn,ñ

)
Cñ = 0, (7)

n = 0, 1, 2, . . . ,

which we call the set of equations of the algebraic
version of the resonating-group method. The ways
to solve these coupled equations were already shown
and the results were published. So we would rather
discuss the construction of the basis set {ψn(R)},
since this is a nontrivial matter when the number of
dynamic degrees of freedom is relatively large.
P

3. ORTHONORMALIZED GCM BASIS

It appears that it is much simpler to construct
this complete orthonormalized set of states {ψn(R)}
allowed by the Pauli principle in the Fock–Bargmann
space [3–6], where, in fact, complex vectors R and S
are defined.

A wave function, originally defined in the usual
coordinate space, has its map in the Fock–Bargmann
space. This map is an entire function of its variable, in
our case, the complex vector R(S): it has no irregu-
larities except at infinity.

The Fock–Bargmann map ψ(R) of a function
φ(r) is obtained by the integral transform with the
kernel

Φ(R, r) =
1

π3/4
exp

(
−r2

2
+
√

2(R · r)− R2

2

)
,

which is nothing but the modified Bloch–Brink or-
bital.

Thus, the map is found after a threefold integra-
tion,

ψ(R) =
∫

Φ(R, r)φ(r)dr.

The original function can be restored by means of
the inverse transform,

φ(r) =
∫

Φ(R∗, r)ψ(R)dµB,

which is a sixfold integration with the Bargmann
measure dµB,

R =
ξ + iη√

2
, dµB = exp{−(R ·R∗)} dξdη

(2π)3
.

In the applications of the GCM, the maps of func-
tions appear to be remarkably simpler than many-
particle originals, which justifies the whole idea of the
use of the Fock–Bargmann space.

To construct the complete basis of allowed states
to solve of the generator-coordinate problem, we have
to find an expanded form of the norm kernel (the den-
sity matrix), Eq. (5). If I(R,S) is considered as the
symmetric kernel of an integral equation, this expan-
sion acquires the meaning of the Hilbert–Schmidt
expansion, and it is not that easy to find it.

Only a few of us have not been surprised, realizing
that a differential equation can be reduced to a simpler
algebraic one by the Laplace transform. Similarly,
we were excited understanding that, if the expres-
sion I(R,S∗) is treated as the kernel of an integral
equation for the Fock–Bargmann map of the allowed
basis functions, the eigenfunctions of this kernel are
obtained instantly. The reason is that the kernel is
reduced to a set of degenerate (separable) kernels and
each of them presents an easy-to-solve problem.
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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The transform leading to the norm kernel has been
known to us and other people for a while. However,
the interpretation of I(R,S) as a kernel of an integral
equation with the Bargmann measure (thus, defined
in the Fock–Bargmann space) is given here for the
first time. Like Moliere’s character, we just realized
we spoke prose all the time.

4. FOCK–BARGMANN SPACE

We now turn to some basic features of the Fock–
Bargmann space in comparison with the conven-
tional coordinate space, as well as to examples of
some simple functions and operators and their Fock–
Bargmann maps.

In the coordinate space, the basis functions of
the one-dimensional harmonic oscillator (h.o.) are
expressed in terms of Hermite polynomials, i.e.,

φn(x) =
1√

2nn!
√

π
Hn(x) exp

(
−x2

2

)
,

n = 0, 1, 2, . . . ,

while the closeness condition for these functions
reads

δ(x − y) =
∞∑

n=0

φn(x)φ∗(y).

In the Fock–Bargmann space, the h.o. basis func-
tions are the eigenfunctions of the operator

Ĥosc = z
d

dz
+

1
2

and take the form

ψn(z) =
1√
n!

zn, n = 0, 1, 2, . . . ,

where z is a complex variable. The closeness condi-
tion becomes

exp(zz∗) =
∞∑

n=0

ψn(z)ψn(z∗).

Naturally, the functions ψn(z) are orthonormalized:
∞∫

−∞

∞∫

−∞

ψn(z)ψn′(z∗)dµB = δn,n′ .

The Bargmann measure here reads

dµB = exp(−zz∗)
dξdη

2π
, z =

ξ + iη√
2

.

In the coordinate space, the continuum of the
plane waves

φk(x) =
1√
2π

exp ikx, −∞ < k <∞,
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satisfies the following closeness condition

δ(x − y) =
1
2π

∞∫

−∞

exp[ik(x− y)]dk.

The same condition in the Fock–Bargmann space,

exp(zz∗) =
1

π1/2

×
∞∫

−∞

exp
(
−k2 − i

√
2(z − z∗, k) +

z2 + z∗2

2

)
dk,

follows the form of plane waves,

φk(R) =
1

π1/4
exp

(
−k2

2
− i
√

2Rk +
R2

2

)
, (8)

−∞ < k <∞.

The function (8) is the eigenfunction of the momen-
tum operator

k̂ = − i√
2

(
z − ∂

∂z

)

defined in the Fock–Bargmann space.

One more example of a function of the continuum
is the eigenfunction of the coordinate operator

φx(z) =
1

π1/4
exp

(
−x2

2
+
√

2z x− z2

2

)
,

−∞ < x <∞.

It satisfies the equation

x̂φx(z) = xφx(z),

where

x̂ =
1√
2

(
z +

∂

∂z

)
.

The corresponding closeness condition takes the fa-
miliar, for the Fock–Bargmann space, form

exp(zz∗) =
1

π1/2

×
∞∫

−∞

exp
(
−x2 +

√
2(z + z∗, x) +

z2 + z∗2

2

)
dx.

In all these examples, one utilizes the kernel of the
(one-dimensional) Bargmann transform between the
two spaces,

Φ(x, z) =
1

π1/4
exp

(
−x2

2
+
√

2zx− z2

2

)
.

4
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Therefore, in particular, there holds the following def-
inition of the map of the h.o. eigenfunction in terms of
its original:

ψn(z) =

∞∫

−∞

Φ(x, z)φn(x)dx.

In general,

ψ(z) =

∞∫

−∞

Φ(x, z)φ(x)dx.

Finally, the inverse transform requires the Bargmann
measure,

φ(x) =
∫

Φ(x, z)ψ(z)dµB.

5. HILBERT–SCHMIDT EXPANSION

Coming back to the 4He + n system, we consider
its norm kernel (2),

I(R,S) = exp(R · S)− exp
(
−1

4
(R · S)

)
.

If the GCM vector parameters R,S are analytically
continued to the complex space,4) then I(R,S) be-
comes that unity which is resolved by the Pauli-
allowed basis states in the closeness condition. The
complete basis itself can be found as a solution of the
integral equation

Λφ(R) (9)

=
∫ {

exp(R · S)− exp
(
−1

4
(R · S)

)}
φ(S∗)dµ̃B.

At first glance, Eq. (9) does not look promising to
search for its eigenvaluesΛn and eigenvectors φn(R).
But if we do one more step and expand the kernel,

I(R,S) =
∞∑

n=0

{
1−

(
−1

4

)n} 1
n!

(R · S)n, (10)

we suddenly realize that this is the Hilbert–Schmidt
expansion, and the eigenvalues are

Λ(n,0) = 1−
(
−1

4

)n

,

while the orthonormalized (with the Bargmann mea-
sure) eigenfunctions are contained in the expressions

1
n!

(R · S)n =
∑
l,m

φ(n,0),l,m(R)φ(n,0),l,m(S).

4)This continuation means a transition to the phase space, as
the number of independent parameters is doubled.
PH
Note that every basis function φ(n,0),l,m(R) belongs
to the irreducible representation (λ, µ) = (n, 0) of the
SU(3) group and that∫

1
n!

(R ·R∗)ndµB =
(n + 1)(n + 2)

2
,

where the value on the right-hand side is the dimen-
sionality of this representation. Here, n is the number
of h.o. quanta of the relative motion of 4He and the
neutron, l is the orbital momentum, and m is its
projection.

The normalized basis functions with l = m = 0
take the form

φ(2k,0),0,0(R) =
1√

(2k + 1)!
R2k.

One can easily check their orthogonality. The close-
ness condition for these functions reads

sinh(|R||S|)
|R||S| − sinh(|R||S|/4)

|R||S|/4

=
∞∑

k=1

(
1− 1

42k

)
φ(2k,0),l=0(R)φ(2k,0),l=0(S).

The eigenvalues Λ(n,0) depend on the SU(3) symme-
try indices only. As n increases, they are limited to
unity, but at low values of n the corresponding eigen-
functions are affected by the Pauli principle. Note
that, at Λ0 = 0, the state φ0 is forbidden.

There is an alternative interpretation of the expan-
sion (10). It can be treated as the diagonal form of the
density matrix of the "mixed" states of the system and
can be used in quantum-statistical applications.

Let us take another example. The system 6He + n
requires an additional pair of vectors, u and ũ, to
describe possible excitations of the 6He cluster. The
norm kernel for this system takes the form

I(R,S) = (u · ũ)2
{

exp(R · S) (11)

− exp
(
−1

6
(R · S)

)}
− (u · ũ)(u · S)(R · ũ)

× exp
(
−1

6
(R · S)

)
.

At all even n = 2k, the integral equation yields two
states with zero angular momentum,

φ(2k+2,0),l=0(R,u) =
1√

2(2k)!(2k + 3)

×
{
u2 ·R2k − 2k

2k + 1
[u×R]2 ·R2k−2

}
,

Λ(2k+2,0) = 1 +
14k − 1

62k
,
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φ(2k−2,2),l=0(R,u)

=

√
2

2(2k + 1)!(2k + 1)
[u×R]2 ·R2k−2,

Λ(2k−2,2) = 1− 8
62k

.

Again, the functions appear to be so simple that it is
a pleasure to show them explicitly.

All these functions are antisymmetric with respect
to permutations of the nucleons. It can be proven with
an explicit definition of the antisymmetrization opera-
tor in the Fock–Bargmann representation. However,
it will not be discussed here.

One more remark. When there are three pairs
of vector parameters, as in the 6He + 6He case,
there appears the SU(3) degeneracy; that is, different
eigenfunctions of a nucleus have the same quantum
numbers introduced above. The case of degenerate
kernels is also tractable by a standard algebraic
procedure. There, the degree of degeneracy becomes
the order of the algebraic set of equations one needs
to solve.

6. HAMILTONIAN KERNEL

The kernel of a Hamiltonian Ĥ is defined as an
integral

H(R,S) =
∫

Ψ(R; {ri})ĤΨ(S; {ri})dτ.

It can also be expanded over the eigenfunctions of the
kernel (10), but the expansion will be nondiagonal,

H(R,S) =
∑

n

∑
ñ

φn(R)〈n|Ĥ |ñ〉φñ(S),

where the matrix elements is

〈n|Ĥ|ñ〉 =
∫ ∫

φn(R∗)H(R,S)φñ(S∗)dµBdµ̃B.

(12)

The integrations in (12) are taken analytically.

7. GENERAL CASE

In the most general case, the eigenfunctions of
the norm kernel (a Slater determinant of overlaps
of Brink–Bloch orbitals) are labeled by the number
of h.o. quanta ν, the SU(3) Elliott’s indices (λ, µ),
SU(3) multiplicity label α(λ,µ) (when necessary), the
orbital momentum l and its projection m, and an ad-
ditional quantum number αl (if necessary). We denote
a set of all these numbers as n, with Λn, ψn(R) being
the corresponding eigenvalue and eigenfunction of
the norm kernel. The eigenvalues depend on ν and
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
(λ, µ) (and, possibly, on α(λ,µ)). The set of eigenfunc-
tions ψn(R) of the norm kernel is orthonormalized
(with the Bargmann measure). If there is no SU(3)
degeneracy, the set can be found in a simple algebraic
way. Otherwise, one needs to solve an integral equa-
tion with a degenerate kernel.

The Bargmann transform kernel can be expanded
in a way similar to Eq. (5):

Φ(R, r) =
∑
n

√
Λnψn(R)φn(r),

where φn(r) is the Pauli-allowed basis state and
ψn(R) is its Fock–Bargmann map. In actual calcu-
lations, one utilizes the facts that the latter is simpler
than the former and that the matrix elements do not
depend on a particular representation of the basis
functions and the operators.

The Hill–Wheeler equation can naturally be writ-
ten in the discrete representation of the basis
{ψn(R)}. First, one has to find a matrix element of
the Hamiltonian Ĥ between the generating functions
and, then, to project this matrix element to the basis
states.

The solution of the Hill–Wheeler equation Ψ(R)
is sought in the form

Ψ(R) =
∑

n

Cnψn(R),

where the unknown coefficients Cn satisfy the equa-
tions ∑

ñ

〈n|Ĥ|ñ〉Cñ − EΛnCn = 0. (13)

The index n takes all values allowed by the Pauli
principle.

This set of equations differs from the discrete rep-
resentation of the Schrödinger equation in two ways.

Firstly, only the matrix elements between the
Pauli-allowed states participate in the equations.
Therefore, an additional (e.g., phenomenological)
term projecting out the forbidden states is not needed.
If it were present in (13), it would have no contribu-
tion.

Secondly, the last term on the left-hand side of
Eq. (13) is proportional to the eigenvalue Λn of the
norm kernel. This factor is due to antisymmetrization
of the generating function Φ(R, r). It is convenient to
rewrite the set as follows:∑

ñ

〈n|Ĥ|ñ〉Cñ + E(1 − Λn)Cn − ECn = 0, (14)

where the second term E(1−Λn)Cn is the one which
is absent in the standard discrete representation of
the Schrödinger equation. This term reproduces the
action of the antisymmetrizer to the allowed states,
4
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and the factorsE(1−Λn) can be treated as thematrix
elements of this operator—an effective potential—in
the diagonal representation of Pauli-allowed states.
If in some channel the matrix elements are bound by
unity from above, the effective potential is repulsive.
Its intensity increases with E, but cannot be more
than the energy. Since there are no forbidden states
in the set (14), the effective repulsion has no reason
to grow infinitely. Likewise, if the eigenvalues are
bound by unity from below, the effective potential is
attractive, which leads to some interesting spectral
effects.

8. CONCLUSIONS

The following general ideas were illustrated by
simple examples.

In the Fock–Bargmann representation, or the rep-
resentation of entire functions, the norm kernel of the
generator-coordinate method is a symmetric kernel of
an integral equation. Its eigenfunctions are defined in
the coordinate–momentum phase space and form a
complete set of orthonormalized (with the Bargmann
measure) basis states satisfying the Pauli exclusion
principle. The eigenvalues have a finite limiting point
and thus the integral equation is of a special kind.
Our main conclusion is that, in the Fock–Bargmann
representation, the kernel of the integral equation is
PH
always representable in the form of a sum of degener-
ate kernels classified with the use of SU(3) symmetry
indices. In the absence of an SU(3) degeneracy, the
eigenspectrum of the norm kernel directly follows its
form. If there is an SU(3) degeneracy, it is found as
a solution of the integral equation which is reduced
to a set of homogeneous algebraic equations with
rank equal to the degree of SU(3) degeneracy. In this
way, following the requirements of the permutational
symmetry, the basis states are consistently classified
with the use of additional quantum numbers.
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Abstract—Trinucleon molecular structures in 6He and 6Be were investigated by using the 6Li(7Li,
7Be)6He reaction at 455 MeVand 6Li(3He, t)6Be reaction at 450 MeV, respectively.Binary decays into t+ t
from a broad state at Ex = 18.0± 1.0 MeV in 6He and into 3He + 3He from one at Ex = 18.0± 1.2 MeV
in 6Be, respectively, were observed by measuring trinucleon cluster decays in coincidence with reaction
particles. The branching ratios for binary decay were estimated to be about 0.7 for 6He and 6Be. These large
branching ratios show that a trinucleon cluster state exists as an isobaric partner around Ex = 18 MeV in
6He and 6Be. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Over many years, an enormous amount of ef-
fort has been devoted to understanding excitation
energy spectra of light nuclei. Both the molecular-
like picture and the independent particle picture are
essentially important to understand the structure of
light nuclei. For example, the microscopic α+ d clus-
ter model successfully describes the low-lying states
of 6Li. For high-lying resonance states, one naive
question naturally arises: Are there any resonances
including 3He or 3H particles acting as a cluster?
Such resonant states are known to exist at low exci-
tation energies [1, 2]. Trinucleon cluster states were
predicted by Thompson and Tang [3], who claimed
that the “molecular” resonance with two trinucleon
clusters should exist in the A = 6 triad, 6He, 6Li, and
6Be.

In the past, trinucleon resonances were exper-
imentally reported in 6Li and 6Be on the basis of
radiative capture reactions [4–6] and of a phase shift
analysis on the 3He + 3H and 3He + 3He elastic
scattering data [7, 8]. In the case of 6Li, Ventura
et al. [5] found evidence for the 33P2 resonance at
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Ex = 18.3 MeV. On the other hand, Vlastou et al. [7]
reported that the 33P2 and 33P0 resonances exist at
21.0 and 21.5 MeV, respectively. Concerning the 33P2

resonance in 6Li, there was a serious discrepancy by
about 3 MeV in excitation energy. Recently, a similar
conclusion was theoretically reported by Ohkura et
al. [9]. However, the precision of the extracted level
parameters in [10] is still a subject of some objec-
tion [11].

