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Abstract—We consider the problem of the wave propagation through a nonlinear medium. We derive a
dynamic system that governsthe behavior of standing (or solitary) waves. Theform of this system alone suffices
to understand the qualitative dependence of solutions of the origina equation on the intensity of the incident
wave. We solve this dynamical system in the leading order in the nonlinearity strength. We find multiple solu-
tions of the original problem for a given incoming wave and turning points of these solutions as a function of
thewaveintensity. We briefly investigate stability of different branches. Our resultsyield an analytic description
of the optical bistability phenomenon. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The problem of light propagation through nonlinear
mediais of agreat theoretical and practical interest. At
large intensities, the dielectric constant € is not a con-
stant but varies asthe intensity does. Even atiny depen-
dence of € on the intensity can produce significant
effects over large distances. Controlling and utilizing
these effectsis one of the main challenges of the theory
of wave propagation. In this paper, we consider the
propagation of light through a slab of medium whose
dielectric constant depends on the intensity of light. A
key effect of interest here is the bistability phenome-
non—existence of severa solutions (with different
transmission coefficients) with aternating stability
properties for a given intensity of the incoming beam.
This phenomenon was predicted about 20 years ago in
[1] and it has been a subject of intensive research since
then. The research in this area further intensified about
10 years ago with the theoretical discovery of gap soli-
tonsin [2]. See[2-10] for some of the important origi-
nal works and [11-13] for recent reviews and the back-
ground material.

In this paper, we address the problem of the propa-
gation of electromagnetic waves through a nonlinear
dialectic dab in a systematic way. To keep the exposi-
tion as simple as possible, we consider the simplest
possible dependence of the slab dialectic constant on
the intensity of light. Our goal is to clarify some con-
ceptual points and to perform concrete computations.
Specifically, we (i) establish a minimum action princi-
ple and consequently a Hamiltonian structure for the
basic (phenomenol ogical) equation; (ii) find a criterion
of bistability intermsof linear resonances, which offers
apossibility for multidimensional extensions; (iii) find

TThis article was submitted by the authors in English.

the location of turning points; (iv) estimate the number
of solutionsfor incoming waves of high intensities; and
(v) discuss general features of the stability analysis.

To our knowledge, the results summarized above are
new.

2. THE MODEL

In the local and nondissipative approximation, the
equation describing the propagation of light through a
medium with the dielectric constant € and without
charges or currentsis given by (see, e.g., [14-18])

9°(€E) = AE, (2.1)

where E(x, t) is the electric field at a point x 0 R® at
time t: the speed of light c is set to 1. This equation
arises from the principle of minimum (or more pre-
cisely, stationary) action. We write the action for the
electromagnetic field in a medium whose dielectric
constant € depends on the amplitude of the electric field
E (i.e,e=¢(EP) as

SA) = 3f[(1(EF% 0 -8,

whereA isthetransverse vector potential, divA =0 (we
work in the Coulomb gauge), E = —0A/dt, B = curl A
(magnetic field), and

S

f(s x) = J’s(u, x)du.

Moreover, we set the magnetic permeability p to 1.
Here, we modified only the part of the action related to
the electric field E, leaving the part connected to the
magnetic field B unchanged. The reason for thisis that
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the electric susceptibility X, = € — 1 can take relatively
large values, even much larger than 1, while the mag-
netic susceptibility X, = 4 — 1 is always much smaller
than 1 in nonmagnetic materials, namely of the order
105108,

The critical points of the above functional are given
by the Euler—Lagrange equation

0AT]

o
—FIEA 0T+ A = 0. (22)

Differentiating this equation with respect to t and utiliz-
ing that 0A/dt = —E, we arrive at (2.1). Conversely,
Eqg. (2.1) implies Eq. (2.2) if we require that
T
lim 2(Adt = 0;
f[ho =0
0

TS o0

i.e., the vector potential A has no zero harmonic. The
latter is consistent with Eq. (2.2) because that equation
contains only odd powers of A.

A reformulation of Eg. (2.1) (or (2.2)) in terms of
the minimum action principle immediately leads to
energy conservation with the energy functiona

€(A) = J’(AaAL)—L,
where
_1 2 N 2
L = 2J’(]‘(IAI , X) —|curlA[%).
Thisfunctional can be explicitly computed as
€A) = 3[{TIER ) +leurlA}

Moreover, the variational formulation given above
shows that Eq. (2.2) is Hamiltonian, with the standard
Poisson brackets and with the Hamiltonian functional
found viathe Legendre transform as

HOA ) = S(@(E) + url AP),

where the momentum field () isrelated to the electric
field E(x) as & = —f'(JEJ)E and we set @(s) = f'(s)s —
f(s)/2.

In what follows, we consider the simplest model of
the nonlinear wave propagation. We assume that

(&) the medium in question isuniform in they and z
directions, i.e., € does not explicitly depend ony and z

(b) apart from its dependence on X, € depends on E
only through the amplitude |E[*:

e = &(|E% x);
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(c) the nonlinear part of the medium forms aslab of
the thickness a perpendicular to the x axis (see Fig. 1):

M if x<0 or x>a

Efx =0, ,
L

(2.3)
if 0sx<a,

where n is the refractive index. The function &(|E|%) is
taken in the simplest possible form

E(IEI®) = 1+plES (2.4)

Inreal materials, fi ~ |Ey|?, where Eyistheinternal
(atomic) electric field. Because the electric breakdown
already occurs when [E| < |E,| the second term in the
right-hand side of (2.4), which is of the order
(IE|E,|)? isindeed very small,

AlE® < 1. (2.5)

We consider only waves of afixed polarization, i.e.,
assumethat E(x, t) in Eq. (2.1) can be written as

E(x,t) = E(x, t)e, (2.6)

where eisafixed vector (the polarization vector) prop-
agating in the x direction; i.e., eis perpendicular to the
x axis. Inthis case, E(x, t) can be assumed to depend on
x only, and therefore, EQ. (2.1) reduces to the equation

0°E _ 9°
Pl 5t—2(€E),

where E = E(x, t) and € = ¢(|E[?, X).
This equation is subject to the boundary conditions

2.7)

Oof(x—=t) + f(x+1) if x<O

E(x,t) =
1) Efz(x—t) if x>a,

(2.8)
with the function f given and the functions f; and f,
unknown. These boundary conditions say that the field
on the left of the sample consists of the incoming wave
f(x—t) and some reflected wave f,(x + t), while thefield
on theright of the sample consists of only the outgoing
wave fo(x — t). In addition, we specify the incoming
wave as

—iko(x—t)

f(x—t) = Re(e
for some ky > 0.

) (2.9
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3. SOLITARY WAVES

We study solitary waves for Eq. (2.7), i.e., waves of
the form

E(x ) = Re(e ' Wy(x)), (3.1)

where ), is a complex function. In the leading approx-
imation in the nonlinearity parameter i, it then follows
that ), satisfies the stationary equation (see Appen-
dix 1)

Ay, + kgeoq—'o =0, (3.2

with g, = €((3/4)|Up [, X). We are interested in the prob-
lem of the solitary-wave passage through the nonlinear
slab, which amountsto taking the solutions Y, such that

DAe ™ + RAe " for x<0
Yo = [ ox (3.3)
LTAe ™ for x>a,

with a given A and for some R and T. Here Aeik"x,
—ikoX

RAe °, and TAE" are the inci dent, reflected, and
transmitted waves, respectively (see Fig. 2); and R and
T are the reflection and transmission coefficients.

Theflux conservation (see below) impliesthat Rand
T satisfy

IRZ+[T]® = L (3.4)

Inthelinear case, Rand T are independent of A, and
the amplitude A drops out of the equation. Thisisnot so
in the nonlinear case. The goal of this paper isto find
the dependence of |R| (or |T|) on A. The main point here
isthat although two initial conditions uniquely define a
solution of a second-order ODE, two boundary condi-
tions can be satisfied by several (a finite number of)
solutions of a nonlinear second-order ODE. Figure 3
shows two sol utions satisfying the boundary conditions
P(0) = 0 and Y(a) = 0. In constrast, in the linear case,
two boundary conditions determine a solution of a sec-
ond-order ODE uniquely (modulo eigen-functions).

A eik[yf

Nonlinear

TAe'kor
. —_—
medium

RAe o

Fig. 2. Reflection and transmission coefficients.

Fig. 3. Two solutions satisfying boundary conditions ((0) =
Oand y(a) =0.
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4. THE BOUNDARY VALUE PROBLEM

Instead of considering Eq. (3.2) and conditions (3.3)
on the entire real axis, we study this problem on the
interval [0, a],

W+ kgs%wﬁmo -0, O<x<a,  (41)

and use conditions (3.3) to set the boundary conditions
ax=0andx=aas

Wo(0) = A(1+R),
and

Po(0) = ikbA(1-R) (4.2

ikoa

W(a) = ATE ™ wi(@) = ik, ATE ™.  (4.3)

We thus arrive at aboundary value problemon [0, a]. It
is convenient to rescale this problem as

Wo(x) = Ap(kx),

where k = kyn the wave vector in the medium with the
refraction coefficient n. The new boundary value prob-
lem is given by

W' +e (WY = 0, 0<xs<hb, (4.4)
where b = ka and &,(|WP) = £((3/4)A3YP), with the
boundary conditions

WO = 1+R WO = L1-R)  (@5)

and

wib) = Te", w(b) = T (4.6)
Because Eq. (4.4) isinvariant under the gauge transfor-
mation P(x) — €PY(x), we can assume T = 0.

Recalling expression (2.4) for €, wefind

e (lw?) = 1+2ulyl’, p=3plA%8, (47

and therefore, the incident beam amplitude A entersthe
new equation only through the parameter p and varying
Aisthe same as varying .

We note that Eq. (2.5) implies that in real material,
M<<1

Although Egs. (4.5)—4.6) appear to represent four
(complex) constraints, these equationsin fact constitute
only two conditions because R and T are unknown.
Eliminating the unknowns R and T from boundary con-
ditions (4.5)—(4.6), we obtain the conditions

W) —iny'(0) = 2, 4.8)

Y(b) +iny'(b) = 0. 4.9

Equation (4.6) shows that a solution of Eq. (4.4)
with boundary conditions (4.8), (4.9) determines the
transmission coefficient T = [y(b)]; on the other hand,
knowing T determines the solution of (4.4). Our goal in
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what followsisto find T = |()(b)|, where  solves (4.4),
(4.8), and (4.9) asafunction of .

5. RESONANCES AND THE EFFECTIVE
WAVE VECTOR

We now describe the physical mechanism underly-
ing the nonlinear phenomenon under consideration. We
begin with the linear component of this mechanism,
and therefore set 1 = 0. In this case, EQ. (4.4) can be
solved explicitly with the result

lin

quin: 1.%“_ Rlin+1—R Ogix
2 n

O
. - (5.0
4 lin_1— [ —ix
+2%|_+R - De
and
2 ib —ib
i nn—-1)(e —e
R = e 5y

—(n=-1% e +(n+1)%

Thelast equation showsthat asafunction of b =ka, R
has a series of minima and maxima,

b=ka=mm—|R" =0 (=[R"mn),

o 1O i _ =1 _|jin
b=ka= = IRM =22 (=|R _
a T[%T]+2D IR™| 3w (=IR"ma)

For n> 1, thisresonance behavior israther sharp: if the
width a of the dab contains an integer number of the
half-wave lengths, A/2 = 2172k, then the transmission is
perfect and the slab istherefore transparent. If thewidth
of the dab contains an odd number of quarter-wave
lengths, then there is almost no transmission and the
dlab is opague.

The resonance structure of the linear case plays a
crucia role in the peculiar behavior of the nonlinear
solution. Thissolution can be considered asalinear one
with avarying effective wave vector,

kar = ker? = k(1 + 2plyf%)"™, (53)

As the intensity (i.e., p) varies, so does the effective
wave-length and the medium goes through a series of
resonancesin which it is either perfectly transparent,
|T| =1, or aimost opague, [T|= 0.

Thus, the presence of sharp minima and maxima of
the reflection (or transmission) coefficient offersasim-
ple criterion for the occurrence of the bistability phe-
nomenon. One way to extend this criterion to the mul-
tidimensional caseisto relate it to the resonance struc-
ture of the scattering process considered above. Indeed,
we observe that R™ (and therefore, Y''") display areso-
nance structure in the sense that it has complex poles at

1+1/n

b(=ka) = mm-—I |n1_—1/n,

= 0,21, .... (5.4)
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Thereal parts of these poles exactly give the position of
maximaof the transmission coefficient. If werecall that
b = ka, we can rewrite (5.4) as

1+1/n
1-1/n’

Thereal part of this expression takes the values 2rmm/a
that coincide with the eigenvalues of the operator

J—d’/dx® on the interval [0, a] with the periodic
boundary conditions.
To obtain resonance solutions, we must solve the
original wave equations
2 2
a_E = a—2(5 E)
0x ot
(where € = n?) on the interval [0, a] with the boundary
conditions representing an outgoing wave. For this, we
set E=e'9%¢ witho > 0 and

m‘i|

a a

k =

m=0+1 ... (55

(5.6)

A€ for x<0
&=10

o (5.7)
OA,e™" for x>a,

where A; and A, are arbitrary constants. Eliminating
these constants, we obtain

m——ioandwzic.

€0 €@ 68

On the other hand, Eg. (5.6) implies the equation for &,
62

0% = a—xza, (5.9)

on the interva [0, a]. Solving Egs. (5.8), (5.9) and
recalling that € = n?(>1), we find

n1+1/n
1-Un’

and the corresponding expression for & which we omit
here.

We have thus arrived at the following conclusion:
resonances of the transmission coefficient, which are
responsible for the bistable behavior of our nonlinear
system, coincide with the resonances of the linear wave
equation (5.6) (in (5.6), € is n?times the characteristic
function of the interval [0, a]). This is important
because there are well developed techniquesfor finding
resonances in multidimensional linear systems. Thus,
we have a possibility of identifying the bistability phe-
nomenon in the multidimensional case.

We indicate the connection between the above
resonance solutions and the stability problem for
Egs. (2.7)—«2.9) with i = 0 (thelinear problem). In this
case, we seek solutionsto Egs. (2.7)—<2.9) in the form

—_Tm_ i
an an

m=0z+1 .. (510)

E = Re(e “Po() +n(x. 1)), (5.11)
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where |n| < |y From (2.8), (2.9) and (3.3), we can
assume that n satisfies the boundary conditions

e Y for x<0,
n=n0.
7" for x> a,

with o that is complex but close to k. Clearly, n is of
the form n = &'9€, where & satisfies Egs. (5.8) and (5.9),
and consequently, o is given in (5.10). The resonance
eigenvalues therefore serve as the stability exponents
for solution (3.1) in the linear case (because Imo < O,

"Wy(X) is stable).

(5.12)

the solution & ¢

6. CONSERVATION LAWS

In this section, we describe conservation laws
obeyed by Eq. (4.4). We consider x as atime variable.
We first define the “energy” density

e(y) = [W1?+G(yl), (6.1)
where

G(u) = Isl(v)dv = u+pu. (6.2)

Using Eqg. (4.4), we conclude that de()/dx = 0, and,
therefore,

e(W) =W+ W +pulyl* = c>0.  (63)
In the same way, it follows that the flux density j =
Im(P oY/ox) is aso conserved, | = C,. To combine

these two conservation laws, it is convenient to pass to
the polar representation

g = Jpe“. (6.4)
The conservation of the flux the gives
pa' = C,. (6.5

In classical mechanics, this equation expresses the
angular momentum conservation or the Kepler law: the
rate of change of the area swept by the radius vector of
a particle in a central potentia is constant. Together
with the energy conservation equation, this equation
gives

p? = 4(-C;+Cp—g(p)), (6.6)

where g(p) = pG(p) = p? + up3. Starting with this equa-
tion and boundary conditions (4.8), (4.9), we derive our
main equations in the next section.

7. THE MAIN EQUATIONS

In this section, we derive the equations for p and
IT]? = p(b) on which we base our analysis. We observe
that the right-hand side of Eqg. (6.6) contains two inte-
gration constants (or conservation constants). We use
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boundary conditions (4.8) and (4.9) to express these
constants in terms of p(0) and p(b).

The boundary condition at x = b gives

10 iadp :
2./p =1 (7.1)
'\/E) x=b n
which implies
a'(b) = % and p'(b) = O. (7.2)

Equation (6.5) and thefirst equationin (7.2) yield C, =
p(b)/n, and therefore,

. _ p(b)
a = —n-p— (7.3)
Equations (6.6) and C, = p(b)/n give
* = 1), (7.4)
where
2
f(p) = 4328 +cp-gof] (75)
Equations (7.2) and (7.4), (7.5) imply that p(b) = [T|?is
aroot of
fi(p(b)) = 0, (7.6)
where
f,(0) = Cu-Su’—g(u). (7.7)
n

Equations (7.4)—7.7) constitute all the basic equa-
tions of our analysis except one equation. We now find
the constant C as a function of p(b) by solving
Egs. (7.6), (7.7) for C,

C%H

Thisisaquadratic relation between p(0) and p(b). Sub-
stituting Eq. (7.8) in Eq. (7.5), wefind

=-p(b) + pp(b)°. (7.8)

b 2
f(o) = 4L
L (7.9
+p(b)H + ;Z%p +up(b)’p—p°—pup’H
Finally, we find the remaining basic equation using the

boundary condition at x = 0. Using Egs. (6.4), (7.3), and
(7.4), we rewrite Eq. (4.9) as

Ba(m T

g

o

f(p(0) + p(o)3= (7.10)
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which implies, after taking the absolute value,

1
(p(O) +p(b))" + Zn°f(P(0)) = 4p(0).  (7.11)
Inserting expression (7.9) for f(p) in (7.11), we obtain,
after simple transformations,

d(p(b), p(0)) = 0O, (7.12)

where

d(u, v) = un’v’+ (- 1)v
g o (7.13)
—(nN"+3)u—n"pu” +4.

We now can formulate the problem as follows. We
must solve the differential equation p'? = f(p) with the
boundary values p(0) and p(b) satisfying the equation
¢ (p(b), p(0)) = 0, wheref and ¢ are given by the respec-
tive equations (7.9) and (7.13).

We split our task asfollows:

(i) Using Egs. (7.4) and (7.9), we first determine
p(0) asafunction of p(b). Here, we consider p(b) asan
initial condition for the dynamic system

P = £Jf(P)-

where x, = max(x, 0). We then solve (7.14) backwards,
from x = b to x = 0 (with the change of signs at turning
points, f(p) = 0!) and find p(0) as afunction of p(b), n,
and u. Here, the cases where p'(0) > 0 and p'(0) < 0 can
be considered separately.

(i) We then insert p(0) found in step (i) in Eq. (7.12).
The result is an algebraic equation for p(b) = [T|%
In generadl, this algebraic equation has several solutions
depending on 1 and n.

The essence of thisanalysis can beinferred from the
form of Egs. (7.9) and (7.14), without solving them.
Indeed, let p,, p,, and p; be the roots of the equation
f(p) = 0. Aswe aready know, one of these rootsis p(b),
for example p, = p(b). We let p; < p,. It isnot difficult
to show (see below) that p, < p, (in fact, p, < (1 +
up,)tn?p,) and p; < 0. The roots of f(p) are equilibria
and turning points of the dynamic system in Eq. (7.14).

At theseroots, p'=0and ,/f(p), changesitssign. The
behavior of this dynamic systemis shown in Fig. 4.

Open problem. Dynamic system (7.14) is parame-
terized by p,. Its phase portrait should qualitatively
change as p; goes through a turning point. How?

(7.14)

8. EQUATION (7.6)

We now show that we can infer much information
from Eq. (7.6) without solving differentia equation (7.4).
We consider the two simplest cases:
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p(0) fp)

\ _\/
N

Fig. 4. A trgjectory of p'= +/f(p) .

(d) Linear case: G(u) = u, and hence, g(u) = W2 In
this case,

[ 10 2
f(lln)(u) = Cu— + —DU ,
10 = v

and therefore, the equation f!'"™(p(b)) = 0 has, in addi-
tion to the trivial solution p(b) = 0, one nontrivial solu-
tion

C
1+n?

(b) Cubic nonlinearity: G(u) = u + pu?, and there-
fore, g(u) = u? + pus. Inthis case,

p(b) =

f,(u) = Cu— %HniDuZ—UU

Thus, depending on the coefficients, the equation
fi(p(b)) = 0 has, in addition to the trivial solution p(b) =
0, either none or one or two nontrivial solutions. All the
possibilities arelisted in Fig. 5.

Conclusion. In the linear case, we always have one
nontrivial solution (after the division by u, the function
"(U) becomes inear). In the simplest, cubic nonlin-
ear case, depending on C and |, there can be none, one
or two nontrivial solutions for p(b) = T2

9. SOLUTION OF THE NONLINEAR PROBLEM
We first solve differential equation (7.4), p' =

t./f(p).. Recaling that p(b) solves f(p) = 0, we
express f(p) as

f(9) = 4(p(0) - p) up* + 1+ po(o)p - 221) o

Integrating the equation p' = £,/ f(p). , wefind

s - 9.2
7 (92)

(we recall that p, = p(b) and py = p(0)). It isshown in
Appendix 2 that Eq. (9.2) is equivalent, modulo O(l)
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fit C>0,u>0

u

A unique nontrivial solution

h C>0,u=H; <0
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fl C>0’u<ucrit<0

No nontrivial solutions

fl C>O’ucrit<“<0

One nontrivial solution

/i C<0,p<0

Two nontrivial solutions

/i
"' c<op>0

One nontrivial solution

No nontrivial solutions

Fig. 5.

(but keeping terms of the order O(ub)), to the equation

_ 2
fp) o g b
b (=) 1““91

- +1. (9.3)

This equation defines p, (=p(b) = [T]?) asamultivalued
function of p for given values of the parametersnand b.

The turning points of this function are of primary
interest. To find them, we differentiate Eq. (9.3) with

respect to p;,
4 n° _ 3ubn®+1_
== =z 9n 2

2 2 2 4
Pi(n" -1 n 3 n+1
i ) 1-2“017

2b

, (94)

and then solve the resulting two equations for p, and .
Thus, the turning points of p, as a function of u are
given by solutions of Egs. (9.3) and (9.4).

10. TURNING POINT IN THE LARGE-n CASE
(SEMICLASSICAL LIMIT)

Weinvestigate Egs. (9.3) and (9.4) in the case where
2

n> 1. In this case, the factor in both equa

2

(n°-1)
tions can be replaced by 1/n?. We consider two cases.
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(@ |up < 1. Because n > 1, Eq. (9.4) shows that
either p; ~ 1/n? or b is close to Tim, where mis an inte-

ger. We consider the latter case and set
b = mm+d with [3] < 1. (10.2)

Equation (9.3) can then be reduced to the equation

3ub

2
4(1-p1) = N’pip+ =Py - (10.2)

Differentiating this equation with respect to p;, we
obtain the equation for the turning points,

4= 3an p1§ 4bup1|]+ n2§+

We now pass from p, to the variable z defined by

3ub 8
e 2o - 2

3ub

P (10.3)

The resulting equation for z has the solutions

2, = %(—6ni Jont—12).

Substituting in Egs. (10.2) and (10.3) —8/3zfor n(d +
3ubp,/4) and then solving Eqg. (10.2) for p, and

(10.4)
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Eqg. (10.3), for unb we find

2
K _ — 92k

Z
P
' 16+97

()’

for k=1, 2. In the region between these turning points,
all the three solutions of Eq. (10.2) can be repre-
sented as

b_

and pn (10.5)

43(1+2)

= 10.
P1 3mpm (10.6)
and
-_1,4__16
zZ= 3+ 9 5Cosh, (20.7)
whered = ¢;, j =1, 2, 3,isgiven by
0 E1+3;—62+ 81bu%
1 3°n®> 2n°d
o = :—%%I+2T[j +arcsm% 12 2 % (10.8)
0 O 52 ZD 0

Because p, > 0, solutions (10.6) exist only intheregion
ou<0.
(b) n|ub > 1. In this case, n can take an arbitrary

value larger than one. Eliminating trigonometric func-
tionsfrom Egs. (9.3) and (9.4), we arrive at the equation

0w B pyibo—4 B og)
b P (n2+1)%' '

This equation can have either two positive solutions for
p; or none. In thefirst case, one of the solutionsis close
to 1,

oM = 1 1 -1
! 202 + 1Y
- — (10.10)
+ %Eﬂz — 1% -G 42 % :
e+ 19 GBub(n®+ 1)
whilethe other one, p!? , isasolution of acubic equation.

For ubn> 1 and n > 1 the cubic equation is given by
3 4pi 0 4 (f

172 o) >
A positive solution to the last equation is
@ _ 8l
P 32D + cosh(%, (10.11)
_ BDnZDZ . .
where cosh3p = 1+ A graphical solution

8L
to Eq. (10.9) isshown in Fig. 6.
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q a’ AN
EBub(n2+1)% / \
e %2 I\ P

Fig. 6. Graphical solution to Eq. (10.9).

\

(n?+1)°

Fig. 7. Dependence of p; on p; the number of solutions for
agiven .

Using values (10.10) and (10.11) for p,, we obtain
the values for i from Eq. (9.3) as

@ _ 4rm=b_n’
3 b p?+1

(10.12)

and

@ _ n°+1n(m+1/2) b
H 3 b ’

provided |tm—b| < b.

Equations (10.10)—(10.13) give the top (Egs. (10.10)
and (10.12)) and bottom (Egs. (10.11) and (10.13)) turn-
ing points. The distance between the neighboring turn-
ing pointsin the first and the second setsis

(10.13)

2
n“+ 11
3 b (10.19)

be) = L_].]_‘[n_z
ul 3bn2+1

and o, =

The dependence of p; on W is shown graphically in
Fig. 7.

We finally compute the number of solutions for a
given pintheregion |y > 1. Itis given by

N(l.l) = 2(Ntop(u) - Nbottom(u)) + 11

where Ny,(H) and Npgom(H) is the number of the top
and bottom turning pointsin the interval [0, py] and the
coefficient 2 accountsfor the fact that there are two solu-
tions corresponding to each turning point (see Fig. 7).

(10.15)
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We have roughly Nip(H) = WM and Npgom(H) =
W/, and, therefore,

~pudl 10,3
N(L) ZHQM FnE 2n“b' (10.16)
11. STABILITY

In this section, we study the general stability prop-
erties of solutions to boundary value problem (4.4)—
(4.6). A detailed analysis will be given elsewhere.
Clearly, given p; = p(b) = |[W(b)J? = T?, the problem in
Egs. (4.4)—(4.6) has a unique solution. In other words,
solutions of the latter problem can be parameterized by
p;. (This can be done explicitly by expressing p in
termsof p;.) In what follows, we tacitly assume that the
curve (= multivalued function) g = (L) is parameter-
ized by p;. With this parameterization in mind, we
sometimes speak about stability of a point (p;, W)
understanding it as the stability of the corresponding
point (, W).

Our task is to find stability of the solutions of
Egs. (2.7)—(2.9) of form (3.1)—(3.3). To fit this prob-
lem into the standard framework, one would have to
rewrite (2.7) as asystem of the first order Hamiltonian
equations and apply to it arather subtle stability theory
for solitary waves (see, eg., [19] and references
therein). We adopt a direct approach instead. We seek
solutions of Egs. (2.7)—2.9) in theform

%Re[e“w‘(qjo+e“z)] if A isred  (11.2)
&= DRele (o + €5, + €8,)]
Lf A iscomplex, (11.3)

where w = k,, Y, satisfies Egs. (3.2), (3.3), and ¢ are
small and such that
g @* ™% isan outgoing wave

(11.9)
for x<0 and x>a

and similarly for A complex. Thisimplies

DAle—i(uHi)\)x for x<0
E =4 i(W+iA)x (115)
OAe for x>a

for some constants A; and A,, which gives

m = i @ = j i

£0) i(w+iA) and 3 i(w+iA) (11.6)
for A real. For A complex, the boundary conditions are

GO) _ iy B@

£.0) = —i(w+iA), ) i(w+iA) (AL7)
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and

For simplicity, we dea only with the case in
Eq. (11.2), the case (11.3) is treated in a similar way.
Substituting (11.2) in (2.7), we derive the linearized
equation for & (seeAppendix 1 for asimilar derivation),

La(€) = 0, (11.9)
where, with 0 = w + iA and €'(s, X) = 9¢(s, X)/0s,
) 2 2
La(€) = 05& + 0 e(|W|", X)& (1110

+0°€ (||, X)WoRe(Wg).
Equation (11.9) is a nonlinear eigenvalue problem. We

observe that the operator family L, satisfies, Ly =L,
with respect to the inner product

(&.n) = Re_[in-

A crucia role in our analysis is played by the fol-
lowing result which is stated directly for the rescaled
function Y(x) = AP(xK), k = kgn.

Theorem. ({, i) isaturning point iff

(11.11)

oy _
30, solves Ly&) = O
at that point.

Proof. We write Eq. (4.1) asF(y, p) =0 and let Y =
Y(p,) and p = p(p,). Differentiating the last equation
with respect to p,, we abtain

0 oF 0
Fy(b, Il)a—ng’f ﬁ(llh H a—gl =0,

(11.12)

(11.13)

where F (W, W) is the variational derivative of F(y, p)
with respect to Y. We note that F({, 1) isequa to Ly up

toarescaling. Now, (Jj, i) isaturning point iff op/op, =
0 at that point, and therefore, iff Fy, (I, [1) dW/dp, = 0.
This theorem implies that

A = 0 isan eigenvalue of (rescaled)

11.14
Eqg. (11.9)«—(p4, W) isaturning point. ( )

We claim that A changesits sign as p, passes a turning
point,

oA <0 atatop turning point
dp; >0 at abottom turning point,

where top and bottom refers to the turning points of
P1 = Pa(W)-

Equations (11.14) and (11.15) suggest that the real
eigenvalue A, is negative on the top branches of p; =
p1(L) (see Fig. 8), while A > 0 on the bottom ones.
Hence, the bottom branches are unstable. In order to

(11.15)
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understand the stability properties of the top branches,
one has to envoke the remaining, complex eigenvalues.
We expect that they are stable near the top turning
points and unstable el sewhere.

Equation (11.15) is proved by a perturbation theory,
which requires the information about solutions to
(11.9) only at the turning point. The details will be pre-
sented elsewhere.

Comparing Egs. (11.6) and (11.9) with Egs. (5.8)
and (5.9), i.e, with the equations for the resonance
solution in the linear case, we conclude that the former
equations describe the resonance solution in the nonlin-
ear case (the nonlinear resonance). It is remarkable that
while the corresponding problem isalways stablein the
linear case (see Eq. (5.10)), the stable and unstable
branches alternate in the nonlinear case.

12. EXPRESSION FOR Y

In this section, we find an approximate form of the
solution Y to Eq. (4.4). Thisinformation is needed, in
particular, for a more detailed study of the stability of
various branches.

Wefirst find the function p(x) for 0 < x < b. For this,
we replace Eq. (9.2) with the equation

p(X)
: [ P -
Po m

which is integrated in the same way as (9.2) to yield
(see Appendix 2)

p(Y) = 2p1m+ ol coszv(x)m, (12.1)

where
b-—x
3Up; 10
== Eu

vy = (12.2)

We next find the expression for a = arg(y) that
matches (12.1). Observing that

1 1[| n 1 —|y
1 + + %L o>~ + e
we seek o inthe form
a(x) = a(x) +p(x), (12.3)

where @(X) = —arctan[n ‘tany(x)] and where the
function B isto be found using Eq. (7.3) for a. The lat-
ter gives, modulo O(l),

B()——s“p%*u L@ -a(0) + B0). (12.4)
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P
x = stable (A < 0)
o = unstable (A > 0)
g | ¥ > 0
(n°+1)°
sl
Fig. 8.
Theinitial condition 3(0) isfound from
B(0) = a(0) - arctan%tany(O)E (12.5)
and
a(0) = arccot D___n_Q___D‘ (12.6)

The function B(X) can aso be represented as (again
modulo O(l))

BOX) = BO) - 3“pl%+

X (12.7)

I ol + = + %L cosZy(y)

Putting Egs. (12.1) and (12.3) together, we write P(x) =
ol € as

n+1 i3(x)[ —iy(x
W) = T o™ €+

where y(x) is given by Eq. (12.2) and

n-1 1 |y(x)

+0—e } (12.8)

Upl

O(x) = const + — (b X).

The explicit form of | reflects the picture of anon-
linear wave propagation: it is a superposition of two
wavestravelling in opposite directionswith slightly dif-
ferent speed. The nonlinearity leads to a renormaliza-
tion of the wave vector,

ot -22G 2

and to the appearance of a slowly varying phase 3(x).

Expression (12.8) for Y will be used in the study of
the stability problem which will appear elsewhere.
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Py Stable
Unstable

Fig. 9. Switching of solutions.

13. CONCLUSION

As we see from Fig. 8, a small change of the light
intensity (i.e., of Y) near a turning point is capable of
switching the system from one state (solution ) to
another. Namely, moving around a turning point
changes a stable solution into an unstable one; under
the action of a random perturbation, the system then
jumpsto astable solution asshownin Fig. 9. Thiseither
turns on or turns off the light passing through the slab.

At the next step, we would like to address the non-
linear stability problem, in other words, to study solu-
tions of Egs. (2.7)—(2.9) with the initial conditions

closeto the solitary wave e kotqJO(x) inthe caseswhere
W, isonastable branch and, moreinterestingly, inthe case
where |, is on the unstable branch (see Eq. (5.11)). Inthe
latter case, it is desirable to find a mathematical descrip-
tion to the processes described above (see Fig. 9).

The second author is grateful to Doug Mills for
fruitful discussions and encouragement. Supported by
NSERC under Grant NA7901.

APPENDIX 1
One-Mode Approximation

Inthisappendix, wederive Eq. (3.2), whichisaone-
mode approximation to Eq. (2.7). We seek a solution to
Eq. (2.7) intheform

—i(2n+ 1)kt

Yn(X)). (Al

E(x, 1) = zR(

Substituting (A1.1) in (2.7), we obtain an infinite sys-
tem of coupled equations for the coefficients Y,(x), n =
0, 1, ..., the £n-th equation read off from the coefficient

in front of e " "' Because of boundary condi-
tions (2.8), (2.9), it is easy to show that Y, = O(f").
Hence, the contribution of ,,, n= 1, to the n = 0 equa-

tionisof theorder O( ﬂz ), and we drop this contribution
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in the leading-order approximation. Finaly, to derive
the n = 0 equation, we use the relation

—ikot —ikot

—(IRe( Wo)| “Re(e™ )
6 Dl ZD’L 'ko
at2m2|¢o| q:||:|
62[41 —2ikot 2[41 kot
+—=e [p
or?t4 1 (AL2)
+ terms proportional on e and &
2|j]_ |th
atZDﬂfNJO|
+ terms proportiona to e ande™"".

In the above approximation, thisexpression immediatly
implies Eqg. (3.2).

APPENDIX 2
Computation of I _do_

The derivation of EqQ. (9.3). We set p; =
recall expression (9.1) for f(p),

p(b) and

f(p) = 4(p1—p)[ up +<1+upl>p——] (A2.1)

We observethat p, isaroot of the equation f(p) = 0. We
find the other two roots,

P23 = (2u)‘1[—(1+up1)i J(uupl) + ile
(A2.2)
e Lot I PR TN
2 21"
S n*(1+pp,)
The expansion in powers of W shows that
HP
P2 = 5 ——H -1+ 0
n 1+ n?
“(1+ppy) "23)
?E*l HosL + > 1D oy
and
_ 1 1[]
Ps = _ﬁ[“ ML+ n—ﬂ} +O(W).  (A249)
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Clearly, for u small and n = 1, a safe way to expand Combining Egs. (A2.7)—(A2.9), we obtain
f 12(p) is by expanding

Py

12 d
(Mp—pps) 2 = [1 + pplgl + n_D +up + O(u )} ZI% = —‘U«/(pl Po)(Po—P2)
Po
= l——uﬁ’ +—+0H+O(u2)- +[l—£u%p1+pz+2i—g} (A2.10)
Hence, for 5 [g_ arcsin[Zpo— (pat pz)ﬂ.
f(p) = <4(P—p)(P—P)(HP—HPs)  (A25) 2 P1=P
we obtain, modulo O(?), mogglgg)etohglz;/vith Egs. (9.2) and (A2.3), this gives,
1——uEp *s pH [1——u%l pl}[__amn[Zpo—(pﬁpz)ﬂ
21 %) = (A2.6) ) P1—P2
[-(P—pP)(P- pz)] (A2.11)

Our aim is to integrate this expression. For this, we —EHJ(Dl—Po)(Po—Dz) = *2b.

present it as This can be rewritten as
ngpl 2p2 + p_:l]:] 2p0_(pl + p2)
-2 n
26(p) = = = ; P1—P2
P—pP(P—P: (A2.7) _ OS+2b+uJ(p1 P)(Po—po)i2  (A212)

1
—p+5(P1+pP2) _9°
A | -G+ 2 ﬂpl
2" J-(p—p)(P—p2)
We let py = p(0) and recall that p; = p(b). We then have

Equations (7.11)—(7.12) now imply

0y = (N+3)ps—4
P —p+3 (pl+pz) ° n?—1
[® Eoouoes : 2 : M
P—=PI)P—P2 (A28) N r21 pl[pi_((n +23)p12—4) }+O(p.2).
= —J(P1—Po)(Po—P2)- n- (n"-1)
Utilizing that Inserting this expression for p, and Eq. (A2.3) for p, in
Eqg. (A2.12), wefinally obtain an equation for p, only,
Elfarcsinxang = L 2(—1] 41-p) 1’
1-X=P) Pr (n*-1)°
q
- 1 - 1 x[l_ 'y (" +1)p, 2)_M}
Je—(x=p? p+a-x(x-p+a) (n*-1)° n(n°-1)
and setting p = (p, + p)/2 and q = (P, - p2)/2, we obtain b+ s 1)J( —py)n((n*+1)"p, —4n°)
. 2 —
+ Py =s8n
%_MD 3“%‘4_ pl

I - acsn2l 2 T =
/\/(pl p)(p P2) 0 Pi7P2 5 o, (A2.9) (A2.14)
_ modulo O(u?) terms. We simplify this equation by
=0 arcsin[w] dropping terms of the order O() (but keeping terms of

2 P1—P2 the order O(ub)!) to obtain Eq. (9.3).
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The derivation of Egs. (12.1), (12.2). Proceeding
as above, we obtain

p(x)
[ iy~
5 [ arcsin[Zp(X)p: Epp12+ pz)}

2po—(p1 + pz)ﬂ
P1—P2

(A2.15)

—arcsin[

+ 31 =P (P09 —p2) — (P =P (o —P2)|

(Eq. (A2.15) with x = byidlds, asit should, Eq. (A2.10)).
Using this expression, we find an approximate solution
of the equation

PO

o
| 7o

for p(x) by dropping terms of the order O(l) but keep-
ing terms of the order O(ub). Thisyields

PO) = 5(py+Pa) +5(Py—P2)00S2Y(¥), (A2.16)

where

V) = —eb=X
1_3H_P1E¢Tl+im'
2 0

Inserting expression (A2.3) for p, in the right-hand
side, we arrive at Egs. (12.1) and (12.2).

APPENDIX 3

In this appendix, we outline another derivation of
the expression for the solution @ of Eqg. (4.4). In this
derivation, we consider (4.4) asalinear equation for g
by assuming that |f = p in this equation is given by
(12.1) and (12.2). We seek two linearly independent
solutions of the resulting equation in the Bloch function
the form

[A€Y® + B9 "~ 1 O(p) (A3.1)

for some v, A, and B. Inserting this in the equation in
guestion and using the solvability condition for the con-
stants A and B, we obtain, after asimple calculation,

vV = A, where A = H—p—l. (A3.2)
2n
With these values for v, we solve for A as
_nxl
A= s 1B.

As a result, the general solution of the above linear
equation is given by
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_ 17 v 17_-iyooH_-iao-x)
g = C%H— e +=El-—=e " Qe
n %L - 0

(A3.3)
L, 10 -ve 10 veoE in -
+D[HL+==e +HAl-=—=e’"" e .
D%l s -1 0
From boundary condition (4.9), we find
c =Ml 30p (A3.4)

4 [p ZHZD
Hence, thelast termin (A3.3) is O(l) and can therefore
be omitted. Finally, we use that |(b)| = jﬁl to find
that |D| = ./p,/2, and therefore,

W = % p1|:e—|y(x) + ET::II:er(X):'eIBHMb_X)v (A35)
where A is given by Eq. (A3.2) and B is some constant
related to a(0) in asimple way.

Thevaue of |P|that followsfrom (A3.5) isthe same
asthat given by Eq. (12.1).
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Abstract—If atwo-level atom isin the two-photon resonance with a quantized mode and simultaneously inter-
actswith aquasi-resonance classical field, then a photon exchange is observed in this system between the quan-
tized and classical modes. It isdemonstrated that such aphysical system can serve as asource of squeezed radi-
ation in the quantized mode. The squeezing can be arbitrarily close to unity, while the radiation amplitude can
be relatively large. A situation is discussed when N atoms are in the two-photon resonance with a quantized
mode and simultaneoudly interact with a classical field. The phenomenon of exponential superradiation is
described when the number of photonsin the quantized mode exponentially depends on the number N of atoms.

© 2001 MAIK * Nauka/Interperiodica” .

1. INTRODUCTION

Recently, physical systems based on the simulta-
neous interaction of an atom with a quantized mode and
classical fields have been intensively studied (see[1-12]).
In these studies, classical fields, whose parameters can
easily be specified in practice, provide an efficient tool
for controlling the interaction between an atom and a
quantized field.

There exists a natura hierarchy of scales in such
physical systems; usualy, classical fields are much
more intense than quantized fields. This means that, if
the appropriate interaction constants of an atom with
fields are of the same order of magnitude, then the
effective Rabi parameter of the classical field is much
greater than the effective Rabi parameter of the quan-
tized field. Thus, the dynamics of the system isdivided
into two parts: a“fast” one, connected with the interac-
tion of an atom (or atoms if there are several of them)
with the classical field, and the “slow” one, which cor-
responds to the interaction of the atom with the quan-
tized field. This fact leads to the description of the
dynamics of asystem that is“averaged” with respect to
fast oscillations. As is shown below, in this case,
“closed” and “open” types of resonance may occur
when the dynamics averaged over fast oscillations is
nontrivial. In the present paper, we discuss open reso-
nances, so that, under an appropriate resonance condi-
tion, there is no conservation law for excitations in the
averaged system (in contrast to the standard Jaynes—
Cummings mode!).

The dynamics of a two-photon Jaynes-Cummings
model was earlier discussed in [13-18]. The study of
the dynamics of a two-photon Jaynes—-Cummings
model interacting with a classical field was carried out
in [9, 10] mainly by numerical experiments. Various

aspects of the dynamics of one-photon Jaynes—-Cum-
mings models interacting with classical fields were
studied in [1-5] for closed resonances. A one-photon
Jaynes—-Cummings system for an open resonance was
considered in [6], the case of N two-level atoms was
discussed in [7], and the case of N three-level atoms, in
[8]. The papers[11, 12] were devoted to the study of the
dynamics of a two-photon Jaynes-Cummings system
(the case of a single atom was considered) interacting
with aclassical field.

In the present paper, we restrict the discussion to
two-level atoms. Similar results can aso be obtained
for three-level atoms. From the viewpoint of applica-
tions, the use of three-level atoms can be even more
attractive, since, in the three-level case, it seems to be
easier to find areal atom with transitions corresponding
to relevant resonance conditions. However, the techni-
cal detailsin the case of three-level atoms are somewhat
more cumbersome, although the physics of the pro-
cesses is essentially the same. Therefore, we restrict
ourselves to the case of two-level atoms. Here, we will
not discuss a possible influence of anintermediate level
assuming that this level is eliminated adiabatically (as
is usually assumed when analyzing atwo-photon inter-
action). In addition, we will neglect the decay of the
guantized mode; i.e., we assume that the resonator con-
Sidered isideal.

This paper is organized as follows. In Section 2, we
consider the dynamics of a single two-level atom that
simultaneously interacts with a quasi-resonance classi-
cal field and (in a two-photon approximation) with a
guantized mode. For an open resonance, applying an
appropriate averaging procedure, we obtain a Hamilto-
nian averaged over fast oscillations and analyze the
dynamics of the corresponding system. Our methods
make it possible to obtain a full analytic description of
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such dynamics and calculate the basic quantum-statis-
tical characteristics of the quantized field. Then, using
these results (which were partly obtained in [11, 12]),
wediscussthe interaction of N atomswith classical and
guantized fields. We demonstrate that situations are
possible when the population of the quantized mode
exponentially grows with time, where the exponent isa
linear function of N, the number of atoms.

2. A SINGLE ATOM INTERACTING
WITH A QUANTIZED MODE
AND A CLASSICAL FIELD

L et usbegin our analysiswith the casewhen asingle
atom interacts with quantized and classical fields. Here,
our goal is to describe the quantum-statistical proper-
ties of a quantized radiation and to construct a neces-
sary formalism for studying the case of N atoms. We
will discussthe solution of aproblem for an appropriate
Schrodinger equation; i.e., we will use the Schrédinger
representation.

2.1. Basic Concepts

The starting point of our analysisisthe Hamiltonian
describing the interaction of a two-level atom with a
guantized mode (two-photon interaction) and a classi-
cal monochromatic field (quasi-resonance interaction).
Within a dipole approximation and the rotating wave
approximation, this Hamiltonian is expressed as

H = wa'a+kJy+{(a")’J_+a%J}
+p[I_exp(iQt) + I, exp(-iQt)],

(D)

where a* and a are the creation and annihilation opera-
tors for a quantized field of frequency w, Q stands for
the frequency of the classical field, and the operators

O O
T DOOD
o100

Jo = diag{1,-1, J_=J

+

describe a two-level atom interacting with externa
fields; here, the known commutation relations hold:
[a,a"] =1, [JpnJd] = -2J,
The parameter  in (1) describes the coupling constant
of the atom and the quantized mode, and [ is the
(scaled) amplitude of the classical field. It followsfrom
standard commutation relations that the following
equations hold for any analytic function q(s):

[Jo, Ju] = 2J..

aq(a’a) = q(a’a+1)a,

a'q(a’a) = g(a'a-1)a’,
J_0(Jo) = a(Jo+2)J.,

J.0(Jo) = a(Jo—2)J..

)
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We will focus on the dynamics of the wave function
defined by the Schrédinger equation

d

=W = HY. ©)

As we have dready noted, the Hamiltonian (1) is
written in the rotating wave approximation. This means
that the optical frequency is much greater than al the
other frequency parameters of the problem. Similar
Hamiltonians (for a one-photon interaction, under the
conditions of thetype w=Q or w= 2Kk = Q) were used
in[1-3].

Hamiltonian (1) contains several frequency parame-
ters defined by the characteristics of the atom and the
fields. These are the optical frequency w ~k ~ Q/2, the
Rabi parameter R~ 1 of the classical field, and the Rabi

parameter R, of the quantized mode, R, ~ {+/n(t) (n(t)
is the population of the quantized mode, i.e., the aver-
age number of photonsin the quantized mode). Hence-
forth, we assume that

(4)

Note that the population n(t) is not known a priori.
Therefore, we either have to check the validity of (4)
a posteriori, or restrict oursel vesto the consideration of
thosetimeinterval sfor which this condition is satisfied.

R> R,

Thefunctionsthat substantially vary within thetime

intervals R‘l(Rgl) are called fast (slow) functions. Our

immediate goal isto separate the fast oscillations, asso-
ciated with theinteraction of the atom with the classical
field, from the slow evolution, associated with the inter-
action with the quantized mode. In other words, we
derive aHamiltonian averaged over fast oscillations. As
the first step, we apply the known transformation that
separates optical frequencies:

W(t) = exp[-iwt(a’a+Jy)]P(t). (5)
It reduces the Schrédinger equation to the form
iagtq’ = {(k-w)Jp+[(a) I_+ad,]
(6)

+u[J_exp[—i (2w - Q)]
+J,.exp[i(2w— Q)t]]}P .

Next, suppose that the 2 x 2 matrix function =(t) is
asolution to the following auxiliary initial problem:

51— = {(K=0)Jo+ H[J_exp[-i (20— Q)]

(7)
+J.exp[i(Qw— Qt]]}= ,

=(0) =1, (8)
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where | isa 2 x 2 identity matrix. We can easily show
that

=(t) = exp[i(2w— Q)tJ /2] Uexp[-iRtIJ U™,

O _
U=0 HoA RD,
OR-A p O
R = Jp’+A% A:K—%.

We seek a solution to (6) in the form
(1) = (1) (1). 9

It follows from the results given below that formula (9)
describes awave function as a product of fast and slow
cofactors.

Using relation (7), we obtain the following equation
for the function ¢(t):

20(1) = 22O I_+a D)=, (10)

Thus, we pass from the wave function W(t) to ¢(t)
using the substitution

W(t) = exp[-iwt(a’a+Io)]=(1)o(1),
here, as follows from (8),

$(0) = W¥(0).

Equation (10) is simpler than Eq. (3) sinceitsright-
hand side is proportional to a (relatively) small param-
eter R,. This fact alows one to apply an appropriate
asymptotic procedure for constructing a solution to
(10) in the leading asymptotic order. Such a procedure
was earlier discussed in [6-8] and issimilar to the stan-
dard averaging procedure. In this case, we seek a solu-
tion to the equation

20t

= COE(0){ (@) I+ a I )= ()T (t).

Here, [II..Mdenotes that we have rejected the fast har-
monics with frequencies of order R on the right-hand
side of (10).

Note that the operators =(t) and exp[—wt(a*a + J)]
are unitary operators. The Fock operatorsa and a* com-
mute with the operators exp(—iwtJy/2) and =(t). Hence,
if we calculate [GL]where G is a purely Fock operator
that is polynomial in a*a, then

GO= @ (1), GYH)D= B (1), Gé(t)d  (12)

The atoms interacting with quasi-resonant and clas-
sical fields can be considered as atoms dressed by the
field with a quantized mode. In these terms, our prob-
lem can be considered as a two-photon interaction of
atomsdressed by the field with aquantized mode. Rela-

(11)
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tion (9) can beinterpreted as atransition to the basis of
states of atoms dressed by thefield.

2.2. Averaged Hamiltonian

Simple calculationswith the use of our resultsimply
that the operator

=Y)[(@) I +a%3,]= (1)
contains the following harmonics:
*2w-Q), *(2w-Q=*2R).

Thus, there are three situations when the averaging
yields a nontrivial (i.e., nonzero in the leading asymp-
totic order) result.

1 |R-(2w-Q)/2| = |o] < R. In this case, the aver-
aged Hamiltonian is given by

H,=u’D'U

. O
0 a’exp[2iot] Oyt
D ’

O
x U

D 12 .

0(a’) exp[-2iot] 0 O

where
D = detU = p’+ (R-A)°.

2. R+ (2w-Q)/2| = |n| < R. Inthis case, the aver-
aged Hamiltonian on the right-hand side of (11) is
given by

H, =-Z(R-A)’D™'U

0 2 . g
XB 0 (a’) exp[2int] Eu—l_
Ja’exp[-2int] 0 0

In these cases, we obtain a Hamiltonian that coin-
cides (after trivia transformations) with the ordinary
Hamiltonian of a two-photon Jaynes-Cummings
model. Here, asiswell-known, the conservation law for
excitations holds in the system. Therefore, we refer to
these resonance conditions as closed conditions.

3. 20— Q)|/2 = |v| < R The averaging of the right-
hand side of (11) yields

H; = u(R-08)D7((a") €™ +a’e ") ud,u™.

It follows from the results below that the conserva-
tion law for excitations does not hold for this Hamilto-
nian (just as for the original Hamiltonian). This fact
reflects a sharp difference between the dynamics of this
system and the systems controlled by ordinary Jaynes—
Cummings two-photon Hamiltonian. In view of this
fact, we can refer to this resonance condition as open
condition. Below, we will discuss in detail the charac-
teristic features of this very case. Note that condi-
tions 1-3 can be satisfied by choosing appropriate fre-
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guencies of externa fields and the amplitude of the
classical field.

The averaged Hamiltonian thus constructed repre-
sents a product of the Fock and matrix operators. This
fact allows usto make further simplifications. Note that
the eigenvectors of the matrix operator UJ,U are

ApoHpog o - 1R
JOHR-AT 2 plp D

while g, = (<1)k*1, k = 1, 2, are the corresponding
eigenvalues. As follows from the last relation, in this
case, the Hamiltonian of the system is split (up to an
elementary rotation) into two one-dimensional Hamil-
tonians that differ only by sign. Thus, we can restrict
the analysis to a system controlled by the Hamiltonian

e =

2 2|vt —2ivt
),

= p((a’)’ e +a’e (13)
where p = {u(R—A)/D, which corresponds to the solu-
tion of the initial problem with a special vector struc-
ture of the initial condition. This fact allows us to cal-
culate the basic quantum-statistical characteristics of
the quantized radiation corresponding to the special ini-
tial condition. The formulas thus obtained allow us to
describe the wave function in the case of an arbitrary
initial condition as well. These results will allow us to
study the situation when N identical two-level atoms
simultaneously interact with quantized and classical
fields.

2.3. Solution of the Initial Problem

L et usrewrite the Schrodinger equation correspond-
ing to the Hamiltonian (13) in the Fock—Bargmann rep-
resentation (see, for example, [19]) under the substitu-
tionsa—» d/dzanda* — z

% = p(@e0+ 70,0, (14)
After the change of variables
T=1t, y=zexp(ivt)
we arrive at the equation
10: = LBy, +Y°¢] +Vyd,,. (15)

One can solve these equations by separating the
variables (see [11]). However, we will apply a more
convenient formalism involving an appropriate integral
transformation. The detailed description of this
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approach was given in [12]. Omitting cumbersome
details, we can rewrite a solution to Eqg. (15) as

o(z 1) = exp[%zzexp(Zivt) +i(v +|3p)t}
. . 2 (16)
Xstexp[l zexp(wt)s—ﬁ}

x M (sexp[i(v +2Bp)t]),
where

= —(v+v:-4p%)(2p) 7,

and the function M (x) is defined by theinitial data, i.e.,
by the equation

exp[%z—h’ds exp[i ZS— ————Z(V E)-SZBp)}
xT(s) = $(0,2) = Q(2).

If the quantized modeisin acoherent state at theini-
tial moment, Q(2) = exp(c2) we obtain

(17)

exp[%z—zlrds exp[i ZS_E(—V—%S—;EF;S}H(S) = exp(az).

Simple calculations yield the following relation for the
initial problem:

n(s) = —= [“—2—@—3— S g ]
B/ D287 B 28 P2(v+2pp))
and, accordingly,
bzt = (2 “"ZexpEM

K(t)

(18)
ZO(ZA/v —4p exp(ivt) —a px(t) pz exp(2|vt)x(t)D
K(t) D

where
X(t) = exp(iv? - 4p’) — exp(—iv? - 4p™),
K(t) = (v + V7= 4p?) exp(inv? - 4p™)
— (v = V7~ 4p?) exp(-i [V — 4p%).

2.4. Quantum-Satistical Characteristics
of Generated Quantized Radiation

Astheinitial state of the field, we only consider the
vacuum state, setting a = 0, because the case of an arbi-
trary coherent state leads to much more cumbersome
results. More precisely, our initial state is described by
the wave function

W(0) = |o&,,
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where |00 sthe vacuum state of the quantized mode and
e, isthe eigenvector of the matrix U defined above (i.e.,
we consider theinitial condition with the special vector
structure). We will concentrate on purely Fock physical
variables calculated by using an appropriate wave func-
tion, so that, as was noted above, one can trivialy take
into account the vector structure of the wave function.
We will calculate the number of photons in the quan-
tized mode,

n(t) = @'al
and the quantities
D.(t) = [AX.(1))D

where

aexp(iwt) +a’ exp(—iwt)

X.(t) = >

and

aexp(iwt) —a’ exp(—iwt)

X(1) = 2i

are quadrature components of the quantized field [20].
More precisely,

D.(t) = %1[2 [A'al+ 1+ @ exp(2iwt)D

+ [a") exp(=2iwt)0 (19)
— Qaexp(iwt) +a’ exp(=iwt)] ],
D_(t) = i[zm*am 1— @ exp(2iwt)d
(20)

— [{a") exp(=2iwt)]
— li[aexp(iwt) —a exp(—iwt)]f].

The values of these physical quantities describe the
squeezing of the quantized field. One can easily verify
that the corresponding Heisenberg inequaity is
reduced to the inequality

D_(t)D.(t) = 1/16.

If one of these quantitiesis less than 1/4, then the cor-
responding quantized field is called sgueezed. When
calculating these quantities, we will use the results of
the preceding sections and take into account commuta-
tion relation (2). Thus,

n(t) = Idz(dz)exp(—zz)q)(z, t)zdﬂzq)(z, t)

= J’dzdz(zz- Dexp(-z2)0(z, t)d(z t),
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D,(t) = %1 [dzde[222-1% (2 + )]

xexp(-z2)9(z, 1)9(z 1).
Taking into account (18), we can reduce these integrals
to Gaussian ones. We obtain the following results.
(A) If [v]> 2p, then

n(t) = 24p2 _sin“(JVv2—4p%), 21)
v —4p
_1 p
D,(t) = L+
0= 32t
x { (v + /v’ =4p?)cos[2(v + JVZ = 4p7)1] 22
+ (v = V2 —4p?) cos[2(v — v —4p7)H]
—2vcos(2vt)} + %gnzo/vz—@zt).
vZ—4p
(B) If [v|< 2p, then
2 2
n(t) = —2_fsn(JapP v}’ (29)
4p"—v
D.(t) =1+ 22'32 { sinh(:/4p> —v?1)}
4 4p°-v
_ psinh(A/4p2 —vzt)
+ 402 2 (24)
p v

x { J4p® —vZcosh(J4p® —v?t)sin2vt
+vsinh(J/4p” —v’t)cos2vt} .

It follows from relations (21) and (23) that, when
[v] > 2p, the population of the quantized mode oscillates
and its amplitude may take arbitrarily large values,
whereas, when |v| < 2p, the population grows exponen-
tially with time. However, here one should take into
account constraint (4). In other words, these results are
valid on the timeintervals where constraint (4) is satis-
fied. The behavior of D,(t) for variations of the param-
eter { = |p/v| isillustrated by diagramsin Fig.1. These
diagrams show that the quantized radiation is squeezed
(D4(t) < 0.25) within certain time intervals and the
maximum sgqueezing increases up to 1 as ¢ tendsto 1/2
from below and above. The quantity D_(t) exhibitssim-
ilar behavior. Note that, as follows from the relations
obtained, squeezed radiation can be intense at the same
time (i.e., n(t) can assume arbitrarily large values for
the squeezed radiation).

The parameter p differs from the parameter ¢
describing the rel ation between the quantized mode and
an atomic transition in a two-photon resonance only by
afactor of the order of unity. Therefore, this parameter
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Fig. 1. The dynamics of the quadrature component D,(t) for various values of the parameter {: (a) 0.25, (b) 0.45, (c) 0.60, and

(d) 0.52.

israther small, and it israther difficult to satisfy condi-
tion (B) in practice. Condition (B) can beinterpreted as
the condition of fine tuning of the frequencies of the
classical and quantized modes, whereas the open reso-
nance condition given above (condition 3) makes the
sense of coarse tuning condition for these frequencies.
The case of N atoms discussed below makesit possible
to substantially weaken condition (B).
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2.5. A Special Case

A special situation arises when v = 2¢p, € = £1.
Recall that the parameter v is related to the frequency
of theclassical field and, in general, can be chosen arbi-
trarily. This case can be considered using the passage to
the limit as { — 1/2. However, one can also apply a
direct approach. Repeating the arguments above, we
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obtain the following integral representation for the ini-
tial problem:

01 = e[ LB

XJ'exp[i zsexp(ivt) +ipts”— %[}I‘I (s)ds,

where the function M(s) is determined from the initial
data. If the quantized mode was in a coherent state at
theinitial moment, ¢(z, 0) = exp(az), then

1
zt) =
b1 J1=ivt
» eXpEZO(zexp(ivt) —2ivtzz.exp(2ivt) —iva’t _Q/_'[E
0 (1-ivt) 2

(for definiteness, herewe set € = 1). Simple calculations
yield the following resultsin the case a = O:

N(t) = vt

1, v
P =377 (25)

* %[Vztzcos(zw) +vtsin(2vt)] .

Note that the population of the quantized mode
indefinitely increases with time, so that we have to use
an appropriate reservation concerning thetimeintervals
on which our results hold. The behavior of D,(t) in this
case isillustrated in Fig. 2. In this case, the squeezing
of the generated quantized radiation can also be indef-
initely close to 1. One can readily check that expres-
sions (22) and (24) tend to (25) as{ — /2.

Using the results obtained, we can easily describe
the solution to theinitial problem for W(0) = |OL&, where
eisan arbitrary vector describing theinitial state of the
atom. Thisfact will be used below when discussing the
dynamicsin the case of N atoms.

3. COLLECTIVE PHENOMENA
3.1. Basic Notations

As we showed in the preceding section, in the case
of simultaneous interaction of an atom with quantized
and classical fields, the appropriated modes exchange
photons, while the atom playstherole of acertaininter-
mediary of photons. In this case, there exists arange of
parameters where the number of photons in the quan-
tized modes grows exponentially. As we noted above,
condition (B) under which this phenomenon occurs
imposes constraints during practical implementation.
In this section, we consider asituation when N identical
two-level atoms simultaneously interact with a quan-
tized mode and a classical field; here, atwo-photon res-
onance takes place with the quantized mode, whereas
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Fig. 2. Thedynamics of the quadrature component D (t) for
the casev = 2¢p, € = +1; the parameter ¢ = 0.50.

the classical field is quasi-resonant with the atomic
transition. We assume that the atoms are situated at
small distances as compared with the wavelengths of
our modes, so that all atomsidentically interact with opti-
ca fidds. Here, we are interested in cooperative phenom-
enain this system. We will demonstrate that condition (B)
in this case can be substantially weakened.

Thus, in this case, the wave function takes valuesin
the space

L=FOoch c?..oc?

wherethe Fock space F describesthe states of the quan-
tized mode and N copies of the space C? describe the
states of the atoms. The space L can be represented asa
linear envelope of vectors

n=fle,e&, . - &0

where e, are the eigenvectors of the matrix uJut
described above and k,, = 1, 2.

Define the operators J{™, 3™, 3™ and =Mt),
1 <m< Nasfollows: they act on the mth component of
the vector |v;, Vs, ..., V\[as operators Jg, J_, J,, and
=(t) respectively, and do not act on other components.
Then, under our assumptions (within the rotating wave
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approximation), the Hamiltonian of the system describ-
ing the interaction of N atoms with quantized and clas-
sical fields can be expressed as follows:

N
Hy = wa'a+k Z Jom

m=1

+1 Y {(@) I+ (26)

N
uy [I™exp(iQt) + 3™ exp(—i Qt)] .

m=1

We will focus on the evolution of the wave function
Y(t), a solution to the appropriate Schroédinger equa-
tion. Let us separate the optical frequency using an ana-
logue of relation (5):

|:| N
W(t) = exp|-iwt@'a+ Z Jg‘% D(t).
O £ 0

For the function ®(t), we obtain the equation

aclJ(t) E(K w)ZJ(m)

+Z [(a+)2J(_m) +a2J5,m)]
b3
N
+1Y (3™ exp(i(Q - 2w)t)
2

+ 3™ exp(i (20— Q)] D).
[l

The matrices =M(t), m = 1, 2, ..., N, commute.
I ntroduce the matrix
N
=u® =[] =M(1).
m=1

Here, =\(0) isthe identity matrix in
c’Oc’. Oc,
and =(t) isasolution to the equation

N
0— B (m)
lat—N(t)—E(K w) ZlJo

N
+u z [I™exp(i(Q - 2w)t)

m=1

+ 3™ exp(i (20— Q)] EEN(1).
[l
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Substituting ®(t) = Z\(t)$(t), we arrive at the equation
for the function ¢(t):

280 = 7=

N (27
x 3 [(@)°I7 + @M (00 (D).

Here, $(0) = ®(0). The operator

o, M

exp| —iwt[@'a+ Z JémH =a(h)
O = o

is unitary and commutes with the operator a*a. Thus,

for the purely Fock operator G = (a*a)™, we obtain

GO = [@(1), GY(H)D= (1), Go(t)d

3.2. Sow Dynamics

Asin the case of a single atom, the right-hand side
of Eq. (27) contains fast and slow oscillations. Deleting
fast oscillations, we obtain an equation describing the
slow evolution of the system during the interaction of
atoms with a quantized field:

100 (t)
ot

<<—‘1(t) 2 (@)™ +a J(m’]_N<t)¢(t)>>

As before, we discuss here the case
20-Q = 2v| < R,

where R is the Rabi parameter of the classical field.
This condition imposes a constraint on the difference
between the frequencies of the classical and quantized
modes. In this case, the averaging procedure yields a
nontrivial (i.e,, nonzero in the leading asymptotic
order) contribution; thus, we abtain

Hay = p[(a+)2exp(2ivt) + a’exp(=2ivt)]
Z U5t

where the matrix U,, acts as matrix U on the mth com-
ponent of the wave function and does not act on other
components. This Hamiltonian governsthe evolution of
a system consisting of atoms dressed by the field and a
guantized component. Asfor asingle atom, this Hamil-
tonian is a product of the Fock operator

(@) exp(2ivt) + a%exp(=2ivt)
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and amatrix operator. Thus, after passing to the expan-
sion over the vector basis |g, &, ..., & [ which are

the eigenvectors of the matrix
N
S Unds"Un,
m=1
the averaged Hamiltonian splits into a set of one-

dimensional Hamiltonians. Accordingly, we represent
the required wave function as follows:

00 = 3 No(Vle 618,

where the functions n4(t) take values in a Fock space,
0 denotes a set of N numbers ky, ks, ..., ky each of
which assumes the values 1 or 2, and the summation is
over al such sets g. For each ny(t), we obtain

ng(t) _
I ot P (28)

x[(a") exp(2ivt) + aexp(-2ivt)In 4(1),

where
N k
m+l
=3 D"
m=1

here, the summation is performed over all humber k,,
that form a set 0. Thus, S; denotes the summation over

m eigenval ues of the operatorsU,,,J E,m) U;l , these eigen-
values being equal to £1. Note that only coefficient S;
in Eq. (28) dependson 0. A solution to theinitial prob-
lemfor Eq. (28) with n,(z, 0) = Q,(2) isdescribed by an
obvious modification of formulas (16) and (17). Thus,
under our assumptions, the initial problem can be
solved in analytic terms for any initial datain the case
of N atoms as well.

3.3. Cooperative Behavior

Let us discuss the following initial problem: at the
initiad moment, a quantized mode is in the vacuum
state, and all atoms are in the same initial state v J C2
such that

vV = e,CcosX + e,siny.

Expanding the wave function of the system over the
above basis, we arrive at the following initials for the
individual components of this expansion:

No(z 0) = (cosx)" “(sinx)"

(here, k denotes the number of twosin the set 0). For a
given set ¢, we denote this number by |o|. Then,

No(z 1) = (cosx)" ™ (sinX) d4(z 1),
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where the function ¢,4(z t) is defined by (18) with
regard to the substitution p — pS,;. Note that, if |o| =

k, then S, = N — 2k and, for a given k, there exist %L\E
different sets o with fixed |o]. According to the previous
results, we obtain the following expression for the Fock
operator G = (a*a)™ within the Fock—Bargmann repre-
sentation:

[GO= B (z 1), Gd(z )0

= Z Iddeexp(—ZZ)no(z, t)Gny(z t)

o

= z ZIddeexp(—zz)r]c(z, t)Gns(z t)

k=0 |o| =K
N

= 3 Bcosx)™ *(sinx)™
k=0

 [dzdzexp(~22)§o(Z ) Go(Z 1) -1
Here, we have availed ourselves of the fact that the
coefficients ny(z, t) with identical S; coincide.

Using our results, let us determine the number of
photons in the quantized mode. The appropriate inte-
grals have aready been calculated earlier, and we
obtain

0= 5 B(cosx)™ *(sinx)™
k=0

4p(N - 2k)° (29)
4p%(N = 2k)*=Vv?

x [sinh(J/4p2(N = 2k)2—v2t)] .

X

Note that we used formula (23), which corresponds to
the case

4p°(N - 2k)*~v?>0.

As follows from our results, other situations can be
considered with the use of a procedure of analytic con-
tinuation of thisrelation.

The analytical investigation of the sum on the right-
hand side of the last formula presents a difficult prob-
lem. However, this problem can be simplified when the
number N islarge. In this case, we can rewrite the sum
as an integral after the substitutions

k:NDl__ED

-1 -
05 o dE~N, v = 2Np6.
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This transformation preserves the leading term of the
asymptotic for large N. Using the Stirling formulafor a
gamma function, for N > 1 we obtain

1 £°dg
Ch(t)O= A/7|sm)(cosx| :[(E e)J—

x { exp[NpL(&, 1)] + exp[Np_(E, t)]
—2exp[Np_(&, 0)]},

h(ED = 5[+ inF

F(1- z)lngl2 D}+n§+4ph/ £2_¢,

where n = In|coty| . Thus, we have to calculate three
integrals with alarge parameter in the argument of the
exponential function in the expression under the inte-
gral sign. To this end, we can apply the Laplace
method. In this paper we restrict the analysis to the sit-
uation when the parameter 6 issmall. Recall that, for a
single atom, it isa similar situation where we observed
exponentially growing populations of the quantized
mode.

Differentiating the function P, (&, t) with respect &,
we obtain the following equations for the critical
poi nts &.(t):

(30)

——| [{1 Eﬁ] tpE:r
ED /\/Ei_ez

These are transcendental equations that cannot be
solved explicitly in the general case. However, we can
analyze their solutions for small values of the parame-
ter 6. For definiteness, let usset n > 0 and consider first
the equation for &,(t). Neglecting the terms of order 62,
we obtain

dE +(E+’ t) = + n = 0 (31)

£.(1) = exp(2n +8tp) —1
¥ exp(2n +8tp) +1°
Astincreases, &, (t) increases and tendsto 1. Note that
d’ -1
oM+ E+,t = <
dzzu (&4 1) -z

G+

0,

so that the point &, maximizesthe function (¢, t) and,
according to the Laplace method, determines the
asymptoticsin N of the corresponding integral.

Next, let us consider the behavior of the solution &_(t)
ast increases. The calculations show that this quantity
decreases starting from the value ¢_(0) = n, becomes
complex at t ~ n/4p, and tendsto zero ast increases fur-
ther. For complex values of &_(t), one should apply the
saddle-point method instead of the Laplace method.
However, even these qualitative considerations show
that the main contribution to (30) is made by the first
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integral. Neglecting the terms of order 62, we can
assume that

2
IO s

= In[exp(n £ 4tp) + exp(—n ¥ 4tp)]
to asufficient degree of accuracy. Asaresult, we obtain

()= 3 exp(atp) cos’ + exp(~4tp)sin’)] "
0

&2(t)
£5(t) -0
+[exp(—4tp)cos X + exp(4tp)sin’)] "
£2(1) 28%(0) O
2 2 - 2 ZD'
gt -7 &X(0)-6"0
Recall that this result is obtained for n > 0, i.e., for

X

(32)

X

coszx > sinzx.

The opposite case is analyzed similarly. The parameter X
is defined by the initial states of the atoms and the
parameters of the classical field—its amplitude and the
frequency detuning from the atomic transition fre-
guency. Thus, the quantity x can easily be set and con-
trolled in the experiment.

It follows from (32) that the number of photons in
the quantized mode exponentially depends on the num-
ber of two-level atoms N and behaves as exp(4Npt) for
sufficiently large t; i.e., we observe exponential super-
radiation. Naturally, our results in this case are valid
only onthetimeintervalswherethebasic relation (4) is
satisfied, i.e., under the assumption that the classica
field is much more intense than the quantized field.

The origin of this phenomenon is rather clear on the
formal level. One can easily see that the parameter p
entersin the argument of sinefunctionin (21) andinits
analogs for a single atom. With regard to the substitu-
tion p — pS,; (which corresponds to the transition
form the case of a single atom to N atoms), this fact
givesrise to the parameter N in the argument of sinein
the expression (29) for the population of the quantized
mode in the case of N atoms. This fact contrasts with
the situation of a one-photon interaction of atoms with
a quantized mode and classical fields, which was dis-
cussed in [7, 8], where only the coefficient of the oscil-
lating harmonic depended on the parameter N.

From the physical viewpoint, the origin of this phe-
nomenon lies in the cooperative interaction of atoms
dressed by the field, which start to jointly transfer pho-
tons from the classical to the quantized mode. As we
have shown above, when 8 < 1, this process becomes
exponential; actualy, it is sufficient to consider a con-
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dition of the type 6 ~ 0.1. Recall that 6 = v(2Np)~, so
that the latter condition implies

V| = |w—Q/2| <0.2Np. (33)

It is obvious that this constraint (for large N) is consid-
erably weaker than the condition |v| < 2p under which
the population of the quantized mode exponentialy
growsin the case of asingle atom. Recall that this con-
dition describes the fine tuning of the frequency of the
fields, while the coarse tuning is described by (4).

In addition, for real system, constraint (4) is neces-
sary only for time intervals comparable with the relax-
ation time 1,4 of our physical system, which is deter-
mined by the lifetime of a photon in the resonator and
the decay time of the atomic statesinvolved. If this con-
dition is not satisfied during T1,y4, We can observe only
theinitial stage of the exponential growth of the popu-
lation of the quantized mode until this constraint isvio-
lated (under the assumption that the observation timeis
greater than 1,4).

4. CONCLUSION

L et us summarize our results. We have discussed the
dynamics of a system containing one or many (N > 1)
two-level atoms that simultaneously interact with a
quasi-resonant classical field and are in the two-photon
resonance with aquantized mode. Here, we assumethat
the classical field is much more intense than the quan-
tized one. We investigated the situation of open reso-
nances when the photon exchange between the classical
and quantized modes occurswithout preservation of the
number of excitations.

We have demonstrated that, for the interaction of a
single atom with quantized and classical fields, one can
devel op conditionsfor asqueezed radiation in the quan-
tized mode, where the squeezing can be made arbi-
trarily close to unity. Here, the amplitude of the quan-
tized mode can be (relatively) large. Moreover, there
are situations when the amplitude of the quantized
mode grows exponentially with time. However, for a
single atom, this situation is associated with a suffi-
ciently fine condition for the tuning of the frequency of
optical fields. For the case of N > 1 identical two-level
atoms that simultaneously interact with quantized and
classical fields, situations are also possible when the
amplitude of the quantized mode exponentially grows
with time. In this case, the exponent isalinear function
of the number N, and the condition (33) for the frequen-
ciesof thefieldsislessrestrictive by afactor of N. This
fact gives us grounds to refer to this phenomenon as
exponential superradiation. Recall that, for an ordinary
superradiation, the number of photons of the excited
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field is proportional to N? (see [21] and the discussion
of the one-photon variant of our problemin [7, 8]).

In conclusion, note that the tensor structure of the
wave function and quantum interference, which actualy
underlie the phenomenon of exponential superradiation
described above, aso play a decisive role in exponen-
tially fast algorithms for quantum computations [22].
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Abstract—L asing at the resonance transitions (D,- and D,-lines) of sodium was observed in the superradiance
mode upon nonresonance optical excitation in the presence of abuffer gas. The dependences of thelasing inten-
sity on the exciting radiation intensity and on the detuning of its frequency from the frequencies of resonance
transitions were studied. It is found that, under specific conditions of the experiment (high pressure of a buffer
gas and arather high radiation intensity), in the case of alarge positive detuning of the exciting radiation fre-
guency from the resonance (“working”) transition frequency, the population inversion is produced at the “work-
ing” transition, which resultsin lasing. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Coallision relaxation plays an important role in the
spectral redistribution of quasi-resonance radiation
interacting with gaseous media. The study of such pro-
cesses is important both from the fundamental and
practical points of view. In particular, it is connected
with attempts to obtain new methods for lasing and to
extend its spectral region. Of special interest isthe pos-
sibility of lasing at the transitions to the ground state of
atoms or molecules or to the lowest energy levels that
aremaximally popul ated in the absence of perturbation.
It is with this situation that the hope to obtain an
extremely short-wavelength is associated.

Lasing on the D;-line of akali metals such as potas-
sium [1], sodium [2], and rubidium [3] in vapors mixed
with a buffer gas has aready been demonstrated. The
lasing was observed upon resonance excitation of the
D,-line and was achieved due to frequent collisions
with buffer-gas particles, which managed to establish
the Boltzmann population distribution among the fine-
structure components (P4, and P,;,) during the exciting
radiation pulse and the spontaneous relaxation time. In
this case, the population of the P,;, level proves to be
somewhat higher (by the Boltzmann factor) than that of
the Py, level. The exciting-radiation intensity was so
high that it provided the equalization of populations of
the ground S;;, and excited Py, levels. Under these con-
ditions, the population of the P, level is higher (by the
same Boltzmann factor) than populations of both the
P5, and Sy, levels. Therefore, the population inversion
is produced at the transition from the Py, level to the
ground S;, state, resulting in lasing on the D;-line.
Under real experimental conditions [1, 2], lasing
occurred in the superradiance mode.