In the case of 6Be, contradictory results were
also reported about the trinucleon cluster resonance.
Ventura et al. assigned a broad resonance at Ex =
23 MeV in 6Be to be the 33F3 resonance from the
radiative capture reaction of 3He on 3He [6]. However,
Vlastou et al. did not observe this state in the phase
shift analysis of elastic scattering of polarized 3He
on 3He, but they observed the 33F4, 33F2, and 33F3

resonances located atEx = 23.4, 26.2, and 26.7 MeV,
respectively [8]. Thus, experimental information on
the trinucleon clustering in A = 6 nuclei appears
highly contentious.

Recently, we investigated the t+ tmolecular state
in 6He via the 6Li(7Li, 7Be)6He reaction at 455 MeV
by measuring binary triton decay in coincidence with
7Be particles [12]. We observed the t+ t cluster state
atEx = 18 MeV in 6He. From the basis of the isospin
symmetry, the analog of the resonance in 6He is ex-
pected to exist around Ex = 18 MeV in 6Be. In this
work, the trinucleon cluster state in 6He and 6Be were
sought via the 6Li(7Li, 7Be)6He reaction at 455 MeV
and 6Li(3He, t)6Be reaction at 450 MeV, respectively.
Unbound states with t+ t and 3He + 3He cluster
2004 MAIK “Nauka/Interperiodica”
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Fig. 1.Schematic diagram of the experimental setup used
for detecting charged particles and γ rays.

configurations are expected to binary decay into t
and 3He. The trinucleon cluster states in 6He and
6Be are uniquely deduced by measuring trinucleon
cluster decay particles in coincidence with reaction
particles. The (7Li, 7Be) reaction is a probe which
distinguishes the spin-nonflip (∆S = 0) and spin-
flip (∆S = 1) isovector excitations by measuring 7Be
particles in coincidence with the deexcitation γ rays
in 7Be [13]. Therefore, the spin nature of trinucleon
cluster states in 6He is expected to be investigated.
The trinucleon cluster state observed in 6Be will be
compared with that in 6He and the structure with a
trinucleon cluster configuration in the A = 6 isobars
will be discussed.

2. EXPERIMENT AND RESULTS

The experiment was performed at the RCNP cy-
clotron facility of Osaka University with a 7Li3+ beam
of 65 MeV/nucleon and 3He2+ beam of
150 MeV/nucleon. The target used was a self-
supporting foil of an enriched 6Li isotope (95.2%)
with a thickness of 0.7 mg/cm2. Spectra for the
6Li(7Li, 7Be) and 6Li(3He, t) reactions were mea-
sured with the magnetic spectrometer Grand Raiden
[14]. The angular acceptance of the spectrometer was
±20 mrad horizontally and vertically. The 7Be parti-
cles and tritons were detected using a focal-plane de-
tector system, which consisted of two multiwire drift
chambers backed by a ∆E−E plastic-scintillator
telescope. Charged particles from the excited states
in 6He and 6Be formed in the 6Li(7Li, 7Be) and
6Li(3He, t) reactions were detected using an array
of eight surface-barrier-type Si solid-state detector
(SSD) telescopes. The thickness of the ∆E detectors
was 500 µm. Each ∆E detector was backed by a 300-
µm-thick E detector. Those telescopes were located
at intervals of 10◦ from 90◦ to 160◦ (φ = 0◦) and at a
distance of 25 cm from the target. The time-of-flight
PH
technique was utilized for particle identification for
the decay particles.

Gamma rays from the first excited state in a
7Be (Ex = 0.43 MeV, Jπ = 1/2−) projectile were
detected using an array of 18 NaI(Tl) scintillator
blocks (2× 2× 6.5 in.), 6 NaI(Tl) scintillator cylin-
ders (3�×6.5 in.), and 10 GSO scintillator blocks
(1× 2× 2 in.) surrounding the target. The 0.43-MeV
γ ray was used to distinguish ∆S = 1 excitations
from ∆S = 0 excitation [13]. The detection efficiency
of γ rays was (10± 4)% for 1.33-MeV γ rays from
a 60Co γ-ray source. Figure 1 shows the schematic
diagram of the setup used for the charged particle and
γ-ray detection.

Figure 2a shows the singles spectrum for the
6Li(7Li, 7Be)6He reaction at 65 MeV/nucleon. Three
broad resonances were observed at Ex = 5, 15, and
25 MeV. These resonances have been observed in
the 6Li(n, p) reaction [15] and the 6Li(7Li, 7Be)
reaction [13, 16, 17]. The resonances at Ex � 5 and
25 MeV were assigned by Nakayama et al. to be
the soft dipole resonance [13] and the analog of
the dipole resonance caused by an excitation of the
α cluster in the 6Li nucleus [18], respectively. The
coincidence spectrum in the 6Li(7Li, 7Be + t)3H
reaction obtained by gating on the binary triton-
decay events is shown in Fig. 2b. Only one broad
peak was observed at Ex = 18± 1.0 MeV. The width
(full width at half maximum, FWHM) was 9.5 ±
1.0 MeV. The triple coincidence spectrum in the
6Li(7Li, 7Be + t+ γ)3H reaction obtained by gating
on the 0.43-MeV γ ray from 7Be ejectiles (∆S = 1
excitation) is also shown in Fig. 2b by the dashed
line. The peak energy for ∆S = 1 excitation is shifted
towards higher excitation energies by about 2 MeV.
Figure 2c shows a two-dimensional scatter plot of
7Be−t coincidence events. Here, energies of tritons
were expressed in the energies of the rest system
for 6He, taking into account the recoil effect. The
coincidence events corresponding to triton decay
are clearly separated from other charged particle
decay, such as proton, deuteron, and alpha decay.
Figure 2d shows a two-dimensional scatter plot of
7Be−t coincidence events for ∆S = 1 transitions.
The solid curve in Fig. 2b shows the result of a peak
fitting procedure with the Breit–Wigner one-level
formula [19]. The details of this procedure will be
discussed in the next section.

Figure 3a shows the singles spectrum for the
6Li(3He, t)6Be reaction at 150 MeV/nucleon. One
broad resonance was also observed at Ex = 25 MeV.
The coincidence spectrum in the
6Li(3He, t+3 He)3He reaction obtained by gating on
the binary triton-decay events is shown in Fig. 3b.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Only a broad peak was observed at Ex = 18 ±
1.2 MeV. The width (full width at half maximum) was
9.2 ± 1.3 MeV. Figure 3c shows a two-dimensional
scatter plot of t−3He coincidence events.

3. DISCUSSION

In order to deduce the resonant parameters, the
spectral shapes of the 18-MeV resonances shown in
Figs. 2b and 3bwere fitted by using the Breit–Wigner
one-level formula. We assumed the triple differential
cross section d3σ(Ex)/dΩ7BedΩtdEx as

d3σ(Ex)
dΩ7BedΩtdEx

∝ Γ3

(Ex − ER)2 + (Γ/2)2
,

where ER, Γ, and Γ3 are the resonance energy, the
total width, and the partial width for triton or 3He
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
decay, respectively. The width Γ3 is expressed as [20]

Γ3 =
2�

R

(
2E
µ

)1/2

θ2Pl,

where R, E, µ, θ2, and Pl are the interaction radius
of two trinucleon clusters, the decay-particle energy
in the c.m. system, a reduced mass, a dimensionless
reduced width, and the penetrability with an angular
momentum l, respectively. The interaction radius is

given by R = r0(A
1/3
1 +A

1/3
2 ) with r0 = 1.4 fm. The

total Γ is expressed as Γ = Γ3 + Γ′, where Γ′ is a par-
tial width for neutron, proton, or other particle decay.
Since the neutron-decay threshold energy for 6He
(0.97 MeV) and the proton-decay threshold energy
for 6Be (−1.37 MeV) are much lower than the peak
4
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Experimental excitation energy Ex, width (FWHM), reduced width, and Γ↓

Channel Ex, MeV FWHM, MeV θ Γ↓, MeV

t+ t, total 18.0± 1.0 9.5± 1.0 1.0± 0.4∗ 3.5∗

t+ t, ∆S = 1 20.5± 1.5 11.0± 1.7 1.0± 0.4∗ 3.5∗

3He + 3He, total 18.0± 1.2 9.2± 1.3 1.0± 0.4∗ 3.5∗

∗ Fixed in the fits.
position of Ex = 18 MeV, the width Γ′ was assumed
to be constant within the resonance region.

As shown in Figs. 2b and 3b, the shape of the coin-
cidence spectrum is well reproduced with the Breit–
Wigner one-level formula assuming l = 1. In the ta-
ble, parameters for the resonances in this work are
summarized. When we use the resonance parameters
in the table, the branching ratioR for trinucleon decay

R =
∫

d2σ

dΩdE
Γ3

Γ
dE

/∫
d2σ
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Fig. 3. (a) Singles spectrum for the 6Li(3He, t) reac-
tion at 150 MeV/A. (b) Coincidence spectrum for the
6Li(3He, t +3 He)3He reaction. (c) Two-dimensional
scatter plot for coincidence events. The horizontal and
vertical axes are the excitation energy in 6He and the
energy of 3He, respectively.
PH
amounts to 70% for 6He and 6Be.
The centroid energy of the t+ t resonance excited

via ∆S = 1 channel is located at 20 MeV. This value
is higher by ∼2 MeV than the centroid energy of
the sum of ∆S = 1 and 0. If we assume that this
resonance is the 33P state of two trinucleons, three
total angular momenta, Jπ = 0−, 1−, and 3+, are
possible. The shift in excitation energy might be at-
tributed to the enhancement of a specific Jπ state in
∆S = 1 excitation. However, although the (3He, t)
reaction at 150 MeV/A at θ = 0◦, ∆S = 1 excitation
is dominant, the centroid energy of the 3He + 3He
resonance is very close to the sum of ∆S = 1 and 0
excitations in the t+ t resonance.

4. SUMMARY

Binary decays into t+ t from a broad state atEx =
18.0± 0.4 MeV in 6He and into 3He + 3He from one
at Ex = 18.0 ± 0.6 MeV in 6Be, respectively, were
observed by measuring trinucleon cluster decays in
coincidence with reaction particles. The branching
ratios for the binary decay were estimated to be 0.7 for
6He and 6Be. This large branching ratio shows that a
trinucleon cluster state exists as an isobaric partner
around Ex = 18 MeV in 6He and 6Be.
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Abstract—An analysis of the preferable fission path manifesting itself as a fine structure of the total kinetic
energy–mass distribution of the fission fragments compelled us to put forward an absolutely new shape of
the fissioning system on the descent from the fission barrier. It is a multicomponent nuclear molecule con-
stituted by two magic clusters and a torus-like neck between. c© 2004 MAIK “Nauka/Interperiodica”.
The main subject of the analysis in the present
work will be the fine structure (FS) of the total kinetic
energy–mass (TKE-M) and total kinetic energy–
charge (TKE-Z) distributions of the fission fragments
(FF) formed in the reaction 233U(nth, f ). In our
work [1], the procedure of revealing the fine structure
of the TKE-M distribution of the FF is described
in detail and a resultant map is obtained. The most
typical and pronounced structures found for the first
time are shown in Fig. 1a.

An initial mass–energy distribution of the FF has
been obtained on a single-arm time-of-flight (TOF)
spectrometer installed at the research reactor of the
Moscow Engineering Physics Institute [2]. In total,
about 107 events of fission have been processed. The
procedure of revealing the FS consisted of two stages.
At the first stage, the identification of statistically sig-
nificant points (peaks) with a locally increased yield in
the TKE-M matrix, distinct from those produced by
proton even–odd staggering, was carried out. At the
second stage, the allocated points were combined into
the image according to criteria proposed in [1].

We have got strong support for the reliability of
the structure under discussion from the data ob-
tained for the reaction 238U + d (65 MeV) (Fig. 1b)

∗This article was submitted by the authors in English.
1)Moscow Engineering Physics Institute, Moscow, Russia;
e-mail: yvp_nov@mail.ru

2)Bogolyubov Laboratory of Theoretical Physics, Joint Insti-
tute for Nuclear Research, Dubna, Moscow oblast, 141980
Russia.

3)Department of Physics of University of Jyväskylä; Helsinki
Institute of Physics, Helsinki, Finland.

4)Flerov Laboratory of Nuclear Reactions, Joint Institute for
Nuclear Research, Dubna, Moscow oblast, 141980 Russia.
1063-7788/04/6709-1726$26.00 c©
at the HENDES facility installed in the accelera-
tor laboratory of the University of Jyväskylä (Fin-
land) [3]. It should be stressed that the primary FF
masses measured in this case (due to the TOF–
TOF method used) originated from the decays of the
middle-excited system heavier than the previous one
by 6 amu. Nevertheless, very similar structures are
observed in both cases. The right-side tails of the
structures asymptotically approach the same masses
128 and 132 amu associated with the magic and
doubly magic Sn nuclei, respectively.

For concentration of attention on the curve to be
analyzed, it is plotted separately in Fig. 2a. We have
saved in Figs. 2 and 3 the designations proposed
earlier in [1]. Points of bifurcation of structures are
marked by closed circles. The “tails,” which are nor-
mally less pronounced than the statistically dominat-
ing curves, are detached from these curves by ver-
tical strokes. To facilitate the discussion, we labeled
the curves or/and their parts (detached by vertical
strokes or closed circles placed onto curves). Each
label consists of a maximum of three components. For
instance, the label 1a2 means part “2” of the curve “a”
from the family “1.”

In order to exclude any influence of the Coulomb
factor ZLZH (the labels L and H indicates light
and heavy fragments, respectively) on the shape of a
curve, we shall replace the TKE axis with the axis of
ZLZH/TKE ∼ d, where d is proportional to the dis-
tance between the centers of the fragments at a scis-
sion point under the assumption of solely Coulomb
interaction between the nascent fragments. It is nec-
essary to specify what is understood as the “scission
point” in this case. Following [4], it is supposed that,
with some probability, the system can tunnel into
the valley of the separated fragments at any stage
of a descent along the chosen potential valley, i.e.,
2004 MAIK “Nauka/Interperiodica”
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Fig. 2. Images of the fission path in the frame of Sn–Ge fission mode: in the TKE-M space (a), the same image in the charge–
elongation coordinates (b).
any point of descent could turn out to be “a scission
point.”

Suggested transformation from TKE to d(Z) is
convenient to execute with the use of a map of the
fine structure on the Z–TKE plane represented in
Fig. 3. Initial data were obtained at the Cosi-Fun-
Tutte spectrometer [5]. The curve 1b3−1b−1b2 of the
increased yields transformed into new coordinates is
shown in Fig. 2b. From this figure, one could con-
clude that the curve d(Z) consists of two approxi-
mately identical parts (designated by the Roman nu-
merals I and II) located symmetrically about the axis
Z ∼ 37 ch.u., which corresponds to a value of the
mass of∼ 91 amu taking into account the known de-
pendences 〈A〉(Z,TKE) (average mass of the isotope
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
distribution as a function of TKE) [6]. At small values
of d (compact prescission configurations), a straight
line d = const crosses the dependence d(Z) at two
points; i.e., fragments in the vicinity of both Z ∼ 32
ch.u. (Ge) and Z ∼ 42 ch.u. (Mo is a fragment com-
plementary to the nucleus of Sn) are born.

Considering the shape of the curve d(Z), one can
conclude that, from Z = 32 ch.u. and to the charge
value corresponding to the maximum at part I, an
increase in the charge of the light fragment by the
value ∆z = Z − 32 is approximately proportional to
the gain of the elongation d. In other words, the
difference ∆z, as well as the corresponding difference
of the mass ∆m = M − 80, can serve as a measure
of the distance between the centers of the nascent
4
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fragments. For the right half (II) of the curve d(Z),
similar differences are expressed as

∆z′ = 42− Z, ∆m′ = 106 −M,

and, by virtue of the symmetry of the curve d(Z),
∆z ∼ ∆z′, ∆m ∼ ∆m′.

The connection revealed with the help of Fig. 2b
allows one to put forward the following interpretation
of the line 1b−1b2 of the increased yields (Figs. 1, 3).

Within the framework of the dicluster concept of
fission modes developed in [7], the shape evolution of
the fissioning system on the descent along a certain
valley of the potential energy surface (PES) is reduced
to the transformation of the neck joining the mode-
forming clusters, keeping unchanged, in the first ap-
proximation, their composition and shape. We mean
in this case the nuclei of Ge and Sn. As most of the
charge of an initial fissioning nucleus is concentrated
in them (the ratio of charges inside clusters and out-
side them is as large as 82 : 10), one could expect
that the interaction potential of the nascent fragments
Vint is determined mostly by the interaction of these
clusters. The interaction energy Vint of the prefrag-
ments at the moment of scission transforms after
scission into the observable value of TKE (to within
the prescission component of TKE), and the value
∆z as shown above is proportional to the distance r
between charging centers of the nascent fragments,
i.e.,

TKE ∼ Vint, ∆z ∼ r, (1)
PH
∆m ∼ r.
Taking relations (1) into account, one could expect a
geometrical similarity between the discussed line of
the FS and the graph of the nuclear–nuclear potential
VGe–Sn(r) as a function of the distance between the
mode-forming clusters of Ge and Sn, which is in-
deed observed. The characteristic form of a nucleus–
nuclear potential with a potential “pocket” and a
hump (Fig. 4) is confidently reproduced by the curve
1b−1b2 in Fig. 2a. Lacking the opportunity to present
a more detailed analysis, we should only remark here
that the salient W-like shape of each FS curve under
discussion represents a sum of two slightly different
copies of quite the same Ge–Sn interaction potential.

The curves in Fig. 4 calculated by the double-
folding method [8] reproduce surprisingly well both
the distance of∼ 5 MeV between the adjacent curves
1a, 1b (Fig. 3) and the positions of their maxima on
the energy axis.

The nonmonotonic behavior of d as a function of
∆z in Fig. 2b becomes clear now. In the vicinity
of a bottom of the potential “pocket” caused by the
essential contribution of a nuclear component of the
interaction with an increase in the distance r between
interacting nuclei, the potential Vint grows, while, due
to the Coulomb interaction only (namely, in this ap-
proximation, d is calculated), the energy of interaction
should fall monotonically, i.e., d should grow.

Thus, the symmetry of the curve d(Z) can mean
that, since the minimal values of d are at the same
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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elongation (within the framework of the same prescis-
sion shape), light fragments with two different char-
ges Z1 and Z2 are born:

Z1 ≈ ZGe + ∆z, (2)

Z2 ≈ ZMo −∆z = ZU − (ZSn + ∆z),

where ∆z, as follows from Fig. 2b, is approximately
identical in both variants of formation of the light
fragment.

As the neutron-to-proton ratio N/Z in the frag-
ments differs insignificantly from its value in the fis-
sioning nucleus (“unchanged charge density hypoth-
esis”), the approximate equalities (2) in a rough ap-
proach are also true for the masses of the fragments:

M1 ≈MGe + ∆m, (3)

M2 ≈MMo −∆m = MU − (MSn + ∆m).

By virtue of the importance of the approximate
equalities (3), we shall directly formulate the estab-
lished law of formation of the fragments in the fission
mode under consideration.

At each stage of elongation of a fissioning sys-
tem, light fragments of two types are born which
are approximately equidistant on the charge (mass)
axis from the light and heavy mode-forming clusters,
respectively. It means alternatively either the light
fragment consisting of the cluster of Ge and a piece
of the neck or the complementary one to the fragment
consisting of the cluster of Sn and the same piece of
the neck. At the minimal elongation (maximal TKE)
corresponding to “cold” fission if it is energetically
allowed, the mode-forming clusters themselves are
born (not necessarily with identical probabilities).
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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A movement synchronous on Z of the two points
(representing the charges of the fragments) along the
two equivalent parts I, II of the curve d(Z) (Fig. 2b)
from the same starting point on d towards the point
of symmetry S1 (directions of movement of the points
are shown by the arrows) can serve as the visual pat-
tern of the revealed law of formation of the fragments.

Let us try to imagine now the probable shape of the
fissioning system in a fission valley consistent with
the revealed laws of formation of the fragments. The
phase of transformation of a continuous fissioning
system into a nuclear molecule is presented in Fig. 5.
The constituents of a molecule are two mode-forming
clusters (nuclei of Ge and Sn) and a torus consisting
of nucleons which have not joined any cluster. The
most compact shape is presented in Fig. 5a. While
the distance between the clusters increases, the cen-
tral fragment of a nuclear molecule starts to be formed
in an undense area that arises (Fig. 5b).

As is well established for the light systems, a
pronounced cluster (molecule-like) structure arises
in the excited states of nuclei. The common feature
for the states characterized by the regarded cluster
structure is that the excitation energy is close to
the threshold of dissociation into separate clusters
(“threshold rule” [9]).

In the considered case, an “attempt” by a weakly
bound cluster, for example, Ge, to tear off a molecule
4
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results in its reorganization. It is quite expectable that
the central fragment of a molecule “pasted” by the
nuclear interaction to the clusters of Ge and Sn will be
stretched until the waist in the neck is organized and
a rupture appears to occur (Fig. 5c). The nucleons of
the torus will join the complementary heavy fragment.
Accordingly, if the cluster of Sn “initiates” the pro-
cess of scission, the nucleons of the torus will join a
fragment including the cluster of Ge and its part of the
central fragment (neck). Such choice is illustrated by
the round arrows in Fig. 5c.

Moving clusters of Ge and Sn apart is accompa-
nied by filling of the space between their edges by the
nucleons from the torus down to transition of all of
these nucleons into the neck. A proposed scenario
automatically provides a concretion of the left and the
right branches of the curve d(Z) (Fig. 2b) at the point
S1 of the value ZS of the charge of the light fragment
equal to

ZS ∼ [ZU − (ZGe + ZSn)]/2.

The shape of the “neck” (in habitual terms) of the
fissioning system (Fig. 5) seems to be extremely ex-
travagant; however, the close prototype suggested for
a rather long time, namely, the nuclei in the form of
a bubble [10]. The investigation of such noncompact
nuclei taking into account the shell corrections has
been continued in the works [11, 12]. The “nuclear
bubbles” (or “semibubble” if the nucleon density in
the center of such a nuclear system is distinct from
zero [13]) are analyzed as one of the possible ways
of reducing the Coulomb energy of the protons of a
nucleus.

By analogy to the term “semibubble,” the neck
shape of the system presented in Fig. 5b can be called
a “semitorus.” The physical reason for its probable
occurrence as well as in the case of a nuclear bubble
is the way of reducing the Coulomb energy of the
system.

The main conclusions that could be inferred from
the analysis above are as follows:

(i) The fine structures revealed for the first time in
the TKE-M distributions of the FF originated from
the reactions 233U(nth, f ) and 238U + d (65 MeV)
presumably map the history of evolution of the fis-
sioning system in the frame of the distinct fission
P

mode onto the experimentally observed elongation–
mass-asymmetry space. In other words, we observe a
trajectory in this space being an image of the fission
mode based on the magic nuclei of Ge and Sn as the
mode-forming clusters.

(ii) The evolution scenario linked with the typical
trajectory revealed needs a very special shape of the
decaying system for being realized. It is a multi-
component nuclear molecule formed by two clusters
(nuclei of Ge and Sn in the mode under discussion)
and a torus (semitorus) between them consisting of
the residual nucleons.
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Abstract—The study of the isoscalar giant monopole resonance (ISGMR) should allow extracting a value
for the nuclear incompressibility coefficientK∞. In this contribution, we review the most recent attempts
along this line.While the nonrelativistic (Skyrme, Gogny) models predictK∞ to be around 220–235 MeV,
the values obtained from the relativistic calculations are significantly larger (250–270 MeV). We argue
that the most plausible reason for this discrepancy lies in the different behavior of the symmetry energy in
the two classes of models. We also discuss the role of the isoscalar giant dipole resonance (ISGDR). We
conclude that a number of experimental ambiguities still prevent us from deducing K∞ from the ISGDR
with a comparable accuracy as from the ISGMR. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The most important reason to study the isoscalar
giant monopole resonance (ISGMR) stems from the
fact that its energy location can provide information
about the nuclear incompressibility coefficientK∞.

The ISGMR is the isotropic compression mode
of finite nuclei (it is sometimes called the “breathing
mode”). The first pieces of evidence date back to
the end of the 1970s (see, e.g., [1] and references
therein). The ISGMR corresponds to a well-defined
peak, at energy around 80A−1/3 MeV, in medium-
heavy nuclei. In light nuclei the monopole strength
is quite fragmented. In recent years, some very ac-
curate data have been collected. For instance, the
recent (α,α′) experiments performed at Texas A&M
University [2] have provided us with moments of the
monopole strength function determined up to a ±2%
accuracy.

The isoscalar giant dipole resonance (ISGDR) is a
nonisotropic collective mode which should, in princi-
ple, provide an alternative way to deduce K∞. As we
will discuss below, however, the experimental results
are much less clear.

The nuclear incompressibility gives a measure of
the curvature of the nuclear matter energy per particle

∗This article was submitted by the authors in English.
1)Dipartimento di Fisica, Università degli Studi, and
INFN Sezione di Milano, Milano, Italy; e-mail:
gianluca.colo@mi.infn.it

2)Institut de Physique Nucléaire, IN2P3-CNRS, Orsay,
France.
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E/A as function of the density � close to the empirical
saturation point �0. It is defined as

K∞ = 9�2
0

d2

d�2

E

A

∣∣∣∣
�=�0

. (1)

The properties of nuclear matter cannot be an object
of direct experimental study in the laboratory. There-
fore, the only way to obtain information about K∞
is to attempt extracting it from the compressional
modes of finite nuclei, like the ISGMR.
To establish the link between the energy of the

ISGMR and the nuclear incompressibility, we usually
rely on some basic results derived by Blaizot [3]. By
calculating explicitly the second derivative of E/A in
a finite system, he has shown that a plausible way to
define the finite nucleus incompressibility is

EISGMR =

√
�2KA

m〈r2〉 , (2)

wherem is the nucleon mass and 〈r2〉 is the ground-
state mean-square radius.
Actually, the second derivative of E/A contains

terms which can be labeled in a similar way as those
of the mass formula, so thatKA can be written as

KA = K∞ +KsurfA
−1/3 +Kτα

2 +KCoul
Z2

A4/3
,

(3)

where α = (N − Z)/A. Attempts were made to de-
duce K∞ from the experimental values of EISGMR,
that is, of KA, by making a simultaneous fit of all
the unknowns on the right-hand side of (3). Different
authors [4] have shown that those fits are not reliable,
because of the scarcity of experimental points and
2004 MAIK “Nauka/Interperiodica”
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of the correlations existing among the unknown pa-
rameters. These “macroscopic approaches” to extract
K∞ have now been abandoned.
A physically more sound procedure, the so-called

“microscopic approach,” is based on the fact that
microscopic nuclear energy functionals can provide
the link between nuclear matter and the ISGMR.
The nonrelativistic functionals are essentially those
based on the Skyrme or Gogny effective forces. Given
the effective force Veff, the energy functional E[�] is
obtained from the expectation value of Heff = T +
Veff on an independent-particle wave function (i.e., a
Slater determinant) whose associated density is �. In
the relativistic case, the starting point is an effective
Lagrangian which includes the nucleons, the effective
σ, ω, and ρmesons, and themeson–nucleon coupling
(as well as meson self-interactions).
In both cases, once E[�] is written, it is possible

to restrict oneself to the special case of uniform mat-
ter and calculate analytically the value of K∞, or to
perform calculations for the ISGMR (or ISGDR) in
finite nuclei. In this latter case, one calculates first the
ground state of the system by solving the equation
δE/δ� = 0. Then, linear response theory is applied:
the system is perturbed by an external, e.g., monopole
or dipole, field, and the energies of the induced small
oscillations around the ground state are determined.
The residual force which governs these oscillations is
given by δ2E/δ2�. The theory is known as the self-
consistent random phase approximation (RPA) and is
well described in textbooks [5].
A nucleus which is often chosen for studying

the monopole energy is 208Pb. Experimentally, the
monopole strength is concentrated in a single peak.
In fact, different values of the centroid energies
like E0 ≡ m1/m0 or E−1 ≡

√
m1/m−1

3) essentially
do not differ, being, respectively, 14.17 ± 0.28 and
14.18 ± 0.11 MeV [2]. Theoretically, uncertainties
related to the proper description of pairing or of effects
beyond themean field are expected to play aminor role
in this nucleus.
Then, the determination of K∞ proceeds in the

following way:
(i) The calculation of EISGMR is performed us-

ing different parametrizations of E[�] (within a given
class, like Skyrme or Gogny, or RMF (relativistic
mean field)) which are characterized by different val-
ues of K∞. The results for EISGMR are plotted as a
function ofK∞.
(ii) An interpolation of the points is made. Equa-

tion (3) suggests that a relation of the type

EISGMR = a
√
K∞ + b (4)

3)The moments mk of the strength function S(E) have the
usual definitionmk ≡

∫
dEEkS(E).
PH
may be expected if the other coefficients can be con-
sidered to be constant for the various functionals. This
relation was first found empirically in [6]. We come
back to this point in the following.
(iii) After interpolation, the experimental value of

EISGMR is inserted in Eq. (4) and the best value of
K∞ is deduced.
In Section 2, we analyze the results of this pro-

cedure. Most of the discussion is based on [7], but
we elaborate, in particular, on the differences between
the Skyrme and Gogny calculations, on one hand,
and the RMF calculations, on the other hand. In
Section 3, we discuss the case of the ISGDR. Finally,
in Section 4, we draw our conclusions.

2. DIFFERENCES
BETWEEN NONRELATIVISTIC

AND RELATIVISTIC DETERMINATIONS
OF K∞

The different attempts to obtain K∞ using the
“microscopic approach” that we have described are
reviewed in [7]. The main outcomes of this work are
as follows:
(i) The present accuracy which can be achieved by

the extraction of K∞ from the ISGMR in 208Pb is of
the order of±12MeV.
(ii) The results from Skyrme and Gogny calcula-

tions point to values of K∞ around 220–235 MeV.
The previous value extracted from Skyrme in [8],
namely, ≈ 210−220 MeV, was affected by the lack
of full self-consistency in the RPA calculations. The
Coulomb and spin–orbit residual interaction had
been dropped, and this was shown to have an effect
of about 0.5 MeV on the quantity E−1. Once full
self-consistency is accounted for, the discrepancy
between Skyrme and Gogny predictions comes down
to the level of experimental uncertainties.
(iii) The results from RMF calculations point to

larger values ofK∞, of the order of 250–270MeV [9],
and the discrepancy is likely to be attributed to the
different behavior of the symmetry energy.
In this paper, we discuss in some detail the last

point.
The difference between Skyrme and RMF calcula-

tions for 208Pb is shown in Fig. 1. In this figure, values
ofE−1 are displayed. In the case of the Skyrmemodel,
this quantity can be accurately determined if m1 is
obtained from the usual double commutator expec-
tation value and m−1 is obtained from a constrained
Hartree–Fock calculation. In the case of RMF, m1
comes from direct integration of the RPA strength
function and m−1 comes from a constrained Hartree
calculation.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Piekarewicz was the first to suggest that the dif-
ference can originate from the different density de-
pendence of the symmetry energy S(�) in the Skyrme
and RMF models [10]. To illustrate the possible in-
fluence of this density dependence on the extraction
of K∞, in [10] some parametrizations of effective
Lagrangians whose symmetry energy has different
density dependences have been built. This is easy to
achieve since the ρ-meson coupling constant is an
adjustable parameter. By adjusting this parameter,
one can at the same time soften the function S(�)
and lower its value at the saturation point, J = S(�0).
It was thus found that the extracted values of K∞
indeed differ and can even become close to Skyrme
force values.
However, in [10], no systematic treatment of finite

nuclei was attempted. In [11], it has been pointed
out that RMF parametrizations with J lower than
36 MeV cannot describeN �= Z nuclei satisfactorily.
The results of [10] cannot be interpreted as proof

of the fact that the monopole energy, and therefore
the extracted value of K∞, depends on the value of
the symmetry energy at saturation J . In fact, different
calculations have shown that this dependence is very
weak or almost absent: ∆EISGMR/∆J is approxi-
mately −0.06 in the RMF calculations of [11] and
−0.02 in the Skyrme calculations of [12].
To understand the difference between theK∞ val-

ues deduced from Skyrme and RMF, we propose to
use Eq. (3) as a guideline. The quantity KA is taken
from experiment. Given a functionalE[�], not only the
quantity K∞—as already mentioned—is known, but
also Kτ and KCoul (cf. Section 6.2 of [3]). Ksurf can-
not be calculated analytically, but extended Thomas–
Fermi (ETF) calculations have shown that, both in
relativistic and in nonrelativistic models, the quantity
Ksurf is essentially given by cK∞ with c ≈ −1 [3, 13].
Therefore, we can write, for the nonrelativistic and

relativistic models, respectively,

KA ∼ K(nonrel)
∞ (1 + cA−1/3) +K(nonrel)

τ α2 (5)

+K
(nonrel)
Coul

Z2

A4/3
,

KA ∼ K(rel)
∞ (1 + cA−1/3) +K(rel)

τ α2 +K
(rel)
Coul

Z2

A4/3
.

The assumption of the linear dependence (4) ofKA on
K∞ is a necessary condition in order to be able to ex-
tract K∞ from the procedure described in Section 1.
First, it seems likely that the third term on the right-
hand side of Eq. (5) (the Coulomb contribution) does
not change much from a nonrelativistic to a relativis-
tic description. On the other hand, in the expression
ofKτ {see Eq. (6.3) of [3]}, the first and second deriva-
tives of the symmetry energy at saturation appear.Kτ
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
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Fig. 1.Monopole energiesE−1 in 208Pb, calculated using
Skyrme and RMF models and plotted as a function of
K∞. The relativistic results are taken from [9]. The lines
are numerical interpolations of the type (4). The values
of K∞ deduced from the experimental E−1 are also dis-
played.

is negative, and a stiffer symmetry energy leads to a
smaller value ofKτ . The important conclusion is that
a smaller value of Kτ would lead to extracting a
larger value ofK∞ from the experimentalKA.
It is notable that, in a recent paper [14], a Skyrme

interaction which is capable of reproducing the exper-
imental energy of the ISGMR in 208Pb, havingK∞ =
255 MeV, was built. Indeed, its associated value of
Kτ (−499MeV) is smaller than those of the Skyrme
forces employed in [7], which lie between −305 and
−349MeV.
Unfortunately, a possible way to disentangle the

role ofK∞ andKτ is not clear at present.
More systematic tests should be undertaken to

check the idea that both quantities play an important
role and that the assumption (4) is not always valid.