In the next paper [4], we obtained lasing at reso-
nance lines by choosing the appropriate polarization of
pumping and using collisionswith abuffer gas. In these
studies, we used a more powerful laser setup, which
allowed us to vary experimental conditions to a much
greater extent. We have found unexpectedly in our
experiments that coherent radiation at the D,-line could
be obtained not only upon tuning the pump frequency
in resonance with the D,-line but aso upon a rather
large (up to 250 cm™) detuning to blue. In this paper,
we studied this effect experimentally and interpreted it
theoretically.

2. EXPERIMENTAL SETUP

Figure 1 shows the scheme of the experimental
setup. A tunable Rhodamine 6G laser was excited by a
second harmonic from a Nd® : YAG laser.

A grazing-incidence diffraction grating was used as
adispersion element in the dye laser. The dye laser had
apulse power up to 15 kW, 5-ns pulse duration, a pulse
repetition rate of 10 Hz, and emitted linearly polarized
radiation tunable from 578 to 593 nm. The emission
spectrum of the dye laser consisted of a powerful nar-
row line of width 0.3 cm™ and a weak broad lumines-
cence band of Rhodamine 6G. The spectral density of
the broadband |uminescence was three orders of mag-
nitude lower than that of the narrow line. The radiation
from the dye laser was focused by alenswith the focal
distance 55 cm to the center of the heated region of a
working cell. The radiation intensity at the focus was
10 MW/cm? and could be varied with the help of neu-
tral filters. Sodium vapor was produced inside a glass
cell of diameter 1.2 cm with a heated region of length
5 cm. The sodium vapor density (N ~ 104 cm3) was
controlled by the vapor temperature, which was mea-
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sured with athermocouple. The pressure of abuffer gas
(helium) was varied from 10 to 800 Torr. The radiation
emerging from the cell was focused on the entrance dlit
of a Ramanor HG.2S monochromator (the width of the
instrumental function was 0.5 cm™) and detected with
a photomultiplier connected with an amplifier and an
integrator. The output signals from the photomultiplier
were fed to a computer, where they were accumulated
and averaged over a large number of measurements.
The spectrum of laser emission was detected point by
point with a step of 0.5 cm. The monochromator was
calibrated using a sodium lamp.

3. EXPERIMENTAL RESULTS

The initial aim of our experiments was to study in
detail coherent radiation at the D;-line of sodium (the
3P,,—3S,, transition) in the forward and backward
directions relative to the exciting radiation whose fre-
guency was tuned in the vicinity of the D-lines of Na.

We found that such radiation did not appear in the
absence of abuffer gasirrespective of the experimental
conditions.

When the intensity of laser radiation was | = 1—
2 MW/cm? and higher, the pressure py. of helium
exceeded 200 Torr, and the concentration of sodium
vapors was N ~ 10* cmr3, coherent radiation at the
D,-line was observed together with transmitted laser
radiation whose frequency was varied in the vicinity of
the D,-line. The divergence of coherent radiation did
not exceed that of the pump radiation. Coherent radia-
tion at the D;-line was detected not only in the direction
of the pump radiation but in the opposite direction as
well.

Under experimental conditionsused in paper [2], we
obtained the same results asin [2]. Namely, the thresh-
old value of the helium pressure was 200 Torr, and the
intensity of lasing at the D;-line increased monotoni-
cally with increasing pressure to the atmospheric value.
The lasing intensity was maximal when the pump fre-

quency w was exactly tuned to the frequency (wp,) of

the 3P;,—3S,, transition. The optimum concentration
of sodium vapors was approximately 2 x 10* cm3 for
apump intensity equal to 3 MW/cm?.

Under optimal conditions, the radiation power in the
D;-line was approximately 3.5% of the pump power
(only forward radiation was taken into account). We
estimated the gain at the 3P,;,—3S,, transition at the
length L = 5 cm of the heated region asa = 3-3.5cm™.
In this case, the parameter aL amounts to 15-18, and
we can speak already about superradiance if we take
into account that it is induced by luminescence of the
dye (broadband component of the exciting radiation).
The observation of narrow-band backward radiation
confirms the existence of superradiance. The intensity
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Cell with
BS L  sodium vapor L
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VW 11111
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Fig. 1. Scheme of the experimental setup: (DL) pulsed dye
laser; (BS) beamsplitter; (L) lens; (M) monochromator;
(PMT) photomultiplier.
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Fig. 2. Dependenceof theradiationintensity | D, attheD;-line
on the frequency detuning Q = w— Wp, - I, =10 MW/cm?,
Pue= 600 Torr, N = 2 x 10 cm 3,

of backward radiation is several tenstimes|ower dueto
the absence of externa seed radiation in this direction.

Upon excitation at higher powers (up to I, ~
10 MW/cm?), thefollowing picture was observed (Fig. 2).
Near zero detunings Q = w— wp_ =0, asharp pesk was

observed in the dependencelp (Q). As the detuning Q
increases, the intensity | first gradually decreases

and then suddenly increases again up to Q = 60 cm™.
Then, the value of |, decreases with increasing Q;

however, the signal of amplified coherent emission at
the D,-line can bereliably detected upto Q =250 cm™. In
addition, coherent emission also appears at the D,-line
a large detunings. Note that emission at the D;- and
D,-lines is observed both in the forward and backward
directions relative to the pump radiation. We specially
measured the degree of spatial coherence of this emis-
sion and found that its divergence does not exceed that
of the pump radiation. The efficiency of excitation of
this emission at large detunings strongly depended on
the intensity I,. As |, decreased by half, the region of
detunings Q where the effect was observed reduced by
half, while the maximum intensity of coherent emission
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Fig. 3. Spectrograms of generated radiation I(A) for differ-
ent detunings of the pump frequency Q = w— Wp, = 60 (a),
335 (b), and 20 et (c); I, = 10 MW/cm?, pyye = 600 Torr,
N=2x10%cm=,

decreased by afactor of five. The effect virtually disap-
peared at |, = 3 MW/cm?. Note an important fact that
when the dye laser frequency was tuned in the region
below the frequency of the D;-line, no coherent emis-
sion was observed at resonance lines. We observed nei-
ther Raman scattering nor three-photon lines.

Figure 3 shows typical spectrograms of generated
emission, which were obtained for some characteristic
pump frequencies. On the abscissa is plotted the fre-
guency of the detected emission. Zero corresponds to
the position of the D;-line of sodium. Upon the detun-
ing Q= 60 cm? (Fig. 3a), coherent emission was
observed both at the D,-line and the D,-line of approx-
imately the same intensity (two peaksat A=0and A =
17.2 cm). The nonzero signal between the peaks is
caused by a broadband luminescence of Rhodamine 6G.
When the pump frequency approached the D,-line fre-
guency, coherent emission at this frequency disap-
peared and only coherent emisson a the Dj-line
remained (Fig. 3c). As the pump frequency was further
decreased, the D;-line emission also disappeared at

Q =-55cm™. Theincreasein the signal at theright of
Fig. 3cis caused by pump radiation.
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4. POPULATION INVERSION IN A TWO-LEVEL
SYSTEM UPON CW LASER EXCITATION

A new experimental result that we obtained, namely,
the observation of coherent emission at resonance lines
of sodium for large detunings of the pump frequency
from the resonance, is not consistent with theoretical
models available and requires special treatment.

The fact that nonresonance pumping produces
amplified coherent emission both at the 3P;,,—3S,,, and
3P,,—3S,, transitions suggests that this effect can exist
for a simple two-level system as well. In addition, at
buffer-gas pressures used in our experiments, there is
no essential difference between pulsed and cw pumping
because the population distribution that is established
during the pump pulse coincides with that produced
upon cw pumping.

Therefore, the problem can be formulated as fol-
lows. Consider agas of two-level atomsin the cw laser
radiation field with frequency far from the resonance
frequency. Consider also abuffer gasat ahigh pressure.
Callisions with buffer-gas particles cause no inelastic
transitions between the combining levels 1 and 2 of
absorbing atoms. We should find out whether emission
can be amplified at the transition frequency w,; under
these conditions. According to the standard theory (see,
for example, [5]), the population difference under the
above conditionsis described by expressions (the Dop-
pler broadening at high pressures of the buffer gas is
negligible)

_ N
Ny =N, = 1+K’
1)
_ _ 4|G|2r =d21%0
Q - (.k)_(*)zlv K = erz, G— Zh y

where I, is the excited-state radiative decay; I is the
collision half-width of an absorption line; N is the con-
centration of absorbing atoms; N; and N, are the popu-
lations of levels 1 and 2; €, isthe amplitude of the radi-
ation electric field; and d,, isthe matrix element of the
dipole moment of the 2—1 transition. In (1), the condi-
tion |Q|> I was used. According to expressions (1) and
adopted concepts, continuous radiation cannot produce
the population inversion, being capable of equalizing
thelevel populationsat most. In principle, the situations
are possible (see, for example, [6]) in which spectra
intervals exist due to the so-called nonlinear interfer-
ence effects where a weak emission can be amplified
even in the absence of the population inversion. How-
ever, this effect is not observed under the conditions
discussed above. Expression (1) for popul ations proves
to be no longer valid under our specific experimental
conditions (high-pressure buffer gas, high-intensity
emission, and nonresonance conditions) and should be
corrected.

Note first of all that the effective saturation parame-
ter kin (1) at a high pressure of the buffer gas can be
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Fig. 4. Energy level diagrams for different basis wave functions.

large under the condition |Q| > T, |G| aswell dueto the
large ratio I'/T", (collisions do not quench level 2 but
increasethe value of I'). The absorption line experience
alargefield broadening although the value of |G| can be
not large compared to I".

Consider the effect of “inelastic” (with respect to the
optical 2—1 transition) collisions on optical transi-
tions and the population of levels 1 and 2 under the
above conditions. The necessity of refinement of the
standard model is clearly demonstrated by analyzing
the problem based on the concept of compound sys-
tems|[7]. Therefore, wewill follow the approach devel-
oped in[7].

Let us introduce the Hamiltonian

H=H_,+H,+V 4+ U(1). 2

Here, H, is the Hamiltonian of particles interacting
with radiation; H is the Hamiltonian of the radiation
field; and V 4 and U(t) are operators of the interaction
of particles o with the field and buffer particle, respec-
tively. The operator U(t) represents separate pulses,
which are randomly distributed on the time scale, but
the time dependence is specified inside each of the
pulses. Such a representation of the operator U(t) cor-
responds to classical scattering.

In the resonance (two-level) approximation, the
operator H, corresponds to two energy atomic states 1
and 2 (Fig. 4a). The operator H,; + H, has the states
(Figs. 4b, 4c)

[1CE|L,nD [2C= (2, n—-10 3)

where n isthe number of photonsin the radiation field.
These states belong to the atom + field compound sys-
tem in the absence interaction the atom and the field.
The mutual arrangement of the energy levels of these
states depends on the sign of Q: when Q isnegative, the
state [10is located below the state |2[] and vice versa

when Q is positive. The operator H ;, +V 4 has ho sta-
tionary eigenstates; however, its states (quasi-energy
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levels) are often used to illustrate the field splitting of
the atomic energy levels (the so-called dynamic Stark
effect or the Authler—Townes effect). Thisisillustrated
in Fig. 4d. Finaly, the operator H; + Hy +V 4 corre-
spondsto the states |10and |2[0(Fig. 4e). In the absence
of other interactions, these states are stationary and they
are sometimes called “clothed”-atom states. A wave
function, in the presence of any other interactions, can

be represented in the basis of any of these pairs of
states. In particular, in the basis of states |1Cand [2Can

arbitrary wave function has the form
E; . .
W = exp%-.-ﬁ-l—mwﬁ[alum a,l2Exp(iQt)], (4)

where a, and a, are the corresponding amplitudes of the
states. From the Schrodinger equation with the Hamil-
tonian (2), we obtain for these amplitudes

gtal = |G* eiQtaz_il_iUllal,
gtaz = iGe_iQtal_il_iUZZaz, (5)

U, = 4jujid
Here, only the diagonal elements of the operator of

interaction with buffer-gas particles are nonzero. In the
absence of the interaction U, the solutions of Egs. (5)

are well known:
o = el
x [AlexpE%R%+ Azexpg—i %R%}

.Q 2G Q
a = exp%—|§%[Alg—R_Q expB7R (6)
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_,_%}

Q? +4|G|

B AZQ o
Q =
Here, A, and A, are arbitrary coefficients determined by

theinitial conditions. The corresponding wave func-
tion WP can be represented in the form

E . .
WO = exp%—lft—lnootﬂ%g
~0 Q .0 Q
x [aﬂl[@‘exp%—f% + 2020EXp E—I —25%}
A o A
1 bll 2 b;y

1/ Q _G1 Q
bl—ﬁfl 5 b IGIﬁh .

Here, we introduced new wave functions |1Dand |§D
which form the orthonormal basis and are related to
functions |100and |2Cby the expressions

(7)

ILCE by 10k b,20) |20= b} [10-b, 20

8
b, B+ b, = 1. ®

The inverse matrix coincides with the matrix of trans-

formation (8). The states |10 and |20 are stationary
according to (7), and their energy levels are shown in
Fig. 4e. Therefore, these states are the stationary states
of the compound system with the Hamiltonian H,, +

H¢ +V 4. Independently of the sign of Q, the state |1D

islocated below the |§Dstate. Thewave function corre-
sponding to an arbitrary Hamiltonian also can
expanded in the wave functions of the given compound

system. Let usintroduce the probability amplitudes a
and &, instead of a; and a5 and write for them equa-

tions based on the Schrédinger equation with the full
Hamiltonian (2)

|ﬁad;[él = Olgéze_'QRt + 0115.1,
Iﬁaqtéz = OzléleiQRt'i' 0225.2, ©
Oij = |j|U|]D

Taking into account relations (8) for matrix €ements Ui i
we abtain the following expressions
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- G S
U = Q—AU, Up = Uzx;
R

0 0
U11— U—EAU U22 u +2—QRAU (20
_ Up+Uu
U= “TZZ AU = Uy —U,y,.

We interpret the obtained result in the case when the
operator U corresponds to the interaction in collisions
with buffer particles in the following way. In the basis
of the unperturbed states of the atom 54 (Fig. 4a) in the
absence of emission, collisions do not induce transi-
tions between the states 1 and 2, being “elastic” in this
sense. When the radiation intensity tendsto zero, colli-

sionsremain elastic in the basis of the states |1Dand |§D
as well (see (9), (10)). The nonzero radiation intensity

results in transitions between the states |1D and |§D

(021 # 0); i.e, collisions acquire an inelastic channel
with the energy gap equal to #Qg. The elastic scattering

channel also changes. Note that the matrix element U
of theinteraction potential, which causes inelastic tran-
sitions, contains both the parameters of theinitial inter-
action operator for colliding particles and the radiation
parameters. This means that a photon of the radiation
field is involved in the corresponding collision event.
Callisions of this type are called optical collisions [7].
According to [7], optical collisions are the main chan-
nel of the variation in the radiation energy under the
condition |Q| > I', in contrast to the region |Q| < T,
where the radiation energy changes mainly during the
free transit time. In other words, radiative processes
that change an atomic state under the condition |Q|> I
occur predominantly during collision events. Thisis a
very important point for our subsequent conclusions.

In weak fields |G| < |Q|, radiative processes for
|Q|> I can be clearly interpreted in the basis of the
unperturbed states of an atom (Fig. 5a). If theatomisat
level 1, then it can absorb a photon #w in a collision
event and transfer to level 2. In this case, the energy
excess (or deficit) 2Q is compensated by the trandla-
tiona energy of collision partners (Fig. 5a). The same
is true for stimulated emission if the atom was at the
level 2 before the collision (Fig. 5b).

In astrong field, the states |1Dand |§Dof the com-

pound system are the real stationary states. Collisions
and accompanying radiative processfor these states are
described by theinteraction operator U with matrix ele-
ments (10). For such aclothed atom, we can obtainin a
standard way the kinetic equations for the density
matrix with acollision integral in which characteristics
of an elementary scattering event will be determined by
the operator U containing both elastic and inelastic
scattering channels. Of course, al the known general
results of the kinetic theory remain valid in this case as
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well. In particular, the general thermodynamic result
that collisions should lead to the equilibrium (Boltz-
mann) distribution over the energy levels will be aso
valid. In our case, this means that the population of the

state [20will be lower with time than that of the |L0state,
in accordance with the Boltzmann factor exp(-hQr/kgT).

Consider now expression (8) relating the states |TD
and |i[1In the case of the positive detuning and under
the condition 4|G]? < Q?, we have

G
G|

i.e., the upper level of the compound system corre-
spondsto thelower level of the atom and vice versa. We
conclude that in the case of a large positive detuning
(I1Q] > |G|, IN), the population of the upper atomic
state |2[taused by optical collisions provesto be higher
than that of the lower state |1[by the Boltzmann factor

exp(hQ/KT):
la))? = exp(hQ/ksT)|ay’. (12)
In the opposite situation (Q < 0, |Q|> |G|, IN), we have

k10 20 —)20 (13)

In this case, the lower atomic level is populated greater
than the upper one. Expression (12) remains valid tak-
ing the sign of Q into account. If the gas (thermostat)
temperature is high, then the populations of the
states |[10and [20are equalized. The results of the
adopted standard model prove to be valid only under
the condition

Ck 20 0= 210 (11)

#Q| < kgT. (14

Theresults of paper [7] and of previous papers on opti-
cal and radiative collisions are in fact also restricted by
the condition (14).

The result obtained above can be clearly interpreted in
the basis of the gtates of an unperturbed atom (Fig. 5). In
the case of alarge positive detuning Q of the pump fre-
guency, the energy excess of the photon AQ is trans-
ferred to a medium in the absorption event, whereasin
the stimulated emission event, the atom should take the
energy from the medium to undergo the transition from
the level 2 to thelevel 1. The number of buffer-gas par-
ticles capable of stimulated emission islower by afac-
tor of exp(—2Q/kgT) than the number of particles capa-
ble of absorption. Asaresult, the population of the sate 2
becomes greater than that of the state 1; i.e., the popu-
lation inversion appears.

5. DISCUSSION

We performed our analysis by neglecting relaxation
processes from levels 1 and 2 in order to demonstrate
the appearance of the population inversion in a pure
form. In the presence of relaxation, its rate should pro-
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(a) (b)

Fig. 5. lllustration of optical collision eventsin the basis of
unperturbed atomic states. (a) absorption of photon i,
(b) emission of a photon.

vide the relaxation time 1/T, (we assume that level 1is
the ground level) sufficient for the accumulation of the
effect. The rate of optical transitionsin an atom caused
by optical collisions is described by the expression
2|G|T ,/Q? [7], where T is the phase relaxation time
in optical collisions. For estimates, we can assume that
e =T, wherel isthe callision half-width of the line.
Therefore, the effect will be distinctly observed when

2|GI°r

Qor,

which means that the effective saturation parameter in
(1) should be large.

In our experiments at the buffer-gas pressure py, =

600 Torr, based on the data on broadening of the D;-line
of sodium by helium [8], we have ' = 10* MHz. The
value of ", coincides with the first Einstein coefficient
for the P,,—S,, transition and, according to the data
available (see, for example, [9]), ', = 10 MHz. There-
fore, under our experimental conditions, '/, = 10%. To
estimate the value of |G|, we will use the expression
from [5] for the P,,,—S,;, transition in the case of lin-
early polarized radiation

G| = 0.334x 102 [2ASf cm ™,
3

wheref = 0.33 isthe oscillator strength for the Sy;—Py/»
transition; A is the radiation wavel ength in microns;
and S isthe radiation energy flux density (the Poynting

vector) inW/cm2. For S = 107, wehave |G|= 3cm . As
aresult, we obtain the value of the effective saturation
parameter in (1) for Q = 60 cm™ (the detuning at which
the effect is maximum) k = 10; i.e., the experimental

> 1, (15)
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conditions correspond to the manifestation of the pop-
ulation inversion effect. Taking also into account the
fact that no amplified emission was observed at reso-
nancetransitionsin the case of the negative detuning Q,
we can certainly assert that we experimentally observed
the effect discussed in the previous section.

6. CONCLUSIONS

We have presented a theoretical explanation and
experimentally observed a new effect—the appearance
of the population inversion in a two-level system upon
nonresonance absorption of continuous laser radiation.
The effect is observed at high pressures of a buffer gas
and is caused by the so-called optical collisions. This
effect demonstrates the limitedness of the adopted
physical concepts based on the widely used quantum
kinetic equations for the density matrix (see, for exam-
ple, [10-12]). These equations were derived assuming
that theradiation field isnot involved in collision events
and all radiative processes occur during the free transit
time. This assumption is valid in the region of fre-
guency detuning that is not much wider than the colli-
sion linewidth. Otherwise, one should take into account
that the balance between radiation and a quantum sys-
tem is established for a time of the order of |Qf* and
particlesare not in the pure atomic states at the collision
event. This fact was taken into account in the theory of
optical and radiative collisions (see [7] and references
therein). However, the authors of these papers aso did
not pay attention to arather obvious inevitability of the
establishment of the Boltzmann distribution over the
levels of a compound system, which can result in the
population inversion. The inclusion of the radiation
field in collision processes should result in the correc-
tion of conventional kinetic equations for the density
matrix defined in the basis of unperturbed atomic
states, which requires additional studies. Thefirst steps
inthisdirection werein fact already initiated by Pestov
and Rautian[12] (seealso[5]). Here, therequired equa-
tions were obtained in the operator form. These equa-
tions should be modified for solving specific physical
problems. It is not inconceivable, however, that for
some problems the kinetic equations derived for the
density matrix defined in the basis of the states of a
compound system prove to be more convenient.
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In our opinion, the effect found by usis useful from
the point of view of the extension of possibilities for
generating coherent radiation in new spectral regions.
By using stepwise excitation of a quantum system to
higher energy states, lasing can be obtained in the
short-wavelength spectral region employing the popu-
lation inversion at the transitions to the ground state.
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Abstract—A damping rate of the induced scattering of fast ion-acoustic waves on ions, the explicit form of
which depends on the plasma polarizability at the frequency of beats of the interacting waves, was determined
for anonisothermal plasma containing hot electrons and cold ions of two species. In the case of a plasma con-
taining mobile light ions and slow heavy ions, a new phenomenon of significant decrease in the probability of
induced scattering was established. This effect isrelated to the fact that a contribution to the dielectric function
of slow ions, determining the scattering amplitude, depends on both spatial and frequency dispersion. It is
shown that this decrease in the induced scattering probability leads to a growth of the turbulent noise level and
to a change of the anomalous transport coefficients in the limit of large turbulent Knudsen numbers. The same
effect is responsible for arelative decrease in the runaway €lectron production. © 2001 MAIK “ Nauka/ I nter-

periodica” .

1. INTRODUCTION

The properties of plasmas featuring the ion-acoustic
turbulence (IAT) have drawn the attention of research-
erssincethe early 1960s (see, e.g., reviews[1, 2]). This
interest isrelated to the fact that AT isinvolved in such
remarkable phenomena as the anomalous resistance
and turbulent heating of a direct-discharge plasma.
Already thefirst stepsin development of the |AT theory
showed that one of the main physical processes respon-
sible for the formation of a quasistationary turbulence
spectrum is the induced scattering of ion-acoustic
waves on ions.

The first notions about the turbulence spectrum and
the role of induced scattering were formulated by
Kadomtsev [3] and Petviashvili [4] within the frame-
work of atheory of simplest plasmas containing ions of
asingle species. During along period of time, the con-
cepts of Kadomtsev and Petviashvili concerning the
induced scattering of ion-acoustic waves on ions were
not subject to any revision. It was not until the begin-
ning of the 1990swhen the devel opment of the |AT the-
ory for the plasmas containing ions of two species
revealed the effect of a significant increase in intensity
of the induced scattering of ion-acoustic wavesonions,
which wasrelated to theion charge separation [5, 6]. As
aresult of thisincreasein the scattering intensity, aqua-
sistationary IAT level in the plasmas with two species
of ionsis significantly lower as compared to that in the
simplest case of a plasma containing ions of a single
species (see, e.q., reviews|[7, 8]).

Recently [9], we have generalized the new conclu-
sionsderived in [5, 6] to the case of plasmas containing
ions of more than two different species. It should be

noted that the influence of the collective properties of a
plasmaon the induced scattering was described in[5, 6,
9] in the approximation of a static ion polarizability in
the plasma (originally used in the pioneering works of
Kadomtsev and Petviashvili). This approximation
ignores the frequency (temporal) dispersion of the
plasma polarizability and assumes that the entire col-
lective effect of the plasma on the induced scattering is
determined by the spatial dispersion manifested by a
dependence of the polarizability on the wavevector. In
a certain sense, this mode is analogous to the approxi-
mation of the Debye screening of the plasma charge,
the only significant difference being that, in the context
of induced scattering, we are speaking of the frequency
and wavevector of the beats of interacting waves lead-
ing to the manifestation of the collective properties of
plasmas in the phenomenon of induced scattering.

On the other hand, it is the frequency dispersion of
the plasma polarizability that determines the spectrum
of collective oscillations and the decay interaction of
such oscillations [10, 11]. However, the frequency dis-
persion of the ion polarizability determining the spec-
trum of ion-acoustic wavesis still not studied asafactor
influencing the process (very important in the |AT the-
ory) of the induced scattering of ion-acoustic waves on
ions. In this paper, we draw the attention of researchers
for the first time to the necessity of taking into account
the frequency dispersion of the ion polarizability in a
plasmain descriptions of the induced scattering of ion-
acoustic waves. Thisis necessary for the plasmas con-
taining ions of several species characterized by signifi-
cantly different thermal velocities. Under these condi-
tions, the phase velocities of beats of the interacting
waves are (i) comparable with the thermal velocities of
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light ionsand (ii) exceed the thermal velocities of slow,
relatively heavy ions. It is the latter circumstance that
makes it necessary to take into account the influence of
the dynamic plasma polarizability on the induced scat-
tering of ion-acoustic waves on ions.

Below we present the IAT theory for a plasma con-
taining ions of two species in which the probability of
the induced scattering of ion-acoustic waves on ionsis
determined with an alowance for the influence of a
dynamic polarizability of the plasma. Section 2 indi-
cates the conditions under which there is no need in
considering the decay of ion-acoustic waves. In Section 3,
the principles of the theory of induced scattering are
formulated so as to include the effect of the dynamic
plasma polarizability. An integral operator of the ion-
acoustic wave damping rate related to the induced scat-
tering on ionsisreduced to adifferentia formin Section 4.
A new spectrum of the turbulent ion-acoustic wave
fluctuationsis determined in Section 5. Some results of
the theory of anomal ous transport are discussed in Sec-
tion 6, with the main attention paid to conditions under
which the influence of the plasma polarizability is sig-
nificant for both the turbulent noise level and the trans-
port coefficients. It is shown that the dynamic polariz-
ability of the given plasma at the frequency of beats of
the interacting waves leadsto an increasein the level of
turbulent noisein the plasmawith two (light and heavy)
ion species, which is manifested by a corresponding
decrease in the factor of limitation of the thermal flux
of electrons (6.7) and an increase in the effective turbu-
lent frequency of electron collisions (6.11), which isan
analogue of the turbulent frequency (6.8) proposed by
Sagdeev [12] for description of the anomalous resis-
tance in aplasmacontaining ions of asingle species. In
Section 7, we determine the flux characteristic of the
runaway electron production in a plasmawith two spe-
cies of ions. It is shown that a decrease in the induced
scattering, caused by the dynamic polarizability of the
plasma, leads to suppression of the runaway electron
production. The possible manifestations of the relative
decrease in the probability of induced scattering,
related to an allowance for the dynamic plasma polariz-
ability, are illustrated in Section 8 by examples of
hydrocarbon (C,H), lead oxide (Pb,0), HXe,, and
LiAu, plasmas.

2. LOW-FREQUENCY WAVES
AND THE POSSIBILITY OF DECAY
IN A PLASMA WITH IONS OF TWO SPECIES

The main purpose of this section is to establish the
conditions under which the decay of ion-acoustic
waves in a plasma is impossible. This aim will be
achieved by method of indirect demonstration: we will
find the conditions necessary for the existence of decay,
thus outlining the conditions when this process does not
take place.
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The first necessary condition for decay is the pres-
ence of weakly damped waves. For this reason, we will
first recall the known data on the ion-acoustic wavesin
a fully ionized nonisothermal plasma containing rela
tively hot electrons and two species of relatively cold
ions. First, let us consider the fast ion-acoustic waves
possessing a group velocity that is lower than the ther-
mal velocity of electrons v+, but higher than the thermal
velocities v, (a = 1, 2) of theions of both species:

w
k
Under these conditions, the frequency of a fast ion-

acoustic waveisrelated to the wavevector by arelation-
ship of the following type:

Vi> => Vg (2.1)

2 2
2 _ kVS

3
R +07k2(0)51V$1+wf2V$2), (2.2)
De L

where v, = rpw, is the ion-acoustic wave velocity;
I'oe = V1l . and w . are the Debye radius and Langmuir
frequency of dectrons, respectively; @’ = 'y + W’y;
and w, , isthe Langmuir frequency of ions of the a spe-
cies. In the region of wavelengths lower than (or com-
parable with) the reciprocal Debye radius of electrons
(i.e., for krpe = 1), acorrection to theion-acoustic wave
velocity in (2.2) dueto the thermal motion of ionsisrel-
atively small. This correction is necessary for descrip-
tion of the Cerenkov wave damping on ions, while an
analysis of the wave frequency can be performed using
asimpler expression of the type
w= kv J1+Krs,. (2.3)
The fast ion-acoustic waves characterized by the
dispersion laws (2.2) or (2.3) are weakly damped as a
result of the Cerenkov interaction with electrons and
ions. Assuming that the damping rate y(k) is small as
compared to the fast ion-acoustic wave frequency and
using the dispersion law, we obtain

Y(K) = vo(K) +ya(K) +Y2(K),

where y(K) is the damping rate on electrons expressed
as

(2.4

_ moogor?
yS(k) /\/;wwLeD(VSD < w’

and y, (k) arethe damping rateson ions of the a species.
In the region of relatively large velocities, v = wlk,
where the distribution of ions of the a species is
described by the Maxwell function, the latter quantity
can be expressed as

2
_ MW @ P 0 10 o f
n = [fufefep 12 o

(2.5)
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The requirement of small contributions to the wave
damping on ions of each species reduces to the condi-
tion y,(K)/w < 1. Using this condition and expression
(2.6), we obtain

2 4 6
BECHENN |n[’-“*’ La[] @ D}. 2.7)

D(VTGD 8 (A)i D(VT(XD

For the waves with krp. < 1, Eq. (2.3) can be replaced
by an approximate relation w = kv, and Eg. (2.6) can be
rewritten in the form of inequality for the v v+, ratio:

2 4 6
0Vsf o mr_@mﬁm}_ 28)

D/T(ID 8 (.k)ﬁ D/T(XD

Let us consider inequality (2.8) for ions of the first spe-
cies. If theseions are not treated as an impurity, we may
put W, = w,;. Then (2.8) can be written approximately
as

2 ) 2
Vs _ O%Toe[1"_ e

2
vi Coo 1 p oy

This inequality presents the necessary condition for a
small damping of the fast ion-acoustic wave on ions of
the first species.

Now let us briefly consider the fast ion-acoustic
wave damping on ions of the second species, for which
we assume that

> 3. (2.9)

V< V1. (2.10)

If theseions are also not treated as an impurity, we may
put wy = wy,in(2.8). Theninequalities (2.8) and (2.10)
show that small damping on ions of the first species
ensures smallness of the damping on ions of the second
species. If ions of the second species are treated as an
impurity, we are to put w, , < wy, which makes the fast
ion-acoustic wave damping on ions of the second spe-
ciesnegligibly small. Thus, condition (2.9) providesfor
asmall damping of the fast ion-acoustic waves.

Now we can proceed to analysis of the central prob-
lem concerning a slow ion-acoustic wave, by which we
imply plasma oscillations with a phase vel ocity satisfy-
ing the conditions

w
k

Below wewill consider asituation inwhich, in addition
to the slow acoustic wave obeying (2.11), a weakly
damped fast acoustic wave exists as well (see (2.9)).
Taking into account the conditions (2.11) and the fact

that theratio r3,/r3, issmall, we obtain an expression
for the spectrum of slow ion-acoustic wave:

kv,

i,

Vi3 = > Vo, (2.11)

W = (2.12)
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where v| = wy ,Ip; IS the slow ion-acoustic wave veloc-
ity. Below we consider the case of krp, = 1. For such
wavevectors, formula (2.12) can be rewritten with an

allowancefor (2.9) as
w = kv,. (2.13)

The conditions (2.11) necessary for the existence of a
slow acoustic wave are reduced to the following:

Vs s, (2.14)
T2
where
(= ot (2.15)
o2

L et us consider the damping rate of slow ion-acous-
tic waves. The damping rate on electrons is small

because r3, < r3. and v, < vy. For the Cerenkov

damping on ions, the damping rate can be approxi-
mately expressed as

Yi(K) = yia(k) +y12(K),

w
) = [Tl <,

L1

_ mogor’, i@

Yi2(K) J;w|&va exp[ 20k 1 ] (2.18)
The condition of small damping rate on ions of the first
species is expressed by the left-hand inequality in
(2.14). The damping on ions of the second species is
treated by analogy with the fast ion-acoustic wave
damping on ions of the first species considered above.
Using the approximate relationship (2.13), notation
(2.15), and formula (2.18), it is easy to show that the
requirement for a small ratio yj,/wy <€ 1 reduces to the
following inequality:

3< In[grﬂ <r?

The system of inequalities (2.9), (2.14), and (2.19)
determines the conditions under which weakly damped
fast and slow ion-acoustic waves may coexist.

For a decay process to be possible, it is necessary
that (i) the ion-acoustic waves would exist and (ii) the
maximum damping rate of the interacting waves would
be smaller than the minimum wave frequency. For this
reason, in addition to conditions (2.9), (2.14), and (2.19),
it is necessary to ensure that the fast ion-acoustic wave
damping rate y;(k) (2.6) would be small as compared to
the dow wave frequency wy (2.13). For the waves under
consideration (krp < 1), thisleads to the condition

(2.16)

(2.17)

(2.19)

Qv m{nw_ﬂw_‘im&ﬂ. 220

D/TlD Swiz wf D/TlD
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In the case of w,, ~ w4, inequality (2.20) is essentially
equivalent to (2.9), athough the former condition poses
astronger restriction on the vJ vy, ratio: (v4vq)? > 4.
When 4o, , < wy 4, the limitation of the parameter v/ v,
becomes still more rigid and can be expressed (to
within alogarithmic term) as

DIT(*)Ll LT
R e o

Thus, in the case of 4w, , < Wy ;, the possibility of decay
requiresthat ther/rp; ratio (characterizing the degree
of nonisothermicity of the plasma) would increase with
decreasing w ,/w, ;. This property becomes evident if
we recall that the conditions (2.21) also provide for the
slow acoustic wave frequency (proportiona to w,)
being not small as compared to the fast acoustic wave
damping rate y (which decreases with growing ratio
Vd V1 = Ipdlpy)-

Using inequalities (2.9), (2.14), (2.19), and (2.21),
we may find conditions under which, on the one hand,
weakly damped fast ion-acoustic waves may exist and,
on the other hand, the fast waves cannot take part in
decay interactions with the slow wave. Now we will
indicate these conditions for a plasmawith wy ; = W 5.
Thefird isthe so-called nonisothermicity condition (2.9).
The second condition,

2 2
0Vs - e
2

D

D/Tl[l

2
E\/LIJ% =r2<31
T

isinfact an inverse condition with respect to (2.19) and
represents a situation when the slow acoustic wave can-
not exist because of strong damping. The third condi-
tionis

(2.22)

2
3 < 00 ¢

2 4
D/T:LD |:T[le('OLlDVS|:| :|’ (223)

which ensures, according to (2.20), that the damping
rate of the fast wave would be greater than the slow
wave frequency at a not too large degree of nonisother-
micity, even if the inequality (2.22) is not satisfied. In
(2.23), the left-hand inequality corresponds to condi-
tion (2.9). According to this, the decay interaction will
be forbidden (if the condition (2.22) is not satisfied)
only in a comparatively narrow interval of nonisother-
micity. For 4w, , < w4, (2.23) isreplaced by the condi-
tion

2
rDe I

D”‘*’Lll [”‘*’Ll}g. (2.24)

DSsz 0

According to (2.24), the range of the degree of noniso-
thermicity in which the decay interaction in the plasma
becomes possible logarithmically weakly expands with
decreasing w .

W >
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In the case when adifference between v, and v, is
not very large, the dispersion equation for fast and slow
ion-acoustic waves can be studied by numerical meth-
ods (see, e.g., [13—-15]). In this context, let us consider
the results of such anumerical investigation reported by
Williams et al. [15] for afully ionized CH plasmawith
equal concentrations and temperatures of hydrogen and

. . 2 2 2 2
carbon ions, for which v, =12v7, and rp; =36rp,

(accordingly, r2 = 36). Aswas demonstrated in [15], no
fast acoustic wave existsfor T/ T, < 5; this corresponds
to violation of the inequality (2.9). In contrast, for
TJT, = 5, the fast acoustic wave exists and the slow
acoustic wave is strongly damped. This case, not
treated in the analytical considerations presented
above, corresponds to violation of the left-hand ine-
quality (2.11), which is obviously not satisfied for the
CH plasma studied in [15]. Thus, one can see that our
analytical treatment providesfor asimpleinterpretation
of the results of numerical calculations. Since the CH
plasma studied in [15] cannot feature coexisting fast
and dow ion-acoustic waves, this plasma will not
exhibit decay interactionsfor any degree of nonisother-
micity.

In this context, we would like to mention the results
reported by Vu et al. [16] for the ion-acoustic wavesin
a plasma with ions of two species. According to these
data, a necessary condition for the existence of a
weakly damped fast wave for krp, < 1is

2 2 —1
r U w
ooy + A8

> > (2.25)
ron O oo

while a weakly damped slow wave can exist provided
that

(i)_'z-_l > _______rDe
+rpy

.
> D2 (2.26)

wﬁz r2De Mb1

When only one of these conditionsis satisfied, only the
corresponding weakly damped ion-acoustic wave
exists. Both conditions fulfilled simultaneously provide
for the coexistence of two weakly damped waves. In par-

ticular, for aplasmawith o, ,/w;, > 1, conditions (2.25)

and (2.26) can be expressed as
r
% >1, (2.27)
b1
0. r2
—>1>22 (2.28)
W2 Mb1

Inequalities (2.25)—(2.28) follow from the conditions (2.1)
as (2.11) relating the phase velocities of ion-acoustic
waves to the thermal velacities of ions. According to an
analysis performed in this section, inequalities (2.27)
and (2.28) follow from (2.9) and (2.19), respectively.
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Therefore, the conditions (2.25)—2.28) established in[16]
follow from the inequalities derived above (so asto pro-
vide for asmall level of the Cerenkov damping of both
fast and slow waves) and impose no additional limita-
tions on the necessary conditions formulated above for
the existence of decay processes.

Taking into account the above results, we will con-
sider plasmas with strongly different thermal velocities
of theions of two species assuming that the decay interac-
tion can be ignored provided that either condition (2.22)
or the inequalities (2.23) or (2.24) are satisfied. It
should be emphasized that decays areimpossiblein the
plasmas similar to that studied in [15].

3. INDUCED SCATTERING
OF THE FAST ION-ACOUSTIC WAVES ON IONS

Below we will consider plasmas in which the fast
ion-acoustic waves can exist in the absence of decay
interactions (since some necessary conditions for the
latter are not satisfied). In these plasmas, the main non-
linear process for IAT isthe induced scattering of fast
ion-acoustic waves on ions. According to the general
concepts of the nonlinear plasma theory, the damping
rate of the induced scattering of ion-acoustic waves on
ionsisasfollows[17]:

V) = Y [z

a=12

(3.1)

dk’ ,,af@
3 FM

where m, isthe mass of ions of the a species(a =1, 2),
N(k) is the number density of the ion-acoustic waves,
k" =k -k', 0" =w—-w, andf, =f,(v) isthedistribution
function of ions of the a species, and W, (k, k', v) isthe
probability of induced scattering. The latter quantity is
determined by the formula

4(21)°|Ay(k, K', V)2
[is(w k)}[ (W, k)} (3.2)

x o( ' —k" V).
Here, g(w, k) is the longitudinal dielectric function of
the plasma, A, (K, k', V) is the scattering probability
amplitude defined as

W,(k, k', v) =

co @ D&k K 1
/\G(kl k !V) - (21_[)3 a kkl ((A)—k B/)((A)‘ _ku D/)
4T1ie, 1 € av'
+ —
Kt 2 o kv
k" e(w", k )B- ,Mg (33)

w0
LI
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and e, isthe charge of ions of the o species. Expres-
sion (3.3) for the scattering probability amplitude can
be smplified using the fact that the phase velocity of a
fast ion-acoustic wave is small as compared to the ther-
mal velocity of electrons but large in comparison to the
thermal velocity of ions (for more detail, see [6]).

In what follows, we take into account that most sig-
nificant oscillations in the IAT theory are the charge
density oscillations with wavenumbers on the order of

the reciprocal Debye radius for electrons (k ~ rgle). In
addition, we assume that ions of at least one species
obey the relationships

Noe > Ipgy ZogTe > Ty, (3.4

where T, is the electron temperature, Z, and T, are the
ionization multiplicity and the temperature of ions of
the o species, respectively. Under these conditions,
expression (3.3) yieds an approximate relationship [5, 6]

2

Aalk, k) = — KX
(2m)°m,w (3.5)
|:k_|3/ + k_lj/ +L (w" k")i|
W w
where
oo = O SMy Ogg(w'", k")
Lo(w' k) = 5 mye,15e,(w", k") + 0g,(w, k™)’
a%p, (3.6)

and dg5(w", k") isthe partial contribution to alongitu-

dinal dielectric function of ions of the 3 species. Taking
into account the approximate relationship (3.5) for the
scattering amplitude and using expressions (3.1) and
(3.2), we obtain

Yu(k) = J'dk'N(k')K(k, k'), (3.7)
where
N _ WK Ek'Dz € e
K(k, k) = 22X =& ravd( o' —K" T
( ) Zwiljkk Da -, GI ( )
Of Ok v K OF ok v, D/D
—6—\/—DDD_ + 3y + ZD_ (3 8)
|
o0
x Re[Lo(w", k")] +[Lqo(w", K")|" O
0

In order to simplify expression (3.8), we assume that
the distribution of ions with respect to velocity is
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described by the Maxwell function. Then, integrating
over theion velocities, the kernel (3.8) can be presented
in the following form:

N o— wo Kk KT 0w O
Kk, k") = : -
L INALCasip Wi s
oe 7.0 @20 (3.9)
X E—— ——10
Lngrodd 70 2k2v2 0
x[Kao(k, K') + Kam(k, k) + Kgi(k, K]
Here, the termsinvolving the kernel
y = o[KKVro(w+ )2k x K7
Koolk, k) = 2] = 2= | EEA (3.10)

are similar to those appearing in the theory of plasma
containing ions of a single species. The terms propor-
tional to the kernel,

= 2K el Ly (o, )]

Kanlk, k) = SEEEE s
ko_k , kK '
x[w(—ow% ETL kg kT }

are due to the mixing of the induced scattering proba-
bility contributions determining kernels (3.10) and
(3.12). Terms containing the latter kernel K (k, k') are
related to anontrivial distinction between plasmas con-
taining ions of two species and those with ions of asin-
gle species. These terms, as well as the terms with a
kernel of the (3.11) type, are nonzero only when ions of
the two species possess significantly different charge-
to-mass ratios (e,/m, # e,/my). For this reason, the
potential field of interacting ion-acoustic waves acts
differently upon the unlike ions. The resulting effect of
the dynamic ion charge separation leads to an increase
in the induced scattering probability as compared to the
case of asimple plasma containing ions of asingle spe-
cies. Thekernel

Ka(k, k) = |Lg(w", k)| (312
is determined by the function L, defined as (3.6), which
depends on the susceptibilities dg;(w", k") and d&,(w", K*)
corresponding to the Maxwell distribution of ions.
According to [18], the latter quantities can be expressed
as

0g,(w", k") =

e
(K'pe)t KV
a=12

Expressions (3.7)—3.13) serve asabasisfor the fol-
lowing analysis of induced scattering of the ion-acous-
tic waves with the dispersion law (2.3) in aplasmacon-
taining ions of two species.

(3.13)
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Inorder to use expression (3.13), it will be necessary
to obtain an explicit expression for the function J,(x)
and its asymptotics as functions of the real variable x.
These expressions are as follows [18]:

J.(¥) = (¥ +i33(x), (3.14)
100 = xe [t (3.15)
Ji(x) = [2 P, (3.16)

Notethat the function 1 — J,(x) changessignat x=1.3,
where —J/(x) is in the order of unity. The imaginary
part of —J;(X) reachesamaximum value~0.76 at x = 1.
Far from x ~ 1, the asymptotic behavior of J;(x) isas
follows. For x < 1,

1-3(0)=1-x, =Ji¥)=xJm2<1,

while for x > 1, the function —J(x) is exponentially
small according to (3.16) and

(3.17)

1-Jy(X) ==X =3x". (3.18)

4. REDUCTION OF THE INDUCED SCATTERING
DAMPING RATE FROM INTEGRAL
TO DIFFERENTIAL

The nonlinear damping rate of the ion-acoustic
waves Y, (k) plays a key role in determining the IAT
spectrum. Owing to smallness of the momentum trans-
ported from waves to ions during the induced scatter-
ing, n(K) usualy can be presented in the form of adif-
ferential operator acting upon the modulus of the
wavevector of the ion-acoustic wave. In the case under
consideration, this representation is possible as well.

The kernel of the integral operator in formula (3.7)
has an exponent with the parameter

wu _ Vs (.L)"

KV~ VraRVy @)

wheretheratio of the acoustic wave vel ocity to thethermal
velocity of ionsismuch greater than unity (v vy, > 1) by
virtue of the conditions (2.1).

Figure 1 shows the plots of w"/K"v, versus k'/k cal-
culated for krpe =1, k - k'/kk' = 0.3 and 0.9 and for
krpe =0.3, k - k'/kk' = 0.9. Together with the condition
v/, = 1, thedatain Fig. 1 indicate that, in the range
of wavenumbers krp, = 1 (of most interest for the the-
ory of plasmaswith |AT), only the values of k'/k around
unity are significant: in this region, the kernel (3.9) is
not exponentially small. It should be noted that, for
krpe = 1, small values of the parameter w'"/K"v, are
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also possible for k' > w,/v4,. However, according to
condition (2.1), there are no waves proper in thisregion
of wavelengths. Below we will employ the proximity of
k'/k to unity, which corresponds to small variations of
the absol ute value of the wave momentum, in reducing
expression (3.7) to adifferential form.

First, consider the quantity yy(k) representing acon-
tribution to the damping rate proportional to the K,
kernel defined in (3.10). Introducing the value

_ K _ w'/K' k [k
A=1-p = dwldky| 23 - 0
representing a small parameter (|A] << 1), we can write

the following relationships:
k [k

(4.2

||2~ 2
k? =2k HL - S EL-1), (4.3)
dow 1,2 2d°w
W' = Ak g~ 50 2K ma (4.4)
_ D (A)" D:_ dkl
dX_dD(uVTorD kVTcx
(4.5)

2 2
y dw/dk [1+A_Akd w/dk }
J2(1—k IK'/KK) da/dk

where x isavariable related to the parameter A as

Since v, > v, thelimits of integration with respect to x,
corresponding to small and large k' values in Eqg. (3.7),
can be extended to +o0 and —o, respectively. Retaining
only the terms linear in A and integrating with respect
to x, we obtain from (3.7)—(3.10) a contribution to the
damping rate due to only the kernel (3.10):

_ 1 COLQD K2dk
Yo(k) = 21.[[ le Ta } do

aEk4dk rk K2k x K7
* 3k dw | Otae 0 0 a0 Nk %

(4.6)

B0
4.7

where do, is the solid angle element of the vector k'. A
difference of Eq. (4.7) from an analogous expression in
the theory of plasmas containing ions of a single spe-
ciesisdetermined by the term in square brackets. In the
latter theory, formula (4.7) transformsinto awell-known
expression for the damping rate of induced scattering on
thermal ions [8]. Accordingly, expression (4.7) con-
verts into the Kadomtsev—Petviashvili operator [3, 4]
for krpe << 1 or into the Galeev—Sagdeev operator [7]
for krpe > 1.
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(A)"/ " Vx

Fig. 1. The plots of w"/K"vg versus k'/k calculated for the
parameters krpe = 1 (1, 3), 0.3 (2) and kk'/kk' = 0.3 (1),
0.9(2, 3).

In the region of wavenumbers k' ~ k, the kernels
(3.10) and (3,11) can be estimated as

Kok, K) D8D/T°‘E gkk"kk]g , 4.8)
Kk, k) szzg%nge[La(w", K, (49)

where x? < 1. Comparing these expressions to the ker-
nel Kqi(k, k') defined in (3.12), we can readily see that
Kqm IS @ways smaller than max[K,o, K,]. Therefore,
we may ignore the contribution due to the mixed terms
(3.11) in the analysis of the induced scattering in plas-
mas containing ions of two species.

By analogy with the derivation of formula (4.7) for
the damping rate y,(k) we can abtain an expression for
the differential contribution to the induced scattering
damping rate related to terms specific of the plasma
containing two species of ions. This contribution,
related to the K, kerndl in (3.9), will be denoted by yi(k).
Using relationships (4.3)—(4.6), we derive the follow-
ing expression for this damping rate from Egs. (3.7),
(3.9), (3.12), and (3.13):

_LE_&f ¢ W K
V() = 2, ")) Zz 1L Da gk
o (4.10)
o0 K rk kP, k KO, 0, K]
“ ok inadink | %% ke O - kK ANk k‘%’
where
1 2 X2 2
Dy(u,r) = ————— [dxx"e " “|L,(¥)|",
’ JﬁlLaw)lz_[, L 411
a=1,2,
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L = [1- L8]

o (4.12)
x Eﬂ- J+HJ:| + I’_2[1_\]+(X)]§ )

Lo(X) = [1-J.(xu)]

2 . (4.13)
x{1-J,(xu) +r[1-3,1}

La(0) = rpa /1oy + ro2), U= Vool Vg, and T = I/,
In cases when we can neglect the difference between
L (X) andL,(0) in(4.11), weobtain D, =D, =1. Insuch
cases, the damping rate (4.10) coincides with that
obtained in [5], where the partial ion contribution to the
longitudinal permittivity of plasmawas described by an
expression corresponding to the static limit: g, (0, k) =
(krpe) 2. Using the new, more general expression for the
ion contributionsto theinduced scattering damping rate
for the plasmawith ions of two species, we can describe
the induced scattering on ions under the conditions
where the effects of dynamic polarizability of the
plasma cannot be ignored.

5. ION-ACOUSTIC TURBULENCE SPECTRUM

Using the above expressions for additive contribu-
tions to the damping rate of induced scattering for the
plasmas with ions of two species, it is possible to deter-
mine conditions under which the contribution yi(k)
would prevail. A comparison of expressions (4.7) and
(4.10) for krpe = 1 shows that the latter contribution
dominates when

ey Py &7 (1)
g mi 202 4 2

x[@l‘*’ulj E?zwulj}
Chyoo - Oy D

o1 (5.1)

where

D,u” + D,r’

D =
u2+r2

(5.2)

If theinequality (5.1) issatisfied, relationship (4.10) for
the damping rate of induced scattering can bewritten as

Yn(K) = Dyga(k),

where yy4(k) describes the induced scattering in a
plasmawith two species of ions, provided that d¢,(w,K)
can be replaced by d¢,(0, K) in the expression for the
scattering probability amplitude [6]

(5.3)
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al) = -2 TR

<35 virh K o0 K
QZ T o dinco/dinkak fincrdink  (5:4)

=12

><J'd0k ck ki

_kkp kDD
‘Tkk' O N%

kk' O k‘D

The quantity D in relationship (5.3) characterizes a
difference between vy, (k) and yy4(k) caused by the
dynamic polarizability effects. The function D deter-
mined by formulas (5.2), (4.11)—(4.13) depends on two
parameters: r = rp,/rp, and u = v,/ v Aswas noted at
the end of Section 4, putting zero argument (x = 0) in
formulas (4.12) and (4.13) for the functions J, corre-
spondsto neglect of the deviation of the ion polarizabil-
ity from that in the static case. Then D = 1 and y,(k)
coincides with yg4(k). However, expressions (4.11)—
(4.13) show that, in the general case, we cannot assume
that the J, value is much smaller than unity. This
implies that a consistent consideration of the induced
scattering must take into account that the ion polariz-
ability of aplasmadiffersfrom that in the static case.

However, according to Egs. (5.2) and (4.11)—4.13),
there are still conditions under which the coefficient D
is close to unity and, hence, the induced scattering can
be considered in the static approximation. Such condi-
tions exist, in particular, in the plasmas characterized
by equal thermal velocities of ions. In this case, the
contributions due to ions of different speciesto the per-
mittivity are proportional to a function of the same
argument 1 —J,(x) and, hence, D = 1. Should the ther-
mal velocities of ions differ but little, so that v, — v, <
V1, < vy, the D value can be approximately expressed
as (see Appendix, Egs. (A.4) and (A.5))

D=1-4(1-u)’r3(1+r3)~ (5.5)

Note that formula (5.5) issymmetric with respect to the
substitution of 1/r for r. This approximate expression
exhibitsaminimum D = 1 — (1 —u)?for r =1, inwhich
case D iscloseto unity for 1—u << 1.

Ananalysisof formula(5.5) revea satrend whereby
the interval of velocities in which D is close to unity
increases when r deviates from r = 1. The same trend
can be followed in the exact expressions (5.2) and
(4.11)«4.13). For example, when r — 0 in formula
(5.2), it is sufficient to retain only the coefficient D,
which, according to (4.11) and (4.13), is close to unity
for any finite u. In the case of r —» oo, the principal
guantity in (5.2) is the coefficient D, that is also close
to unity according (4.11) and (4.12). Such a behavior
implies that, in the plasmas with strongly differing
Debye radii of ions, the domain of applicability of the
static approximation in the theory of induced scattering
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is much greater than in a plasma with rp; = rp,. This
conclusion follows from approximate expressions for
thefunction D (see Appendix, Egs. (A.6) and (A.8)). In
contrast to the approximate formula (5.5), which is
valid for (1 —u)? < 1, approximate formulas (A.6) and
(A.8) for u? <1lyield

D=1-r?u
D=1-(ru)?

According to these formulas, D is close to unity when
r <uorr>1/u. Inview of thelatter condition, it should
be recalled that the decay interaction of ion-acoustic
waves in the plasmawith u < 1 can be ignored for r? <
3 (seeinequality (2.22)). Thus, relationships (5.6) show
that plasmas with the r values far from unity may pos-
sess the D function close to unity even for significantly
different thermal velocities of light and heavy ions. Itis
also seen that, as the u value approaches r or Ur, the
D function becomes small as compared to unity. There-
fore, D deviates most significantly from unity in the
interval

2 2
rr<u <1,
(5.6)

r’u?> 1, u’ < 1.

u<r<2du. (5.7)

Theseinequalities determine arelationship between the
plasma parameters for which the probability of induced
scattering drops most significantly due to a difference
of theion polarizability from the static value.

For arbitrary values of the parameters r and u, the
degree of proximity of the D function to (or difference
from) unity isillustrated in Fig. 2, wherethe D valueis
plotted versus the ion thermal velocity ratio v,/v, for
various values of the parameter r = rp,/rp,. According
to these data, the D value tends to unity together with
the velacity ratio. The region in which D is close to
unity increases when the rp,/rp, ratio deviates from
unity. For D close to unity, v, (k) is close to yg44(k) and
a difference of the ion susceptibility from the static
value is not manifested in the magnitude of induced
scattering. In contrast, for v,/vy; < 1, the situation is
gualitatively different as seen from formulas (5.6) and
(5.7) and illustrated in Fig. 2. In this case, a consistent
consideration of the dynamic polarizability in aplasma
containing two species of ions with strongly different
thermal velocities leads to a decrease in the damping
rate of induced scattering of ion-acoustic waveson ions
as compared to the value for a plasma with insignifi-
cantly different thermal velocities of ions. The smaller
the vy,/vy, rétio, the lower the D value. At the same
time the D value cannot be arbitrarily small. The
domain of applicability of therelationship (5.3), aswell
as the range of D, is limited by the condition (5.1). If
thisinequality isviolated, v, (k) isdetermined by acon-
tribution y,(k) (4.7) to the damping rate inherent in the
plasma with a single ion species. The above consider-
ations show that the effect of dynamic polarizability is
significant for the plasmas with strongly different ion
velocities and may lead to a considerable decrease
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Fig. 2. Plots of the coefficient D versus the ion thermal
velocity ratio u = v,/ vy for various values of the parame-

ter r =rpy/rpo: (1) 0.1; (2) 0.3 and 10/3; (3) 0.6 and 10/6;
4 1.

(down to the yy(k) value) of the anomalously large
damping rate y4(k) observed in aplasmawith two spe-
ciesof ions. The decrease of y,, (k) with decreasing D in
formula (5.1) is possible as long as the condition (5.3)
is fulfilled. When this inequality is not valid, the v, (k)
value is determined by the y,(k) contribution.

Now, when a differentia form of the nonlinear
damping rate is established, we can proceed to analysis
of the ion-acoustic wave distribution in a plasma con-
taining ions of two species. In order to establish the new
regularities most clearly, we will restrict the consider-
ation to a plasma with the quasistationary electric field
E = (0, 0, E) and the gradients of the pressure p = nKT,,
where n, isthe electron density and Kk is the Boltzmann
constant, and the electron temperature T, are oriented
along the z axis. In this case, the electron increment of
the ion-acoustic instability y,(k) is determined by the
effective force density R = (0, 0, R) with

R = en,E—0dp/oz>0, (5.8

where e isthe electron charge. A quasi stationary distri-
bution of the ion-acoustic wave number density N(k) is
established due to a competition between the Cerenkov
wave generation by electrons and the damping of these
waves as aresult of the induced scattering and the Cer-
enkov interaction with hot resonance ions. By the reso-
nance ions we imply those possessing vel ocities above
the phase velocity of the ion-acoustic wave (v > wk ~
V). Since a nonisothermal plasma is characterized by
Vs > V4, theresonanceions occur at the tail of the dis-
tribution function. Therelative fraction n,, of suchions
issmall and their number density is much smaller than
that of the major ion fraction n,. At the same time, this
small group of ions is effectively heated by the ion-
acoustic waves due to the Cerenkov interaction. The
Cerenkov absorption leads to araid heating of the res-
onance ions. Eventually, the velocity distribution of the
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Fig. 3. Plots of the angular term in the ion-acoustic wave
number density versus wavevector angle 6 in the limit of
small turbulent Knudsen valuesfor Ky =5, 8 =5, and three

values of the parameter D = 0.3 (1), 0.5 (2), 1.0 (3).

heated resonance ions is characterized by an effective
thermal velocity v,, exceeding the acoustic wave
velocity v, for which reason such ions are usually
called the hot resonance ions (for more detail, see [8]).
Under these conditions, the N(k) is determined by the
following equation:

Ye(K) +Y1(K) +Y2(k) +yn(k) = 0, (5.9

where y, (k) = 8,Y4(K) and y4(K) is the damping rate of
the Cerenkov damping on electrons determined by for-
mula (2.5), 8, = (Mg V>IN,V 3, )(€5 m/e2m,) istheratio
of the damping rate of wave damping on hot resonance
ions to y4(K), n,, and v,, are the density and thermal
velocity of hot ions of the a species, respectively, and
m is the electron mass. Equation (5.9) differs from an
analogous relationship studied in [6] only by the pres-
ence of an additional factor D in y,(k) determined by
(5.3), which allows the results obtained previously [5,
6] to be used here.

Following [5, 6], we obtain the following relation-
ship from (5.9):

6 2 2 12
W rpe (o1 +Tp2)

5 2 2 2 2
2 W Vrilpr + Vralpo

oe e 1 [m“v“szﬁe

Ly mH K41+ K22y krpe  (5.10)

N(k, cosB) = ®(cos)

1 1 }
JLH132, 3(L+ K™
coso =0,

where 0 is the angle between vectors k and R. In this
relationship, the explicit form of the function ®(cosB)
depends on the turbulent Knudsen number. This quan-
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tity isproportional to the parameter D givenin (5.2) and
is determined as

_ 61 Rw;
Kn = DKstat=—X——-—-L7e
Vs,
s oo 2 (5.11)
X(VTerl VTalb2) S(B1 €]

2 2 \2 Tmi
(ro1+rb2) - my]

where A = 0.55. In thelimit of small Knudsen numbers,
Kn < (1+ 0)? (where d =8, + J,), we obtain

4Kn d
31(1 + &) cosBd(cosh)

x [cos'8(1 + e — cosB) ™ .

d(cosh) =

(5.12)

Here e and o, are small parameters. o, = In2/In[(1 +
0)%Kn] < land e = 2Kn/3m(1 + 8)%0, < 1.

In the opposite limit of Kn > (1 + d)?, the angular
distribution is as follows:

cos@

2 d t>ct
®(cosb) = JKn

x [0.51 +0.08t2—0.33t* (5.13)

2 -1
_0.92t/1 —tzlngil—i—tl——‘—t-g}

Equations (5.10)—«5.13) completely determine the
distribution of the ion-acoustic wave number density
with respect to the wavevector k. The shape of the dis-
tribution with respect to the wavenumber modulus and,
hence, the frequency, is independent of the parameter D.
On the contrary, the shape of the angular distribution of
the wavevector Kk is extremely sensitive to the parame-
ter D, because various D values may correspond to dif-
ferent turbulent Knudsen numbers. As a result, a
decrease in D is accompanied by relative reduction of
theregion of large turbulent Knudsen numbersinwhich
distributions of the type (5.13) take place. Correspond-
ing to the asymptotic limit of large turbulent Knudsen
numbers, this form of the distribution is independent
of D. On the contrary, in the limit of small turbulent
Knudsen numbers, a decrease in D (accompanied by a
decrease in Kn), together with small values of the
parameterse and a., leadsto “ sharpening” of the distri-
bution of the ion-acoustic wave number density in the
direction of the force density R generating the instabil-
ity. Figure 3 shows the angular distribution function
d(cosh) of thetype (5.12) for Ky =5, d = 5, and vari-
ousD =1, 0.5, and 0.3.
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6. ANOMALOUS TRANSPORT

Based on the above-described variations in the |AT
spectrum, we may consider the corresponding changes
of the values characterizing some electromagnetic and
kinetic phenomenain anonisothermal plasmawith sig-
nificantly different thermal velocities of ions. The vari-
ations in the I1AT spectrum are most significantly pro-
nounced by changes in the transport coefficients mani-
fested in the limit of large Knudsen numbers. A
description of the transport process in a plasma with
developed IAT is usually based on a kinetic equation
for the electron distribution function f. In the case when
a gquasistationary electric field E in the plasma and the
gradient of the electron distribution function are
directed along the same axis (z axis), we obtain the fol-
lowing equation for the limit of large Knudsen numbers:

of , ,of el (o SN0 0f
3 vazcose +mE@Vcosev 36,0
(6.1)
sn6,00,[ ,200, gl

wheref=1(v, 0,, z 1), 8, isthe angle between the vel oc-
ity vector v and axis z, and Dgg i the component of the
quasilinear diffusion tensor describing relaxation of the
€l ectron momentum upon scattering on theion-acoustic
oscillations of the charge density. For an |AT spectrum
described by Egs. (5.10) and (5.13), the Dgq tensor
component can be expressed as

o sin@,
2
0 2
Do = dke’k [ d(cosg)H00
0= — wLJ’ I ( )E{;nevD
«_N(k cos®) _ v vy (6.2)
sin@, 2
cosf ®(cosH
x Id(cosB)EbmeE 2( : 2
J v—,/sin8, —cos 8

where v is the frequency characterizing relaxation of
the momentum of thermal electrons in the turbulent

plasma:
_F R
R B
8 nmv

In deriving Eq. (6.2), we took into account that the
phase velocity of the ion-acoustic waves is small as
compared to the electron velocity. In addition, the inte-
gration with respect to the wavenumber modulus was
performed from zero to infinity. This approximation is
justified by the fact that the main contribution to the
integral with respect to k is observed in the region of
K ~ 1/rpe. Let usassumethat thefield E and the electron
distribution inhomogeneity lead to a small deviation
of = f —f, of the electron distribution function from the

(6.3)
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isotropic value fy = fo(V, z, t) in the space of velocities.
Then, using (6.1), we obtain the following relationship
for the times greater than the momentum relaxation
time for the major electron fraction:

0t _ v’ reg0fo, Ofg
0(cosB,)  2Dgglm av

Vo920
Using Eq. (6.4) it is possible to calculate the electron
fluxes along the z axis. Assuming that the function f,for
the mgjor electron fraction is close to the Maxwell dis-
tribution f,,, and using relationships (5.13) and (6.2)—
(6.4), we obtain an expression for the current density:

(6.4)

00

00f

j = eJ'dvacosG = —enj'dvv Ide =2 s§n’e,
(6.5)
_8 _3p0 10
= T[Benevsﬁ 5Raz " T4

where 3 = 0.45. By the same token, we calculate the
thermal electron flux:

_m 3 _ ) 5n 00f
q-= 2J'dva cosB, = 2mJ’dvv ,fdevae sn’e,
(6.6)
- Knd 2P0 1O
= anVS Kn >Roz InT

Under conditions frequently encountered in the case
of laser plasmas, the current density is zero (j = 0). In
the zero-current plasma, it is interesting to determine
the therma flux limiting factor f, = —g/pv,. Using the
condition j = 0, we abtain from (6.5) and (6.6) an
expression

w (JL)
-4 644 22k K= 3— DKo <32t K. (67)
Le Le

According to this, the thermal flux limiting factor is

/D times smaller than that appearing in the theory
neglecting the frequency dispersion of the plasma
polarizability in the amplitude of probability of the
induced scattering of ion-acoustic waves on ions.

In the case of a plasma characterized by a homoge-
neous electron temperature, relationship (6.5) alows
the effective frequency of electron collisions to esti-
mated as V4 = R/ngmu, where u = j/en, is the electron
drift velocity.

The first estimate of v obtained by Sagdeev [12]
referred to a turbulent plasma containing ions of a sin-
gle species:

uZT
Vé? - pSOJle 1—

where Z and wy; are the ionization multiplicity and the
Langmuir frequency of ions, respectively, vy = Wil pe

(6.8)
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Fig. 4. The plots of coefficients D; and D, versus r for
r<12

and ps= 102 [12]. An expression of the (6.8) type aso
appears in the theory of IAT for a plasma containing
ions of a single species, but with a dightly different
coefficient ps= 2.5 x 1072 (for more detail, see [8]).

If a plasma contains the ions of two species, while
the effect of dynamic charge separation can be ignored
(so that aninequality oppositeto (5.1) isvalid), the IAT
theory yields

7 2 -1
W, m
Ver = PsUVg 4L|: z g;: eVTach%i| ' (69)
o

W e a=172

where p, = A\TU7863> = 0.025 and B, = 0.28. Relation-

ship (6.9) generalizes the Sagdeev formula to the case
of plasma containing ions of two species. This general-
ization corresponds to conditions when the nonlinear
damping rate of induced scattering on ions y,, can be
calculated by adding the two contributions (due to ions
of different species) analogousto those determinedin a
theory of plasmawith ions of a single species.

A different generalization of the Sagdeev formula
for aplasmacontaining ions of two species corresponds
to conditions when vy, takes into account an increase
in the probability of induced scattering related to the
dynamic charge separation for ions. Taking D = 1,
which correspond to the static polarizability of ions at
the frequency of beats of the interacting waves, and
assuming that inequality (5.1) isvalid, we arrive at the
expression obtained in [6]:

7
Vo, = pU &L
saa — M7, 4
Vs(&)ie
, - , (6.10)
(rb1+p2) e’ &’

> 4 2 4\ 2 '
(WL1lp1 + W2l p2) M Chny mH

where p = TN96[3? = 0.1. Under the conditions (5.1)
with D = 1, the effective frequency vy, given by (6.10)
is smaller than the value determined using formula (6.9),
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which contains a relatively large parameter—the ratio
of the square acoustic wave vel ocity ( vﬁ ) to the squares

of ion thermal velocities(v$u )—and depends in a dif-
ferent way on the plasma parameters. The lower v
value obtained in [6] is explained by arelative increase
in the probability of induced scattering due to the
dynamic charge separation for ions.

Still another generalization of the Sagdeev formulais
obtained if we take into account both the effect of the
dynamic charge separation and the difference between the
dynamic and static polarizabilities of the plasma. This
very case is studied in our theory, where conditions (5.1)
areassumedto bevdid. Using (5.11) and (6.5), we obtain

Vg = Vgal/D. (6.11)

Thus, the effective frequency v (6.11) differs by the
factor 1/D = 1 from the value of vy, given by (6.10).
For D approaching unity, v is close to vg,. On the
contrary, the case of D < 1 corresponds to a consider-
able increase of v as compared to vy, in the theory
ignoring the difference between dynamic and static
plasma polarizabilities. However, this relative increase
iNn Vg (6.11) with decreasing D is observed as long as
inequality (5.1) isvalid. When D becomes so small that
inequality (5.1) is no longer satisfied, expression (6.9)
instead of (6.11) should be used for v 4.

Now we will discuss in more detail the form of the
parameter D for a plasma with significantly different
thermal velocities of ions:

Vi1 Voo (6.12)

As can be seen from Fig. 2, this case correspondsto the
most pronounced manifestation of the dynamic polariz-
ability effect. A minimum D value in this system is
achieved for r = 1. In view of this, let us consider a
restricted interval of r valuesr < 1.2. Thiswould alow
us, on the one hand, to study the region of minimum D
values and, on the other hand, to derive a simpler
expression for D (see formula (6.15) below).

Under condition (6.12), formulas (4.11)—(4.13)
yield the approximation

b, ~ YT +r?)’

v O J2m
. . (613
x [dxx| =90 |?=p, 1T
| o rweyeri =
:(—1+r2)2°° Xx? eXp(=x12) 6.14
2 ,\/Z'[ _Jo: |1+ r2[1_\]+(x)]|2' ( . )

The plotsof D; and D, are presented in Fig. 4. As can
be seen, the D, value is close to unity for r < 1 and
increases approximately six times on approaching
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r = 1.2. In the same interval of r values, the coefficient
D; increases from ~1.6 to ~11. In the whole interval,
the D, and D, values differ no more than by afactor of
2. Taking into account this behavior of the coefficients
D; and D, for r < 1.2, expression (5.2) for the parame-
ter D can be simplified to yield

= 2
_ D+ Dur've /vy

1+ 13 (vrlve)®
D,
1+ (rDlleerZVTZ)Z

From thisit followsthat, according to (5.7), the param-
eter D issignificantly smaller than unity provided that

(6.15)

v r
> D221 (6.16)

Via  I'pg

In the plasmas satisfying conditions (6.16), an allow-
ance for the difference of the polarizability of slow ions
from the static value leads to a significant modification
of both the turbulence spectrum and to a considerable
change of the transport coefficientsin the limit of large
turbulent Knudsen numbers. It should be recalled that,
for the manifestation of the dynamic polarizability
effect, it is also necessary to satisfy, in addition to con-
ditions (6.16), inequality (5.1) ensuring smallness of
the contribution to the induced scattering damping rate
(inherent in the plasmas with ions of a single species).
Under the conditions studied, inegquality (5.1) takes the
form

EJL &My V$1 wﬁl

elmp

which can be satisfied in the pI asmas with sufficiently
hot electrons, when the acoustic wave velocity is much
greater than the thermal velocity of light ions. In addi-
tion, the charge-to-mass ratios of the ions of two spe-
cies must be not close to each other.

(6.17)

7. GENERATION OF RUNAWAY ELECTRONS

In this section, we will consider the formation of
runaway electrons in a homogeneous plasma contain-
ing ions of two species, exposed to a sufficiently strong
quasistationary electric field. The system is studied
under the same conditions as in Section 6—for a suffi-
ciently large turbulent Knudsen number Kn > (1 +
d)>—when the effect of the dynamic ion polarizability
at the frequency of beats of the interacting ion-acoustic
waves is most pronounced.

In order to determine the flux of runaway electrons,
we will use a kinetic equation for the large isotropic
part of the electron distribution function f,. This equa
tion isderived from (6.1) by averaging over the vel ocity
vector directions and using relationship (6.4). Ignoring
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the inhomogeneity of the electron distribution in (6.1)
and (6.4) we obtain

ofy_ €E* 9
ot~ gmy20v
26 o1, (7.0
sin"9, V2
[J’d(cose ) av}-St(fO)’

where St(fy) is the electron—electron collision integral.
The presence of this integral implies that we consider
the conditions under which, on the one hand, the effect
of electron—electron collisions on the anomalous trans-
port isnegligibly small and the results of Sections5 and
6 are applicable; on the other hand, it is assumed that
the el ectron—el ectron collisions are sufficient to provide
that the isotropic part of the distribution function of the
major fraction of electronsis close to the Maxwell dis-
tribution. When the distribution function of the thermal
electronsiscloseto the Maxwell distribution, the kinet-
ics of nonthermal electrons with large velocities (v >
V) can be described using an approximate expression
for the electron—electron collision integral of the type

+fo}

where v (V) is the frequency of the electron—€lectron
collisions determined by the formula

2
o rviof
SU(fo) = VWelV)g| T30

v 0v (7.2)

Ve(V) = 4ne*nAmv (7.3)

and A\ is the Coulomb integral.

Let us consider a quasistationary solution to Eq. (7.1)
under the conditions of arelatively small diffusion flux
of electronstoward the region of high velacities. Taking
into account relationships (5.13), (6.2), and (7.2), the
result of integration of Eq. (7.1) can be presented in the
following form:

VT 1+ DVDjdfo V)

4T[vTvee

, (7.4)

where §v) isthe electron flux in the space of velocities
defined as

Sv) = A4An— Jdvv fo (7.5)

(since thereis no source of electronsfor v = 0, we take
S0) =0). InEq. (7.4), Ve = V() and the quantity v,
denotes the characteristic electron velocity depending
on the turbulent Knudsen number:

, U6
_ %Tvee Vr O
Vi, = Vg — ——]

B ve VZA/ K

> Vo, (7.6)
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where vg = (917/8)V2|e|E/mv; > 0. Following the theory
of the formation of runaway electrons [19], we will
consider the solution to Eq. (7.4) in the approximation
of a stationary electron flux in the space of velocities.
In this approximation, Eq. (7.4) yields

n
ATV Ve (2)7 7V

14
v'dv'
xexp| = —————|-
{ I vi(l+ V-G/V;;J
Using the condition that the velocity-independent part
of the distribution function (7.7) is zero for v > v, we

obtain the following expression for the flux of runaway
electrons.

0 2
S= fn VeeXpE—— n EB
03./3v0

fo=

(7.7)

(7.8)
_ |2 0 [Eg
oy
where E. isthe critical electric field strength
_ (M We_Vn D 3
E. = Emﬁ@ o5 0 D> By, (7.9)

Epr = mvvr|e[t isthe Drycer field strength, and v, is
the characteristic turbulent frequency

7 2 2 \2
_ A o (rpitrpy)

2. 2 2 2 2
N2TW (VT1lp1 + VT2l b2)

e €1 ezD

e, m

According to formula (7.9), the critical electric field
strength E_ in the turbulent plasmais much greater than
the Drycer field strength determining the runaway elec-
tron flux in alaminar plasma. The effect of the dynamic
ion polarizability on the critical electric field strength
E. in a plasma containing ions of two species is mani-
fested in (7.9) by the additional factor D=2 > 1. This
relative increase in the critical electric field strength
implies that the dynamic polarizability leads to arela-
tive suppression of the runaway electron formationin a
turbulent plasma containing ions of two species.

(7.10)

8. DISCUSSION

The AT theory developed above refers to a plasma
with ions of two species and takes into account the dif-
ference of the ion polarizability from the static value at
a frequency of beats of the interacting ion-acoustic
waves. This theory allowed us to establish the condi-
tions for which the previously used static approxima-
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tion is applicable to description of the induced scatter-
ing of ion-acoustic waves on ions and indicate the con-
ditions under which the difference between the
dynamic and static polarizability leads to a significant
decrease in the probability of induced scattering.
According to an analysis of the D function (Section 5),
the static approximation can be used for the description
of plasmas with dlightly different thermal velocities of
ions, for which the D value is close to unity. This is
related to the fact that the frequency dependences of the
contributions of different ions to the dynamic polariz-
ability of the plasmaare described by comparable func-
tions.