3. THE ISGDR

While the ISGMR is, at least in medium and
heavy nuclei, well concentrated in a single peak, the
situation is less simple for the ISGDR. Theoretically,
different calculations have clearly indicated that there
is a systematic appearance, in all nuclei studied, of
two separated energy regions in which the ISGDR
strength is nonnegligible [15, 16]. A “high-energy”
region (around 110A−1/3 MeV) and a “low-energy”
region are evident in Fig. 2. A similar pattern emerges
from RMF calculations. One of the main indica-
tions about the different character of the two parts of
the strength comes from the fact that the centroids
4
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Fig. 2. ISGDR strength functions in different nuclei, calculated in RPA using the Skyrme interaction SGII and corrected for
center-of-mass effects. In the case of 208Pb the dashed line corresponds to a calculation, where the spurious center-of-mass
state is not subtracted. The discrete RPA states have been smeared out by means of a Lorentzian of 1-MeV width. (Taken
from [15].)
of the high-energy regions, calculated with different
Skyrme forces in a given nucleus, scale with the cor-
respondingK∞ (which attests to their compressional
nature), whereas the centroids of the low-energy re-
gions do not. This is shown in Fig. 3. Although some
specific properties of the low-energy region (amount
of collectivity, details of the wave functions) depend
on the model assumed for the calculations, there is a
general consensus that this low-energy part should
be excluded from any consideration concerning the
extraction ofK∞.

On the experimental side, different (α,α′) mea-
surements have been performed over the years, but
the problem of disentangling the ISGDR strength
from the other multipoles (and from the IVGDR)
is far from being trivial. The current status of the
experimental activity on the ISGDR is reviewed
in [17]. There are recent inclusive measurements from
Texas A&M [18] and RCNP-Osaka [19], together
with decay measurements (α,α′p) and (α,α′n) per-
formed at KVI [20]. Some problems concern the
P

high-energy tail, which is not easy to determine,
especially in the singles measurement, where the
continuum background is large. Moreover, there
is a clear conceptual problem in the experimental
analysis. While the directly measured quantity is
the double-differential cross section, d2σ/dΩdE, the
multipole decomposition of this cross section is done
by relying on distorted wave Born approximation
(DWBA) calculations, where the radial form factors
for the various multipole excitations are the same
at all energies. This is somehow in contrast with
the outcome of the theory, as we have discussed
above.
The result of these ambiguities is that the ex-

periments quoted above give results which are not
fully compatible with each other for the energy of the
ISGDR in 208Pb: 21.7 [18] and 23± 0.3 MeV [19]
are the results of two different (α,α′) measurements,
whereas 22.1 ± 0.3 and 20.9 ± 0.1 MeV are the re-
sults of the decay measurements (α, α′p) and (α α′n),
respectively [20]. The natural question is what value
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 3. ISGDR centroid energies E0 (black circles) and
peak energies (open circles) of the high-energy region in
208Pb, determined by using different Skyrme interactions
and plotted as a function ofK∞. The full and dashed lines
are drawn as a guide to the eye.

for EISGDR should be used to extract the proper value
of K∞ from a line like that of Fig. 3 (or like that of
the RMF calculations). The weighted average of the
values coming from the different experiments is likely
to hide possible systematic differences.
We can conclude that we still need to wait for

improvements in the ISGDR studies in order to reach
the same confidence that we have in K∞ extracted
from the ISGMR.

4. CONCLUSIONS

We have reviewed the present theoretical under-
standing of the compressional modes (ISGMR and
ISGDR) in finite nuclei and of the nuclear matter
incompressibility K∞. The ISGMR experimental
data are accurate enough to allow an error of only
±12 MeV on K∞. Nonrelativistic (Skyrme and
Gogny) functionals point to a value around 220–
235 MeV. The RMF functionals give a larger K∞,
namely, 250–270 MeV.
In this paper, we illustrate how the most plausible

reason for this discrepancy lies in the different behav-
ior of the symmetry energy as a function of density.
The previously assumed linear relation between the
finite nucleus incompressibility KA and K∞, should
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
be replaced by a more general one. Using this more
general relation, it can be shown that models char-
acterized by larger values of the first and second
derivatives of the symmetry energy (or by a “stiffer”
curve) lead naturally to larger K∞. New systematic
calculations should test this idea.
As far as the ISGDR is concerned, more effort

is needed in order to reach the same reliability of
the ISGMR data. In particular, the use of micro-
scopic, energy-dependent form factors in the ex-
perimental analysis and a better determination of
the high-energy dipole strength would be highly
instrumental in eliminating the still existing ambi-
guities.
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11. D. Vretenar, T. Nikšic̀, and P. Ring, Phys. Rev. C 68,

024310 (2003).
4
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Abstract—The isoscalar quadrupole and octupole response of heavy spherical nuclei is studied in a
semiclassical model that includes a coupling between the motion of nucleons and surface vibrations. By
using a separable approximation for the residual interaction, an analytical expression has been obtained for
the isoscalar response function of different multipolarity. A unified description of the low- and high-energy
response is achieved within our semiclassical model. The inclusion of surface vibrations leads to the low-
energy modes. The low-lying quadrupole mode is strongly affected by the surface tension but its frequency
is still finite if, in the absence of Coulomb repulsion, the surface tension is set to zero. The frequency of the
low-lying octupole mode, instead, goes to zero for vanishing surface tension, which would correspond to
shape instability with respect to octupole deformation. Closed classical trajectories of triangular shape play
an essential role in the damping of the low-lying octupole mode.Our octupole response displays also a novel
resonance-like structure between the low-energy octupole resonance and the high-energy one (at around
13 MeV for a system with A = 208 nucleons) that might have a toroidal character like the low-energy
isoscalar dipole resonance. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

It is well known that a coupling between the mo-
tion of nucleons and surface vibrations plays an es-
sential role in low-energy nuclear collective modes
(see, e.g., [1–3]). However, semiclassical models of
the fluid-dynamical type [4, 5] do not contain single-
particle degrees of freedom, so that they cannot in-
clude effects of coupling between nucleons and sur-
face motion. The scope of our present work is to
study the effects of coupling between the motion of
individual nucleons and surface oscillations within a
semiclassical approach that does include the single-
particle degrees of freedom explicitly. Our approach
is based on the linearized Vlasov kinetic equation.
Solutions of this equation for finite systems have been
obtained by using different boundary conditions (fixed
and moving surface [6, 7]; see also [8]). While the
fixed-surface solution can give a reasonable picture of
the high-energy giant multipole resonances, it does
not satisfactorily describe also the low-lying states.
However, a unified description can be achieved within
this model if the moving-surface boundary conditions
introduced in [7] are employed. Physically, this means

∗This article was submitted by the authors in English.
1)Institute for Nuclear Research, National Academy of Sci-
ences of Ukraine, Kiev, Ukraine.

2)Istituto Nazionale di Fisica Nucleare and Dipartimento di
Fisica, Università di Firenze, Firenze, Italy.

**e-mail: abrosim@kinr.kiev.ua
1063-7788/04/6709-1737$26.00 c©
that we are including in ourmodel a coupling between
the motion of individual nucleons and the surface
vibrations.

2. ISOSCALAR RESPONSE FUNCTION
In this paper, we are interested in the quadrupole

(L = 2) and octupole (L = 3) response function of the
kind

R̃L(ω) =
1
β

∫
drrLYLM(r̂)δ	L(r, ω). (1)

Here we put a tilde over the moving-surface response
function to distinguish it from the untilded fixed-
surface one. The fluctuation δ	L(r, ω) is the time
Fourier transform of the density fluctuation δ	L(r, t)
induced by an external isoscalar field Vext(r, t) =
βδ(t)rLYLM(r̂). This fluctuation can be obtained by
integrating over momentum the phase-space density
fluctuation δnL(r,p, t) that is given by the solution
of the linearized Vlasov equation, either with fixed-
surface [6] or with moving-surface [7] boundary
conditions:

δ	L(r, t) =
∫
dpδnL(r,p, t). (2)

We refer to the papers [9, 10] for further details on
the formalism and discuss here only the main results.
Within the fixed-surface theory and under the as-

sumption of a simplified residual interaction of sepa-
rable form,

v(r1, r2) = κLr
L
1 r

L
2 , (3)
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. The solid curve shows the quadrupole strength
function evaluated by using moving-surface boundary
conditions in the Vlasov equation; the dotted curve, in-
stead, corresponds to fixed-surface boundary conditions.
The dashed curve has been obtained in the moving-
surface approach for vanishing surface tension.

the isoscalar response function of a spherical nucleus
described as a system of A interacting nucleons con-
tained within a cavity of radius R = 1.2A1/3 fm is
given by [11]

RL(s) =
R0

L(s)
1− κLR0

L(s)
, (4)

where, instead of the frequency ω, we have used the
dimensionless quantity s = ω/(vF/R) (vF is the Fer-
mi velocity) as an independent variable. The zero-
order response function R0

L(s) is analogous to the
single-particle response function of the quantum the-
ory and, for a square-well type of mean field, it is given
explicitly by [9] (see also [10, 12])

R0
L(s) =

9A
8π

1
εF

+∞∑
n=−∞

N=L∑
N=−L

(CLN )2 (5)

×
1∫

0

dxx2snN (x)
(Q(L)

nN (x))2

s+ iε− snN (x)
.

Here, εF is the Fermi energy and the quantity ε is
a vanishingly small parameter that determines the
integration path at poles.
P

The functions snN(x) are defined as

snN (x) =
nπ +N arcsin x

x
. (6)

The variable x is related to the classical angular mo-
mentum λ of a nucleon. The relation is x = sinα,
where α is the angle spanned by the radial vector
when the particle moves from the inner to the outer
turning point. For a square-well potential, one has
cosα = λ/λ̄, where λ̄ is the maximum particle angu-
lar momentum λ̄ = pFR, pF being the Fermi momen-
tum.
The quantities CLN in Eq. (5) are classical limits

of the Clebsch–Gordan coefficients coming from the
angular integration. Their explicit value is given by

(CLN )2 =
4π

2L+ 1

∣∣∣YLN

(π
2
,
π

2

)∣∣∣2 . (7)

In principle, the integer N takes values between −L
and L; however, only the coefficients CLN , where N
has the same parity as L, are nonvanishing.

The coefficientsQ(L)
nN (x) appearing in the numera-

tor of Eq. (5) have been defined in [6]; they are essen-
tially the classical limit of the radial matrix elements
of the multipole operator rL and can be evaluated ex-

plicitly. The quadrupole coefficients Q(2)
nN(x) are given

by [10]

Q
(2)
nN (x) = (−1)nR2 2

s2nN (x)

(
1 +N

√
1− x2

snN(x)

)
(8)

for (n,N) �= (0, 0) and

Q
(2)
00 (x) = R2

(
1− 2

3
x2

)
, (9)

and the octupole ones Q(3)
nN (x) can be found as [12]

Q
(3)
nN (x) = (−1)nR3 3

s2nN (x)
(10)

×
(

1 +
4
3
N

√
1− x2

snN (x)
− 2
s2nN (x)

+ 4(|N | − 1)
1− x2

s2nN (x)

)
.

It should be noted that the octupole modes withN =
±3 have an interesting property since the associated
eigenfrequencies snN(x) can vanish in the interval
0 < α(x) < π/2 [the equation (nπ +Nα) = 0 has a
solution for α = π/3, corresponding to closed trian-
gular orbits]. In [13], it has been pointed out that the
vanishing of this eigenfrequency might give rise to
a possible instability against octupole-type deforma-
tions in nuclei heavier than 208Pb. Although at first
sight it might seem that the coefficients (10) would
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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diverge when snN(x)→ 0, it is actually possible to
check that

lim
x→

√
3

2

Q
(3)
∓1±3(x) = −1

4
R3. (11)

The very fact that this limit is finite is important for our
discussion about the role of triangular nucleon orbits.
The response function (5) involves an infinite sum

over n; however, in practice it is sufficient to include
only a few terms around n = 0 in order to fulfill the
energy-weighted sum rule with good accuracy.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
Within the moving-surface theory of [7], the col-
lective response function (4) is replaced by

R̃L(s) = RL(s) + SL(s), (12)

with RL(s) still given by Eq. (4), while SL(s) rep-
resents the moving-surface contribution. With the
simple interaction (3), the function SL(s) can be eval-
uated explicitly as [10, 12]
SL(s) = − R6

1− κLR0
L(s)

[χ0
L(s) + κL	0R

LR0
L(s)]2

[CL − χL(s)][1 − κLR0
L(s)] + κLR6[χ0

L(s) + 	0RL]2
, (13)
with CL = σR2(L− 1)(L+ 2) + (C3)Coul (σ ≈
1MeV fm−2 is the surface tension parameter ob-
tained from the mass formula, and (C3)Coul gives
the Coulomb contribution to the restoring force), and
	0 = A/(4πR3/3) being the equilibrium density.

The functions χ0
L(s) and χL(s) are defined as in [9]

and are given by

χ0
L(s) =

9A
4π

1
R3

+∞∑
n=−∞

N=L∑
N=−L

(CLN )2 (14)

×
1∫

0

dxx2snN(x)
(−1)nQ(L)

nN(x)
s + iε− snN(x)

and

χL(s) = −9A
2π

εF(s+ iε)
∑
nN

(CLN )2 (15)

×
1∫

0

dxx2 1
s+ iε− snN (x)

,

their structure being similar to that of the zero-order
propagator (5).

Equation (13) is the main result of the present
paper; its explicit derivation is lengthy but straight-
forward, and the main steps are outlined in Appen-
dix A of paper [10]. Together with Eqs. (4) and (12),
Eq. (13) gives a unified expression for the isoscalar re-
sponse function, including both the high-energy res-
onance and the low-energy excitations. By compar-
ing the two response functions (4) and (12), we can
appreciate the effect of the additional surface degree
of freedom and, in particular, the effect of coupling the
motion of nucleons with surface vibrations.
3. EFFECTS OF SURFACE VIBRATIONS
ON STRENGTH FUNCTION

We study the isoscalar strength function that is
defined as (E = �ω)

SL(E) = − 1
π
ImR̃L(E). (16)

In Fig. 1, we display the quadrupole strength func-
tion [L = 2 in Eq. (16)] obtained for A = 208 using
different approximations. The dotted curve is obtained
from the collective fixed-surface response func-
tion (4). The collective fixed-surface response has one
giant quadrupole peak. The strength of the interac-
tion (3), chosen in order to reproduce the experimen-
tal value of the giant quadrupole resonance energy
in 208Pb, is κ2 = −1× 10−3 MeV fm−4. This value
is close to that suggested by the Bohr–Mottelson
prescription ([13], p. 509),

κ2 = −4π
3
mω2

0

AR2
≈ −0.5× 10−3 MeV fm−4 (17)

(with ω0 = 41A−1/3 MeV).

We notice that the width of the giant quadrupole
resonance is underestimated by the fixed-surface
model; this is a well-known limit of all mean-field
calculations that include only Landau damping.
Moreover, there is no sign of a low-energy peak in
the fixed-surface response function. The solid curve
instead shows the moving-surface response given by
Eqs. (12) and (13). Now a broad bump appears in
the low-energy part of the response and a narrower
peak is situated at the giant resonance energy; thus,
the moving-surface solution of the Vlasov equa-
tion accounts for both quadrupole modes, although
only qualitatively. Of course the details of the low-
energy excitations are determined by quantum effects;
nonetheless, the present semiclassical approach does
4
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Fig. 2. The same as in Fig. 1 for the octupole strength
function.

reproduce the average behavior of this systematic
feature of the quadrupole response.
It can be seen from Fig. 1 that, while the fixed-

surface response (dotted curve) has only one collec-
tive pole, the moving-surface quadrupole response
function (solid curve) displays a two-pole structure.
In order to get more information about the nature of
the low-energy peak, we have performed calculations
by setting the surface tension parameter σ equal to
zero. The result is shown in Fig. 1, where the dashed
curve corresponds to σ = 0. As expected, the giant
resonance peak is practically unaffected by the sur-
face tension, while the low-energy peak is affected
quite substantially. The surface tension increases the
frequency of the low-energy peak, which, however,
is present at a nonvanishing frequency also in the
absence of surface tension. In the opposite limit, if we
let σ →∞, the fixed-surface response is obtained.
In Fig. 2, we report the octupole strength function

[L = 3 in Eq. (16)] given by the moving-surface
response function (12) (solid curve) and compare it to
the collective fixed-surface response given by Eq. (4)
(dotted curve). As for the quadrupole response, we
determine the strength parameter κ3 phenomenolog-
ically by requiring that the peak of the high-energy
octupole resonance agree with experiment. We can
clearly see that the fixed-surface response given by
the dotted curve has two sharp peaks around 20 and
P
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Fig. 3. Moving-surface octupole strength function with
(solid curve) and without (dashed curve) contribution of
closed triangular orbits.

6–7 MeV. The experimentally observed [14] con-
centration of isoscalar octupole strength in the two
regions usually denoted by HEOR (high-energy oc-
tupole resonance) and LEOR (low-energy octupole
resonance) is qualitatively reproduced; however, the
considerable strength experimentally observed at
lower energy (low-lying collective states) is absent
from our fixed-surface response function. The most
relevant change induced by the moving surface (see
the solid curve in Fig. 2) is the large double hump
appearing at low energy. This feature is in qualitative
agreement both with experiment [14] and with the
result of RPA-type calculations [15, 16]. We interpret
this low-energy double hump as a superposition of
surface vibrations and LEOR. The octupole moving-
surface response also displays a novel resonance
structure between LEOR and HEOR (at around
13 MeV for a system with A = 208 nucleons) (see
Fig. 2).