The possibility of using the static polarizability
approximation may also take place for a plasma with
strongly different thermal velocities of ions of the two
species, provided that the ratio of the Debye radii of
these ions satisfies the conditions (5.6): rp/rp, <
VTZ/VT]. < 1 OI’ rD]_/rDz > VTl/VT2 > 1 Under the% C0n-
ditions, the function D is determined for the most part
by a contribution of ions of the second or first species,
respectively, while the corresponding coefficients D,
and D, are close to unity by themselves. Note that, in
the case of rp,/rp, < Vil Vo <€ 1, the parameter r must
be not too small. Thelimitation of r from below follows
from the condition (5.1). When this condition is not sat-
isfied, the damping rate of the induced scattering on
ions is determined by a contribution of the type (4.7)
characteristic of a plasmawith ions of a single species
and the |AT theory is analogous to the theory of such
plasmas.

On the contrary, if the ratio of the Debye radii of
ions satisfies the conditions v/ vy < Fpi/fps < Vil Vo
in plasmas with considerably different thermal veloci-
ties of ions, the D value can be significantly smaller
than unity (see Fig. 2 and Eq. (5.7)). For these plasma
parameters, the difference of theion polarizability from
the static value leads to a significant decrease in the
probability of induced scattering.

In order to elucidate the conditions favoring experi-
mental manifestations of the dynamic polarizability
effect studied above, let us consider two examples of
plasmas containing ions of two species with not
strongly different thermal velocities. The ion tempera-
tures for both specieswill be assumed equa: T, =T, =
T;. We will use the conventional notations of the mass
number A, = m,/m, and the ionization multiplicity Z, =
elel™, where |e| and m, are the proton charge and
mass, respectively. In these notations, the plasma
parameters determining the main coefficient D = D(u, r)
(5.2) in the IAT theory developed in this study are as
follows:

_Vr A1 _I'p1 _
u= —2= r=22=22
V11 Az D2

where n, isthe number density of ions of the a species
(a =1, 2). Intheseterms, thetwo principa conditions(2.9)

(8.1)
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and (5.1) for applicability of the static theory acquire
the following form

e # |, O
<> -
T > P UG

. (8.2
= 30, 2200 4 22
- 21%1” Za )
Te 1 -1 Z, 21]_2 -1
— > o = —_ ==
T FZEZZ’ u,rg D (u,r)%l ZluD Z,
(8.3)

1+1%)°(1+1r%2,/2Z 2

x( — ) (2 12 22)[1+r2u8EE_%}
re(ro+u’)(1+r°u)

representing reguirements to the degree of plasma

nonisothermicity.

First, let us consider the coefficient D determined by
relationships (5.2) and the conditions (8.2) and (8.3) for
afully ionized C,H plasma, where x = n,/n; istheratio
of the atomic number densities of carbon and hydrogen.
For this plasma, Z,/Z, = 1/6 and u? = A,/A, = 1/12. Fig-
ure 5 shows plots of the functions D (5.2), F; (8.2), and
F, (8.3) versus the parameter r (8.1) (hence, versus the
n,/n, ratio). As can be seen from this figure, D exhibits
aminimum (D = 0.28) for r = 1 (n,/n, = 1/36). At this
point, according to the condition (8.3), the plasma must
be significantly nonisothermal: TJT; > 50. As the car-
bon density increases, the limitation from below on the
degree of nonisothermicity becomes not as strong. For
example, at r = 3 (n,/n; = 1/4), we obtain TJ/T, > 10. In
this case, however, the effect of decreasing induced
scattering is characterized by D ~ 0.5.

Another example refers to a lead oxide Pb,O
plasma, where x = n,/n; isthe ratio of the atomic num-
ber densities of lead and oxygen. The estimates were
obtained for Z,/Z, = 8/25, which corresponds to the full
ionization of oxygen (Z, = 8) and apartial ionization of
lead (Z, = 25); A)/A, = 16/207. The corresponding plots
of thefunctionsD (5.2), F, (8.2), and F, (8.3) versusthe
parameter r (8.1) are depicted by dashed curvesin Fig. 5.
Here, the coefficient D is also minimum (D = 0.28) for
r = 1 (ny/n, = 64/625 = 0.1). At this point, limitations
from below on the plasma nonisothermicity are not sig-
nificant: TJT, > 4. For r = 3 (n,/n; = 0.9), we obtain D =
0.5 and there is virtually no limitation from below on
the degree of nonisothermicity: TJT, > 1.

Now we will consider two more examples referring
to the plasmas with relatively small ratios of the ther-
mal velocities of ions. Thefirst isan HXe, plasmawith
theion massratio u?=A,/A, = 1/131. Let usassumethat
the hydrogen component is fully ionized (Z; = 1) and
the xenon component is ionized to Z, = 2. Figure 6
shows the plots of 0.001F, (8.3) and 10D (5.2) for r =

2,/n,/n; varied from 0.3to 3. Inthisrange, F, (8.2) is
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Fig. 5. Plots of the coefficient D (determining adecreasein
the induced scattering probability) and the functions F, and

F, (characterizing limitations of the degree of nonisother-
micity) versus the parameter r = ﬁ(zzl Z,: solid curves 1-3
show D, 0.01F,, and 0.01F; values for a fully ionized C,H
plasma with Z; = 1, Z, = 6, X = ny/n,; dashed curves 46
show D, 0.1F,, and 0.1F; values for a partly ionized Pb,O
plasmawith Z, =8, Z, = 25.

much smaller than F, (8.3) and the plot of the former
value is omitted. According to these data, D has a min-
imumat r =1 (or n, = 0.25n,); the minimum value of D
is much smaller then unity: D, = 0.03. Such a small
value can be realized only for TJ/T, > 200. The limita-
tion from below on the nonisothermicity decreaseswith
increasing atomic number density of xenon: for n, = n,
(r=2), TJT,>100 (inthiscase D only slightly increases
up to ~0.045). Such arelatively high degree of noniso-
thermicity of this plasma at a small degree of xenon
ionization can be reached in quasistationary current
discharge regimes at a small plasma density. For exam-
ple, thisis possible in an HXe, plasmawith T, ~ 20 eV,
T,~0.2 eV, and n,; ~ n, ~ 10*3 cm3. From the data pre-
sented in Fig. 6, we may conclude that adecrease in the
induced scattering owing to the dynamic polarizability
effect in the HXe, plasma can be very large. The corre-
sponding small D values are realized only provided a
considerable nonisothermicity of the plasma.

Similar behavior is observed in aLiAu, plasmacon-
taining theions of lithium and gold with A,/A, = 7/197.

Assuming Z; =3 and Z, = 12, we obtainr = 4,/n,/n, .
The plots of 0.01F, (8.3) and D (5.2) intherange 0.3 <
r < 3 are depicted by dashed curves in Fig. 6. In the
entire interval, F; is significantly smaller than F, and
the former valueisnot plotted in Fig. 6. As can be seen,
the D value is minimum (D, = 0.13) forr =1 (n, =
n,/16). Here, the required degree of nonisothermicity is
not too large: TJ/T; > 16. For n, = n,/4) (r = 2), weobtain
D =0.19 and TJT, > 6. Thus, adecrease in the induced
scattering islarge at arel ative weak nonisothermicity of
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1.2+

0.8

0.4

Fig. 6. Solid curves: the plots of (1) 10D and (2) 0.001F,
versust = /xZ,/Z, for aHXe plasmawithZ;=1,7,=2,
A; =1, and A, = 131, dashed curves: the plots of (3) D and

(4) 0.01F, versus r = ./xZ,/Z, for a LiAu, plasma with
2,=3,2,=12, Ay = 7, and A, = 197,

l | | |
0 0.2 0.4 0.6 0.8 1.0
u

Fig. 7. Theplotsof (1) a(u), (2) b(u), and (3) c(u) functions.

the plasma. It should be emphasized that the condi-
tions (2.22) are valid for both of the last examples.

9. CONCLUSION

The above considerations and examples show that a
significant decrease in the induced scattering probabil-
ity may take place for a comparatively readily attain-
able plasma parameters. A relative decrease in the non-
linear damping rate of ion-acoustic waves is accompa:
nied by the corresponding growth in the level of
turbulent pulsations of the charge density. Thisleadsto
arelativeincrease in the effective frequency of electron
collisions, a decrease in the factor of limitation of the
thermal flux of electrons, and a reduction in the run-
away electron production. The results presented above
are of importance for description of the turbulent state
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of objects such as laser plasmas and current discharges
in gases containing ions of two species.
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APPENDIX

Consider the coefficient D (5.2) for a plasma with
close thermal velocities of ions, for which

A=1l-u<1. (A.1)

Using Egs. (5.2) and (4.11)—(4.13) and the following
expansions,

12,20

J.(xu) = J,(X) — xA—J (X)) +Z x A o —J.(X), (A.2)

3.0U) = 3,09 + AL+ 8) 3, (%)

1 & (A.3)
2,52
+ 2x A i 5J.(X),
we obtain to within the terms quadratic in A:
D=1+Ar?A%(1+r%)7, (A.4)
where A isanumerical coefficient:
1 dxx exp(=x /2)
" Tand o
x%ﬂl 3.(%)| [3 2x In1-3,(9]  (AS5)

- +(X)]

2 2
d O
+—|1- J+(x)|1 = —4.
X O

The expression for the function D can be simplified
in the case of small and larger values. For r2 < 1, we
may neglect aweak difference of D, from unity and the
dependence of D; onr in (5.2) and (4.11)«4.13) to
obtain the following approximate relationships:

<1, (A.6)
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1 h u’x] 2
au) = = J’ dxxzexp%—TE

The value of a(u) iscomparable with unity inthe entire
range0O<u<1(seeFig. 7) anda(l) = 1.

If the parameter r is very large, so that r2u? > 1, we
may neglect the dependence of D, on r. Retaining the
terms D, proportional to r2in (5.2) and (4.11)—(4.13),
we obtain the following approximate rel ationships:

2

D =1-%[1-c(u)] - =5 [b(u) - 217,
r ru

1- ‘J+(X)

el (A7)

(A8)
r’u’ <1,

_ .2 gm 2 |j_X_2|j 1-J.(x)
b(u) = u A/;[J'dxx exp ZDRe[—l—\L(x/u)}’ (A.9

2

= i oo 2 t XZD 1—J+(XU)
c(u) = o I dxx P50 5.0

Here, b(0) =1, b(1) = 2, ¢(0) = 6, and ¢(1) = 1. Plots of
the functions b(u) and c(u) intheinterval O<u <1 are
presented in Fig. 7.

(A.10)
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Abstract—A weak turbulence of the magnetohydrodynamic wavesin a strongly magnetized plasmawas stud-
ied in the case when the plasma pressure is small as compared to the magnetic field pressure. In this case, the
principal nonlinear mechanism is the resonance scattering of fast magnetoacoustic and Alfvén waves on slow
magnetoacoustic waves. Since the former waves are high-frequency (HF) with respect to the latter, the total
number of HF waves in the system is conserved (adiabatic invariant). In the weak turbulence regime, thisinte-
gral of motion generates a Kolmogorov spectrum with a constant flux of the number of HF waves toward the
longwave region. The shortwave region features a Kolmogorov spectrum with a constant energy flux. An exact
angular dependence of the turbulence spectrais determined for the wave propagation angles close to the average
magnetic field direction. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Thecentral placein thetheory of turbulence belongs
to the concept of a turbulence spectrum representing
the energy distribution over scales. Determining the
turbulence spectrum is a difficult problem that still
remains unsolved. Important results in this field were
obtained by Kolmogorov [1] and Obukhov [2], which
showed an self-similar character of the spectrum of
devel oped hydrodynamic turbulence.

In the 1970s, the ideas of Kolmogorov and Obukhov
were fruitfully developed and applied, mostly due to
the effort of Zakharov, in the theory of weak wave tur-
bulence (see monograph [ 3] and thefirst original papers
[4-6]). The wave turbulence has proved to be, in a cer-
tain sense, somewhat simpler than the hydrodynamic
turbulence. The presence of awave dispersion resultsin
that there existsawave intensity region wheretheinter-
action between waves can be considered aswesk. If the
initial phase distribution of the waves is random, the
weak nonlinear interaction providesfor asmall correla-
tion between phases of the interacting waves. For this
reason, the waves can be described in terms of the pair
correlation functions with the Fourier images coincid-
ing (to within a factor) with the number of waves n,
(occupation number) possessing a given wavevector k.
In turn, the occupation numbers n, obey the kinetic
wave equations. In thistheory, the Kolmogorov spectra
appear in the form of stationary scale-invariant solu-
tions to the kinetic equations, annulating the collisional
term. These spectra, in contrast to the thermodynami-
cally equilibrium ones, refer to solutions of the flux
typerealizing aconstant flux of someintegral of motion
(energy, number of particles, etc.) over scaes. It is

important to note that the concept of theinertial interval
(aregion where the pumping and damping effects can
be ignored), which is formulated as an assumption (a
hypothesis of the locality of interaction) in the case of
a developed hydrodynamic turbulence, is explicitly
established as the locality of spectrafor the weak wave
turbulence.

Most of the investigations devoted to the Kolmog-
orov spectraof weak turbulencerefer to isotropic media
(for a complete bibliography, see [3]). The effect of
anisotropy, for example, of the magnetic field in a
plasma, was studied to asmaller extent. The first exam-
ple of determining the Kolmogorov spectrain anisotro-
pic media for a weak turbulence of magnetized ion-
sound waves was reported by the author in 1972 [7]. It
was found that the collisional term in the kinetic wave
equations is invariant with respect to stretching in the
two independent directions (along and across the mag-
netic field), which allowed the anisotropic Kolmaogorov
spectra to be constructed with a power dependence on
both longitudinal (k,) and transverse (k) components
of the wavevector. This, in turn, made it possible to
determine (with the aid of generalized Zakharov trans-
formations) the Kolmogorov indices and find the exact
angular dependence of the Kolmogorov spectra. Later,
theideas of that study were used in determining the tur-
bulence spectraof the drift waves and the Rossby waves
(see eg., [8,9)]).

This paper is devoted to the study of aweak turbu-
lence of the magnetohydrodynamic (MHD) wavesin a
strongly magnetized plasma in the case when the
plasma (thermal) pressure nT is small as compared to
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the magnetic field pressure H%/8rt

8TnT
H2

Under these conditions, the turbulence spectra are
determined (unlike the cases studied previously [4, 7])
by solving three linked kinetic equations for the Alfvén
waves and the fast and slow magnetoacoustic waves.

For B < 1, the main nonlinear interaction of MHD
wavesisthe scattering of fast magnetoacoustic and Alfvén
waves on dow magnetoacoustic waves (Section 2). In
these processes (involving the decay of one wave into
two, aswell asthe reverse process of merging), the fast
magnetoacoustic and Alfvén waves act as high-fre-
guency (HF) with respect to the slow magnetoacoustic
waves. In every scattering event, a change in the fre-
guency of the former waves (referred to below as
A-waves) isrelatively small (due to the small 3 value),
which makes this process analogous to the Mandel-
stamm-—Brillouin scattering of electromagnetic waves
on acoustic phonons. As aresult of this time scale sep-
aration, whereby the waves are divided into HF and
low-frequency (LF) components, the wave-decay interac-
tion retains, in addition to the energy, an adiabatic invari-
ant—the total number of HF waves. This, however, does
not exhaust the anal ogy with the Mandelstamm-Brillouin
scattering. It is established that the matrix element of
this interaction is maximum for a maximum value of
the longitudinal momentum component transferred
from A-waves to slow magnetoacoustic waves. This
result can be derived, in particular, from an expression
derived by Galeev and Oraevskii [10] for the growth
rate of the decay instability of amonochromatic Alfvén
wave. It should be recalled that the matrix element for
the Mandelstamm-Brillouin scattering is proportional
to the sguare root of the transmitted momentum, which
accounts for the maximum backscattering of electro-
magnetic waves. In view of thisbehavior of the A-wave
scattering amplitude, it is naturally assumed that a sta-
tionary angular distribution of these waves must be
strongly anisotropic and concentrated along the mag-
netic field direction in the k-space. Under these
assumptions, the kinetic egquations acquire additional
symmetry and become invariant with respect to stretch-
ing in the two independent directions (along and across
the magnetic field), which alows the transformations
developed previously [ 7] to be used in thiscase aswell.

Owing to these two features of the kinetic equations
in the transparency range, it was possible to find two
scale-invariant (with respect to longitudinal and trans-
verse wavevectors) Kolmogorov spectra corresponding
to aconstant energy flux directed toward the shortwave
region of scales (direct cascade) and a constant flux of
the number of A-waves toward the region of small k
(inverse cascade). This study is based on the results
reported by the author long ago in the form of apreprint
in Russian [11] and remained, for this reason, unavail-
able abroad. Moreover, it turned out that the work was

< 1.

B:
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also little known in Russia: despite an almost three-
decade history, the results have still not been repeated.
Recently, however, the question of MHD turbulence
spectrawas studied in the other limiting case (3 > 1) by
Galtier et al. [12]. This limit significantly differs from
that considered below. First, a plasma with 3 > 1 can
be treated as an incompressible fluid. Second, thislimit
introduces no significant difference between the Alfvén
waves and slow magnetoacoustic waves. the waves of
both types exhibit the same dispersion law and differ
only by polarization. Such a degeneracy significantly
changes the character of nonlinear interactions. Never-
theless, this case also admits two types of Kolmogorov
spectra featuring dependence on the wavenumber anal-
ogous to that reported below. However, a physical
explanation of the two spectra existing in the case of
B> 1 isdifferent from the interpretation given in this
paper for B < 1.

The materia is arranged as follows. Section 2 pro-
vides for a canonical description of the ideal MHD
wave turbulence following the origina work of
Zakharov and the author [13] and the recent review
[14]. Using the Hamiltonian approach, in Section 3 we
derive averaged equations describing the interaction of
A-waves with slow magnetoacoustic waves. It is shown
that the A-waves represent an HF force acting upon the
slow magnetoacoustic waves. Since the potential of this
forceis negative (in contrast to the potential of interac-
tion between the Langmuir waves and the ion-sound
waves) [15], the plasmais drawn into the regions of A-
wave localization to form the density “humps.” Stabil-
ity of a monochromatic A-wave is also studied in Sec-
tion 3. Section 4 is devoted to the Kolmogorov spectra
of aweak MHD turbulence.

2. VARIATION PRINCIPLE
AND NORMAL VARIABLES

Let us consider theideal MHD equations for abaro-
tropic flow in a plasma, the internal energy € of which
can be considered as dependent only on the plasmaden-
sity p:

00 , Givoy =
o +divpv = 0, (D)

ov - _Owe L
E+(V v = DW+4np[curIH x H], ()]

aa—'? = curl[v x H]. 3)
Here, v is the plasma velocity and w is the enthal py
related to the pressure p = p(p) and the internal energy
€ by the relationships

dp
p 1

A variationa principle for this system of equations
can be formulated as follows. First, it can be seen from

- =9
dw = w = aps(p).
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Egs. (1)—(3) that the vector H/p moves with the “fluid
current” line; in other words, each field line moves with
the particles occurring on this line, which corresponds
to a well-known concept of the “frozen-in” magnetic
field (see, eg., [16]). This circumstance alows the
magnetic field H and the plasmadensity p to be consid-
ered as generalized coordinates.

To formulate the variational principle, we will use
the well-known expression for the Lagrangian of the
electromagnetic field containing particles of afluid [17].
We will write an expression for the Lagrangian L in the
MHD approximation with neglect of a contribution due
to the electric field relative to that due to the magnetic
field, since E ~ (v/c)H < H. Taking into account rela-
tionships expressed by Egs. (1) and (3) and the condition
divH = 0 as constraints, we can write

2 2
- PV H oH _ O
L = > —s(p)—8n+S Fn curI[v><H]D

+ GJE%—? + divpv%+ QdivH,

where S, ®, and Y are the Lagrange multipliers. Now
we can use the so determined Lagrangian to introduce
the functional of action

| = ILdtdr,

the variation of which with respect to variablesv, p, and
H leads to the following set of equations:

pv = HxcurlS+ pl® , (@]
2
rvme-Lewp) =0,  ©
oS H _
E+E[—vxcurls+ﬁp = 0. (6)

The first equation suggests the change of variables
whereby the velocity v is expressed in terms of the new
variables S and @. It must be emphasized that this
change is ambiguous, since we may add a vector S, to
Sand ascalar ®,to ® such that

H xcurl Sy +pl® 4 = 0.

Thetwo other equations, (5) and (6), represent the Ber-
noulli equation for the potential @ and the equation of
motion for the new vector Swith an unknown potential (.
The latter potentia is set by fixing the gauge of vector S.
For example, the Coulomb gauge (divS = 0) determined
Y to within an arbitrary solution , of the Laplace
equation A, = 0:

g = %div[v xcurlS] +y .
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In particular, if v — 0, H — Hy, and p — p, for
r — oo, the term ), is conveniently chosen so that
S— 0forr —» 0. Then

_ Holt
Yo = 4T -

Now we have to check that system (4)—(6) does not
contradict the set of MHD equations. Substituting (4)
into the equation of motion (2) and making simple
transformations, we obtain

2
DE%? + (v DJ)CD—— +W(p)%

[pS
—_ + — —
p x curl DD_at v x curl %}

By virtue of Egs. (5) and (6), this equation turnsinto an
identity. Thus, we have proved that the new system of
Egs. (1), (3), (5), and (6) is equivalent to the set of
MHD equations. Indeed, any solution of this system
generates, by virtue of (4), asolution to the MHD equa-
tions. If we assume uniqueness of the Cauchy problem
for systems (1)—<4) and (1), (3), (5) and (6), theinverse
statement is also valid: for any solution to Egs. (1)—(4)
we can find a certain class of solutions to system (1),
(3), (5), and (6). Indeed, thisis achieved by construct-
ing all possible sets of Sand ® satisfying Eq. (4) for a
given set of v, H, p at agiven timeinstant t;and taking
these S and @ values as the initial conditions for sys-
tem (2), (3), (5), and (6).

Oncethe Lagrange function isknown, we can define
the generalized momenta and construct a system
Hamiltonian:

¥H = I(SEHtHDpt—L)dr

2 2
_ v H .0
= ID%—Z +€(p)+8n_deVHEdr’

which coincides in magnitude with the total energy.
The equations of motion (1), (3), (5), and (6) represent
the Hamilton equations

op _ 3 o _ 3K
ot ~ 3P ot op’

(7
OH _ dH 9S _ 3K

ot ~ dS’ ot BH’
wherethevariables (p, @) and (H, S) represent the pairs
of canonically conjugated values.

The change of variables defined by Eq. (4) and the
canonical description (7) were originally introduced for
the magnetic hydrodynamics in [13]. The transforma-
tion (4) is an analog for the Clebsch representation in
the ideal hydrodynamics; accordingly, the variables H
and Sin Eqg. (4) play the role of the Clebsch variables
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(for the latter, see [18, 19] and a recent review [14]).
Later, the same substitution was employed by Frenkel
et al. in [20], where the velocity vector and the mag-
netic field were expressed through the scalar Clebsch
variables; using simple transformations, this reduces to
Eq. (4).

The MHD flows described by Eq (4), as well asthe
flows in the ideal fluid parametrized by the Clebsch
variables, represent a partial flow type. For such MHD
flows, the topological invariant of linkage of the mag-
netic field and vorticity lines [21]

=J'(v H)dr

isidentically equal to zero.

Vladimirov and Moffatt [22] suggested an analogue
of the Weber transform for the ideal MHD flows:

vV = ug(a)da, + [® +%H x curl S, (8

where a = a(r, t) are the Lagrange markers of fluid par-
ticles (thisis an inverse transformation with respect to
r =r(a, t) determining the trajectory of a particle with
the marker @) and uy(a) isanew Lagrange invariant.
The Weber transform (8) is a transformation of the
general type containing the substitution (4) in a partic-
ular case of ug = 0, which was not taken into account in
[22]. The equations of motion for the potentials ® and
S have the same form as Egs. (5) and (6). If ® =0 and
S=0att=0, thenuy(a) istheinitial velocity. It should
be noted that it isthefirst termin (8) that ensures anon-
zero value of the topological invariant | (this term is
nonlinear if (8) is expanded in powers of small ampli-
tude). Recently, Ruban [23] (see also [24]) elucidated a
physical meaning of the new vector field S. According
to this, the quantity curl S can be expressed through the
displacement d between an electron and ion (consid-
ered as fluid particles) at apoint r at the time instant t
(theinitial coordinates are assumed to coincide):

p(r, t)
el

Here M and e are theion mass and charge, respectively,
and py(a) is theinitial distribution of the plasma den-
sity.

Introduction of the canonical variables allows us to
classify and study all nonlinear processes in a conven-
tiona manner, using the perturbation theory with
respect to small wave amplitudes. For this purposg, itis
necessary to expand the velocity and internal energy in
Eqg. (8) in powers of the canonical variables. If the
plasmais placed into ahomogeneous external magnetic
field Hy, the approximation linear in the wave ampli-
tude must retain the termslinear in ® and S and ignore
thefirst (nonlinear) termin (8). Asaresult, the velocity
expansion can be written as

curl S =

V=Vytv+..., 9
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where the first-order termis

_1
VO__

Hoxcurl S+ [@ .
Po

Three independent pairs (divH = divS= 0) of the
canonically conjugated quantities correspond to the
waves of three types. In the linear approximation, these
waves do not interact with each other. The dispersion
and polarization laws can be determined from an anal-
ysis of the quadratic (in powers of the canonical vari-
ables) Hamiltonian 7€,. The three-wave interaction cor-
responds to a cubic term, the magnitude of which is
determined by a quadratic (in the wave amplitude) cor-
rection to the velocity:

vV, = p—1HO>< curl S+ lh xcurl S,

p0 Po

which takes into account only the “wave’ degrees of
freedom and neglects the first term in (8). Here, h and
p, are the deviations of the magnetic field strength and
the plasma density from the corresponding equilibrium
values H, and p,. As a result, the Hamiltonian of the
medium can be also written as an expansion in powers
of the wave amplitude

% = %04'%3"'

with the quadratic Hamiltonian

%O_I@

and the cubic Hamiltonian

(10)

2 pl
+ c52p

am (]dr,

p p
¥ = IEpo(Vo Ovy) + “1V§ + qczzplgdr.

In these expressions, the squared sound velocity ¢ and

the dimensionless coefficient q appeared as a result of
expansion of the internal energy € in powers of p;:

pOS [P_]D +q[P1|] +
2 gbH oL

Now let us accomplish the Fourier transform with
respect to coordinates and pass to the new variables
a(K) (j = 1, 2, 3), whichyields

h(k) = ey(k).J2moy(ay(k) + a1 (k)

Ag(p) =

*e(k) 3 Ay2ma(a (k) +ai (K)),

1=2,3
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(K9 = ey~ (@ (k) —a ()
. (12)
—iey(k A ——(a (k) —a (—K)),
EChY 'm(a'” al (k)
o = 5 BT @)+ an),
1=23 S
2 1/2
o) =4 Y B malk -a ().
1=2,3
Here
(k) = [k DV,

W, 5(K) = %szvi F1CC2 + 2(K DV ke,

+ JKV2 + K32 - 2(k OV

arethe dispersion lawsfor the Alfvén waves (j = 1) and
thefast (j = 2) and slow (j = 3) magnetoacoustic waves,
the corresponding unit polarization vectors are

[k x Nl (k tho) k x [k xng]
|k x ng|[k Chy| klk x ng|

(ng = Hy/Hy is the unit vector of the average magnetic
field);

e, (k) = e (k) =

Ho
1/2

(41,)
isthe Alfvén velocity; and

Ay = 3 = —[l— :
? T wg—kzcg
A3 = W, = - 2 >
O ws;—kc

The change of variables a, (j) represents a canonical U—
V transform diagonalizing the Hamiltonian

¥o =3 [o(K)a,(Ka (K)dk.
i

The amplitudes & (k) play the role of normal variables,
for which the equations of motion acquire the canonical
form
0a;(Kk) - o .
ot da (k)
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In the linear approximation, the quantities a (k) obey
the following equations:

0a; (k)

—= e (k) = 0,

whichimply that the amplitude modulus |g; (k)| does not
change with the time t, while the phase grows linearly
with t.

In order to find an expression for the interaction
Hamiltonian in terms of the variables & (k), it is neces-
sary to substitute transform (11) into expansion (10). As
aresult, the Hamiltonian of the wave interaction hasthe
form of an integro-power serieswith respect to a;(k). In
the lowest order with respect to the wave amplitude, the
principal nonlinear processisthe three-wave resonance
interaction corresponding to the Hamiltonian

Wi = 33 [Vitat (Qan()an(ko) +c.c

Imn

(12)
X 8y, 1, dkdk, dky.

This Hamiltonian is obtained by substituting trans-
form (11) into the cubic Hamiltonian #¢; and separat-
ing the corresponding resonance terms. The remaining
termsin ¥ are small and can be excluded with the aid
of acanonical transformation (for more detail, see [14]).

Note that calculation of the matrix elements VL’ke K, iN

this scheme is a purely algebraic procedure involving
the Fourier transform in the integrals, substitution
of (11), and symmetrization with respect to variables
a (i) [for example, with respect to (k;, m) and (k,, n) in
Eq. (12)].

3. AVERAGED EQUATIONS

Expressions for the dispersion laws and the matrix
elements of interaction can be significantly simplified
in the case of a plasmawith small 3 = 8rmT/H? (repre-
senting the ratio of the thermal plasma pressure nT to
the magnetic field pressure H%/8m). The condition B < 1
implies that V, > c.. In this limit, the fast magnetoa
coustic waves possess an isotropic dispersion law w, =
kV, and their phase (and group) velocity coincides with
the group velocity of the Alfvén waves. In this linear
approximation, the velocity of plasma in the Alfvén
waves and the fast magnetoacoustic waves is deter-
mined by the following formula:

Vg = -l—HO x curl S.
Po

The potential part of the plasma velocity [@ isasmall
guantity with respect to the parameter (3. In contragt, the
main contribution to the velocity of sow magnetoacoustic
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waves is due to the potential part. For this reason, this
velocity isdirected dong the magnetic field Hy,

VS = no—a—, (13)
and the dispersion of the slow magnetoacoustic waves
becomes strongly anisotropic:

= |kjCs. (24)

The transverse velocity components in these waves
[Ho x curl S]/p, are compensated by the term 0.

If the plasma is collisionless and strongly noniso-
thermal (T, > T,), the slow magnetoacoustic waves rep-
resent the magnetized ion-sound waves (considered in
more detail in [7]). In this case, the sound velocity in
Eqg. (14) can be expressed as

= JTJM.

As for a nonlinear interaction of the MHD waves,
the principal nonlinear mechanism is the resonance
scattering of fast magnetoacoustic and Alfvén waveson
the slow magnetoacoustic waves. This is clearly seen
from a comparison of the calculated matrix elements
V™ in the Hamiltonian (12). In this process, the former
waves (called A-waves) appear as high-frequency (HF)
with respect to the latter (simply referred to below as
the acoustic waves, or S-waves). This conclusion fol-
lows from an analysis of the resonance conditions for
this decay process:

Wa(k) = wa(ky) +Qy(ky), Kk = ky+k, (15

It is quite easy to see qualitatively how this interaction
proceeds in the system studied. As an A-wave packet
propagates in the plasma, the average characteristics
(plasma density and velocity) slowly vary under the
action of these waves. Owing to this, the average
Alfvén velocity differs from alocal value by the quan-
tity

w3 =Q,

AV, = =V ap1d2p0,

where py, is the low-frequency (LF) density variation.
Asaresult, frequencies of the A-wave acquire anincre-
ment Aw, ~ kAV,. Due to a slow motion with the drift
velocity vp, the A-wave frequency changes by Awp ~
kv, (Doppler effect). The ratio of the two frequencies
(Awy and Awy,) is a small quantity with respect to the
parameter c/V,. Therefore, a principal interaction is
the scattering on the LF density fluctuations. Note that
the LF characteristics of the plasma change under the
HF force action of the A-waves.

An expression for the HF force is most simply
derived by averaging the Hamiltonian over the HF
oscillations. Upon this averaging, the Hamiltonian
acquires the following form:

I’ = Ho+ Wi, (16)
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where

01 PN Gl
#Ho = H, x curl §] 0+ —dr
0 I?po[[ 0 ] 81‘[%

_¢Pas

O

(the angle brackets denote the averaging over high fre-
quencies). The first integral in ¥, corresponds to the
A-waves, while the second represents the acoustic
oscillations of the magnetized plasma. Variation of the
interaction Hamiltonian with respect to p,, yields the
following expression for the HF interaction potential:

6?(fint _ 1
6pls 2M ng

According to this, the equation of motion for the poten-
tial d isasfollows:

Hine = [ dHyxcurl S o

u=M

QHexcurl S0 (17)

0D, zp_ls
ot SpO

_ [TH, x curl §] 0] (18)

2po

It isimportant to note that the HF potential (17) is neg-
ative, which implies that the HF force acting in the
region of localization of the A-waves leads to the
appearance of the density “humps’ (instead of the
“dips’ observed for the interaction of ion-sound waves
with the Langmuir waves [25]).

The equations of motion for the slow wave compo-
nent are closed by the equation of continuity for pyg
According to (13), this equation can be written as

Opys, 0°, _
T + Pg azz = 0. (19)
Using Eq. (18) and (19), we obtain
azpl zazpl 1 0°
>_ci—= = = [H,xcurl |0 (20
ot? 07 2p09 [l[ ° It (@0

In order to derive equations for the A-waves, it is
necessary to perform averaging of the interaction
Hamiltonian #€;,,.. Thisisachieved by retaining terms of

thetype aya, (A =1, 2 isthe HF wave number):

pls(k)

= Z Fkk

where

(k)a)\l(kl)ak—kl—dede

A,

Fo. = (00,(K)0oy, (k) Ny (k) Thy, (ky),
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n2 = EE, nl = —nzxno.
Asaresult, the A-wave eguations acquire the following
form:

aa)\( )+ 6Hint

S o0k = -z

A collisionless isothermal (T, = T;) plasma features
no slow magnetoacoustic oscillations as a result of the
strong Landau damping on ions. Accordingly, the A-
wave decay interaction [15] changes to the induced
scattering of A-waves on ions. In this case, Egs. (20)
have to be replaced by a system of the kinetic drift
equation [26] for aslow variation of theion distribution
function f; (cf. [27]),

of, of, 1 a afo _
and the condition of quasneutrallty for the dow
motions (Qy = kCs < Wy ),

A= 1,2 (21)

(22)

ecl)—p—lS

wheref, isthe equilibrium ion distribution function and

$ is the LF electrostatic potential. The equations of
motion for the A-waves retain the form of Eg. (21) and
the plasma density is linearly expressed via the HF
potential in terms of Green’s function for the system of
Egs. (22) and (23):

P1s(K, Q) —
UKQ

on;, = J'fidv = (23)

2
NoK

2 +e’
wpl ee eI

= €c€;
GKQ =

(24)

Here, pis(K, Q) and U, are the Fourier images of the
LF density and HF potential, respectively, and ¢, ; are
the partial permittivities of electrons and ions:

1

2 2
KTy

€c =

_4me? K0 /0V))
ST MK2 Q_kzvz

dv,

(rﬁ = TJ4tny€e? is the squared Debye radius). In a
strongly nonisothermal plasma (T, > T;), Green’sfunc-
tion (24) convertsinto

G = 55
T2 k3
which coincides with the expression for the function
determined by Eq. (20).

The system of equations (22)—(24) completely
describes the interaction of A-wavesin astrongly mag-
netized plasma with an arbitrary ratio of the electron
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and ion temperatures. However, because of the Landau
damping on ions, the Hamiltonian H, + H;,. isno longer
conserved.

4. INSTABILITY OF A MONOCHROMATIC WAVE

Now we proceed to analysis of the equations derived
in the preceding section. First, let us consider the
behavior of a narrow A-wave packet. A qualitative pat-
tern of this process can be outlined by studying the sta-
bility of a monochromatic A-wave. For simplicity, we
will restrict the consideration to the stability of an
Alfvén wave in a hydrodynamic limit. For a collision-
less plasma, thisimpliesthat a phase velocity of Q/k, of
beats in the A-wave exceeds the thermal ion velocity
v. Under these conditions, we may neglect the Landau
damping on ions for the slow acoustic oscillations and
use Egs. (20) or (24). It should be born in mind that the
acoustic wavesin astrongly nonisothermal plasmarep-
resent intrinsic oscillations, whereas the sound gener-
ated in an isotherma plasma (T, = T,) represents
induced oscillations in the plasma density. However,
under the condition Q/k, > v, the hydrodynamic
description is applicable in both cases.

It is convenient to express p,g through the normal
variables a;(k) = by

Q 1/2
pus(k) = FP2 (b, +

Equations for the new variables b(k) are obtained by
variation of the total Hamiltonian Hy + H;::

ob, BHin
=+, = i o

A monochromatic Alfvén wave corresponds to the fol-
lowing equation of Egs. (21) and (25):

bZ).

(25)

a(k) = 1,25A19XI0( iwgt) Oy, b = 0,
Wy
Wy = wy(ko).

Here, the Alfvén wave amplitude is selected so that the
value W = A would coincide with the energy density
of the oscillations.

Upon linearizing Egs. (22)—(24) relative to the exact
solution and taking perturbations in the form of

02y (k) U exp(—i(Q + wo)t) Oy, —«.
day (k) O exp(—(Q - wo)t) 8, +«

we obtain the following dispersion relationship for Q:
2

WG 0 |Fk ko + K
4Mn(2)oo0z + wy— wy (Ko + K)
(26)
|Fk ko —K ’ D _
—Q+wy— (*))\(kO_K)D '
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Now we will present the results of investigation of
the dispersion relationship (26) in various special cases
depending on the oscillation energy density W and the
ratio of electron and ion temperatures in the plasma.

For T, > T, and sufficiently small oscillation ampli-
tudes, the A-wave exhibits decay instability with the
ion-sound excitation [10]. For this instability, the fre-
guency Q can be expressed through the matrix element
of the decay interaction

My (K72 _a,
Y, = F 27
kkyky Eépocim Kk, (27)
and the energy density W as
1
Q = Z[wy—w,(kg—K) + Q(K
Slon-otke—)+ Q0]

1/2
[h W 4]
imwo—wA(ko—m—Q(K)]Z—@IVQKO_K,K 0

iy

From this expression, it follows that the instability
takes place in the vicinity of the resonance surface

Wy = wy(ko—K) +Q(K) (29)
with a maximum growth rate
w Q H/?
= [m—a; i,?ko-.(} : (30)

The growth rate width with respect to the frequency is
on the order of the maximum value (30).

Since the matrix element is proportional to the
square root of the slow sound frequency, the maximum
growth rate on the resonance surface (29) isreached for
the maximum value of |k, |. Upon decay into the Alfvén
wave and the slow acoustic wave,

max|K,| = 2|k,

which implies that the secondary Alfvén wave propa-
gates in the direction opposite to that of the primary
(exciting) Alfvén wave. The character of the decay
instability is typical of the Mandelstamm-Brillouin
scattering, the matrix element for which is proportional
to the square root of the momentum of light transmitted
to the acoustic waves as a result of scattering. This
accounts for the maximum backscattering of light.

Now we can readily investigate the decay instability
in all other channels of the decay processA — A+ S.
Inal these cases, the growth rates are on the same order
of magnitude as the growth rate determined by for-
mula (30):

M O(0,QW/nT)"2.

Thisinstability takes place for W/nT < B¥2. Asthe W/nT
ratio increases, the decay instability is modified. For

WINnT > B¥2, we may neglect Q in comparison to Q2in
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relationship (26). Then, the unstable wavevectors are
lying on the surface,

wy(Ko) = wy(ko—K).

This instability is referred to as the modified decay
instability [15, 28]. In the case of interaction between
the Alfvén waves and the slow acoustic waves, this
instability has a growth rate reaching maximum at

K, = 2K,

(31)

Since this value is independent of the temperature, the
sameinstability may take placefor W/nT > 1Laswell (up
to W/nT ~ 1/3, when the main assumption of adiabatic-
ity, [ ~ wy, failsto be valid).

In the other channels, the behavior of instability
with increasing parameter W/nT exhibits the same pat-
tern: for W/nT > B2, the growth rate reaches maximum
at K ~ ky and coincides in the order of magnitude with
the value given by formula (31).

As can be readily seen, a decay instability with the
growth rate (30) for an arbitrary channel A — A+ S
belongsto instahility of the convective type. According
to relationship (28), the group velocities of the excited
waves are significantly different from the group veloc-
ity of the primary (exciting) wave. Therefore, for the
wave packet with alength L, the instability will be sig-
nificant only provided L is sufficiently large so that the
gain G would exceed the Coulomb logarithm A:

G = TLIV,=A.

For smaller L values, the decay instability will be not
manifested since the perturbation amplitude acquires
only asmall increment during the time required for the
perturbation to travel through the entire packet length.
Inthis case, the wave packet dynamicsis determined by
slower processes. Among these, the most important are
related to the unstable perturbations propagating
together with the wave packet. Should it be a decay
instability, thisinstability must be absolute (in the coor-
dinate system moving with the wave packet). This is
one of the possible factors for a collapse of the fast
magnetoacoustic waves producing a specia effect on
the structure of collisionless shock waves in a plasma
[29, 30]. The collapse of fast magnetoacoustic waves
arises as a result of a three-wave interaction involving
only the fast magnetoacoustic waves.

5. THE KOLMOGOROV SPECTRA

In the preceding section, we have considered the
instability of awave packet narrow inthe k-space. Upon
the decay of a monochromatic wave obeying the reso-
nance conditions (29) (i.e., reaching the maximum
growth rate given by formula (30)), the sum of phases
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of the excited waves (@, + @) is strictly related to the
pumping wave phase (@):

Qo+ TU2 = Qp+ Qs

The phase difference in the pair of excited waves with
a fixed wavevector K is arbitrary. As can be readily
checked, the above phase correlation is lost on deviat-
ing from the resonance conditions (29). Both these fac-
tors introduce an element of stochasticity into the sys-
tem of interacting triads related to the pumping wave.
Thus, each triad is characterized by a single random
phase. In the next stage (secondary cascade), new ran-
dom phases are added and the memory of a coherent
pumping wave is lost. Upon numerous repeats of this
process, the system must pass to a turbulent state in
which the wave phases can be considered random.
Therefore, the randomization time must be equal to
several times the reciprocal growth rate given by for-
mula (30). This scenario of transition to a turbulent
state seems to be quite realistic. A series of recent
numerical experimentswere aimed at the verification of
this hypothesis (see, e.g., [31, 32].

Based on the above considerations, it is clear that a
regime of devel oped turbulence can be expected to pos-
sess a wide spectrum of waves. This spectrum can be
statistically described in terms of correlation functions.
For the waves of small intensity, it is sufficient to
restrict the consideration to pair correlation functions
obeying thekinetic equations. Thisregimeisreferred to
as weakly turbulent.

In the case of aweak MHD turbulence (f < 1), we
obtain three pair correlation functions determined by
the formulas

[y (K)ay (k)0 = Nxdy B, bEO = nd,_y..

Here, the coefficients Nﬁ and n, having the sense of

occupation numbers obey the following system of
equations:

: 2
ne = 2nI|Vk1k2k| (N, N, =Ny +ny Ny )

(32)
X O 1k, ~k,00 + 0, 00, AK1 AK3,
Nk = 2T[I|ka1k2|2(Nk1nk2 - Nknk2 - Nk Nk1)
X O _k, —k, 00— o, - 0,dK10K;
(33)

- 2"I|Vk1kk2|2( Ny, = Ny My, = Ny Ny )
X Oy, _k—k,0w,—w—0,dK1dKs,

where w= w(K), w, = w(k,), etc. In these equations (and
below) we omitted the summation with respect to A,
which can be restored by substituting

dk, —» del, N, — N2,
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M,
W — Wy Vi, — Vikgk, »

etc.

Equations (32) and (33) assume that the nonlinear
wave interaction is weak. In this particular case, the
most significant condition is

Q. > 1/1,

where 1 is the characteristic nonlinear time determined
from the kinetic equations (32) and (33). In order to
estimate T, it is necessary to take into account that, in
every wave decay event and the reverse (wave merging)
process, the A-wave frequencies change by a small
increment Aw, = Qg << W, SO that the A-wave energy is
redistributed over the spectrum in a diffusion manner.
Taking his into account, we obtain the following esti-
mate for T:

L, W

T PVa
Note that this T value is significantly greater than the
characteristic time of randomization determined as the
reciprocal growth rate ' determined by formula (30).
Finally, the criterion can be written in the following
form:

W
PVa
Now let us include the sources of turbulence and
damping into Egs. (32) and (33). For this purpose, we
introduce the terms ' \n, and Vi, Ny, into the left-hand
parts of these equations, respectively. It will be
assumed that the domains of pumping (I, Vi, > 0) and
damping (I, Via < 0) are separated in the k-space by an
intermediate region (inertial interval) in which the tur-
bulence dynamicsis determined only by the waveinter-
action. If we can neglect the pumping and damping
effectsin the inertial interval (which hasto be proved),
the n, and N, distributionswould beindependent of the
particular form of y, and I,

It should be recalled that determination of the turbu-
lence spectrum (describing the distribution of fluctua-
tions over scales) in the theory of hydrodynamic turbu-
lence is based on the two Kolmogorov hypotheses [1].
According to the first hypothesis, concerning the self-
similar character of the turbulence spectrum, the spec-
trum in the inertial interval is determined by a single
quantity P representing a constant energy flux along
scales. The second hypothesis stipulates that the inter-
action of fluctuations with different k values has alocal
character.

Applying these hypotheses to our situation, the tur-
bulence spectra can be determined proceeding from the
dimensionality considerations. In this case, the kinetic
equations (32) and (33) have two conservation laws—
for the energy and the number of HF waves. Each of

< [31/2.
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these laws must correspond to a Kolmogorov spec-
trum of its own. Indeed, a constant flux of the number

of HF waves (N2)

P, = C%EINKAdk,

corresponds to the spectrum

N OPyk?, n OPyK?, (34)
while the constant energy flux
0 ..U U
Pe = O—J%@knk + Zwkx Nk%dk
correspondsto
No 0Pk, n 0OPYKY2 (35)

Based on the conservation of the total number of HF
waves and the energy in the inertial interval, one may
readily infer that the flux of the particle number N is
directed toward small k, whereas the energy flux P is
directed toward large k. The rough approximation of the
turbulence spectragiven by formulas (34) and (35) may
only provide for a correct dependences on the wave-
number and the fluxes but ignore the diffusion character
of the wave decay process. It should be also recalled
that the above conclusions are based on the hypothesis
of alocal character of the wave interaction.

The spectra (34) and (35) fail to describefine details
of the distribution functions (such asthe angular depen-
dence). Therefore, these functions are determined to
within an arbitrary function of the angles. The angular
dependence can be described by solving the exact equa-
tions (32) and (33). The solutions can be obtained, in
particular, for the interaction of Alfvén waves with
acoustic waves (N, = 0). For this purpose, Egs. (32) and
(33) can be conveniently rewritten as

ne = —IU k| klekz‘ kkldkldk21 (36)

Nk = J’(Uk\klszk\klkz_Ukl\kszkl\kkz)dkldkz’ (37)
where

_ 1 |2
Uk\klkz = 2T[|Vk'k'1k2| 6k—k1—k26m—wl—w21

Tk, = NigMi, = Ny, = Ny N .

As can be readily checked, Egs. (36) and (37) possess
thermodynamically equilibrium solutions

N T
W+ Q)

representing the Rayleigh-Jeans distributions for
which the callisional termis zero.

K =
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In order to determine the nonequilibrium distribu-
tions, note that the function U (having the sense of the
decay probability) possesses the following properties:
U is a bihomogeneous function of variables k, and k,
the degree of homogeneity being +1 for all k, and -2 for
k-. In addition, U is invariant with respect to rotation
relative to the z axis coinciding with the direction of the
magnetic field H,,

For these reasons, it is natural to seek for solutions
in the form of

n. = AKCKE, N, = BKIKP. (38)
Consider stationary solutions to Eq. (37):
J-(Uk\klszk\klkz_Ukl‘kszkl‘kkz) = 0. (39)

Let us map the integration domain (determined by the
conservation laws) of the second integral (39) onto that
of thefirst integral. Thisis conveniently performed by
introducing the complex quantity ¢ =k, +ik,. Using this
value, the conservation laws determining the integra-
tion domain of the second integral can be written as:

kzl_kz_kZZ = O’
(—-(-¢, =0,
w,-—w-Q, = 0.

This domain is mapped onto that of the first integral
(39) by the following conformal mapping with respect
to variablesk, and

Kk, = K2, z=z'§,
k
K = KF, Oy = zzz-., (40)

Here, each separate transformation is an inversion: rel-
ative to the point k, for the z-components of the wave
vectors and relative to the circumference of radius |ky|
for the transverse components. As aresult, the vector k
transforms into k4, k; into k, and k, into k,. Simulta-
neously, the z-components are stretched by the factor
|k,/k,;| and the transverse components, by the factor
[k-/k,o|; this is complemented by rotation about the z
axis through the angle arg(¢/¢,).

As aresult (with allowance for the properties of U
and T values), the integrand in the second integral (39)
converts into the integrand of the first integrand multi-
plied by a power factor:

K™ ko™ _
IU k\klszk\klkz[l - DZID HED dk,dk, = 0.
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From this we may infer that, besides thermodynami-
cally equilibrium solutions (for which T becomes zero),
there exist nonequilibrium solutions

n. = AK’kZ, N, = BKkZ, (41)
which correspond to the solutions obtained previously
from the dimensionality considerations for the constant
particle number flux Py. A relationship between the
coefficients Aand B in (41) is determined from the sta-
tionary equation (32) (d/0t = 0). From this we readily
obtain an estimate cA ~ V,B, which implies that the
energies of the acoustic and Alfvén waves in the sta-
tionary case are on the same order of magnitude.

Note that the set of all mappings of the type (40)
forms agroup G, which isadirect product

G=G(1) x G(2)

of groups G(1) and G(2) acting in one- and two-dimen-
sional spaces, respectively. For power-type spectra,
mappings of thistype lead to factorization of the colli-
siona term. The one-dimensional transformations (in
the frequency space) for isotropic spectra were found
by Zakharov [5, 6, 25]. Generalizations of these trans-
formationsto the two- and tree-dimensional caseswere
formulated by Kats and Kontorovich [33]. Mappings
(40) represent a partial case of the quasiconformal map-
ping.

In order to determine the second nonequilibrium
solution (35), we introduce a quantity

& = W N, +Quny

representing the energy density in the k-space. Accord-
ing to (36) and (37), €, obeys the equation

og,
ot I{ WU ki, Tk, = O o Tk

~QU, 0, T adksclk

(42)

Let us find the stationary solutions to this equation in
the same form (38) as above. To this end, we also
map the integration domain of the second and third
integrals (42) onto that of thefirst integral. For the sec-
ond integral, the mapping coincides with (40); for the
third integral, the required mapping is

- ”ﬁ - "i
kz - kzk”v Z Z Z'”

(43)
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Substituting (40) and (43) into the stationary equa-
tion (42), we obtain

0= I [Videie] "Bt -1, i3 -0, Ty, Ia A

O K" 5EF<DD2P’ e
x (k) —w(k
0 (k) ( 1)Ek21D (kO

1

B d&D2a+5DﬁDZB+4D
© ( k2) D(ZZD Ij(thl E

This equation indicates that the expression in braces

turns zero for a = —-5/2 and = -2, so that the required

solutions have the following form:

n. = AK"’k?, N, = BK”kZ. (44)

These solutions correspond to the spectra with a con-
stant energy flux P,. As above, a relationship between
the coefficients A and B is determined from the station-
ary equations (32). These equations lead to the same
estimate:

c,AOV,B.

The Kolmogorov type solutions obtained above
refer only to the channel of interaction between the
Alfvén waves and slow magnetoacoustic waves, which
markedly reduces the significance of these results. It
should be recalled that processes involving the fast
magnetoacoustic waves are on the same order of mag-
nitude and, hence, cannot be ignored. However, this
channel can be successfully included into the above
scheme without need in significant improvements. As
was noted in the preceding section, amaximum scatter-
ing of the A-waves (i.e., of the Alfvén waves and fast
magnetoacoustic waves) takes place for the maximum
z-projection of the momentum transferred to the slow
acoustic waves. It is naturally assumed that this behav-
ior of the A-wave scattering amplitude would lead to
strongly anisotropic distributions of the waves concen-
trated in the k-space within a narrow-angle cone in the
magnetic field direction: k, > k. Under these condi-
tions, the fast sound frequency coincides with that of
the Alfvén waves:

W, = |k Va.

Another important circumstance in this case is that the
matrix element of the interaction between A-waves and
the dow magnetoacoustic waves is diagonal with
respect to the polarization A:
AN
Vk'k‘11k2 = 6)\)\1VIJ<-'1k‘1k2-

Thus, in the case of an amost longitudinal (i.e.,
extended in the magnetic field direction) distribution,
we observe no difference between the Alfvén waves
and fast magnetoacoustic waves. Moreover, there is
even no energy exchange between these waves. This
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implies that (in the given angular range) the Kolmog-
orov spectra for the fast magnetoacoustic waves will
exhibit the same shape as the spectra (41) and (44)
obtained above. In these expressions, we have to

replace N, and Bby N} and B, and determine the coef-

ficient Aas
2
ALl B—llzm .
2B

The Kolmogorov spectra (41) and (44) possess a
physical meaning provided that the condition of local
turbulence is fulfilled, according to which the contribu-
tion to the wave interaction due to the regions of pump-
ing and damping must be small. This condition reduces
to the requirement of convergence of the integrals in
Egs. (36) and (37).

The convergence of integralswith respect tok, inthe
kinetic equations is ensured by the presence of two
o-functions of k, The integrals over transverse
wavevectors exhibit logarithmic divergence. In our
opinion, the logarithmic divergence is not as dangerous
as the power-type behavior, sinceit fals on the bound-
ary of locality. The appearance of this divergence is
related to the aforementioned bihomogeneity of the
probability U. If the medium isisotropic and the matrix
elements of V and the frequencies possess the same
degree of homogeneity asthat inthe MHD caseof B < 1
(this situation takes place for the Mandel stamm-Bril-
louin scattering), the condition of locality would be sat-
isfied (see [34]). The condition of bihomogeneity for
the interaction of Alfvén waves and slow magneto-
acoustic wavesisviolated in the case of anearly trans-
verse wave propagation:

ko/k, OB ™2,

and for theinteraction of fast and slow magnetoacoustic
waves, in the region of angles

ko/k, OBY2.

For this reason, the integrals in the kinetic equations
should be truncated at smaller angles (=BY?). Theloga-
rithmic divergence can be eliminated by introducing
powers for logarithms of the transverse momentak; in
the spectra (41) and (44). However, this procedure does
not lead to determining these powers (while ensuring
the convergence of integrals). Finaly, it should be
noted that both spectra (41) and (44) are characterized
by the same dependence on the transverse momenta:

nk1 Nk D kazl

which coincides with the degree of homogeneity of
O(kp). This implies that, besides the anisotropic Kol-
mogorov spectra (41) and (44), there may exist singular
Kolmogorov spectra of the type

ne = AK28(Kn), Ny = BK;?3(Kp)
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and
ne = AK%8(k), N, = BK”?8(ky).

A rigorous answer to the question as to which station-
ary spectraare in fact realized can be obtained from the
investigation of stability of the obtained solutions or
(on a qualitative level) from the results of numerical
modeling. Both approaches require special consider-
ation.
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Abstract—The ecton model of the cathode spot is used to analyze the main parameters of ion flow in vacuum
arcs (ion erosion, mean charge, and velocity). It is shown that the arc plasmais formed as aresult of microex-
plosions at the cathode surface, induced by the Joule heating by the high-density current of explosive electron
emission. lonization processes are localized in a narrow region of the order of a micrometer near the cathode
and the ioni zation composition of the plasma subseguently remains unchanged. Under the action of the electron
pressure gradient, ions acquire directional velocities of the order of 10° cm/s even over small distances of the
order of several micrometers. © 2001 MAIK “ Nauka/I nterperiodica” .

1. INTRODUCTION

High-velocity particle flows emitted from theregion
of the cathode spot of avacuum arc were discovered by
Tanberg [1]. It was assumed that such aflow isametal
vapor jet in which the velocity of particles is equal to
1.6 x 10° cm/s for a copper cathode. Plyutto et al. [2]
established that this flow isformed not by vapor but by
a plasma flow in which the ionization rate is 50-100%
for metals with arelatively high boiling point (Cu, Ag,
Mg); it al'so contained doubly and triply charged ions,
and the velocity of plasma jets was of the order of
106 cm/s. For readily evaporating metals (Zn, Cd), the
velocity was found to be slightly lower and the degree
of ionization of metal vapor was 10-25%. The energies
of ions were distributed between 0 and 50-70 eV. The
presence of high-energy ionsin plasma jets led Plyutto
et al. [2] to the conclusion that a potential hump exists
in the region of cathode-spot plasma.

Mesyatset al. [3] proved that similar plasmajetsare
also present at the spark stage. For example, in the case
of a copper cathode, the velocity of such jets was 2 x
10° cm/s and was determined by microexplosions on
the surface of the cathode, which were accompanied by
explosive el ectron emission. It was shown [4] that such
avalue of the plasma jet velocity can be obtained pro-
ceeding from the assumption of explosive gasdynamic
expansion of plasma [5] for specific energies corre-
sponding to the electric explosion of the metal. It was
established later [6] that the functioning of cathode
spots of a vacuum spark and arc are controlled by the
same physical processes which govern microexplo-
sions at the cathode accompanied by the formation of
ectons (individual portions of electrons) in the course
of explosive emission of electrons[7].

A considerable advance has been made in recent
years in the investigation of ion parameters of the arc
plasma. Thisis associated with the creation of vacuum-
arc ion sources which were used for obtaining distribu-
tion over the charge states of virtually all conducting
materials[8]. According to the results obtained in these
investigations, the charge composition of the vacuum-
arc plasma remains unchanged upon an increase in the
arc current from 50 to 500 A. An important result of
these investigations was the experimentally established
fact of equality of the velocities of ions having different
charges [9]. These results unambiguously support the
gasdynamic mechanism of acceleration of ions.

In the present work, the parameters of the ion flow
(charge composition, mean velocity, and ion erosion)
are considered from the positions of the ecton model of
the cathode spot of a vacuum arc. According to this
model, the cathode spot of the vacuum arc consists of
individual cells emitting ectons [7]. The main experi-
mental regularities established for ion flows emitted
from the cathode spot of the vacuum arc form the basis
of the ecton model. For example, an increase in current
increases the number of cells, and the main ion param-
eters are formed as aresult of functioning of a unit cell
of the spot during explosive erosion of acathode region
by Joule heating. The substance of the cathode is grad-
ually transformed into a series of states (condensed
state and the states of nonideal and ideal plasma). Dur-
ing this transformation, the charge composition of the
plasmais formed and ions are accel erated by the pres-
sure gradient of the plasma, whose concentration
decreases by several orders of magnitude over distances
of ten micrometers from the surface of the cathode.
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Fig. 1. Model of aliquid-metal jet in which an ecton exists

(rcistheradius of themelt at the cathode and r istheradius
of the ecton zone).

It should be noted that the physical processes lead-
ing to the formation of the charge composition and
acceleration of ions of the vacuum arc are considered
more than once (see, for example, [10]). Among recent
publications in this field, we can mention the theoreti-
cal investigations by Anders [11], who obtained the
charge distribution for ions of an arc plasma. However,
a common drawback of these publications is that the
mechanism of ion generation was not determined in
them. For this reason, the ion flow parameters were
considered without taking into account their interrela-
tion, and the main parameters used in calculations were
chosen quite arbitrarily without necessary theoretical
substantiation.

2. ECTON PROCESSES AT CATHODE
OF A THE VACUUM ARC

2.1. Parameters of Ecton Processes

The study of explosive electron emission [3, 4, 6,
12] made it possible to substantiate the nature of phys-
ical processes in the cathode spot of a vacuum arc. It
wasfound that the plasmaof acathode flamein the case
of explosive electron emission (the spark stage) is char-
acterized by the same parameters (expansion rate and
charge composition) as an arc plasma. The traces of
cathode damage in both casesturned out to beidentical;
the expansion rate of the liquid-metal fraction, erosion
rate, the cathode voltage drop, and the threshold cur-
rentsal so coincided with the results of measurementsin
the arc. This led to the conclusion that in the case of
vacuum arc, we are al so dealing with explosive electron
emission.

The basic principles of the ecton model of the cath-
ode spot of a vacuum arc, which is based of the explo-
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sion-emission processes, were formulated in [7]. An
ecton is initiated during the interaction between alig-
uid-metal jet (seeFig. 1) formed asaresult of the expul -
sion of the liquid-metal fraction from the cathode spot
region and the cathode plasma.

Explosive electron emission as well as electric
explosion of conductors is associated with the Joule
heating under the action of the passing current [6].
Using the analogy with electric explosion of a conduc-
tor, we can estimate the current density required for
initiating an ecton from the formula for the specific

action h:
J = (hit)" (1)

where t, is the time delay of the explosion. Since h ~
10° A? s cm™ for most metals, the current density
amountsto approximately 10°A/cm?for t,= 10°s. The
high current density leads to rapid heating of a micro-
scopic region of the cathode and its explosion accom-
panied by explosive electron emission. During the
explosion period, the emission zone increases, the cur-
rent density decreases, and the heat withdrawal due to
thermal conduction and the energy removal due to the
expulsion of the plasma and heated liquid meta
become significant. For this reason, the current of
explosive emission terminates, giving rise to a short-
lived portion of electrons (ecton).
The ecton lifetime can be estimated as follows [7]:
I2

te = 55—

?a’he

where a is the thermal diffusivity of the cathode mate-
rid and | is the ecton current. While writing formula (2),
we assumed that the ecton appears as aresult of explo-
sion of the liquid-metal tip of conic geometry with a
small cone angle 6 (Fig. 1). The mass carried away
from the cathode during the timet, is given by

)

2 3 p
= =I'—5 (©)
3P (ah)3/294
where p isthe density of the cathode material. Thetotal
electron charge flowing during the ecton lifetime is
given by

|3

Since the arc discharge is self-sustained due to the
explosion of liquid-metal inhomogeneities, we must

usein formulas (1)—(4) the values of a, p, and h for the
liquid state.

The finite lifetime of an ecton is responsible for the
cyclic nature of the processes in the cathode spot. Such
a cycle has two stages, viz., the first stage lasting the
time t, during which the ecton actually exists and the

(4)
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second stage that last for time t; during which a new
ecton is initiated by the ion current from the cathode
plasma. The time of the cycle estimated from the exper-
imental data on voltage oscillations in the region of
threshold currents of arc glow and noise voltage hasthe
valuet, = 30 nsfor copper and tungsten cathodes, while
the relative fraction of theion stage of the cycleis

{;

Tt =0.2

Cx:

(see[7,13)).

Another important property of the cathode spot is
the existence of the internal structure, which is mani-
fested in presence of individual cells or the fragments
of the cathode spot. According to the results obtained
by Kesaev, each cdll of the cathode spot carries a cur-
rent equal to the doubled threshold current |, of the arc
glow [14]. In the framework of the ecton model, a cell
of the spot is an explosion-emission center emitting an
ecton.

One of the main arguments in favor of the ecton
model isthe presence of microcraters having aradiusr,
of the order of 104 cm in the trace of the cathode spot
[4, 14, 15]. This is not only a qualitative, but also a
guantitative evidence of ecton processes in the cathode
spot. Indeed, if a microcrater is formed due to thermal
conduction, the velocity of propagation of the thermal
boundary amounts to 10* cm/s and, hence, the time of
theformation of such acraterist,~102s. If the current
flowing through acell is1 =21, and I, ~ 1 A [14], the den-
sity of the current through the cell is J, ~ 108 A/cm?. Such
vaues of the parametersr,, 1., and J, are due to the ecton
processes occurring in the cathode spot of avacuum arc.

2.2. lon Erosion

An analysis of the energy distribution for ions of an
arc plasma proved that they escape from the region of
the cathode spot with mean velocities of the order of
108 cm/s. These ions create a current opposite to the arc
current since they move from the cathode to the anode.
Important measurements in this field were made by
Kimblin [16], who established that the ion current col-
lected at a cylindrical screen attains a limiting value
which isindependent of the geometrical parameters, is
approximately proportional to the total arc current, and
depends weakly on the cathode material. The propor-
tionality factor between the ion current and the total
current amounts to approximately 0.1.

The ion current from the cathode leads to a loss of
the cathode mass in the form of ions. The existence of
the vacuum discharge is determined precisely by the
generation of a conducting medium in the electrode
gap. The measure of ion erosion is the erosion rate v,
equal to the ratio of the mass carried away in the form
of ionsto the passing charge g = IAt. The experimental
results on the cathode erosion are rather contradictory
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since, along with ion erosion, the cathode materia is
carried away during the discharge in the form of mac-
roparticles, drops, and neutral vapor. The conventional
methods of investigation of erosion (such as weighing
and the estimating the erosion structures from the
changeinthe geometrical parameters) were determined
to aconsiderable extent by the arc current, the duration
of the arc glow, and the cathode geometry. Daalder [17]
carried out a series of experiments with copper elec-
trodes of diameters of 25 and 10 mm. The current var-
ied from 33 to 200 A. It turned out that upon a decrease
of thevalue of qto 0.1 C, different dependences of ero-
sion rate obtained for different currents give the same
value ~40 ug/C, which is precisely theion erosion rate.
The ion erosion can aso be determined from the mea-
surements of the mean ion charge with the help of the
obvious formula[17]
Ii m
yl I Ze’ (5)

where |; is the charge carried by ions from the cathode
per unit time, Ze is the mean ion charge of the arc
plasma, and misthe mass of anion.

Let us analyze the characteristics of the ion flow
emitted by the cathode sport from the positions of the
ecton model. The mass carried away during the time t,
is defined by formula (3), while during the time t;, the
ion current mainly flows to the cathode; according to
the results obtained in [13], this current amounts to 0.1
of the arc current. Consequently, the total mass loss
from the cathode during a cycle is M(1 — 2a). Taking
into account relation (4), we can write the following
expression for ion erosion:

_ g Bﬂ]ﬂz
Vi = gpg (1-2a). (6)
Using formulas (5) and (6), we can determine the mean
ion charge of the plasmaformed as aresult of function-
ing of the ecton:

_ 3l m [ﬁ]uz
T 2lep(1-2a)d] "

Considering that theratio |;/1 = 0.1 for al materials
[16], wefind that the values of y; and Z are independent
of current and are determined only by the parameters of
the cathode material, which isin accord with the exper-
imental results [7, 8, 17]. The mean values of charges
and ion erosion rate obtained in accordance with for-
mulas (6) and (7) for anumber of metals for which the
values of specific action are known [7] are presented in
the table. The values of thermophysical coefficients for
metals are borrowed from [18]. In analogy with W and
Cu, the value of a was put equal to 0.2 for all metals.

The observed agreement with the experimental
resultsis even maore astonishing if we take into account
the approximate nature of thermophysical parameters
of the materials under investigation.
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lon erosion and mean charge of arc plasmafor various materials of the cathode

Cathode material | p, g/em?® a, cm?/s sz 10—?:1 Y, Hg/C z Z[8,19]
scm
Cu 8.0 0.42 31 37.2 1.76 1.7-2.0
Au 17.2 0.40 13 120.6 1.69 1.6-20
Al 2.3 0.40 14 155 1.80 1517
Ag 9.3 0.56 2.0 62.2 1.77 1821
W 17.0 0.14 15 65.7 2.90 3.0-31
3. PROCESSES IN THE CATHODE PLASMA
OF A VACUUM ARC n, = n Z ic, = zn, (10)
3.1. General System of Equations =1
The smulation of the initiadl stage of explosion of onu, , 0unu; | 10runy,
microtips in the case of explosive electron emission [20] ot 0z roor
proved that the density of the cathode material changes 1J,B 19(nT,+n.T,)
during the functioning of an ecton over short distances (of + mc + m oz 0,
the order of afew micrometers) from the solid-gtate value (11)
to that corresponding to the state of ideal plasma. The onu, N au,n;u, . 10ru,.n;u,
maximum energy contribution takes place upon a transi- ot 9z r or
tion to the plasma state for a plasma concentration n <
102, It isimportant to note that, according to calculations, _EE + EM =0
the value of the specific action integral mc m ar '
t ) 3g)nT ou,n;T; laru,niTiD
Jrdt 20 ot 9z r or U
0 (12
onT oy, 10rupy _ T.-T
remains unchanged by the time of explosion upon a 'Daz rord " _( )
change in current, justifying the analogy with an elec-
tric explosion of a conductor used in the previous sec- 0 _c
tion in the analysis of ecton processes. The expansion v=gptu J = geulB, (13)
of the plasma formed as a result of the explosion of a '
microtip at the cathode is of the gasdynamic type and
may be described by a system of equations of 2D two- E@n ele  OVaNeTe 1ar vrneT%
temperature magnetic gas dynamics of completely ion- 20 ot 0z rooor
ized plasma taking into account the thermal conductiv- P P
ity of electronsin the cylindrical system of coordinates: v, 10vg, 9Q., 10Qn
Y ~ ~ Tty Y rar 0t oz T1 ar O 14

on; aniuZ 1arniu,
at 9z r or
Jc; ac dc
— 4=

=0, )

ot uZaZ +ura_rJ = ne(aj—l,jcj—l
—Bj,j—lcjne—aj,j+1cj+Bj+1,jCj+1ne),
— E'HD 8TeDIJ I
o CDI A Te, ) +2HexpD 0
5, = cld DI _n ©)
M 00 Dr 2mem;
j =1, ..,4,
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= _gMele o+ _
- 3mT9i(Te TO)

meaNe 30 O
+ —(v— —u- —E
T (v—u) EH/ u 5neTeD E;,

Q = BoneTe(V_u) _yor_]g-_r_ezgigrad-l-e,
me
aB ov B Jov,B
6t 0z or

_ gl orBy, dJB
" anlorlio arD dzLbo 041>
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2
o = Ne€Tal3+ 4,/21z (17)

M 4+4.212°

_3_JmTe
4 ome' Zn A’

Tei
(18)

O BT T.T, LI
A = maxl, InG— 12 <117,
0O meName’nTet T

JxB+ M
ecng eng

_1..1
p =35I+

+YoT. (19
e

Here, u isthe hydrodynamic velocity of ions, m, and m
are the masses of electrons and ions, respectively, T,
and T,, n, and n, are their temperatures and concentra-
tions, v is the hydrodynamic (or current) velocity of
electrons, Jisthe current density, Q isthe electron ther-
mal flux, E; isthe ionization energy, A is the interpola
tion function depending on concentration, ¢; isthe frac-
tion of ions having the jth charge in n;, 1 is the elec-
tron—on relaxation time, B is the magnetic field, ¢ is
the potential, By, Yo, @nd y are Braginskii’s coefficients
[21], 0;_, jand B3; ; -, aretheionization and recombina-
tion rates between transitionsj — 1 andj, and |; isthe jth
ionization potential. The initial expressions for a;_;
and 3; ; _; aretaken from [5], where they are written for
aplasmain the semiclassical approximation.

The continuity equation (8) is written for the heavy
component, and the electron concentration was deter-
mined with the help of formula (10) taking into account
the quasineutrality condition. The ionization kinetics
equations (9) are written for ions with charges from +1
to +4. The momentum conservation equations (11) take
into account the effect of the intrinsic magnetic field.
The inertia of electrons was disregarded since the cur-
rent velocity of electrons is much lower than their
sound velocity. The hydrodynamic velocity of electrons
in this case can be determined using formula (13).

The balance equation for the internal energy is split
into two parts: the equation for the heavy plasma com-
ponent and the equation for the electron energy. lons
and electrons exchange energy, which is described by
the first term on the right-hand sides of Egs. (12) and
(14). We assumed that the Joule energy (the second
term on the right-hand side of Eq. (14)) is supplied
directly to the electron subsystem and then to the ion
subsystem through the exchange term. We aso
assumed that the ionization energy is supplied to the
electron component (the third term on the right-hand
side of Eq. (14)). In the balance equation for the elec-
tron energy, the electron therma conductivity (15)
plays asignificant role. Equation (16) is written for the
@th component of the magnetic field B, which is the
only nonzero component in the cylindrical system of
coordinates. We al so took into account diffusion (right-
hand side) and magnetic field transport by electrons
(the second and third terms on the left-hand side).
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The system of equations (8)—(19) was solved
numerically for a copper cathode for a given current of
3.2 A, which, according to [14], corresponds to the cur-
rent of anindividual cell of the cathode spot. In our cal-
culations, we assumed that an ion flow having a veloc-
ity smaller than the sound velocity and an electric cur-
rent of apreset value passinto the rated region through
a cylindrical tube of radiusro = 1 um and height h =
0.5 um (analogue of a crater). At the lower end of the
tube (i.e., for z=0), the flow hasthe given mean charge
Z=1,; thetemperatures T, = T, = 1.5 eV and the plasma

concentration is of the order of 102X cm3.

In the numerical solution, we neglected the back-
ward thermal electron current to the plane z= h, but the
heat flux of these electrons was taken into account in
the boundary condition for Eq. (14) in the form

eneTeTei(Ez _ =t
m az - Jr(ZTe+(p)1

e
R 1_ /8Te 0 o0
Ik = 4ene T[meeXpD -I—e|:|-

where @ is the plasma boundary potential determined
by integrating Eq. (12) and j; isthe thermal current of

electrons from the plasma to the cathode through the
potentia barrier @ (backward current).

The results of numerical simulation of the basic
parameters of an arc plasma are presented in Fig. 2. It
can be seen that our results are in good agreement with
the experimental data obtained from the investigations
of theion parameters, presented in [7-9, 19]. The mean
charge of the plasma coincideswith its values presented
in the table. The ion velocity dightly exceeds the value
1.28 x 10° cm/s presented in [9]; however, we can
assume that the agreement with the experiment is satis-
factory on account of the wide spread in the experimen-
tal dataobtained by different methods of measurements
and the conditions of the vacuum [7, 9]. It should be
noted that the plasma potential and temperature are also
in accord with the experimental results [10].

Thus, according to the results of numerical simula
tion, the formulation of the problem in the form
(8)—(19) using the typical parameters of ecton pro-
cesses (the current through acell of the spot and the size
of the plasma source) makes it possible to obtain
detailed information on the physical processes occur-
ring in the arc plasma near the cathode.

According to the results of numerical simulation,
the geometry of the cathode plasmajet iscloseto spher-
ical. Test calculations taking into account and disre-
garding the intrinsic magnetic field of the jet proved
that it does not affect the jet formation significantly.
The spherically symmetric expansion of the cathode
plasma considerably simplifies the system of equa-
tions (8)—(19) and makesiit possible to obtain the ana-
lytic estimates of a number of plasma parameters.

Yo
(20)
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Fig. 2. Digtribution of plasma parameters along the jet axis
(2D calculations).

3.2. Electron Temperature

The current density in the immediate vicinity of the
cathode is quite high; consequently, the electron tem-
peratureincreases dueto Joule heating. Theintensity of
heating decreases in proportion to r—. For this reason,
the electron temperature decreases upon an increase of
the distance to the cathode due to the work done by
pressure forces, forming acharacteristic “hump” at dis-
tances of the order of a micrometer from the cathode
surface. In theimmediate vicinity of the base of the jet,
the electron temperature deviates from the ion temper-
ature (seeFig. 2). Thedifferenceincreasesrapidly upon
expansion. This is due to an abrupt decrease in the
exchange term (right-hand side of Eq. (12)) propor-

tional to concentration and Tf’z, which leads to the
effect of “runaway” of the electron temperature.

At the base of the plasma jet, the plasma concentra-
tion gradient is high and, hence, the processes in this
region can be described to a high degree of accuracy
under the assumption of the spherically symmetric
expansion of the plasma. Taking this into account, we
can write Eq. (14) for a steady-state spherically sym-
metric plasmajet disregarding ionization losses and the
energy exchange with ions:

VaT gEar_V_g __BDme 2
or 3y2 or
(21)
— ilg%z neTeTeiale[l
3ngp20r m, orl’

Disregarding the coordinate derivative of velocity and
assuming that n O r?, j O r2, and nur? = const, we
obtain

dT, 4T HAZ |

_Go %2 5/26T4]
Br 3T T3 2

730 Te ar0n (22)
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Fig. 3. Electron temperature distribution: 2D cdculations (1),
formula (23) (2), formula (26) (3)

where H is a constant approximately equal to 5, Gisa
constant approximately equal to 0.03 (if r is measured
in micrometers and temperature in el ectronvolts), and
| isthetotal current in amperes. For small r, we can also
neglect the term on theright-hand side of Eq. (22) (ther-
mal conductivity). We aso assume that the Coulomb
logarithm A is a constant equal to 5; in this case, the
equation can easily be solved and its solution has the
form

Te(r)
_ EleH/\Zl(r”3 ro°) +14rg°To %1 (23)
O 14r'® 0

For large valuesof r, the T(r) dependence behaves asr 2>

E41_5H/\Z|DZS
r O

Te(r)= (24)

and Tg(r) from Eq. (23) is virtually independent of the
initial condition even for r > 10 um. On the other hand,
for large r, thermal conductivity becomes the principal
term in Eq. (22). In this case, T(r) behaves asr?7; a
similar behavior of temperature was also obtained as a
result of the numerical solution of the system (8)—(19)
for r =2 30 um. It can be seen from Fig. 3 that formula (23)
for | =3.2A and Z= 1.8 gives an exaggerated result for
small r, which is due to the disregard of the energy
exchange with ions and the averaging of the Coulomb
logarithm. Let us take into account the effect of varia-
tion of the Coulomb logarithm. We can write this quan-
tity in the form [21]

N = 23.4-1.15logn + 3.45logT.. (25)
In this expression, we disregard the variation of T, (of the
order of 4 eV) ascompared to n. Instead of expression (23),
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we then obtain

0
To(r) = r o Te  + HIZ%%.OG(rm—rSB)
O

INE)
_0.535[r7/3ln%%— ré’ﬂn%’r—?ﬂgg .

It can be seen from Fig. 3 that this expression describes
the temperature for r < 10 um more correctly.

3.3. Accdleration of lons

Let us write the equations (11) of momentum con-
servation in the form of the equation of motion for a
spherically symmetric plasma jet:

10s_10T
10u _ Sor T'or . _ P _
uor - mu? 1 T E n Ti*2Te (2D
T

where Sisthe cross-sectional area of the jet.

Let us use this formula for estimating the behavior
of theion velocity for large values of r. In this case, we
can neglect unity in the denominator and the ion tem-
perature in the expression for T', taking T, in the form
(23). Theresult of integration of Eq. (27) inthiscaseis
presented in Fig. 4. It can be seen that the results arein
satisfactory agreement with the results of 2D numerical
calculation. The solution of Eq. (27) with temperature
(23) for large r can be approximately written as

_4dno

u(r):3.5J(HAI)ZSZ7/5m_1 ral (28)

Forl=3.2A,Z=1.8,r =200 pm, and A =5, the veloc-
ity is 1.46 x 106 cm/s, while the value obtained as a
result of numerical calculationsis 1.55 x 106 cm/s. The
obtained expression for velocity for r —» oo hasafinite
limiting value equal to 1.56 x 106 cm/s. Thus, the main
contribution to the acceleration of ions comes from the
electron pressure gradient.

3.4. Mean lon Charge

The dependence of the mean charge of the plasma
on the distance is depicted in Fig. 2. It can be seen that
the mean charge of ions increases monotonically and
the main ionization processes are localized at adistance
as small as 2 um. At a distance exceeding 5 um, reac-
tions cease altogether and a“freezing” of ion composi-
tion, which remains unchanged upon the further expan-
sion, takes place. This is due to the fact that, in accor-
dancewith Eq. (9), thereaction rates are proportional to
the concentration to the first (ionization) and second
(recombination) power. Upon the expansion of the
plasma, its concentration decreases rapidly (in propor-
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Fig. 4. lon velocity distribution: formula (28) for T, =
4.5eV (1), 2D caculations (2), and formula (28) with T
defined by formula (23) (3).

tion to r=3 at the initial stage); consequently, the reac-
tion rates aso decrease, the recombination being
“cut off” more effectively. The ions which acquire a
large charge at the jet base, where ionization can be
regarded as virtually in equilibrium, enter the region of
slow reactions at a high velocity. However, the time of
charge equalization to the equilibrium value in this
regionislonger than thetime of flight of ions. Thus, the
mean charge of the plasmajet differs significantly from
the equilibrium charge, depends on the acceleration,
and cannot unambiguously reflect the plasma parame-
tersintheregion of the cathode spot, aswas assumed in
[11]. In order to prove this, we consider a steady-state
spherically expanding plasma in which reactions with
singly, doubly, and triply charged ions take place. In
this case, Egs. (9) assume the form

_ 2
U=— = —01,C1Ne + B CoNe,

or

0c, 2
U_ar = 053C,Ne — B3oC3Ne, (29)

2
r
C; = 1-C—Cs Np = Nga(2+C3—Cy).
r

Since the main reactions occur in the immediate vicin-
ity of the cathode, we take the electron temperature in
theform (26). We assume that n, = 10 cm=3, r, =1 um
and vary velocity u. Theresult is presented in Fig. 5. It
can be seen that the mean charge of the plasma jet dif-
fers considerably from the equilibrium value and
depends on the velocity of ions.

3.5. Potential Distribution

It was stated in [22] that the cathode plasma cannot
transmit ahigh-density current (~10% A/cm?) for typical
values of the cathode potential drop at a level of
10-30V. This conclusion was drawn only on the basis
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Fig. 5. Mean ion charge distribution along the jet, obtained
by integrating system (29) for different values of velocity u:

u =0, equilibrium ionization (1), u= 10° cm/s (2), u=5 x
10° c/s (3), u = 10° cmi's (4), and formula (27) with T,
from Eq. (26) (5).
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Fig. 6. Potentia distribution along the jet: formula (31) for
To=4.5¢€V disregarding the gradient term (1), formula (31)
for T =4.5 eV taking into account the gradient term (2), the
result of integration of Eq. (30) with T, from (23) (3), and
2D calculations (4).

of an analysis of the ohmic term in the generalized
Ohm’slaw (19), which does not reflect the actua situ-
ation in which the plasma pressure gradient playsasig-
nificant role.

The potentia distribution obtained from the numer-
ical solution of the system of equations (8)—(19) is
shownin Fig. 2. The main feature of the behavior of the
potentia is the existence of the peak at a distance of
about 20 um from the cathode. It should be noted that
itisnot apotential hump having aheight of several tens
of volts, whose existence was presumed by Plyutto et al.
[2]. The potential peak height in our caseis of the order
of several volts. Let us prove that its emergence is due
to the counteraction of the ohmic and gradient termsin
the generalized Ohm law (19). Let us write Eg. (19) in
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the spherically symmetric case, retaining only these
terms:

d9__z I, 20T,

= S +r
or g, T or

(30)

Under the assumption concerning the constancy of T,
theintegral of (30) isequal to

_ 21 M 1o r
ooTi’ZGo y 2Telnr0. (31
The first (ohmic) term is bounded for r —= oo, while
the second (gradient) term increases indefinitely, which
inevitably leads to the formation of a hump. Physically,
this meansthat the electron current induced by the pres-
sure gradient exceeds the preset current of the jet, lead-
ing to the emergence of an electric field decelerating
electrons in the plasma. The potential distribution cal-
culated using formula (31) for T,=4.5eV, 2= 1.8, and
| =3.2A ispresented in Fig. 6 (curve 2). It can be seen
that behind the inflection, the potential decreases indef-
initely in accordance with Eq. (31). It can easily be
shown that the T,(r) dependence of the form rk for 0 >
k> —2/3 leads to potential stabilization. The actual
behavior of temperature corresponds to this law. Curve 3
in Fig. 6 shows the potential distribution obtained as a
result of the substitution of temperaturein the form (23)
into Eg. (30). It is close to the dependence obtained
with the help of 2D calculations (curve4 in Fig. 6). The
magnitude of potential for r — oo isfinite and equal to
17.4V, which s closeto the value of the cathode poten-
tial drop (16 V) givenin[14].

4. CONCLUSIONS

An analysis of the results of the theoretical investi-
gation of ecton processes in vacuum arcs leads to the
following mechanism of the formation of the ion flow
parameters in vacuum arcs. The concentration of
energy due to Joule heating in microscopic volumes at
the surface of the cathode leads to their explosive deg-
radation. The cathode material consecutively passes
during short time periods (~1 ns) through the con-
densed state and the stages of nonideal and ideal
plasma. The current density at the base of the plasmajet
is rather high and the cathode material continues being
heated after the transition to the plasma state also. The
Joule energy liberated at this stage is the kinetic energy
of electrons, acquired in the electric field. A part of this
energy is spent in ionization and heating of ions. lon-
ization processes occur in anarrow region of the order
of amicrometer in the vicinity of the cathode, and the
ionization composition of the plasma does not change
subsequently. Under the action of the electron pressure
gradient, ions acquire directional velocities of the order
of 10° cm/s even at distances of afew micrometer.
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Abstract—The problem of solving the kinetic equation for the heat conductivities of dielectric substances and
semiconductors by the method of momentais discussed. Microscopic models are used to estimate the effect of
isotopic disorder on the thermal resistance of germanium crystals in the multimomentum approximation. The
contributions of acoustic and optical phonons are taken into account. Excess thermal resistance AW of samples
with anatural isotopic composition compared with highly enriched samplesis calculated. For germanium, the
theoretical and experimental AW values are in close agreement with each other. For silicon, the theoretical AW
valueismuch smaller than its experimental excess thermal resistance. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

In the past decade, virtually chemically pure and
highly enriched isotopically diamond, germanium, and
silicon massive single crystals were synthesized thanks
to progress in the technology of producing high-purity
materials. Single crystals with intermediate contents of
isotopes of various kinds were also prepared. Diamond
single crystals with different isotopic compositions
were grown at the General Electric (USA) Laboratory,
and growth of germanium single crystals was due to
joint efforts of the Institute of Molecular Physics (Rus-
sian Research Centre Kurchatov Institute) and
Lawrence National Laboratory at Berkeley (USA).
Recently, isotopically enriched silicon single crystals
were prepared thanks to joint efforts of Russian, Ger-
man, and Japanese scientists. These single crystals
were used to study the influence of the ratio between
the concentrations of isotopes on various physical prop-
erties. In particular, the behavior of heat conductivity
K(T) was investigated. Heat transfer in diamond was
studied in [1-4], and the behavior of k(T) of germanium
and silicon, in [5, 6] and [7-9], respectively.

Note that in 2000, perfect and highly enriched
25 (99.9%) single crystals were grown at the labora-
tory headed by G.G. Devyatykh (Institute of Chemistry
of High-Purity Substances, Nizhni Novgorod). These
samples were used to measure their thermal resistance W,
The measurements were performed by M. Caradona’s
team (Stuttgart) at temperatures from helium to room[8].

"Deceased.

A.V. Gusev et al. (Nizhni Novgorod) studied the tem-
perature range ~70-300 K [10]. The W values for 8Si
were compared with those obtained for silicon samples
with anatural isotopic composition ("®Si). Note that the
dataon excessthermal resistance AW =W("2S) —\W(%Si)
caused by isotopic disorder obtained in [8, 11] at room
temperature T = 300 K differed several times.

The general problems of the theory of heat conduc-
tivity of dielectric substances and semiconductors were
discussed in several book-length monographs (e.g., see
[11, 12)).

Heat conductivity is usually considered on the
assumption that various nonequilibrium phonon scat-
tering processes, namely, boundary scattering on sam-
ple walls, elastic scattering caused by isotopic disorder
and impurities, and inelastic anharmonic collisions, are
independent. It is well known that normal (N) anhar-
monic phonon scattering processes, that is, scattering
with the conservation of the quasi-momentum, do not
cause a finite thermal resistance by themselves. At the
sametime, in the temperature range in which resistance
processes of phonon scattering on phonons, that is, pro-
cesses accompanied by the loss of quasi-momentum
(U-processes), are frozen, N-processes can determine
the structure of a stationary nonequilibrium distribution
of phonons. As a result, N-processes play a fairly
important role. For this reason, the results obtained in
[13] (also see [14]) are extensively used in analyzing
various relaxation mechanisms. In[13], the special role
played by N-processes was qualitatively taken into
account, and a comparatively simple equation for the
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heat conductivity coefficient was derived. These results
were obtained based on several simplifying assump-
tions. Namely, the Debye approximation was used to
describe phonon modes, and no distinction was drawn
between longitudina and transverse modes. In addi-
tion, the frequency and temperature dependences of the
rates of anharmonic relaxation of phonon modes were
described by comparatively simple power laws sug-
gested in [15]. The equations for the relaxation rates of
N- and U-processes contained parameters found by
adjustment to experimental results. It was also assumed
that the rate of relaxation caused by isotopic disorder
was proportional to w* (as concerns boundary scatter-
ing, e.g., see[16]).

Note that the theory suggested in [13] was general-
ized to strongly anisotropic phonon spectracharacteris-
tic of silicon and germanium because of the presence of
soft transverse modes (see [6, 17]).

The author knows of only two works [18, 19] con-
cerned with Group 1V semiconductorsin which consis-
tent calculations within the framework of the kinetic
equation were performed based on microscopic models
for describing phonon modes and anharmonic interac-
tion. In [18], the behavior of the heat conductivity of
germanium was analyzed in a wide temperature range
(from helium to room temperatures). The roles played
by various anharmonic N- and U-processes (t +t — |,
t+] —1I,and | + | —= |) were considered in detail.
Simultaneously, boundary scattering and scattering
related to isotopic disorder were taken into account.
Note also that phonons and anharmonic interactions
were analytically described in [18] based on the isotro-
pic continual model. Thekinetic equation was solved in
the multimomentum approximation, and the nonequi-
librium correction to the equilibrium distribution func-
tion of phonons was selected in the form

(q, J) = —qunﬁEl?'E

In calculations, the expansion in momenta was per-
formed taking into account the first several terms.

Inwork [19], published comparatively recently, heat
transfer in Ge and Si crystals with different isotopic
compositions was studied in detail. The authors devel-
oped amodel of anisotropic pair interatomic interaction
and used this model to describe photon spectra, thermal
expansion, and anharmonic interaction of phonons. The
contributions of acoustic and optical phonon modes
were taken into account. As far as the kinetic equation
isconcerned, it was solved iteratively. Note that the the-
oretical results obtained in [19] for highly enriched 28Si
at ak(T) maximum were several times smaller than the
experimental values [8]. This might be caused by the
use of an iterative procedure, which might prove inef-
fective precisely near the K(T) maximum.

We see that, during the past years, much experimen-
tal dataon the heat conductivitiesof C, Si, and Ge crys-
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tals highly enriched in certain isotopes have been col-
lected. The theoretical calculations performed to date
allow isotopic disorder effects on the behavior of k(T)
both in the region of its maximum and at room temper-
ature to be described only qualitatively. Substantial
quantitative discrepancies between theory and experi-
ment require using more elaborate procedures for theo-
retical calculations and, in particular, elucidating the
role played by anisotropy of elastic scattering of
phonons on isotopes.

In this work, a method for determining linearly
independent symmetrized momenta present in the
problem of lattice heat conductivity is described; the
method is based on the theory of representations. Crys-
tals with cubic structures and also with hexagonal and
tetragonal structures (point symmetry groups Dg, and
Dy, respectively) are considered.

Next, calculations for Ge and Si crystals with natu-
ral isotopic compositions are performed. The thermal
resistance part AW caused by isotopic disorder is deter-
mined. Our consideration will be confined to the prac-
tically important case of room temperatures, T=300K.
Generally speaking, the kinetic equation was solved in
the multimomentum approximation taking into account
the contributions of the isotopic mechanism of scatter-
ing and anharmonic interaction of phonons to the scat-
tering operator. The phonon spectrum was described by
the many-particle model of charges on bonds [20, 21]
and the model suggested in [19], which treated har-
monic and anharmonic interatomic interactions in the
pair approximation. The model of charges on bondsis
more precise than the model suggested in [19], but set-
ting anharmonicity in this model involves difficulties.

As a first approximation, AW can be determined
solely based on the isotopic scattering mechanism with
a trial phonon nonequilibrium distribution function.
Thistrial function possesses necessary properties deter-
mined by crystal symmetry and allows a possible dif-
ference in group velocity sign between of acoustic and
optical phonons to be taken into account; precisely for
this purpose, we used the 3C model of charges on
bonds.

A general solution to the kinetic equation in the
multimomentum approximation, when both isotopic
and anharmonic mechanisms of phonon scattering
should be taken into account, was obtained using the
model suggestedin [19].

2. THE ZIMAN THEORY OF HEAT
CONDUCTIVITY. VARIATIONAL PRINCIPLE

As mentioned, the rigorous theory of phonon heat
conductivity was constructed by Ziman in terms of the
Kinetic equation based on the variational principle. This
theory, which is described, for instance, in the well-
known monograph [11], is still topical.

In the Ziman theory, the kinetic equation is linear-
ized through replacing the n(q, j) occupation numbers
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of phonon modes by their equilibrium values ny(q, j) in
the field term. Simultaneously, the ®,(q, j) function
appearsin the integral of collisions; this function char-
acterizes small deviations from equilibrium. In the low-
est order with respect to the temperature gradient, we
have

n(a, )

1
=No(d, J) + @,(q, J)no(q, j)(No(q, j) + 1)?3—1- &

The @, function satisfies the equation
X(a) = =3 [da'P(a. J; 0" )®La ). ()
i

where

X,(qj) = %no(q, (e, )+ Dv.ga D,

Here and throughout, wx(q, j), v/q, ]), and &q, j) arethe
frequency, the group vel ocity, and the polarization vec-
tor of the{q, j} phonon mode, respectively. The P(q, j;
g',j") valueisthe matrix element of the scattering oper-
ator betweentheq, j and q', j' states. According to the
microscopic reversibility principle, P(q,j; q',j') = P(q',
i'i 4, ])- Inthe problem under consideration, the P oper-
ator is the sum of three terms, which describe phonon
scattering at sample boundaries, anharmonic interac-
tion, and isotopic disorder effects.

Let uswritethe explicit expressionsfor the P,.(q, j;
q',j")andP4(q,); d',]") terms, which describeisotopic
and anharmonic scattering (e.g., see [11] and [12, 22],
respectively). First, we have

2

Pis(d,J: 0", ]") 8n2w(q,1)oo(q,1) @

xle(q, j)e(a’, j)I’NE3{ (g, j)—w(q', ')} -

Inaddition, itisassumed that NI, =ny(q, j)(ne(d’j") + 2.
Here, &2 = (IM?0- [M3)/IM3 is the parameter that
describes isotopic disorder, and

MO = ZciMi,

where ¢; isthe concentration of atom—isotopesof kindi.

The equation for the anharmonic part of the operator
of collisions is cumbersome. Many terms of this equa-
tion can, however, be combined by formally introduc-
ing negative polarization indices— < j < j. Assume by
definition that w(q, 5§) = —w(q, j). The square of the
modulus of the anharmonic vertex will be denoted as

qqlqll 2 _ qqlq"
o ]" = DJY
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We then have
DY = DY
In addition, ®,(—q, ) =—P,(q, j) Thiseventually gives
) . T
Pan v s ., s) T T 5
(s Js A' Js) TR
DY 5 6x(q, J5) + w(dl', ju) + wx(q”, ju) O

sinhB{ sinh{. sinh™

a’ js
where Bi =hw(q, jo/2kgT. The heat conductivity coef-
ficient is given by the equality

2

_ keT . .
K(T) = “ard Zjdqx(q. j®(a, j). (6)

Following Ziman, let us write thermal resistance
W= 1/ in theform

B S [fdasa®(a. P, J: 4" P)O(a" §)
BY g1
U
DD [daX(q. H(a. )).0 -

Note that, according to the variational principle, the
d,(q, j) function satisfying kinetic equation (2) mini-
mizes (6).

A trial function is, as arule, selected in the form of
the expansion in some set of functions {¢,} with coef-
ficients n, to be found. The corresponding system of
eguations with respect to n, has the form

X, = z PN
P

where X, and P, are the matrix elements of the X and P
operators in the system of functions{¢,}.

The sdlection of functions in the method of
momentais considered in the next section.

3. SELECTION OF MOMENTA

At low temperatures, phonon-phonon transitions are
essentially inelastic. Asonly phononswith small quasi-
momenta are excited, umklapp transitions (U-pro-
cesses) are possible for nonequilibrium modes situated
only in some regions of the irreducible part of the Bril-
louin zone. The P(q, j; q', ") transition probability in an
ordered crystal should therefore depend both on the
absolute values of the g and ' vectors and on their
mutual orientation in the reciprocal lattice space. Nor-
mal processes ensure the existence of afinite number of
nonequilibrium modesin the region of their most effec-
tive umklapp scattering. The appearance of isotopes of
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different kinds in the crystal lattice, on which phonons
are scattered elastically, generaly makes the ®(q, j)
noneguilibrium phonon distribution function more iso-
tropic. This effect is observed at temperatures at which
inel astic scattering by phonons and el astic scattering by
impurities make contributions of the same order of
magnitude. Under the conditions of a strong phonon
spectrum anisotropy (this anisotropy may, for instance,
berelated to weak-dispersion transverse modes), elastic
scattering, however, also becomes essentially anisotro-
pic asaresult of isotopic disorder. It followsthat, at low
temperatures, because of U-processes and phonon
spectrum anisotropy, explicitly taking into account the
nonstandard structure of the ®(q, j) distribution func-
tion is of fundamental importance. At temperatures T >
0p/6, virtually al groups of acoustic phonons are
excited, and anharmoni ¢ scattering processes of various
types become predominant. Therole played by isotopic
scattering isthen insignificant in principle. In this situ-
ation, the distribution of the standard form

@,(qj) U q,w(q, j)

should satisfactorily describe the real momentum dis-
tribution. We cannot, however, rule out the possibility
of a substantial influence of strong phonon spectrum
anisotropy on the distribution function ®.

Taking into account the aforesaid, consider the
problem of selecting momenta present in expansions of
the ®,(q, j) = w(q, D@(q, j) stationary distribution. By
definition, ®,(q, j) is a piecewise continuous periodic
function with the lattice period, and its point symmetry
group coincides with that of the crystal. Therefore,

@(q, j) can be expanded in a series in gSm’ (9, j) and

£ (q) functions. Momentum gy transforms under
the vector representation and characterizes the angular
dependence of the distribution. Momenta of the type
()
f1"(a) = (a/ap)’, | =0,n,
(if g is given outside the first Brillouin zone, we must
consider the g + B value, where B is one of the recipro-
cal lattice vectors) take into account the dependence of
the distribution on |q].
According to the Riesz—Fisher theorem, if {$(r)} is
a complete orthonormalized set of functions and the

sequence of 1, numbersissuch that the Z‘r”: lnf series

converges, then ;0@ + n,$®@. .. convergesin mean to @.
According to the unigueness theorem, the {n,} coeffi-
cients determine uniquely ®(q) almost everywhere in
the domain of definition. In particular, if ®(q) iscontin-
uous, it is continuous everywhere.

Consider momenta of the gf,im) typein detail. Under
the conditions of the problem, they possess the same
properties as the components of the group velocity vec-
tor v,(q, j) = duw(q, j)/0q,. To make formulas more
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compact, the j index of mode polarization will further
be omitted in this section.

Taking into account the aforesaid, the momenta
describing the angular dependence ®,(q) can conve-
niently be selected in the form

0a"(a) = Vo'V,
wherei,areintegers. In acubic crystal under symmetry
transformations G [0 Oy, the v,(k) component trans-
forms as the basis function of the v = F,, irreducible
representation. Momenta (8) at n # 1 form the basis of
the I, reducible representation, which is the direct
product of n I, representations,

g +iy+ . i

p=m (9

rw = (1. ©

The @, function transforms under the F,, irreducible
representation. We must therefore select functions of
the F,, symmetry type from set of momenta (8), which
form bases of representations (9). The sought momenta
can be determined using the projection operators

PV = 23 X(0)G, (10
G

where f, is the dimension of irreducible representation v
and X, (G)is the character of irreducible representation v
for G. We have

9, = PYg,, (12)

where g, is the basis function of the ', reducible rep-
resentation.

The group velocity components v,, vy, and v, trans-
form under the action of G asthex, y, and z coordinates.
Taking this into account and directly using (10) and
(11), we can find the g, functions.

The total number of independent functions of form
(8) for somemis (m+ 1)(m+ 2)/2. The number of lin-

early independent momenta of the { gf,"")} type present
in the expansion of ®,(q) is substantially smaller. This
number is determined by the multiplicity of thevth rep-
resentation m, in the I, reducible representation. If
characters [X"]G of the ', representation are known,
then

nx=$ggﬁx®wﬁm»

where g- and g are the numbers of the elementsin the
C class and in the group. By definition, the I, repre-

sentation generated by the vf,ii) vf,'J‘) functions is

symmetrical with respect to al indices a;...a;. The
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Table 1. Characters of tensor representations I
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W= U in: 1 4, and equivalent basis functions of the Iy, irreducible representation

Class
n m Linearly independent momenta
E 3C; 6C, 6C, 8C,

1 3 -3 1 -1 0 1 X

3 10 -2 0 -2 1 2 X3, X(y2 + )

5 21 -3 1 -3 0 4 X2, X3(y2 + ), x(y* + 2, xy?Z

7 36 -4 0 -4 0 6 X', X3y + 2), 3yt + 2,
Xy + 2, x(y*Z* + y°Z'), X7

9 55 -5 1 5 1 9 X3, X/ (y? + ), X3(y* + 2,
(Y8 + 2), x(y? + ), x(y*2 + y°P),
X3(y?Z* + ), X222, xy*7

Note: misthe multiplicity of Fq, in T, for the Oy, group.

characters of such representations are found by the for-
mula[23]

[X"1G =

jix“(Grux“TG) (12)

12p!...np.!°
& P 2P, Pn

Here, p, areintegral positivenumbers. The{...} symbol
denotes the summation over all possible sets of p; satis-
fying the condition

pL+2p,+

The characters of thel,, = E i”: .1y tensor repre-

sentations, the m values (mis the multiplicity of Fy, in
I), and the equivalent bases of the Iy, representation
arelisted in Table 1 for cubic crystals.

Next, consider crystals with hexagonal and tetrago-
nal structures, whose point symmetry groups are Dg;,
and D, respectively. The z coordinate along the four-
fold symmetry axis for D4, and the sixfold symmetry
axisfor Dg, transforms under the one-dimensional irre-
ducible representation denoted by A, in both symmetry
groups, and the x and y coordinates are basis functions
of two-dimensional irreducible representations, E,, in
the Dg, group and E,, in the D4, group. For this reason,
polynomials of the form x'yiZ can be represented by
products of functions from the basis sets of the I', =

[ Ay and T = " gy 0r Ty = [, E, tensor
representations. The I, representation is one-dimen-
siona for dl n, and the 2" function isabasisfunction for
the A, or Ay, representation depending on whether nis
even or odd, respectively. The characters of thel ,, rep-
resentations for the Dg, and D, Symmetry groups and
the equivalent basis sets for the A, and E,, (or E,) rep-
resentations are listed in Table 2.

Note that the tables given in [24] contain explicit
expressionsfor the simplest A (k) vector functions sym-

.. +np, =n. (23
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metry-compatible with crystals and textures; the tables
include most of the crystallographic classes and tex-
tures. Thesetablesallow thefirst two or three additional
angular momentato be determined. Lastly, if the distri-
bution is selected in the form

®,(a,j) = vi(a, ) (a, ))F;(a), (14)

the angular dependence can be described by specially
chosen harmonics. They are found in the form of some
combinations of spherical harmonics and possess the
symmetry properties of the crystal. Such harmonicsfor
hexagonal, tetragonal, and trigonal crystals were deter-
mined in [25].

For cubic crystalsin the Debye approximation v(q)
is proportional to v, the { g®"} momenta are polyno-
miasof v,, v,, and v,. The number of linearly indepen-

dent {g(im)} functions then substantially decrease. We
have

(1) = gs(n) - ZV nu-

g? = ZV ng, g = ZV Ny,

g® = (vi+vy+vgn),

g® = Zv Ny,

7 8 8 8 8
<’-zvm,¢>-Wﬁvwmmw)

(15)

g® = (vi+vp+vdan),

(n isthe unit vector in the external field direction).
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Table 2. Characters of tensor representations I, = [ in: 1Ay, and M= im: 1 Ey and equivalent basis functions of the Ay
(even n) and E,, (odd n) irreducible representations for groups D4y, and Dg,

Class Linearly independent momenta
n * * * *
EE 2—22 2C5 | 2C; | 2Cg %22 2322 Dy Dgn
1 2 -2 -1 0 1 0 0 X X
2 3 3 0 -1 0 1 1 X2 +y? X2 + 2
3 4 —4 1 0 -1 0 0 xy2, X3 XO2 +y?)
4 5 5 -1 1 -1 1 1 X2 x+yt (R +yD)?
5 6 -6 0 0 0 0 0 X2, Xy, ¥ Xy + Y?)2,
xy4(y? — 3x)
6 7 7 1 -1 1 1 1 X202 +v2), | (@ +yDS,
Yo+ Xg — 15x*y? + 15x2y* —y6
7 8 -8 -1 0 1 0 0 xX3y2, x3yA, X2 + y2)3,
xy®, X X3+ 7y,
XYy = 33 +y?)

Note: Classes of the Dy, group elements are labeled by asterisks.

4. NUMERICAL CALCULATION RESULTS
FOR GERMANIUM AND SILICON AT T = 300 K:
THE CONTRIBUTION OF THE ISOTOPIC
MECHANISM OF SCATTERING
TO THERMAL RESISTANCE

We started by applying the variational procedure to
analyze the heat conductivity data obtained for germa-
nium in the region of comparatively high temperatures.

The contribution of isotopic scattering to thermal
resistance was first estimated based on the standard
relations of the Ziman theory [Egs. (4), (5), (8)]. The
phonon spectra were described using the model of
charges on bonds. Earlier, we used this model to ana-
lyze the influence of the ratio between the amounts of
isotopes on the lattice parameters and the linear thermal
expansion coefficients of germanium and silicon [27].
The calculations were performed using representations
of theform @, [0 w(q, j)v(q, j) for the nonequilibrium
part of the phonon distribution function with or without
taking the contribution of optical modes into account.

Compare the trial function

®,(q)) Dw(gj)v.(dj) (16)
with the standard function
®,(qj) Uaq, (17)

which describes the distribution of nonequilibrium
phonons for an isotropic continuum. We see that, first,
unlike (17), (16) can have an arbitrary sign because of
the group velocity v,(q, j) factor. This is an important
circumstance because optical phononswith v, < 0 may
make a noticeable contribution to AW (asarule, v,> 0
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for acoustic phonons). Secondly, function (16) has
trandlational symmetry and, therefore, correctly
describes contributions to AW of phonons with g, and
g, vectors differing by one of the reciprocal lattice vec-
tors (the corresponding contributions are equal). Func-
tion (17) has no such property.

According to the theoretical calculations performed
for T =300 K, the AW = W("2Ge) — W(?®Ge) value for
the natural isotopic composition (2 = 5.89 x 10™%)
equals 0.20 W-1 cm K without the contribution of opti-
cal modes and 0.32 W- cm K if this contribution is
taken into account. Note that the standard selection of
®, 0 g, yields AW = 0.75W-! cm K. The experimental
AWvaueis0.26 W1 cmK.

The experimental data on heat conductivity k and
the contribution of theisotopic mechanism of scattering
to thermal resistance AW are listed in Table 3. Recall
that isotopic disorder is characterized by the parameter
&2 = (M2~ M3)/IM[A.

In addition, we estimated the role played by multi-
momentum corrections when the kinetic equation is
solved within the framework of the model of dynamic
pair interactions described in detail in [19]. This model
takes into account both harmonic and anharmonic
interaction parts. Unlike the model of charges on bonds
[20, 21], the model suggested in [19] only includes pair
interatomic interactions. The first three additional
momenta from (15) and two momenta of the (|q)/qp)’
type (I = 1, 2) were included in the calculations. The
kinetic equation was solved numerically simulta-
neously for the anharmonic and isotopic phonon scat-
tering mechanisms. It was found that the inclusion of
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Table 3. Experimental heat conductivities k and thermal
resistances AW caused by isotopic scattering in germanium
crystals[5]

g2 8.16 x 10°8 7.75 x 105
TK K, K AW

' WemiK?T | wWemtK?®| wlemK
300 0.697 0.695 0.004
250 0.862 0.844 0.029
200 1.14 1.105 0.028
150 1.70 1.62 0.030

g2 5.89 x 104 154 x 1073
TK K, AW, K, AW,

' WemtK wlemK [WemtK?1 wlemK
300 0.590 0.26 0.537 0.43
250 0.795 0.258 0.628 0.44
200 0.889 0.248 0.753 0.45
150 1.23 0.223 0.981 0.43

additional momenta decreased AW by approximately
20%. The AW value found by the model suggested in
[19] was AW = 0.23 W cm K. (The influence of the
momenta of the higher orders was insignificant.) It fol-
lowsthat, for germanium at T =300 K, the contribution
of the isotopic scattering mechanism to the total ther-
mal resistance amounts to 15-20%, in close agreement
with the experimental data.

An interesting result follows from the data obtained
in [5] and listed in Table 3. The data on the impurity
part of thermal resistance AW for °Ge (96.3%) samples
and samples of a natural isotopic composition obtained
in the temperature range T = 150-250 K fall on a
straight line passing through the origin (within the error
of measurements). In other words, the relation AW [J &2
holds. The data on the "976Ge (50%/50%) composition,
however, fall outside this straight line. The experimen-
tal AW values are substantialy lower than those pre-
dicted theoretically. A similar situation arises when the
spectra of inelastic neutron scattering are analyzed
[28]. It may well bethat the deviations of AW for 7976Ge
from the linear dependence are caused by local order-
ing of heavy and light isotopes.

We also estimated AW for natura silicon (§2 =
2.02 x 10%). At T = 300K, the same models, [20, 21]
and [19], and approximationswere used to solvethekinetic
equation. Thisgave AW equd t0 0.09 and 0.071 W cmK.
As mentioned, the experimental AW value is AW =
0.142 W1 cm K [7, 21], which amounts to about 60%
of the total thermal resistance. (According to [21],
AW/W = 0.1.) As distinguished from germanium, the
experimental and theoreticall AW values for silicon
were substantially different.
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5. CONCLUSION

To summarize, we used the theory of representa-
tions to suggest a method for determining symmetrized
linearly independent momenta present in the problem
of lattice thermal conductivity. Momenta for crystals
with cubic, hexagonal, and tetragonal structures were
determined.

Next, we estimated the influence of isotopic disor-
der on thermal resistance of natural germanium and sil-
icon. Microscopic dynamic interatomic interaction
models capabl e of describing both harmonic and anhar-
monic contributions were used. The kinetic equation
was solved in the multimomentum approximations.
According to the calculations, the AW contribution of
isotopic scattering to the total thermal resistance was
about 15-20% for natural germanium at T =300 K, in
close agreement with the experimental data. The corre-
sponding theoretical contribution for silicon did not
exceed 35%, whereas according to the Stuttgart team
data, this contribution was substantially larger, AW/W =
60%. Nor was the theoretical result in agreement with
the data obtained in Nizhni Novgorod. Clearly, the
experimental values for ?2Si should be refined and
brought in consistency with each other.

Notethat taking into account the fine structure of the
nonequilibrium phonon distribution function for ger-
manium resultsin severalfold changesin AW. Asdistin-

guished from the isotropic space where % 0O q,,
agreement between theory and experiment was quanti-
tative rather than qualitative. Calculations in the multi-
momentum approximation improve agreement with the
experimental data.
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Abstract—The temperature dependence of electric conductivity and current—voltage characteristics were stud-
ied in CuO single crystals with Cu films deposited onto natural faces by thermal evaporation in vacuum or by
electrolysis. After electric (resistive) or thermal annealing of the samples, the conductivity of Cu filmsin this
system significantly increases (by afactor of up to 1.5 x 10° and above) as compared to that of the control Cu
films on a glass-ceramic substrate. The effect is attributed to an interfacial layer formed between CuO and Cu,
the high conductivity mechanism in which is unclear. It is suggested that the giant electric conductivity and its
HTSC-like temperature dependence, as well as nonlinear current—voltage characteristics of the samples can be
due to the formation of superconducting regions with the critical temperatures significantly higher than

400 K. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The problem of obtaining high-temperature super-
conductors (HTSCs) with increasing critical tempera-
tures (T,) isstill among important directions of research
in modern physics. Previoudly, various researchers
reported on the HTSC-like behavior in CuO-based
compounds, which was manifested by a sharp drop in
resistance with decreasing temperature. Azzoni et al.
[1] observed adecrease in the resistance of polycrystal-
line CuO, _, samples in the temperature interval from
180 to 220 K. Schonberger et al. [2] reported on the
HTSC-likedrop of resistancein copper-richY -Ba—Cu—
O films in the same temperature interval. One of the
authors also previously observed various HTSC-like
anomalies in the electrical, magnetic, and some other
properties of polycrystalline CuO, _, in arange of tem-
peratures from 200 to 300 K [3]. However, adistinctive
feature of all the aforementioned observations was a
significant time instability and poor reproducibility of
the results of measurements for various samples. In
addition, the effects disappeared after several cycles of
measurements with the temperature varied in the afore-
mentioned interval. These phenomena are sometimes
even referred to as “nonreproducible superconductiv-
ity” effects.

On the other hand, a series of investigations based
on theresultsreported by Mitinet al. in [4] showed evi-
dence of the well-reproducibl e effects related to certain
featuresin the behavior of R(T, H, I) and the derivatives
dR/dl and dR/dH. Using the measurements of these
dependences, evolution of the electron properties was
followed in a series of cuprates LnBa,Cu;Og. 5 (LN =
La, Nd, Gd, Dy, Lu) on the passage from a dielectric

state to the percolation superconductivity threshold
with increasing 8. Upon an analysis of the features
observed for R(T, H, 1) and the derivatives dR/dl and
dR/dH, it was suggested [4] that the system studied fea-
turesthe formation of localized microfragments charac-
terized by locd superconductivity with a broad distribu-
tion of the local critical temperatures (up to 160-180 K).
The estimates even showed that the local superconduc-
tivity may be characterized by criticd temperatures as
high as400-800 K. The conceptsformulated in [4] were
developed in [5], where clearer scenarioswere outlined
involving the formation of heat-resistant filamentary
superconducting regions with T, = 800-1000 K in fer-
romagnetic ordered stripes.

In recent years, some carbon-based materials were
reported to exhibit anomalous magnetization effects
which can also be explained by manifestations of the
local high-temperature superconductivity. Tsebro et al.
[6] observed nondecaying currents induced by a mag-
netic field in the fragments of cathode carbon deposits
with a high content of multilayer nanotubes, where the
magnetic flux trapping took place similar to that in a
multiply connected superconducting stricture. At liquid
helium temperatures, no decrease in the trapped mag-
netic flux was detected over atime period of 20 h. At an
intermediate (30 K) and room temperature, the trapped
magnetic flux decayed with a characteristic time of 150
and 15 h, respectively.

Recently, Kopelevich et al. [7] reported on the
simultaneous observation of hysteresis|oops character-
istic of both superconductors and ferromagnets (for
various magnetic field orientations relative to the char-
acteristic growth directions) in highly ordered pyrolytic
graphite at temperatures both below and above room
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temperature. The behavior of the diamagnetic signal
was much like the hysteresis typical of the HTSC
cuprates, and it was concluded that the results observed
in the entire temperature range studied (up to 400 K)
are most probably explained by loca (interfacial)
superconductivity, in particular, at the grain boundaries.
We may note that the total relative volume of a super-
conducting phase in the materials studied in [6, 7] was
small and could not lead to the percolation supercon-
ductivity or hyperconductivity.

The previous communication [8] reported on the
first observation of a giant electric conductivity in the
interface between CuO single crystals and Cu films
deposited by thermal evaporation in vacuum. The giant
electric conductivity effect is probably explained by the
formation of superconducting regions at the interface,
which shunt the metal film. The experimenta results
could only be interpreted assuming that the HTSC
regions are characterized by the critical temperature T,
significantly above 400 K.

Below we report on the results obtained in continu-
ation of the study of electric conductivity inthe samples
prepared by depositing Cu films onto natural mirror
faces of CuO singlecrystalseither electrolyticaly or by
thermal evaporation in vacuum.

2. SAMPLE PREPARATION

We have prepared several series of sampleswith the
CuO—Cu interfaces. The size of CuO single crystals
was (3-7) x (0.5-1.5) x (0.5-1.5) mm?3. The as-grown
single crystals were washed in ethanol and then in dis-
tilled water. Prior to thermal deposition, the crystal sur-
face was etched with an ion beam. The thickness of Cu
films was 4000 A in the first and second series and
1000 A in the third series. Analogous control Cu films
were deposited onto sitall substrates (glass ceramics of
the pyracetam type).

In the first and second series of samples, the metal
was deposited in vacuum onto substrates heated to a
temperature of T, = 200 and 350°C, respectively, and
the deposition time 14 was severa tens of seconds in
both cases. In the third series, the substrate temperature
was aso Ty = 200°C, but the total deposition and
annealing time was about 30 min. Finaly, the current
and potential indium contacts were attached to the sam-
ples by ultrasonic soldering. Since the melting temper-
ature of indium is 426 K, the subsegquent measurements
were performed in the temperature range from 73 to
420 K. The flow cryostat, employing liquid nitrogen
boiling at a reduced pressure allowed the temperature
range to be extended below the boiling point of nitro-
gen at normal atmospheric pressure.

The fourth series of samples was prepared by elec-
trolytically depositing copper from an agueous CuSO,
solution. The current density during this process was
about 0.1 A/cm?. Lower current densities did not pro-
vide for the continuous metal film formation on the
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Fig. 1. The plots of p(T) for a control copper film on sitall
(curve denoted by Cu) and for CuO—Cu samples nos. 1, 3,
4, 4' of thefirst series and 6, 7 of the second series (figures
at the curves indicate the sample numbers).

entire sample surface, which can be explained by elec-
trical inhomogeneity of the CuO single crystals and/or
by variation of the electrical properties on the crystal
surface. At acurrent density above 0.1 A/cm?, the metal
coated the entire single crystal face area exposed, but
the deposit possessed a granular structure comprising
closely packed grains of approximately spherical shape
with adiameter of 0.01 mm and below. The “electrical”
thickness of the deposit, estimated using the measured
resistance values and assuming a plane-parallel geom-
etry, was within 0.4—4 pum.

3. ELECTRICAL MEASUREMENTS
AND RESULTS

Resistivities of the control Cu films prepared by
thermal deposition on sitall substrates for the first three
series of samples were 20-25% greater than the refer-
ence value (p = 1.55 x 10° Q cm) for pure copper. Fig-
ure 1 shows a dependence p(T) typical of such control
Cu films. In the first series of CuO—Cu samples (with
the Cu films deposited at T, = 200°C for 14= 10 9), the
plots of p(T) in al cases (except for that referring to
CuO—Cu sample no. 1) were quantitatively and qualita-
tively similar to the p(T) curves for Cu films on the
ceramic substrate in the entire temperature range from
73 to 420 K. This result was quite expectable, since
CuO is in fact an insulator in comparison with Cu.
Indeed, the resistivity of a CuO single crystal amounts
t0 Paok = 102 Q cm at 300 K, increases to Pigpox =

10 Q cm at 100 K, and becomes infinitely large (can-
not be measured by conventional method) at 77 K [9].
As can be seen from the p(T) curve for CuO—Cu sample
no. 1 depicted in Fig. 1, the room-temperature resistiv-
ity of this sample is lower by a factor of 199 as com-
pared to the value for a control film. Moreover, the
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Fig. 2. The R(T) curvesfor CuO—Cu sample no. 1 measured
on heating and cooling with (H = 20 kOe) and without (H = 0)
applied magnetic field.

shape of the p(T) curve is qualitatively different from
that of the control film.

All samplesinthefirst series (except for no. 1) were
subjected to electric (resistive) annealing, whereby a
pulsed current (with an amplitude of up to a few
amperes and a pulse duration of several tens of micro-
seconds) or a constant current (up to several hundred
milliamperesfor 1-3 s) was passed viathe current con-
tacts. The annealing was performed in a nitrogen atmo-
sphere in a cryostat maintained at room temperature.
Judging by the p(T) curves, the Cu filmswere heated up
to approximately 300—400°C. The CuO single crystal,
aswell as the massive current and potential electrodes,
were heated to much lower temperatures because of
their considerable thermal inertia. Anyhow, the indium
contacts were not melted. It should be noted that the
current contacts (transverse strips across the whole film
surface) were more massive than the potential contacts.
The latter contacts were soldered either as spots or as
thin strips across the sample.

In the course of annealing, all films showed a grad-
ual decrease in resistance, which dropped several times
or several dozen times after each annealing step. In
attempts at decreasing the resistance of Cu films to a
minimum possiblelevel, most of the annealed CuO-Cu
samples burned. Apparently, copper could be either
evaporated as a result of overheating or oxidized to
CuO or Cu,O. In such cases, the voltage between
potential contacts increased to alevel corresponding to
resistivity of the CuO single crystal measured.

The most interesting result was obtained for CuO—
Cusampleno. 3. Before annealing, the voltage between
potential electrodes on this sample was 15 mV at room
temperature and a probing current of 50 mA. After the
first three steps of annealing, the sample resistance
decreased sequentially by afactor of 7, 2, and 1.4. Asa
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result, the p(T) curve for this sample was no longer
analogous to that for Cu. Then, during the p(T) mea-
surement on heating from 77 K, the resistance of sam-
ple no. 3 smoothly (within a few seconds) dropped
down to theinstrumental zero level (Fig. 1, curve 3). In
this state, switching on and off the probing current
(50 mA) did not affect the voltage between the potentia
contacts at a maximum voltmeter sengtivity of 0.1 pV.
Eventually, the average resistivity of this film dropped
by afactor exceeding 1.5 x 10° as compared to the ini-
tia value. Attempts to measure the critical current of
sample no. 3 led to burning of one of the current con-
tacts and a part of the Cu film at this contact.

Then we soldered a new indium contact between
potential strips and the remaining current contact and
repeated the four-point-probe p(T) measurements for
the intact sample area. The results of these measure-
ments are represented by curve 4 in Fig. 1. The room-
temperature resistivity decreased by afactor of approx-
imately 160 as compared to that of the control Cu film,
while arelative change in p in the temperature interval
from 73 to 421 K amounted to about 25% (instead of
7.44 in the control). A difference between the ratios
Pc/P; > 1.5 x 10° and pg,/ps = 160 determined at T =
293 K (for curves 3 and 4 in Fig. 1, respectively) may
be evidence of a partial failure of the highly conducting
layer as aresult of uncontrolled (above 400°C) heating
of the sample. After severa cycles of heating in the
temperature interval from 73 to 420 K used for the p(T)
measurements, the p/p, ratio at T =293 K addition-
ally decreased by afactor of three. The plot of p(T) for
thiscaseisgiven by curve4'in Fig. 1. It should be noted
that all samples exhibited a tendency (especialy pro-
nounced at T = 373-420 K) to a further decrease in
resistance. The resistance additionally decreased dur-
ing storage for several months with periodic measure-
ments.

All samples in the second series, where the films
were deposited at T, = 350°C for 14= 10 s, initialy pos-
sessed a lower resistivity as compared to that of the
control films (Fig. 1, curves 6 and 7). The electric
annealing could al so produce an additional, albeit small
(severalfold), decrease in the sample resistance.

In some samples, the resistance was measured by
both four- and two-point-probe techniques. In the | atter
case, additional potential contacts were soldered to the
current contacts in order to eliminate the influence of
connecting wires. The results of measurements using
two methods coincided.

In all annealed samples of thefirst and second series
except no. 1, an external magnetic field with a strength
of H < 20 kOe produced no effect on the electric con-
ductivity. In sampleno. 1, the conductivity was affected
the magnetic field. However, this behavior was not
described by a single-valued function of T and H and
depended on the thermomagnetic prehistory. Figure 2
shows the plots of R(T) for sample no. 1 measured at
H =0 and 20 kOe. As can be seen, there isa significant
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Fig. 3. The current—voltage characteristics of CuO—Cu sam-
pleno. 6 measured at T= 300K (1) before and (2) after elec-
tric pulse annealing.

difference between the R(T) curves measured on heat-
ing and cooling the sample in the magnetic field. On
heating in the field, the resistance at 340 K was 50 times
lower than that in the absence of the field (or 10* lower
than the resistance of a control Cu film on sitall). Note
that the R(T) curves exhibited no peaksif the tempera-
ture was changed with the field periodically switched
on and off; in this case, the range of the field-induced
resistance variation was narrower by several dozens of
times. Therefore, the shape of the R(T) curve depends
on the thermomagnetic prehistory of agiven sample. In
order to check for the reliability of data presented in
Fig. 2, we repeated the measurements severa times.
The results were completely reproducible.

The current—voltage (I-U) characteristics were
measured using both a pulse technique (current gener-
ator mode) and a dc technique based on the conven-
tional voltammeter measurements at small currents and
voltages. The current pulseswere produced by athyris-
tor generator, whereby one thyristor connected a stor-
age capacitor to a sample via a low-ohmic load and
another thyristor shunted the sample after acertaintime
period, determining the pulse duration. In our experi-
ments, the pulse duration was varied from 20 to 200 us
and the current pulse amplitude reached 100 A and
above. If necessary, a pulse taken from the potential
contacts was amplified by a Unipan-232B broadband
amplifier. The upper boundary of the amplification
band was sel ected so as to suppress microsecond spikes
and overshoots at the pulse fronts related to the current
switching. These spikes corresponded to rapid changes
in the magnetic field surrounding the sample (H O )
and, hence, induced electromagnetic signals between
the potential contacts (U [J dI/dt). These parasitic sig-
nals induced in the potentia circuit were different in
various samples and depended, in particular, on the
mutual arrangement of the current and potential wires.

Upon detecting the potential and current pulses,
synchronized with the aid of a two-channel lock-in

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

1085

I(:’ A
6 _\

400 )
1 Il
800

| - I~
0 400 1200
T,K

Fig. 4. The I (T) curves for CuO—Cu samples nos. 1, 4', 6,

and 7 (indicated by the same numbers). Dashed lines show
extrapolation to the temperature axis.

gated device, the I-U curves were recorded on a two-
coordinate recorder. Features of the current—voltage
characteristics of sample no. 1 were described in detail
elsewhere [8]. The I-U curves measured by a dc tech-
nique were linear within several tens of microvolts.

Figure 3 shows the current—voltage characteristics
of CuO—Cu sampleno. 6 from the second series. Ascan
be seen, the curve deviates from the straight line (corre-
sponding to the Ohm law) on reaching the critical cur-
rent. Then the deviation from linearity increases and the
I-U curve becomes aline almost paralel to the voltage
axis (Fig. 3, curve 1). It should be noted that such hori-
zontal regionsin the I-U characteristics were observed
for al samples. For sufficiently small pulsed voltages
applied to the samples (up to ten times the values indi-
cated in Fig. 3), the current—voltage characteristics
were reversible. A greater pulse amplitude led to irre-
versible annealing of the sample, after which the I-U
curve exhibited a hysteresis behavior (Fig. 3, curve 2)
resembling the Josephson characteristic of two-particle
tunneling in an individual tunnel junction. Based on
this analogy, we separated a region with awidth of 24,
A representing an effective bandgap. Similar featuresin
the I-U curves were observed for other samples.

Figure 4 shows the plots of critical current | versus
temperature for samples nos. 1, 4', 6, and 7. A linear
extrapolation of these datato intersection with the tem-
perature axisyields T, = 800-1100 K. Itisinteresting to
note that alinear extrapolation of the p(T) curve plotted
in the logarithmic coordinates for CuO—Cu sample no. 1
intersects with the analogous plot for the control Cu
film on sitall at approximately the same temperatures.

In the CuO—Cu samples of the third series (T =
200°C, thickness 1000 A), the annedling in vacuum
during 1, =1800 sled to a complete or partial oxidation
(dissolution) of the Cu film on CuO. For example, the
Cu film could react with CuO so as to form Cu,O or
some other copper—oxygen compound. The control
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Fig. 5. Evolution of the temperature dependence of resis-
tance for CuO—Cu sample no. 8 upon sequential electric
pulse annealings (1-4). The curve denoted by Cu refersto a
control copper film on sitall.

films on sitall treated under the same conditions
remained unchanged. This experiment indicated that
the characteristic length of the interpenetration of cop-
per and oxygen atoms at the CuO—Cu interface for a
diffusion time of 1800 sreaches approximately 1000 A.
In two of the five samples of this series subjected to
electric pulse annealing, significant additional changes
were observed in the electric conductivity and in the
temperature dependence of resistance.

Figure 5 shows the evolution of the resistance of a
CuO—Cu sample exhibiting the most pronounced changes

R, kQ

/
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Fig. 6. A sequence of the HTSC-like transitionsin CuO—Cu
sample no. 8 at T = 250-255 K (corresponding to curve 3in
Fig. 5). Figures and arrows at the curves indicate the order
of measurementsand thedirection of temperature variation.
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in the electric conductivity upon electric pulse anneal-
ing. Before annealing, the R(T) curve corresponded to
that for a CuO single crystal with an activation energy
of 0.3 eV (Fig. 5, curve 1). After thefirst annealing, the
sample was characterized by R(T) = const (curve 2),
which was similar to the behavior of samplesin thefirst
and second series, except for the resistance being
greater than that of a control Cu film with the same
dimensions on sitall. Subsequent annealing led to an
HTSC-like behavior of the R(T) curve: a sharp drop by
afactor of approximately 10° (Fig. 5, curve 3) a acertain
temperature, after which the sample resistance was
25 times smaller than that of the control Cu film.

Figure 6 shows a sequence of such changes in the
resistance of sample no. 8 subjected to cyclic heating
and cooling. As can be seen, the HTSC-likedropsin the
resistance take place in the temperature interval from
250 to 255 K. Subsequent electric pulse annealings led
to an additional decrease in the sample resistance (as
depicted by abundle of curves4 in Fig. 5). Asaresult,
the room-temperature resistance of this sample
decreased by a factor of about 50 as compared to the
value for a control Cu film on sitall. The HTSC-like
drop (approximately twofold) in resistance shifted to
T =400 K. The therma cycling in the vicinity of T =
400 K led to afurther decrease in the resistance of sam-
ple no. 8, which isillustrated in Fig. 7 for the series of
curves 4 from Fig. 5.

Figure 8 demonstrates the effect of a magnetic field
on the HTSC-like behavior of the resistance of sample
no.8at T=400K. SincetheRvalueat T =400 K kept
decreasing with time, the magnetic field effect was

R, Q
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Fig. 7. A sequence of the HTSC-like transitionsin CuO—Cu
sampleno. 8at T=400K (correspondingto curves4inFig. 5).
Figures and arrows at the curves indicate the order of mea-
surements and the direction of temperature variation.
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Fig. 8. The effect of a periodic magnetic field switching on
(H = 20 kOe) and off upon the HTSC-like transitions in
CuO—Cu sampleno. 8 at T=400 K.

studied by periodically switching the field as depicted
in Fig. 8. As can be seen, application of the magnetic
field (H = 20 kOe) decreases the HTSC-like transition
temperature by approximately 0.7 K. Another electric
pulse treatment of sample no. 8 restored the shape of
the R(T) curve characteristic of the CuO single crystal,
which became exactly like curve 1 in Fig. 5. Subse-
guent annealings led to very small deviations from this
curve.

It should be mentioned that a strong influence of
current pulses (with sufficiently high repetition rate and
duration) on the electrical properties of a polycrystal-
line HTSC of the DyBa,Cu;0;_5 type, including the
temperature dependence of resistance and the tempera-
ture of the superconducting transition, was reported by
Mitin et al. [10]. In particular, the superconducting
transition temperature could vary from 0 to ~90 K;
these results were explained by redistribution of oxy-
gen ions over phase-inhomogeneous material.

As noted above, the electrolytically deposited films
possessed a granular structure comprising closely
packed grains of approximately spherical shape with a
diameter of 0.01 mm and below. Therefore, the system
features no continuous CuO—Cu interface over the
entire CuO single crystal surface. A highly-conducting
interface may form only between the lower boundary of
aCu grain and the single crystal. Possessing this struc-
ture, a Cu film can be only partly shunted. Thus, the
probing current used in the conductivity measurements
passes through the interface and then through the Cu
grains and intergranular contacts connected in series
with the interface. Therefore, we may only expect a
decreasein resistance of the granular copper film. How-
ever, the temperature dependence of the electric resis-
tance of such films is analogous to that of copper. In
order to provide for the measurements at higher tem-
peratures, the contacts to electrolytically deposited
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Fig. 9. Evolution of the temperature dependence of resis-
tance of a CuO—Cu sample no. 1 with eectrolytically
deposited copper film under simultaneous action of temper-
ature and high-power electric pul ses.

copper films were soldered with a POS-30 aloy pos-
sessing a melting temperature of 530 K.

Figure 9 (curve 1) shows atemperature dependence
of the resistance of an electrolytically deposited CuO—
Cu sample no. 1 measured in ahelium atmosphere. The
metal film thickness was about 4 pum. As can be seen,
this resistance versus temperature curve measured
using asmall probing current (50 mA) exhibits a shape
typical of copper. Measurement of the same depen-
denceat T> 430K using apulsed 20-A current (Fig. 9,
curve 2) was accompanied by a fourfold drop in the
resistance because of the combined effect of thermal
and electric pulse annealing. Thiswould correspond to
a 40-fold drop in the resistance of the 4000-A-thick
films considered above. Upon this decrease, the subse-
guent temperature dependences of resistance are still
characteristic of copper for all values of the probing
current (Fig. 9, curves 3).

Figure 10 shows the evolution of the temperature
dependence of resistance of a CuO—Cu sample no. 2
with electrolytically deposited copper filminthe course
of sequential electric pulse annealings. Before anneal -
ing, the R(T) curve is analogous to that for a Cu film
with an “electrical” thickness of 0.4 um (curve denoted
by Cu). Upon thefirst pulse annealing stage, the sample
heated to 500 K exhibited an HTSC-like drop in the
resistance by 3.5 orders of magnitude at 350400 K
(Fig. 10, curves 1). After the second annealing and
heating to 500 K, the HTSC-like resistance drops are
observed at T = 400-500 K (Fig. 10, curves 2). The
third annealing and heating to 500 K lead to a further
decrease in the resistance by afactor of about 50 (curve 3)
relative to the initial sample resistance. Here, we may
suggest that the HTSC-like transition has shifted
toward still higher temperatures. It should be noted that
sample no. 2 subjected to a combined action of high
temperature (500 K) and el ectric pul se annealing exhib-
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Fig. 10. Evolution of the temperature dependence of resis-
tance of a CuO-Cu sample no. 2 with electrolytically
deposited copper film in the course of sequential electric
pulse annealings.

ited a change in appearance of the copper film, which
acquired a dark color showing evidence of the forma-
tion of some compound of the Cu,O, type (islands of
metal copper were aso distinguishable). We are plan-
ning to study various CuO—Cu interfaces and identify
the new compounds by methods of X-ray diffraction
and Auger €lectron spectroscopy.

Figure 11 presents data on the electric pulse anneal -
ing (in a helium atmosphere at room temperature) of a
Cu film with athickness of about 1 um electrolytically
deposited onto a CuO single crystal. As can be seen, the
system acquires an S-shaped current—voltage charac-
teristic (curve 1) and then the resistance drops by afac-
tor of more than six (curve 2). Additional annealing by
current pulseswith an amplitude of up to 120 A leadsto
afurther decreasein resistance (curve 3), on thetotal by
more than 30 times relative to the initial value. For a
film thickness reduced to 4000 A, this correspondsto a
drop in the sampl e resistance by afactor exceeding 75.

We attempted to prepare highly conducting inter-
faces by oxidizing Cu filmsin air to CuO or by treating
polycrystalline CuO samples. However, both thermal
and electric pulse treatments of the CuO—Cu interfaces
could decrease the sample resistance only by afew per-
cent because of a sgnificantly granular structure of the
material and low qudity of the grain surfaces. We may
expect that preparing samples with a better qudity of the
grain surfaceand smaller grain spacing (i.e., withthegrain
surface quality approaching that of single crystals) will
alow the effect to be significantly increased.

4. DISCUSSION OF RESULTS

Let us first consider the results of investigation of
the CuO—Cu interfaces prepared by thermal deposition
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Fig. 11. The S-shaped current—voltage characteristic forma-
tion (curve 1) followed by adecrease in resistance (curve 2)
of the electrolytically prepared CuO—Cu sample no. 3 under
the action of high-power current pulses. For curve 1, the
resistance is 101 mQ before and 15 mQ after switching. In
the same sample treated by subsequent high-power current
pulses, the resistance dropped further to 3 mQ (curve 3).

in vacuum (i.e., samples of the first and second series)
in the temperature range from 73 to 420 K. Taking into
account that these samples did not change in appear-
ance upon the el ectric pulse annealing, we may suggest
that a considerable growth in the electric conductivity
of the CuO—Cu interface is due to the formation of a
layer possessing high average conductivity, which
shunts the copper film.

We may evaluate the thickness of thislayer from the
following experimental data. In some cases, a 1000-A-
thick Cu film deposited onto CuO single crystal and
annealed for 30 min at 200°C (inthethird series of sam-
ples) completely dissolved, for example, by reacting
with CuO (to form CuO, or some other compounds of
the Cu,O, type); on some other samples of thiskind, the
filmwasonly partly retained. At the sametime, the con-
trol films deposited onto sitall and treated under the
same conditions remained unchanged. From these
results, we may infer that the characteristic length of
the interpenetration of copper and oxygen atoms at the
CuO—Cu interface for a diffusion time of 1800 s
reaches approximately 1000 A. Since the duration of
annealing using a constant current was 1-3 s and the
time of annealing by the electric pulses was even
shorter, estimates based on the diffusion equation indi-
cate that the proposed layer thickness after the first
annealing amounts to 2540 A. Therefore, the layer
thickness after several annealing stages can be on the
order of 100 A. For sample no. 3, the ratio of the elec-
tric conductivity of this layer to that of copper at T =
293 K exceeds 6 x 10°. The analogous ratio for other
samplesis somewhat lower.

The experimental results can probably be explained
by the appearance of an unknown copper—oxygen com-
pound possessing a high conductivity. A tempting
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explanation is based on the appearance of HTSC phase
regions shunting the copper film at the CuO—Cu inter-
face. Evidencefor this hypothesisis provided by ahigh
average conductivity of the proposed shunting layer,
which must be significantly higher than the conductiv-
ity of copper. The critical temperature of such an inter-
facial HTSC phase must be significantly above 400 K,
asindicated by the extrapolation of 1(T) curvesto zero.
The critical current density at the interface may be as
high as 10"-108 A/cm?.

Thus, according to the experimenta data, the con-
ductivity of the interfacial layer must (i) significantly
exceed the conductivity of copper, (ii) be independent
of the temperature, and (iii) vary within broad limits
(see Fig. 1) depending on a particular sample and the
degree of annealing. At present, we cannot describe a
possible interface structure containing extended HTSC
fragments, the conductivity of which satisfies all these
requirements. Nevertheless, some details of this struc-
ture can be specified.

As can be seen from Fig. 3 (curve 2), the current—
voltage characteristic of sample no. 6 resembles (pri-
marily, by the presence of a characteristic hysteresis)
the Josephson characteristic for two-particle tunneling
in an individual tunnel junction. We may suggest that,
before an electric pulse annealing, the horizontal por-
tion of the I-U curve in Fig. 3 (curve 1) reflects the
sequential switching of many tunneling junctions with
supercritical current. In the course of electric anneal-
ing, a large number of junctions are formed with a
broad distribution with respect to the critical current I..
Asaresult (Fig. 3, curve 2), adominating single tunnel-
ing junction with a minimum switching current is sep-
arated, the individual current—voltage characteristic of
which is observed. The effective bandgap width is
about 100 mV. It isinteresting to note that a close value
of the pseudogap was estimated from various experi-
mental datain [11] for an undoped HT SC cuprate phase
with a minimum hole concentration (below 0.05 hole
per CuO, unit cell), in which the percolation supercon-
ductivity (indicated by adrop down to the instrumental
zero in the potential difference between contacts) is
absent. It is possible that unusual behavior of the R(T)
curve observed for unannealed sample no. 1 exposed to
amagnetic field is al so determined by interference pro-
cesses in a system of tunnel junctions. By now, the
results of measurements using a SQUID magnetometer
revealed no reliable nor reproducible diamagnetic sig-
nals from the CuO—Cu interface. Observation of the
Meissner effect in this situation is probably compli-
cated by severa factors. First, it is necessary to distin-
guish the diamagnetic signal from athin HTSC film on
the background of a signal from the bulk of antiferro-
magnetic CuO. Second, an anomalously large London
depth of the magnetic field penetration into CuO-based
HTSC materials (reaching 0.1-1 um) may significantly
exceed the thickness of the highly conducting interfa-
cial layer, which would decrease the diamagnetic signa

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

1089

intensity. Third, the diamagnetic signal may also signif-
icantly decrease if the highly conducting interfacial
layer would split into separate HTSC regions.

Taking into account the above notions, it would aso
be interesting to consider the results reported in [1-3]
for the “nonreproducible superconductivity” effects. It
is possible that all these cases are random manifesta:
tions of the high conductivity (or HTSC phase forma-
tion) at the CuO—Cu grain boundaries similar to that
observed in our experiments. Nonreproducibility of the
previous results could be explained, for example, by
mechanical displacements of the grainsin the course of
cyclic R(T) measurements | eading to degradation of the
HTSC properties of the interface. It should be empha
sized that, in contrast to the “nonreproducible super-
conductivity” effects, our results are characterized by a
long-term stability and even by atendency to decrease
in the interface resistance with time.

5. CONCLUSIONS

(1) We have observed the phenomenon of giant elec-
tric conductivity of the CuO-Cu interface in the tem-
perature interval from 77 to 400-500 K and above. The
interfacial layer conductivity may significantly (by
more than a factor of 6 x 10°) exceed the conductivity
of copper. In the case of Cu films deposited onto a CuO
single crystal surface in vacuum, the interfacial layer
conductivity was independent of the temperature. The
thickness of a highly conducting interfacia layer is
estimated at about 100 A.

(2) Possessing a giant electric conductivity, the
interfacial layer is capable of carrying acurrent density
of up to 10® A/cm?. As the current density increases
above thislevel, the interfacial layer resistance sharply
grows.

(3) The conductivity of the CuO—Cu interfaceissig-
nificantly affected by the electrical or thermal treatment
conditions.
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Abstract—A phenomenological model describing “magnetodipole”’ self-organization of charge carriers (the
formation of so-called stripe-structures and the energy gap in the spectrum of states) was suggested to interpret
the data of nonstationary nonlinear spectroscopy of high-T, superconductors. It was shown that, after rapidly
heating a superconducting sample, the kinetics of the succeeding phase transition depended on initial temper-
ature T. At small “overheatings” T* < T < T,,= (1.4-1.5)T* (T, and T* = T, are the temperatures of the transition
to the superconducting state and the formation of stripe-structures) and the optimal level of doping, the decay
of stripe-structures (and of the gap in the spectrum of states) occurred at alow rate (in times above to 102 s)
in spite of the virtually instantaneous disappearance of superconductivity. © 2001 MAIK “ Nauka/Inter pe-

riodica” .

1. INTRODUCTION

The discovery of high-temperature superconductiv-
ity in copper-oxide compounds [1] has led to explosive
growth of scientific activity in this domain of science.
An analysis of the data obtained [2—4] shows that these
compounds are ionic semiconductors and their “metal-
lic" conductivity is caused by deviations from stoichi-
ometry (by acertain level of structure imperfection, or
“doping”). The electronic structure of these compounds
is determined by a complex interaction between “well”
and “badly” localized electronic states sensitive to
short-range order in the arrangement of atoms. Strong
anisotropy resultsin aquasi-two-dimensional character
of the Fermi surface.

The common property of copper-oxide compounds
isordering of Cu ion spinsin so-called cuprate (CuO,)
planes. In stoichiometric compounds, these ions (usu-
ally denoted by Cu2) have “holes’ with spins=1/2in
the 3d shell. Indirect (through oxygen ions) exchange
establishes long-range antiferromagnetic order at com-
paratively high Neel temperatures Ty, = 300-500 K [5].
The magnetic structure and spin correlations in the
metallic phase were studied in detail by neutron scatter-
ing for La,CuO, and YBa,Cu;0,_5 single crystals [6].
It was shown that, in spite of the absence of long-range
order, strong spin fluctuations with broad excitation
spectrawere preserved. The magnetic moments of Cu2
ionsin CuO,~Y—CuO, bilayers were antiferromagneti-
cally ordered, and Cul ions that formed linear Cu—O
chains had zero magnetic moments. Diffuse magnetic
scattering was used to determine the dependence of
magnetic correlation length §,,, on the mean concentra

tion of holes [Min the cuprate plane [7]. Magnetic
inelastic neutron scattering in Y Ba,Cu;0; _ 5 was stud-
ied to determine exchange interaction constants
between two nearest Cu2 ions (2J = 0.170 eV) in bilayers
(2J, = 1072 x 2J) and Cu2-01 chains (2J' = 10 x 2J)
[8], which proved the quasi-two-dimensional character
of the dynamics of spinsinYBa,Cu;0; _5. Similar data
were obtained for La, _5SrsCuO,[9].

The nature of the energy gap in the spectrum of
states is one of the key problems in understanding the
phenomenon of high-temperature superconductivity. In
low-T, superconductors, this (“superconducting”) gap
has so-called s-symmetry and is formed below the T,
temperature as aresult of electron—phonon interactions
in the transition to the superconducting phase [9]. The
experimental data on high-T, superconductors are evi-
dence of d- or mixed (s-d)-symmetry of the gap [10]; at
the optimal level of doping (& = &), a which T is
maximum, this gap hasd-symmetry [11]. What ismore,
the so-called pseudogap was observed in the spectrum
of states of high-T. superconductors by angle-resolved
photoemission spectroscopy (ARPES) [12]. It was
shown that, at & = d,, and O > d,,, (overdoped materi-
als), the energy gap disappeared (closed) at T=T, at all
Fermi surface points, as in low-T, superconductors. At
O < Oy (underd_oped compounds), the superconducting
gap transformed into ad-symmetry pseudogap under heat-
ing, which disappeared a T = T* > T... The closure of the
gap occurred at T = T, at the (174, 174) Brillouin zone
point and at T = 180 K > T, at the (1T, 0) point. The
nature of the pseudogap and itsrelation to the supercon-
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ducting gap still raise heated debate. Although the most
convincing ARPES experiments were performed for
Ba,Sr,CaCu,O4_5 Single crystals, it is believed that the
observed behavior of the gap is common to all high-T,
superconductors. Note that two energy gapswith differ-
ent kinetics have recently been observed in overdoped
YBa,Cu;O,_5 a T < T, in nonlinear nonstationary
spectroscopy experiments [13]. One of these gaps was
interpreted in [13] as the superconducting gap, and the
other, as the pseudogap.

No less interesting data on lanthanum compounds
were obtained in electron, neutron, and X-ray diffrac-
tion studies [14-16]. It was shown that a periodic
sequence of alternating strongly extended regions,
stripes, enriched in holes and virtually devoid of holes,
wasformed in the cuprate layers of these compounds at
T = T*. The correlation length (further, merely
“length”) of stripes oriented along the (x1, +1, 0) crys-
tallographic directions decreased as [Mllincreased. No
such stripes were observed in similar experiments with
bismuth, barium, and mercury compounds. At the same
time, measurements of bismuth compound heat and
electric conductivities, whose temperature depen-
dences contained kinks, gave indirect evidence of the
presence of stripe-structures [16]. Some authors hold
the opinion that thisis evidence of the dynamic charac-
ter of the corresponding stripe-structures and smallness
of their correlation lengths.

Two approaches to describing stripe-structures are
most popular. The so-called t—J model is based on the
Hamiltonian that takes into account kinetic energy and
correlations on neighboring nodes [17]. The two main
parameters of the model are energy t of hole“jumps’ to
the nearest nodes and energy J of exchange interaction
with these nodes. Sometimes, terms describing hole
jumps to remoter nodes are included. According to the
t—=J model, a sharp zone narrowing and the correspond-
ing increase in the effective mass occur as a result of
antiferromagnetic spin correlations, which suppress
hole jumps between neighboring nodes. At J > t, spa
tial separation of phases (stratification), that is, the for-
mation of real regions filled by holes and virtually
devoid of holes, is energetically favorable. Numerical
calculations based on the t—J model are laborious and
are usually performed for small-sized two-dimensional
clusters (typically, 8 x 8 clusters) [18]. These calcula-
tions show that the stratification at small mshould be
observed at J/t = 1 [19], whereas, in rea compounds,
the stratification occurs at J/t = 0.35 [20].

The other approach uses the Peierls-Hubbard model
and is based on taking into account Jahn—Teller lattice
distortions[21]. The model Hamiltonian describes hole
jumps over copper sites, one-node Coulomb correla
tions, spin dynamics, and the kinetic and potential lat-
tice energies. Calculations by this model also prove the
possibility of the stratification. Lattice distortions play
a stabilizing role, and the J/t = 1 condition is soft-
ened. Simulations are however performed for still
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smaller (4 x 4) clusters because of the complexity of
the problem, which sharply decreases the accuracy of
calculations [22]. The kinetics of transitions with for-
mation and decay of stripe-structures cannot be
described by such simulations.

Themain goal of thiswork wasto explain theresults
of our experiments [23] on biharmonic picosecond
probing of the spectrum of states of thin superconduct-
ingY Ba,Cu;0; _ ;5 films preliminarily excited by a short
(2040 ps) pumping pulse. These experiments show
that, in the absence of pumping at T < T, the efficiency
of self-diffraction of probe pulses with frequency
detuning within the width of the energy gap decreases
virtually to zero. This behavior persistsfor at least 1 ns
after rapidly heating theinitially superconducting sam-
pleto T =T, + (20-30) K. At the sametime, itisknown
that under these conditions, superconductivity should
disappear in times of the order of 1 ps[24, 25]. To
explain this paradox, we construct a phenomenological
model that describes self-organization of holes in the
cuprate planes of the high-T, superconductor as aresult
of their “magnetodipole” [26] interaction, that is, non-
local interaction caused by spin-wave exchange pro-
cesses. In all calculations, we only takeinto account the
nonlocal part of the interaction potentia obtained
within the framework of spin-wave theory [27, 28]. In
contrast to the local part of the interaction potential,
described within the framework of the t—=J model by
compensation of the bond breaking in the antiferro-
magnet, the nonlocal part of the potential has a dipole
character and is due to deformations of the antiferro-
magnetic environment. The corresponding interaction
has the character of attraction in the spin-symmetric
channel and repulsion—in the spin-antisymmetric
channel. It was shown that, at J/t > 1, the interaction
energy approximately equaled 8t%/J [27], whereas cal-
culations for J/t < 1 gave values of the order of J [28].
Precisaly thelast limiting case will be analyzed in what
follows. We will aso test the constructed model using
the criterion of a correct description of the known sta-
tionary properties of stripe-structures and generalize
thismodel to the conditionstypical of nonlinear nonsta-
tionary spectroscopy experiments. We will show that
the time necessary for the formation and decay of
stripe-structures (and of the corresponding energy gap,
pseudogap) can substantially exceed the time of super-
conductivity disappearance.

Note that a similar description of the formation of
stripe-structures related to the specific angular depen-
dence of the interaction potential was given by Khom-
skii and Kugel [29], who, however, used another phys-
ica mechanism of self-organization (it was assumed
that angular anisotropy was a consequence of deforma-
tion crystal lattice distortions by defects) and did not
consider the kinetics of stripe-structures themselves.
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Fig. 1. Scheme of calculations of interaction energy Vi(x)

between a hole and its nearest neighbors. Arrows indicate
the orientations of d vectors.

2. MODEL AND PRINCIPAL EQUATIONS

We assume that local antiferromagnetic ordering
exists in copper-oxide high-T, superconductors up to
the highest possible & values [6]. Supposing that Cou-
lomb interaction is screened, we treat interactions of
holes caused by deformation of their antiferromagnetic
environments as magnetodipole interactions (see
above) and describe them in the two-particle approxi-
mation by the potential energy function [27, 28].

V(r,ay,a,) = Beos(20 —a; —a,)/r’.

)

Here, r isthe radius vector connecting two holes, B is
the constant related to the modulus of their effective
dipole moments|d; ,| =d, and 8 and a; , are the angles
between the r and d; , directions and arbitrary axisy.
Further, it is assumed that d = 1. At such a normaiza-
tion, the B/a? constant in the J/t < 1 limiting case
should be of the order of exchange interaction energy at
a equal to the mean distance between holes [28]. From
symmetry considerations, let y be directed along one of
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two possible crystallographic axes (stripe axes, see
above). Suppose that the d vectors of all holes are ori-
ented parallel toy and consider the displacement of one
of the holes along axis x orthogonal to y (Fig. 1). Pro-
jecting the forcesthat act on thisholefromitstwo near-
est neighbors onto axis x, we obtain the potential
energy of the hole in the form

2 2.2

V(x,a) = 5[1_%}[14-%} ,

where x and a are the projections of r onto axesx and y,
respectively. Dependence (2) isshown in Fig. 2a. Next,
we assume that the d vector can be oriented either along
y or in the opposite direction and that d(y) = d(—y); thisis
taken into account by two factors, d(y) = +1. Let usrewrite
the equation for total energy V, (that is, the energy that
takes into account forces acting on the hole under consid-
eration from its more distant neighbors) in the form

)

[

Vi(x,a) = Z d(O)d(ja)V(x, ja).

i=1

Here, the argument of d numbers holes in the stripe.
Theorientations of d are partially disordered because of
thermal fluctuations. If the number of stripe holes with
“irregular” d orientations is small, the mean field
approximation can be used. For this purpose, we intro-
duce the mean local (along y) dipole moment [dL{y) in
the stripe and use the assumption that [dis a slow (on
the a scale) function of y. Next, let V(X, a) decrease as
the distance increases faster that [dlvaries. Assuming
that d(y) — fdy) < [d{y), replacing the summation
over j by theintegration in y, and expanding [d[{y) into
aseriesinthevicinity of arbitrary y, we obtain

©)

V(X y) = 5 —I32d(y)
& rHy) os
x 2d LOLly) OXgd
[[d[(y)+ae dy? +”'}[1+Q305} '

(@*/B)V (@3/B)V,
T T T T T T T T T T
1.6 =
0.8} (@ - (b)
1.2+ =
0.4r 4 08} 4
0.4+ .
0 - -
O - -
| | | | | | | | | |
6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

xla

Xlag

Fig. 2. (a) Potential energy V(x, a) and (b) Vi(x, &) as functions of hole displacements along the x axis: exact summation (solid line)

and approximation (dashed line).
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10

aodx

Fig. 3. Fourier transform of Vi(q,) according to exact (solid
line) and approximate (dashed line) calculations at L = 3ay,.