In order to explain why we do not obtain one or
more sharp 3− states at low energy, we have to an-
alyze our moving-surface response function in some
detail. It has already been pointed out in [17] that the
Landau damping of the low-energy collective modes
is due only to nucleons moving along closed classi-
cal trajectories. In our theory, only nucleons moving
along closed triangular trajectories can contribute to
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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the damping of octupole surface vibrations. In order
to check that indeed the closed triangular orbits are
themain source of Landau damping in the low-energy
octupole response, we also study the response that
is obtained when the contribution of these orbits is
excluded (see [12] for details). In Fig. 3, we show the
moving-surface strength function with (solid curve)
and without (dashed curve) contribution of closed
triangular orbits. The shape of the low-energy hump
changes dramatically because of the lack of damp-
ing due to the missing triangular trajectories. A very
sharp peak is now developed at low energy. We see
that the closed triangular orbits, rather than genera-
tion of a shape instability in the octupole channel, are
the main source of Landau damping in this response
function. Of course, quantum effects can play an es-
sential role at this level since in quantum mechanics
the angular momentum is quantized and there could
be no value of angular momentum corresponding to
triangular trajectories.
We would also like to point out that our moving-

surface response function can display a shape in-
stability in the octupole channel, which can arise if
the restoring force parameter C3 vanishes. This could
happen if the repulsive Coulomb term (C3)Coul ex-
actly balances the attractive surface-tension part of
the restoring force. In this case, our moving-surface
response function develops a pole at the origin, as
shown in Fig. 2 by the dashed curve. For odd multi-
polarities, the instability condition in our model is the
same as for the liquid-drop model [17].
We have also performed calculations of the quad-

rupole and octupole response functions for other val-
ues of A corresponding to medium-heavy spherical
nuclei and the results are qualitatively similar to the
A = 208 case, so we do not report them here.

4. CONCLUSIONS

We have obtained an analytical expression for the
isoscalar response function of nuclei that qualita-
tively describes the main systematic features of the
quadrupole and octupole excitation spectrum. The
found octupole response displays a novel resonance
structure. It is of interest to study the nature of this
resonance in more detail. Taking into account re-
sults for the isoscalar dipole response [9], we may
expect that this resonance has the same origin as
the low-energy isoscalar dipole resonance and that
it has a toroidal character [18]. We have found that
the triangular trajectories of nucleons have no con-
sequences on the shape instability of heavy spheri-
cal nuclei against octupole-type deformations; rather,
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
triangular orbits are essential in providing a damping
of low-energy octupole excitations.
As a further remark, we would like to add that the

problem of which boundary conditions to use in the
linearized Vlasov equation for finite systems, rather
than being a limitation of the approach, may be seen
as a richness of the theory: different boundary condi-
tions allow us to study different physical properties of
the system.
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Abstract—The Gamow–Teller (GT) states in 58Cu have been studied by 58Ni(3He, t+ p) and
58Ni(3He, t+ γ) coincidence experiments at E(3He) = 450MeV and θ = 0◦. Proton emissions from the
GT states in 58Cu to the hole states in 57Ni have been observed with solid-state detectors in coincidence
with high-energy tritons measured with a magnetic spectrometer. For the first time, γ-ray emissions from
the excited states in 58Cu and in 57Ni, following the 58Ni(3He, t+ p) reaction at intermediate energies, have
also been observed in coincidence with tritons. The wave functions of the T = 1 and T = 2 GT states with
the f−1

7/2 neutron–hole configuration are inferred to be strongly coupled to 2p−2h configurations, making

fragmented GT strengths in 58Cu. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Structures of the excited levels in pf-shell nu-
clei provide good cases to test the validity of the
model calculations and to extend their applicability
to nuclei far from the β-stability line. For example,
the Gamow–Teller (GT) transitions from the ground
state of 58Ni to the excited states in 58Cu are excellent
candidates for the study of various coupling modes of
collective one-particle–one-hole (1p−1h) excitations
with two-particle–two-hole (2p−2h) configurations.

In 58Cu, the proton-separation energy is rela-
tively low (Sp = 2.873 MeV). However, the one-
neutron and two-proton separation energies are very
high, as Sn = 12.426 MeV and S2p = 10.202 MeV,
respectively. Because of the high Sn value, the
states below Ex = 12 MeV decay mainly by proton
emission, and their widths are narrow (a few keV)
due to the Coulomb barrier for proton emission. In
fact, fragmented GT states have been observed in
high-resolution 58Ni(3He, t)58Cu measurements at
450 MeV [1, 2]. A single broad resonance at Ex ∼
10 MeV, which has originally been observed in the
58Ni(p, n)58Cu charge-exchange reactions [3–5], is
now found to have a fine structure consisting of many
fragmented GT states. This kind of fragmentation is
caused by the coupling between 1p−1h and 2p−2h
states via the residual interaction [6, 7]. In the target
nucleus 58Ni with isospin T0 = 1, fragmented M1
states with isospin quantum numbers of T = 1 and

∗This article was submitted by the author in English.
**e-mail: fujiwara@rcnp.osaka-u.ac.jp
1063-7788/04/6709-1742$26.00 c©
T = 2 are reported in (e, e′), (γ, γ′), and (p, p′) mea-
surements [8–15]. Therefore, the isobaric analogs
(GT states) in 58Cu corresponding to these M1
states in 58Ni should be excited in charge-exchange
reactions.

Proton emission from the GT states in 58Ni leads
to neutron–hole states with T = 1/2 and T = 3/2
in 57Ni. The hole-state analogs (T = 3/2) in 57Ni
have already been systematically studied via the
58Ni(p, d)57Ni reaction at 65 MeV [16, 17]. Many
fragmented 7/2− and 3/2− hole-state analogs have
been reported above Ex = 5.135 MeV in 57Ni. Due
to the isospin selection rule, proton emission from
the T = 2 GT states in 58Cu into the T = 1/2 states
in 57Ni is forbidden since decay by one nucleon only
carries ∆T = 1/2. Transitions from the T = 1 states
to both T = 1/2 and T = 3/2 states in 57Ni are
allowed. If one observes a strong feeding of proton
decay from the excited GT states in 58Cu into the
T = 3/2 states in 57Ni, this provides good evidence
that these states have T = 2 character.

However, the final-state resolution of the
58Ni (3He, t+ p)57Ni experiment at 450 MeV is
not good enough to resolve the fine structure of the
isobaric analog final states in 57Ni, since the final-
state resolution is dominated by the resolution of
the 3He++ beam used. Thus, an additional comple-
mentary experiment was necessitated. To establish
the final states in 57Ni fed by proton emission from
58Cu, we have obtained 58Ni(3He, t+ γ) coincidence
data, which allows us to assign the final states in
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. (a) Singles spectrum of the 58Ni(3He, t)58Cu reaction measured at 0◦ and a bombarding energy of 450 MeV.
(b) Coincidence γ-ray spectrum of a Ge detector obtained by gating on the (3He, t) peaks for the ground, 203-, and
1051-keV states. Two sharp γ-ray peaks at 203 and 848 keV are clearly visible. These γ rays are due to the decays from the
1051.5-keV (1+) and 203.0-keV (0+) states in 58Cu. (c) Relevant levels in 58Cu. Excitation modes via the (3He, t) charge-
exchange reaction and γ-ray decay scheme are indicated.
57Ni thanks to a high-resolution γ-ray measure-
ment with high-purity Ge (HPGe) detectors. In the
present paper, we report the results obtained from
58Ni(3He, t+ p) and 58Ni(3He, t+ γ) coincidence
experiments at 450 MeV to discuss the nature of the

GT states in 58Cu.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
2. EXPERIMENT

The 58Ni(3He, t+ p) and 58Ni(3He, t+ γ) ex-
periments were carried out at the ring cyclotron fa-
cility of the Research Center for Nuclear Physics
(RCNP), Osaka University. The detailed descriptions
of the experimental techniques are given in [2, 18,
19]. Thus, we present only a brief summary of the
4
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present experiment, by using the obtained experimen-
tal data. Figure 1a shows a typical spectrum of the
58Ni(3He, t)58Cu reaction. Several discrete states in
58Cu up to about 8 MeV have been reported to be 1+

GT states in the high-resolution (3He, t) measure-
ment using the dispersion-matching technique [2].
The bump at Ex = 8−12MeV is the Gamow–Teller
resonance (GTR). The differential cross section for
the GTR is strongly peaked at 0◦. The global shape
of the present (3He, t) spectrum is similar to that
obtained in the 58Ni(p, n)58Cu reaction at 160 MeV
and 0◦ by Rapaport et al. [4, 5]. The bump around
Ex = 18 MeV is the spin-dipole resonance (SDR).
The differential cross section for the SDR is peaked
around 1◦, which is characteristic of ∆L = 1 tran-
sitions at this bombarding energy. To perform the
present proton- and γ-coincidence measurements,
reduction of beam halo was essential to obtain a
good signal-to-noise ratio. Therefore, the achromatic
P

transport technique of the 3He beam was chosen.
The energy resolution of the (3He, t) experiment was
250 keV. The 1+ ground state and the 0+ isobaric-
analog state atEx = 203 keV were not resolved. Fig-
ure 1b demonstrates the usefulness of the coincidence
measurement with γ-ray decay with high-resolution
Ge detectors in coincidence to identify the relevant
excited states (shown in Fig. 1c).

3. RESULTS AND DISCUSSION

Figure 2a shows a two-dimensional scatter plot
of proton energy vs. Ex(58Cu) for t−p coincidence
events induced by the 58Ni(3He, t) reaction at 0◦.
The loci for proton decay from the excited states in
58Cu to the 3/2− ground state; 5/2− at 0.769 MeV;
1/2− at 1.112 MeV; 7/2−, T = 1/2 at 2.578 MeV;
and 7/2−, T = 3/2 at 5.1, 5.2, and 5.4-MeV states
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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in 57Ni can be identified as lines corresponding to
Et + Ep � const. Figure 2b shows the results of
a statistical-model calculation performed for decay
protons from the excited states in 58Cu, using the
Hauser–Feshbach formalism with the code CAS-
CADE [20].
In the calculation, spin, isospin, and parity of the

reported excited states in 58Cu, 57Ni, 57Cu, 56Fe, and
56Ni are used as the input parameters. Individual level
parameters were taken from the experimental data
compiled in Nuclear Data Sheets [21–23]. Global
parameters for the level-density formula were used
to describe the unknown levels at high excitation
energies [24–26]. We took a procedure in making the
level-density inputs in the CASCADE calculations
similar to those given in [27]. Formation cross sec-
tions of 58Cuwere normalized to the 58Ni(3He, t) sin-
gles spectrummeasured in this experiment. The gross
features of the proton-decay pattern agree with the
results obtained in the statistical-model calculation.
However, decay from the states at high excitation en-
ergies in 58Cu to the low-lying discrete states in 57Ni
is enhanced in comparison with the results obtained
in the statistical-model calculation. For example, the
event locus corresponding to proton decay to the
7/2−, 2.578-MeV level in 57Ni continuously extends
to Ex(58Cu) = 20MeV. This suggests that the SDR
in 58Cu has a wave function with the main πg9/2νf

−1
7/2

configuration and emits a proton from the g9/2 orbit
by the direct process to the T = 1/2, f−1

7/2
neutron–

hole state in 57Ni.
In Fig. 3, the final-state spectra for the excited

states in 57Ni generated by gating on decay protons
from excited states in 58Cu are compared with the
results of the statistical-model calculation. The cal-
culated relative strengths of decay protons from the
T = 0 states and T = 1 states in 58Cu reproduce well
the final-state spectra, irrespective of their excita-
tion energies. Since most of the decay properties are
characterized by the T = 1/2 states in 57Ni to which
decay from T = 0 states and T = 1 states in 58Cu is
allowed, there is no significant difference between the
decay patterns calculated for these T = 0 and T = 1
states as typically shown in Figs. 3c, 3d, and 3e.
The proton-decay branching ratio for T = 2 states

in 58Cu should be much different from other isospin
states, because proton decay from T = 2 states
to T = 1/2 states in 57Ni is isospin forbidden. A
statistical-model calculation code which allows for
three different isospin components in one nucleus is
not available at present. The modified and extended
CASCADE code [20] allows for two isospin compo-
nents starting from the ground-state isospin, e.g., in
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
58Cu, T = 0 and T = 1. Therefore, it is not possible
to treat proton decay from the T = 2 states in 58Cu
to the T = 3/2 states in 57Ni. It is clear though that,
in a one-step process, without isospin mixing, T = 2
states can only populate T = 3/2 states by proton
decay. Thus, we could not compare the experimental
results with the statistical-model calculation for the
proton decay from the T = 2 states.
In Figs. 3c–3e, proton-decay events from the

states at high excitation energies in 58Cu into the
T = 1/2, 7/2− state at 2.578 MeV in 57Ni are clearly
visible. These proton decays are not predicted in
the statistical-model calculation. In addition, proton
decays into the T = 3/2, f−1

7/2 state at Ex ∼ 5.2MeV
in 57Ni have been identified in Figs. 3d and 3e. This
experimental observation indicates that the SDRwith
the wave function having mainly the πg9/2νf

−1
7/2 con-

figuration directly decays to the T = 1/2, f−1
7/2 state

in 57Ni. However, from the present measurement,
we cannot determine whether the SDR decays to
the T = 3/2, f−1

7/2 state in
57Ni or the T = 2, GT

states coexisting with the SDR in 58Cu decay to the
T = 3/2 states.
Figure 4 shows a two-dimensional scatter plot of

triton–γ-coincidence events induced by the
58Ni(3He, t) reaction at 0◦. The loci for γ decay
indicate that several excited states in 58Cu decay by
proton emission into discrete final states in 57Ni and
56Co. The loci corresponding to the photopeaks due
to these decay events are seen as horizontal lines in
Fig. 4, i.e., in the case of γ decay subsequent to decay
by nucleon emission from the giant-resonance region
at Ex = 8−24MeV in 58Cu. On the contrary, the loci
corresponding to the γ-decay events from the discrete
states between 0 and 5 MeV in 58Cu are recognized.
Event points dispersed in Fig. 4 are due to Compton-
scattered events of coincident γ rays and due to events
with a small photopeak. To understand the global
features of the triton–γ-coincidence data in more
detail, decay patterns are examined by dividing the
excitation energy in 58Cu into three regions, I, II,
and III.
In region I, γ-ray transitions from the discrete

states in 58Cu have been observed, although the
proton-decay threshold (Sp = 2.873 MeV) opens.
The photopeaks at 203, 444, and 3475 keV are clearly
identified, suggesting that proton decay from the low-
lying states in 58Cu is largely suppressed due to the
Coulomb barrier, and γ decay competes with proton
decay for the states at Ex < 5MeV.
The individual transition strength for the two

states at 3.460 and 3.678 MeV was not deduced in
4
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Fig. 3. Final-state spectra of the excited states in 57Ni populated by proton decay from the excited states in 58Cu. The spectra
are obtained by projecting loci of Fig. 2a onto the 57Ni excitation-energy axis. A singles 58Ni(3He, t) spectrum is shown in the
upper part to indicate the gate positions (from 9.5 to 19.5 MeV, in steps of 2 MeV) for each final-state spectrum denoted by
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by the cross symbols. The results of the statistical-model calculations for proton decays from the T = 1 and T = 0 states in
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the analysis of the present (3He, t) singles spectrum.
However, the relative transition strengths of the
states at 3.460 and 3.678 MeV are reported by Fujita
et al. [2]. Therefore, the transition strengths for the
states at 3.460 and 3.678 MeV were estimated by
using the summed yield for a peak at ∼ 3.5MeV ob-
served in the 58Ni(3He, t)58Cu spectrum. The proton-
decay branching ratios of the 3.460 and 3.678 MeV
P

states thus amount to (62± 11)% and (15± 17)%,
respectively.

In region II, γ-decay transitions cannot compete
with proton decay anymore. The loci in this region
mainly correspond to the events due to γ decays from
the excited states in 57Ni. Two loci of the γ-decay
events for the 769-keV (5/2−1 → 3/2−g.s) and 1112-
keV (1/2−1 → 3/2−g.s) transitions in

57Ni are observed.
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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The loci corresponding to these transitions continue
to the high excitation energy of Ex ∼ 24 MeV in
58Cu. This indicates that the probability for direct
proton decay is still not negligible for the states at
high excitation energies in 58Cu.

Comparing the results of the proton-decay mea-
surement and the γ-decaymeasurement, it is possible
to reveal the characteristics of the giant-resonance
states in 58Cu. Figure 5a shows the coincidence
γ-ray spectrum obtained by gating on the events
for the GTR region at Ex = 8−14 MeV in the
58Ni(3He, t)58Cu spectrum measured at 0◦. Photo-
peaks at 769, 1112, 2443, and 2578 keV correspond
to the ground-state transitions from the excited states
in 57Ni. The partial level scheme of 57Ni is shown in
Fig. 5b. The direct-decay protons from the GTR in
58Cu to the 3/2− ground state; 5/2− at 0.769 MeV;
1/2− at 1.112 MeV; 7/2−, T = 1/2 at 2.578 MeV;
and 7/2−, T = 3/2 at 5.1-, 5.2-, and 5.4-MeV states
in 57Ni have been observed in the proton-decay
measurement. In agreement with these facts, the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
769-keV (5/2− → 3/2−g.s), 1112-keV (1/2− →
3/2−g.s), and 2578-keV (7/2−, T = 1/2→ 3/2−g.s) γ-
decay transitions were observed.
To corroborate the proton decay from the GTR

in 58Cu to the 2.578-MeV (7/2−, T = 1/2) state in
57Ni, the consistency of the 2578-keV γ-decay yields
with the proton-decay data is examined. We observed
21± 5 events for the 2578-keV peak in Fig. 5a in
coincidence with the triton events for the GTR region
atEx = 8−14MeV in the 58Ni(3He, t)58Cu spectrum
at 0◦. After the corrections of the absolute efficiencies,
solid angles, and dead time, we obtained 28± 4 for
the γ-decay yields expected from the proton decay
from the same 8−14-MeV GTR region to the 2.578-
MeV state. This estimated number of 28± 4 already
exceeds the observed number of 21± 5. Thus, the
2578-keV peak is considered to be mainly originated
from the subsequent γ decay after the proton decay
from the GTR in 58Ni to the 2.578-MeV state in 57Ni.
In the 58Ni(p, d)57Ni experiment by Ikegami et al.