Here, a, = (6/T®)a and a, are constants of the order of
the magnetic correlation length related to finiteness of
the interaction radius. The V(X, y) dependences calcu-
lated by (3) (solid line) and by approximation (4)
(dashed line) are shown in Fig. 2b. It is easy to see that
interaction within the stripe is well localized.

Next, we assume that the distribution of stripes over
X is periodic. The L period of this distribution and the
spatia frequency of its lowest harmonic, q,,, = 217L,
will be treated as external problem parameters rigidly
related to & (and ). Let us calculate the spatial distri-
bution of potential energy Vy(X, y) a an arbitrary distri-
bution of stripes aong the x axis. For this purpose, we
will use approximation (4) to find the Fourier transform
of the V,(x, y) function,

L/2

Vi@ ) = T [ Vilx ) ep(iaax

-L2

= G(y) exp(—0ay),
. 2 )
G(y) = God(y)[uﬂy) + agq__zﬁ;gy_) " }

-38
" ma,l’
Here, q, is the spatial frequency. At small 9, the limits of
theintegration in (5) can be extended to infinity taking into
account screening at distances of the order of severd cell
periods. The results of exact (solid ling) and approximate
(dashed line) calculations of V,(q,, y) a L = 3a, are shown
in Fig. 3a. At an arbitrary one-dimensional (dlong x) spa-
tia distribution of stripeswithidentical [d{y) distributions
and n(qg,) spectra densities, the spectral density of the
Vo(ay, Y) energy distribution can be written as

Vo(0w ¥Y) = V(0 Y)N(dy)

. (6)
= G(y) exp(—dyao)n(ay)-
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After theinverse Fourier transform of (6) and the renor-
malization

é/E0 —+G, xla—x
L/la—L, agJda—=age,

where E, = (2111)%/2mya? (my is the effective mass), the
stationary Sherédinger equation can be written as

&+ syepia Iyl +e
[dxz VSR Boga bty } (7)

xY(xy) = 0.

Here, (X, y) is the wave function of the hole and € is
the eigenvalue of the energy operator. The differentia-
tion operator in the exponent in (7) takes into account
nonlocal interactions and actson |Yi(x, y)[?. For two sys-
tems of paralel stripes (subscripts 1 and 2) with
[d,[Qy) = —{d,[Qy), (7) transformsinto the system

Od® | ~ 0. dp
E'HTXZ + G(y) eXpD_IaOd)dj

. . 0 8)
X[ (X% Y| "= Wi(x, Y)| ] +€ EHJk(Xa y) =0,

k1 =1,2; k#l1.
Note that the € and [dl; ,[{y) values present in the

expression for G(y) should be consistent with @, (X,
y) for the solutions of (8) that are of interest to us. Aver-
aging d in each stripe over two admissible directions
taking into account thermal fluctuations in local (over
y) thermodynamic equilibrium, we must require [30]
that the equality

d, £1y) = tann Y ©)
B
be fulfilled. Here, 2A(y) is the “order” parameter (the
difference of interaction energies for holes with d
directed along and against the [d{y) direction in the
stripe), kg is the Boltzmann constant, and T is the tem-
perature. Simultaneously, the equation

A =-S5 S DTG

p=— i j=12

x exp (= Pl Axm@0) Mi (PUxms ¥) N (=Pl Y)

should be satisfied. In the calculations, the normaliza-
tion of Y, 5(x, y) corresponded to the arrangement of
two holes with opposite d orientations along period L
(inthe “unit cell”) of the stripe-structure [31],

(10)

L2 L2
J’ J’dxdy|L|Jk(x, =1, k=12 (1)
—L/2 -L/2
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It follows that the probabilities of finding any hole in
any stripe were equal.
Dynamic processes were described on the assump-

tion that [dCexplicitly depended not only on'y but also
on time t. The relaxation approximation [31]

0Ly, t) _ _Tl[ By, t) — [t} (12)
d

ot

was used. Here, 14isthe characteristic timeof d flip and
[dl{ is the equilibrium [d0value. Dynamic terms were
not included into system (8) explicitly, and the evolu-
tion of Yy ,(t) was described through the [d{y, t)
dependence in the adiabatic approximation (the time
scalewas set by the T = L/v parameter, where v isthe
Fermi velocity) with the use of (12).

3. STATIONARY STRIPE-STRUCTURES

Taking (8) into account, let uswrite the Hamiltonian
of the system in the form

H = QWi (G Y)W (0 Y)

O (i, ) =12, (i#])
—G(y) exp(—0gxao) ni(dy Y)Mi(—dy Y)
+ G(y) exp(—,@0) N (G Y)N; (=Gl ¥).-

It follows from the Cauchy—Schwartz inequality [32]
that H reaches aminimum at

Pi(dy )

(13)

- %_wj(qw y), Ox = iqu1 i3qu, (14)
[”Jj(qx’ y), qx = 01 i2qu! LARE ]
which is equivalent to the requirement
Wi(X,y) = Wa(xx L12,y). (15)

In the presence of stripe-structures, there should be at
least one spatial harmonic with the amplitude
W1 (0 # 0. We can therefore take into account two
lowest harmonicsin Y, , to write

W1, 2(% Y) = Wo(Y) £ Y(Aym Y) COS(AymX).  (16)

The expressions for the energy of localization of holes,
H and A, then take the form

H(y) = —8LAY5(y)

20 (Gymy ¥) O
E——
(17)

d? el 0
x [Edt(y) + aiﬁ + ..}Goexp(—quao) 5
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4

0 0.1 0.2 0.3 0.4
W(Gm)

Fig. 4. Energy H of holelocalization asafunction of W(dy,)
atL=3and Gg=4.5for T= (1) 1.4T*, (2) T*, (3) 0.7T*,
and (4) 0.

A(y) = 8LAWS(Y)W*(Germr ¥)

2 (18)
| ) + ai%yi‘y) + ... | Gorxp(—hmo).
Using (9), (11), (17), and (18), we can calculate the
dependence of H (the width of the pseudogap in the
spectrum of states) on Y(q,,,) in the thermodynamically
equilibrium state [Yo(y) = Wo and (G Y) = Y(Oh)],
Fig. 4. Figure 4 shows that there is aregion of parame-
ter values within which H reaches a minimum for
W(g,y) £ 0at T<T* = const. Precisely critical temper-
ature T* determines the transition point related to the
formation of stripe-structures. The dependence of
W(g.y) on H is not single-valued, and excitation of
metastable states is possible if T changes at a high rate
(see below).

Morerigorous cal culationsincluding six lowest har-
monics of the Fourier transform of ); ,(x) were per-
formed numerically. To determine ), ,(x), we con-
structed the auxiliary Hamiltonian

H'= S S [(Phn) Wil Pn) Wi (~PChn)

p=—o i,j=1,2
— [80(-1)" ' Goexp (< Pl Gum@o) N (PG N (— PGy ]
+Mexp{ R[Ln,(0) -1]3, (19)

00

0 = tanh[%_? > Y (-1)'7'G,

p=—0 i,j =12
% eXP(—| Pl Oxm@0) N (Pxm) N (—P0xm) |-
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Fig. 5. (a) Calculated T* versus L= dependence (solid cir-
cles) and its approximation by a polynomial of degree four
(dashed line); (b) wave functions J; ,(x) (solid and dashed
lines) at L = 7.5; and (c) temperature dependence of
pseudogap width at L = 5, 6, and 8; Gy = 4.5.

This Hamiltonian was minimized by the unrestricted
simplex method [33], which ensured a correct normal-
ization of Y} »(X) asR — . The M and R parameters
were selected to make the error in ; ,(X) smaller than
1%. The interaction energy was determined by substi-
tuting the obtained ), ,(X) functionsinto (13). The cal-
culated T* (L) dependence is shown in Fig. 5a. The
domain of the existence of stripe-structures is bounded
by the limiting &, value for which T* = 0. The T*(L?)
dependence contains a region of an amost linear
growth of T* as L2 (that is, 8) decreases. The Y, 5(X)
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wave functions are strongly anharmonic (Fig. 5b). The
corresponding energy gap width monotonically decreases
as T increases and vanishes a T = T* (Fig. 5¢). Thisis
indirect evidencethat the T= T* point isasecond-order
phase transition point.

4. COEXISTENCE OF PHASES

Assuming that [d{y) # congt, let us vary Y(qy, V)
[see (16)] taking into account the term proportional to
d?[dr{y)/dy? and constantly tracing the position of the
local extremum point. It iseasy to show that H becomes
minimum at

(e y) = or -1 (20
where
y=L= 1§
49 ALGoexp(—Gxmdo)’
2
P = f(y)+2 LW,
dy
In addition,
GoP :
Ay, P) = 7= 1-BH ep(-Gumae).  (21)

Substituting (21) into (9), linearizing the resulting
equation with respect to P, and taking into account the
self-consistent character of the problem, we obtain the
closed equation

2
aﬁ%y[z(y) = Ey(T)arctanh[ [HXy)] +y — CB(y),

(22)
ke TL

2Goexp(—xmao) '

which can, by analogy with mechanics, be interpreted
as the equation of motion in the potential

Eo(T) =

Um0 = —Eb(T)[mEarctanh( o) + %In(l— uﬁ)}

23
—yDjD+%DjDZ. @)

This dependence is shown in Fig. 6a. At T = T*, both
maximaof the U([d0) potential curve have equal values.
In the problem under consideration, the system is con-
servative, and all processes that occur init obey the law
of the conservation of energy.

Consider the simplest example of inhomogeneous
(with respect to y) solutions of the “phase switching”
type. We assume that

Lty)ly . . = [0, [Oy)|y . .. = Loz A
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Fig. 6. (a) U([d0) dependence calculated at several T values and (b) T,,(y) and [dL)(y) dependences calculated at T = T,

on two infinitely spaced (along y) cuprate plane sides.
We are interested in the boundary between these two
regions (“phases’). It follows from Fig. 6a that
U([d{y)) curves contain two local extremaat T< T, =
const > T*. Thefirst extremum (U,) islocalized at point
[d= O at arbitrary T values. The position of the second
extremum (U,), [dE [dl], changeswith T, and U; < U,
aT*<T<T,andU;>U,a T< T At T = T*, the
energies of the phases are equal, U; = U,, and there
exist solutions with the asymptotic

daly) =0

(24)
dy y - *o

transition from one “equilibrium” [dj = O value to the
other, [dlJ = [dL]. The condition of the coexistence of

homogeneous (here, along y) phases is known as the
Maxwell rule [34].

The width of the transition region can be approxi-
mately estimated anaytically, because the solution to
(22) with condition (24) can be written in quadratures,

!

-0 = Idmﬂékb(T*)[Danrctanh nE
’ (25)

-1/2

+ 3= Ed[f)}+y[dm—ltﬁﬁg ,
> 2 '

where { = y/a, and {, = const. Expanding the integrand
into a series and truncating this series after quadratic
terms, we obtain

- Y
0 = S

x{8n[J1-Ex(T*)({=Co)] + 1 .

(26)
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at E(T*) < 1. This gives the transition region width

o
&= T TRy

Clearly, the obtained inhomogeneous solution isinvari-
ant with respect to an arbitrary y — y + oy (dy = const)
trangation along the y axis.

(27)

5. METASTABLE STATES AND THE KINETICS
OF PHASE TRANSITION

The second potentia curve maximum (Fig. 6a) dis-
appears a T = T,,. This temperature corresponds to
simultaneous fulfillment of the conditions

ouU(EOT,) _ o°U(md T,)
o o [t

The calculated T, (y) dependence is shown in Fig. 6b. It
iseasy to seethat T,,> T*. Consider the situation when
T* £ T < T,,, and the interphase boundary is mobile. As
previously, it is assumed that [d{y)|, . .. = O and
[dr{y)ly _. +. = [dlJand the transition region is described
by the profile of the phase switching wave [di{y, t) =
[d[{&), which propagates along y at a constant velocity
v. Here, & = y — vt isthe running coordinate. Preform-
ing similar transformations and using (12), we obtain

azd mD

=0. (29

= Ep(T)

(29)
d [y
dz O

At v =0, thiseguation transformsinto (22). This means
that, at T = T*, the switching waveisimmobile. Within
the framework of the mechanical analogy, theterm pro-
portional to v describes nonlinear “friction.” It follows
that the phases cannot coexist at T # T*. This conclu-
sion conforms with the observation that the develop-
ment of a switching wave in distributed systems

xarctanhH:dD —T4v——5+Yy—Ldl
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Fig. 7. Time evolution of initial [d0Ofluctuation at T/T* =
(a) 1.22, (b) 1.00, and (c) 0.96; g = 1.25.

requires a seed, that is, afluctuation with characteristic
dimensions of the order of the width of the transition
region [35, 36]. Velocity v of the wave depends on the
controlling parameter (here, T) value. At the critical
point, velocity v equals zero and changes sign.

Equation (29) was solved numerically. The second
derivative with respect to y was approximated by sec-
ond-order finite differences. The sixth-order Runge—
Kutta method with adaptive time step t was used. The
evolution of theinitial [dE 1 state with a perturbation
of the hyper-Gaussian spatial profile was considered.
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0 0.5 1.0 1.5 2.0
T/T*
Fig. 8. (a) Dissipation of a narrow [dfluctuation at T/T* =
1.22; (b) phase transition scenario at T > T,, and T/T* =
1.57; and (c) dependence of v on T/T*, g = 1.25.

The evolution of abroad (compared with Ay initial fluc-
tuationat T> T* isshownin Fig. 7a. The system expe-
riences a rapid transition to the metastable state [d[=
[d[J, and only then, the wave of switching to the stable
phase [d0= 0 is formed. The [d[] value decreases as
temperature increases. At T= T* (Fig. 7b) and T < T*
(Fig. 7c) also, the transition to the metastable state
[d0= [d[] occurs first, and the fluctuation then either
freezes (a stationary interphase boundary is formed,
v = 0) or dissipates (v < 0). A narrow (compared with
Ay) fluctuation dissipates even at T > T* (Fig. 8a). At
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Fig. 9. (a) Temperature dependence of transition region width Ay at g = 1.25 (solid line) and 0.56 (dashed line) and (b) dependence

of 1-[djon T/T* at g = 1.25.

T> T,, the system aways immediately transforms
from the unstable [d]# O to the stable [dJ= O state
(Fig. 8b). Velocity v linearly depends on T/T* and
changessignat T =T* (Fig. 8c).

It follows that, if two phases can coexist at T = T*
(Fig. 7b), the seed of the stripe-structure can expand at
T< T* (v <0) because of theinvolvement of holesfrom
regionswith still unestablished order into the self-orga-
nization process (Fig. 7a). Assuming that vectorsd in a
stripe are ordered for approximately 102 holes and 14 ~
10121013 5 we obtain an estimate of the time of
switching wave propagation, T ~ 0.1-1.0 ns. However,
for such a wave to begin to propagate, the stripe seed
should have dimensions exceeding Ay (see Figs. 7a,
8a). The calculated Ay(T/T*) dependences (over the
level at 0.9 of the front height) are shown in Fig. afor
g=1.25 (solid line) and 0.56 (dashed line). If the min-
imum seed size (actually, the number of holes with
ordered vectors d) is set to Ay ~ 46, the probabilistic
estimate of time T1; of the formation of the correspond-
ing initial fluctuation takes the form

= —Td
(1-o)™ ™

It followsthat T; ~ 1.0 ns > tyat T/T* = 1.25, when 1 —
[dC]= 0.25 (see Fig. 9b).

(30)

T

6. DISCUSSION AND CONCLUSION

To summarize, we constructed a simple phenome-
nological model of self-organization processes based
on the assumption that stripe-structures in cuprate
planes of oxide high-T. superconductors are one-
dimensional and periodic and are formed by magneto-
dipole (nonlocal spin-wave, see above) interaction
forces. At areasonable G, ~ 100 meV value, the model
predicts the period of such structures to be severa
nanometers. The doping level at which these structures
can be formed is bounded from above by the A}, =
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0.125 value, in agreement with experimental data. The
critical temperature of the existence of such structures
isaso closetothe T* ~ 150 K temperature determined
in many experiments. What is more, the T* (i) depen-
dence predicted by our model has awell defined linear
region at < 0hl],,, which is aso observed experi-
mentally. Surprisingly, the calculated width of the cor-
responding energy gap and its temperature dependence
closely agree with the ARPES data on pseudogaps in
cuprates, which leads us to suggest that precisely this
gap isthe pseudogap. Asfar as the interpretation of the
experimental data[23, 37, 38] on optical diagnostics of
the kinetics of phase transitions in high-T, supercon-
ductors is concerned, this suggestion brings to the fore
the fact that, in al these experiments, samples with the
optimal doping level 3, providing the highest T, value
were studied. In follows from the data obtained in [12]
that, in the experiments described in [23, 37, 38], the
T.= T* approximate equality was satisfied, and the
states with superconducting and pseudogaps were
indistinguishable. When initially superconducting sam-
ples were rapidly heated to T > T, superconductivity
had to disappear virtualy instantaneously in all these
experiments [25]. The samples were, however, heated
to moderate temperatures satisfying the inequalities
T* <T<T,=(1.4-1.5T*, and metastable stripe-struc-
tures had to persist in the samplesfor afairly long time
(1 ns or longer, see above). During the whole this time
period, probing by the experimental scheme of [23] had
to detect the energy gap, and probing by the scheme of
[37, 38] had to well “remember” the initial (supercon-
ducting or nonsuperconducting) state of the object of
study.
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Abstract—The results are presented of experimental studies of variationsin the polarization of light reflected
from multilayer thin metal films containing nonmagnetic Bi or Ti films and a ThFe magnetic film magnetized
in the direction perpendicular to the film plane. An additional optical rotation of light reflected from bismuth
and titanium films was observed upon their irradiation by intense nanosecond pulses from a semiconductor
laser. Thisoptical rotation isattributed to the photoinduced drift of electronswith polarized spins from the mag-
netic ThFe film. © 2001 MAIK “ Nauka/l nterperiodica” .

1. INTRODUCTION

Photoinduced el ectron drift, or electron entrainment
by powerful laser radiation, wasfirst observed in semi-
conductors [1, 2], and since then this effect was inves-
tigated mainly in such materials.

Electron entrainment results in a strong increase in
their concentration in the region of emergence of alaser
beam from a sample. This causes a great change in the
refractive index (|JAn| = 0.01-0.1) and provides quite a
broad scan of nanosecond and picosecond laser pulses
on the total internal reflection face of semiconductor
crystals[3].

The photoinduced electron drift should also occur in
metals; however, because of the high absorption coeffi-
cient of metals and the high concentration of conduc-
tion electrons in them, its observation in metals is
grestly complicated.

In this paper, variations in the reflection of light
from thin multilayer meta films are experimentally
studied upon their irradiation by intense nanosecond
pulses. The irradiation results in the optical rotation of
light reflected from nonmagnetic metal films due to
photoinduced drift of electrons with polarized spins.

2. EXPERIMENTAL

Multilayer Bi/SIC/TbFe/SIC, Ti/SIC/TbFe/SiC, and
SIC/TbFe/SIC films were studied. The films were
deposited by the electron-beam evaporation method or
by magnetron sputtering on polished substrates made
of optical glass of a thickness of 1.2 mm. The TbhFe
films had a high degree of perpendicular magnetic
anisotropy, which was provided by the appropriate dep-
osition technology [4] and was controlled with a Kerr
hysteresigraph.

Experimental samples contained layers of the fol-
lowing thickness: 5- or 10-nm-thick Bi or Ti films, 3- or

5-nm-thick SiC barrier-layer films, 50- to 60-nm-thick
SiC protective coatings, and 40-nm-thick TbFe films.
Optical rotation was studied upon reflection of light
from two sides of multilayer films at the point of irradi-
ation by intense pulses from a semiconductor laser. Fig. 1
shows the optical scheme of the experimental setup.

Radiation from a semiconductor laser 1 passed
through a polarization Nicol prism 2 and aspecial inter-
ference mirror 3 and was focused with amicroobjective 4
on afilm on a substrate 5.

Two types of microobjectives were used: a standard
objective with an aperture of 0.65 for focusing a laser
beam directly on the film and a special microobjective
with an aperture of 0.52 for focusing laser radiation on
the film through the substrate. These two microobjec-
tives were used in a pair. The standard objective was
used for focusing radiation from a semiconductor laser,
while the special objective 6 focused radiation from a
helium—neon laser 12 on the same region of the multi-
layer film but from the opposite side.

The polarization of reflected radiation of both lasers
was measured using polarization Senarmont prisms 8,
high-frequency photodetectors 9, differential amplifi-
ers, and two oscilloscopes.

Optical filters 7 cut off radiation transmitted by the
film. The accuracy of focusing of the both beams oppo-
site to each other was controlled by signals from two-
to four-area photodiodes 10.

The measurements were performed without a mag-
netic field or in amagnetic field directed perpendicular
to the film plane. The direction and magnitude of the
magnetic field were varied from 0 to 32000 A/m using
Helmholtz coils. The film was initially magnetized in a
strong magnetic field.

The maximum output cw power of the semiconduc-
tor laser at 0.81 um was 100 mW. The power density
produced by 20- to 100-ns pul ses from the semiconduc-

1063-7761/01/9305-1101$21.00 © 2001 MAIK “Nauka/ Interperiodica’
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Fig. 1. Scheme for studying photoinduced e ectron drift:
(1) semiconductor laser; (2) Nicole prism; (3) interference
mirror; (4) standard microobjective; (5) substrate with afilm;
(6) special microobjective; (7) optical filters; (8) Senarmont
prism; (9) recording photodiodes; (10) four-area photo-
diodes; (11) semitransparent mirror; (12) helium—neon
laser.

tor laser on the film plane was varied from 1 kW/cm? to
10 MW/cm?, while the power density produced by the
helium—neon laser was about 500 W/cm?.

The lasers operated in a single-frequency mode and
the polarization plane of the light incident on the film
lay in the horizontal plane.

Special interference mirrors 3 transmitted more than
50% of light polarized in the plane of incidence and
reflected about 90% of light with the orthogonal polar-
ization, resulting in the increase in the sensitivity and

Fig. 2. Variations in the radiation pulses from (curves 1, 3,
5) semiconductor and (curves 2, 4, 6) helium—neon lasers
reflected from the Ti/SiC/TbFe/SiC multilayer film for dif-
ferent intensities of 20-ns pulses from the semiconductor
laser in the absence of amagnetic field. The semiconductor-
laser pulse is incident from the side of the SiC film:

curves 1, 2 correspond to | = 1 MW/cm?Z; 3, 4, to | =
3 MW/cm? and 5, 6, to | = 10 MW/cm?.
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accuracy of measurements of the Kerr angle upon
reflection of light from films.

3. RESULTS AND DISCUSSION

Our experiments showed that the reflection of light
by multilayer Bi/SIC/TbFe/SIC and Ti/SIC/TbFe/SIC
changes after irradiation of these films by intense
pulses from a semiconductor laser. The change in the
light reflection depends on the direction of the laser
beam incident on the film and on the observation plane
(entrance or exit with respect to the laser beam).

When a pulse from the semiconductor laser isinci-
dent from the side of the protective SiC cover, the polar-
ized signal of laser radiation reflected from the mag-
netic The film weakly decreases with increasing inci-
dent power, which is manifested in the change in the
laser-pulse shape (Fig. 2, curves 3 and 5).

At the same time, the polarization reflection signal
for the helium—neon laser first increases during the
pulse from the semiconductor laser (Fig. 2, curve 2) and
then slowly decreases after the termination of the semi-
conductor-laser pulse. As the power of semiconductor-
laser pulses increases, the duration of polarization sig-
nal sstrongly decreases dueto ashortening of their trail-
ing edge (Fig. 2, curve 6).

These variations in reflection are manifested more
distinctly with increasing the duration of the semicon-
ductor-laser pulse (Fig. 3). The duration of polarization
signals for both lasers becomes shorter than that of
intense pulses from the semiconductor |aser.

The magnetic field, whose direction coincides with
the direction of magnetization of the TbFefilm does not

Fig. 3. Variations in the radiation pulses from (curves 1, 3,
5) semiconductor and (curves 2, 4, 6) helium—neon lasers
reflected from the Ti/SiC/TbFe/SiC multilayer film for dif-
ferent intensities of 80-ns pulses from the semiconductor
laser in the absence of amagnetic field. The semiconductor-
laser pulse is incident from the side of the SiC film:

curves 1, 2 correspond to | = 1 MW/cm?Z 3, 4, to | =
3MW/cm? and 5, 6, to | = 10 MW/cm?.
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Fig. 4. Variations in the radiation pulses from (curves 1, 2,
3) semiconductor and (curves 4, 5, 6) helium-—neon lasers
reflected from the Ti/SIC/TbFe/SiC multilayer film for dif-
ferent intensities of 120-ns pulses from the semiconductor
laser. The semiconductor-laser pulse is incident from the side

of the SIC film: curves 1, 4 correspondto | = 1 MW/cmz;
2,5, t01 =3 MW/cmZ and 3, 6, to | = 10 MW/cmZ. The
magnetic field H = 25000 A/m is directed oppositely to
magnetization of the ThFe film.

almost affect these processes. In the opposite magnetic
field, the shape of reflection signals becomes much
more complicated (Fig. 4).

Upon reflection of intense pulses of the semicon-
ductor laser from the TbFe film, the reflected signal not
only decreases to zero during the action of the laser
pulse but becomes negative (Fig. 4, curve 3). These
variations are even more distinctly manifested upon
reflection of helium—neon laser radiation from Bi or Ti
films (Fig. 4, curves 5 and 6).

The polarization reflection signal of radiation from
the helium—neon laser in SIC/TbFe/SIC films almost
does not increase upon irradiation of these films by
intense pulses from the semiconductor laser. In the
absence of amagnetic field, thissignal decreases amost
to zero and then returnsto the initia level (Fig. 5). In the
magnetic field whose direction is opposite to the direc-
tion of magnetization of the TbFe film, the signa
decreases to zero; then it becomes negative, and its
amplitude slowly increases to the level close to that of
theinitial positive signal.

The variations in reflection signals observed for
multilayer Bi/SIC/TbFe/SIC and Ti/SIC/TbFe/SIC
films irradiated by the semiconductor laser from the
side of bismuth or titanium were analogous to those
observed for SIC/TbFe/SIC films.

We believe that the variations observed upon reflec-
tion of laser radiation from the multilayer films are
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Fig. 5. Variations in the radiation pulses from (curves 2-5)
the helium—neon laser reflected from the SIC/TbFe/SIC
multilayer film for different intensities of pulses (curve 1)
from the semiconductor laser in the absence of a magnetic

field (curves 2, 3) and in the magnetic field H = 25000 A/m
(curves 4, 5) directed oppositely to the magnetization of the

TbFe film: curve 2 correspondsto | =1 MW/cm? 3,to | =
3MW/cm?; and 5, to | = 10 MW/cm?.

caused by the photoinduced drift of electronswith high
spin polarization. Such electrons are transferred by
light pulses of the semiconductor laser from the magne-
tized ThbFe film to bismuth or titanium films and locally
magnetize them, which resultsin the optical rotation of
radiation of the helium—neon laser reflected from these
magnetized local regions. For this reason, we observe
the enhancement of polarization reflection signals for
this radiation.

As the power and duration of semiconductor-laser
pulsesincrease, the TbFefilmis heated, resulting in the
decrease in the angle ¢, of Kerr optical rotation and in
the degree of polarization of spins of the electrons
transferred by the laser beam to bismuth or titanium
films. This reduces polarization signals for both lasers.

In the presence of the magnetic field directed oppo-
sitely to the direction of magnetization of the ThFe
film, the heating of the film drastically reducesits coer-
cion force and results in the film magnetic reversal. In
this case, the polarization signal for the semiconductor
laser vanishes and then becomes negative.

The optical rotation angle of the reflected radiation
of the helium—neon laser increases at the onset of an
intense pulse from the semiconductor laser due to the
photoinduced drift of spin-polarized electrons. Then,
this angle weakly decreases and changesits sign dueto
the heating of the TbFe film. In this case, the reflection
signal vanishes and then becomes negative.
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The magnitude of the photoinduced electron drift
can be estimated, asin [2], from the expression

2e3nO
M.’ w
where j.. is the current density upon the photoinduced
electron drift; e and m, are the electron charge and
effective mass, respectively; cisthe velocity of light; I,
w, and a are the intensity, frequency, and absorption
coefficient of laser radiation, respectively; and 3 is a
coefficient whose value depends on the height and

width of abarrier upon the transition of electrons from
TbFefilmsto Bi or Ti films.

The intensity of the polarization signal observed
upon reflection of radiation of the helium—neon laser,
neglecting absorption dichroism, is proportional to the
double angle 2¢, of the additional Kerr effect, which
arises due to the appearance of a high concentration of
electrons with a given polarization of spinsin bismuth
or titanium films.

jo = —laB , )

Taking into account Eg. (1) and the proportionality
of the Kerr angle to the nondiagonal terms of the con-
ductivity tensor [5], we can estimate ¢, from the
expression
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o, =apl ,
' mac’w(1 + w’t%)
where 1 is the relaxation time and is N, is the concen-
tration of electrons with polarized spins.

Thus, the results presented in this paper showed that
nonmagnetic films in multilayer magnetic films could
be magnetized due to the photoinduced drift of elec-
trons with polarized spins.
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Abstract—The low-frequency electromagnetic response of superconducting plates characterized by strong
anisotropy of current-carrying capacity in the plane of the sasmple is studied experimentally and theoreticaly.
M easurements are made on polycrystalline textured plates of theY-123 system with the ¢ axislying in the plane
of the sample and on a single crystal with a single preferred direction of twinning boundaries. It is shown that
the shape of the curves describing the dependence of the relative losses g on the ac field amplitude hy is quite
sensitive to the orientation of vector hg in the sample plane. Asin the case of isotropic samples, the q(hg) depen-
dence is characterized by a single size peak if vector hy is oriented along one of the principal symmetry direc-
tions of the anisotropic critical current density. If hy deviates considerably from principa directions, two size
peaks are observed on the g(hy) curve. A detailed analysis of the evolution of the g(hg) curves upon arotation
of vector hy in the sample planeis carried out. © 2001 MAIK “ Nauka/|I nterperiodica” .

1. INTRODUCTION

A distinguishing feature of high-temperature super-
conductors is the layered structure of their crystal lat-
tice. Owing to thisstructure, HTSC systems are charac-
terized by a well-defined anisotropy of almost al of
their physical properties. It iswell known that the main
parameters of superconductors such as coherence
length &, London penetration depth A, and the lower
and upper critical fieldsH,; and H, along the c axisand
on the ab plane differ substantially. The parameters of
the vortex lattice, its phase state, and elastic moduli are
quite sengitive to the orientation of the external mag-
netic field relative to the crystallographic axes of the
sample. All these circumstances, aswell asthe presence
of ordered planar and linear defects, lead to strong
anisotropy of the current-carrying capacity of high-
temperature superconductors.

In view of theimportance of a correct interpretation
of the properties of HTSC materials, many groups of
scientists paid serious attention to the study of anisot-
ropy of electrical and magnetic characteristics of super-
conductors amost immediately after their discovery;
such investigations are being carried out even at present
(see, for example, reviews [1, 2] and articles [3-8]).
Nevertheless, a generally accepted theoretical model
providing a correct description of the electrodynamic
properties of anisotropic superconductors has not been
developed so far. The dependence of the magnitude and
direction of current density on the orientation of the
exciting electric field remains unclear even under the
simplest conditions, when the critical state model is
applicable.

Recently, new phenomena associated with the pecu-
liar penetration of the magnetic field into anisotropic
superconductors have been discovered. For example,
anomalous behavior of the size effect in electromag-
netic absorption associated with magnetic field penetra-
tion to the middle of a superconducting plate was
observed in [9]. For samples of the Y-123 system with
the c axis lying in the sample plane, the size effect for
certain directions of the exciting ac magnetic field
hycos(wt) oriented in the plane of the plate is mani-
fested in the form of two peaks on the dependence of
relative losses g on the amplitude h,. The term relative
losses is applied to the average power dissipated in the

sample, normalized to hwd/8rm, where d is the plate
thickness. It should be recalled that the value of g inthe
isotropic case coincides with the real component of the
dynamic magnetic susceptibility x", which hasasingle
peak for amplitude h, close to the penetration field H,,.
The observed effect was interpreted under the assump-
tion that the critical current density J. is a second-rank
tensor whose principal values J,, and J., correspond to
the critical current densities along the c axis and in the
direction perpendicular to it. Two peaks of the func-
tion q(hy) are observed when vector h, does not coin-
cide with the directions of the principal axes of y and z
of the critical current density tensor. These peaks corre-
spond to successive penetration of the two ac field com-
ponents (h, and h,), each of which is independently
screened by the critical currents J, and J,,.

Such a peculiarity of magnetic field penetration into
an isotropic superconductor is manifested in the emer-
gence of additional extrema on static magnetization
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Fig. 1. Schematic diagram of the experiment.

curves. Intheisotropic case, the presence of extremaon
the curve describing the dependence of the sample
magnetization M on the magnetic field H is associated
with adecrease in current J, and with the magnetic flux
penetration to the bulk of the superconductor upon an
increase in the externa field H. In anisotropic super-
conductors, the successive penetration of the two com-
ponents of field H to the middle of the plate |leads to the
emergence of new singularities on the M(H) curves,
i.e, to a new type of the peak effect experimentally
observed in [10]. While the traditional peak effect is
associated with the nonmonotonic dependence of the
critical current density on the magnetic induction, the
new effect is due entirely to the anisotropy of J..

In order to describe the effects discovered in [9, 10]
consistently, amore detailed investigation of the behav-
ior of relative losses q(h,) for different orientations of
vector h, relative to the principal anisotropy axes of the
sample is required and a theoretical model correctly
taking into account the peculiar nature of magnetic field
penetration into anisotropic superconductors must be
constructed.

In the present work, we investigate the evolution of
the behavior of relative losses q(hy) upon a change in
the orientation of vector h relative to the principal
anisotropy axes of the sample. The values of critical
angles for which the q(h,) curves change their topol ogy
(namely, the curves with a single peak are transformed
into peculiar curves with two size peaks) are estab-
lished. The results of observation are interpreted in the
framework of the proposed model of the critical state
generalized to the anisotropic case.

2. EXPERIMENT
2.1. Samples and Measurements

This work mainly aims at the study of the effect of
anisotropy in the critical current density of supercon-
ductorson their el ectrodynamic properties. For thisrea-
son, the experiments were made on samples with
clearly manifested anisotropic properties. As the basic
model sample, we used an yttrium superconducting
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disk withthecaxislyinginitsplane. A sampleof diam-
eter 1.3 mm and thickness 0.23 mm was cut from an
ingot of fused grain-oriented ceramic of theY-123 sys-
tem synthesized at a high temperature using a seed
mounted at the top. In order to select a perfect mono-
domain region of the ingot, the latter was observed
through an optical microscopein polarized light and the
frozen magnetic flux was mapped with the help of a
Hall probe. The model sample was cut from the chosen
monodomain with a diamond cutter so that the ¢ axis
was in the plane of the sample. Before measurements,
the sample was mechanically polished. The supercon-
ducting transition temperature T, of the sample was
89 K and the transition width was 0.5 K. Some mea-
surements were made on a single crystal having asize
of 1.1 x 0.6 x 0.04 mm, belonging to the same system,
and prepared by Obolenskii and Bondarenko at the
Kharkov State University. The twinning boundaries in
this crystal were predominantly directed along the
[110] crystallographic axis. For thiscrystal, the value of
T, was 91 K and the transition width was 0.3 K.

We studied experimentally the low-frequency elec-
tromagnetic response of a superconductor placed in an
external static magnetic field H created by an electro-
magnet. The experiments were aimed at an analysis of
electromagnetic absorption for various orientations of
the exciting ac magnetic field h(t) = hycos(wt), parallel
to the sample surface, relative to its crystallographic
axes. Measurements were usualy made at the fre-
quency w= 21f = 21t x 343 s Field h(t) could be
rotated continuously with the help of two exciting coils
with mutually orthogonal axes. Synphase currents with
amplitudes I,siny and | ,cosW were passed through the
coils. The ac field h(t) is obvioudly tilted through an
angle Y relative to the axis C, of the coil. The value of
angle Y was monitored using a computerized measur-
ing system.

The response of the superconductor to an electro-
magnetic excitation was recorded with the help of
another pair of mutually orthogona detector coils
tightly wound on the sample. This system is shown
schematically inFig. 1 (coilsC, and C,). After synchro-
nously detecting the voltages from each of the detecting
coils, the amplitudes of signals synphase with field h(t)
were singled out. Thus, our measuring system enabled
us to measure the magnitude and direction of the com-
ponent € (which was synphase with h(t)) of the electric
field vector E(t) induced on the surface of the supercon-
ductor:

21w

% = %{ [ E(t)cos(wndt. )

Vector € carriesimportant physical information. Its
component (€ =n - [€' x hy)/hy) in the direction per-
pendicular to the external exciting field h, isin fact the
average value of the Poynting vector on the sample sur-
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face, i.e., the power dissipated in the superconductor.
Here, n is the unit vector of the normal to the sample
surface. It is convenient for the subsequent analysis to
introduce the dimensionless function

4cé
hywd

describing the relative losses in the sample (dissipated

power normalized to hS wd/8m). Inthe case of anisotro-
pic superconductor, this function coincides with the
imaginary component of the dynamic magnetic suscep-
tibility x"(hg).

The component of vector € along the direction par-
allel to the external field hy (€= € - hy/hy) vanishesin

the isotropic case. Consequently, the nonzero value of
the dimensionless function

dcho) = 2)

4c,
hywd

indicates anisotropy of the screening properties of the
superconductor under investigation.

In our experiments, we studied the behavior of the
relative losses q and the anisotropy signal a asfunctions
of the amplitude and direction of the ac magnetic field
h(t) as well asthe magnitude and direction of the static
magnetic field H. In each experiment, we set the direc-
tion of field H parallel to the plane of the sample by tilt-
ing the electromagnet. The parallelism of the field cor-
responded to the minimum of the signal g(H) being
measured. All measurements were made on the sample
at temperature T = 77 K in the zero field cooling mode.

a(h,) = 3

2.2. Experimental Results

We began our analysis of the effect of anisotropy of
the current-carrying capacity of our samples on their
electromagnetic response by studying the anisotropy
signal a(hg) for various orientations of the static mag-
netic field H. The results of measurements of the
dependence of a on the angle 6 of rotation of vector h,
for a superconducting disk are presented in Fig. 2. It
can be seen that the anisotropy signal oscillates upon a
change in angle 6. Function a vanishes only at four
characteristic points over the entire period 0 < 6 < 21t
The positions of these points are independent of the ori-
entation of the static magnetic field. It was found that
they correspond to the directions of vector hy along the
c axisand perpendicularly toit. In Fig. 2 and in the sub-
sequent analysis, we will measure angle 6 of rotation of
field hy from the direction of the c axis. The results of
measurements of the angular dependence a(hy) show
that in spite of a strong anisotropy, there exist two pre-
ferred directions of the ac magnetic field (which will be
referred to as the principal directions) for which the
sample behaves as an isotropic system. For the sake of
definiteness, we will refer to the direction along ¢ axis
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Fig. 2. Dependence of the dimensionless anisotropy signal a
on the angle 6 of rotation of the exciting field hy in the plane

of the sample for various orientations of a static magnetic
field of 5 kOe at temperature 77 K for a superconducting
disk. The solid curve corresponds to the H || ¢ orientation
and the dashed curve, to the H || ab orientation.

as the z axis and the other principal direction lying in
the ab plane asthey axis.

Before analyzing the effect of anisotropy in the cur-
rent-carrying capacity of the sample on the relative
losses q(hy), we made contactl ess measurements of the
dependence of the critical current density along the
principal directions on the magnitude and direction of
the static magnetic field H. For this purpose, we deter-
mined the dependence of quantity q on field H for its
orientation along and at right angles to the ¢ axis for
hy < H. The magnetic-field dependence of the critical
current density was reconstructed from the results of
measurements of the function g(H) using the method
described in detail in [11, 12]. The obtained depen-
dences of the critical current densities J., and J,, dong
the ¢ axis and in the ab plane are presented in Fig. 3.
The most important features of the current-carrying
capacity of the superconducting disk are worth noting.
First, it can be seen that the critical current density in
the ab plane is quite large and decreases relatively
slowly upon an increase in the magnetic field. As
expected, strong anisotropy of the critical current is
observed: the current density in the ab plane exceeds
the value of current along the c axis by more than an
order of magnitude. As the static magnetic field H
increases, the anisotropy becomesweaker. Finaly, both
current components (J,, and J,) are quite sensitive to
the direction of vector H. This circumstance is illus-
trated in Fig. 4, showing the dependence of components
Joyand J., onthe angle of rotation of field H inthe plane
of the sample. Angle 8 is measured from the c axis.

The results presented in Figs. 3 and 4 visually indi-
cate the complex nature of anisotropy of the current-
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Fig. 3. Dependence of the critical current density J; in the
ab plane and along the ¢ axis on the magnetic field oriented
in the ab plane and along the c axis at 77 K for a supercon-
ducting disk. Curve 1 corresponds to the conditions J || ab,

H ||ab; (2) to J. ||ab, H || c; (3) to J. || c, H || ab, and (4) to
Jelle, Hle.

carrying capacity of our sample. Hence, it is expedient
to analyze the effect of this anisotropy on the peculiar-
ities of the magnetic field penetration into the supercon-
ductor. For this purpose, we carried out a series of mea-
surements of the dependence of the relative losses g on
the amplitude h, of the ac field oriented at an arbitrary
angle to the ¢ axis for various magnitudes and direc-
tions of the static magnetic field. First of al, we con-
sider the simplest case when field h(t) is oriented along
one of the principal directions. The corresponding
results are presented in Fig. 5. Curve 1 in this figure
corresponds to the direction of h(t) along the ¢ axis,
while curve 2 was obtained for h(t) paralel to the ab
plane. Each curve has a peak associated with the size
effect, which can be described as follows. It is well
known that the penetration depth of an ac field in hard
superconductors in the critical state increases with the
amplitude h,, and the field reaches the middle of the
plate for the value of hy equal to the penetration field

H, = 2rmJ.d/c. (@]

The amplitude hy = h,, for which the relative losses
attain the maximum value is connected with the pene-
tration field through the relation h,, = (4/3)H,. A com-
parison of Figs. 5 and 3 shows that the peaksin Fig. 5
are obviously connected with the size effect. Indeed,
the ac field oriented along the ¢ axis is screened by
strong currents of density J.,, while the field h(t) || ab
is screened by weak currents of density J.,. Accord-
ingly, the peak on curve 1 is observed for higher values
of h, than the peak on curve 2. Similarly, the peak on
the dashed curve obtained in a weak static magnetic
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Fig. 4. Angular dependences of the critical current density
J. in the ab plane (curve 1) and along the ¢ axis (curve 2)

upon a variation of the orientation of the magnetic field H
in the plane of the superconducting disk; T=77 K, H =
10 kOe. The angleis measured from the ¢ axis.

field (for large values of the critical current density)
than on curve 1 is displaced towards larger values of
amplitude h,. Direct calculations show that the posi-
tions of the peaks correlate to a high degree of accuracy
with formula (4) and with the corresponding values of
the critical density of screening currents. Finally, the
height of the peaks is approximately equa to 0.24,

0.25
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0.15
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1 1
400 600
hy, Oe

|
0 200 800

Fig. 5. Dependence of the relative losses g in a supercon-
ducting disk on the amplitude of the ac magnetic field hg

oriented along one of the principal directions for the orien-
tation of H along the ¢ axis. Curve 1 correspondsto hg || c,

and curve 2 to hg || ab. Both curves were obtained for H =
10 kOe. The dashed curve corresponds to H = 5 kOe, hg || c,
and T=77K.

No. 5 2001



ELECTRODYNAMIC FEATURES OF ANISOTROPIC HARD SUPERCONDUCTORS

0.25 | |

0.20

0.15

0.10

0.05

|
400
ho, Oe

|
0 200 600

Fig. 6. Dependence of relativelosses q in asuperconducting
disk on the amplitude of the ac magnetic field hq for various

directions of the ac magnetic field in a constant magnetic
field H = 10 kOe oriented along the c axis, T = 77 K.
Curves 1-5 correspond to angles 6 equal to 0°, 38°, 45°,
60°, and 90°.

which corresponds to the height of the size-effect peak
observed for isotropic superconductors.

The behavior of the q(hy) curves changes signifi-
cantly upon adeviation of vector h(t) from the principal
directions. The transformation of the g(hy) curves upon
an increase in the angle 6 between h, and the c axisis
demonstrated in Fig. 6. For certain values of 6, the rel-
ative losses g(h,) display two peaksinstead of one (e.g.,
curve 3 in Fig. 6). These peaks are observed virtually
for the same values of h, as the peaks on curves 1 and
5, corresponding to the orientation of h, along the prin-
cipal directions. Measurements made for other magni-
tudes and directions of the static magnetic field proved
that each peak is associated with the size effect. The
penetration field H, (4) corresponding to theleft peak is
such as if the field were screened by a single (small)
critical current density component J.,. The other peak
corresponds to the screening with the strong current
(Jy). The situation isinteresting in that it is asiif the ac
field penetrates to the middle of the sample twice upon
an increase in the amplitude. This apparent contradic-
tion isremoved if we assume that the peaks correspond
to successive penetration of two different components
(y and 2) of the ac field. The difference in the penetra-
tion fields of the induction components B, and B, may
be due to the fact that they are screened independently:
each component is screened by only one (“own”) com-
ponent of the critical current density (J,, and Jg,
respectively).

Let us consider in greater detail the transformation
of the q(hy) curves upon a deviation of h, from the
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Fig. 7. Dependence of therelative losses g on the amplitude
of the varying magnetic field hy for various directions of the
ac magnetic field for asingle crystal with asingle preferred
direction of twinning boundariesat T = 77 K: hy is directed

perpendicularly to thetwinning boundary, H = 4 kOe (curve 1),
hqg forms the angle of 45° with the boundary, H = 4 kOe

(curve 2), and hq a'so forms the angle of 45° with the twin-
ning boundary, H = 6 kOe (curve 3).

c axis. First, anincreasein angle 0 slightly displacesthe
peak towards larger values of amplitude h,, and the
peak height becomes smaller. For 8 = 38°, a point of
inflection with a horizontal tangent (curve 2 in Fig. 6)
appears on the left of the peak on the q(hy) curve. For
0 > 38°, the left peak appears so that the relative |osses
are characterized by two peaks in the angular interval
38° < B < 60°. The right peak continues its displace-
ment towards larger amplitudes h, and its height
decreases. For 6 = 60°, this peak vanishes (curve 4).
Conversely, the left peak emerging for 8 = 38° becomes
higher and is displaced towards smaller amplitudes.
Finally, for 8 =90° (curve 5), the left peak acquiresthe
extreme |eft position.

Such adynamics of the variation of the shape of the
g(hy) curves was observed for all the samples under
investigation with the c axisin their plane. However, the
specific values of the critical angles for which addi-
tional peaks emerge or vanish were different for differ-
ent samples.

The experiments proved that the size effect mani-
fested in the form of two peaks on the dependence of
the relative losses on the ac field amplitude is observed
for superconductors with different origin of anisotropy
inthe critical current density in the plane of the sample.
By way of illustration, Fig. 7 shows the results of mea-
surements of q(h,) for asingle crystal with asingle pre-
ferred direction of twinning boundaries which are
sources of anisotropy.
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3. DISCUSSION

3.1. Model of the Critical Sate
of Anisotropic Superconductors

Therelative losses in superconductorsin the critical
state are usualy calculated on the basis of Bean's
model [13]. According to this model, the magnetic
induction distribution B(r, t) is determined by asingle
isotropic parameter, viz., the critica current density
J.(B). The equation for the critical state can be written
in the form

_4mE
curlB = c JCE’ 5)

where E is the electric field strength. Bean's equation
correctly describes the static and low-frequency elec-
trodynamic properties of hard isotropic superconduc-
torsin the case when the external field is considerably
higher than the lower critical field.

In order to describe the experimental results
described by us here, we will use a ssmple model [9]
generalizing Bean's model of the critical state to the
anisotropic case. Let us consider a plane-paralld infi-
nitely large superconducting plate in an external field H
directed along its surface. We assume that all the fields
and currents are functions of only one spatial coordi-
nate X perpendicular to the plane of the plate. The origin
X = 0 islocated on the sample surface. We will formu-
late the anisotropic model of the critical state for the
simplest anisotropic case characterized by two mutu-
ally orthogonal principal directionsy and zin the plane
of the plate. These directions coincide with the crystal-
lographic axes of the sample or with the characteristic
directions of the defect structure. If the applied field
h(t) is oriented along one of such directions (y or 2),
there exists a single component of screening currents
(Jez Or Jg) perpendicular to h(t). In this case, only the
magnitude B(x, t) of magnetic induction changesin the
sample. Its distribution, like in the isotropic case, is
determined by Bean's equation (5) with the corre-
sponding current density. In the chosen geometry, the
critical state is described by one of the following equa-
tions:

0B, _ 4nm
_a_xz = ?ch(By, B,)sunE,,
(6)
0B, _ 4m
a_Xy = ?‘]cz(Bw Bz)sgnEz

depending on the principal direction along which the
vector h(t) is oriented. On the basis of precisely these
equations, we cal cul ated the rel ation between the imag-
inary component x" of the dynamic magnetic suscepti-
bility and the critical current density used for construct-
ing the curvesin Figs. 2 and 3.

If the ac magnetic field is tilted relative to the prin-

cipal directions, both components of the critical current
density (J,, and J.,) participate in its screening. In this
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case, the equations of the critical state can be writtenin
the form

_‘yiz - 4:. Joy(By, B,)cos@(x),
(7
0B 41T )
= —
% = ¢ Jel By BISing(x),

where @(X) is the angle between the vector E(x) and the
y axis.

As the conventional model of the critica state, the
system of equations (7) takes into account an important
property of hard superconductors. The density of the
current flowing in a certain direction decreases if an
orthogonal component of the current is excited at the
same point of the sample. The factors cosg and sin@in
Egs. (7) take this circumstance into account. The
above-mentioned property of hard superconductors
leads to an interesting effect: the collapse of the trans-
port current [14] and of the static magnetic moment
[15] under the action of the ac magnetic field.

Equations (7) should be supplemented with equa
tions for the electric field. We can write Faraday’s law
in this geometry in the form

_0E, _ 108, OE, 108, ©
0X c ot 0Xx c ot

Maxwell's equations (7) and (8) must be solved
together with the boundary conditions

B(0,t) = B(d,t) = H+h(t). 9)

The proposed model describes an interesting sce-
nario of the penetration of an electromagnetic field into
an anisotropic superconductor. It follows from the
boundary conditions (9) that the varying component of
the magnetic induction at the sample surface coincides
in the magnitude and direction with the field h(t). In
accordance with Egs. (7), each magnetic induction
component is screened by critical currents of various
density. Thus, as the ac field penetrates to the bulk of
the sample, the spatial orientation of vector B(x, t)
changes and, hence, vector E(x, t) rotates. This means
that angle ¢ becomes a function of coordinate x. Such a
rotation of vector E(x, t) proceeds until one of the com-
ponents (y or z) of the varying magnetic induction com-
ponent vanishes. For large values of x, the penetrating
varying magnetic flux is presented only by the second
(nonattenuating) component (zor y). Consequently, dif-
ferent magneti c induction components penetrate into an
anisotropic superconductor to different depths. Ulti-
mately, this determines the experimentally observed
peculiaritiesin the behavior of relative losses asafunc-
tion of the ac field amplitude.

3.2. Calculation of Relative Losses q(hy)

The calculation of the relative losses g(h) in the
framework of the anisotropic model of the critical state
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Fig. 8. Calculated dependences of relative losses g on the
amplitude of the ac magnetic field hy for different directions
of h(t): field h(t) is oriented along the c axis 6 = 0° (1), 45°
(2), and 90° (3). The dashed curves correspond to the results
of measurement of the losses in the superconducting disk.

isacomplicated nonlinear problem. In accordance with
the experimental conditions, this problem should be
simplified assuming that the dependence of both princi-
pal components of the critical current density on the ac
magnetic field can be disregarded for h, < H. Besides,
we can neglect the coordinate dependence of the con-
stant component of the magnetic induction since the
experimental value of the static magnetic field was
much larger than the penetration field H,.. Thus, the cur-
rent densities J(B,, B,) and J(B,, B, in Egs. (7)
should be replaced by their valuesin the static field H.

The proposed model was used in [9] for interpreting
of the observed size effect in an anisotropic supercon-
ductor. In this publication, an additional simplification
was used for obtaining the dependence of the relative
losses on the amplitude of the ac field in analytic form.
Instead of the angle ¢ between the electric field and the
y axis, which isafunction of coordinate x, the constant
angle 6 formed by vector hy with the z axis was substi-
tuted into Egs. (7). In spite of the fact that such a sub-
stitution is justified only for isotropic samples, the
results obtained in [9] were in qualitative agreement
with experiment. In the present work, we cal culated the
relative losses q(hy) for the first time in the framework
of the anisotropic model of the critical state without
using some uncontrollable approximations.

The results of calculation of functions q(hy) for
angles 6 = 0°, 45°, 90° are presented by solid curvesin
Fig. 8. While calculating such parameters as the sample
thickness, the values of critical current densities along
the principal directions of anisotropy in the field of
10 kOewere assumed to bein accord with the results of
measurements for a superconducting disk (see Fig. 3).
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Fig. 9. Calculated dependences of relative losses g on the
amplitude of the ac magnetic field hy for different orienta-
tions of h(t) in the vicinity of threshold angles: field h(t) is
directed at angle 6 = 38° to the ¢ axis (1) and 60° (2). The
dashed curves correspond to experiment.

For the sake of comparison, the dashed curves in the
same figure represent the experimental curves 1, 3, and
5 from Fig. 6, which were obtained for the same direc-
tions of the ac field. As expected, the q(hy) curves for
the orientation of h, along the principa directions of
anisotropy have only one peak corresponding to the
penetration of the ac field to the middle of the sample.
For 6 = 45°, the theoretical curve displays two size
peaks each of which is associated with the penetration
of one of the magnetic flux components. The result
obtained earlier in [9] was qualitatively the same. How-
ever, the position of the theoretical peak in [9] was dis-
placed towards smaller amplitudes h, upon the devia
tion of the magnetic field h, from the c axis, which con-
tradicted the experimental results. In the present work,
the position and height of the peaks vary with increas-
ing angle O in the same way as on the experimental
curve owing to the correctly estimated spatial variation
of the orientation of vector E(X). The calculated values
of the threshold angles 6 for which a second peak
appears or disappears on the q(hy) curves are also in
conformity with experiment. The quantitative behavior
of theq(h,) curvesfor the threshold anglesisalso in sat-
isfactory agreement with experiment (see Fig. 9).

Thus, the proposed anisotropic model of the critical
state makes it possible to describe an aggregate of elec-
tromagnetic properties of hard superconductors not
only qualitatively, but also quantitatively. Thismodel is
found to be convenient not only for interpreting the
results of low-frequency experiments, but also for
explaining the observed features of the static magneti-
zation curves, which are associated with anisotropy of
the superconductor [10]. This model operateswith sim-
ple phenomenol ogical parametershaving clear physical
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meaning, namely, the critical current density compo-
nents along the principal directions of sample anisot-
ropy. As in the conventional Bean's model, we disre-
gard here the nature of the current-carrying capacity of
the superconductor and the sources of its anisotropy. It
appearsthat the model can be applied for superconduc-
tors with anisotropy of the crystallographic origin as
well as for samples with a clearly manifested anisot-
ropy of the defect structure. Indeed, the dependence of
the relative losses q(h,) measured on a single crystal
with a single preferred direction of twinning bound-
aries (see Fig. 7) isqualitatively the same asin agrain-
oriented sample with the c axislying in the plane of the
sample. In both cases, we have a pair of two mutually
orthogonal anisotropy directions in the plane of the
sample, and the proposed model (7) takes into account
precisely this type of anisotropy. In principle, the pro-
posed anisotropic model of the critical state can be eas-
ily generalized to superconductors with another sym-
metry of the critical current density.
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Abstract—An exact analytical solution for the g-state Potts model on a2 x oo ladder with arbitrary two-, three-,
and four-site interactionsin aunit cell in presented isaclosed form. This solution is used to show that the finite-
sizeinternal energy equation [6] yields an accurate value of the critical temperature for the triangular Potts lat-
tice with three-site interactions in aternate triangular faces. It is argued that the above equation is exact at least
for self-dual models on isotopic strips. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The methods that alow one to extract information
about a multidimensional system from solutions of its
counterparts of lower-dimension play animportant rolein
datistical physics. One of the most well-known examples
of thiskind isthefinite-size scaling approach [1, 2].

There are cases that evoke particular interest when
the critical properties of a system experiencing a phase
transition can be exactly determined from the data per-
taining to its subsystems. For instance, for the Ising
strips, the intersection point of the partition function
zero locusin acomplex temperature plane with the real
positive axis yields the exact value of the critical tem-
peraturefor thetwo-dimensional Ising model [3]. Exact
critical temperatures for the S = 1/2 Ising models on
square, triangular, honeycomb, and centered square
(Union Jack) anisotropic lattices are abtained by using
strip clusters when an effective field is applied to one side
of the strip only [4]. Another exotic way of estimating the
critical point of the square-lattice I1sing model was pro-
posed in [5]. The authors of this paper showed that in the
quasidiagona form of a transfer matrix of a finite-width
strip, al coefficients of the characterigtic equation for the
sub-block containing the largest eigenval ue have an extre-
mum located precisely at the exact value of the phase
transition temperature of the infinite lattice.

In the present paper, we concentrate our attention on
the method to calculate the critical temperature pro-
posed by Wosiek [6] (seea so [7-12]). The author of [6]
introduced a maximum criterion for the ratio of
moments of the transfer matrix and obtained the fol-
lowing equation for determining the critical point posi-
tion in ad-dimensional system:

Ui (Ke) = Up(Ko). )

TThis article was submitted by the authors in English.

Here, u, and u, are the respective internal energies of
(d=1)-dimensional and two coupled (d — 1)-dimen-
siond subsystems and K. isthe critica coupling (the nor-
malized inverse critical temperature) of the d-dimensional
system.

Itisremarkablethat, at d = 2, Eq. (1) (see[6]) yields
the exact value of K, for the isotropic square and trian-
gular Ising lattices, as well as for the three-site Potts
model on the square lattice with isotropic interactions.
Subsequently, several other models were added to the
list, which now includes another isotropic Baxter
model (two sguare Ising lattices coupled by four-parti-
cle interactions), the Baxter—Wu model (triangular lat-
ticewith three-site interactions of 1sing spins) [10], and
the g-state Potts model on an isotropic sgquare lattice
with an arbitrary value of q[12]. The physical nature of
Eqg. (1) can be elucidated when it either yields an exact
solution or admits an approximate estimate, or does not
give any solution at all for a given model.

For atwo-dimensional system, Eq. (1) connects the
internal energies of infinitely long linear and double
chains. Therefore, in order to test Eq. (1) rigoroudly, it
is necessary to have analytical solutions for such sub-
systems.

In Section 2, we give an exact analytical solution for
the two-chain Potts strip with a large number of inde-
pendent parameters. As a specia case, it contains a
solution for the linear Potts chain.

Our solution for the double Potts chain enablesusto
cover al the previousy known cases where Eq. (1)
exactly reproduces the critical temperatures for the
two-dimensional 1sing, Baxter—Wu, and Potts models.
In addition, we discover (Section 3) a new model for
which Eqg. (1) yields the exact result. Thisisthe g-state
Potts model on the triangular lattice with purely three-
siteinteractionsin one-half of the triangular faces[13].

1063-7761/01/9305-1113%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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IX2T

Fig. 1. Geometry of two-site couplingsin the double g-state
Potts chain with the S; symmetry.

In Section 4, we discussthe results. In particular, we
show that duality is a sufficient condition for the valid-
ity of Eq. (1) for isotropic spin lattices. In Section 5, we
summarize the results obtained in the work.

2. SOLUTION OF THE DOUBLE g-STATE POTTS
CHAIN WITH THE S; SYMMETRY

We consider a two-chain (ladder) lattice with spin

variables o) attached to its sites (i = 1, 2 is the chain

indexandi =1, 2, 3, ... labelsthe sitesin the longitudi-
nal direction of the ladder); the spin variables take the
vauesl, 2, ..., Q.

We write the Hamiltonian of the system as
H = =3 H(0, 01: 0141, 07.0). 2)
|

The locality of interactions in this Hamiltonian allows
us to introduce the transfer matrix V with the elements

H(o,, 0,; 01, 0,)

[6,, 0,V|oy, 00 = exp (3)

(where T is the temperature and kg is the Boltzmann
constant) and reduce the problem of calculating the free
energy density f of aninfinitely long strip to finding the
largest eigenvalue A, of the matrix V:

f= %In)\l. 4

Transfer matrix (3) hasthesizeg? x ¢. It isreal and
all its elements are positive, but the matrix is not sym-
metric in general (Vj # V).

To solve the eigenvalue problem for the transfer
matrix, we use the group-theoretical approach (see,
e.g., [14], where this approach was applied to a quasid-
iagonalization of the Ising model transfer matrix on
parallelepipedsL x L x o). In order to obtain asolution
for the two-leg spin ladder (in which we are particularly
interested) in the most general form, we proceed in the
reverse order. Namely, we first select asymmetry group
in the space |o;, 0, which enables usto quasidiagonal -
ize the transfer matrix up to sub-block secular equa-
tions that can be solved analytically; only then do we
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expand the Hamiltonian density H into a series in the
invariants of the symmetry group.

We take a model that is invariant, e.g., under trans-
formations of the symmetric group S, of the degree q.
For the Potts model, this meansthat we are dealing with
asystem in the zero external field. Fortunately, thefield
isnot required to test Eq. (1).

It is known (see, e.g., [15]) that the largest eigen-
value of the transfer matrix is located in the sub-block
of theidentity irreducible representation. In accordance
with group theory, the basis vectors |; of the identity
irreducible representation can be obtained by succes-
sively acting with the permutation operators of the S,
group on the orths |1, 101|1, 20J)... |g, qLJActing by ele-
ments of the symmetric group first on the orth |1, 1Cand
then on |1, 2L]we find that the two linear combinations
obtained involve al the orths. The normalized basis
vectors are given by

1o, .

Y= =3l Y= —= > [ij0 (5
Jﬁi; Ja (q D), Jz-l

(the prime at the second sum indicates that the terms
withi = areomitted). Hence, the sub-block of theiden-
tity irreducible representation has the size 2 x 2, and
therefore, its eigenvalues (one of which is A;) can be
easily obtained by solving an agebraic equation of only
the second degree. We note that if we take the group
Sy % Cs (where C is the group of mirror reflectionsin
the plane placed between the chains of the two-leg lad-
der), the sub-block corresponding to the identity irre-
ducible representation again has the size 2 x 2, and
therefore, this symmetry (which only reduces the num-
ber of independent parametersin the Hamiltonian) does
not justify itself in the given case.

We now represent Hamiltonian (2) as a sum of terms
that areinvariant under transformations of the (4) group S;

% = —z [J160|10|1+1 + J260202

I¥1+1

+ \]06 1.2
0,0

+\]611 2 (6)

01014+101+1

+\]612 +J“621 +J6121

01041 010141 010,041

+J360‘10|20|2 J3621 2 +\]6121 ]

0101+101+1 °|0|0|+10|+1

The Kronecker symbols entering here are defined as

5 _ %ﬂ if 0, =... =0, 0
% 5, otherwise.

The structure of the two-site couplingsin Hamiltonian (6)
is shown in Fig. 1. Matrix elements of the origina
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transfer matrix are written as
[B,, 0,|V]oy, 0= exp|:K16010'1 + K304,

1 1 "
+ §K0(60102 + 60'10'2) +K 6010'2 +K 6020‘1

(8)

~

+ K3601026010‘1 + K36010'16010'2 + K601026010'2

+ K'5020,25020,1 + K450101501026010'2}

where
Ko = Jo/keT, K, = Ji/ksT, K, = J/kgT,
K'= J/keT, K" = J"kgT, Kz = Jo/ksT,
Ky = Ji/keT, Ks = JalkgT, Ki = Ja/kgT,
K, = Ju/KgT.

Using Egs. (5) and (8), we calculate the matrix ele-
ments

Qij = llJiJerle

of the sub-block corresponding to the identity irreduc-
ible representation:

Qu = [g-1+exp(K;+ K, + K"+ K"+ Ky
+ K4+ Ks+ Ks + K,) ] expKo,
Qu = (A-1)"[q-2+exp(K; + K" +Kj)
+exp(K, + K'+ Kz)]exp(K,/2), ©
Qu = (q-1)"[a—2+ exp(K, + K’ +K3)

+exp(K, + K"+ K3) [ exp(Ko/2),

Qz = (a-2)(g-3+€"+e"+e +e")
+exp(K; + K,) + exp(K'+ K").

As a result, we find that the largest eigenvalue of the
transfer matrix of the double g-state Potts chain with
Hamiltonian (6) is given by

1
)\(12) = Q(Qn +Qy)

2 (10)
1 2
+[3(Qu-Q2)" + (a-1)AexpKo|
where
A = [q-2+exp(K, + K" +Ky)
+exp(K, + K"+ K3)] (11)

x[q—2+exp(Ky + K’ + K3) + exp(K, + K" + K3)].
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Fig. 2. Fragment of the Potts lattice with three-site interac-
tionsin aternate triangular faces (shaded).

The versions of the double Potts chains solved pre-
viously [3, 12, 16-18] correspond to aparticular choice
of the interaction constants. Setting

Jo = J'(=J)
with al the other interaction constants vanishing, we
arrive at the solution for the linear Potts chain [19],

AP(K) = e +q-1. (12)

3. THE TRIANGULAR POTTS LATTICE
WITH THREE-SITE INTERACTIONS
ON ALTERNATE TRIANGLE FACES

A large number of independent parameters in the
model solved in the previous section enables us to test
Eg. (1) for a wide class of two-dimensional spin sys-
tems.

In addition to the cases listed in the Introduction, in
which Eq. (1) is satisfied exactly, we consider the Potts
model on atriangular lattice with three-siteinteractions
in each up-triangle (Fig. 2). The position of the critical
point in this model was found with both three- and two-
siteinteractions[13]. However, itisknown [12] that for
the triangle lattice with pair couplings, Eq. (1) yields
the exact result only for the Ising case (g = 2). Wethere-
fore discuss the model with purely three-site interac-
tions. In this case,

K:; = In(1+q). (13)
We now show that this value satisfies Eq. (1) by sub-
systems in the shape of strips with the periodic bound-
ary condition in the transverse direction.

The internal energy of the one-dimensiona sub-
systemis

6f1 —K -1
wu(K) =52 = [(@-1e’+1™

2 (14

Substituting K5 = K3 with all the other interaction con-
stants vanishing, we obtain from (4), (10), and (11) the
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free energy density of the double Potts chain:

f,(K) = %In[%(e2K+q2—1) s

]

12

+[3(€" ~(@-1)"+a(a- 1)@ +q-2)
Theinternal energy is given by
of
oK”
Differentiating Eq. (15) with respect to K, we find the
expression for uy(K).

The analysis shows that the dependences u,(K) and
u,(K) have a crossing point that lies exactly at

K=K,=In(1+q)

both for integer and noninteger q. The internal energy
of the system at the critical point is given by

Uy(K) =

U(K2) = Uy(Ko) = Uy(Kg) = S(1+a).  (16)

Thus, using solutions for only the linear and double
Potts chains, EQ. (1) has enabled usto extract the exact
value of K, for the bulk two-dimensional Potts model
on atriangular lattice with alternating facesthat interact
by three-site forces.

4. DISCUSSION
In[8], Eq. (1) was extended to
u (Ko = u(Ky), L L'=123,.., 17)

whereu, istheinternal energy per site of L coupled (d —
1)-dimensional subsystems. In the two-dimensional
case, L denotes the width of the strip.

The validity of condition (17) for arbitrary L and L'
means the absence of a “singular” (i.e., L-dependent)
part of the internal energy density at the critical point,

(18)

In other words, the amplitudes of all finite-size correc-
tionsto the critical internal energy of the system u,,(K,)
are equal to zero.

For the square isotropic Ising lattice, the derivative
of the inverse correlation length K, (K) with respect to
the temperature-like variable K has a similar property
[20, 21],

u (K.) = const on L.

oK oK
i.e., 0K /0K|. does not depend on L. This property has

enabled usto exactly determinethe value of thethermal
critical exponent y,(= 1) for this model using only the

finite-size data[20, 21].

(19)

1
K=K, K=K
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Equations (1) and (17) are valid for the ferromag-
netic isotropic square Potts lattices. These models are
self-dual and their critical coupling (in the anisotropic
case) is determined from the condition

(expKy—1)(expK,-1) = q. (20)

For the antiferromagnetic square-lattice Potts model,
the criticality condition is[22]

(expK,+1)(expK,+1) = 4-q, (21)

where K, < 0 and K, < 0. We performed a verification
and found that in the antiferromagnetic case, the curves
u,(K) and u,(K) do not have any self-crossing point, and
therefore, Eq. (1) does not lead to the exact value that
followsfrom Eq. (21), nor to any approximate estimate
for the critical point.

It is not difficult to show that if the model is self-
dual and the dual point therefore coincides with the
original one, Egs. (1) and (17) are valid.

Indeed, we consider for instance the Ising model on
theisotropic squarelattice L x N with toroidal boundary
conditions. The partition function of this system has a
fundamental property: itisinvariant (up to amultiplica-
tive factor exponentially depending on L) under the
duality transformation (see [23]),

Zo n(K*) = (sinh2K)™MZ y(K), (22)
where K and K* arerelated by
tanhK* = exp(-2K). (23)

(We here used another normalization of the exchange
constant in the Ising model, namely Jpyis = 2Jing-) 1IN
the limit of an infinitely long strip (N — ), EQ. (22)
transformsto the duality condition for the largest eigen-
value:

AP (K*) = (sinh2K) ™ ALP(K). (24)

Thisimplies that the values of the normalized internal
energy in dually conjugated points (K and K*) are
related by

oK*

UL(K*)—a‘K‘ = U (K) —2uy(K),
where the additive term u, (= coth2K ) does not depend
on L. Another important feature related to the isotropy
of the lattice is that the dually conjugated points K and
K* mergeinto one point at criticality,

(25

K* = K = K.. (26)
Using Eq. (23), we find that at the critical point
K, = %In(1+ﬁ),
the derivative
OK*l = 1,
oK |,
No.5 2001
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Consequently,
uL(Kc) = UO(KC) = ’\/5

Thus, the critical internal energy per site u (K, of an
Ising cylinder with isotropic square cells satisfies con-
dition(18) foral L =1, 2, .... This, inturn, leadsto the
validity of Egs. (1) and (17).

Similarly, Egs. (1) and (17) can be derived for other
isotropic spin model partition functions that satisfy a
functional equation like

Z,(K*) = [9(K)]1"Z.(K). (28)

In the caseswhere the model is self-dual but the critical
manifold is aline or a surface (as, e.g., for anisotropic
lattices), Egs. (1) and (17) no longer hold. This is not
difficult to prove if we again consider the two-dimen-
siona Ising model. For the anisotropic square lattice,
the duality condition becomes

(27)

AP(KE K

L2y (L (29)
= [sinh(2K,)sinh(2K )] AP (K, K,)
with

tanhK} = exp(-2K,) and
p(-2K,) (30)

tanhKy = exp(-2K,).

It then follows that on the critical line
sinh(2K,)sinh(2K,) = 1, (31)

condition (29) relates the vaues of the free energy at dis-
tinct (dually conjugated) points (K, K,) and (K,, K,),

fL(KXl Ky) = fL(Kyv Kx)

+:—2LIn[sinh(2Kx)sinh(2Ky)]. (32)

ThisviolatesEgs. (1) and (17), which identify the inter-
nal energies at the same point.

The critical internal energy density of the strip L x oo
cut out from an anisotropic lattice depends on the size L.
This is easy to verify using the results of Section 2 if
one calculates the values uy(K,) and u,(K,) for the
anisotropic Ising and Potts | attices.

On the other hand, we can establish the same prop-
erty if we take the Onsager solution [24] for the two-
dimensional Ising model. The dominant eigenvalue of
the transfer matrix of the cylinder L x oo with spatialy
anisotropic interactionsis given by

AY(K: a) = [2sinh(2K)]H?

YitYst... +V2L—1}

X exp[ > (33
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where a = J,/J, is the lattice anisotropy parameter and
y; are positive solutions of the equations

coshy, = cosh(2aK)coth(2K)

sinh(2a0K) (34)
—————C0S=.
sinh(2K) oLo
From this, we obtain the internal energy per site
u (K; a) = coth(2K)
+i|]3_yl+%+ +ay2L—][|. (35)
2LOK oK ok O

The functions v,(K) have a smooth extremum (mini-
mum) that in the isotropic case (o = 1) lies exactly at
K =K., and therefore,

v,
0K |k =k,

Asaresult, the second term in Eq. (35) disappears and
thecritical internal energy ceasesto depend on L. When
o # 1, Eq. (36) ishot valid and u, (K; a) depends on the
strip width in acomplicated way. This explainsthefail-
ure of the exact calculations of K. from Eq. (1) in the
anisotropic Ising lattice [10].

In closing this section, we note that in spite of Egs. (1)
and (17), Eg. (19) cannot be deduced from the dual
invariance of the system.

=0 (r#0). (36)

5. CONCLUSIONS

Using the group-theoretical approach, we obtained
the exact analytical solution for the double Potts chain
with Hamiltonian (6). The solution allows for examin-
ing Eq. (1) for a large number of models with Ising
(g=2) and arbitrary Potts spins (including noninteger q).
The validity of Eq. (1) for the triangular Potts lattice
with pure by three-siteinteractionsin alternate triangu-
lar faces was established.

We have also shown that Egs. (1) and (17) areacon-
sequence of the duality symmetry of models for which
the critical point coincides with its dual image.

Asfar as the author knows, the inverse theorem has
not been proved. Duality plus isotropy or, more pre-
cisely, self-conjugation of the critical point are not nec-
essary conditions for Eq. (1). In general, therefore,
there can exist systems that are not invariant under the
duality transformation or a combination of the dual and
star—triangle transformations, but for which all ampli-
tudes of finite-size corrections to the critical internal
energy (or to some other quantity) are equal to zero.
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Abstract—The statistical properties of random lattice knots, the topology of which is determined by the alge-
braic topological Jones—Kauffman invariants, was studied by analytical and numerical methods. The Kauffman
polynomial invariant of arandom knot diagram was represented by a partition function of the Potts model with
arandom configuration of ferro- and antiferromagnetic bonds, which allowed the probability distribution of the
random dense knots on aflat square lattice over topological classesto be studied. A topological classis charac-
terized by the highest power of the Kauffman polynomial invariant and interpreted as the free energy of a
g-component Potts spin system for g — co. It is shown that the highest power of the Kauffman invariant cor-
relates with the minimum energy of the corresponding Potts spin system. The probability of the lattice knot dis-
tribution over topological classes was studied by the method of transfer matrices, depending on the type of local
junctions and the size of the flat knot diagram. The results obtained are compared to the probability distribution
of the minimum energy of a Potts system with random ferro- and antiferromagnetic bonds. © 2001 MAIK

“ Nauka/Interperiodica” .

1. INTRODUCTION

New interesting problems are formulated, as arule,
in the boundary regions between traditional fields. This
isclearly illustrated by the statistical physics of macro-
molecules, which arose due to the interpenetration of
solid state physics, statistical physics, and biophysics.
Another example of a new, currently forming field is
offered by the statistical topology born due to merging
of statistical physics, the theory of integrable systems,
algebraic topology, and group theory. The scope of the
statistical topology includes, on the one hand, mathe-
matical problems involved in the construction of topo-
logical invariants of the knots and entanglements based
on some solvable models and, on the other hand, the
physical problems related to determination of the
entropy of random knots and entanglements. In what
follows, we will predominantly pay attention to prob-
lems of the latter kind that can be rather conventionally
separated into a subfield of “probabilistic-topological”
problems [1]. Let us dwell on this class of problemsin
more detail.