[16], the 5.230-MeV 7/2− state is strongly ex-
cited in the T = 3/2 region. On the basis of the
4
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Fig. 5. (a) Coincidenceγ-ray spectrum of a HPGe detec-
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0◦. Photopeaks at 769, 1112, 2443, and 2578 keV cor-
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is the transition energy from the 5.218-MeV state to the
2.578-MeV state. (b) Partial level scheme of 57Ni. The
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excited states in 57Ni are given in MeV. Missing proton
and γ transitions are indicated by the dashed arrows.

58Ni(3He, α+ γ) experiment, Gould et al. reported
that the 5.230-MeV, T = 3/2 state decays strongly
to the 2.578-MeV state with a branching ratio of
50% [28]. If we assume that 100%of the proton decay
from the GTR in 58Cu to the 5.2-MeV region in 57Ni
P

concentrates only to the state at Ex = 5.230 MeV,
9.7± 1.0 events for the 2652-keV γ peak are expected
for the spectrum in Fig. 5a. However, the measured
counts are 7.0 ± 4.6. It is very difficult to deduce
any decisive conclusion from this statistical error.
Reasonable conjecture deduced from the coincidence
γ-decay yields for the 2578- and 2652-keV peaks is
to attribute the observed facts to that the proton decay
from the GTR in 58Cu to the 5.230-MeV 7/2− state
in 57Ni is very weak.
In region III, p-decay, n-decay, and pp-decay pro-

cesses compete with each other. Several γ decays
from excited states in 57Ni and 56Co are assigned.
Two loci for the 970-keV(2+

1 )→ 158-keV(3+
1 ) and

158-keV(3+
1 )→ 0-keV(4+

g.s) transitions in
56Co have

been observed. On the other hand, γ-ray decays from
the excited states in 57Cu have not been identified.
One possible explanation for this experimental result
is that there is no γ-ray transition in 57Cu since
the proton-decay threshold from 57Cu to 56Ni is ex-
tremely low (Sp = 0.695MeV).
When neutron decay occurs to excited levels in

57Cu, the subsequent proton decay partially leads to
excited levels in 56Ni, from which it is possible to
observe γ decay in the present experiment. How-
ever, we did not identify any 2701-keV γ-ray events
from the transition 2701 keV (2+

1 )→ 0 keV (0+
g.s)

in 56Ni. Another plausible explanation is that there
is no sizeable neutron decay from the excited states
in region III in 58Cu since the (3He, t) reaction at
450 MeV selectively excites the spin-flip T = 2 GT
states at high excitation energy, from which neutron
decay carrying only∆T = 1/2 is strongly suppressed
in making the final T0 = −1/2 states in 57Cu, and/or
since the wave function of the SDR with the main
πg9/2νf

−1
7/2 configuration does not allow such decay.

4. SUMMARY

On the basis of the coincidence measurements of
the (3He, t+ p) and (3He, t+ γ) reactions on 58Ni,
we have discussed the branching ratios for proton
and γ decays from the GT states and the SDR in
58Cu. The deduced branching ratios for proton decay
from the T = 0 and T = 1 GT states are in good
agreement with the results of the statistical-model
calculation. The proton-decay strength from the GT
states in 58Cu to the 7/2−, T = 3/2 states in 57Ni
is not consistent with the results of the statistical-
model calculation. The underestimation of the pop-
ulation of the 7/2−, T = 3/2 states in 57Ni is qual-
itatively explained by the fact that the T = 2 GTR
component, which decays only to these states by
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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isospin-allowed transitions, is not included explic-
itly in the statistical-model calculations. Therefore, a
sizeable amount of the T = 2GTRcomponent, which
the present statistical-model calculation code cannot
deal with exactly, is inferred to exist in the bump
region for the GT states above Ex = 9.7MeV.
In addition, we have confirmed that the T = 1

and T = 2 GT states do not strongly decay into a
neutron–hole state at 5.230 MeV in 57Ni, which is
strongly excited via the 58Ni(p, d)57Ni reaction. The
absence of proton decay into the 5.230-MeV 7/2−

state is understood if the wave function of the GTR
in 58Cu does not have a dominant 1p−1h component
and the proton-decay strengths do not strongly con-
centrate on any of three 7/2− states with isospin T =
3/2 in 57Ni [16]. These facts indicate that the wave
functions of T = 1 and T = 2GT states with the f−1

7/2

neutron–hole configuration have a strong coupling
to the 2p–2h configuration, supporting the 2p − 2h
fragmentation mechanism for the GT resonances in
nuclei [6, 7].
The branching ratios for proton decay from the

SDR in 58Cu to the low-lying discrete states in 57Ni
are enhanced in comparison with the results of the
statistical-model calculation. The SDR in 58Cu is
expected to have a wave function with the πg9/2νf

−1
7/2

configuration and strongly decays by the direct pro-
cess to the T = 1/2, f−1

7/2 neutron hole state in
57Ni.

We did not observe any γ rays due to the deex-
citations from the low-lying states in 57Cu and in
56Ni subsequent to neutron decays from the SDR in
58Cu and/or proton decays from 57Cu. This result is
understood in terms of the isospin selection rule. In
the case of T = 2 states at high excitation energies in
58Cu, neutron decay with an isospin transfer of∆T =
1/2 is forbidden to final T = 1/2, Tz = −1/2 states in
57Cu. However, the (3He, t) reaction at 450 MeV ex-
cites both T = 1 and T = 2 states at high excitation
energies. Thus, the SDR with T = 1 coexists with
the T = 2 GTR there. Although the decay of T = 1
states to final T = 1/2, Tz = −1/2 states in 57Cu is
isospin allowed, the wave functions of the SDR with
the main πg9/2νf

−1
7/2 configuration seem to suppress

such decay.
The present results will serve to establish a good

understanding of the fragmented fine structure of the
GTR in 58Cu. Further theoretical work including the
development of the statistical-model calculation with
T = 2 is required to describe the fine structure of the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
GTR as well as the decay properties of the GTR and
SDR in 58Cu.
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Abstract—Low-lyingKπ = 0+ bands are one of the most fundamental excitation modes in the spectra of
deformed nuclei; however, very little is known about the nature of these excitations. We report on some new
lifetime measurements using the GRID technique at ILL, and high-precision (p, t) reactions to elucidate
the character of low-lyingKπ = 0+ bands in deformed nuclei. We also present results from a recent calcu-
lation on the nature of 0+ states using the projected shell model. c© 2004MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The dynamics of various quantum mechanical
systems such as molecules, atomic clusters, and
nuclei are crucial to our most fundamental under-
standing of motion. In the low-lying energy spectra
of nuclei, these dynamics can be understood in terms
of rotational and vibrational degrees of freedom.
Rotational degrees of freedom are well understood
in nuclei, while vibrational degrees of freedom re-
main elusive. The existence of low-lying collective
vibrational motion in nuclei is one of the most
fundamental questions in nuclear structure physics
today. The answer involves deciphering between the
roles of single-particle effects which are relevant in
the nuclear fermionic system and collective motion
described in terms of phonons or linear superpositions
of particle–hole excitations.

Vibrational degrees of freedom in both spherical
and deformed nuclei are described by phonon ex-
citations resulting from the oscillations around an
equilibrium shape. In spherical nuclei, harmonic vi-
brational motion results in an excitation spectrum
consisting of equally spaced degenerate multiplets.
Although exact harmonic phonon excitations have
never been observed, there are numerous examples
of nuclei exhibiting near-harmonic or anharmonic vi-
brational motion. In fact, one- and two-phonon exci-
tations have been observed in tens of nuclei, as well as
isolated cases of three-phonon excitations [1, 2] and
in one case up to five quadrupole phonons [2].

In the low-lying energy spectra of deformed nuclei,
there are two types of quadrupole vibrations super-
imposed on the rotational states: β and γ. The β
vibration has its angular momentum aligned along

∗This article was submitted by the author in English.
**e-mail: aapraham@mozart.helios.nd.edu
1063-7788/04/6709-1750$26.00 c©
the symmetry axis, whereas the γ vibration breaks
axial symmetry and has a projection of Kπ = 2+

on the symmetry axis. Extending this description
to the spectra of deformed nuclei, the first excited
Kπ = 2+ andKπ = 0+ bands have traditionally been
labeled as single-phonon “γ” and “β” vibrational
excitations. The “γ” (Kπ = 2+) excitations show
typical B(E2:2+

γ → 0+
g.s) transition probabilities of

1–10 Weisskopf units (W.u.) that vary smoothly
across a given isotopic chain and can be theoretically
understood, whereas the single Kπ = 0+ “β” types
of excitations have remained a mystery in nuclear
structure physics. Figure 1 contains a compilation
of all the known absolute B(E2:2+

Kπ=0+
2

→ 0+
g.s)

and B(E2:2+
Kπ=0+

2

→ 4+
g.s) transition probabilities in
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W.u. depopulating the 2+ state of the first excited
Kπ = 0+ bands. In contrast to theKπ = 2+ γ bands,
there are enormous variations in collectivity for the
B(E2:2+

Kπ=0+
2

→ 0+) values. For example, in the
154,156,158Gd nuclei, this B(E2) value varies from 90
to 0.31 W.u. This large variation in B(E2) values
across the region is an indication of the complexity
and varying nature of the first excitedKπ = 0+ bands.
While there have been many suggestions regarding
the nature of these low-lying excitations, Kπ = 0+

bands in deformed nuclei remain enigmatic and the
focus of intense discussions as well as a flurry of ac-
tivity from both theoretical and experimental aspects.
In this paper, we present some of our recent results
highlighting various aspects of Kπ = 0+ excitations
based on lifetime measurements, γ-ray spectroscopy,
and reaction studies. In the 178Hf nucleus, we show
an example of a Kπ = 0+ band which is a collective
excitation built on the first excited Kπ = 0+ band.
In the 158Gd nucleus, we show results from a (p, t)
reaction pointing to the existence of 13 0+ states
below 3.1 MeV, and in the 156Gd nucleus, we show an
excitedKπ = 0+ band with all the characteristics of a
two-phonon γγ vibrational band. Finally, we present
results of a recent calculation [3] performed within
the framework of the projected shell model, aimed at
understanding the nature of these Kπ = 0+ bands in
deformed nuclei.

2. COLLECTIVE EXCITATIONS: 178Hf

The 178Hf nucleus is one of the most extensively
studied nuclei besides 168Er. It has been studied by
a variety of reactions using high-precision methods
for the measurements of γ rays and conversion elec-
trons [4]. The resulting level scheme has five known
Kπ = 0+ bands, including the ground-state band,
below an excitation energy of 2 MeV. Figure 2 shows
all the knownKπ = 0+ bands. We have measured the
lifetimes of the levels at 1276.7, 1450.4, 1496.5, and
1818.3 keV.

We have measured [5] the lifetimes of these levels
using the GRID technique [6]. GRID allows lifetime
measurements of levels populated in thermal neutron
capture reactions from the Doppler broadening of a
transition affected by the recoil of a previously emitted
γ ray. The recoil velocities are very small (typically
10−4 to 10−6 of c) with resulting Doppler shifts on the
order of a few eV and very short slowing-down times
in the target.

The most important result of this study concerns
the Kπ = 0+

5 band in 178Hf at an excitation energy
of 1772.2 keV. The 0+, 2+, and 4+ members of this
band were known from very early work. All three
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
states show large E0 transitions to the ground state,
supporting the Kπ = 0+ assignment of the band.
The decay of the 4+ member of this Kπ = 0+

5 band
is predominantly to the 4+

Kπ=0+
2

, 4+
Kπ=0+

3

, and the

2+
Kπ=0+

4

levels, favoring the decay to the Kπ = 0+
2,3

bands by a factor of six in relative B(E2) values. The
extracted B(E2:2+

Kπ=0+
5

→ 4+
g.s) is ≤ 2 W.u., while

the transitions to the first excited Kπ = 0+
2 band at

1199.4 keV are highly collective. The most important
results emerge from the B(E2) values of the 618.9-
and 541.6-keV transitions to the 0+ and 2+ of the
first excitedKπ = 0+

2 band at 1199.4 and 1276.7 keV,
respectively. The multipolarity of the 618.9-keV tran-
sition is E2, while the 541.6-keV transition is M1 +
(50 ± 11)% E2 [4]. The deduced B(E2:2+

Kπ=0+
5

→
0+

Kπ=0+
2

) has a range of 1.3→ 5.7 W.u., while the

B(E2:2+
Kπ=0+

5

→ 2+
Kπ=0+

2

) range is 6.3→ 27 W.u. for

the E2 component of the transition. The observed
high level of collectivity for the E2 component of
the 541.59-keV transition is of particular importance
since it is a J → J transition and therefore it is not
affected by mixing matrix elements betweenKπ = 0+

bands.
A five-band mixing calculation was carried out

including four Kπ = 0+ bands (ground-state band
and the three excited Kπ = 0+ bands for which life-
times are measured) along with the Kπ = 2+ band.
The matrix elements to the ground-state band were
extracted from the lifetime measurements and the
bands were allowed to mix in order to see whether
it would be possible to produce collective transitions
between the Kπ = 0+

5 and the first excited Kπ = 0+
2

band. The only possibility of creating collective tran-
sitions between these two bands was via mixing of the
Kπ = 0+

5 and the Kπ = 2+ bands. Even then, when
the mixing matrix element was a factor of 10 larger
than the other mixing matrix elements between all
the other bands, it was impossible to reproduce both
of the observed collective transitions. Therefore, we
conclude that no mixing matrix element between the
Kπ = 2+ and the Kπ = 0+ bands can result in the
two observed collective transitions simultaneously.

This measurement [5] revealed for the first time the
existence of two excited Kπ = 0+ bands connected
by strongly collective transitions. The B(E2) values
from the second and third excited Kπ = 0+ bands to
the ground-state band would perhaps raise a question
regarding the identification of either band as the col-
lective one-phonon β vibrational excitation. However,
the observed preference of decay from the 2+ and 4+

members of theKπ = 0+
5 band at 1772.2-keV band is
4
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Fig. 2. The known Kπ = 0+ bands in the nucleus 178Hf. The thicker lines indicate the measured level energies (in keV).
to the band at 1199.4 keV. This is compatible with the
expected behavior of a collective-vibrational excita-
tion built on the 1199.4-keV band. The outstanding
question is the collectivity of the first excited Kπ =
0+ band. Our new measurements are in excellent
agreement with Coulomb excitation results for all
three states. Our results indicate some significant
degree of collectivity for the first excited Kπ = 0+

band. The most important result is the indication for
the first time of the existence of a collective Kπ = 0+

excitation built on an excited Kπ = 0+ band in any
nucleus. If the collectivity of the first excitedKπ = 0+

band can be more forcefully established, then this
work would also point to the first observation of a
two-phonon ββ vibration. Finally, five-band mixing
calculations clearly show that it is impossible to re-
produce the collective transitions between the two ex-
cited bands by ∆K = 2 or 0 mixing matrix elements.
Two-phonon vibrational excitations are expected to
occur at twice the excitation energy of the one-
phonon vibration. The harmonic value for the ratio of
B(E2:2+

ββ → 0+
β ) and B(E2:2+

β → 0+
g.s) is 2.0. In

178Hf, the excitation energy ratio of the two bands is
1.5 and the range for theB(E2) ratio is approximately
1→ 17, consistent with the expected harmonic value.
The two-phonon γγ vibrational excitation in 232Th
was similarly anharmonic in energy with an energy
P

ratio of 1.8 and aB(E2:4+
γγ → 2+

γ )/B(E2:2+
γ → 0+

g.s)
ratio of 3.1 ± 0.4 [7], in agreement with the expected
harmonic value of 2.78.

In summary, the lifetimes of five levels in three
excited Kπ = 0+ bands have been measured in the
178Hf nucleus using the GRID technique. The Kπ =
0+
2 band is less collective but on the same order of

magnitude as some of the single-phonon γ vibrational
bands in this region of deformed nuclei. An excited
Kπ = 0+

5 band at 1772.2 keV shows a preference of
decay with transitions of collective strength to the
Kπ = 0+

2 band at 1199.4 keV. The collective transi-
tions between the two bands cannot be reproduced by
band mixing. The consequence is the characterization
of theKπ = 0+

5 band as a collective excitation built on
the first excitedKπ = 0+

2 band at 1199.4 keV.

3. NEW 0+ STATES IN 158Gd

The motivation to study 0+ states in 158Gd is
based on the intense current interest in this topic.
In order to carry out a meaningful discussion or a
comprehensive theoretical effort to understand the
nature of theseKπ = 0+ bands, it is first necessary to
establish a more complete set ofKπ = 0+ excitations
in deformed nuclei. We carried out [8] a new high-
precision 160Gd(p, t)158Gd measurement. The 158Gd
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004



THE NATURE OF LOW-LYING Kπ = 0+ BANDS 1753

 

1195

 

1452

1577

1743

 

1954 1960

 

2277
2338

2643
2689

2911

3077 3110

>2 W.u.