Consider alattice embedded in a three-dimensional
space for which Q isthe ensemble of all possible closed
self-nonintersecting trajectories of N steps with a fixed
point. Let w denote some particular realization of such
atrgjectory. Thetask isto calculate the probability P(w)
for aknot on thistrajectory w Q2 tobelongto acertain

topological type. This can be formally expressed as

1
P{ Inv} O Z

{00
where Inv(w) is a functional representation of the
invariant for a knot on trajectory w, Inv is a particular
topological invariant characterizing the given topol ogi-
cal type of the knot or entanglement, N'(Q) is the total
number of trajectories, and & is the delta function. The
probability under consideration should obey the usual
normalization condition

of Inv(w) —Inv} (D)

Y P{ing =1
{Inv}

The entropy Sof aknot of the given topological typeis
defined as

S Invi = InP{Inv}. 2

Based on the above definitions, it is easy to note that
the probabilistic-topological problems are similar to
those encountered in the physics of disordered systems
and sometimes, as will be demonstrated below, of the
thermodynamics of spin glasses. Indeed, the topologi-
cal state playstherole of a“ quenched disorder” and the
P{Inv} functional is averaged over the trgjectory fluc-
tuations at a fixed “quenched topological state,” which
issimilar to the calculation of a partition function for a
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spin system with “quenched disorder” in the coupling
constant. In the context of this analogy, a question
arises as to whether the concepts and methods devel-
oped over many years of investigation into the class of
disordered statistical systems can be transferred to the
class of probabilistic-topological problems, in particu-
lar, whether the concept of self-averaging is applicable
to the knot entropy S.

The main difference between the systems with topo-
logical disorder and the standard spin systemswith dis-
order in the coupling constant is a strongly nonlocal
character intheformer case: atopological stateisdeter-
mined only for the entire closed chain, is a “global”
property of this chain, and is difficult to determine for
any arbitrary subsystem. Therefore, we may speak of
the topology of a part of some closed chain only in a
very rough approximation. Nevertheless, below we
consider alattice model featuring a unique relationship
between the topol ogical disorder and the disorder in the
local coupling constant for a certain disordered spin
system on the lattice.

Every timewe deal with topological problems, there
arisesthetask of classification of the topological states.
A traditional topological invariant, known as the Gauss
invariant, isinapplicable because thisAbelian (commu-
tative) characteristic takes into account only a cumula
tive effect of the entanglements, not reflecting the fact
that the topological state depends significantly on the
sequence in which a given entanglement was formed.
For example, when sometrial trajectory entanglements
with two (or more) obstacles, there may appear config-
urations linked with several obstacles simultaneously,
while not being linked to any one of these obstacles
separately. In this context, it is clear that the most evi-
dent questions concerning cal cul ation of the probability
of aknot formation as aresult of the random closing of
the ends of a given trajectory cannot be solved in terms
of the Gauss invariant because this characteristic is
incomplete.

A very useful method of the classification of knots
was offered by a polynomial invariant introduced by
Alexander in 1928. A breakthrough in this field took
place in 1975-1976, when it was suggested to use the
Alexander invariants for classification of the topologi-
cal state of a closed random trajectory computer-simu-
lated by the Monte Carlo method. The results of these
investigations showed that the Alexander polynomials,
being much stronger invariants compared to the Gauss
integral, offer a convenient approach to the numerical
investigation of the thermodynamic characteristics of
random walks with topological constraints. The statis-
tical—topol ogical approach developed in [2] has proved
to be very fruitful: the main results gained by now were
obtained using this method with subsequent modifica-
tions.

An alternative polynomial invariant for knots and
entanglements was suggested by Jones in 1984 [3, 4].
Thisinvariant was defined based on the investigation of
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the topological properties of braids [5, 6]. Jones suc-
ceeded in finding a profound connection between the
braid group relationships and the Yang—Baxter equa
tions representing a necessary condition for commuta-
tivity of the transfer matrix [7]. It should be noted that
neither the Alexander, Jones, and HOMFLY invariants
[8], nor their various generalizations, are complete.
Nevertheless, these invariants are successfully
employed in solving statistical problems. A clear geo-
metric meaning of the Alexander and Jones invariants
was provided by the results of Kauffman, who demon-
strated that the Jonesinvariants are related to a partition
function of the Potts spin model [9] and that the Alex-
ander invariants can be represented by a partition func-
tion of the free fermion model [10].

We employed the analogy between the Jones—
Kauffman polynomial invariant and the partition func-
tion of the Potts model with ferro (f-) and antiferromag-
netic (a-) entanglements[11, 12] to study the statistical
properties of knots. In particul ar, the method of transfer
matrices developed in [13-15] was used to determine
the probability P{f.} of finding a randomly generated
knot K in aparticular topological state characterized by
the invariant f.

Theideaof estimating P{f«} isbriefly asfollows: (i)
the Jones—Kauffman invariant is represented as a parti-
tion function of the Potts model with disorder in the
coupling constant; (ii) the thermodynamic characteris-
tic of the ensemble of knots are calculated using the
method of transfer matrices for the Potts spin system.

The paper is arranged as follows. Section 2
describes the model, defines the Jones—K auffman poly-
nomial invariant, and shows a connection of thisinvari-
ant to the Potts model. Section 3 presents the numerical
methods employed and introduces the necessary sup-
plementary constructions. The results of numerical
modeling are discussed and the conclusions are formu-
lated in Section 4.

2. KNOTS ON LATTICES:
MODEL AND DEFINITIONS

Caonsider an ensembl e of randomly generated dense
knots® on alattice in athree-dimensional space. A knot
is caled “dense’ if the string forming this knot is
tightly fit to the lattice, not fluctuating in the space. In
this case, the knots of various topological types possess
no configuration entropy and the probability of forma-
tion of a knot belonging to a given topological typeis
determined only by alocal topology of the system.

Not taking into account the fluctuational degrees of
freedom of thelattice sites, thismodel isobviously very
simplified. Nevertheless, this approach adequately
reflects aphysical situation, for example, in the statisti-
cal physics of condensed (globular) state of polymer

1Below we will use the term “knots’ implying both knots and
entanglements. Where necessary, the difference is specified.

No. 5 2001



THERMODYNAMICS AND TOPOLOGY OF DISORDERED SYSTEMS

macromolecules. Virtually all presently existing mod-
els taking into account topological restrictions with
respect to the admissible spatial configurations of poly-
mer chains assume a small density of the polymer, that
is, describe a situation far from the compact state of
globules. A hypothesis of the essentially new globular
phase of a ring knotless macromolecule (crumpled
globule) existing at alarge polymer density (i.e., in the
state of dense knots) wasformulated in[16]. Despite an
indirect experimental evidencefor validity of the crum-
pled globule hypothesis[17], direct observation of such
objects in real experiments or computer simulations
encounters considerable technical difficulties. In this
context, investigation of the distribution of randomly
generated dense knots of various topological types may
providefor abetter understanding of the structure of the
phase space of knotted polymersin the globular state.

Anaysis of a string configuration in the three-
dimensional spaceis not very convenient for determin-
ing the topological type of aknot. The standard method
consists in projecting the knot onto a plane in the gen-
eral position (with no more than two knot segments
intersecting at each point of the plane) and determining
which segment line passes above (overcrossing) or
below (undercrossing) in accordance with the knot
topology. Such a projection, featuring over- and under-
crossings, is called the diagram of a knot. In what fol-
lows we deal only with statistics of the knot diagrams.
Evidently, this description implies an additional simpli-
fication of the model, but we believe that (in the phase
of dense knots under consideration) the additional
restrictions are not very significant since, as noted
above, the knot entropy contains no contribution dueto
the string fluctuations.

Thus, let us consider asquare latticeof sSzeN=L x L
on a plane, which is rotated for convenience by the
1/4 angle. The lattice is filled by a (dense) trajectory
featuring intersections at each lattice site with clear
indications of the threads passing above and below (see
an example of the 3 x 3 lattice in Fig. 1). As can be
readily verified, a dense trajectory on a lattice with an
odd L isunique, that is, represents aknot with the topol -
ogy unambiguously determined by the pattern of over-
and undercrossings and the boundary conditions. In this
case, the probability of realization of the knot belong-
ing to agiven topological typeisdetermined by thedis-
tribution of over- and undercrossingsin al lattice sites.
The problem considered in this study is to describe the
distribution of dense knots over topological classes for
various kinds of the over- and undercrossing distribu-
tions.

2.1. Reidemeister Moves and Definition
of the Kauffman Invariant

In solving any topological problem, the main point
consistsin comparing the knots. A knot diagram on the
plane obey the following Reidemeister theorem [18]:
Two knots in the tree-dimensional space can be contin-
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Fig. 1. (8) A knot diagram onthe N = 3 x 3 attice and (b) the
diagram splitting. Open circlesindicate the spin positionsin
the Potts model; dashed lines show the graphs on the Potts

Q .
J N te
o5 — "

Fig. 2. The Reidemeister moves|, I, and I11.

uously transformed into each other if and only if the
diagram of one knot can be transformed into that of the
other knot by a sequence of local transformations
(moves) of typesl, II, and 111 (seeFig. 2).

As can be seen in Fig. 2, the Reidemeister move |
leads to the formation of a singularity on the plane dur-
ing continuous fastening of the loop; this move is for-
bidden for smooth trajectories on the plane. Two knots
arecaled regularly isotopic if their plane diagrams can
be transformed into each other by means of the Reide-
meister moves Il and 111. When the mutual transforma:
tion of the knot diagrams requires using the Reidemeis-
ter moves of al three types, the knots are called ambi-
ently isotopic.

Consider a two-dimensional knot diagram as a
graph in which all intersection points (vertices) are
characterized by the order of crossing (over- and under-
crossing). Then each intersection point belongs to one
of the two possible crossing modes. Let a kth point of
the graph be characterized by the variable €, acquiring
the values +1, depending on the mode of crossing.

Let us define the algebraic Kauffman invariant as a
sum over al possible variants of splitting the diagram
at the vertices. According to this, each cut is ascribed a
certain statistical weight by the following rule: avertex
with e = +1 isgiven the weight A or B corresponding to
the horizontal or vertical splittings, respectively; for a
vertex with e =—1, the weight B corresponds to the hor-
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izontal cut and the weight A, to the vertical cut. This
definition can beillustrated by the following scheme:

N

VRN //\A
EARDE
©)
=
€e=— <ad
S

Thus, there are 2N various microstates for the dia-
gram of a knot possessing N vertices determined by
specifying a horizontal or vertical splitting at each of
the N vertices. Each state w of the knot diagram repre-
sents a set of nonintersecting and self-nonintersecting
cycles. The manifold of all microstates is denoted by
{w} (below, the braces{...} will denote summing over
these states).

Let S(w) be the number of cyclesfor the microstate
w. Consider a partition function

fen = 3 d¥TTA@BN ), 4)
{3}

where the sum is taken over all 2\ possible splittings of
the diagram; [(w) and N — I(w) are the numbers of ver-
tices with the weights A and B, respectively, for agiven
set of gplittings of the microstate w. Kauffman derived
thefollowing statement [9]: apolynomid fyg of the vari-
ables A, B, and d representing a partition function (4) is
atopological invariant of the regularly isotopic knots, if
and only if the parameters A, B, and d obey the relation-
ships:
AB =1, ABd+A*’+B’=0.
The proof of this statement in [9] is based on verifica
tion of the invariance of the partition function fig with
respect to the Reidemeister moves Il and Ill. (The
invariant for all tree Reidemeister moves is defined
below.) The latter relationships pose the following lim-
itations on the parameters A, B, and d in Eq. (4):
B=A"
. )
d=-A"-A",

which imply that invariant (4) is a polynomial of the
single variable A.
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2.2. A Partition Function of the Potts Model
as a Bichromatic Polynomial

Consider an arhitrary flat graph containing N verti-
ces. Let each ith vertex be characterized by a spin vari-
able g; (1 < 0, < g) and each edge of the graph, connect-
ing theith and jth spins (1 <{i, j} < N), by the coupling
congtant J, ;. The energy of the Potts model isdefied as[7]

E = —Z Jiyj5(0'i, 0])’
{i,
where the sum over {i, j} istaken only for the adjacent

spins connected by edges of the graph. Then, the parti-
tion function can be expressed as

_ O J:; O

Z = zexpaz ?B(Gi, G'E'
{a i, i}

where {0} denotes summation over all possible spin

states, and the sum over {i, j} is taken as indicated

above. Thelast expression can be written in the follow-
ing form:

Z = Z I_l (1+v; 9(g;, 0))),
{a (i1} (6)
Fil_q

Vii T &POT 0

A pair of adjacent spins ¢; and o introduces into the
product term a contribution equal to exp(J; ;/T) for o; =
o; and aunity contribution for ; # o;. Let us perform a
procedure according to the following rules to a given
spin configuration and the corresponding graph: (1) an
edge is removed from the graph if a contribution to the
above product from the spins connected by thisedgeis
unity; (2) an edgeisretained in the graph if the contri-
bution from the spins g; and o; connected by this edge
isexp(J; ;/T). This procedure ensures a one-to-one map-
ping between the spin configuration corresponding to a
product term in the sum (6) and the related set of graph
components.

Consider agraph G containing M edges and C cou-
pled components (an isolated vertex is considered as a
separate component). Upon summing over all possible
spin configurations and the corresponding subdivisions
of the graph G, we may present the sum (6) in the fol-
lowing form:

M
Z=Sa v (7)

G {i}
where {G} denotes summing over all graphs and
H?’I' 3 is the product over al edges of the graph G.
Note that expression (7) can be considered as an ana
Iytic continuation of the Potts spin system to noninteger

and even complex g values.
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For v; ; = v, expression (7) coincides with a well-
known representation of the partition function of the
Potts model in the form of a bichromatic polynomial
(see, eg., [7, 19]). The same expression isinvolved in
the correspondence between the Potts model and the
model of correlated percolation over edges and bonds
suggested by Fortuin and Kastelleyn [20], which serves
asabasisfor the Monte Carlo cluster algorithms devel-
oped by Swedsen and Wang [21] and Wolff [22] for the
Potts model.

2.3. Kauffman Invariant Represented
as a Partition Function for the Potts Model

The Kauffman invariant of a given knot can be rep-
resented as a partition function for the Potts model on a
graph corresponding to an arbitrary plane diagram of
this knot, but we restrict the consideration below to an
analysis of the knots on lattices.

Let us rewrite the Kauffman invariant in the form of
a partition function for the Potts model determined in
the preceding section, with M denoting the lattice knot
diagram (Fig. 1d). The auxiliary variables s, = %1
describe the mode of the knot splitting in each kth lat-
tice site, irrespective of the values of variables e, = £1

in the same vertices:
) G )

N
7

Lt w={s, s, ..., Sy} betheset of al variables char-

acterizing the mode of splitting in the lattice containing

N intersections. The Kauffman invariant (4) can be

written in the following form:

) = 3 (AT-AHT
{3

Sc=+1

fKR(El, ceey
N &)

H [l

x expEInAZ €,SL.

o &Z U

Here, {w} indicates summing over al values of the
variables s, (i.e., over al modes of splitting thy lattice
diagram M) and the variables €, characterize a particu-
lar disorder “quenched” in the system. Now we will
demonstrate that configurations obtained as a result of
splitting the diagram are in a one-to-one correspon-
denceto configurations of the Potts model on adual lat-
tice.

Consider the Potts model lattice A corresponding to
the lattice M (see Fig. 1b, where open circles indicate
positions of the Potts spins). The b, ; edge of lattice A
corresponds to the kth site of the lattice diagram M.
Therefore, disorder in the vertices of diagram M set by
the variables €, coincides with the disorder in edges b ;
of the lattice A, that is, with the disorder in coupling
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constants. L et usdefine the disorder of b ; for thelattice

A\ via the coupling constants at the cor'respondi ng kth
site of the lattice diagram M:

b = B—ek, for vertical (i, j) edges, ©
b DEk' for horizontal (i, j) edges.

It should be recalled that the definition of the Kauff-
man invariant (4) is based on splitting the lattice dia-
gram M into polygons representing a system of closed
densely packed nonintersecting contours (Fig. 1b). For
a given configuration of splitting the lattice diagram M
and the corresponding dual lattice A, we take the fol-
lowing agreement: all edges of the lattice A not crossed
by polygons of the lattice M are labeled. In Fig. 1b, the
labeled edges are indicated by dashed lines. All the
remaining edges of A\ are unlabeled. In these terms, the

partition function Zskek in Eq. (8) can be written as
follows:

Zskek = Zsk€k+ zskek

unlab
Zsk€k+ Zsk€k+ z Scex + Z SkE
unlab unlab (10)
Zbll+2b,1 zb,, zb,,
unlab unlab

= ‘wa +22bi,j,
al lab

where

Zb"+ wa

unlab

b
al

L et m,, be the number of labeled edgesand C,, isthe
number of connected components in the labeled graph w
with N, vertices (each vertex corresponding to a Potts
spin). The Euler relationship for thisgraph is

Sw) = 2C,+m,—N,,.
Now we can readily transform Eg. (8) to

fKR(A {b}) = (_AZ_A—z)—(Np+1)

|‘|(A Y (A AT

{G
X |_|(A
lab

No. 5

(11)

A=A,
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by using relationships (10) and the fact that N is odd.
Comparing expressions (11) and (6), we obtain the
equality

T (A A" r| (A(-AE = A7)
t (12)
= Z |_| (1+v,;;0(a, 0y)),
o {ij
in which the right-hand part coincides with a partition

function of the Potts model represented in the form of a
bichromatic polynomial. From this we obtain

v, = A=A AR = c1- AT
q= (A+A?)°
Since the disorder constants may acquire only discrete
valuesb; ; = +1, we may write the following expression
for the coupling constants J; ;:
3., = TIn(L—(A*+ AB)A™) = TIn(-A™"). (13)

Thus, we arrive at the following statement. The
topological Kauffman invariant fcg(A) of the regularly
isotopic knots on the lattice M can be represented in the
form of apartition function for atwo-dimensional Potts
model on the corresponding lattice A:

fr(A{b; })
= K(A {b; })Z(q(A), { J; (b, A} ),
where

(14)

K(A,{bi,j} ) - (A2+ A—z)—(Np+1)
O O (15
x expB—InAz b, O
O i O
.
isatrivial factor independent of the Potts spins. Here,
the partition function of the Potts model is

Z(q(A), { Ji (b, A)})

_ zeXpDz Ij(bl j’A)

{a} I i}

with the coupling constant J; ; and the number of states
g given by the formulas

i -

T
and the variable b, ; expressing disorder on edges of the
lattice A corresponding to the lattice M. A relationship
between b ; and €, is defined in Eq. (9).

A specific feature of the partition function (16) isthe
existence of a relationship between the temperature T

16
——=—9(a; J)D 4o

In(=A™"), q = (A2+ A2, (17)
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and the number of spin states g. For this reason, T and
g cannot be considered as independent variables. Once
apositive q value is fixed, the variable A can formally
acquire the complex values according to Egs. (17),
where alogarithm can be taken of acomplex argument.
The appearance of complex quantities in the partition
function can be interpreted in two ways. On the one
hand, thisimplies expansion of the domain of the parti-
tion function to the complex plane. On the other hand,

the parameters Tand J; ; do not enter explicitly into an
expression for the Kauffman invariant and, hence, their
complex values do not require any special consider-
ation. Below we will be interested mostly in the proba
bility distribution of the maximum power in the polyno-
mial invariant and, therefore, can digress from particu-
|ar values of the variables A, T, and Ji -

Thus, we have determined an invariant fg for the
regularly isotopic knots, the diagrams of which are
invariant with respect to Reidemeister moves |l and 1.
In order to obtain an invariant f, for the ambiently iso-
topic knots with oriented diagram, the corresponding
partition function has to be invariant with respect to the
Reidemeister moves of all types. Let us characterize
each oriented intersection by avariable ¢, = £1 accord-

ing to the following rule:
(b) \//ck =-1
AN

@ Xk=—

In addition, we define the knot twisting Tw(w) as a
sum of the ¢, values taken over all intersections:

Tw(w) = ch.
k

The invariant f,,(w) of the ambiently isotopic knots can
be expressed as follows [9]:

fra(@) = frrloo)(=A)>™. (18)

It should be noted that our boundary conditions imply
that ¢, = b,. As is known, the Kauffman polynomial
invariant f,(w; A) of isotopic knots as a function of
variable Ais equivalent to the Jones polynomial invari-
ant f;(w; X) of the variable x = A% Now we can use for-
mulas (14) and (15) to express the Jones invariant
through a partition function of the Potts model. Let a
partition function of the Potts model have the form

Z(t; 0) = H HE, QrT,

wheret = €®, E arethe energy levels over which the sum
istaken, and H(E, q) is the degree of degeneracy of an
energy level E for agiven g value. Taking into account
that
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and using formulas (14), (15), and (18), we obtain the fol-
lowing expression for the Jones polynomid invariant:

fy= YHE q=2+x+x) (%)
£ (19)

X (1+%) " (=/X)

In what follows, by the maximum power of a polyno-
mial invariant we imply the maximum power of vari-
able x in the Jones polynomial invariant f;. 1t will be
borne in mind that the power of the Kauffman polyno-
mial invariant fy, of the ambiently isotopic knots is
obtained from the corresponding power of the Jones
polynomial invariant through simply multiplying by a
factor of four.

Asindicated above, our task isto cal cul ate the prob-
ability P{f}} of finding a knot on alattice in the topo-
logical statewith apreset Kauffman invariant fy(x, { €,})
among all the 2N possible disorder realizations{ e}, k=
1, ..., N. This probability can formally be written as

Pl fd = 353 8(Fa0 {es o ed )= 1),
2 {ed

Thus, the topological disorder determined by arandom
independent selection of intersections of thee =+1 and
e = -1 types represents a random quenched external
field.

When we use the Jones invariant, each topological
class (homotopic type) is characterized by a polynomial.
In this case, precise identification of the homotopic type
for a knot on a lattice containing N intersections will
require N variables. Since the number of various homo-
topic typesincreases as 2V, it is very difficult to study the
probability of each separate homotopic type characterized
by N variables. For thisreason, wewill introduce asmpli-
fied characteristic of a knot on a lattice—the maximum
power n of the polynomial invariant f;(X):

Inf,(X)

n= lim
Inx

‘X‘aoo

(20)

For a trivial knot n = 0 and, as the knot complexity
grows, the maximum power increases (not exceeding N).
Thus, the whole ensemble of knots on a lattice can be
divided into subclasses characterized by the power n
(0 < n < N) of the Jones polynomial invariant. In these
terms, we will study the probability that a randomly
selected knot belongs to one of these subclasses (and is
characterized by the maximum power n of the Jones
invariant).

Random knots can be generated by two methods:
(1) place afixed number of intersectionswith e =—1 on
the knot diagram with N vertices (accordingly, the other
vertices belong to intersections of the e = +1 type);
(2) place intersections of thee =—1 and e = +1 typesin
each vertex with the probabilitiesp and 1 —p, respectively.
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Ascan bereadily seen, atrivial knot having al inter-
sections of the e = +1 type corresponds to a partition
function with the ferro (f-) and antiferromagmetic (a)
entanglements distributed in accordance with rule (9).
An impurity (corresponding to €, = —1 of the knot dia-
gram) will be considered as a change in the sign of b, ;
relative to the values characterizing trivial knots. Note
that we must differentiate between the notion of impu-
rity (a change in the sign of by ;) from the a-entangle-
ment with by ; = —1. For atrivial knot with al €, = +1,
the lattice contains no impurities while containing the
a-entanglements.

3. AUXILIARY CONSTRUCTIONS
AND NUMERICAL METHODS

3.1. The Form of a Lattice for the Potts Model
and the Positions
of Ferro- and Antiferromagnetic Entanglements

Now we will describe the geometry of a lattice for
the Potts model corresponding to aknot diagram of size
N =L x L. This study is restricted to square lattices,
although all considerationsremain valid for rectangular
lattices aswell. Figure 3a shows an example of thetriv-
ial knot on alatticewith N =5 x 5. Positions of the Potts
spins corresponding to this lattice diagram are indi-
cated by circles. The Potts spin lattice corresponding to
this knot is depicted in Fig. 3b, where the f-entangle-
ments (that would be horizontal in Fig. 1) areindicated
by solid lines and the a-entanglements (that would be
vertical in Fig. 1) areindicated by dashed lines. In Fig. 3,
the same lattice is transformed into a rectangular one of
theL, x L, type, whereL,=L+21andL,=(L+1)/2(in
this particular case, L, = 3, L;, = 6). The partition func-
tion of the Potts model will be studied below for arect-
angular lattice of thistype.

The fact that the height of the lattice for the Potts
model is half that of the lattice knot diagram (see
Figs. 3a—3c) isvery convenient in the case of using the
method of transfer matrices, where the computational
time expenditure exponentially depends on the lattice
height. Let N = L x L be the total number of entangle-
mentsin the lattice, with

N, = Z o(b; ;, 1)
{i, i
representing the number of f-entanglements and

N_ = Z o(b; ;,-1)
{i i}

the number of aentanglements. An impurity corre-
sponding to ¢, = —1 in theinitial lattice is described by
a change in sign of the corresponding constant b, ; for
the Potts model |attice.

It should be emphasized once again that by impurity
we imply achange in the type of intersection from ¢, =
+1to ¢, = —1, which corresponds to a change in sign of
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__ Ferromagnetic
entanglements

Antiferromagnetic
entanglements

Fig. 3. (&8 A knot onthe N = 5 x 5 [attice, (b) the Potts spin
configuration corresponding to thislattice, and (c) the same
configuration reduced to arectangular lattice L, x L, =3 x 6.

L,=1 @l

SN
vale ¢

02

SRR
b b

Fig. 4. A schematic diagram illustrating the step-by-step
generation of subdivisions into clusters for a column of
spins corresponding to the knot state vectors.

the coupling constant b ; for this intersection, rather
than to the a-entanglement (such entanglements are
present in the Potts model lattice of the trivial knot). A
trivial knot is characterized by the absence of impuri-
ties on the Potts model lattice

N+1
5 N_ 5
Note that the Kauffman invariants for a knot and its
mirror image are different. Thisis due to the following
property of the JonesKauffman invariant: the invariant
of the mirror image of aknot is obtained by substituting
t—t? (and A — A, after which the distribution
of powersin the polynomial isasymmetric with respect
to the substitutionp — 1 —p.

N,

3.2. The Method of Transfer Matrix

It should be recalled that we are interested in deter-
mining the probability distribution of the maximum
power n (averaged over varioustypes of intersectionsin
the knot diagram) of the Jones—Kauffman invariant.
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According to definition (20), the coefficient at the term
of the maximum power n in the Jones polynomia of a
randomly generated knot is insignificant. Let us fix a
certain value n,, generate an ensemble of random knot
diagrams, and determine the fraction of knots the poly-
nomials of which contain the maximum power n = n,,.

The traditional approach to numerical analysis of a
g-component Potts spin system assumes that each pos-
sible state of the column L, spins corresponds to an

eigenvector of the qL”-di mensional transfer matrix.
With computers of the P-11-300 type and a reasonable
computational time, the maximum possible size of the
transfer matrix is 100-200. This corresponds to a spin
stripwidth L, =8forg=2and L, =4for g = 3. Obvi-
ously, this method cannot be used for investigation of
the Potts model with large g values.

A method of transfer matrices applicable to the case
of arbitrary q was developed by Blote and Nightingale
[13]. The basic idea of this method is that each eigen-
vector corresponds to a subdivision of the column into
clusters of “coupled” spins. By definition, the spinsin
each cluster are parallel. Therefore, the number of “col-
ors’ g can be considered simply as a parameter taking
any values (including non-integer and even complex).
A detailed description of this method can be also found
in [14, 15], where this approach was used to study the
Potts model with impurities on the entanglements and
to determine the roots of a partition function for the
Potts model in the complex plane.

Below we will briefly describe the principles of
determining a basis set in the space of coupled spins
and constructing transfer matrices in this basis. This
description follows the results reported in [15].

A basis set corresponds to a set of various subdivi-
sions of the spin column into clusters of coupled spins.
We must take into account that the subdivision should
admit realization in the form of aflat graph on a half-
plane. Now we will describe a recursive procedure for
determining the basis set. L et abasis set be availablefor
a column with the height L,. Upon adding one more
spin from below, we obtain a column with the height

L. . Then we take, for example, a subdivision v,(L,)
corresponding to the first basis vector L, and begin to
generate subdivisions corresponding to the basis vec-

tors for the column L, by attaching the added spin to
those existing in v4(L,). In each step, we check for the
possibility of attaching this spin within the framework
of the flat graph on a half-plane. After an attempt to
attach the added spin to all existing clusters, we gener-
ate asubdivision in which the added cluster is separate.
Then wetakethe next subdivision (for example, v4(L,))
for the L, column and repeat the generation procedure.

The procedure begins with a single spin as depicted
in Fig. 4. This spin is assigned the index of unity as
belonging to thefirst cluster. Then another spin isadded
from below to the same column. Accordingly, the strip
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of two spinsmay occur in one of thetwo Sates: v4(L, =2),
in which the spins are coupled and belong to cluster 1
or v,(L, = 2), in which the spins are not coupled and
belong to clusters 1 and 2 (Fig. 4). A basis set for the
strip of three spins is obtained by adding another spin
from below and coupling this spin to al clusters. The
clusters are enumerated by integers top to bottom,
while vectors in the basis set are enumerated in the
order of generation. As can be readily seen, the first
basisvector correspondsto astatein which all spinsare
coupled to each other and belong to the same cluster,
while the last basis vector corresponds to the state
where all spins are uncoupled and the number of clus-
ters equals to the number of spins in the column. The
total number of vectorsin the basis set for a strip of m
spins is determined as the Catalan number

_ 1 e
m T m+ 10mO

with the corresponding index number (see [15]).

Let us denote by v;(\K) a subdivision obtained upon
separating the kth spin from the subdivision v, to form
aseparate cluster; v,({k, 1}) will denoteasubdivisionin
which the clusters containing kth and Ith spins are com-
bined to form a common cluster. Following a method
described in [15], let us form the matrix

Di (K} = &(v;(\k), v;) + qd(v;(\k), v;).

As can be seen, an element of the matrix D; ;(k) is non-
zero if the kth spin is not coupled to any other spin in
the subdivision v;. When the same spin is not coupled
to any other in the jth subdivision as well, the matrix
element is g; otherwise it is taken equal to unity.

We will also introduce the matrix C(k, |) defined as
Ciik 1) = 3(v({k 1} ). vi),

the elements of which are equal to unity if and only if
the subdivision v; is obtained from the subdivision v,

by combining clusters containing the kth and Ith spins.

Now let us consider a lattice structure with the first
two rows such as depicted in Fig. 5d (for an even index
j + 1 in the second column) and Fig. 5e (for an odd
index j + 1inthe second column). The spin columns are
enumerated by index j (1 <j <L), while the spin posi-
tionin acolumnisdetermined by indexi (1<i<L,).

According to these constructions, the transfer matri-
ces of the type T##(j + 1 = 2k), which corresponds to
adding an even column j + 1 = 2k after an odd one | =
2k — 1 (we add the columns from the right-hand side),
contain entanglements between the spins ;- 5, and
Oi+1 =2 Thetransfer matricesof thetype T °4(2j + 1),
which corresponds to adding an odd column j + 1 =
2k + 1 after an even one j = 2k, contain entanglements
between the spiNs g ;- and G; _1 j+ 1=+ 1.
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— Ferromagnetic entanglements

-------- Antiferromagnetic entanglements

(d) (€
S O1,j+1

0y, j+1

Fig. 5. (@) An example of the configuration of entangle-
mentsin which aminimum energy of the Potts model is not
reached for q = 2; (b, ¢) the arrangement of f- and a-entan-
glements on the Potts|attice with N = 3 x 3 and theimpurity
concentrations p = 0 and 1, respectively; (c, d) the arrange-

ment of entanglements between columnswith even and odd
numbers, respectively.

Let the contribution to a statistical weight corre-

sponding to the f-entanglement b(c; ;, o;,;) = 1 be
expressed as
t = exp(BJ),
where = UT. Then the a-impurity b(g; ;, 0; ;) = —
corresponds to the weight
t = exp(-BJ),
and the total contribution of a given configuration to the
Statigtical weight of the systemiis {2 | et usdefine
amatrix for the horizontal entanglement g; ;, 0; ;. , as
PG, j) = 1™ ™ ~1) + D(i, j)

and the matrices for “sloped” entanglements as
R, j) = 1 +C(i, )" 1),

ROdd(i, ]) =+ C(I, j)(tb(oi,jvoi—l,hl) _1),
where | isthe unit matrix.
Then thetransfer matrices can be expressed asfollows:

TG) = P(L, DR, -1, ))
xP(L, 1, ])... R, P, ),
)

= P, R™2, j)P2, })...R(L,, DP(Ly, D),
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Table 1. Mean values of the correlation coefficient
corr(Nmax» |Eminl) @nd the corresponding statistical error for
several lattices with the linear size L

L corr(n, |Epinl) Acorr(n, [Epinl)
3 0.4871 0.0021
5 0.6435 0.0022
7 0.7205 0.0007
9 0.7692 0.0013

11 0.7767 0.0129

and the partition function is
Z(t) = u'
Ly/2-1
x [ T T2k + DT2K)V
k=1

where v, IS abasis vector with the maximum number
corresponding in our representation to the state in
which all spins belong to different clusters and

Ne(v)  Ne(vy) NCL(Vmax)}

u ={q .q s eend

so that

uTVI - qNCL(V\),
where Ng, (v;) is the number of various clusters in the
subdivision v;. For thefirst basis vector, N (v4) =1 (a
single cluster) and the last vector corresponds to
N (Vi) = L, different clusters.

The genera dgorithm of the calculation is as follows.

1. Generate basis set vectors for a spin strip of the
required width.

2. Use this basis set to generate the matrices R(i, j)
and P(i, j) in cases of f- and a-entanglements (g;, g;).

3. Generate adistribution of impurities on thelattice
using arandom number generator.

4. Generate the transfer matrices for the Potts spin
model and the polynomial invariant.

5. Calculate apartition function for the Potts model,
the polynomial invariant, the minimum energy, and the
maximum power of the polynomial.

6. Repeat points 3-5 and perform averaging over
various realizations of the distribution of impurities on
the lattice.

The error was determined upon averaging over ten
various series of calculations. For each realization of
the impurity distribution, the program simultaneously
determines both the polynomial invariant and the parti-
tion function of the Potts model for an arbitrary (but
fixed) q value. This method allowed us to study corre-
lations between the maximum power of the polynomial
and the minimum energy within the framework of the
Potts model on the corresponding lattice.
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4. RESULTS OF CALCULATIONS

4.1. A Correlations between the Maximum Power
of the Jones Polynomial of the Lattice Knot
and the Minimum Energy
of the Corresponding Potts Model

Let us consider dependence of the maximum power
of the Jones polynomia on the type of the partition
function for the Potts model. Formula (19) explicitly
relating the Jones—Kauffman invariant to the Potts
model shows that, if the variable x were not entering
into an expression for the degeneracy of the energy
level H(E; g = 2 + x + x1), the maximum power of the
polynomial invariant would aways correspond to a
term of the partition function with the minimum energy.

Taking into account dependence of the degree of
degeneracy on the variable x, we can see that contribu-
tions to the coefficient at this power in some cases
mutually cancel each other and this coefficient turns
zero. A simple example is offered by a system free of
impurities, in which case the minimum energy is

Emin = _(N + 1)/2!

and the Jones polynomial is identically unity (with the
maximum power being zero).

Nevertheless, there is a strong correlation between
the maximum power n of the Jones polynomial and the
minimum energy E.;, of the corresponding Potts
model. Since the minimum energy E,;, of the Potts
model is aways sign-definite and cannot be positive,
we will use below a positive quantity representing the
absolute value of the minimum energy |Eninl = —Enmin
Figure 6a shows a joint probability distribution P(n/N,
|Erinl/N) of the normalized maximum power n/N and
the normalized minimum energy |E,,,|/N obtained for a
lattice with N = 49 and an impurity concentration of
p = 0.5 by averaging over N, = 10° impurity configura-
tions. Here and below we use only the normalized
guantities determined on the [0, 1] segment for the
energy and [—1, 1] for the maximum power of the poly-
nomial (thelatter value can be negative). Thisallowsus
to plot the curves for various lattice dimensions on the
same figure. In Fig. 6a, the probability distribution is
described by the level curves, the spacing between
which corresponds to a probability difference of 0.001.
As can be seen, thereisastrong correlation between the
maximum power of the polynomia invariant and the
minimum energy of the corresponding Potts model.
Thisrelationship can be quantitatively characterized by
the correlation coefficient.

It should be recalled that the coefficient of correla-
tion between random quantities x; and x, with mathe-
matical expectations X;Cand X,Jand dispersions

Ax, = O0- O, Ax, = OG- O
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|Emin|/N COIT(n, |Emm|)
0.6 T T T T T 0.9 T T T
4 corr(n, —Epy;pn)
L - - 1.04(4) — 1.126(14)L79657) .. -1
05 | o8 ) anLyen.
0.7F -4 .
04 . &
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Fig. 6. (a) A joint probability distribution P(n/N, [Ep,i,l/N) of the normalized maximum polynomial power n/N and the normalized
minimum Potts energy |E,;,|/N described by the level curves with a step of 0.0015 for a lattice with N = 49 and an impurity con-

centration of p = 0.5. (b) The coefficient of correlation between the maximum power of the polynomial invariant and the minimum
energy as afunction of the lattice size L; dashed curve shows the approximation of these data by a power function of L.

(where [..[Odenotes averaging), is determined by the
formula

JAX AX, '

The correlation coefficient equal to +1 correspondsto a
linear relationship between x; and x,.

The values of the coefficient of correlation between
the maximum power n,, of the polynomial invariant
and the minimum energy |E,,| for theimpurity concen-
tration p = 0.5 on lattices with various the linear dimen-
sionsL =3, 5,7, 9, and 11 are presented in Table 1.
These values were obtained by averaging over N, =
10° impurity realizations for L = 3-7, N, = 2 x 10* for
L=9,and N, =10%for L = 11. Asisseen, the correlation
increases with the lattice size.

Figure 6b shows the approximation of these data by
a power function

corr(Xy, X,) =

n |Emin|D _ ~0.65(7)
corr[N, N O 1.04(4) —1.126(14)L :
Naturally, the correlation coefficient cannot be greater
than unity. The last expression is the result of ignoring
the higher terms of expansion in powers of 1/L. The
approximation shows that there is a relationship
between the maximum power of the polynomial invari-
ant and the minimum energy of the Potts model, the
degree of correlation increasing with the lattice size. In
what follows, the results for the maximum power of the
polynomial invariant will be accompanied by data for

the minimum energy.

The presence of acorrelation between the maximum
power n of the Kauffman polynomial invariant and the
minimum energy E,,, of the corresponding Potts model
for each particular impurity realization on the lattice is
of interest from the theoretical standpoint and can be
used in the numerical experiments. At present, the lim-
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iting lattice size L used in the method of transfer matrix
does not exceed L = 11, which is determined by the
large volume of necessary computations. At the same
time, the minimum energy for the Potts model can be
calculated within the framework of the standard Monte
Carlo agorithm, which poses much smaller require-
ments on the computational facilitiesand, hence, can be
readily applied to lattices of significantly greater size.

4.2. The Probability Distribution of the Maximum
Power of the Polynomial Invariant and the Minimum
Energy of the Corresponding Potts Model

Here we present the results of determining the prob-
ability distribution P(n) of the maximum polynomial
power n. Figure 7a showsthe P(n) curvesfor L =7 and
the impurity concentrations p = 0.1 (depicted by
crosses), 0.2 (squares), and 0.5 (circles). The datawere
obtained by averaging over N, = 10° impurity realiza-
tions. The statistical errors are smaller than the size of
symbols.

As can be seen, the P(n) curve for small impurity
concentrations is nonmonotonic. As the p vaue
increases, the probability distribution function becomes
monotonic and approaches the Gauss function in shape.
Figure 7b shows the corresponding probability distri-
bution of the normalized minimum energy E.;/N
obtained for the same lattice size (L = 7) and impurity
concentrations (denoted by the same symbols). This
function appears as more monotonic and approaches
the Gaussfunction already at small impurity concentra-
tions(p=0.2).

The shapes of the probability distribution observed
for afixed impurity concentration (p = 0.5) and various
lattice dimensions are shown in Fig. 8a (for the maxi-
mum polynomial power) and Fig. 8b (for the minimum
energy). Data for the lattice size L = 3 (squares),
5 (squares), 7 (circles), and 9 (triangles) were averaged
over N, =10° (L =3, 5, and 7) and datafor L = 9, over
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Fig. 7. Thedistributions of (a) probability P(n/N, p) of the normalized maximum polynomial power nand (b) probability P(|Einl/N,
p) of the normalized minimum energy modulus E;;, for a7 x 7 lattice and various impurity concentrations p = 0.1, 0.2, and 0.5.
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Fig. 8. The probability of (a) the normalized maximum polynomia power n/N and (b) the normalized minimum energy modulus
|Einl/N for the square lattices with N = 9, 25, 49, and 81 and an impurity concentration of p = 0.5.

N, =5 x 10% impurity realizations. The probability was
normalized to unity:

Z P(n) = 1.

For thisreason, an increase in the lattice size is accom-
panied by a growing number of the values that can be
adopted by the normalized maximum power of P(n/N),
while the value of the probability distribution function
decreases approximately as 1/N. Asis seen, the proba-
bility distribution for lattices of smaller size (L = 3, 5)
is nonmonotonic; asthe L value increases, the distribu-
tion becomes a smooth Gaussian-like function.

Thus, we may conclude that the probability distribu-
tion P(n) of the maximum power of the polynomial
invariant for small-size lattices is nonmonotonic as a
result of the boundary effects even for a considerable
impurity concentration. Asthelattice sizeincreases, the
nonmonotonic character disappears and the probability
distribution becomes a smooth function. Apparently,
we may ascertain that, however small the impurity con-
centration p, thereisalattice size N (N > 1/p) such that
the corresponding probability distribution is smooth
and Gaussian-like.

JOURNAL OF EXPERIMENTAL

Thus, we may suggest that the probability distribu-
tion P(n) on lattices of large size is determined by the
Gauss function, the main parameters of which are the
mathematical expectation (mean value) of the maxi-
mum polynomial power and the dispersion. Plots of the
mean value of the maximum polynomial power /N

and the corresponding dispersion Wﬁnm as functions of

the impurity concentration p are presented in Figs. 9a
and 9b, respectively, for the lattices size of L
3 (crosses), 5 (squares), and 7 (circles). The data for
each point were obtained by averaging over N, = 10°
impurity realizations for L =3 and 5and N, =5 x 10
forL=7.

As expected, both the mean value and the dispersion
of the maximum polynomial power turn zero for p =0
and 1 (trivial knot) and reach maximum at p = 0.5. Note
that these functions are not symmetric with respect to
the transformation p — 1 —p, since the Jones polyno-
mial invariant of a mirror knot (with all overcrossings
changed for undercrossings and vice versa) is obtained
by changing variables x — x?, whereby the maxi-
mum polynomial power of the mirror knot corresponds
to the minimum power of the origina polynomial,

AND THEORETICAL PHYSICS Vol. 93 No.5 2001
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Fig. 9. Plots of (a) the mean normalized maximum polynomial power [i/NCand (b) the dispersion Winot(p) of the /N value dis-
tribution versus the impurity concentration p in the range from 0 to 10.
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Fig. 10. Plots of (&) the mean normalized minimum energy modulus [JE,; ,[/NCand (b) the dispersion Wﬁotts(p) of the|Ein/N value
distribution versus the impurity concentration p in the range from 0 to 10.

taken with the minus sign. However, this asymmetry
disappears with increasing lattice size N as a result of
increase in the amount of impurities and in the number
of possible impurity realizations employed in the aver-
aging. For the comparison, Fig. 9b shows the function
(/2)p(1 - p) representing the dispersion of the distribu-
tion function in the hypothetical case when the maxi-
mum polynomial power n is a linear function of the
number of impurities M. Thus, the difference between

Wﬁnot and (1/2)p(1 — p) characterizes dispersion of the

distribution of the maximum polynomia power at a
fixed number of impurities M (it should be recalled that
the impurity occupies each lattice site with a probabil-
ity p and the total number of impurities M fluctuates).

Figures 10a and 10b (with the parameters and nota-
tions analogous to those in Fig. 9) shows data for the
absolute value of the mean minimum energy (E,;,|/NO

and the corresponding dispersion Wﬁons . The asymme-

try of the mean minimum energy plot is related to the
fact that the number of f-entanglementsis greater than
that of the a-entanglements by one at p = 0 and is
smaller by one, at p = 1. The probability distribution of

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

the minimum energy istreated in more detail in Subsec-
tion 2 of the Appendix.

We have studied dependence of the mean normal-
ized maximum polynomia power on the lattice size L
for p = 0.5 (Fig. 118). The results were averaged over
N, = 10° impurity redlizations for L = 3, 5, and 7 and
over N, = 1.5 x 10 redlizations for L = 9. As can be
seen, the /NOvalue tends to a certain limit with

increasing L = /N . We approximated the results by a
power function to abtain

< ﬁ> ~ 0.334(8) —0.41(2) L%, (21)

Analogous datafor the normalized minimum energy
in the Potts model are depicted in Fig. 11b. The mean
absolute value of the minimum energy decreases with
increasing lattice size and can be approximated by a
power function of the type

<%> = 0.4185(7) +0.119(3) L@,
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curvein (b) shows the results of approximation by the power function 0.334(8) — 0.41(2)

Some features of the minimum energy distribution
in the Potts model with random ferro- and antiferro-
magnetic entanglements are treated in the Appendix for
g = 4, in which case analytical expressions can be
obtained for small (p = 0) and large (p = 1) impurity
concentrations.

5. CONCLUSIONS

Theresults of thisinvestigation can beformulated as
follows.

1. An analysis of the relationship between the parti-
tion function of the Potts model and the Jones—Kauff-
man polynomia invariant, in combination with the
results of numerical calculations for the Potts model,
allowed us to study the probability distribution P(n/N;
p, N) of the maximum polynomial power nfor the prob-
ability p of under- and overcrossings in the sites of a
square latticewith N=L x L for L = 3-11.

2. For the lattices of small size with small impurity
concentrations p, the probability distribution P(n/N; p, N)
of the maximum polynomia invariant power n is not
smooth, showing an alternation of more or less proba-
ble states. This behavior indicates that the knots of cer-

b=

=

tain topological types are difficult to realize for %

p < 1 on asquare lattice as a result of geometric limi-
tations.

3. As the impurity concentration (probability) p
increases, the probability distribution P(n/N; p, N) of
the maximum polynomial invariant power n becomes
smooth, with the shape approaching that of the Gauss
function. A typical value of the*“knot complexity” n for
p = 0.5 and sufficiently large lattices (N > 1) can be
obtained by extrapolating the expression

—> =0.334.

1= Im(§
4. There is a correlation between the maximum
power of the polynomial invariant of a knot and the

n
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| —0.38(5)

minimum energy of the corresponding Potts lattice
model for q = 4.

5. An analytical expression was obtained for the
probability distribution function P(E,;/N; p, N) at rel-
atively small (p ~ 1/N) impurity concentrations.

We have studied the knots with a square lattice dia-
gram. However, al calculations can be generalized to
the case of rectangular lattices. In connection with this,
it would be of interest to check whether the distribution
of knots over the topological types only depends on the
number of intersections on the lattice diagram or
whether it depends on the diagram shape as well. We
may expect that the probability distribution function for
a strongly elongated rectangular diagram would differ
from the distribution for a sguare diagram with the
same number of intersections.

The method developed in this study is applicable, in
principle, to the investigation of knots with arbitrary
diagrams (including the case of knots with diagrams
not tightly fit to a rectangular lattice), provided that a
configuration of the Potts system corresponding to this
diagram is known.

We believe that the proposed combination of analyt-
ica and numerical methods for the investigation of
topological problems using the models of statistical
physics offers both a promising means of solving such
topological problems and a new approach to the stan-
dard methods of investigation of disordered systems.
This can beillustrated by the following fact. One of the
main concepts in statistical physics is the principle of
additivity of the free energy of asystem, that is, propor-
tionality of the free energy to the system volume N. By
interpreting the free energy as a topological character-
istic of the “complexity” of a knot, we may conclude
that the complexity of atypical knot increases linearly
with the system volume N. This property is, in turn,
well known in the topology (outside the context of sta-
tistical physics), being a fundamental manifestation of
the non-Abelian (non-commutative) character of the
phase space of knots.
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APPENDIX

Minimum Energy Distribution in the Potts Model
with Random Ferro- and Antiferromagnetic
Entanglements

1. The minimum energy of a spin system isinde-
pendent of qfor g = 4. In this study of the topological
invariants of random lattice knots, we are interested in
determining the behavior of the system for x — oo (see
Eqg. (20)). With alowance for the relationship

q=2+x+x7,

thisimpliesq — oo for the corresponding Potts model.
Some features of the dependence of the free energy of
the Potts spin system on the number of states g can be
established based on simple considerations.

In caseswhen the lattice contains no impurities and the
aentanglementsarearranged asdepictedin Figs. 3band 3c,
the minimum energy is independent of g for g = 2.
Under these conditions, two spin valuesc ={1, 2} are
sufficient to “create” a configuration corresponding to
the minimum energy. In the presence of impurities, the
minimum energy depends on g for g = 2. Thisisillus-
trated in Fig. 5afor a5 x 5 latticewith asingle impurity
on the entanglement between o, ; and g, , spins. For
the spin configuration energy to reach aminimum value
of E,i,= —12 for the given distribution of entangle-
ments, it isnecessary that all spinvariablesinthelattice
sites connected by f-entanglements J = 1 (in Fig. 5a,
these sites are indicated by open and filled circles)
would acquire the same values, while the spin variables
inthe sites o, ; and 0, , connected by a-entanglements
J=-1(inFig. 5a, these sites are indicated by filled and
hatched circles) would acquire different values (e.g.,
011 = 2, 0 ,= 3). However, it isimpossible to assign
the values of spin variables in a system with g = 2 so
that the spins in clusters o, 1, 0; , (as well as in the
adjacent cluster) indicated by unlike symbols (black
versus open or hatched) were different. For this reason,
aminimum energy of the spin statefor q=2isE,;, =-11
(instead of —12).

Aswas demonstrated, a minimum energy of the spin
configuration in the Potts model corresponding to a
given distribution of a-entanglements may depend on
the number of spin states . Thisfact can be represented
asfollows: to reach the state with minimum energy, itis
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necessary that the spin variablesin the lattice sites con-
nected by f-entanglements would acquire for the most
part the same values (so as to form clusters), while the
spin variables in the sites connected by a-entangle-
ments would be possibly different. Thus, a given distri-
bution of the a-entanglements corresponds to a subdivi-
sion of the lattice into independent clusters of spins.
Spins belonging to the same cluster are connected pre-
dominantly by the f-entanglements, while spins of dif-
ferent clusters are connected by a-entanglements.

The energy reaches minimum if the adjacent clus-
ters in a given subdivision possess different values of
the spin variable. We may bring each value of the spin
variableinto correspondence with a certain color. Then
a minimum energy corresponds to the lattice subdivi-
sion into clusters painted so that al spinsin one cluster
are of the same color, whereas adjacent clusters have
different colors. Figure 5a shows an example of the
configuration which cannot be painted in thisway using
two colors, while three colors allow reaching the goal.

In mathematics, there is a theorem concerning the
task of “painting maps,” according to which any config-
uration on a surface possessing a spherical topology
can be painted using four (or more) colors. In other
words, any subdivision of alattice into clusters can be
painted using four (or more) colors so that the adjacent
clusters would possess different colors. If each color
corresponds to a certain value of the spin variable g =
{1,2, ...}, wemay assign theq values (for q= 4) so that
spins in the adjacent clusters would possess different
values (colors). Thereisno impurity configuration (and
the corresponding lattice subdivision into clusters) such
that four values of the spin variable would be insuffi-
cient to reach the state of minimum energy.

The above considerations allow us to formulate the
following statement: For an arbitrary configuration of
a-impurities on a Potts model lattice, a minimum
energy of the spin systemis independent of the number
of spin states g for q = 4.

As is known, the Potts model exhibits a first-order
phase transition at q = 4. Note also that the parameter

x = 5(a-2¢ Ja(a-4))

in the Kauffman invariant becomesreal just for g = 4.
2. Digtribution of the minimum energy at small
(p= 0) and large (p = 1) impurity concentrations.
Consider the Potts model on an L, x L, lattice with a
total number of lattice sitesN and g =4. Let M be afixed
number of impurities of the g, types. In the absence of
impurities (M = 0), the number of f-entanglementsis

_N+1
2 )

and the number of a-entanglementsis
_N-1
=5

N,

N
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Table 2. The probability distribution P(E,;,; M, N) for a fixed number of impuritiesM =0,1,2,N-2,N—-1,and Non a
lattice with N sites (C = ./N)

I I Il v
M Entanglement type Emin P(Emin M)
0 _N;l 1
1 . _N;1+1 N2+N1
1 _ N+1 N-1
2 2N
2 " BLIEE (NN
2 +_ N+1 1 (N+1)(N-1)-16(C-1)
2 2N(N-1)
2 g _N;—l (N_l)(:l\lN_(ﬁ])jll)G(C_l)
? - _N2+1_1 s((cr\:|__21))
2 o _Ngl_z N(N4—1)
N-2 ++ —N2_1+2 —(N4?\13\1(T1_)3)
N—2 Y _|\|2—1+1 (N—1)(£\1N—(§l)_—11)6(c—1)
N—2 —f _NT—l (N+1)(N4—N1()N+_1:EL3)(C—1)—4
N-2 +—&— _NT_l 1 2(N _Nl()N+—2:(L)C -1)
N—1 + _N;1+1 5'2‘_N1
N _T_l 1

The arrangement of a-entanglements is illustrated in  for this impurity to fall on the f-entanglement, after
Fig. 5a. The minimum energy in the absence of impuri-  which the minimum energy increases by unity:

tiesis P(E=-N,+1) = (N+1)/2N.

There is also the probability
We may calculate the probability distribution P(E.; _ B
M, N) of the minimum energy for M = 1 and 2 by tringlns NN = (N-1)/2N
of the possible variants. In the case of asingleimpurity  for the impurity to fall on the a-entanglement, after
(M =1), thereis aprobability which the minimum energy remains unchanged:

NL/N = (N + 1)/2N P(E = —(N+1)/2) = (N=1)/N.

Emin = _N+'
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Similar considerations can be conducted for M = 2.

Let C=./N denotethe number of spin clusterswith the
same g on a lattice without impurities. The results of
this analysis are summarized in Table 2, where each
line indicates (1) the number of impurities M, (I1) the
coupling constant of a entanglement on which the
impurity falls (with the signs “+” and “—" correspond-
ingto b ; = 1 and -1, respectively), (I11) the minimum
energy E., and (1V) the probability P(E.,, M) of
obtaining a given minimum energy value.

With p denoting the probability that a entanglement
contains the impurity (J' = —1), the probability of find-
ing M impuritiesis

N!
MI(N = M)!

Thus, a mean value of the minimum energy E in the
Potts model is

P(M; p) = P"(1-p)" M.

N
_ N!
Ei = Z M!(N —M)!
M=0
x p"(1-p)"MP(E; M, N).

Calculating the first three terms for this sum using the
datain Table 2, we obtain an approximate formula for
the mean minimum energy

End = (1-p)" (L-PPEM=0)
+Np(1-p)P(E; M = 1) + p°P(E; M = 2)) + o(p°).

This formula is applicable if the probability for three
impurities to appear on the lattice is small, that is, if

(22)

:—éN(N ~D(N-2)1-p)" P’ =<1

Upon calculating the probability of the impurity
concentration for M = 1 and 2 and using expression (22),
we aobtain aformulafor [E,,,Cat small p. For example,
in the case of M = 1 thisyields

En(M = 0= GRS

2 OO2N O
DN+1 N+10 . N+1 N+1
* thaonoT 2 TN

By the same token, for M = 2 we obtain
N+1 N+1 12C-8

2 N N(N-1)
Using these expressions and taking into account that

C=_./N,weobtainan expression for the mean normal-
ized minimum energy [&.;,(= [E,;/NCas afunction of
the impurity concentration p (in the case of p < 1)

DEmin(IvI = Z)D =
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(PO [ (1 P)'P(E M = 0)
+Np(1-p)" 'P(E; M =1)

#SNN-1)p'(L-p)" ?P(n; M = 2) + o(p)|

- g 1o, 1 _30

-0 NP TN

- DZW +o(p?).

Analogous calculations for the concentrations 1 —p < 1
yield

N-1 N-5

[(Emin(M = N- 1)D——T N
_ _ N-1 N-5 10C-14
Emin(M = N-20= ===+~ - Q(N=1)’

and

(P = [ PUPE M = N)
+N(1-p)p" 'P(E; M = N—1)+%N(N—1)

«(1-p)'p" P M =N=2) +o(p?) | (29

= 30~ RO+ (- 2F; -3
—(- )25[ T o((1-p)).

The results of calculations using the formulas pre-
sented in Table 2 and the results of numerical analysis
forq=4, L, =3, and L,, = 6 (corresponding to a knot
with a5 x 5 square lattice diagram) are plotted in Fig. 12
in coordinates of the minimum energy modulus versus
probability. Figure 12a shows the results for a fixed
number of impurities M = 1 (squares) and 2 (circles),
while Fig. 12b presents data for the fixed impurity con-
centrations p = 0.005 (crosses), 0.01 (squares), and
0.15 (circles). The results of calculations using the for-
mulas from Table 2 and relationship (23) are depicted
by lines and the values obtained by the Monte Carlo
method are represented by symbols. The data were
averaged over N, = 10° realizations; the statistical error
for most of the points is smaller than the size of the
symbols. As can be seen, the numerical datafit remark-
ably to the analytical curves. In Fig. 12b, the analytica
cdculationsareillugtrated only intherange |E, ;| = 11-15,
where the results could be obtained by expansion into
series with terms on the order of p? Thus, we have
numerically verified the results of analytical calcula-
tions performed in this section.
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Fig. 12. A comparison of the results obtained by analytical (anal.) and numerical (num.) methods for the minimum energy proba-
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Let us make some remarks concerning the form of
the normalized minimum energy

. —_ |Emin(p; N)|
Eemin(pf N)D - <T>

for N — oo. As can be seen in Fig. 9b, the plots of
enin(p; N) for the lattices with N = 25 and 49 appear as
asymmetric troughs. As N —= oo, the values of this
functionat p=0and 1,

1
|]Emin(p = O; N)D = 05%[ + NE’

1
Cen(P = 1; N)J = 0531 - =
will be equal and the profiles will be symmetric with
respect to the transformation p — 1 — p. The trough
bottom will occur on alevel of

[&(p = 0.5; N o) = 0.415(7)

(see Fig. 11b). As can be seen from formulas (24) and
(25), the second derivative of this function with respect
to p a the points p = 0 and 1 becomes zero for N —» oo,
Probably, al derivatives of the higher orders will become

zero aswdll. In this case, the derivative dipe(p; N = o)
exhibits a break at the points corresponding to the
trough “corners.”
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Abstract—A class of models describing the evolution of the homogeneous and isotropic spatially flat Universe
filled with a scalar field and matter and changing the equation of state during its evolution from avacuum-like
form to an ideal liquid is proposed under the assumption that both components of matter are in thermal equi-
librium. The main characteristics of such models are analyzed and their asymptotic behavior in the vicinity of
acosmological singularity and at the postinflation stageisinvestigated. It is shown that the thermal equilibrium
condition and the requirement of asymptotic decrease of the field with time unambiguously lead to secondary
inflation at the final stage of evolution, which is accompanied by accelerated expansion of the Universe and an
increase in the temperature of matter. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Modern cosmological models describe the scenario
of evolution of the Universe from its origination to the
present time as a chain of epochs in which a certain
form of matter dominates, which replaced one another
in a series of phase transitions. The presence of the
inflation epoch is one of the central elements of modern
cosmological scenarios. The type of matter filling the
Universe at the early stages of its evolution in the
course of inflation is known quite precisely. This type
of matter is a uniform scalar field similar to quantum
vacuum, whose effective equation of state has a form
close to the so-called quasi-vacuum equation of state:
p = —€, where p is the effective pressure and € is the
energy density of matter. It is this matter with such
properties that makes it possible an exponentially rapid
expansion of the Universe. This fact, which is known
since 1917 [1], was used in the theory of inflation as a
method for solving the entire set of problems in the
standard cosmological model (see[2-4]). It is assumed
that at the modern epoch, the Universe is filled with
matter in the form of a substance with an equation of
state close to that for a dust-like substance, i.e., with
p ~ 0 and with an isotropic Planck’s electromagnetic
radiation at temperature T ~ 2.75 K. At the same time,
recent results of observations [5] indicate that the mat-
ter component with a quasi-vacuum type equation of
state with p < 0 is preserved in the Universe at the
present epoch, which is responsible for the observed
accelerated expansion of the Universe at the modern
stage of its evolution. Besides, the results of observa-
tions point to the existence of a fourth component of
matter (the so-called dark matter) at the present epoch.
This explains why the values of mass of matter in the
structure of individual galaxies and their clusters,
obtained with the help of dynamic measurements and

luminosity measurements, differ by a factor of several
units,

Apart from the inflation epoch, modern observation
data indicate the existence of the radiation dominance
era in the evolution process, when the Universe was
filled by an isotropic el ectromagnetic radiation with the
equation of state p = €/3, and the matter dominance era
which corresponds to the present state of the Universe.

The existence of the inflation epoch and the radia-
tion dominance epoch has been established quite reli-
ably. An authentic description of physical mechanisms
governing the change of epochs continues to be the
main problem in the construction of the genera sce-
nario of evolution of the Universe from the preinflation
epoch to the present time. The most important point in
this general problem is the description of the mecha-
nism of emergence of the Universe from the inflation
stage [2]. Until now, this problem was solved under the
assumption of the dominance of one form of matter (sca
lar field) at the inflation stage (see, for example, [7-10Q]).
In the framework of such a“one-component” approach, a
general principle of modification of inflation models to
models with the transition from inflation to the Fried-
man stage of expansion was obtained in [9, 10]. How-
ever, certain difficulties encountered in an analysis of
one-component models with the transition from infla-
tion (see[10]) aswell asthe known data concerning the
multicomponent nature of matter at the modern epoch
mentioned above necessitate the analysis of multicom-
ponent cosmological models at the inflation stage.

In this connection, we devote the present work to an
analysis of cosmological models with matter having
several components: a scalar field and a matter chang-
ing its equation of state from the “ quasi-vacuum” type
(p ~—¢€) to the equation of state p = yewithy > 0in the
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course of evolution of the Universe. Theideology of the
present work concerning the study of the dynamics of
the scale factor, the form of the self-action potential,
and the effective equation of state of matter is mainly
associated with the method of “fine tuning”. Various
versions of this method were used earlier by many
authors (see, for example, [7, 11-13] and the literature
cited therein). In the present work (Sections 2-4), this
method is generalized to the case of the two-component
model, which makes it possible to study in detail the
mutual influence of different forms of matter by using
some auxiliary considerations.

It was mentioned above that the transition from one
epoch to another can be interpreted in broad sense as a
chain of phase transition in the structure of the matter.
The nature of phase transitions occurring in the Uni-
verse at the turn of epochs can be grasped in detail by
studying the evol ution of perturbations of the density of
matter and the parameters of the gravitational field,
which constitutes a separate and complicated problem.
If, however, we confine our analysis only to the asser-
tion about the existence of phase transition and to
studying the variation of the most general properties of
matter during these periods of time without going into
details of the phase-transition processes, we must
choose the velocity of sound in the matter components
asaconvenient parameter. The cal culation of the veloc-
ity of sound does not require the application of pertur-
bation theory; however, it is precisely this quantity that
determines to a considerable extent the dynamic prop-
erties of perturbations of the density of matter at all
stages of the evolution of the Universe. Theideaof such
an approach is based on the results obtained in [14],
where the equations of the perturbation dynamics were
derived with definite indication of the role of the veloc-
ity of sound in their dynamics. In the present work
(Sections 5, 8), this approach is applied to the problems
of describing the properties of two-component models
(Section 7) for separating different epochs.

According to modern results of observations, The
completion of theinflation stage was followed by a sec-
ondary heating of the matter filling the Universe at this
period of time. Such heating is usualy attributed (see
[4, 6]) to the transition of the inflanton field dynamics
to the mode of attenuating field oscillationsin thevicin-
ity of the local minimum of the self-action potential.
New types of inflation models were proposed in [9, 10,
13] in the framework of the standard model with a self-
acting scalar field with the natural transition to the
Friedman expansion mode. The transition to the Fried-
man mode in such models is accompanied by a mono-
tonic increasein the scalar field according to alogarith-
mic law (with a monotonic decrease in its energy den-
sity) and does not presume atransition to the oscillating
mode. Consequently, the secondary heating in such
models must be of some other origin than in the stan-
dard model swith oscillating mode. In the present work,
we propose another interpretation of the mechanism of
matter heating during the inflation as well as at the
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postinflation stage. This mechanism is determined by
the form of the effective equation of state of matter,
which is natura for the inflation stage, and the corre-
sponding laws of thermodynamic equilibrium between
the forms of matter. We consider here a family of one-
component (Section 6) models of this type and analo-
gous two-component models with a variable equation
of state of the matter (Sections 7—10). Specia attention
in thiswork is paid to the derivation of basic equations
describing the behavior of all main parameters of the
model and to their asymptotic analysis in the periods
close to the creation of the Universe and its emergence
from the inflation mode.

2. “SLOW SLIDE” REPRESENTATION

In the case of spatially flat homogeneous and isotro-
pic Universe, the standard cosmological model includ-
ing the inflation stage is described by the system of
equations (see, for example, [4])

H2 = g&:%qﬁ + V((p)] + 5%,

. . d
¢+3Ho = —%V((P),

(1)

where @pisascaar field, V(¢) isthe corresponding self-

action potential, H(t) = R/R is the Hubble parameter,
R(t) is the scale factor, K is the gravitational constant,
and ¢ is the energy density of matter. These two equa-
tions should be supplemented with the equation for the
pressure p of an ideal liquid, which has the form

D-. .%j
1 R+R

p = 1R+ S0-2¢"+ V(o). @

These three equations completely describe the evolu-
tion of the homogeneous spatially flat Universe filled
with ascalar field and an ideal liquid with agiven equa-
tion of state p = p(g). Before constructing and studying
varioustypes of cosmological models, it isexpedient to
transform Egs. (1) to aform more convenient for anal-
ysis and to introduce the concept of the effective equa-
tion of state of matter.

It was shown in [9, 10] that in the absence of con-
ventional matter (¢ = 0), exact equations (1) can be pre-
sented in the form of truncated equations known as the
equations of “slow dlide” in the cosmological inflation
theory. According to [9, 10], such atransition is carried
out through the introduction of the effective self-action
potential in accordance with the rule

W(9) = V(@) +3U%0), ©
where
¢ = U(9), @
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and U(@) isacertain function of ¢. Thisrelation always
holds since @ = @(t). Function W(¢) is the total energy
density of thefield. Using Eq. (3) we can reduce theini-
tial equations (1) to the form

o= SW. SHe = —fwe.  ©

These eguations coincide with the truncated equations
in the “dow dlide” approximation except for the
replacement of V(¢) by W(@). The scaling factor as a
function of t can be calculated as follows:

R(t) = Roepr' IEW(t)dt}. (6)

Such arepresentation of equationswill bereferred to as
the “slow dlide” representation.

3. THE EFFECTIVE EQUATION
OF STATE OF MATTER

Equations (5) lead to the relation

J3KUWY2 = —w, (7)

which describes, together with Eq. (3), the relation
between functions W(@) and U(¢). It can be seen that
only one of these functions is arbitrary. This relation
makes it possible to derive the general relation between
the total energy density W of the scalar field and its
effective pressure:

P = V(@) +3U79).

Since U?2 =W+ P, we obtain from Eq. (7)
1w
J3K W

Here, W = dW/dt. Equation (8) can be regarded as the
effective equation of state of matter, which isin accord
with the dynamics of the gravitational field and matter
(scalar field inthe present case). This equation indicates
the close relation between the rate of decrease in the
field energy density and the effective equation of state.

For example, for W = 0, we obtain a quasi-vacuum
state of matter % = -W, and the condition

W= ~(y + 1) VaKW"

corresponds to all equations of state of matter of the
form % = yW. Relation (7) also indicates that the rate of
decrease in the energy density unambiguously deter-
mines the form of the self-action potential V(¢) of the
scalar field as well. Thus, apart from the equation of
state p = p(€) for an ideal liquid, we can speak of the
effective equation of state of the scalar field in each spe-
cific model.

P = W )
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4. GENERAL PROPERTIES OF MODELS
WITH COMBINED MATTER:
SCALAR FIELD + IDEAL LIQUID

Let us consider amodel including ascalar field and
a matter. In this case, the evolution equations in the
slow dlide representation have the form

H = S(W(@) +¢), ©)
3H( = — WO, (10

and Eq. (7) can be written as
J3KU/W(p) +& = -W'. (11)

Using these relations, we obtain the following expres-
sion for the evolution of the scaling factor:

R@) = Roexp[f /g(W(t)+e)dt}. (12)

Thus, the evolution of the scaling factor entirely
depends on the total energy of matter, E = W(t) + €. As
in the previous section, % stands here for the effective
pressure of the scalar field. Using expression (12), we
can write Eq. (2) in the form

1 ¢

P T

Thisrelation can be treated as the generalized equation
of state of matter. Taking into account Eqg. (11), we can
transform Eq. (8) to asimilar form:

(13)

1 W
P = W-——. 14
o JE 9
Let usintroduce the total effective pressure
P=p+®.
Combining Egs. (13) and (14), we obtain the relation
1 E
P=-E-——, 15
JaJE &

connecting the total effective pressure with the total
energy of matter. Eliminating the total energy E from
Egs. (13) and (14), we arrive at one more useful relation

de _ _dw _ _dE
e+p W+P E+P

which establishes a relation between the increments of
the energy density of matter, field, and total energy.

The derived relations can easily be generalized to
the case of several scalar field components. For this
purpose, we must take for the energy density W of the
scalar field and the effective pressure P of the scalar
field in formulas (9)—(15) the total values of energy

(16)
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density and effective pressure for al the scalar field
components:

N
W =

k=

N N
P =3 P9 = Y -V
k=1 k=1

In this case, E = £ + W as before, and the effective
equations of state for each component have the same
form (14):

W) = Z %(Pi + Vk((ﬂ()g;
1 k=1

1 Wi
Py =W, -———, k=1,...,N.
T Jak.E
Relation (16) assumes the form

de - dW1 — - dWN - dE
e+tp W, +®P, T W +P, E+P

It should be noted that for a complete analysis of
cosmological model, it is sufficient to consider the set
of equations (14), (13), and (12) or an equivalent set of
equations (15), (16), and (12). Indeed, these relations
describe the variation of the scaling factor aswell asthe
form of the self-action potential and the change in the
energy density of matter. Proceeding from the form of
the effective eguation of state of matter, we can obtain
in explicit form the change in the effective temperature
of matter in the course of evolution under the assump-
tion of the quasi-stationary nature of thermodynamic
processes accompanying this evolution. The only
important element which cannot be analyzed on the
basis of the obtained relationsistheincrease in the mat-
ter density perturbations in such a model. In order to
analyze this quantity, we must solve additional equa-
tions describing the evolution of the scalar field pertur-
bations, the metric, and the density of matter [4, 15].
However, a number of the most important features of
evolution of perturbations can be established from an
analysis of the equation of state, namely, from an anal-
ysis of the behavior of the velocity of sound in such
models. In other words, without solving the equations
describing the evolution of density perturbations, we
can determine a number of their important properties.
Such a possibility stems from the results obtained in
[14]. In the subsequent analysis, we will bear in mind
this possibility without analyzing the evolution of per-
turbations directly. We will start from simple equations
of inflation.

5. INFLATION COSMOLOGIES
WITH A SCALAR FIELD

Proceeding from the above analysis of equations of
cosmological dynamics, we consider several specia
models of inflation with matter in the form of a scalar
field without an ideal liquid. According to the results
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obtained in [9, 10], an important equation in the infla-
tion cosmology isthe equation of state of matter, corre-
sponding to an exponentially rapid decrease in the
energy density of matter:

V = —BW (17)

for B = const. In this case, in accordance with Eqg. (8),
the effective equation of state has the form

p = B w2_w.

3K

This equation follows from two different models of
inflation, having peculiar properties. The first model
was constructed in [13] on the basis of the variational
determination of the slow slide mode. The second
model of inflation, characterized by an effective equa
tion of state of matter of the type (18), corresponds to
the Higgs self-action potential of the form

(18)

V() = 50— @) -IMie- @)% (19)

Here, A = M,,»/3k and M;, is the Planck mass which in
the given caseis equal to the mass of a Higgs boson. A
model of thistype was considered in [9, 10] in connec-
tion with the construction of models with the emer-
gence from inflation to the Friedman stage.

A specific feature of the model with the Higgs
potential isthat at a certain instant of evolution, which
is of the inflation type, the potential energy of self-
action of the field becomes negative. It can easily be
verified that the energy dominance principleisviolated
for negative values of self-action potential. Starting
from this instant, the model behaves “abnormally.”
First, in this model, the Universe tends in the asymp-
totic limit to astate of unstable equilibrium correspond-
ing to alocal peak of V(@) (thiswas noted in [10]), and
second (which is even more surprising), the velocity of
sound inthismodel attains after acertain timethevalue
of the velocity of light and subsequently even
exceeds this velocity (this effect was not mentioned
in [10]). It was indicated in the Introduction that the
velocity of sound is one of the simplest indicators of
the occurrence of phase transitions in the course of
evolution. We can easily calculate the vel ocity of sound
for model (18):

= dp_ 2 4 LW”E.

p U7 2/3

Here, c is the velocity of light, W = ¢?p, and p is the
mass density. The behavior of the square of the velocity
of sound ¢? corresponding to Eq. (20) is presented in
Fig. 1. The monotonic increase in the velocity of sound
upon a decrease in the energy density of matter is the
most remarkable effect accompanying the expansion of
the Universe in the inflation scenario with a given type
of matter. There exist two types of the threshold energy

(20)
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density. It can be seen from Eqg. (20) that as W — oo,
the velocity of sound becomes an imaginary quantity.
For thisreason, density perturbations either attenuate or
build up rapidly. As the density decreases to a certain
value W, the value of ¢, becomes zero. After the attain-
ment of this value of energy density, the velocity of
sound assumes real values, the dynamics of perturba
tions becomes oscillatory, and the inflation stage termi-
nates. The second threshold value corresponds to the
attainment of the critical density W, for which the
velocity of sound becomes equal to the velacity of light
(cs=c). Thecritical density corresponding to the veloc-
ity of sound (20) is given by

_ly - B
We = 2Wo = 15¢-

A subseguent decrease in the energy density in the

model under investigation leads to afurther increasein

the velocity of sound and to the transition of the field

dynamics to the supercritical region: ¢ > c.

Thus, the violation of the energy dominance princi-
ple in this model leads to the emergence of processes
with arate exceeding the vel ocity of light. It should also
be noted that this effect is not associated with the field
peculiarities of the model under investigation, but is
entirely determined by the violation of the energy dom-
inance principle. It should be recalled in this connec-
tion that the model of a self-acting scalar field is equiv-
alent to the model of anideal liquid except the notation.
Note that a transition of the model to the supercritical
region is observed not immediately after the violation
of energy dominance, but after a certain finite time
interval. It follows hence that the model becomes inap-
plicable for describing actual processes only after the
attainment of the boundary of the supercritical region
for the velocity of sound. If we now recollect that the
evolution modes associated with violation of the energy
dominance principle correspond to time intervals dur-
ing which phase transformations of matter take place,
the natural assumption arises that the models under
investigation should be interpreted as prototypes of
models with phase transitions. Henceforth, we will
refer to this type of models as the models with a phase
transition.

The main idea can be formulated as follows. In the
region of supercritical densities, the conditions for free
propagation of acoustic perturbations are not observed
since the velocity of acoustic perturbations cannot
exceed the velocity of light. Consequently, wave pertur-
bations of the density of matter (field in the present
case) must rapidly attenuate, transferring energy to
some other form of matter which must be intensely
formed as the threshold density is approached. It fol-
lows hence that the attainment of the critical density
must lead to a considerable change in the form of the
equation of state of matter, i.e., to a phase transition.
Sincethe velocity of sound inthevicinity of the critical
value of energy density is equal to the velocity of light,
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Fig. 1. Time dependence of the square of the velocity of
sound for the model with aHiggs sdlf-action potentia (o = 1).

acoustic vibrations (density perturbations) must appar-
ently transfer the energy to the electromagnetic waves
most effectively during this period of time. Thus, near
the critical density, a phase transition to the matter
mainly in the form of isotropic radiation with the equa-
tion of state p = /3. However, the model becomesinap-
plicable for describing processes at the Friedman stage
and requires modification.