Fig. 3. Results of the new (p, t) measurement indicating the excitation energies (in keV) of all the observed 0+ states in 158Gd.
nucleus prior to this work had three positively and four
tentatively identified excited Kπ = 0+ states below
3 MeV. We report on the existence of thirteen excited
Kπ = 0+ bands in one nucleus below an excitation
energy of approximately 3.1 MeV. This number is by
far the largest ever seen in any nucleus and provides
a unique laboratory for developing and testing new
models on the nature of Kπ = 0+ excitations in nu-
clei. Figure 3 shows the thirteen observed excited
0+ states.

The measurement was carried out at the high-
precision Q3D spectrometer of the University of
Munich MP tandem accelerator laboratory using a
27-MeV proton beam on a 122-µg/cm2 target of iso-
topically enriched 160Gd (98.10%) with a 14-µg/cm2

carbon backing. A 1.8-m-long focal plane detector
provided the particle identification of the ejectiles
of mass 1–4 in the Q3D spectrometer [9] with an
unprecedented energy resolution of approximately
4–6 keV for the energy range of interest from 1 to
3 MeV. This resolution is a spectacular achievement
for transfer reactions. We were able to identify thirteen
excited Kπ = 0+ bands below 3.1 MeV in excitation
energy in the spectrum of 158Gd. Three of these 0+

states were previously identified. Four of the thirteen
had previous tentative assignments. We confirm three
of these four to be 0+ states. In addition, there were
seven new 0+ assignments. The new 0+ assignments
are further strengthened by the placement of γ rays
that were clearly identified as belonging to the 158Gd
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
nucleus with no previous level assignments. Such an
abundance of 0+ states has not previously been seen
in nuclei until the very present. In a well-deformed
nucleus, such as 158Gd, it is not yet possible to
decipher the nature of all the observed 0+ states.
With the present measurement, 158Gd provides an
unprecedented opportunity for the investigation of
the nature of Kπ = 0+ bands. The observation of
thirteen excited Kπ = 0+ excitations in one nucleus
below an excitation energy of 3.1 MeV will be the
strongest challenge yet to our understanding of
these excitations. There are already two theoretical
studies [3, 10] using completely different approaches.
The first one [10] shows calculations with the ge-
ometric collective model and the interacting boson
approximation to account for the many 0+ states that
have been observed in this nucleus. The conclusion of
this study was that most of the 0+ states are collective
in nature, including the possibility of double-octupole
character, and very few are quasiparticle in character.
The second study is one done by Sun et al. [3] in the
framework of the projected shell model, aiming at un-
derstanding the nature of these states in 158Gd. This
model contains projected two- and four-quasiparticle
states as building blocks in the basis, and it is able
to reproduce reasonably well the energies for all the
observed 0+ states. Upon comparing the theoretical
and experimental 0+ states (up to 3.2 MeV in energy)
in order of excitation energy, the predicted 0+ states
are found to be in the right energy range. What we
4
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found impressive is the number of 0+ states predicted
by the calculation. The PSM produces a sufficient
number of 0+ states to be compared with data. The
obtained B(E2) values, however, tend to suggest
that these 0+ states might be mostly quasiparticle in
character with some limited admixtures of collective
vibrations.

4. Kπ = 0+ γγ VIBRATION: 156Gd

The lifetimes of twelve levels from four different
excitation bands were measured in 156Gd using the
GRID technique. Nine of these measurements are
new and the other three agree very well with previ-
ously measured values. Transitions from the Kπ =
0+
2 band at 1049 keV to the ground-state band show

it to be collective, and this is strong evidence that
this band is indeed the collective phonon β vibrational
band. B(E2) calculations for transitions from the
Kπ = 2+ band to the ground-state band supports the
assignment of this band as the γ band. TheKπ = 0+

4
band at 1715 keV is shown to be strongly connected
to the Kπ = 2+ γ band, which is evidence of this
being aKπ = 0+ multiphonon γγ vibrational band or
at the very least a 0+ band with sizeable admixture of
two-phonon γγ. There is only one other nucleus [11]
(166Er), where a Kπ = 0+ γγ excitation has been
observed at 2.47 times the excitation energy of the
γ band. This is the first evidence for a Kπ = 0+ γγ
band at 1.4 times the excitation energy of the γ band.
PH
Figure 4 shows a partial level scheme with the associ-
ated B(E2) range of values or limits indicated on the
arrows.

5. WHAT IS THE NATURE OF Kπ = 0+

BANDS IN DEFORMED NUCLEI?

All three nuclei discussed in this paper exhibit a
different aspect ofKπ = 0+ bands in deformed nuclei.
These new measurements have greatly enhanced our
understanding ofKπ = 0+ bands even though a clear
explanation is far from reach. There are, however,
two interesting observations to make regarding the
observed level of collectivity associated with the low-
est excited Kπ = 0+ bands in these nuclei. In the
154−158Gd isotopes, the first excited Kπ = 0+ band
is typically below the first excited Kπ = 2+ band in
excitation energy. The largest energy separation is for
the 154Gd nucleus, which also exhibits the largest
E2 collectivity for this band in depopulating to the
ground-state band. The 166,168Er isotopes exhibit an
energy spectrum, where the first excited Kπ = 0+

band is well above the Kπ = 2+ γ band. In these
cases, the transitions from the excited Kπ = 0+ band
to the ground-state band are weakly collective, yet
they show a high level of collectivity to the first excited
Kπ = 2+ γ band several hundred keV below in exci-
tation energy. It seems that the relative position of the
first excited Kπ = 0+ and the Kπ = 2+ γ band plays
a key role. In addition, at the beginning of the onset
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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of deformation, the 2n and 2p pairing gaps are well
above the excitation energies of the first excitedKπ =
0+ bands. An example is the pairing gap estimated
from five nearby masses for 154Gd (2p = 2.2 MeV;
2n = 2.5 MeV) in comparison with the energy of the
first excited Kπ = 0+ bandhead at 680 keV. This in
comparison with 168Er, where the pairing gaps are
at 1.8 and 1.5 MeV, respectively, and the first excited
Kπ = 0+ band is at 1.2 MeV in the spectrum.

In conclusion, new advances in technology, sen-
sitivities in measurements, ultrahigh precision in
transfer reactions, and lifetime measurements have
tremendously improved our knowledge base regard-
ing the character of excited Kπ = 0+ bands in de-
formed nuclei. The results are puzzling at best, but
the new information now provides the possibility of
developing and testing new models on the nature of
Kπ = 0+ bands.
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Abstract—A finite-rank separable approximation for the quasiparticle RPA calculations with Skyrme
interactions that was proposed in our previous work is extended to take into account the coupling between
one- and two-phonon terms in the wave functions of excited states. It is shown that the phonon–
phonon coupling effect can be very important to reproduce experimental data. c© 2004 MAIK “Nau-
ka/Interperiodica”.
1. INTRODUCTION

The random phase approximation (RPA) [1–4]
with the self-consistent mean field derived by making
use of the Gogny interaction [5] or the Skyrme-type
interactions [6, 7] is nowadays one of the standard
tools of performing nuclear structure calculations.
Many properties of the nuclear collective states can
be described successfully within these models [7–
15], but due to the anharmonicity of vibrations, in
many cases one needs to take into account coupling
between one-phonon and more complex states [2, 4].
It is well known that, using simple separable

forces, one can perform calculations of nuclear char-
acteristics in very large configuration spaces, since
there is no need to diagonalize matrices whose di-
mensions grow with the size of configuration space.
That is why a finite-rank approximation for the
particle–hole (p−h) interaction resulting from
Skyrme-type forces was suggested in our previous
work [16]. Thus, the self-consistent mean field can
be calculated in the standard way with the origi-
nal Skyrme interaction, whereas the RPA solutions
would be obtained with the finite-rank approximation
to the p−h matrix elements. Other schemes to con-
struct a separable approximation for Skyrme forces
were considered in [17, 18].
Recently, we extended the finite-rank approxima-

tion for p−h interactions of Skyrme type to take into
account the pairing [19] and phonon–phonon cou-
pling effects [20]. To illustrate the phonon–phonon
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coupling effect, we present the results of our calcula-
tions for the quadrupole and octupole states in 124Sn.

2. BASIC FORMULAS AND DETAILS
OF CALCULATIONS

We start with the effective Skyrme interaction [6]
and use the notation of [21] containing explicit density
dependence and all spin-exchange terms. The single-
particle spectrum is calculated within theHFmethod.
The continuous part of the single-particle spectrum is
discretized by diagonalizing the HF Hamiltonian on
the harmonic-oscillator basis [22]. The p−h residual
interaction Ṽres corresponding to the Skyrme force
and including both direct and exchange terms can be
obtained as the second derivative of the energy density
functional with respect to the density [23]. Following
our previous papers [16, 19], we simplify Ṽres by
approximating it by its Landau–Migdal form [7].
For Skyrme interactions, all Landau parameters
Fl, Gl, F

′
l , G

′
l with l > 1 are zero. Here, we keep

only the l = 0 terms in Vres, and in the coordinate
representation, one can write the interaction in the
following form:

Vres(r1, r2) = N−1
0 [F0(r1) +G0(r1)σ1 · σ2 (1)

+ (F ′
0(r1) +G′

0(r1)σ1 · σ2)τ1 · τ2]δ(r1 − r2),

where σi and τi are the spin and isospin operators,
and N0 = 2kFm∗/(π2

�
2) with kF and m∗ standing

for the Fermi momentum and nucleon effective mass.
The expressions for F0, G0, F

′
0, G

′
0 in terms of the

Skyrme force parameters can be found in [21]. Be-
cause of the density dependence of the interaction,
the Landau parameters of Eq. (1) are functions of the
coordinate r.
The p−h residual interaction can be represented

as a sum of N separable terms [16]. In what follows,
2004 MAIK “Nauka/Interperiodica”
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we use the second quantized representation and Vres
can be written as

V̂res =
1
2

∑
1234

V1234 : a+
1 a

+
2 a4a3 :, (2)

where a+
1 (a1) is the particle creation (annihilation)

operator and “1” denotes the quantum numbers
(n1l1j1m1).
A matrix element of two-body interaction V1234

contains the radial integrals including the Landau
parameters. For example, the contribution of the term
F0 includes the radial integral

I(j1j2j3j4) (3)

= N−1
0

∞∫

0

F0(r)uj1(r)uj2(r)uj3(r)uj4(r)
dr

r2
,

where uj(r) is the radial part of theHF single-particle
wave function. As is shown in [16, 19], the radial
integrals can be calculated accurately by choosing
a large enough cutoff radius R and using the N-
point integration Gauss formula with abscissas rk

and weights wk:

I(j1j2j3j4) � N−1
0

R

2
(4)

×
N∑

k=1

wkF0(rk)
r2
k

uj1(rk)uj2(rk)uj3(rk)uj4(rk).

So we employ the Hamiltonian including an av-
erage nuclear HF field, pairing interactions, and the
isoscalar and isovector p−h residual forces in the
finite-rank separable form [19]. This Hamiltonian has
the same form as the QPMHamiltonian withN sep-
arable terms [4, 24], but in contrast to the QPM, all
parameters of this Hamiltonian are expressed through
parameters of the Skyrme forces.

In what follows, we work in the quasiparticle
representation defined by the canonical Bogolyubov
transformation:

a+
jm = ujα

+
jm + (−1)j−mvjαj−m. (5)

Single-particle states are specified by the quantum
numbers (jm). The quasiparticle energies, the chem-
ical potentials, the energy gap, and the coefficients
uj ,vj of the Bogolyubov transformations (5) are de-
termined from the BCS equations.
We introduce the phonon creation operators

Q+
λµi =

1
2

∑
jj′

[Xλi
jj′A

+(jj′;λµ) (6)

− (−1)λ−µY λi
jj′A(jj′;λ −µ)],
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
where

A+(jj′;λµ) =
∑
mm′

〈jmj′m′|λµ〉α+
jmα

+
j′m′ . (7)

The index λ denotes a total angular momentum
and µ is its z projection in the laboratory system. One
assumes that the QRPA ground state is the phonon
vacuum |0〉, i.e., Qλµi|0〉 = 0. We define the excited
states in this approximation byQ+

λµi|0〉.
Making use of the linearized equation-of-motion

approach [1], one can derive the standard QRPA
equations [3, 4]:

 A B
−B −A




X
Y


 = w


X
Y


 . (8)

Exact expressions for A and B are given in [19].
Solutions of this set of linear equations yield the
eigenenergies and the amplitudes X,Y of the excited
states. The dimension of the matrices A,B is a space
size of two-quasiparticle configurations. Expressions
forA,B andX,Y are given in [19].
Using the finite-rank approximation, one needs to

invert a matrix having a dimension 4N × 4N inde-
pendently of the configuration-space size. One can
find a prescription how to solve the system (8) within
our approach in [16, 19]. The QRPA equations in the
QPM [4, 24] have the same form as the equations
derived within our approach [16, 19], but the single-
particle spectrum and parameters of the p−h resid-
ual interaction are calculated by making use of the
Skyrme forces.
In this work, we use the parametrizations SLy4

[25] of the Skyrme force. It is well known [4, 11, 12]
that the constant-gap approximation leads to overes-
timation of occupation probabilities for subshells that
are far from the Fermi level, and it is necessary to
introduce a cutoff in the single-particle space. Above
this cutoff, subshells do not participate in the pair-
ing effect. In our calculations, we choose the BCS
subspace to include all subshells lying below 5 MeV.

Energies and B(Eλ) values for up-transitions to the first
2+, 3− states in 124Sn

2+
1 3−1

Energy,
MeV

B(E2),
e2 fm4

Energy,
MeV

B(E3),
e2 fm6

Exp. 1.13 1660± 40 2.60 73 000± 10 000

QRPA 1.92 1800 3.64 210 000

2PH 1.03 1500 3.25 200 000
4
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The pairing constants are fixed to reproduce the odd–
even mass difference of the neighboring nuclei. In
order to perform RPA calculations, the single-particle
continuum is discretized [22] by diagonalizing the
HF Hamiltonian on the basis of twelve harmonic-
oscillator shells and cutting off the single-particle
spectra at the energy of 160 MeV. This is sufficient
to exhaust practically the whole value of the energy-
weighted sum rule. Our investigations [19] enable us
to conclude that N = 45 is sufficient for multipolar-
ities λ ≤ 3 in nuclei with A ≤ 208. Our calculations
show that, for the normal parity states, one can, as a
rule, neglect the spin–multipole interactions and this
reduces by a factor 2 the total matrix dimension. For
example, for the octupole excitations in 206Pb [19],
we need to invert a matrix having a dimension 2N =
90 instead of diagonalizing a 1376 × 1376 matrix, as
it would be without the finite-rank approximation.
Thus, for heavy nuclei, our approach gives a large
gain in comparison with exact diagonalization. To
take into account the mixing of the configurations in
the simplest case, one can write the wave functions of
excited states as

Ψν(λµ) =

{∑
i

Ri(λν)Q+
λµi (9)
PH
+
∑

λ1i1,λ2i2

P λ2i2
λ1i1

(λν)
[
Q+

λ1µ1i1
Q+

λ2µ2i2

]
λµ

}
|0〉

with the normalization condition

〈Ψν(JM)|Ψν(JM)〉 (10)

=
∑

i

R2
i (Jν) + 2

∑
λ1i1,λ2i2

(P λ1i1
λ2i2

(Jν))2 = 1.

The matrix element coupling one- and two-
phonon configurations reads

〈
QJi

∣∣H∣∣ [Q+
λ1i1

Q+
λ2i2

]
J

〉
= Uλ1i1

λ2i2
(Ji), (11)

where Uλ1i1
λ2i2

(Ji) is some combination of the geomet-
rical factors and the QRPA phonon amplitudes [4,
26].

The energies of states Ψν(λµ) are solutions of the
following equation [4]:
F (Eν) ≡ det
∣∣∣∣∣(ωλi − Eν)δii′ −

1
2

∑
λ1i1,λ2i2

Uλ1i1
λ2i2

(λi)Uλ1i1
λ2i2

(λi′)
ωλ1i1 + ωλ2i2 − Eν

∣∣∣∣∣ = 0. (12)
The rank of the determinant equals the number of
one-phonon configurations included in the first term
of the wave functionΨν(λµ).

It is worthwhile to point out that, after solving
the RPA problem with a separable interaction, taking
into account the coupling with two-phonon configu-
rations demands diagonalizing a matrix having a size
that does not exceed 40 even for the giant-resonance
calculations in heavy nuclei, whereas one would need
to diagonalize a matrix with a dimension of the order
of a few thousand at least for a nonseparable case.

3. RESULTS OF CALCULATIONS

As an example, we consider the 2+
1 -, 3−1 -state

energies and transition probabilities B(Eλ) in 124Sn.
The experimental data [27, 28] and the results of our
calculations within the QRPA and upon taking into
account the two-phonon terms (2PH) are shown in
the table. In our calculations, the two-phonon terms
of the wave function (9) include phonons with mul-
tipolarities λ = 2, 3, 4, 5. One can see that there is
some overestimation of the energies and transition
probabilities for the QRPA calculations. The inclu-
sion of two-phonon configurations results in reduc-
tion of the energies and transition probabilities for
the 2+

1 , 3
−
1 states in 124Sn. Generally, there is a rea-

sonable agreement between theory and experiment,
but calculations overestimate the octupole energy and
B(E3) value.

4. CONCLUSION

A finite-rank separable approximation for the
QRPA calculations with Skyrme interactions, which
was proposed in our previous work, is extended to
take into account the coupling between one- and
two-phonon terms in the wave functions of excited
states.
It is shown that the suggested approach enables

one to reduce remarkably the dimensions of the ma-
trices that must be inverted to perform structure cal-
culations in very large configuration spaces.
As an illustration of the method, we have calcu-

lated the energies and transition probabilities of the
2+
1 and 3−1 states in 124Sn. It is found that there
is reasonable agreement with experimental data and
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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inclusion of two-phonon terms is very important. A
systematic study of the influence of the two-phonon
terms on properties of the low-lying states in the
neutron-rich Sn isotopes is in progress now.
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Abstract—We study the evolution of collectivity in the structure of nuclear rotational bands based on
complex quadrupole–octupole shapes. We apply an extended version of a quadrupole–octupole rotation
model capable of reproducing both the low-lying states of alternating parity bands interpreted on the basis
of octupole vibrations and the higher spin states considered asmembers of a single octupole rotational band.
In such a way, the complicated odd–even staggering effects observed in light actinide nuclei are described
successfully. The implemented model analysis suggests a unified mechanism in which the octupole band
structure is formed as the result of the transition from an octupole vibration (soft) mode to a rotation of a
shape with a stable quadrupole–octupole deformation. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Recently, a model formalism applicable to rota-
tional motion of nuclei with octupole deformations
has been proposed [1]. It provides a useful theoreti-
cal tool in the study of rotational motion in nuclear
systems with complex quadrupole–octupole shapes.
This quadrupole–octupole rotation model (QORM)
is based on the point-symmetry group theory which
allows one to construct a rotational Hamiltonian for
octupole deformations superposed on the top of a
quadrupole shape. It suggests specific properties of
collective motion characterized by “wobbling”-type
modes. On this basis, QORM provides an expla-
nation and successful description [2, 3] of the fine
staggering effects [4] observed in nuclear octupole
bands.

In the present work, we extend the model formal-
ism by including the lowest states of the spectrum in
which the octupole shape properties are not well pro-
nounced. This development reproduces the angular-
momentum region, where the separate sequences of
negative- and positive-parity levels merge into a sin-
gle octupole rotational band. Our purpose is to ob-
tain a consistent QORM description of all angular-
momentum regions in the spectrum as well as to
study the evolution of collectivity in the formation of
octupole structure in nuclear rotational bands.

∗This article was submitted by the authors in English.
1)Institute for Nuclear Research and Nuclear Energy, Bulgar-
ian Academy of Sciences, Sofia, Bulgaria.

2)Institut für theoretische Physik der Justus-Liebig-
Universität, Giessen, Germany.

**e-mail: nminkov@inrne.bas.bg
***e-mail: Werner.Scheid@theo.physik.uni-giessen.de
1063-7788/04/6709-1760$26.00 c© 2
2. THE QUADRUPOLE–OCTUPOLE
ROTATION MODEL

The basic ingredient of QORM is the collective
octupole Hamiltonian [1]

Ĥoct = ĤA2 +
2∑

r=1

3∑
i=1

ĤFr(i) (1)

constructed by the irreducible representations A2,
F1(i), and F2(i) (i = 1, 2, 3) of the octahedron (O)
point-symmetry group, where

ĤA2 = a2
1
4
[(ÎxÎy + Îy Îx)Îz + Îz(ÎxÎy + Îy Îx)],

(2)

ĤF1(1) =
1
2
f11(5Î3

z − 3Îz Î2), (3)

ĤF2(1) =
1
2
f21[Îz(Î2

x − Î2
y ) + (Î2

x − Î2
y )Îz],

ĤF1(2) =
1
2
f12(5Î3

x − 3ÎxÎ2),

ĤF2(2) = f22(ÎxÎ2 − Î3
x − ÎxÎ2

z − Î2
z Îx),

ĤF1(3) =
1
2
f13(5Î3

y − 3Îy Î2),

ĤF2(3) = f23(Îy Î2
z + Î2

z Îy + Î3
y − Îy Î2).

The different terms in the above Hamiltonian (cu-
bic combinations of angular-momentum operators in
the body fixed frame) generate rotational degrees of
freedom for the system in correspondence to various
octupole shapes with a magnitude determined by the
model parameters a2 and fri (r = 1, 2; i = 1, 2, 3).
The octupole degrees of freedom are superposed

on the top of the leading quadrupole degrees of free-
004 MAIK “Nauka/Interperiodica”
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dom of the system. So we take the quadrupole rota-
tion Hamiltonian

Ĥquad = AÎ2 +A′Î2
z + C ′(Î2

x − Î2
y ), (4)

which provides the general energy scale for rotational
motion of the nucleus. In addition, we assume the
presence of a high-order quadrupole–octupole inter-
action, restricting ourselves to its diagonal term in the
total angular-momentum space,

Ĥqoc = fqoc
1
I2

(15Î5
z − 14Î3

z Î
2 + 3Îz Î4). (5)

Equations (2)–(5) represent the Hamiltonian of
the collective QORM [1]. The total model Hamilto-
nian includes an additional low-energy term carrying
information about the vibrational degrees of freedom.
Its origin and explicit involvement in the formalism
will be discussed in the next section.
In this general framework, the yrast rotational

spectrum of the system is obtained by minimizing
the energy in the diagonal Hamiltonian terms with
respect to the third intrinsic projection K of the col-
lective angular momentum I in the states |I,K〉 and
diagonalizing the total Hamiltonian. The so deter-
mined energy spectrum is built on different intrinsic
K configurations which provide a∆I = 1 staggering
behavior of rotational energy. The changing values of
the quantum number K are related to a wobbling-
type collective motion resulting from the complicated
shape characteristics of the system.

3. LOW-ENERGY EXTENSION OF QORM

The above-presented collective rotation Hamil-
tonian is constructed under the assumption of well-
determined shape characteristics of the nucleus.
However, the analysis of experimental data shows
that the stable octupole deformations appear at some
higher angular-momentum region of the spectrum.
For an example (which is also the case of our interest)
in the alternating parity bands of light rare-earth
nuclei, this is the region of angular momenta I ∼ 7−8
[5]. Below this region, the negative-parity states are
shifted upwith respect to the positive-parity states, so
they do not form a single rotational band. The reason
is that the system undergoes a tunneling between two
reflection asymmetric (octupole) shape orientations
(up and down) separated by a slightly pronounced
potential barrier. As a result, a strong parity-splitting
effect is observed. This situation can be described
approximately as a vibration of the system with
respect to some octupole deformation variable β in
a symmetric double-well potential. The variable β
can represent the parameter of the axial octupole
deformation or some appropriate combination of the
all seven collective coordinates characterizing the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
octupole shape. For higher angular momenta I >
7−8, the potential barrier becomes higher and the
tunneling effect sharply decreases. Then the vibration
mode is reduced and the octupole shape properties of
the system are stabilized. The rotation mode becomes
favorable and a well-formed single octupole band can
be observed.
The above-mentioned higher angular-momentum

region (I > 7−8) is the original area of application for
the QORM rotational Hamiltonian (2)–(5). In order
to consider the lowest part of the spectrum I < 7−8,
we need to take into account the strong parity effect
due to the octupole vibration mode. This can be done
through the solution of the Schrödinger equation for
the following octupole vibration Hamiltonian:

Hvib = − �
2

2B3

d2

dβ2 + U(β), (6)

where the quantity B3 is an effective octupole mass
parameter and determines the energy scale for the
octupole motion.
The potential for the collective motion in the coor-

dinate β can be taken in the form [6]

U(β) =
1
2
Cβ2 +D(e−β2/a2 − 1). (7)

The structure of the spectrum generated in the po-
tential (7) depends on the relative magnitude of the
constants C and D. First of all, when the condition
D/C > a2/2 is fulfilled, the potential has a double-
well shape. The increase in the ratio D/C leads to
an increase in the barrier separating the deformation
minima and vice versa. It is known [6] that, when
D is relatively small (low potential barrier), the lev-
els in the potential are spaced similarly to the os-
cillator spectrum with alternatively changing parity.
The respective collective spectrum of the system will
exhibit a strong parity shift between odd and even
angular-momentum level sequences. For sufficiently
large D (high potential barrier), the space between
the neighboring positive- and negative-parity levels
is smaller, with the respective parity-shift effect also
being smaller. In the limiting case of an infinitely high
barrier, the potential is divided into two separate os-
cillators with the neighboring positive- and negative-
parity states appearing with the same energy, so that
parity doublets are formed. Then the collective states
built on such a potential will not feel any parity-
splitting effect, which is a condition for the appear-
ance of a nonperturbed rotational spectrum.
The evolution of the octupole dynamics as a

function of the collective angular momentum of the
system I can be taken into account by considering
the angular-momentum dependence of the potential
U(β) = U(β, I). Here, we assume that the energy-
barrier term depends on I as D = D(I) = d0 +
4
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Fig. 1. The octupole deformation potential (10) for three
different values of the angular momentum I = 1, 5, 10.
The parameters values used in Eq. (10) are given in
Figs. 3a, 3b.

dI(I + 1). The function D(I) has the meaning of a

centrifugal term added to the harmonic part
1
2
Cβ2.

The Gaussian factor e−β2/a2 − 1 determines the
magnitude of the centrifugal interaction as a function
of the deformation coordinate β. Further, we consider
that the potential U(β, I) has a minimum at some
fixed value of β = βmin. The extremum condition
∂

∂β
U(β, I)

∣∣∣∣
βmin

= 0 leads to the relation

C = (2/a2)D(I)e−β2
min/a2

. (8)

Thus, the vibration parameter C also depends on the
angular momentum with the condition D(I)/C >
a2/2 being automatically fulfilled. The above result
suggests a nonadiabatic rotational–vibrational char-
acter of the collective motion. The substitution of
Eq. (8) into (7) leads to the following form of the
octupole potential:

U ′
I(β, βmin) (9)

= [d0 + dI(I + 1)]e−β2
min/a2

[β2/a2

+ e−(β2−β2
min)/a2 − eβ2

min/a2
].

After fixing the origin of the energy scale in the mini-
mum value U ′

I(βmin, βmin), we finally obtain

UI(β, βmin) (10)

= [d0 + dI(I + 1)]e−β2
min/a2

[(β2 − β2
min)/a

2

+ e−(β2−β2
min)/a2 − 1].
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Fig. 2. Negative- and positive-parity eigenfunctions (not
normalized) for the Hamiltonian (6) with the poten-
tial (10) and for several collective angular momenta. The
parameters values used in Eq. (10) are given in Figs. 3a,
3b.

The evolution of the shape of the potential (10) as a
function of the angular momentum is demonstrated
in Fig. 1, while the respective evolution of the wave
functions in the Schrödinger equation for the Hamil-
tonian (6) is illustrated in Fig. 2.
We have developed a numerical code which gen-

erates a collective energy spectrum based on the
solutions of the Schrödinger equation for the po-
tential (10). Thus, we produced a schematic energy
sequence characterizing the contribution of the oc-
tupole vibration mode to the low-lying part of the
alternating parity band. This is shown in Fig. 3a.
We see that it reproduces the correct order of the
neighboring positive- and negative-parity states in
the angular-momentum region I < 7−8. Above this
region, the schematic levels are ordered normally and
increase almost linearly with I.
Further, we examined the above schematic spec-

trum bymeans of the fourth (discrete) derivative of the
energy difference∆E(I) = E(I + 1)− E(I),

Stg(I) = 6∆E(I)− 4∆E(I − 1) (11)

− 4∆E(I + 1) + ∆E(I + 2) + ∆E(I − 2).

As can be seen in Fig. 3b, this quantity shows a well-
developed staggering pattern with a rapidly decreas-
ing magnitude of oscillations. This is consistent with
the staggering behavior observed in the low-energy
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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Fig. 3. Schematic energies and staggering patterns obtained by the potential (10) (a and b) and by the phenomenological term
(12) (c and d). The parametersB3, d0, and d are given inMeV, andE0 is in keV, while the other parameters are dimensionless.
part of alternating parity bands of light actinide nu-
clei [4]. However, we have to remark immediately that,
while the solutions of the Schrödinger equation (6)
suggest a complete disappearance of the staggering
at some point, the experimental data show a more
complicated “beat” pattern with the presence of fur-
ther staggering regions at higher angular momenta.

Thus, the above consideration suggests that the
entire structure of the alternating parity (octupole)
bands, including all angular-momentum regions, can
be reproduced through a unified model formalism
based on both the QORM Hamiltonian (2)–(5) and
the Schrödinger equation for the octupole vibration
Hamiltonian (6) with the potential (10). As a first step
in this direction, in the present work, we introduce
a phenomenological term carrying certain charac-
teristics of the above-considered vibrational model.
We choose it so that it reproduces the strong parity-
splitting effect in the low-spin region together with
the abnormal ordering of the odd and even levels, as
well as its reduction at the higher spin levels. We take
this term in the form

Ĥlow = E0[1− P̂ /(1 + bI3)], (12)

where P̂ is the parity operator with the eigenvalue
(−1)I . Equation (12) effectively takes into account
the parity effect caused by the vibration mode. The
parameter b in the denominator of (12) determines the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 9 200
rapidity of decrease in the parity splitting with the in-
crease in the angular momentum. In the framework of
QORM, it is restricted, so that the effect of Ĥlow in the
staggering pattern vanishes near the region where the
octupole band is formed. Note that Eq. (12) suggests
a stabilization of the intrinsic (vibration) energy to
some constant valueE0, while the schematic energies
obtained through the potential (10) increase with the
angular momentum. This is illustrated in Figs. 3c and
3d, where the contribution of (12) to the energy levels
and the staggering pattern of the spectrum is shown.
The study of the angular-momentum dependence of
the vibration mode will be the subject of further work.
The analysis implemented in this section suggests

the presence of a critical angular-momentum re-
gion for the formation of the octupole band struc-
ture which could be interpreted as the region of a
transition from the quadrupole plus soft octupole to
a stable quadrupole–octupole shape structure of the
system. The proposed extended application ofQORM
matches two separate dynamical manifestations of
collectivity represented both by the term (12) and by
the rotational terms (2)–(5).

4. NUMERICAL RESULTS

We have applied the above-extended QORM for-
malism to the alternating parity bands in the light ac-
tinide nuclei 224,226Ra and 224,226Th. After adjusting
4
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Fig. 4.∆I = 1 staggering patterns for the octupole bands in 224,226Ra and 224,226Th: experiment (•) (data from [5]) and theory
(�) (the parameter values are given in keV).
model parameters with respect to the experimental
data, we successfully described the energy levels in all
angular-momentum regions in these bands, includ-
ing the lowest levels. As a result, the respective∆I =
1 staggering patterns have also been reproduced suc-
cessfully. This is demonstrated in Fig. 4, where the
theoretical and experimental staggering patterns of
the considered nuclei are compared. The parameters
of the model fits are displayed in the figures.
An important feature of our model description

is the correct reproduction of the nodes (points
with near zero staggering amplitude) separating the
different beat regions in the staggering patterns. In
this way, the theoretical patterns clearly indicate the
angular-momentum region, where the two separate
sequences of negative- and positive-parity levels
merge into a single octupole rotational band. The
model description clearly identifies it as a critical
region in which the octupole band is formed. This is
provided by the fast decrease in the oscillations of the
low-energy term (12). In fact, the observed change in
collectivity appears consistently with the appearance
of the first node in the corresponding beat staggering
pattern. For example, in the case of 224−226Ra, this
happens in the region near I ∼ 10, while in 226Th the
critical region is shifted to I ∼ 15 (see Fig. 4).
It is important to remark that the presence of the

octupole-forming region is typical for the considered
light actinide nuclei and identifies them as the best
examples of octupole-deformed nuclear systems. The
PH
wider systematics of actinide and rare-earth nuclei
shows that this type of collective properties is grad-
ually reduced towards the midshell regions [7]. In the
latter cases, only the lowest part of the staggering
pattern is developed, where the amplitude slightly de-
creases with the angular momentum without reach-
ing any node, so the octupole-band-forming region is
not observed.
Finally, we remark that the successful reproduc-

tion of the second and the third beat regions in the
staggering patterns of 224,226Ra and 224Th (demon-
strated in Fig. 4) provides a relevant model inter-
pretation of the fine octupole band structure at high
angular momenta. Thus, the applied model formal-
ism successfully describes not only the energy-level
structure but also the angular-momentum properties
of the system and the related staggering effects, which
are extremely sensitive characteristics of the collec-
tive nuclear dynamics.

5. CONCLUSION
In conclusion, we demonstrated that an extended

QORM formalism can be applied to reproduce the
entire structure of alternating parity bands in light
actinide nuclei, including the angular-momentum re-
gions below and above the critical region of the form-
ing octupole band. The implemented model analysis
clearly outlines the transition between different col-
lective modes of nuclear motion, vibration, and rota-
tion, based on the quadrupole and octupole degrees of
YSICS OF ATOMIC NUCLEI Vol. 67 No. 9 2004
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freedom and their interaction. It suggests a dynamical
mechanism in which the two separate sequences of
negative- and positive-parity levels merge into a sin-
gle octupole rotational band. We suggest that such a
mechanism can govern more general collective prop-
erties in nuclei with complex shapes.
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