One of the versions of such a modification was pro-
posed in [9, 10]. It is based on the “correction” of the
asymptotic behavior of the field and self-action poten-
tial as functions of time for t — o and, hence, the
form of the self-action potential as a function of the

field. Thisisachieved by supplementing the function ¢

with a term decreasing according to the law t= under
the assumption that the remaining elements of the func-

tional representation of ¢ decrease morerapidly. Inthis
case, ¢ ~ Int. If the asymptotic behavior of parameters
is taken into account correctly, the period of energy
dominance violation vanishes in the history of evolu-
tion in such a model, its basic properties being pre-
served at the inflation stage. In this form, the model
becomes applicable for describing the global evolution
from the inflation stage to the modern epoch.

The only unsatisfactory element in such a model is
that the entire matter is presented by a single scalar
field. This scalar field possesses different properties at
the inflation stage and at the stage of the Friedman
expansion. It wasshown in[13] that thetransition to the
Friedman stage in models with a single scalar field is
necessarily associated with a logarithmic increase in
thisfield: @ ~ Int. However, in view of the presence of
elementary particles with the Higgs mechanism of the
particle mass formation in the standard model, the field
value is associated with the particle mass: m~ ¢?. This
indicates an increase in the particle mass at the Fried-
man stage according to the law ~(Int)2. Since this effect
has not been observed experimentally, we have to
assumethat the transition to the Friedman stage must be
ensured not by the scalar field, but by another compo-
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nent of matter, which hasthe form of asubstance rather
than afield at the instant of completion of inflation (see
[10]). It would be more acceptable to assume that mat-
ter and scalar field have different sources and to con-
sider two components of matter from the very outset in
the model. In the present work, we propose precisely
this version of model modification, which takes into
account explicitly at least two forms of matter on the
entire interval of evolution of the Universe from the
inflation stage to the modern epoch.

6. THE GENERAL CLASS OF MODELS
OF INFLATION WITH A PHASE TRANSITION

Before analyzing two-component models, let us
consider in greater detail all types of one-component
models in which the above-mentioned phase transition
may take place according to an analogous scenario.
Such models can be described by the equation of
energy density variation in the form

aW = _kwe,
dt

where k and a are constants. The law describing the
decrease in the energy density in this case has the form

W(t) = [kt(o—1)] Y = wt™. (22)

Here, the following notation has been introduced: m =
(o — 1), wy = (k(a — 1))™. For the zeroth instant of
time, we chose the instant corresponding to singul arity:
W= 0. It should be noted that it is expedient to consider
this relation for a = 1. Otherwise, energy does not
decrease during expansion, but increases since m < 0;
i.e., thetotal energy of the Universeincreases, whichis
possible only if the energy dominance principleis vio-
lated.

In connection with contemporary data on acceler-
ated expansion in the modern epoch [5], it isaso expe-
dient to consider model swith the law of the energy den-
sity decrease not to its zero value, but to a certain small
constant value A > 0, which can be interpreted as a cos-
mological constant [16]. Inthiscase, EQ. (21) should be
replaced by the equation

dw _

T = KW=,

whose solution has the form
W) = [kt(a -] VA = wt "+ A, (24)

In the subsequent analysis, we will consider the effect
of the introduction of the cosmological constant in the
model, but for the time being, we assume that A = 0.

The effective equations of state of the matter, which
correspond to Eq. (22), have the form

k 12
P = —W+—W""",
3K

(21)

(23)

(25)
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An analysis of this relation shows that ast — oo, the
effective pressure P decreases together with W only for
the values of the parameter a < 3/2. Indeed, for a < 3/2.
The first term in Eq. (25) is smaller than the second
termfor quite largevalues of t > 0; in thislimit, we have

pow2 K g
J3K

For a = 3/2 (which correspondsto Friedman’'s models),
% = yW — 0, but the sign of pressure is determined
by constantsk and a. If, however, a > 3/2, the effective
pressure increases indefinitely for large values of t > O,
whileW — 0.

Consequently, the “Friedman” value of the parame-
ter a = 3/2 divides all models into two classes. Models
of the first type correspond 1 < a < 3/2, while models
of the second class correspond to o > 3/2. The exponent
in Eq. (22) for first-type models satisfies the inequal -
ity m=(a —1)"1> 2. Thismeansthat the energy density
in such models decreases for t — o at a higher rate
than in Friedman’s models with the equation of state
9% =T'Wcorresponding to a = 3/2and W~t2[13]. The
Friedman law corresponds to the situation when the
“number of particles of matter” in each element of
space does not change and the energy decreases only
dueto the extension of the unit volume of the space. For
o > 3/2, we have m < 2 and the energy decreases more
slowly than in the Friedman modes. As aresult, models
with a > 3/2 describe an incessant inflation, which rules
out their transition to the Friedman mode of expansion
(see[10]). For 1 < a < 3/2, the rate of energy decrease
increases upon a decrease in a in accordance with
Eqg. (22) and attainsits maximum valuefor o = 1, which
corresponds to an exponential decrease in the energy
density of thefield. Thus, intheregion 1 < a < 3/2, the
“decay” of scalar field “quanta’ takes place and the
evolution of the scaling factor slows down. Thisconclu-
sion is aso illustrated by the fact that the scalar field
decreases monotonically for models with 1 < a < 3/2,
which indicates that the particle masses approach a
constant value. It should be recalled (see above and
[10]) that for o = 3/2, the field increases according to
the law Int, which leads to an increase in the mass of
particles according to the law (Int)2. For this reason, it is
expedient to consider models precisdy with 1< a < 3/2.

The velocity of sound for these equations of state
depends on energy density as follows:

Therange 1 < a < 3/2 is aso distinguished by the fact
that the velocity of sound on this interval increases
upon a decrease in the energy density and attains at a
certain instant the critical value equal to the velocity of
light. Thisispossible evenin awider range (for al a = 1,
o # 3/2). Accordingly, the critical density is given by
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WC |:k(42?/_1)i|2/(3 2a)

and the instant at which the critical density is attained
isgiven by

. 1 4/\/— 2(1-a)/(2a-3)
= Kla= 1)[k(20( 1)} '

For o = 3/2, the critical density is never attained except
for matter with an extremely stringent equation of state
of the substance p = €. Thus, all the models permitting
the attainment of the critical density satisfy the condi-
tionsl<a, a # 3/2. It was noted above that the limiting
value of the parameter o = 3/2 corresponds to Fried-
man’s models. The other limiting case a = 1 corre-
sponds to inflation models (19) in which the energy
density decreases exponentially (17). It should also be
noted that in all these modelswith 1 < a < 3/2, aswell
as in the model with a = 1, there exists a threshold
energy density W, above which the velocity of soundis
imaginary and below which it is real-valued. This
threshold value corresponds to ¢, = 0. The value of W,
determined by the formula

W, = [k(zzj_l)T/(s 20) _

Another distinguishing feature of the class of mod-
els under investigation is the behavior of temperature.
Knowing the effective equation of state of matter, we
can establish the temperature dependence of the energy
density under the assumption that matter (aggregate of
field quanta) is in thermal equilibrium and is an ana-
logue of arelativistic gas, but with the equation of
state (25). In this case, the internal energy U = WV,
where W=W(T) and V" is the volume of the region
occupied by matter. It follows from the second law of
thermodynamics of reversible processes that U and %
are connected through the equation

52(3-20) s
-

ou _ 0P
e -P+ Tﬁ (26)
Thisleads to the following expression for W(T):
W= - +72MW - g 1S o

oT c? oT"

For the equation of state (25), integration of Eq. (27)
leads to the relation

4&\/\/3/2—0( B DTDZ/(Za—l)
Wexp| k(3—20()(20(—1)} - o 9

It follows hence that in models with 1 < a < 3/2, the
temperature in the initially singular state is equal to
zero: T — O for W —» oo, At theinstant t = O of its
creation, the Universe is cold. The later statement
appears natura sinceinitially the Universeisfilled with
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afield and fluctuations of these fields are of quantum
origin in this period. After the birth of the Universe, the
temperature increases upon a monotonic decrease in
the energy density, attains its maximum value, and then
again tendsto zero (T — 0 asW —= 0). The temper-
ature peak is attained at the instant of attainment of the
threshold density corresponding to the condition c, = 0.
It was mentioned above that this instant corresponds to
the exit of the universe from the inflation process and
actually coincides with the secondary heating pre-
sumed in standard scenarios.

In this respect, the given scenarios differ from those
in the standard model. In the latter scenarios, the Uni-
verseisinitially hot and itstemperature decreases at the
inflation stage, after which the secondary heating takes
place due to energy transfer from field oscillations to
the substance. In the models considered by us here, the
initially cold Universe is heated during the inflation
stage and attains the maximum temperature at the end
of inflation. For this reason, the secondary heating in
these models actually coincides with the primary heat-
ing and does not require a transition to the oscillatory
mode of the field.

The temperature increases in the course of inflation
due to the fact that wave perturbations cannot be gener-
ated until the threshold density W, is attained, and the
energy density decreases more slowly than in the case
when the number of field quantais conserved. For this
reason, the entire field decay energy is spent on increas-
ing the internal energy of the aggregate of field quanta
as a gaseous condensate. Then the temperature dropsin
the segment of evolution from the values of density W,
to W,.. After this, the model becomes unable to describe
the evolution of the Universe correctly.

Let us now analyze the evolution of the scaling fac-
tor and the form of the self-action potential correspond-
ing to the models under investigation. Substituting
Eq. (22) into Eq. (6), we find the law of evolution of the
scaling factor for models with the equations of state (25)
forl<a<3/2:

R(@) = Roepr' /—W(t)dt} R.exp- EE. (29)
Here,
_ 3-2a
TG

forl<a<3/2andv <O0fora>3/2,

0= J%[k(u-l)]‘”‘“‘”, Ro = R(ty),
R. = RoexpEbOE

It follows hence that in models with 1 < a < 3/2, the
Universe expands, passing asymptoticaly to a steady
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Fig. 2. Time dependence of (a) temperature, (b) square of
the velocity of sound, and (c) scaling factor for various val-
ues of the parameter a (k =1, k=3).

state. For a > 3/2, the expansion occurs in the acceler-
ating mode. Thecasesa = 1 and a = 3/2 are special. For
o =1, the evolution of the scaling factor has the form
[9, 10]

R{t) = R.exp(—qe ™). (30)

For a = 3/2, the evol ution of the scaling factor obeysthe
power law R(t) = Ryt
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Let us consider the general characteristics of the
scaling factor evolution laws (29) for 1 < a < 3/2. For
t — 0, we have R(t) — 0. This means that at instant
t =0, the Universe isin a singular state: € —» oo for
t — 0. Inthiscase, all the time derivatives of the scal-
ing factor are equal to zero for t — +0. The Universe
startsexpanding at zero rate. Then the universe expands
almost jumpwise to a certain finite size R,, to which it
tends asymptotically ast — . Thelimiting casea = 1
corresponds to an analogous evolution except that the
Universe in an extremely compressed state R = O for
t — —0. Asin the case of a = 1, the nearly “jump-
wise” change in the scaling factor in the vicinity of a
certain instant of time for all the models under investi-
gation can be naturaly attributed to the inflation pro-
cess. The model with a = 1 was considered in [9, 10],
where it was shown that expansion in this model is of
the inflation type. The rate of expansion in modelswith
1< a<3/2islower that in the model with a =1, but
the inflation nature of expansion is preserved.

The behavior of the basic parameters of the models
with a scalar field under investigation is presented in
Figs. 2a-2c for some values of parameter a.

Summarizing theresults of our analysis, we can pro-
pose that the epochs in the Universe evolution should
be singled out according to the velocity of sound. Infla-

tion isthe epoch during which ¢2 < 0. Theinstant of its
completion corresponds to the attainment of the critical

density for which cﬁ = 0. The “wave epoch” is the

period of time during which 0 < ci < C2 It must corre-

spond to the era of radiation dominance (at least, its
final stage). During this period, secondary heating and
transition to the model epoch of dominance of sub-
stance and dark matter must take place in accordance
with the standard scenario. The definitions of these
epochs will be refined below in the framework of the
two-component model, but the definition of inflation
remains unchanged in this case.

Let us now consider the expressions for the self-
action field potential ensuring the given expansion
modes in the framework of their field interpretation. 1t
should be noted that for a = 1, the self-action potential
has the form (19), which is standard for describing the
Higgs mechanism of spontaneous symmetry breaking
inthe quantum field theory (see[9, 10]). Integrating the
equation

U2 = _ W
J3KW'

which follows from Eq. (7), with respect to W(t) =
W(@(t)), we obtain an expressions for U(t) and ¢(t).

(31)
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Eliminating time with the help of the explicit depen-
dence @ = @(t),

Qt) = @t 4— “O(_lm[k(a ~1)] _1/4(0(_1)1:_',

(3—2a)(3k)
_ 3-2a
T 4(a-1)

in accordance with Eq. (3), we obtain

V(@) = A)(9— @) —B(a)(e— @)",

where

(32)

Aa) = [k(@-1] 7

U2a-3 14 1/4(0(—1)5’\/I
X ———=(3K)" [k(a —1)] O,
AJa -1 O

1 _1/2(a-1)
B(a) = ————[k(a -1
@ = ka1
U2a-3 14 l/4(a—1)Dn
X O————=(3k)" [k(a —1)] 0.
AJa-1 O
_ 4 _ 220( -1
- 3-2a’ - 73-2a’

4(a—-1)(2a —-1)
(3-20)°

For instance, for o = 1, we obtain M = 4, N = 2, which
corresponds to the standard Higgs potential (19). For
o = 5/4, we have M = 8, N = 6, while for a = 4/3, we
have M = 12, N = 10. For the Friedman value a = 3/2, the
potential has adifferent form; viz., V(q) = cexp(—2¢).

Thus, the self-action potential for al the models
under investigation has a typical form of the Higgs
potential, but with a dightly different functional form
of potential wells ensuring the Higgs mechanism of
spontaneous symmetry breaking. It should be noted,
however, that for 1 < a < 3/2, there exists a period of
time in the course of evolution, when V(¢) < 0 and the
energy dominance principle is violated. It is for this
reason that the field tends to the value @, corresponding
to the maximum of the potential V(¢), i.e., to an unsta-
ble state, while the velocity of sound becomes larger
than the velocity of light. These defect of the models
with 1 < a < 3/2 can be eliminated by introducing aspe-
cial modification of the model, similar to the model
with a = 1 considered in [10]. Such a modification
gives a monotonic decrease in potential for t — oo
leading to the transition to the Friedman mode of the
evolution.
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7. TWO-COMPONENT MODELS
OF INFLATION

In order to close the system of equations for the
model with combined matter, we must first establish the
equation of state of the substance (ideal liquid). This
equation isusually chosenintheform p =ye. Thegquan-
tity y determines the type of the substance. For y = 1/3,
thisisusually isotropic radiation, for y = 0, thisis dust,
and so on. Inthe most general case, y=y(t) isafunction
of time, which describes the change in the state of the
substance filling the Universe through a sequence of
phase transitions. Second, we must indicate the condi-
tions specifying the field dynamics. Such conditions
can be (a) the explicit representation of the self-action
potential V() asafunction of field ¢ and, perhaps, of t;
(b) the effective equation of state of the field: % =
9%P(W); and (c) the law of the time evolution of thefield,

eg., W = —kwe,

The approach based on condition (@) is usualy
applied in quantum models and is determined by phys-
ical quantum properties of the field. Its main drawback
is that upon the time variation of the self-action poten-
tial V = V(@, t), which corresponds to phase transitions
into the states of early Universe, thistime evolution in
homogeneous models does not differ from the compli-
cated dependence

V= V(@) = V().

For this reason, such a method of defining the field
dynamics does not specify rigorously all physica
mechanisms in the model.

Approach (b) is an attempt to interpret field as a
material substance of the type of a gas of relativistic
particles, probably, with an exotic equation of state.
The above analysis shows that the effective equation of
state can be chosen in the form (25). Such a choice cor-
responds to quite definite mechanisms of the evolution
of field perturbations (e.g., the evolution of the velocity
of sound for the field component of matter is fixed).
Another disadvantage of this method is the ambiguity
in the choice of the equation of state and the complexity
of the description of kinetics. The last and the simplest
approach (c) rigidly fixesthe time evolution of the field
energy density and, hence, unambiguously determines
the evolution of all the remaining components of the
model. This can be interpreted as the condition that the
field evolution is determined only by itsintrinsic prop-
erties (decay of the quanta of thisfield). For thisreason,
we will henceforth use the third method of determina
tion of the field dynamics.

8. THE FIXED LAW OF ENERGY DENSITY
EVOLUTION FOR A SCALAR FIELD

The system of equations of the model in the case
when the evolution rate of the field energy density
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is given hasthe form where
W= kW', p = ve qg= —2 (39)
b= e W . ek |
TR 9 e g vt e it s
rp = S cquation in sysierm (33, the Uiverss asymptoticaly

R(t) = Roepr' /g(W(t)+s)dt}. (34)

Here, we assumethat y = const. Using the first equation
of this system, we derive the law of evolution of the
field energy density, which coincides with Eq. (22).
Then we derive the equation of the energy density for
the substance:

—J3K.

2 - (35)
(v +1)ee+ W)

In order to determinethe form of solution € for mod-
els of field evolution with W ~t=™, we consider first the
case when W = W;const, which corresponds to the
guasi-vacuum equation of state for field component of
matter: % = -W = const. In this specific case, Eq. (35)
can beintegrated exactly and its solution can be written
in the form

Wo

gt) = W(Qt)’

(36)

where

Q=(y+1 -——-———‘BZWO.
This solution shows that for a constant level of energy
density of the field component of matter, the energy
density of anideal liquidincreasesast?fort — Oand
decreases in proportion to e for t —» . The Uni-
verse in this case does not pass to the Friedman mode,
but follows the de Sitter scenario after a certain time.
The general property of the solutions of Eq. (35) for
W ~ t™™ is the monotonic decrease of €(t) upon an
increase in t. Indeed, since € > 0 and W > 0, we have
€ <0. Assuming that € decreases more slowly than W
inthelimitt — oo and hence disregarding the value of
W as compared to € in the denominator of Eqg. (35), we
arrive at the asymptotic equation

f_;z = —(y + 1)J3kdt. (37)
It follows hence that ast —» o, we have
e(t) 04, (38)
t
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passes to the Friedman mode.

L et us now consider the behavior of € in the vicinity
of instantt =0, i.e., near the W(t) singularity. It isnatural
to assume that at the initial instant, the entire energy is
in the field form of matter and conventional matter
appearsas aresult of the decay of thefield. For thisrea-
son, the value of € near t = 0 must be bounded or, at
least, the condition W > € must be satisfied. However,
an analysis of Eq. (37) near t = 0 indicates a quite com-
plex behavior of the model variablesnear t = 0. In anal-
ogy with Eq. (36), we will seek the solution for € in the
form

W(t)
sinh’O(t)
Substituting this relation into Eq. (37), we arrive at the
following equation for the function ©(t):

e(t) = (40)

6=V amho+ Sgn@l—;-;LA/?;KW. (41)

2W
Note the fact that the second term in this equation con-
tains a discontinuous function (the sign of function ©).
This determines the main properties of the asymptotic
forms of ©. Substituting W(t) from Eq. (22) into this
equation, we obtain

-m/2

O = —gtanhemgn@\%l KWt ™. (42)

Let us assume that in the range of small values of t ~ 0,
the function © is positive and quite large, and
tanh® 1. In the range of such values of t, we have

(43)

Consequently, the principal term of the asymptotic
form (43) is negative and increases indefinitely in mag-
nitudeast — O:

0 YL Bewtt ™, o,
2—-m
It follows hence that for t — 0, there exists an instant
at which © vanishes. Let us now assume the converse:
let the function © be smaller than zero in acertain range
of t ~ 0. Then the principal term of the asymptotic form
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of © is positive and increases indefinitely. Conse-
guently, for t — 0, © becomes equal to zero again at
acertaininstant. It can also be seen that Eq. (42) hasthe
exact solution ©(t) = 0. All that has been said above can
be formulated asfollows. Equation (42) for all t > 0 has
only integral curves originating from points on the
abscissa axis at acertain fixed instant t, which is deter-
mined by the initial condition, i.e., from points
(T, ©(1) = 0), and then are continued in the region of
positive (see Fig. 3) or negative values of O(t).

In accordance with Eq. (40), this means that before
the instant T, the energy density of matter is infinitely
large and the Universe isin asingular state. At ingant T,
when anintegral curve emerges from point (t, ©(t) = 0),
the Universe |leaves the singular state, passes through
the inflation stage, and then arrives at the Friedman
mode. Thus, in the scenarios under investigation with
1< a < 3/2, the formation of the Universe from a sin-
gular state occurs after a finite time interval following
the“decay” of the singular state with aninfinitely large
energy density of thefield at instant t = 0. Actually, this
conclusion has a more general meaning and holds not
only for scenarios of W= W(t) with 1 < a < 3/2. The
behavior of € analyzed aboveis connected with the sign
of the quantity y + 1 on the right-hand side of Eq. (37).
Theabove analysisisvalid for al scenarioswithy+1>0
and with W decreasing ast — oo,

This result seem to be rather unexpected. An analy-
sisof the behavior of theintegral curves of Eq. (42) for
y + 1 > 0 indicates that Eg. (35) has no real solutions
satisfying theinitial condition g(t,) = O for finite values
of t,. This means that the second component of matter
(if it isincluded in the model) is necessarily in the sin-
gular state on afinite time interval in the past. Conse-
quently, if we want to construct a model in which con-
ventional substance is absent at the instant of the decay
of the singular state and is generated with time as a
result of the decay of field “quanta,” we must specify
more exactly what is meant under the condition of the
absence of substance at theinitial stage of theformation
of the Universe. The fulfillment of this condition corre-
sponds to two essentially different physical situations.
One of them corresponds to the requirement € = 0 for a
given equation of state at instant t = 0 and consequently
cannot be realized (see above). The other corresponds
to the requirement that at instant t = O, the equation of
state of the substance resemblesthe field equation, i.e.,
corresponds to the quasi-vacuum case: p ~ —€. In other
words, at the initial stages, the second component of
matter can be treated as a second scalar field which is
transformed into a substance in the course of the evolu-
tion of the Universe. The second situation can be real-
ized in the framework of the model under investigation
as follows. The equation of state of the second compo-
nent can vary with time, e.g., according to the law p =
y(t)e so that the quantity y(t) ~—1 at the initial stages of
the evolution, passing to avalue y > 0 at the postinfla-
tion stage.
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Fig. 3. Typical integral curves for equation of function O(t)
in the model with a = 5/4.

L et us make afew remarks concerning the interpre-
tation of the dependencey = y(t). It is clear from quan-
tum-mechanical considerations that each value of the
guantity y corresponds to a definite type of substance or
radiation. For example, typical values are y = 1/3 for
radiation with zero-mass particlesor p = 0 for adustlike
matter. Consequently, thetime variation of y could indi-
cate a smooth transition of substance or radiation from
one formto another, i.e., asmooth phasetransition. The
latter isruled out in view of the qguantum nature of radi-
ation and substance. However, this dependence can also
be interpreted in a different way. If we assume that the
second component of matter is comprised of severa
forms of matter in thermal equilibrium, the equation of
state of this mixture can be treated as the weighted
mean equation of state. Indeed, let us suppose that each
component of the mixture has an equation of stateinthe
form

Pi = VY&, | = 1,2,...,
where y; = const. In this case, the total pressure of all
componentsisthe sum of partial pressuresand thetotal
energy density isthe sum of the partial densities of the
components:

p = zpi = Zyiei, € = Zsi.

As aresult, we can introduce the following equation of
state for the mixture:

Zyisi

&

p = = y(te,
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where

zyisi(t)
y() = -

Te®

The dependence of parameter y on t is determined by
the variation of the relative concentration of individual
components in the mixture, which also reflects, in fact,
phase transitions occurring in the substance, but in the
form of a smooth variation of the percentage of the
components. In our subsequent analysis, we will stick
to just this concept of time variation of y.

Thus, the scenario under consideration presumes
that at the inflation stage, the Universe has two compo-
nents of matter of the field form. One of these compo-
nents behaves as field during the entire evolution of the
Universe, while the other component has a variable
equation of state (i.e., the variable composition of the
mixture of the components constituting it). At theinfla-
tion stage, the energy density of the second component
decreases more sowly than that of the first (purely
field) component. In the second component, the energy
is stored, which is transformed into a substance with
y = 0 asaresult of the phase transition after the comple-
tion of theinflation stage.

9. EVOLUTION OF PARAMETER y(t)
IN TWO-COMPONENT MODELS
IN THERMAL EQUILIBRIUM

We assumethat for y=y(t), theform of the evolution
of the Universefor t = 0 correspondsto val ues of energy
density € <€ W and W = o. The subsequent evolution
must follow a scenario in which the energy density €
must decrease more slowly than W during a certain

finitetimeinterval At: € >0, t (A t. Asaresult, by the
end of the interval, a sufficient amount of matter of the
Universe will be transformed into a substance upon a
changein the equation of state. At the present stage, the
substance has an equation of state close to that for a
dustlike matter: y ~ 0. Consequently, the following
asymptotic conditions must be satisfied for y as afunc-
tion of time: y — —1 for t — O, where 9(t) < 0, and
y(t) — O ast — oo, Besides, it should be noted that
there existed epochs in the course of evolution, when
the Universe wasfilled with radiation with the equation
of state y = 1/3. Consequently, the dependence y = y(t)
must attain a positive value of y closeto 1/3 in thetime
interval (0, ).

The main difficulty encountered while solving the
problem of evolution of y(t) lies in the formulation of
the physical conditions governing this evolution. The
variation of y(t) as a quantity characterizing the proper-
ties of the structure of one of the components of matter
can be directly connected only with the thermodynamic
parameters of the evolution: the energy densities of
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both components, their pressure, and temperature. The
most important question here is whether or not the two
components of matter are in thermodynamic equilib-
rium with each other. It is natural to assume that equi-
librium can be absent only on certain short intervals of
time during which rapid phase transitionsin one or both
components of matter take place. Consequently, the
thermal equilibrium condition, which is equivalent here
to the condition of the equality of the temperatures of
both components, can be regarded as most suitable for
describing the process of a simultaneous evolution of
the two components. It turns out that this condition is
sufficient for describing the evolution of y(t) also.

Let us use Eq. (26) for describing the time depen-
dence of the common temperature of the matter compo-
nents under the assumption of their thermal equilib-
rium. The equation of state for the first component has
theform (33), whilefor the second component, we have
p = y(t)e. Writing Eq. (26) for both components sepa-
rately, we obtain the following system of equations for
calculating the dependences T(t) and y(t):

doWwW g w' J/3kdW (44)
ST w+e Jwre K dS'
908 = (y+ ), (45

where S= InT. Eliminating the time derivative S from
these equations and using Egs. (33) and (35), we obtain
the following equation for &(t) = y(t) + 1:

5 = —BA(t) + 8°B(t), (46)

where

kwe ™t
2(W+¢)

2W + 3¢
B(t) = /3K .
® 2 JW+¢

For agiven evolution € = g(t), this equation can be inte-

grated in quadratures. Its general solution has the form
_ AR

M= 3Fp-1

At) = [(2a —1)W + 2ag],

(47)

where
t

F.t) = exp{— I A(t) dt}

%)

Fa(t) = IFl(t) B(t)dt,

and A, = O(t) isthe value of function d(t) for t = t,. The
joint solution of Egs. (46) and (35) cannot be obtained
in an explicit form. However, we are interested in the
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asymptotic behavior of the solutions of these equations
fort — Oandt — o aswell asin the existence of
local extrema of function & for t > 0. Such an analysis
can be carried out on the basis of the preset properties
of the evolution g(t) in these limits.

Let usfirst carry out an asymptotic analysis of the
solutions of Eq. (46) for t — oo on the basis of thefol-
lowing two assumptions. The first corresponds to the
condition € — ¢, for t — oo, and the second, to
€ —= (t? in the same limit. The former case corre-
sponds to the return of the second component to a
guasi-vacuum state and the latter to the return to an
ideal liquid.

In both cases, we have W < ¢ for t — . Let us
suppose that € — €, inthiscase. This gives

At) — kwi ta = a(@ —1)'t

B(t) — /3KE.,

and Eq. (46) assumes the form
5 = 0t + dyd’,

wherea,=a(a —1)*>0and b, = ,/3ke,, > 0. Integrat-
ing the last equation with the help of the substitution

(48)

we obtain
a-1 1
bo 1™t

(C, is the integration constant). It follows hence that
y — =1 in this limit, as expected. Consequently, this
solution is allowed for the given model with thermal
equilibrium.

The importance of the obtained solution is deter-
mined by an analysis of amore general situation. Let us
consider general solutions of the form € ~ ¢,t? for
t — o and for € > W. We will seek the asymptotic
form for & in the power form also: & ~ gtV. Substituting
these functions into the equation for € and 6, we find
thaB=—(a-1)1<0andy=-p/2-1>0. It follows
hence that the thermal equilibrium condition in the gen-
eral case corresponds to the same asymptotic behavior
of the two components of matter: W~ t@-1 and g ~
t=Y(@-1, The deviation from this behavior is possible
only inthe special casefor e — €, > 0. Besides, it fol-
lows from the obtained asymptotic solution that o
increases indefinitely as€ — 0. Thisinevitably leads
with time to a violation of the energy dominance prin-
ciple, which in unacceptable from the physical point of
view. Consequently, the only correct solution of the
equations for € and & are those satisfying the condition
€ —=¢g,>0fort — oo, It was proved above that in
thiscase, d —= Oast — . The only exception from

—»0 for t—

5 »—
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thisgeneral rule may be associated with asearch for the
solution for the case whene — gt—2.

Inthelimitt — oo, for € —» qt=2 we have
At) D%O,
b
B(t) D—t—l,

where a; = a(a — 1) and b, = 3./3kq. Equation (35)
in this limit leads to the requirement

2
0—0, = = const (49)
~/3K(Q
while Eq. (46) assumes the form
8 = —a,d+b,8°
Integrating this equation, we obtain
591 1 ot s
a bl 1 - Cltao

Here, C, is also the integration constant. Since a, > 0,
0 — 0if C, # 0 Thus, this solution matches with the
initial assumption  — d,, > 0 only when C; = 0. In
this case, we have

O(—1>0

0—190, = ab, > O

Equating the obtained asymptotic vaue of o, to the
value from Eqg. (49), we find that thisis possible only if

o =3/2.

Thus, as expected, there exists only one model of the
evolution of the field component of type (33), corre-
sponding to a = 3/2, for which the Universe can passto
the Friedman scenario after the completion of inflation
under the condition of thermal equilibrium between the
matter components. In the case with a = 3/2 corre-
sponding to an ideal liquid, inflation is absent (see
above). For this reason, this version should be dis-
carded.

Before formulating the final conclusions, let us
consider the asymptotic form of model parameters
fort — 0.

An analysis of the behavior of & for t ~ O indicates
that

A OAL™, B(t) OB,t™?,
where

20 -1 _
2o —1) >0, By = ./3kwy>0.

Equation (46) for & in thislimit has the form
t™25(t) = Agt™ 225 + B,d%.

Ay =
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Fig. 4. Variation of parameter 4 normalized to the maximum
value for models with various values of parameter a.

The solution of this equation is the function

m/i2-1

t
Clt(A0 +1)(m/2-1)’

o(t) = Dy
1+

where

2
D= ——— >0
° /3KkwWo(3-2a)

It follows from this expression that for t — 0, the
value of d(t) tends to zero, remaining positive. This
means that this component of matter as well asthe first
one, isinitialy in a quasi-vacuum state. However, the
parameter o(t) = y(t) + 1 subsequently increases and the
substance acquires the properties of an ideal liquid.

It should be observed that, in accordancewith Eq. (46),
there exists at least one maximum of & on the evolution
interval 0 <t <co. If wedenote by t. theinstant of attain-

(50)

ment of this maximum of & (S(t*) =0, O(tx) = Oay), WE
obtain from Eq. (46)

This ineguality is a consequence of the fact that we
have A(t) > 0 and B(t) > 0 ontheentireinterval t > 0. As
was noted above, it should be expected that 8., ~ 4/3.

The above asymptotic analysis confirms the results
of the numerical analysis of the system of equations,
which is reduced for convenience to the following
form:

. 2 &
¢ = —&Viteh-aont

(51)
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Aol (20-1)+20f, 2+3¢
(3—2a)1 1+¢ 2/1+¢
Here, & = ¢/W, A = 0/, and

_ —(3-20a)/2(a—-1)
Dy = J3KWGT = 2(a 12;_20( .

Inthisform, the condition T — O correspondstot —»
oo and, conversely, T — oo corresponds to t — 0.
Such an approach makes it possible to formulate
approximate boundary conditionsfor the model param-
eters for t — oo, replacing the asymptotic conditions
by approximate ones. This, however, complicates the
analysis for large values of t. It isimpossible to extend
the solution beyond the minimum step in t. At the same
time, thisfacilitates the analysisfor t — 0.

The results of numerical solution of these equations
for & for some values of parameter a are presented in
Fig. 4. These solutionswere obtained for theinitial con-
ditions &(tx) = & and In(e(tx)/W(tx)) = 0 where T, =

0.01 is a small quantity, which corresponds to a long
timeinterval t., and &, =0.00001, whichisalso aquite
small value for numerical calculations.

Let us now consider the behavior of € for t — 0,
assuming, as before, that W > € in thislimit. Taking into
account relation (50), we can write Eq. (35) in the form

A, (52)

-1

g = —Agte = — te

3-2a
It follows hencethat ast — 0O,

£~tP,
where

2
= —_—
D 3-2a
Condition W> ¢ holds if
2 1

3-20 a-1
This condition is equivalent to
o < 5/4.

Figure 5 shows the results of numerical analysis of
the model equations in the function In(e/W) for the
same values of parameter a and initial conditions asin
Fig. 4. It can be seen from the figure that the rates of
variation of € and Win the vicinity of t ~ O differ insig-
nificantly, but these values themselves differ by many
orders of magnitude (as expected, € < W). Ast — oo,
the function In(e/W) increases linearly, which means
that the quantity € starts dominating in thislimit. In this
solution, & tendsto asmall valuefor larget (see Fig. 4)
and, hence, € —= ¢, for large values of t, which follows
from the asymptotic analysis. Since W — 0 in this
case, the value of €., corresponds to the cosmological
constant [16].

0.
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In accordance with Egs. (9) and (12), the evolution
of the Hubble parameter and of the scaling factor is
determined exclusively by the behavior of the total
energy. Consequently, there is no need to analyze their
behavior separately. The behavior of the scaling factor
these models on the whole can be characterized as fol-
lows. First, during theinflation epoch, the scaling factor
increases exponentially rapidly. Then, inthe epoch with
0> 1, theincreasein the scaling factor slows down and
the evolution resembles the Friedman mode, but at the
final stage, for 8 — 0, the exponential increase is
resumed.

Concluding this section, let us briefly consider the
properties of models with a cosmological constant,
which correspond to Egs. (23), (24). It is important to
estimate the role played by the cosmological constant
in the light of the above analysis. The most significant
in these models is the behavior of the components of
matter for t —» 0. Inthe case A =0, the condition € >
W holds starting from a certain (probably, large) instant
of time T, while for A # 0, the converse condition € <
W~ A holdsin thislimit sincee ~t2 and A = const. In
this case, ast — oo, the second component of matter
istransformed into afield. Vacuum “dissolves’ the sub-
stance. If, however, the value of A issmall, quite along
timeinterval may exist inreality (aslong ase > W), on
which the above scenario is realized. For this reason,
models with small but nonzero values of A are equiva
lent on the whole to models with A = 0 up to very long
lifetimes of the Universe.

10. THE EVOLUTION OF TEMPERATURE
AND VELOCITY OF SOUND

Let us now consider the behavior of temperature in
the model under investigation. For this purpose,
we reduce Eq. (44) to the form

%S(t) = J3KJW+e—kaw'

L kwf JreS(t)J:«TK8
2(W+e) 2. /W+e

As expected, for t ~ 0, when W > ¢, the behavior of
temperature does not differ strongly from its behavior
in purely field models (see Eq. (28)). For this reason,
we consider the behavior of temperature for t —» oo,
when W < €. In this case, Eq. (53) can be trans-
formed to

%S(t) 0./3Ke - ot + % N %Ja_xs. (54)

Substituting the asymptoticformsd — Oande —» ¢,
obtained for t — oo, we arrive at the asymptotic form
for S=InT for t — co:

%S(t) —,/3KE,, > 0.

(53)

(55)
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Fig. 5. Variation of parameter In(¢/W) for models with vari-
ous values of parameter .

InT
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80 - i
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40+ -
\
20+ \ i
\‘
\
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Fig. 6. Temperature variation for models with various val-
ues of parameter a.

Thus, the temperature in this model increases with time
according to an exponential law but with a very small

growth rate equal to ,/3ke,, . Consequently, in the mod-

els under investigation, secondary heating of substance
due to the transition of the Universe to the stage of
accelerated expansion takes place. The mechanism of
this secondary heating is the same as at the primary
inflation stage. This secondary heating does not coin-
cide in time with the secondary heating in standard
models and takes place a considerable time after the
emergence of the Universe at the secondary inflation
stage.

Figure 6 shows the results of numerical analysis of
the equation for InT for the same values of parameter o
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and the same boundary values as in the previous fig-
ures. We solved the equation

- a
S —AOA/1+:E—(O(_1)T
+ 1 (20-1)+20a¢ + AE (56)
(3—2a)t 1+¢ JI+E

in which the notation is the same as in Egs. (51) and
(52). No secondary asymptotic increase in temperature
is observed on the curvesin view of the specific defini-
tion of the initial conditions for the equations in vari-
ables 1. The asymptotic growth is beyond the time
interval on which the solution was obtained. A more
detailed numerical solution of the problem is required
for its observation, which wasimpossible at the present
stage of investigations.

In connection with our investigations, it would be
interesting to analyze the evolution of the velocity of
sound in the two-component model. By virtue of the
equation of state p = y(t)¢, the velocity of sound in the

substance obeys the law ¢, = ./y(t) c = /d(t) — 1c. For
the field component of matter, we obtain from Egs. (14)
and (21)

P = —W+LWG

J3KJE
This leads to the following expression for the velocity
of sound:

02:Q:02%_1+L aWu_l_l'E +£D%
odw Tt B JE 20 dwWl
_ 2 k W' wp y+1ie
= c[—1+—-—— _ W ___}.
J3k JE 2B 2 E

In the limitt — o, for ¢ — ¢, and & — 0, we

obtain cs2 — —1, asexpected. Theasymptotic increase
in temperature established above can be attributed in
this caseto the transition of the Universeto the de Sitter
scenario, which ultimately takes place.

11. CONCLUSIONS

The above analysis shows that the aggregate of the
available data on the evolution of the Universe at the
inflation stage and after it, aswell as physically reason-
able considerations, necessitate an analysis of cosmo-
logical models with at least two components of matter.
One of these components is purely of the field type,
while the other must have avarying equation of state of
substance. Under the quite natural assumption that the
components of matter are in thermal equilibrium, the
set of eguations of the model leads to the virtually
unambiguous conclusion that, as energy of the purely
field component decreases monotonically, the second
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component, whose initial equation of state is close to
the quasi-vacuum equation, is transformed with time to
asubstance with the equation of state p = y(t)e for y> 0.
After afinitetimeinterval, the second component inev-
itably returns to the quasi-vacuum state and the Uni-
verse passesto the accel erated expansion mode. In such
scenarios, the temperature increases at the initial infla-
tion stage, attains its peak value when the velocity of
sound becomes zero, then decreases to a certain finite
value, after which it again increases exponentialy,
when the second component with avariabl e equation of
state approaches the quasi-vacuum state again.

The asymptotic transition to the de Sitter stage can
be interpreted as the transformation of substance into a
vacuum-like state (“thawing,” or dissolution of the sub-
stance in vacuum). It is well known that the substance
does not disintegrate spontaneously (protons and elec-
trons are stable under normal conditions). Conse-
quently, “thawing” of the substance must occur under
specific conditions corresponding to very high energies
(e.g., intheinterior of neutron stars or white dwarfs). If
an alternative to the model considered above does not
exist, the condensation of substance into neutron stars
and white dwarfs from the cosmological point of view
is the gradual conversion of matter in their central
regions into a vacuum-like field. The accelerated
expansion of the Universe discovered recently [5] and
mentioned in the Introduction may serve as an indirect
proof of thismodel. Inthe model considered by us here,
this means that at the modern epoch, the value of
parameter vy is close to zero (the epoch of substance
dominance), but is already negative so that the Universe
gradually passes to the de Sitter stage. Moreover, since
the formation of a “new vacuum” occurs in a dense
matter, this vacuum must engulf primarily such objects
as galaxies. We can also assume that “dark matter” in
the light of the given model is a quasi-vacuum field
“recovered” in galaxiesin the course of prolonged evo-
lution.

It has been proved by us here that an alternative to
the model with atransition to the de Sitter stage may be
scenarios with a violation of the energy dominance
principle, for which the value of y(t) increases indefi-
nitely ast — co. Besides, there exists a preferred sce-
nario in which the scalar field has an effective equation
of state equivalent to the equation of state % = y,W for
anided liquid, for which W~ t 2, which correspondsto
o = 3/2. Such a scenario is possible for the self-action
potential V() ~ e2%. In this case, the second component
also tends asymptotically to the similar equation of
state p = V,.€; however, in this case, the above-men-
tioned problem with an asymptotic increase in the par-
ticle mass arises (see also [10]).

Another alternative can be modelsin which individ-
ual components of matter are not in thermal equilib-
rium. Probably, this assumption corresponds to the ini-
tia stages of the evolution (especially, to epochs of
phase transitions), but ast —» oo, the equilibrium must
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set in. In fact, the absence of equilibrium for t —» oo
indicates that the components of matter do not interact
directly or indirectly, which istoo exotic arequirement.
On the other hand, the violation of thermal equilibrium
at some epochs in the past causes only a temporary
deviation from the scenario considered above and does
not affect the asymptotic behavior of the Universe. It
can be assumed, however, that thermal equilibrium
does not set in simultaneoudly inthe entire Universe. In
this case, the asymptotic transition to the secondary
inflation occursonly initsindividual parts, in which the
equilibrium stabilizes more quickly. Such a scenario
resembles some types of global inflation scenarios [4]
and is probably the most admissible approach to the
interpretation of the results obtained in the present
work.

The author has not been able to think of any other
reasonable alternative scenarios which would describe
adifferent asymptotic behavior. Nevertheless, in order
to confirm the validity of the above conclusions, it is
necessary to calculate the perturbation spectrum of the
density of matter (field and substance) in the framework
of the given model in order to be able to draw afina
conclusion about the effectiveness of the model for
explaining the experimental facts.
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Abstract—The electromagnetic fields generated by aring current around a Kerr black hole have been found.
The acceleration of acharged particle by aforce electric field along the rotation axisis investigated in the con-
structed model, as applied to the astrophysics of quasars. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Studying the interaction of electromagnetic fields
with the gravitational field of arotating black holeis of
great importance in understanding the astrophysics of
quasars. Quasars manifest themselves as compact,
intense sources of electromagnetic radiation, which
occasionally have huge narrowly directed jets and
which aremost likely active galactic nuclei. The Bland-
ford-Znajek process [1] is one of the models that
accountsfor observational manifestations of quasars. A
magnetohydrodynamic (MHD) model of plasma
accreting onto arotating black hole underlies this pro-
cess. Through the Bardeen—Petterson process [2],
accretion can proceed only from the equatorial plane;
therefore, it makes sense to model accretion as a super-
position of equatorial ring currents. Such modeling is
proper if the pair production by aninduced electric field
gives rise to currents that are much weaker than the
source ring current. The Hawking effect of particle pro-
duction on the horizon is negligiblein thismodel, because
it givesanegligible correction when the Compton particle
waveength is much smadller than the radius of space cur-
vature. For eectrons, thiscorrespondsto ablack holewith
amass larger than about 10-6M,.

In all the cited studies, calculations were performed
by using 3 + 1 formalism. In contrast to these studies,
we use the general covariant formalism of general rela-
tivity and do not use the approximation of MHD mag-
netic field line freezing-in in plasma, which leads to the
condition for the scalar product of the electric and mag-
netic fields being equal to zero (force-free field).

We introduce same notation for electromagnetic and
gravitational quantities asin [3].}

1Below, we use the system of units ¢ = 1, the speed of light, and
G = 1, the gravitational constant, for convenience.

2. SPECIFYING BOUNDARY CONDITIONS

L et us specify the boundary conditions that must be
imposed on the electromagnetic-field tensor compo-
nents required to determine the latter.

First, the classica boundary conditions must be
satisfied: all field components must become zero at
infinity.

Second, the boundary conditions on the horizon
must also be added to the classical ones. They are
required so that, in the frame of reference associated
with afreely falling observer (FFO), no anomaliesarise
initsmotion asit flies up to the horizon due to the elec-
tromagnetic-field acceleration (anomalies result in the
violation of the condition for the FFO electric charge
being a test one.? Therefore, to find the conditions
imposed on the field components on the horizon, we
must write out the 4-vector of FFO acceleration and
establish which of its components have the anomalies
on the horizon related to the electromagnetic field.

Below, we use the coordinates that are at rest with
respect to an infinitely remote, static observer.

The FFO 4-acceleration components ared

W=+ EFy, )

Here, eand mare the FFO test charge and mass, respec-
tively; w = —I",,uku™, where I, are the Christoffel
symbols; Fi are the contravariant tensor components of
the electromagnetic field; and uk are the FFO 4-vel ocity
components. Let us calculate the 4-acceleration for a
radially falling FFO in the Schwarzschild metric. The
components of the Christoffel symbols and the FFO
4-velocity for thismetric are given in [3]. Denoting the

2 A more detailed discussion of this requirement can be found in
[4, 5].

3 Unless stated otherwise, the Latin indices run the series 0, 1, 2, 3,
while the Greek indices run the series 1, 2, 3.
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Schwarzschild radius by r, = 2M, where M is the black-
hole mass, we have

o _ e e = 2da”
u A/: W rOr0

1 _ T
w = 2_I?2(2+grr)-

0 _
= —Orr»

The remaining u' and W are zero. When approaching
the horizon (r —= r,), the metric tensor component
0, — —oo. Therefore, let us write out the asymptotics
of the sguares of the observed 4-acceleration compo-
nents in the principal (in g,,) order expressed in terms
of the contravariant field components:

VVOVVO - _g”% g(FrO)Z,

r
WrWr - grrEb_gzgrr +— Frqa )

)

WeVVe — grzr%.[eg rgg e(Fre)

2

W¢VV¢ —_ grr% gg¢¢(Fr¢) .
We thus see that the singularity in the radial accelera-
tion component does not result in the violation of the
condition for the charge being atest one for the follow-
ing reasons: (1) the gravitation near the horizon in the
radial direction acts a factor of g,, more strongly than
the electromagnetic field; (2) the zero W component has
aweak singularity; and (3) the tangential acceleration
components have astrong singularity, which can signif-
icantly change the FFO trajectory near the horizon and
canviolatethe condition for the FFO charge being atest
one: e < m. The contravariant components of the tan-
gential magnetic field must be set equal to zero on the
horizon, lest this happen. Similarly, the asymptotics of
the squares of the 4-acceleration components depen-
dent on the covariant field componentsis

2r
WOVVO4> _grr% ?g(FrO)za
r Qe + 8¢ O
WW — grr[b 2grr + mFrq] )
©)
WoWe— ¢ BB 6% ()%
wwt - ¢t g

We thus see that the covariant components of the tan-
gential electric field with the strongest singularity must
become equal to zero on the horizon. However, the Kerr
field rather than the Schwarzschild field is of physical

" (Fy0)”
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interest. Let us write out the Kerr metric and its deter-
minant in anonrotating (rel ative to remote stars) frame:

ds’ = 5*1—ﬂ5dt2—p—zohrz—pzde2
W A @
DZ 2
—%r +a + sm edq)dt
—g = p4sin26

(here, p? =r2 + a?cos’0, A=r2+ a2 —ryr, and aisthe
Kerr parameter). In this case, in the Kerr field, both the
space itself and the FFO are drawn into rotation when
approaching a black hole. The conditions for the tan-
gential electromagnetic field components in the
Schwarzschild field then change to the conditions for
the same components in the frame of reference observ-
ers in the Kerr field.* Expressions (2) and (3) give a
summary of the boundary conditions for the electro-
magnetic field on the horizon in the Kerr field:

F;O - O, F;O - 0,
re ro (5)
F® 0, F'* o0

Let us write out formulas that can be of use in the sub-
sequent analysis. Designating

K = —Oo/Ope, K +Q? = Asin’0/gZ,,
we then have
¢ = Ugee, ¢ = 1g,, ¢°= _A_—:¢:ze’
(6)
o6 — __ Yoo 00 _ _ Y0
Asin’®’ Asin’®

3. PASSAGE TO THE REFERENCE FRAME

Since the current is axisymmetric and stationary, the
system has two Killing vectors: along the trandations
intime and aong thetrandationsin angle ¢. Therefore,
all fieldsin frame (4) are stationary. In general, this sta-
tionarity is not conserved when passing to a frame of
reference rotating with an arbitrary angular velocity. To
show this, let us write out the coordinate transforma-
tions to a frame of reference rotating with a spatialy
nonuniform angular velocity w(r, 6) required in the
subsequent analysis:

dx = dx"[3 + 3,3} + 18,50, - )

41n what follows, by the reference frame we mean a frame in
which g'(')¢ =0 (see[4, 5]). Thisis the frame in which the refer-

ence observers rotate with angular velocity Q = —goy/gyg relative
to remote stars and have a zero angular momentum.
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The corresponding transformations of the contravariant
field components (see [3]) are

F= F°, F* = F* +tF"%,0,
r (8)

F-or¢ — ch¢ —(DFGO, F 6 — Fre.

For the covariant components, we derive®
Fao = Fags
Foo = Fopr Fro = Fro+tePFyy050.

In expressions (8) and (9), a runsthe values of r and 6.
We see from these expressions that only the frames of
reference rigidly rotating relative to another stationary
frame (relative to remote stars) are stationary. The sta-
tionary frame of reference rotating with the horizon
angular velocity Qy, coincides with the FFO frame on
the horizon. Therefore, the boundary conditions in this
horizon frame, which below is marked by atilde,® are
the same as (5):

Fc'xo = Fa0+wFa¢!

9)

Foo — 0, Feo—>0, F°— 0, F'*— 0. (10)

4. MAXWELL EQUATIONS

Suppose that the current has a density with a delta-
shaped distribution function in the meridional plane:

i'(r,8) = 3°8,[8(r —ro)3(6—B)l///—g.  (12)

Since the other currents are assumed to be negligible
and since the frame is stationary, the toroidal electro-
magnetic-field components are zero. Therefore, the axi-
symmetric Maxwell equations for the covariant field
components outside the horizon are

e"95Fqy = 0,
eP95Fq0 = 0.

We thus see that the covariant tensor components of the
electromagnetic field can be represented as

Fap = 04Ay, Fao = 04A,. (13)

Here, A are the covariant components of the 4-vector
electromagneti c-field components. L et us now writethe
axial Maxwell equations for the contravariant field
components without electric charges:

1 a0
——0,(J=gF*%) = 0,
e

1 ady _ 40
—0,(J/—gF®®) = 4amj°.
Jg°

5 eV = g5, isthe Levi-Civita symbol.
A tilde denotes the electromagnetic field components in a station-
ary frame of reference that passes to the horizon reference frame,
i.e., to the frame rotating with the FFO angular velocity on the
horizon, Qy = alryry.

(12)

(14)
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The right-hand part of the second equation in (14) is
given by expression (11).

5. DETERMINING THE MAGNETIC-FIELD
COMPONENTS

L et us determine the magnetic field in the Schwarz-
schild metric[a=0in (4)]. Because of axial symmetry,
the vector potential of the magnetic field has the toroi-
dal component alone. According to (13), we havefor its
covariant part

FV¢ - gVBg¢¢aBA¢

Denoting the tensor components in Euclidean space by
the subscript 0, we then have, according to (6),

(15

r
(16)
_ Bolky [ '
= F} %B—?gaga,m.

We see from (15) and (16) that if the function A, is
smooth and has no singularities, then the boundary
conditions (5) are satisfied with the required asymp-
totics (2). The second equation in (14) can then be
rewritten as

1
/-9

where we designated

da(J—gFo*) = 4mjd, (17)

. . r ;
it = J¢+Z1_?‘r-26r(”:o¢)-

Next, let us introduce the physical vector compo-
nents by the definition (see[3])

B" = B®/[0ugl- (18)

In these components, Eq. (17) hasthe form of the Pois-
son eguation in Euclidean space for the vector potential

A" with source ji:. The solution of this equation is
known to be (see[3])

© TU TU 2~y L

A%(r,0) = 5gé¢HJ’dr'de'd¢'|rJ‘°_tery,lr'zsine'. (19)

rgO—Tr
Here, & isaunit vector’ in the direction of angle ¢,

r —r1?=r?+r?—-2rr'(cosBcosd’ + sinBsin6'coso’),

0 is the inclination of vector r to the z axis, 0' is the
inclination of vector r' to the zaxis, and ¢' isthe angle

~Y A . " . .
" T8y = jt?;trsme cosd'.
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between the projections of vectors r and r' onto the
plane perpendicular to the zaxis. Theintegrationis per-
formed in Euclidean space outside the sphere of radiusrg.
Solution (19) is obtained by iterations; we assume that
ry=0intheinitial iteration.

L et us determine the magnetic vector

/=

H, = —Temy':ﬂv (203)
or
FoP = Ly, (20b)
J—g

According to (18) and (20), the components A,, H,, and
Hg are given by

. b
. d(siNOA
Ay = —rsinBA’, H, = e(ane),
/ S (1)
1- .
He _ 12175 (1A%,

r r

For the initial iteration, according to (21), the fol-
lowing expressions can be derived for the magnetic-
field componentsfrom (19) and because of the presence
of deltafunctionsin (11):

¢
HO(r, 0) = L
lo

,c0sB00s ¢'(1 + X% — xsinBcosd')
xsinB(1 + x* — 2xsin@cos¢’)*?

“Jdo (22)
Ha(r, ) _ J_¢} . XsinBcos ¢’ — cos¢’ .
r Fo x(1+ %2 —2xsinBcos$')*’

—Tt

Here, we designated x = r/r,. In particular, we obtain

0 0 .
im0 = o, jim (e - m7sing
9~0|:|r|:| ’ x_'ooDrD r0X3 '

(23)
o _ 2mJ®°cosH

ro(1+x)%

6. DETERMINING THE ELECTRIC POTENTIAL
To calculate the ectric potential A, we usethe for-
mula

F° = {Fpog™ + Fpe0™ g°°. (24)

However, the components F*° must be expressed in

terms of IEBO and F** , becausse we know the boundary
conditions only for them in stationary frames of refer-
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ence. For the poloidal electromagnetic-field compo-
nents, using formulas (6), (8), and (9), and the expres-

sion gfig,; = g, = &y 8 we obtain

FO = L.[g%™ A0 + F*(Q, - Q)/(k +Q))],
(979 Ao (Qy—=Q)/( )] 25)

where L; = [1 - (Q — Q,)%(k + Q)] has the meaning
of FFO Lorentz factor relative to the stationary frame of
the horizon.

Hence, in the second approximation in a* = a/M =
L/M?2, the dimensionless black-hole angular momentum
(0O <a* <1), thefirst equation in (14) can bereduced to

AR = —4T(f(H,) + U(Ad)). (26)

Here, A isthe Laplace operator in Euclidean space and
H, are the Schwarzschild magnetic-field components
derived in the preceding section:

~ r' ~
U(Ao) = —%.0,(r%0,Ag),
4Tr
a rq
f(Hy) = —A -2
‘ 4T[ré%l rQJ

O
x {EIL + [r—g + %(ZHrCOSG —4mj®r’sin®g)
0 r

rd]He .
- % + —r—D—r—sme} .

The expression in round brackets on the right-hand
side of Eq. (26) is an analog of the electric charge den-
sity in the Poisson equation. However, because of the

second term, the Ag-dependent function U, it can be
solved by the iteration method assuming that U = 0 in
the initial iteration. According to the boundary condi-
tions (10), solving Eg. (26) is equivalent to calculating
the potential Ao produced by the density of electric
charge p = f + U around a conductive sphere of radiusr,
in Euclidean space. This external problem for the Pois-
son equation can be solved by the image method [6].
The solution that satisfies the boundary conditions (10) is

Ao(r, 8) = [[fordede’p(r',6)

O o v o @7
XEI 1 __ 0 r2 Orsing'.
r=rl | —rv¥r?o

8 For o running the values of r and 6, we have g™ = 0 and ggy = 0.
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Int(r/r,, 6)
1 —

-5 ] 1 1 1 1
0 4 8 12 16 20

irg

The dependence Int(r/rg, 6) for ro/ry=2and 6 = 0 (curve 1),
W12 (2), U6 (3), 4 (4), V3 (5), 51012 (6), and 02 (7).

Theintegration isperformed in Euclidean space outside
the sphere of radius rg [see (19)]. According to (7), we
obtain the potential A, from (27)

A = Ro—QuA;, A, = Ay (28)

We can factor aJ®/r, outside integral (27). Denoting the
magnetic-field strength at the center of the systeminthe
absence of ablack hole by Hy = 21J%/r, [see (23)], we

derive for A, and Ay

L a* MH
Ao IntDLda 0

Cty 21
o a*MH (29)
— T 0
Ao = Inti 65 "

g

Here, Int(x) and Int(x) are dimensionless functions,
which can be numerically calculated using expres-
sions (27) and (28). The corresponding results are
shown in the figure. Some important characteristics of
the solution can also be established analytically.

(1) Since the system has a mirror symmetry relative
to the inversion in the equatoria pl ane,” the electric-
field direction on the axis depends on the coincidence
of the directions of black-hole angular momentum and
ring-current moment.

(2) We see from (27) that Ao —= Owhenr —~ g
(the expression in curly braces becomes zero). This
important result has a simple explanation.

9 This can be seen from (26) and from the expression for f (sin®
and Hg are even, while cosB and H, are odd relative to the mirror
inversion).

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

SHATSKIY

Since the total charge under the horizon is zero, the
electric field must pierce the horizon in different direc-
tions. Therefore, there must be an equipotential surface
that separates these directions, pierces the horizon, and

goestoinfinity. Since the potential Ao changes neither
on this surface, nor on the horizon (in view of the
boundary conditions), the horizon potential is equal to
the potential at infinity (zero). This conclusion has an
important implication: the existence of a local extre-

mum for the potential Ao. Similar reasoning also
applies to A,. It might seem that a nonzero electric
charge density must arise near the extremum. In reality,
however, thisisnot the case: the charge density isdeter-
mined by the contravariant electric-field components
(F° rather than F,y), while the derivation of (27) is
based on thefirst equationin (14), azero charge density
in the entire space. We emphasi ze that thereisno extre-
mum in the well-known solution of Wald [ 7] for ablack
hole placed in a uniform magnetic field aligned along
the symmetry axis of the black hole. Thisisbecausethe
field does not vanish at infinity in this solution, and
this nonphysical boundary condition wipes out the
extremum.

7. THE KINETIC ENERGY OF A CHARGED
PARTICLE EMERGING ALONG THE AXIS

The conserved mass—energy of a charged particle
with a zero angular momentum component along the
zaxisisgiven by [4, 5]

2
A
E= moVL/\/ D
(r*+a?)° - a’Asin’® (30)
—QA; = Moy,

wherey, isthe Lorentz factor of the particle, and qisits
charge.

Consider the acceleration of an emerging charged
particlealong the zaxis by an electric field. Since gA, =

—|qu| in this case, the kinetic energy of this particle at
infinity with v, gy, and A, Specified at any point of the
zaxisis

E.= E—my=my(/OwyL—1) +[9AJ. (3D

Since the electromagnetic energy of a charged particle
for quasars is much larger than the corresponding rest
energy, it is convenient to represent the result for A, as
the energy (in electronvolts) that an elementary charge
emerging along the axis acquires. For magnetic fields
H, = 10* G and mass M = 108M,,, we obtain from (29)
and (31)

I
E, [eV] = 10%a* Int%—g, oe
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8. CONCLUSION

We have calculated the electric field generated by a
rotating black hole that interacts with an external mag-
netic field. As can be seen from the above discussion,
this field is quadrupole in nature, being actually an
analog of the pulsar electric field (unipolar inductor
model [8]).

The situation on the z axis was not chosen by
chance. Because of strong magnetic fields, the Larmor
radii of a charged particle must be of the order of the
gravitational radius of the system, and the particle
acceleration mechanism will be effective only in direc-
tions close to the z axis, where the Lorentz force does
not act.

The reader may ask a legitimate question: Will a
strong electric field produce electron—positron
plasma near the horizon and will it destroy the force
field E - H # 0? At large gradientsin A,, this can actu-
aly happen, and the problem should then be solved in
the force-free approximation (see review papers [9-11]
on this subject). However, as numerical estimates show,
the electric-field strength in the model does not exceed
107V cm?, while a strength of the order of 10°V cm
is required for the particle production.X® In addition, in
the force-free approximation, particles cannot be accel-
erated along the z axis, because thereisno electric field
in this direction. Besides, in any direction in a force-
freefield, the el ectric and magnetic fields equally act on
the particle. Therefore, even if its trgjectory goes to
infinity, the particle loses most of its energy in the pro-
cess. Recall that jets are observed in quasars precisely
in the directions along and opposite to the axis. For this
reason, solving the problem under consideration in the
force-field approximation is of considerable impor-
tance.

10The production of particles by inverse-Compton-type effects is
not considered, because the particle number density around the
black hole is assumed to be low.
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Abstract—A new version of quantum gravity on discrete spaces (simplicial complexes) is proposed. A theory
of gravitation interacting with Dirac field is considered. This theory is shown to be free of reparametrization
anomaly. The problem of axial gauge anomaly and the associated problem of the doubling of fermion states on
alattice are discussed. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Since the traditional methods of quantization of
gravity in four dimensions prove to be inconsistent
because of ultraviolet divergences, a natura idea has
arisen that qualitatively different physics takes place at
supersmall distances (of the order of the Planck length
and smaller).1

At present, a predominant opinion among theoreti-
cal physicistsis that the superstring theory is a funda-
mental physical theory. In aten-dimensional space, the
superstring theory is self-consistent and free of diver-
gences. The superstring theory involves gravitational
interaction. Therefore, we have the following qualita-
tive situation within the string theory: the quantum the-
ory of gravity represents a part (the long-wavelength
limit) of the superstring theory. Thus, the problems of
ultraviolet divergences and the definition of the quan-
tum theory of gravity are solved.

However, one encounters an extremely difficult
problem within the string ideology, the problem of the
compactification of six dimensions and the construc-
tion of along-wavelength physics in four dimensions.
Therefore, recently, actual progress in solving many
problems of the quantum theory of gravity and quan-
tum cosmology in thisline has not been made.

The aforesaid justifies the existence of certain other
ideas underlying the fundamental quantum field theory
and, first of al, thetheory of gravity. In our opinion, the
most interesting ideais theidea of discrete space-time,
which is the main subject of the present paper.

The idea of the discreteness of space-time (as
applied to the theory of gravity) wasfirst formulated in
the pioneer work by Regge [2] long before the appear-
ance of string theory. According to Regge, the role of
smooth Riemannian spaces is played by piecewise flat
spaces, namely, simplicial complexes (necessary infor-

LIn this sense, the quantum theory of gravity presented in [1]
should be considered as a phenomenological theory useful for
studying concrete problems (for example, the theory of a black
hole inside a horizon) rather than as a fundamental theory

mation from the theory of simplicial complexesisgiven
at the beginning of the next section). Each one-dimen-
sional simplex (edge) is assigned its length, so that, if
the set of three edgesforms aboundary of atwo-dimen-
sional simplex (a triangle), then the lengths of these
edges satisfy the triangle inequalities. Thus, the geom-
etry of a complex is completely defined. The quantity
representing an analogue of the Riemann tensor on a
smooth Riemannian space provesto be nonzero only on
aset of (D —2)-dimensional simplices (D isthe dimen-
sion of the simplicial complex); i.e., the curvature ten-
sor becomes a distribution.

Consider a two-dimensional piecewise flat surface
in greater detail. Let a" be the number of r-dimensional
simplices of acomplex & Inthetwo-dimensional case,
r =0, 1, and 2, and the lengths of al one-dimensional
simplices are specified. Let us show that such a surface
can be embedded into a three-dimensional Euclidean
space R3. Firgt, assume that our surface is embedded
into RN, Then, the total number of available degrees of
freedom is equal to Na® (locations of vertices) minus
the number of constraints a! (the lengths of edges).
This number must be no lessthan the number of param-
eters of the group of translations and rotations of the
space RN. Thus, we have the following estimate:

Na’-a'> N+%N(N—1).

When the complexes are too large, we can neglect the
right-hand side, so that

N=a'/a’.
Note that
X = oa®—al+q?

is the Euler characteristic of the complex, which is
invariant for agiven topology [3, 4]. Therefore, for very
large complexes, we can set

a’—a*+a?=0.
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Moreover, the following relation always holds:

20" = 30°.
Combining the relations obtained, we derive the esti-
mate N = 3. Thus, we can state that any two-dimen-

siona piecewise flat surface is embedded into a three-
dimensional Euclidean space.

Consider in [R®a neighborhood of a certain vertex p
of the complex &. Suppose that the vertex p is con-
nected by edges with other n vertices of the complex
withnumbers1, 2, ..., n. Moreover, supposethat thetri-
angles

A, =pnl, A,=pl2,.., A,=p(h=1)n

belong to the complex (atriangle with verticesp, i, and
j is denoted by pij). Let us place the vertex p into the
origin of coordinates of the space R3. Then, the plane
containing atriangle 4 is defined by the equation

n(i)x + ny(i)y+ n,(i)z = 0,

where n,(i), n (i), and n,(i) are the components of aunit
vector normal to A;. Suppose that nyi) # O for al i.
Then, the coordinates x and y may serve as local coor-
dinatesfor al triangles 4;, and the vertex p hasthe coor-
dinates x = y = 0. By definition, a metric in this piece-
wise flat surface is induced by the Euclidean metric of
space R3. Therefore, the Riemann tensor R, vanishes
intheinteriorsof thetriangles. Obviously, the Riemann
tensor also vanishes at the boundaries between the tri-
angles A, and A, 5, except possibly at their vertices.
Indeed, a part of the complex & near the vertex p can
be considered as a limit of a family of smooth cones
with an induced metric and, hence, with a zero Rie-
mann tensor everywhere except for the vertex.

Let 6, betheinterior angle of thetriangle p(i — 1)i at
the vertex p. Define the defect €, of the angle at the ver-
tex pas

B = 2m-¢,.
%

According to the aforesaid, the Riemann tensor on a
piecewiseflat surface vanishes everywhere, except pos-
sibly at its vertices. Therefore, the Riemann and Ricci
tensors, as well as a scalar curvature, are distributions
with supports at the vertices of a complex. It is clear
that the definition of a scalar curvature by the equality

JgIR = 2% &d(x=x)8(y-V:) *)

(wherex and y are local coordinates on a piecewise flat
surface, i isthe number of avertex of the surface, € is
the defect of the angle at this vertex, g,,, is the metric
tensor, and R is a scalar curvature) is reasonable.
Indeed, first, relation (*) isinvariant with respect to the
change of local coordinates. Second, when |g,| < 1, a
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parallel trandation of a vector belonging to a tangent
space of a piecewise flat space around the vertex p
results in the rotation of this vector through the angle €,
which is defined by the following formula in the
orthonormal basis:

€, = I Ry,1,0dxdy.
a

In this case, g,, = §,, ad R = 2Ry,;,. Here, o is a
domain bounded by the contour, containing the vertex
p, aong which the vector is trandated. The equality
obtained can be rewritten in the form independent of
the local coordinates:

1
g, = Zfdzx,\/|_9| R.

This result confirms the equality (*).

In the D-dimensiona case, the situation is analo-
gous to that described above: the Riemann tensor is
nonzero only on (D — 2)-simplices. If we denotea (D —
2)-simplex by s and its (D — 2)-volume by §, then the
analogue of the equality (*) can be expressed as

IdeJ|_g| R = 22 st (1)

where €. isthe defect of the angle around the simplex s.

The more detailed account of the Regge calculusis
given in [5]. An approach to discrete geometry similar
to the Regge calculus can also be found in [6, 7].

Despite obvious elegance of the Regge calculus,
action (1) provesto be very inconvenient when passing
to quantum theory. Indeed, the independent variables
that determine the right-hand side of (1) are the lengths
of one-dimensional simplices subject to alarge number
of constraints, namely, to triangle inequalities. More-
over, the introduction of Dirac fields to the theory cre-
ates a new difficulty consisting in the absence of
orthonormal basesin the explicit form. Possibly, thisis
the reason why the variant of discrete gravity based on
the so-called B—-theory is currently being developed
more intensively.

To formul ate the ideas devel oped on the basis of the
B—F-theory, we express the action for a four-dimen-
siona gravity theory with a A-term and a massless
Dirac field in the form of an integral of a4-form:

_ .. 01
S= Isabcd %_47

xg?abmuﬁ] md+1/\maDoobD of m‘%

3
0
100D o W'h @)
6 0
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dwab+&)a|]wa _ J.Rab
C - 2 I
i
CHE é(qjya@ulp_@uwyaw)dxu-
Here,

b b
w” = w, dx"

is a connection 1-form in a certain orthonormal basis
ot = eldx", g,, = e, € isametric tensor, |, is the
Planck length, isaDirac field, y* are the Dirac matri-
ces, and QD“L]J is the covariant derivative of the Dirac
field y.

Now, let us consider the theory of gravity without
NA-term and without matter in a three-dimensional

space. The action in this theory is given by the smple
formula

_ 1.a
S= IJB OF,. (3)
Here, the following standard notation is introduced:
B® = ldx", F, = %eabcRbc.

The equations of motion derived from this action are
given by

F.=0. (5

Thus, the curvature in the B—-theory (3) is equal to
zero, and thistheory istopological. The B—-theory can
easily be formulated in the space of arbitrary dimen-
sion. For example, in four dimensions, the action of this
theory issimilar to the action (3):

1

S = _|_2 Bab |:| Fabl (6)
where
8% = 8", Fu = SR

are 2-forms. Obviously, inthe case of theory (6), just as
in the case of the B—-theory, the curvature tensor is
equal to zero in any dimension of the space; i.e., the
B-F-theory is aways topological. However, while the
B—F-theory really describes gravity in a three-dimen-
sional space, thisisnot soin higher dimensional spaces.
For example, in a four-dimensional space, theory (6)
will describe gravity if we set
1l a

B* = 50 D’ )

Of course, the curvature in this case is nonzero.
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The circumstances described above underlie
another approach to the construction of adiscrete quan-
tum theory of gravity. Inthisapproach, at thefirst stage,
one considers a discrete analogue of the B—F-theory in
any space of dimension D. Sincethefield B (see (3) and
(6)) isa (D — 2)-form, each (D — 2)-simplex in the dis-
crete variant of the theory is assigned an independent
element of the field B. The integration over the field B
in the continuum theory yieldsthe following expression
for the transition amplitude:

Z0O _[Dw;ib |‘| 3(F(X)). (8)

In the discrete variant, one directly analyzes the gener-
alization of expression (8) for the transition amplitude.
To simplify this generalization, one constructs a dual
lattice of the original simplicia complex. The vertices v;
of the dua lattice are situated in the middle of
D-dimensional simplices; i.e., they represent certain
interior points of the D-dimensional simplices. Denote
by e, the line segments connecting adjacent vertices of
the dual lattice, where s enumerates these segments. Thus,
each dua edge e, intersects once acertain (D — 1)-dimen-
sional simplex that is common for two D-simplices
whose centers are connected by a dual edge e.. Let us
fix a (D — 2)-simplex and denote by f its dua two-
dimensional polygon that is bounded by dual edges e.f,
intersectsagiven (D —2)-simplex at one point, and does
not intersect any other (D — 2)-simplex. Thus, there is
one-to-one correspondence between the (D — 2)-sim-
plices of the original ssimplicial complex and dual two-
dimensional polygons. Notethat, in the notation e,f, the
index f corresponds to the membership of a dual edge
in the dua polygon f, wheres=1, 2, ..., Nisthe num-
ber of this edge (the number N can be arbitrarily large).
Let us assign an orientation to each dual polygon. This
means that the direction of traversing the polygon
boundary is specified. Thus, the orientation of a dual
polygon obviously determines the orientation of each
dual edge belonging to this polygon. Since one edgeis
shared by many polygons, its orientation may be
changed depending on its membership in one or
another polygon.

Consider a polygon f. Let us enumerate the dual
edges e;f, &1, ..., eyf as they appear when traversing
the boundary of polygon f in the positive (counterclock-
wise) direction, which simultaneously defines the ori-
entation of edges. Let usassign to each dual edge e;f an

element g, ; of the holonomy group G of connection

w’;}u. For example, in the four-dimensional case, the
group G is either the Lorentz group SO(3, 1) or the
orthogonal group SO(4) (in the case of Euclidean quan-
tization). The change of the orientation of a dual edge
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results in the change of element g to itsinverse. In

particular, if e;f and e, f' represent the same dual edge
bel onging to two adjacent polygonsf and f* and the ori-
entations of e,f and e, f ' are opposite, then

— ~1
gesf - gegf'-

The following gauge group acts in the space of ele-
ments g ¢ :

Ger —> Ny Geshy . ©)
Here, h, isanarbitrary element of the holonomy group

G that is assigned independently to each vertex v;, h,

and h, are the corresponding elements at the begin-
ning and the end of the oriented edge e, f.

By analogy with (8), in a discrete analogue of the
B-F-theory, for any dual polygon f, we obtain the fol-
lowing conditions after the integration over the degrees
of freedom contained in the field B:

gelfgezf"'geNf =1 (10)

Indeed, the last equalities are equivalent in the contin-
uum theory to the equality of the integrals of curvature
2-forms over arbitrary two-dimensional surfaces,
which means that the curvature tensor vanishes.

Equalities (10) are invariant with respect to the
action of the gauge group (9). In accordance with (8)
and (10), the transition amplitude depending on a con-
crete smplex & is defined by

Z(ER) = Il_l dge |_| 6(gelfgezf-'-ge,\,f)1

ed¢ fO%

where € and & are the sets of indices enumerating the
dual edges and the polygons, respectively; here, the
integration is performed by the Haar measure on the
group G. The Haar measureis considered to be normal-
ized in the case of compact groups. The delta function
in (11) isadeltafunction on the group G and is defined
asfollows:

o(g) = 0 for g#1, Idgé(g) = 1.

We can see that, in the present approach to the dis-
crete B—F-theory, the field B corresponding to the (D —
2)-form B in the continuous theory does not appear in
the explicit form. In the case of a topological theory,
this fact does not cause any difficulties; however, the
transition amplitudein (11) cannot directly describethe
transition amplitude in a discrete gravity of dimension
higher than three. In the latter case, one should impose
the constraints following from representation (7) (inthe
four-dimensional case) on the field B. It is clear that
such constraints radicaly complicate the theory
because there arise local degrees of freedom. The prob-
lem becomes even more complicated when matter is

(11)
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introduced into the theory. For example, in the case of
action (2), thefermion part of thisaction isproportional
to w? to the third power or to the field B® to the power
oneand ahalf. Hence, it isnecessary to explicitly intro-
duce the field w? into four-dimensional spaces. There-
fore, the development of the quantum theory of gravity
on the basis of the B-F-theory formalism seemsto have
NO prospects.

The detailed description of the theory of quantum
discrete gravity based on the B-F formalism can be
found in [8-11].

In contrast to the multidimensional case, consider-
able computational progress has been made in two-
dimensional discrete quantum gravity (see [12, 13]).
We refer the reader to [14] for the relation between the
three-dimensional quantum Yang—Millstheory on alat-
tice and three-dimensional gravity theory.

In the present paper, we propose a new version of
discrete quantum gravity theory. This new theory dif-
fers both from the Regge theory and from the discrete
variant of the B—-F-theory. Just asin the B—F-theory, the
connection in our theory is represented by the elements
of aholonomy group. However, unlike the B-F-theory,
all fundamental variables in the theory proposed here
are defined directly on the elements of the smplicial
complex. In particular, the holonomy group elements
that play the role of connection 1-forms are defined on
one-dimensional simplices. It is assumed that the
holonomy group is a spinor group. In contrast to the
B-F-theory, we explicitly introduce an analogue of a
tetrad 1-form in our theory (see formulas (22)—25)
below). In the discrete variant, the elements of atetrad
1-form are also defined on one-dimensional simplices
and belong to the vector representation of the spinor
group considered. The presence of atetrad form in the
theory allows us to introduce a Dirac field whose ele-
ments are transformed by a spinor representation and
are defined at the vertices of a simplicial complex.
Using these fields, one can easily construct a lattice
action invariant with respect to gauge transformations,
i.e., local orthogonal transformations of atetrad and the
corresponding transformations of other variables. Inthe
naive continuum limit, thisactionisreduced to asimple
action of the continuum theory of gravity.

In addition, in this paper we perform the quantiza-
tion of discrete gravity. This means the determination
of the fundamental statistical sum, which represents a
functional gauge-invariant integral over the fields of
matter, tetrad, and connection with the weight of an
exponent of action. In thiscase, it turns out that the cor-
rect determination of the statistical sum requires that
the gauge group should be compact, which is equiva
lent to a metric with Euclidean signature.

Although the theory considered is free of ultraviolet
divergences, it contains infrared divergences. These
divergences correspond to theincreasing lengths of ele-
mentary one-dimensional simplices (edges) of asimpli-
cia complex. Therefore, the infrared divergences
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should be interpreted as the reflection of the birth of a
macroscopic space-time, obeying the Einstein theory,
with distributed matter from an original unstructured
(from geometrical viewpoint) lattice space. The obser-
vation and interpretation of these infrared divergences
is possibly the most interesting result of our study,
whereas the existence of these divergencesin the theory
seems to make the latter very attractive.

In the last section of this paper, we consider the
problem of quantum anomalies. We show that the the-
ory considered is free of graviational, i.e., reparametri-
zation, anomaly. We also discuss the problem of the
doubling of fermion states on simplicial complexes.

2. DISCRETE GRAVITY

First, we present certain definitions and facts from
the theory of simplicial complexes. This is necessary
since they provide a basis for the definitions of the
objectsthat are not availablein the literature on combi-
natorial topology (see [3, 4]) but are used in our
approach to discrete gravity.

Definition 1. A finite set & of elementsay, ay, ..., ay
is called afinite abstract simplicial complex with verti-
ces ay, &, ..., ay if the following conditions are satis-
fied:

1. Certain subsets of §t are marked and are referred
to as abstract simplices of the complex .

2. Among the marked subsets are those that contain
asingle element so that each vertex of the complex §
isitssimplex.

3. If sisacertain simplex from &, then each of its
parg, called aface of the simplex s, also is a simplex
of K.

If an abstract smplex s’ = (ay, &y, ..., &) has(r + 1)
vertices, then the number r is called its dimension. The
maximum dimension of the simplices contained in the
complex § iscalled the dimension of the complex §t. O

We will only focus on simplicial complexes (hence-
forth, we omit the adjective abstract) of finite dimen-
sion, or finite-dimensional complexes. An infinite com-
plex & differsfrom afinite one by the only fact that the
number of its vertices isinfinite. Let s be an arbitrary
element of the complex &; the star of the simplex s,
denoted by sty(s), is a set of all smplices of the com-
plex & for which sisaface.

Definition 2. An infinite simplicial complex § is
called locdly finiteif the star sty (s) of each simplex s
& consists of afinite number of simplices. O

Now, suppose that the vertices of a finite (infinite)
complex § are the points of a certain Euclidean (Hil-
bert) space and that the set of vertices of any simplex of
dimension r does not belong to any plane of dimension
r — 1. In this case, the complex § is called a geometric
simplicial complex. A geometric realization of the sim-
plicial complex & isthe one-to-one mapping of the ver-
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tices of § into the vertices of a geometric simplicial
complex J{, such that each simplex is mapped into a
simplex both under the direct and inverse mappings.

The following theorem is given without proof (see
[3, 4]).

Theorem 1. A finite abstract D-dimensional com-
plex §t can dways be redized as a geometric complex K
belonging to the Euclidean space R?°*1. An infinite
abstract complex can be realized in a Hilbert space if
and only if itislocally finite and consists of a countable
set of simplices.

Any sequence a, b, ¢, ..., f in terms of which one
can represent a set of all vertices of acertain ssimplex is
called the order of vertices of this simplex.

Definition 3. A ssimplex (ay, &, ..., &) hasan orien-
tation, or is oriented, if every order of its vertices is
assigned asign“+" or “—" so that ordersdiffering by an
odd permutation correspond to opposite signs. Thisfact
can be expressed as the equality

s = g(ag ay, ..., a,), (12)

where € stands for the sign ascribed to the sequence a,,
a, ..., &. If ' isan oriented simplex, then (—§) denotes
the oppositely oriented simplex. A zero-dimensional
simplex admits two opposite orientations: +(a;) and
~(a).

Let(ag, ..., &_1, & +1, ---, &) be the face of asim-
plex s abtained by eliminating one vertex g from the
sequence ay, &y, ..., &. By definition, the orientation of
this face, given by

B! = (-1)'e(ay, ... La), (13)

is called an induced orientation of the simplex §. O

Formally, it is convenient to represent the orienta-
tion of simplex (12) as a product of its vertices:

- R - TS

S = ga,a...4a,. (14)
Here, the skew-commutativity rules are satisfied:
a4 = —apdg- (25

Although the definitions below involve known con-
cepts, they are adjusted here to facilitate the presenta-
tion of the variant of discrete gravity considered in this
paper.

In addition, we consider D-dimensional strongly
connected simplicial complexes, i.e., those that satisfy
the following condition: each D-simplex has at least
one (D — 1)-dimensional face that also belongsto acer-
tain other D-dimensional simplex of the same complex.

Definition 4. Two oriented D-dimensional sim-
plices s? and s, of a D-dimensional simplicial com-
plex are called concordantly oriented if either the sim-
plicess. and s, have no common (D — 1)-dimensional
faces or the orientation of their common (D — 1)-dimen-
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siona face BP~! induced by the orientation of the sim-
plex s? is opposite to the orientation of the same face

BP-1induced by the orientation of the simplex s, . O

Definition 5. A D-dimensional strongly connected
simplicial complex & is called orientable and oriented
if there exists such an orientation for al its D-dimen-
sional simplicesthat any pair of its D-dimensional sim-
plices is concordantly oriented. The concordant orien-
tation of D-dimensional simplices defines the orienta-
tion of the complex. O

Further, we will consider only oriented ssimplicial
complexes.

Denote by { s,?} aset of D-dimensional simplices of
the complex and by {a,,}, a =0, ..., D, aset D of ver-

tices of the simplex sﬁ . Suppose that the orientation of

the simplex s,? is defined by the following order of its
vertices:

(16)

D _
Sa = Baq,8aq, - A,

We also introduce the following notation for oriented 1-
simplices having acommon Vertex ap,

A _
Xage; = Aag,@q,

= Xpo, 1=1..,D. (17

Definition 6. An oriented frame of asimplex s; at
a vertex a,,, Is the set of oriented 1-simplices (17)
expressed in a certain order such that an even permuta-
tion of these 1-simplices does not change the orienta-
tion while an odd permutation changes the orientation
of the frame to the opposite. By definition, the frame

R = (X g X oo X (18)

is oriented positively. O

The correctness of these definitions, related to the
orientations of complexes and frames, is verified by the
fact that, in the case of a geometric realization of the
complex and a subsequent smoothing of a piecewise
flat surface, these definitions actually coincide with the
definitions of an oriented smooth manifold and a
mutual orientation of local coordinates.

Next, assume that D = 4; i.e., we will consider four-
dimensional complexes.

Letyd a=1,2, 3, 4, befour-dimensional Hermitian
Dirac matrices such that

VY VY = 287, (v = v (19)

and the anti-Hermitian spin operators

o™ = (U4 [y v’
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satisfy ordinary commutation relations of the group
SO(4). Denote by Spin(4) a spinor group in the spinor
representation where each element can be expressed as

L. _ai]

0= &PEEand’ g 9 =0 & = & (20)

L et usassign to each one-dimensional oriented sim-
plex XuAi(,j = 8pq8aq (a; # a;) an element of the group

Spin(4), which we denote by Q(XaAiaj) . By definition,

Q(Xaa) = Q7 (Xqq) O Spin(4). (21)

Thus, the change of orientation of a one-dimensional
simplex results in the inversion of the corresponding
element Q. We will refer to quantities (21) as elements
of a connection holonomy group on a simplicial com-
plex. We will also use the abbreviated notation

Q(Xaa]) = Qi
We stress that the value of the holonomy group ele-
ment Qy; is defined exclusively by the oriented one-
dimensional simplex @aq,8aq, andisindependent of the
frame that contains the one-dimensional simplex Xﬁiuj

asits element. Thisreservation is essential since every
one-dimensional simplex is, in general, an element of
severa oriented frames.

Let V be alinear space with the basis y:
vOV—sv = v¥"

On asimplicial complex, we define a 1-form e with the
valuesin the space V by assigning the element

e(x{;(,j) =ey OV (22)

to the vertex a,,, and the oriented one-dimensional
simplex Xﬁiai. Just as in the case of the holonomy
group elements, elements (22) depend only on the ori-
ented one-dimensional simplex XQIGJ but are indepen-

dent of the frame that contains the simplex XuAiO(j asits

element. Sinceeisal-form, thereisthefollowing rela
tion between elements (22):

€aj = —Qaij€aji Qaji- (23)
Here, the sign “~" in (23) is due to the fact that e,; and
ey arethe values of the 1-form on the vectors X(’;ai and
Xaa = —Xaq . respectively. The “facings’ from the

elements of aholonomy group on the right-hand side of
Eq. (23) are necessary since the element e,; must be

paralel-transated from the vertex g, 10 the vertex
axq, to compare this element with the element e,;.
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Thus, according to the definition, the vector v Ag, ov
at the vertex aag, is obtained by the parallel translation
of the vector v ,, 0V from the vertex a,, aong the

simplex X(,Aicxj if the following equality holds:

Vg, = Qpji V aq, Q2 ij -

Itis natural to interpret the quantity

Tf(eA. ) (24)

|A|| =-

as the square of the length of the edge Xj . Thus, the

geometric properties of a simplicial complex prove to
be completely defined. Therefore, smplicial complexes
represent the most convenient, if not the only possible,
lattice for constructing a discrete theory of gravity: the
theory defined above represents amodel of a piecewise
flat Regge space. On the other hand, if we considered,
for example, a cubic lattice, then it would be rather dif-
ficult to give a similar interpretation for quantity (24).
Thus, the theory based on the cubic | attice would hardly
pretend to play the role of geometrodynamics.

The introduced fields Q and e describe the gravita-
tiona field. Now, let us introduce the matter field.
To each vertex a,, , we assign the Dirac spinors

Waq, = Wa and @, each of whose components
assumes valuesin acomplex Grassmann algebra. Inthe
case of a metric with Euclidean signature, the spinors
Yy and P, are independent variables and are inter-
changed under the Hermitian conjugation. As in the
case of gravitational fields, the spinors Y, and i, are
defined by the vertex itself rather than by the four-
dimensional simplex to which this vertex belongs.

In the space of fields, there acts a gauge group
according to thefollowing rule. To each vertex a,, , let

us assign an element of the group S, = Sy U Spin(4).

According to the principle of gauge invariance, the
fields Q, e, , and the transformed fields

= SAiQAijS:ij

€ | = Sai€aj S;%, (25)

lI’Ai = Sailais EIJAi =

are physically equivalent.

Our next goal is to construct a gauge-invariant
action that reduces to the classical action in the limit of
slowly varying fields.

Define a 1-form © on a complex with valuesin the
spaceV, that is bilinear with respect to thefields  and .

U Sa
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To each vertex a,, and the oriented one-dimensional
simplex Xqq, , We assign the element
i
@(Xéiai) = éya([pAiyaQAiquAj _qujQAjiyanAi)
=0, U V.

(26)

The quantity ©,;; represents an Hermitian operator.

One can easily verify that 1-form (26), just as the
1-form e, satisfies relation (23). Thisfact is established
by the repeated application of the formula

s'Y's = Sy’ (27)

where

1

SEeXp[Esabo-atgf €ab = —€pa T 831
(28)
S=(expe)} = &+eh+ Selei+ ..

Under the gauge transformations (25), the 1-form ©
istransformed in the same way asthe form e:

Onij = SxOn;Sai- (29)
In the case of the Euclidean metric (19), the matrix
y® is defined by the formula

1.2 3 4

Y= VYA = ()

The Euclidean action of the system of introduced
fields can be expressed as follows:

_1
I = gxﬂz z ecr(Am)Try E‘ [(QAmIQAIJQAJm)

A,m o(Am) (30)

1 1 O
—=/\€ami€a } 5> O Ami €amj CBAmKEAmI-

Am denotes asummeation over al vertices mof

Here %
a four-dimensional simplex A and then over all sm-
plices A. Since m runs over five values, we introduced
the factor 1/5 for convenience. The expression (o(Am)
in (30) standsfor a permutati onintheframe

% = (XG md;?

Xa o Xarap Xaa)s  (31)

S0 that €5(ay) = +1 if the permutation yields a positively
oriented frame and €;(sm = —1otherwise. The symbol
o(AM) denotesthe summation over all 24 such permu-
tations.
Formulas (25) and (29) immediately imply the
gauge invariance of the action (30). Note that Iﬁ, in (30)
is adimensionless constant.
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Now, let us show that, in the limit of slowly varying
fields, the action (30) reduces to the continuum action
of gravity, minimally connected with aDirac field, in a
four-dimensional Euclidean space.

Consider a certain subset of vertices from a simpli-
cial complex and assign the coordinates (real numbers)

Xao =X'(Aaq), M = 1,2,3,4 (32)

to each vertex a,, from this subset. We stress that

these coordinates are defined only by their vertices
rather than by the higher dimension simplicesto whom
these vertices belong; moreover, the correspondence
between the vertices from the subset considered and the
coordinates (32) is one-to-one.

Suppose that

[Xh, —Xha | < 1. (33)
Estimates (33) can easily be satisfied if the complex
containsavery large (infinite) number of simplicesand
its geometric redlization is an amost smooth four-
dimensional surface.? Suppose also that the four 4-vec-
tors

dxijizxiai—xﬂaj, o za;, i=12234, (34
are linearly independent and
dxi\ml dximl dxf\ml
>0, (35)

1 2 4
dXams dXama - AXama

provided that the frame (X ,, ..., Xq ) is positively
oriented. Inequality (35) implies that positively ori-
ented local coordinates areintroduced on the amost flat
surface consdered. Here, the differentias of coordinates

(34) correspond to one-dimensiona simplices aq Baq;»
so that, if the vertex Baq, has coordinates xb‘wj , then the

; H M
vertex a,, hasthe coordinates Xaa, T dXpji -

In the continuum limit, the holonomy group ele-
ments (21) are close to the identity element. Let us rep-
resent these elements in the form convenient for pass-
ing to the continuum limit:

Wpjj = 1 wi?j a®. (36)

Qaj = >

eXP Wy,

2 Here, by an amost smooth surface, we mean a piecewise smooth
surface consisting of flat four-dimensional simplices, such that
the angles between adjacent 4-simplices tend to zero and the
dimensions of these simplices are commensurable.
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Consider the following system of eguations in
Wamy -

K —
(*)Ampd XAmi - (*)Ami '

(37)

In this system of linear equations, the indices A and m
arefixed, the summationis carried out over theindex y,
and index runs over all its values. Since the determi-

nant (35) is positive, the quantities wyy,, are defined
uniquely. Suppose that a one-dimensiona simplex Xé\mai

belongs to four-dimensional simplices with indices A,,
A, ..., A.. Introduce the quantity

1 1
| 50%a, * Xaa) | E L Onmu o F Oamd (38)

which is assumed to be related to the midpoint of the
segment [ X, , Xaq 1. Recall that the coordinates Xj,

just as the differentials (34), depend only on vertices
but not on the higher dimensional simplices to which
these vertices belong. According to the definition, we
have the following chain of equalities:

wAlmi = (*)Azmi = .= wArmi- (39)
It follows from (34) and (37)—39) that
1
mu%Aam-l- édXAdexxmi = Wami- (40)

The value of the field w, in (40) on each one-dimen-
sional simplex is uniquely defined by this simplex.

Next, we assume that the fields wy, smoothly depend
on the points belonging to the geometric realization of
each four-dimensional simplex. Inthis case, thefollow-
ing formulais valid up to O((dx)?) inclusive:

1
QAmiQAijQAjm = exp[émAmuvdXimidx\,&mj] (41)

where
ERAmpv = au(’“)Amv - av(")Amu + [(*)Amw (*)Amv] . (42)
Ontheright-hand side of (41), aswell asin equality (42),

al fields are taken at the vertex a,,  of afour-dimen-

sional simplex A asisindicated by the subscript in Am.
When deriving formula (41), we used the Hausdorff
formula.

In exact analogy with (37), let us write out the fol-
lowing relation for atetrad field without explanations:

eAmi . (43)
Using (36) and (37), we can rewrite the 1-form (26) as

K —
eAmpd Xami =

Opnj = yalé[quiyagbuqJAi_QD_ULIJAiyaLIJAi]dXiiji (44)
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to within O(dx); here,
DuWai = 0, Wai + Wiy Wai-

Before rewriting the action (30) in the continuum
limit, we give the following obvious formula:

(45)

M v A P HVAP
z So(Am)dXAmidXAmjdXAmkdXAmI = 24¢ VSA(46)
a(Am)

Here, e is a completely antisymmetric symbol,
which is equal to unity due to inequality (35) when
(LVAP) = (1234), and v, is the volume of the geomet-
ric realization of simplex A in a four-dimensional
Euclidean space when the Euclidean coordinates of the
geometric realization of the simplex are equal to the
corresponding coordinates of its vertices (32). The fac-
tor 24 in (46) is necessary since the volume v, of the
four-dimensional simplex on the right-hand sideisless
than the volume of a four-dimensional parallelepiped

constructed on the vectors dxh, , ..., dXh, by afactor
of 24.

Applying formulas (41)—(46) and changing the
summation to integration, we obtain the following
expression for the action (30) in the continuum limit:

| = I Try’®
1 1 1 (47)
x [—mgﬁ + é/\eméa+ 50 De} Oel e
Here, the curvature 2-form (see (42)) and the 1-forms
(see (43), (44)) are defined by

N = :—ZLoabRﬁsdx“ Odx’,

e = y'eidx", (49)

© = V3I0Y'D, W - T, by wldx.

Thus, in the continuum limit, the action (30) proves
to be equal to the action of gravity with aA-term and a
metric with Euclidean signature that is minimally con-
nected with a Dirac field.

3. QUANTIZATION OF DISCRETE GRAVITY

Let us determine the statistical sum Z for a discrete
Euclidean gravity, which becomes the transition ampli-
tude in discrete quantum gravity after passing to the
Lorentzian signature. L et us enumerate the zero-dimen-
siona (vertices) and one-dimensional (edges) sim-
plices by indices V" and €, respectively, and denote by
Wy, Qg, etc. the corresponding variables. By definition,
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0

Z = conStQ;UdQ%Idec%
X dg,,.[d ] I

%3 P [ Cexp(-1).

Here, const is a certain normalizing factor, dQ is the
Haar measure on the group Spin(4),

(49)

de; = []do}, e = wiy’, (50)

and

APy iy = [ APy, Ay, (51)

Theindex v in (51) enumerates individual components
of the spinors -, and s, , such that we have a product

of the differentials of al independent generators of the
Grassman algebra of Dirac spinorsin (51). The action |
in (49) is defined by formula (30).

Note that the measure (50) is actually calculated at
one of the vertices of the edge € since thefields e, are
defined by vertices (see (22), (23)). However, in view of
(23), it is of no importance to which vertex of the sim-
plex € the element e, is related since the measure (50)
is invariant under transformation (23). Therefore, one
can really assume that the measure (50) isrelated to the
edge €.

Obviousdly, al the measures used in the functional
integral (49) are invariant under the gauge transforma-
tions (25). Since the action | in (49) aso represents a
gauge invariant, the statistical sum (49) is invariant
under the action of the gauge group (25).

L et us show how the transition from the theory with
the metric with Euclidean signature to the theory with
Lorentzian signature occurs. For this purpose, we
rewrite the continuum version of the action (47) asfol-
lows:

0
| = J’Sabcd[}—% [(dooab + 2 Dw™) + InetD oob}
0 4lp 3
(52)
O
+ %G)a Dw’JlwD o

g

Note that the set of components w} (a=1, 2, 3, 4) of

e, = W y?istransformed under the gauge transforma-
tions (25) asavector representation of the group SO(4),
which corresponds to a metric with Euclidean signa-
ture. To passto L orentzian signature, we have to change
(53)

4

w' = iw
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Indeed, in the case of ametric with Euclidean signa-

ture (w? = €, dx*), we have the following expressionsin
the continuum limit:

3
=) ele) +eje,
A (V) u 1
2, (54)
- 4 -
e = (e,e), a=123,
The change (53) reduces the metric tensor (54) to the
tensor
3
0 _0 o _o
gpv = _epev + euew
2,
which has a Lorentzian signature.

(55)

The components oo% ,wherea=0, 1, 2, 3, aretrans-
formed by the vector representation of the Lorentz
group SO(3, 1). Now, we can see from the expression
for action (52) that the following changes should be
made together with (53):

w? =i, 0'=ie’ vy =iy’ (56)
Otherwise, different terms in the action (52) would
have different parities with respect to complex conjuga:
tion. Finally, the quantities Q, become elements of the
noncompact group Spin(3, 1).

It follows from formulas (2) and (52) that the
changes (53) and (56) reduce the statistical sum (49) to
thetransition amplitudein thetheory of gravity with the

Lorentzian signature; here, the weightsin the appropri-
ate functional integrals are transformed by the rule

exp(=1) — exp(iS), (57)
where Sisthe action of the system under consideration on
asmplicial complex with the metric with Lorentzian sig-
nature and the noncompact gauge group Spin(3, 1).

Consider the statistical sum (49) with azero A-term
in the absence of fermions. In this case, the integral
over the 1-form e, becomes Gaussi an:

53 (58)

Here, {z}, m=1, ..., Q denotes a set of real vari-

ables {wgz} and M, is a real symmetrical matrix

depending on the elements of the holonomy group Q.
Thus,

Y{Q} = J’Dzexle‘zﬂJl/Lmnz,g.

111

szann 25 24

Z so(Am)

A,m o(Am) (59)
X Tr(y Q Ami Q241 2 Ajm€amKEAmI) -

Denote by {Ay}, whereq=1, ..., Q, aset of eigen-
values of the matrix ., Let €,=sgnA,. Since, in gen-
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era, there are both negative and positive eigenvalues

among {A}, theintegral (58) should be redefined. This

is done by passing to Lorentzian signature. Under this

procedure, the eigenval ues are transformed by the rule
A — €%,

where ¢ = 0 in the Euclidean case and ¢ = 172 in the
case of the Minkowski signature. Thus, in the case of
the Euclidean signature, the Gaussian integral

+o00

Je = I dzexp Dl}\z (60)

reduces to the Fresnel integral in the case of the
Minkowski signature:

+o00

J’dzexpD)\z

=[——()E’2J%

where € = sgnA. Let us perform the analytic continua-
tion

Fu
(61)

A — e\
on the right-hand side of (61) and set ¢ = /2. Thus, we
recover the Euclidean signature of a metric and obtain
the following value of integral (60):

e+ 1
Je = jEvnR2_1
N

Now, using (62), we redefine the integral (58) of
interest:

(62)

+1)/2

Y{Q} = constl_li(sq g2 (63)

If there are fermion fields in the theory, one should
first calculate a functional integral over fermions. The
subsequent integration over the 1-form e remains Gaus-
sian and yields a contribution of the form (63) to the
statistical sum. The remaining integral over the ele-
ments of the holonomy group Q may proveto be diver-
gent despite the compactness of this group. Indeed, cer-
tain eigenvalues A, may vanish under certain configura-
tions of the field Q. Since the expression under the
integral sign depends on the negative powers of A,, the
integral over the field Q may prove to be divergent.
From the physical point of view, these divergences are
of great interest. Note that the tendency of eigenval-
ues A, to zero implies that the integral over the 1-form e

is saturated when the absolute values of thisfield e (or
its certain components) tend to infinity. On the other
hand, as will be shown below, the fact that the field
components have large values implies that the dynam-
ics of these components is quasiclassical. Therefore,
from the physical viewpoint, these divergences imply
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that system (49) isessentially quasiclassical with action
(52) or (2). Thus, we obtain a classical macroscopic
space-time in which conditions for the existence of an
observer may appear.

Concerning the problem under discussion, we note
that the presence of Dirac fields in integral (49) only
strengthens the divergence under the integration over
the field €. Indeed, after the integration over the fer-
mion field, the integral over the field € is rewritten as
(cf. (60) and (61))

_ 1 04
$ = —— (dzP LA
JEJM P2 exprphz

where P,(2) isapolynomial in z of degree n. For small
A, integral (64) is proportional to |A[F("* 172,

A similar physica interpretation of divergences
under the integration over the field € in the continuum
guantum B-F-theory in a three-dimensional space—
time was given by Witten in [15].

L et us notice another possible type of divergencesin
a discrete quantum gravity. If the statistical sum (49)
was defined for ametric with Lorentzian signature, then
the elements of the holonomy group would be the ele-
ments of the noncompact group Spin(3, 1). The gauge
group (25) would also be noncompact, being a direct
product V" of the copies of the group Spin(3, 1). Since
both the measure and action in the transition amplitude
are gaugeinvariant, the functional integral inthetransi-
tion amplitude would not be defined at all before the
fixation (at least partial) of the gauge. However, the fix-
ation of the gauge in the fundamental transition ampli-
tude seemsto be aso artificial procedure that the theory
itself looses its sense. In our opinion, this means that
the fundamental statistical sum for a discrete theory of
gravity can be constructed only on the basis of ametric
with Euclidean signature.

In their well-known paper [16], Hartle and Hawking
made a hypothesis that the wave function of the uni-
verse must be calculated with the use of the functional
integral on the basis of a metric with Euclidean signa-
ture. The reasoning was carried out by analogy with
ordinary quantum theory with a positive definite
Hamiltonian and Euclidean action. In the latter case,
the transition to the metric with Euclidean signature
makes it possible, in principle, to single out the funda:
mental state; this result was a so assumed in the case of
the gravity theory for which the Euclidean action is not
positively definite. In our opinion, the arguments for a
metric with Euclidean signature provided by the dis-
crete theory of gravity are much more reliable than the
arguments given in [16].

Since the gauge group is compact in the case of a
metric with Euclidean signature, the eigenval ues of cer-
tain quantities prove to be discrete (quantized). In par-
ticular, so are elementary two-dimensional volumes
and areas. Let us show this.

(64)
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For fixed values of indices A, m, i, and j, we intro-
duce the notation

L . af]

Qpmij = Qami Qi Qajm = eXpEEwabo B (65)

Element (65) of the group Spin(4) has the following
representation in the group SO(4):
Qi = (expw)™ = 3+ o™ + %wacufb +.... (66)

Next, we will consider (65) or (66) as a certain dynam-
ical variable and all the other combinations of the vari-
ables Qgy, together with the variables e and |, as vari-
ables that are independent of variable (66) [athough
not necessarily commute with the selected variable

(66)].
Suppose that the expression

Samij = (67)

standsfor the selected two-dimensional simplex and s,,
Sa, --- ISaset of four-dimensional simplices belonging
to Sty (Samij) (See Introduction).

Next, denote by
%Am = (Xgi’ ng’ ngv Xgl)v
%A'm = (xﬁiv XQ]’ Xﬁk! Xﬁl)!
etc., positively oriented frames of the simplices s,, Sy,

etc.; thefirst pairs of 1-simplicesin the frames (68) are
identical:

A A A A
Xni = Xy = «oey Xy = ij = ...

J
Therefore,

ApmAai |

(68)

(69)

QAmij = QA‘mij = (70)

Let us write out the contribution to the action (30),
that isproportional to variable (70) and isdefined on the
simplex s,. In the vector representation, this contribu-
tion is given by

1

Al = ——
A 302

ab cd
€abcd 2 Amij O Amki»
(71)
cd _ 1 C d d C
Oamki = é(eAmkeAml_eAmkeAmI)'
Here, we used the following relations:

_ Al
QAmij - QAmji’
ab  _ -1 ,ab
€abcdQamij = —€abcd(Qamij) -

Itisnatural to interpret the quantity 0%, in (71) as
a projection, onto the plane cd, of the half area of the
oriented parallelogram constructed on the 1-simplices
(X2, X2) or asaprojection of the areaof the oriented
2-simplex ay,Axdn-
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d .
Introduce the dual of Oy :

* ab _

cd
Oamkl = EsabcchmkI- (72)

Let us sum up the contributions of all the above 4-sim-
plices sy, Sy, ... to action (71) and denote the result by
Al. We obtain

1 ab * _ab

Al = __ZQAmij Omijs
* ab _ * _ab * _ab
Omij = Oamki T Oamig T -ov

Let |y, be aset of left-invariant vector fields over the
group SO(4) that are the generators of the Lie algebra
of thisgroup. It is convenient to interpret the quantities|,
as first-order differential operators on the space of the
group SO(4) that satisfy the commutation relations

[Iabv ch] = 6adlbc_6bd|a<:_6aclbd + 6bc|ad' (74)

If Qg is an element of the group SO(4) in the vector
representation, then the commutation relations (74) are
correlated with the following rule for the action of the
operators | 4, on the element of the group SO(4):
4+ Zeald0 = Gutea)®  (79)
Here, the parameters €4 are assumed to be infinites-
imal.
Now, assume that the operators |, act on the ele-

ment Q‘,iaqi ; in(73) so that formula (75) holds provided
that the following change is made:

Q" -~ Qi?nij-
Using Eq. (75), we obtain
—1,Cb -1yac * cb

|ab(QCA(:nij*0ﬁ1(:j) = *O-;cij(Q Jamij + () Amij cymij(76)

_ a*cab  _ cd
=2 ZAmij = SabchAmij-

The quantity Zfﬂmj in (76) is interpreted as a sum of
projections of the areas of all oriented two-dimen-
sional simplices ax,Aadaa aamdar@al .- dua to the
simplex a,m@say. In this case, the orientation of asim-
plex aymaady 1S assumed to be positive if the corre-
sponding framein (68), constructed on the vertices a,
ay, A, A, aNd ay, is oriented positively.

Now, let us pass to the quantum-mechanical analy-
sis. From the quantum-mechanical point of view, the
functional integral (49) definesatransfer matrix (atran-
sition amplitude in the case of Lorentzian signature)
describing the evolution of quantum states. The quan-
tum states W{Q, i} are gauge invariant functionals of
the elements of the holonomy group Q and the Dirac
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field P . Here, thefield e (or, more precisely, its certain
bilinear combinations) plays the role of the momentum
variable of thefield Q, while thefield  is the momen-
tum variable for the field @ . The quantum states or the
wave functions are defined over three-dimensional sim-
plicial complexes. Suppose that the boundary of afour-
dimensional simplicial complex § consists of two non-
connected simplicial complexes 9, &t and 3,8 (the non-
connectedness of complexes means that they have no
common simplex). Let W; be the initial wave function
defined over the complex 9, and W, be the final wave
function defined over the complex 9,%. Then, W, is
defined by the functional integral (49). In this case, the
integration over the boundary 0,8 is performed with
theweight W,{Q, Q' }, thevariablesQ and § arefixed
on the boundary 9,% (and only on this boundary), and
theintegration is performed with respect to all the other
variables over the four-dimensional complex §&. Such
an integration yields the wave function ¥,, which we
denote by W.

It follows from (49), (73), and (76) that the quan-

tity *Zi‘\?m ; corresponds to the operator (15/2) I§,Iab in
the guantum-mechanical approach. This meansthat the

2
mean gauge-invariant quantity (* Zab) , Which is pro-
portional to the square of the area of the two-dimen-
sional simplex Zapy; in (76), is determined by the for-
mula

_ (152 Dl

* <ab
Thesymbol [..[0n (77) denotesthe integration over the
field Q by the Haar measure. Since the operators |, in
this measure are anti-Hermitian, formula (77) shows

that the square of a surface element

1 2
5 Zhmi) (78)
corresponds to the operator
1 2
S, (79)

Now, from commutation relations (74), we obtain
the following quantization rule for the area 2 of the
surface element:

A = E}Z—%@«/Z[h(jﬁ1)+jz(jz+1)], @)

j]_:O,l,..., 12:0,1,

The quantization rule (80) also remainsvalid for amet-
ric with Lorentzian signature.
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The question of quantizing surface elements in the
lattice B—-F-theory iswell studied (see, for example, [8,
9] and references therein). Our result demonstrates that
the application of the quantization rule for surface ele-
ments within the framework of the formalism consid-
ered is natural.

Finally, consider the following important fact. It is
known from the theory of angular momenta that large
values of the numbersj, andj, in (80) correspond to the
guasiclassical limit. On the other hand, the limit as
ji— o and j, —= o implies that the elementary
lengths tend to infinity (in the units of the Planck
length Ip). This fact justifies the above statement that
the divergences in the statistical sum (49) that may
appear during integration over the field e as|e| — o
imply the generation of a macroscopic and quasiclassi-
cal Riemannian space from a completely quantum non-
structured original space. This fact gives rise to a con-
tinuum universe obeying the Einstein equation against
the background of which quantum fluctuations exist.

4. DISCRETE GRAVITY
AND QUANTUM ANOMALIES

We begin the study of guantum anomalies with a
remark that there is no reparametrization anomaly in
the approach to discrete quantum gravity considered
here. Indeed, the local coordinates x* appear only as
vertex markers (see (32)—(35)); they can be chosen
arbitrarily (under the above nondegeneracy conditions)
and are not involved in quantum calculations. Since, by
definition, the version of discrete gravity considered
hereisregularized on small scales, the above statement
implies that there are no quantum anomalies with
respect to arbitrary transformations of local coordi-
nates. Asis known, this property of generally covariant
field theories can be generally violated under quantiza-
tion. For example, there is an anomaly (central charge)
in the Virasoro quantum algebra, which generates gen-
eraly covariant transformations on the space of two-
dimensional gravity or on a world surface of a string.
Another example of reparametrization anomaly under
the quantization of four-dimensional gravity isgivenin
[17]. In both examples, reparametrization anomalies
arise during quantizing continuum theories. Here, it is
important that there also exist approaches to the quan-
tization of continuum generally covariant theories
under which there are no reparametrization anomalies
(see, for example, [1, 18-20)).

A more complicated problem in the lattice theory is
the problem of axial anomaly and the problem of intro-
ducing aWeyl field. These problems are closely related
to the so-called problem of doubling of fermion states
on alattice. It iswell known that, on a periodic spatial
lattice, when possible momenta are restricted to the
Brillouin zone with the topology of the direct product
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D of copies of the circle S, the doubling of fermion
states occurs [21-25].

Indeed, consider a regular cubic lattice embedded
into R4 whose vertices have integer-val ued coordinates.
Each vertex hasindex n = (n?) consisting of four num-
bersnt 0 Z,a=1, 2, 3, 4. Let € be the generators of
thelattice: et =(1,0,0,0),€=(0, 1, 0, 0), etc. Itisclear
that, in the absence of gravitational and gauge fields,
the fermion part of the action (30) has the form

b= 33 S BV, e, ) @

na=1

The equation

. 4
55 VW, o~0,_) = eW, (82)
a=1

determines the eigenmodes of action (81) that can eas-
ily be described due to the trand ation invariance of Eq.
(82). Suppose that the momentum variables k2 fill the
Brillouin zone B:

—n<k®sm a=1,2 3,4 (83)

L et us expand the fermion field into the Fourier integral

W, = I————d4k &, kn=Kn'.  (84)
) (2m)*

The spinors (84) are the eigenmades of Eq. (82) if the
spinors (i(k) are the eigenvectors of the matrix

z y2sin(k?), (85)

here, the eigenvalues of the modes are determined by
the eigenvalues of matrix (85). Formula (85) implies
that, if the momentum components k2 assume only one
of the two values

k* =0, (86)
independently of each other, then the eigenvalues of
matrix (85) vanish. This means that the fermion field
introduced contains several |ow-energy components. In
particular, it was demonstrated that, if one introduces
one right (left) Weyl field into the germ action of the
theory, then there are pairs of Weyl fields in the low-
energy limit that are combined into Dirac spinors.

In terms of the lattice variables ,,, the phenomenon
described impliesthe following. Let uschoose acertain
subset of indices from the set of four indices a and
denotetheseindicesby a. The set chosen may either be
empty or contain all four indicesa. Let usdivideall the
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vertices n = (n?) of the lattice into even and odd ones
depending on whether the number sum z n® isevenor

a
odd. Let u be a certain nonzero spinor. Obviously, all
zero modes of Eq. (82) are expressed as

o
n

W, = (1) u. (87)

The superposition of long-wave perturbations on the
zero modes (87) gives rise to low-energy modes that
survivein the limit as the lattice constant tends to zero.
Therefore, the absence of axia anomaly in the gauge
theory constructed by generalizing action (81) on a
periodic lattice to the case of gauge interaction only
implies that the anomalies in the divergence of axial
current induced by various components of the spinor
field cancel each other. On the other hand, any modifi-
cation of the theory on a periodic lattice, such that only
one component of the Dirac field remains in the long-
wavelength limit, gives rise to the known axial anomaly.
An important question arises: Does the phenome-
non of doubling of fermion states occur on irregular
amorphous lattices and, in particular, in the theory of
gravity on simplicial complexes? Our hypothesisisthat
the doubling phenomenon occurs on the simplicial
complexes that form a periodic lattice under geometric
realization. On the contrary, if the geometric realization
of asmplicial complex results in an amorphous peri-
odic lattice, then there is no doubling of fermion states.

L et us elucidate the situation by asimple example of
atwo-dimensional lattice. Consider the fermion part of
the action of gravity onthislattice. Inthiscase, theindi-
cesa, b, ... assume two values 1 and 2. Formulas (19)
remain valid, but the y matrices have dimension 2 x 2.
Then, the fermion part of the gravity actionisexpressed as

1
S,p = éz Z scr(Am)‘c'abe,Eli\mieimj1

A, mao(Am)

(88)
[ _
eiij = E(quiyaQAijl-pAi - qujQA]i.jyal-pAi)-
Here, the notation isthe same as before (see (18)—(31)).
Recall that o(Am) denotes the permutation in the frame
(Xgma. , X(,Amqj) and €;(am = =1 depending on if this per-

mutation is even or odd.
Consider the case of aflat space, when

Quj =1, (ef+€f+...+e)) = 0. (89)
The geometrical sense of the second equality in (89) is
as follows. The quantity ef} should be considered as a
vector in an orthonormal basisthat starts at the vertex a,
and ends at the vertex ag, - Each subsequent vector in

the sum (89) starts at the vertex at which the preceding
vectors ends. Then, the second equality in (89) implies
that we deal with atorsionless flat space, while the first
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equality impliesthat the curvature of this spaceis zero.
Hence, we assume that asimplicial complex isrealized

in the space R? and €]} is avector in R? that connects
appropriate vertices.

Now, consider a ssimplicial complex consisting of
equilateral triangles (seeFig. 1). The vertices of interest
for us are enumerated by numbers from 1 through 7.

Thevectorsconnecting vertices1and 2, 7 and 3, etc.

aredenoted by €}, , €5, etc., where €5, =—€5, , ... . Let
us write out the equation for the zero modes of the
action (88). For this purpose, we vary the action (88)
with respect to §i; and equate the result to zero. Thus,
we obtain the following equation at vertex 1:

€V L [(Wo—Ws) + (W3~ We)] €2

+ [(Wa—W7) + (W3~ We)] €%} = O.

Equation (90), just as all the other equations of the zero
mode, issatisfied if weset J,;, =u#0. It isaso obvious
that Eq. (90), together with all the other zero-mode
equations, issatisfied if Y, =xu# 0, wherethesign“+"
or “—" corresponds to the arrangement of these signs at
the vertices of the lattice in Fig. 1. In addition to this
arrangement, there are other possible variants for
arranging thesigns“+” and “—" at the vertices of thelat-
ticein Fig. 1 and assigning appropriate signsto the spinors
W, So that the mode becomes zero.

Thus, just as in the case of a square lattice, there
exists a problem of doubling the fermion states on a
regular smplicial complex.

Now, consider a simplicial complex that differs
from that shown in Fig. 1 by one additional vertex (see
Fig. 2). The zero-mode equations at vertices 1 and 8 in
this case have the form

€Y [(Wy— Wg)ens + (Ws— We)ehs + (Ws — We) o
+ (ljJ7—ljJ8)egs + (W3- we)egﬂ =0,

Sabya[(wz—ml)egl"'(417—‘“1)9?2] = 0.

We can see that the addition of one vertex appreciably
complicates the system of equations for the zero mode.
Nevertheless, just asin Fig. 2, one can easily check that

(90)

(91)
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such an arrangement of signs yields a nontrivial zero
mode.

Will the phenomenon of doubling of fermion states
still be possible if alarge number of additional vertices
are chaotically introduced into the lattice of Fig. 1? The
answer to this question seems to be negative. However,
according to the analysis carried out, the absence of
nontrivial zero modes may be characteristic only of
simplicial complexes that are rather complicated from
the viewpoint of periodicity.

In the general case of arbitrary dimension, the prob-
lem of doubling of fermion states should be formul ated,
inour opinion, asfollows. Isit possibleto find an (obvi-
ously nonperiodic) simplicial complex realized in a
Cartesian space, such that the Dirac equation has the
only zero mode? The existence of such a complex
would imply the absence of the doubling of fermion
states, as well as the absence of axia anomaly in the
continuum limit of the theory.

Of course, in the continuum limit of this theory, the
diagram technique (more generally, the theory of per-
turbations) would strongly differ (for example, by the
traversal of poles) from the diagram technique used in
quantum field theory. Possibly, the theory of perturba-
tions in an anomaly-free continuum theory would be
analogous to that developed in [1]. This problem
requires separate analysis.
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Abstract— The magnetic moment of the negative muon in the 1s state was measured in carbon, oxygen, mag-
nesium, silicon, sulfur, and zinc. The attained precision of measurements allowed the dependence of the rela-
tivistic correction to the magnetic moment of the bound muon on the charge of the nucleus to be verified.

© 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Interest in measurements of the magnetic moment
of the electron in the 1s state of various atoms has con-
siderably increased in recent years because of the
appearance of new experimental facilities. In 1928,
Breit [1] showed that the magnetic moment of the elec-
tron in an atom in the 1s state should differ from the
magnetic moment of the free electron because of itsrel-
ativistic motion. This effect was considered in more
detail in[2]. Measurements of the magnetic moment of
the electron in an atom other than hydrogen in the 1s
state, however, involve serious difficulties, because per-
forming such experiments requires generating high-
density flows of multiply ionized atoms (ions with one
electron). Indeed, until recently, experimental g factors
of the electron were only available for hydrogen in the
1s state [3, 4]. In 2000, the magnetic moment of the
electron on the 1s level of an atom with a nucleus
charge other than one was measured [5]. In [6], the
g factors of the electron on the 1s level of atoms with
nuclear charges up to Z = 92 were theoretically calcu-
lated.

In 1958, Hughes and Telegdi [ 7] noted that relativis-
tic magnetic moment changes should also be character-
istic of the negative muon in an atom. The relativistic
correction to the magnetic moment of the negative
muon in the 1s state can be measured for an arbitrary
atom with a zero nuclear magnetic moment, which
makes it possible to study its dependence on nuclear
charge Z up to the lead atom.

The theoretical calculations performed in [6, §]
show that, apart from the relativistic correction discov-
ered by Breit, there are additional radiative corrections

to the magnetic moment of the electron in the 1s state.
These corrections are caused by the occurrence of the
electron in a strong Coulomb field of the nucleus.
Accordingly, the g factor of the 1s electron in hydrogen
and hydrogen-like ions can be written in the form

0o’ = 2(1+ac®+ag +ay), )

free

where a, — isthe radiative correction to the g factor of
the free electron, a>°> = a.>(QED) is the additional
radiation (quantum-electrodynamic) correction for a
bound electron, and aff' istherelativistic correction for
the 1s electron.

The radiative correction to the magnetic moment of
the free electron was measured with an accuracy close
to that of theoretical calculations[9]; according to[10],

a'™® = 0,001159652193(10).

The theoretical calculations [8] give the additional
radiative correction for the 1s electron in the form

BS _ (O(Z)Za
a, (QED) = Tﬁ+ 2

The dependence of therelativistic correctionon Z is
described by the equation [1, 2, 6, 8]

a® = g(A/l—(az 2_y), 3)

Equation (3) shows that the relativistic correction
becomes comparable with the radiative correction for

1063-7761/01/9305-0941$21.00 © 2001 MAIK “Nauka/Interperiodica’



942

the free electron aferee at Z = 6 and exceedsthe latter by
approximately one order of magnitude at Z = 25.
Currently, the magnetic moment of the 1s electron
has most accurately been measured for hydrogen [4].
The ratio between the magnetic moments (g factors)

of the bound gt° and free gi* electrons was found to

be[4]

ge
0.~

—1 = —17.709(13) x 10°°.

This value closely agrees with the results of the calcu-

lations performed in [8], according to which
1s
S _1=_17.7051x 10"
ree
9e

The error of measurements reported in [4] is, however,
close to the expected a_> value for hydrogen, which

does not allow the aZ° value to be determined directly
from this experiment.

Recently [5], the magnetic moment of the electron
in the 1s state has been measured for the fivefold ion-
ized carbon atom. For this purpose, a specia unit was
constructed which operated by the principle of the con-
tinuous Stern—Gerlach effect. C>* ionswere confined in
amagnetic trap. A constant magnetic field inthemiddle
part of the trap equaled 3.8 T. Parallel to the magnetic
field, electric quadrupole and additional magnetic fields
were applied. The latter quadratically varied along the
axial axis. Transitions between states with electron spin
projections £1/2 were induced by a microwave field.
The frequency of axial carbon ion motions in the field
depended on the el ectron spin projection onto the direc-
tion of the magnetic field. Simultaneously changing the
axial and cyclotron frequencies of ion motions allowed
the magnetic moment of the electron in the C°* ion to
be determined,

g.(C™) = 2.001042(2)
accordingly,
0.(C”") —gi® = —0.001277(2),

gr™ = 2.002319304386(20)

(see[10]). Theresult obtained in [5] wasin close agree-
ment with the relativistic correction to the magnetic
moment of the electron in the 1s carbon state cal culated
by (3) (-0.001278), but the accuracy of measurements
was insufficient for verifying the theoretical predictions

. B
concerning aZ®
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2. THE MAGNETIC MOMENT
OF THE NEGATIVE MUON IN ATOMS

Corrections to the magnetic moment of the negative
muon in the bound state in atoms with a zero moment
of the electron shell were considered in [11, 12].
Accordingto[11, 12], the g factor of the negative muon
in the 1s state of an atom with a diamagnetic electron
shell can be written as

g = 2Eﬂ.+ Za('% )

i=1

where gff is the g factor of the muon in the 1s atom

stateand a”, ..., &\ are the corrections to the g fac-

(1

tor: a, ) is the radiative correction for the free muon;

(2) istheradiative correction caused by the occurrence

of the muon in the Coulomb field of the nucleus; a is

the relativistic correction; a(4) and a(S) are the correc-
tions taking into account polarlzatlon of the nucleus

and the electron shell, respectively; aff) is the correc-
tion for diamagnetic screening of the external magnetic

field by the electron shell; and aff) isthe correction for
the center of mass. For the free muon,

gLree = 2(1+a£11)).

The al, a7, and & corrections are similar to the

agee ae and ae correctionsfor the lselectron(a(l) =

free

@ = 3 —
ay®,a? =a’°, and a) = ay).

The radiative correction to the magnetic moment of

the free muon is known to a high accuracy, a(l) =
0.0011659230(84) [10]. The radiative correction to the

magnetic moment of abound muon differsfrom a(l) by

the a'? value, which does not exceed 2% of the a’

relativistic correction value even for large Z [12]. The
correction for the center of mass is also much smaller
than therelativistic correction and isrel ated to the latter

a’/al’ ~ m/M [12], where m, and M are the
masses of the muon and the nucleus, respectively.

The largest correction to the magnetic moment of a
bound muon is caused by its relativistic motion in the
Coulomb field of the nucleus[2],

J’F dr, (5)

where F is the small component of the radial wave
function of the muon.

Calculations show [11, 12] that the relativistic cor-
rection to the magnetic moment of a bound muon is of

(3) -
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theorder of 0.1, 1.1, and 3.2% for the oxygen, zinc, and
lead atoms, respectively. It follows that the relativistic
correction is comparable in magnitude with the radia-
tive correction for oxygen and is larger than the latter
approximately by one order of magnitude for zinc.

The magnetic moments of negative muonsin the 1s
state were measured experimentally for light (C, O,
Mg, Si, and S) and heavy (Zn, Cd, and Pb) atomsin [13,
14] and [15], respectively. The accuracy of measure-
ments performed in [13] for corrections to the g factor
of negative muonsin Mg, Si, and S was approximately
3%, which was close to the accuracy of theoretical cal-
culations. Satisfactory agreement was attained in [13]
between the experimental and calculated g factor val-

free

ues for the C, O, Mg, Si, and S atoms. The (g,

free

gLl )/gu values obtained in [14] for negative muonsin
Mg, Si, and Swere, however, smaller in magnitude than

those reported in [13] by (17 + 4) x 10*. According to
[13],

e 1 D(296+o7)><10 for Mg

g

MU = E(363+11)><10 for Si
" D(482+16)><10 for S.

In the case of heavy atoms, the accuracy of measure-
ments [15] is about 50:

o g %(120 +62) x 10 for Zn
-t %(201 +140) x 10 for Cd
" (468 + 220) x 10 for Pb.

It followsthat the experimental dataon heavy atoms do
not contradict theoretical calculations but give no proof
of changes in the magnetic moment of the Dirac parti-
cle caused by its relativistic motion in the Coulomb
field of the atomic nucleus.

The purpose of thiswork wasto check the existence
of substantial discrepancies between theoretical calcu-
lations and the experimental data on the g factors of
muons on the 1slevel of the Mg, Si, and Satomsand to
obtain statistically significant data on atoms with
nuclear charges Z = 30. Our preliminary results for C,
O(H,0), Mg, and Si were reported in [16]. Currently,
similar measurements are being performed by
J. Brewer at TRIUMF (Canada).

The implantation of a negative muon into amedium
causes its deceleration and capture by an atom of the
medium. In a condensed medium, the muon reachesthe
1sstatein an atom in time shorter than 101° s. Because
of its larger mass, the Bohr radius of the muon is
approximately 200 times smaller that the radius of the
K-electron orbit. The negative muon is an unstable par-
ticle and predominantly decays by the scheme

W —=€e +Vv,+V,
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Because of parity violation in this process, the spatial
distribution of decay electronsisasymmetric, and mea-
surements of the magnetic moment of the muon are
based on this circumstance. In a transverse magnetic
field, the magnetic moment (and spin) of the muon pre-
cesses at the frequency

2u,H _ gusH

W= T TR

where pf is the Bohr magneton for the muon. For

polarized muons, the uSR-spectrum (distribution with
respect to the time of muon capture in the sample) of
decay electrons represents an exponent modulated by
the cosine function with frequency . The modulation
amplitude is proportional to the muon polarization in
the 1s state. Measurements of the precession frequency
of the muon allow its magnetic moment in the 1s atom
state to be determined. The correction to the magnetic
moment (g factor) of the bound negative muon can be
found from the equation
free
et ) ©)
gLree wfree

where wf™® and w are the spin precession frequencies
for thefree muon and for p~in the 1satom state, respec-
tively.

3. MEASUREMENTS

M easurements were performed on a Stuttgart LFQ-
spectrometer [17] using the UE4 muon channel of the
proton accelerator at the Paul Scherrer Institute (PSI,
Switzerland). The muon beam momentum was about
68 MeV/s. An 0.1-0.2 T external magnetic field trans-
verse with respect to the muon spin was created by
Helmholtz coils. Current stability in Helmholtz coils
was controlled during measurements; it equaled Al/l =
2 x 107°. The mean diameter of Helmholtz coils was
510 mm, and the distance between coil centers was
240 mm. These dimensions were close to optimal for
obtaining a magnetic field with a uniformity not worse
than 10°in a3 x 3 x 3 cm? volume. The components of
the magnetic field of the Earth and scattered fields of
magnetic elements near the spectrometer were compen-
sated by three pairs of additional coils to an accuracy
not lower than 102 G. The residual magnetic field was
measured by three permalloy sensors with mutually
orthogonal orientations. The Helmholtz coils were
positioned with respect to the beam (collimator) axis
with the help of alaser.

The samples were prepared as cylinders 30 mm in
diameter and 12, 18, 11, 10, 14, and 7 mm thick for car-
bon (reactor graphite), oxygen (water), magnesium, sili-
con, sulfur, and zinc, respectively. Water was packed
into acylindrical container made of afoam plastic with
walls 2 mm thick. Theweight of the container was 1.7 g.
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The results of the Fourier analysis of the experimental data
(MSR histogram) for graphite measured during the standard
exposure of about three hours to the beam of negative
muonsin atransverse magnetic field of 2000 G (f isthe Fou-
rier transform amplitude).

Crystaline silicon had specific resistance of about
10* Q cm. The samples were mounted in such a way
that sample axes coincided with the axis of the muon
beam. The beam cross section diameter at the samples
was about 16 mm. The position of the samples with
respect to the beam axis was fixed accurate to 1 mm or
less.

The intensity of muon stops in graphite (1 g/cn?
thick) as afunction of copper moderator thickness, that
is, the curve of muon stops, was measured to determine
the distribution of muonsin the volume of the samples.
A maximum of the curve of stops corresponded to an
approximately 4 g/lcm? moderator thickness, the total
width at half-height equaled 0.8 g/cm?, and the width at
a5% level of the maximum height was 1.4 g/cn??. It fol-
lows that the volume of the region of muon stopsin the
samples did not exceed 6 cm®.

Muon beams contained severa percent electron
impurities, which caused the appearance of background
electrons in the experimental time distribution spectra
(USR-spectra) of electrons formed in the decay of
muons stopped in the target. The time distribution of
electronsin the beam and the background that they pro-
duced had a periodic structure with a frequency equal
to that of the high-frequency accelerator field. The PSI
accelerator field frequency was stabilized accurate to
102 and equaled 50.6330 MHz (e.g., see [18]). It fol-
lows that the experimental spectra contained a back-
ground with a periodic structure whose frequency was
well known. This circumstance made it possible to con-
trol thetime parameters of the unit asawholeincluding
the characteristics of the time-to-code converter under
operating conditions during the whole experiment (we
used an EG&G ORTEC Model 9308 time-to-code
converter).

Figure shows the results of the Fourier analysis of
the experimental data (USR histogram) for graphite
obtained during the standard exposure of about three
hours to a beam of negative muons. The Fourier spec-
trum contains the muon spin precession frequency in
the external magnetic field and the F,. frequency
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caused by the periodic background. Processing the uSR
histogram by the method of least squares showsthat F.
is determined accurate to 10~ (0.5 kHz) and coincides
with the accelerator frequency within the error of mea-
surements. The F,. values determined from the spectra
recorded at various times during a session about 500 h
long coincided with each other within the statistical
error.

The data given above are evidence that the param-
eters of the uSR unit that we used allowed the muon
spin precession frequency to be measured accurately
to 10 (0.5 kHz) at the required statistical level.

The free muon spin precession frequency was deter-
mined from the u* precession frequency in copper as

free _ (A)( H+, CLI)

W 13K @)
Here, K isthe Knight shift for the positive muon in cop-
per equal to (60.0 + 2.5) x 1075 [19]. Accordingly, we
first measured the positive muon spin precession fre-
guency in copper and graphite. Next, the uE4 muon
channel was tuned to generating negative muon beams
with the momentum equal to that of the positive beam,
and - spin precession frequencieswere measured in C,
O(H,0), Mg, Si, S, and Zn. Measurements for O(H,0),
Mg, Si, S, and Zn dternated with measurements for
graphite performed in the same magnetic fields as for
the samples under study.

4. RESULTS AND DISCUSSION

The following spatial distribution asymmetry coef-
ficients were obtained:

for positrons formed in the decay of pu*in
Cu—0.181 + 0.001
C—0.218 £ 0.001;
for electrons formed in the decay of p~in
C—0.0486 £ 0.0003
O(H,0)—0.0177 + 0.0004
Mg—~0.0324 + 0.0004
Si—0.0304 £ 0.0004
S—0.0213 £+ 0.0002
Zn—~0.0107 + 0.0005.

It was found from a comparison of the positive
muon spin precession frequencies in graphite and cop-
per that the paramagnetic shift for u* in carbon was

(L+ K)o, C) (W, CU) _ |50+ 03)x 107
w(W', Cu)

The measured negative muon spin precession fre-
quencies and the free muon spin precession frequencies
in the corresponding fields (w™®) are listed in Table 1
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Table 1. Experimental free muon and 1~ spin precession frequenciesin the samples in external magnetic field H

945

free
Sample H, G w, rad/ps we, rad/ps @ fre_ew x 10*
w
C 1000 85.048 + 0.006 85.115 + 0.002 79+07
O(H,0) 1000 127.455 + 0.009 127.545 + 0.011 70+£11
Mg 1000 127.264 + 0.006 127.558 + 0.010 23.1+0.9
Si 1500 127.087 + 0.009 127.545 £ 0.011 359+11
S 1500 127.022 + 0.025 127.563 + 0.011 424+2.1
Zn 2000 168.93 + 0.38 170.243 £ 0.014 77+ 22

Table 2. Correctionsto the g factors of bound negative muonsin carbon, oxygen (water), magnesium, silicon, sulfur, and zinc

gf“ree _ ngIS 10" gLree _ gis 10" - 1;I'heoret|ca| values [12]
Sample gLr gLfee 9 f— 9 x 10° a® x 10°
(this work) (datafrom [13, 15]) 9. "
C (graphite) 79+0.7 76+03 82+0.1 6.29
7.1+06
80+05
O, inH,O 70+11 94+10 143+0.2 11.04+0.01
Mg, meta 23.1+09 26.4+0.7 29.8+ 0.6 23.79+£ 0.06
Mg, in MgH, 29.6+0.7
Si, crystal 359+1.1 36.3+1.1 39.1+1.0 31.70+0.10
S, amorphous 24+21 482+ 1.6 491+15 40.35+0.15
Zn, metal 77+£22 130+ 63 117.3 1126+ 1.0

for the samples that we studied. For carbon, w™e was
determined from the positive muon spin precession fre-
guency in copper w(u*, Cu) measured at the same mag-
netic field as w(pu-, C) for the negative muon in graph-
ite (7). The same data were used to determine the ratio

_ (', Cu)
w(, C)
which did not depend on the magnetic field value.

The wf™® values for O(H,0), Mg, Si, S, and Zn were
determined from the negative muon spin precession
frequency in graphite measured in the corresponding
magnetic field by the formula

ree _ (A)(ll_, C)
= R—1+K .

The corrections to the g factor of the negative muon
in the 1s state of carbon, oxygen, magnesium, silicon,
sulfur, and zinc atoms are compared in Table 2 with
similar data obtained in [13, 15] and with the theoreti-
cal calculations [12]. The last column of Table 2 con-
tains the relativistic corrections to the magnetic
moment of the bound negative muon calculated in[12].

f
w

The corrections to the g factor (magnetic moment)
of the negative muon in carbon, oxygen, magnesium,
silicon, and sulfur in the 1s state determined in this
work are close to the values reported in [13] and differ
from the data obtained in [14], according to which the

(90% — g°)/ g™ valueis smaller by (17 £ 4) x 104,

The accuracy of our gﬁs measurements for light atoms

(C, O, Mg, Si, and S) is close to the accuracy of mea-
surements in [13] and approximately threefold higher
for Mg and Si and 1.5 times higher for S than the accu-
racy of measurements in [14]. For Zn, the accuracy of
measurements was improved three times compared
with [15]. Within thrice the standard deviations (30),
the experimental data on C, Si, S, and Zn obtained in
this work agree with the results of theoretical calcula-
tions. With O(H,O) and Mg, the discrepancies between
the experimental and theoretical values are, however, of
about 70. The reason for the discrepancies between the
experimental data and the theoretical calculations [12]
may be the neglect of possible Knight shifts and chem-
ical shiftsin the calculations performed in [12]. Recall
that the capture of the negative muonin C, H,0O, Mg, Si,
S, and Zn resultsin the formation in the media of sepa-
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Table 3. Calculated ass and aﬁs corrections to the mag-

netic moments of electrons[8] and muons[12] and currently
attainable accuracy (o) of measuring correctionsto the g fac-
tors of electrons and muonsin the 1s state of several atoms

e Ty
ags x 108 | ox 108 aﬁs x100| o x 108

H 0.0102 0.013 - -

C 0.4 1.0 8 30

Si 29 - 40 100

Zn =20 - 153 2000

rate atoms which are analogues of the B, N, Na, Al, P,
and Cu atoms, respectively.

Aswater is a diamagnetic substance, the reason for
the observed discrepancy between the experimental and
calculated muon spin precession frequencies may be a
chemical shift of the precession frequency. According
to the data obtained in this work, the chemical shift of
nitrogen in water equals +(7.3 £ 1.1) x 10 Thisvalue
does not contradict to the known NMR data on the
chemical shifts of nitrogen in various compounds,
which vary in a wide range from —400 x 107 to
+400 x 1075 (e.g., see [20]).

With Mg, we were unable to find data on the Knight
shiftinaMg + Naalloy that might be directly takeninto
account in determining the frequency shift of muon
spin precession. The NMR data on the Mg,-/Al;, aloy
are, however, indicative of large Knight shifts for Mg
and Al, of 1.3 x 10 for Mg and 1.7 x 103 for Al [21].
If the difference between the experimental and calcu-

lated gff(M ) valuesis caused by the Knight shift, then
the Knight shift on Nain the Mg + Naalloy should be
(6.2 £ 1.0) x 10 This value is close in the order of
magnitude to the Mg and Al Knight shift values mea-
sured for the Mg,,Al,, aloy.

According to the NMR data on silicon with a 2.1 x
10%° cm~3 boron admixture, the Knight shift on boron
amounts to (0.65 + 0.05) x 10 [22]. Thisvalueisin
close agreement with the estimate based on the mag-
netic susceptibility of silicon containing boron in a
5.2 x 10% cmr concentration [23]. In thiswork and [13],
“pure’ silicon samples with impurity concentrations
not exceeding 10'3 cm2 were used. The concentration
of free charge carriersin such samplesis several orders
of magnitude lower than in the samples used in the
NMR [22] and magnetic susceptibility [23] measure-
ments. The Knight shift in our samples should therefore
be negligibly small (also see the estimates madein [13]).

The upper bound for the Knight shift contribution
that should be taken into account in determining the
g factor of the muon in Zn can be estimated from the
NMR data on CuZn, _, aloys [24]. It follows from
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[24] that the Knight shift on Cu decreases approxi-
mately three times as x decreases from 1.0 to 0.25 and
equals (7 1) x 10*at x=0.3. Thisvalueisthreetimes
lower than the error of measurements performed in
this work. It follows that the Knight shift can be
ignored for Zn.

It would in our view be expedient to analyze the
existing experimental data on the electron and muon
magnetic momentsin the 1s state of atomswith the pur-
pose of estimating the aBQED) quantum-electrody-
namic correction to the electron and muon magnetic
moments in the Coulomb field of the nucleus. The cur-
rently attainable accuracy of measurement and the
expected values of this correction for several atoms are
listed in Table 3. The calculated a8 QED) value for the
muon is approximately one order of magnitude higher
than that for the electron, although o, that is, the accu-
racy of determining corrections to the g factor of the
muon, is lower in comparison with measurements for
the electron. We nevertheless believe that measure-
ments for negative muons in atoms with nuclear
charges Z > 10 offer no less promise than measure-
ments for electrons. In addition, at such Z values, the
muon in the 1s state occursin a Coulomb field approx-
imately two orders of magnitude higher compared with
the electron. Accordingly, possible deviations of the
aPYQED) values from theoretical predictions may be
much larger for the muon than for the electron.

5. CONCLUSION

To summarize, the results of thiswork arein agree-
ment with the experimental dataobtainedin [13]. These
results show that the magnetic moment of the negative
muon in the Coulomb field of the nucleus differs from
the magnetic moment of the free muon. For carbon, sil-
icon, sulfur, and zinc, our experimental results are in
agreement with theoretical calculationswithin the error
of measurements. This confirm the Z dependence of the
relativistic correction to the magnetic moment of the
negative muon in the 1s state of various atoms.

An analysis of the available experimental data
showsthat afurther increase in the accuracy of measur-
ing the g factor of the negative muonin silicon and zinc
will alow aj°(QED) to be determined and, thereby,

predictions of quantum electrodynamics for strong
electric fields to be verified.
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Abstract—The complex of problems associated with the discrete conversion of gammaraysisconsidered. The
analogue of the internal conversion coefficient is determined for the case of discrete conversion, and specific

computations are made. The calculated values of the half-life of the nuclear level E, = 35.492 keV in 1TeR
ions (Q = 45-48) arein good agreement with the measured quantities. Computations for the spectrum of optical
photons accompanying the de-excitation of the nuclear level E, = 3.5+ 1 eV in 229Th, carried out using the

Dirac—Fock multiple configuration method, show that the highest-intensity spectral lines are situated in the
region of 2.3-2.4 eV, which isin accord with the experimental data. © 2001 MAIK “ Nauka/lnterperiodica” .

1. INTRODUCTION

The discrete (subthreshold, resonance) internal con-
version of gammarays is currently attracting consider-
able attention. These are the cases in which the nuclear
transition energy E, is slightly lower than the electron
binding energy &, For neutral atoms, this phenomenon
has not virtually been observed in actual practice. Per-
haps, the only exception to this is the de-excitation of
the unique isomeric level | = 3/2°, E, =35+ 1€V in
29Th[1, 2].

Discrete conversion was confirmed in [3]. In these
experiments, the half-life T, of thefirst excited nuclear
level | = 3/2%, E, = 35.492 keV was measured in highly
ionized %°Te, Q = 45-48. The configuration of such
ions has the form 1s°2s?2p9, g = (3-0). The de-excita-
tion of thelevel takes place through the M1 transition to
the ground state I, = 1/2* of the nucleus.

The half-life of a nuclear level is connected with the
interna conversion coefficient (ICC) through the relation

: (D)

where 0, isthe total ICC. For neutra tellurium, oy =
13.6, Ty, = 1.49 ns[4], whenceit followsfor that 1?5Te?
ions
ng _ 21.8 -
1+ ()

For Te? ions with Q = 4548, the binding energy of
K electronsis higher than the nuclear transitions energy
and, hence, a “norma” conversion (for which the
nuclear transition energy is higher than the binding
energy of an atomic electron) at the K shell isimpossi-

ns. 2

ble. For such ions, the value of 1CC is determined by
the conversion at the L subshells of the atom. Having
calculated the ICC a, (E,), we can use formula (2) to
determine the half-life of a nuclear level under the
assumption that only “normal” conversion takes place.

Table 1 contains the half-lives T3, (caculated from
formula (2) under the assumption that only “normal”

al'* conversion takes place) as well as the half-lives
measured in [3]. It can be seen that the experimental
data obtained in [3] can be interpreted only by assum-
ing that de-excitation of the nuclear level in *TeRions
(Q =4548) isaccompanied by adiscrete conversion at

the K-shell, which considerably increases a}y" ascom-
pared to the “normal” 1ICC a;'*.

Thisisthe case of de-excitation of the nuclear level
| =3/2*, E, = 35.492 keV in °Te? which must be con-
sidered while comparing the results of the theory with
the experimental data. It was assumed in [5, 6] that the
experimental results obtained in these works serve as a
proof of the discrete conversion in 22°Th. However, this
provoked criticism from both experimenters [7, 8] and
theoretical physicists[9, 10].

The phenomenon of discrete conversion has been
studied by anumber of authors[11-16]. The authors of
[11-13] introduced the term discrete conversion factor
(DCF), which is an analogue of the ICC in the case of
discrete conversion:

1 I ~TL
— a;_ ;. 3
2T(E, — )2+ (M (127 ©

Here, E, is the nuclear transition energy and « is the
electron transition energy closest to E,. The authors of

gtlﬂl f(Ey) =

1063-7761/01/9305-0948%21.00 © 2001 MAIK “Nauka/Interperiodica’
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Tablel. Half-lives T(f,2 , calculated under the assumption that only “normal” conversion can take place, aswell asthose mea-
sured in [3], in the case of de-excitation of the nuclear level | = 3/2*, E, = 35.492 keV in **TeVions

Q| Bae | o ol e
theory experiment [3]
0 +3549 11.6 155 13.6 1.49[4]
45 —206 — 1.63 1.63 8.25 <2
46 521 — 1.65 1.65 8.20 <2
47 —870 — 1.60 1.60 8.33 61
48 —-1205 — 1.56 1.56 8.48 11+£2

[11-13] assume that the quantity &, ; should be cal-
culated using the same formulas that were used for cal-
culating “normal” ICC’'s[17, 18]. Hence, they propose
that the term discrete ICC should be preserved for the
. ~ 1L . .
quantity a;_ ;. However, since the wave functions of
bound and free electrons are normalized in different

ways, the discrete ICC &ft ¢ has the dimensions of

energy. It should be recalled that the wave functions of
the discrete spectrum are normalized in such away that

00

J'(g2 +f9)ridr = 1, (4)
0

while the wave functions of free electrons are normal-
ized to aunit energy interval in such away that

r% +E+mfZD

E+m

= — ©)
O . n(E2—m?)"?
In formulas (4) and (5), g and f are the large and small

components of the relativistic radial wave function of
an electron, misthe rest mass, and E isthe total energy

atom, we confine the analysis to electronic transitions
to the excited atomic level s containing the ns electrons.
Table 2 contains the half-lives T?,z of the nuclear

level | = 3/2%, E, = 35.492 keV in #Te, which were
calculated using formula (2) under the assumption that

M1 _ M1 M1
C(tot - %13-.ns+aL .

The DCF R %" .« was calculated from formula (3) in
two cases: () using for I'; theradiation widths I [ff cal-
culated, assuggestedin[11], for nslevelswhose energy

is closest to E,, and (b) using the widths ¢ of the

hole levels, as proposed in [13]. The computations pre-
sented in Table 2 were carried out using the Dirac—Fock

Table 2. Half-lives T3, of the nuclear level | = 3/2%, E, =

35.492 keV in 15TeR jons, calculated by using the DF
method

Q 45 46 47

of an electron. Formula (3) was obtained in [11] from Configuration| 1s2s22pns | 1222p?ns | 1s25%2pns
the condition that the atomic state f formed during con- o
version decayswith afinitewidth I'c. In[11], thewidth ~ Ty, (exp),ns| <2 <2 61
I'; was defined as the total width of the excited atomic  pg 125 8s 6s
level, for which w is closest the E,. In the present Ey — Gng, &V 14 _35 +44
work, we assume that we can use for I'¢ the radiation Cal culations based on the method proposed in [11]
width of the excited atomic level rf = rrfaj .In [13], the rfaj eV 1.1x 103 3.8x 1073 7.5 x 103
width I'; was defined for Te? jons as the radiation hole Q
width determined by the transition 2p —= 1sinan  Ty;,ns 47 8.2 8.3
@(C|taj ion W|th Conﬁguration lSZSzpan. Note that the Calculations based on the method proposed in [13]
holewidths /2 for all levelsof theexcited TeRionare  hoe o, 402 578 141
practically constant and independent of ns. o

It should be recalled that for M1 transitions at  Tij2. NS 0.47 6.7 8.3

s shells of the atom, nearly 100% of the contribution to
ICC comes from transitions to the states with the rela-
tivistic quantum number kK = -1 (k = (I = j)(Z] + 1)).

Hence, while considering the discrete conversion dur-
ing the nuclear transitions M1 at the s-shells of the
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Note: n is the principal quantum number; s is the orbital quantum
number of the electron; wyg the value of the energy of the

excited level with configuration 152322pqns, closest to E;
and TS, (exp) isthe half-life measured in [3)].
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W, =0 E, Inthe DF method, theradial components of the elec-
’ g tronicwavefunctionsfor small r are proportional to the
£ distancer from the center of the atom:
W, E) 2 Ny (/m® - E2r), ©
2 rg=g
B A A A AR A AR RAARARRAAR E = 2 2.\
o R R B g ON(VE® =mPr).
n+1 (Ey+ Di 8 O
' N Tonization threshold
w of ngs electron Herey= J/k’—(0Z)?, a isthe fine structure constant,
Wy 41 f:, N, and N, are the normalization factors for the wave
R AR AR AR AR AR AARAAARARRARAAARARS g functions of free (conduction) and bound electrons,
o 2 respectively. For afree electron, we have
n Q
B E = m+E, @
A  whilefor abound electron, we can write
W, s =0 E = m—g, (8)

Fig. 1. [llustration to the model of DCF computation on the
Ngs atomic shell: wy, is the electron transition energy and E,

isthe nuclear transition energy. The kinetic energies of con-
version electrons for “normal” conversion are indicated in
the upper part of the plane on the E, axis; (E.,)x isthekinetic

energy of an electron for “normal” conversion; point (Ep,)x =
gp(ns) isthe mirror reflection of point wy, relative to theion-

ization threshold of an ngs electron; (E,), is the mirror

reflection of point E,, (Ey)k = gy(Ngs) — Ey. The ' axisis
themirror reflection of the waxis. The hatched regionisthat

where “norma” conversion is possible from the energy
point of view.

(DF) method. It can be seen from the table that the
results of computation of DCF using formula (3) do not
agree with the experimental data [3] whether we take
for I'; the radiative widths of the ns level or the hole
widths.

Note that al the computations presented in this
work were carried out with the help of methods and
programs developed by us. Thisincludes the computa:
tions of the electronic structures using the DF method
[19, 20] and the multiple configuration Dirac-Fock
(MCDF) method [15, 16, 21, 22], the computations of
ICC and the €electron transition probabilities using the
DF method [23, 24] and the MCDF method [15,1 6].
Formulas for calculating ICC and the electron transi-
tion probabilities using the MCDF method are pre-
sented in [15, 16].

2. DISCRETE CONVERSION FACTORS
NEAR THE RESONANCE POINTS

In this work, we propose the peculiarities of ICC
[25, 26] be used to obtain a relation between the dis-
crete and “normal” |CC near resonance points.
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where E, is the kinetic energy of afree electron and g,
isthe binding energy of an electron in the atom. For low
kinetic energies of the free electron and for low binding
energies, the following relations hold:

m’— E>= 2me,,
9

E’—m’ = 2mE,.

If the kinetic energy E, of afree electronisequal to the
binding energy €,(ns) of an atomic electron, the wave
functions of the free and bound electrons with the same
relativistic quantum number K differ only in their nor-
malization factors Ny(€,(ns)) and N(E, = €,(ns)) for
small r. The value of ICC is determined in the interior
region of the atom [25, 26]. It was shown in [26] that
the ICC formation region for M1 transitions at s shells
of the atom is determined by the mean radius of the
K shell. For low energies, the behavior of the wave
functions within the ICC formation region is deter-
mined by formula (6).

We shall use the notation E,(ns) for E, = £,(ns). Let

uscomparethe discrete |CC Qs . s fOr the conversion
transition nys of an electron to a higher ns orbit of the

excited atom and the “normal” 1CC aps (E(n9)) inthe

case when the kinetic energy of afree electron isequal
to the binding energy of an ns electron. The electron
wave functionsin the final state of the system for small
r behave identically in the expressions for “normal” as
well as discrete conversion, differing only in aconstant
factor equal to the ratio of the normalizing factors
N.(E(ns))/Ny(ep(ns)). Let us denote this constant
(dimensional) factor by 2/nG,.. For close transition
energy values, we obtain the following expression from
the formulas [17, 18] defining the ICC:

~M1

2
Ones(Ex(NS)) = —=—0ings _ ns, (10)
ns
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Table 3. Coefficients G, calculated by using formula (12), and the difference A in total energies of the adjacent levels of

the excited ions (atoms) (11)

TeR
Transitions 1s —» ns N 229Th
Transitions 7s — ns
Q=45 Q=146
ns Gps, €V A, €V ns Gps, €V A, €V ns Gps, €V A, €V
11s 39 38 7s 141 139 8s 0.851 0.941
12s 30 30 8s 103 95 9s 0.347 0.381
13s 25 24 9s 73 68 10s 0.177 0.197
14s 19 19 10s 54 51 11s 0.103 0.112

where
2 _ Nc(E(ns))
T[Gns Nb(sb(ns))
It can be shown [27] that the following relation holds

for the Coulomb field for electrons with quite large
principal quantum numbers n:

NA(Ex(ns)) _ 2
Np(gp(ns)) T4

where
Ans = €p(NS) —gp((n + 1)s)

(11)
= E((n+1)s) — Ex(ns).
It follows from relation (10) that
~M1
— 2 anosa ns (12)
T (El(ns))

Table 3 shows the coefficients G, and the differences
A between the energies of adjacent levels of the
excited atoms, obtained asaresult of calculationsusing
formula(12). It can be seen from the table that for quite
large values of n, the quantities G, are closeto A, the
differences between the two being the smaller, the
larger the value of n. Asaresult, formula (10) assumes
the form
QRE(ENS)) = Z7=nt e
The situation described by formula (13) isillustrated in
Fig. 1. The energies E,(ns) for which the “normal” ICC
are calculated on the left-hand side of formula (13) are
mirror images of the points g,(ns) relative to theioniza-
tion threshold of the nys electron.
The following circumstance is worth noting. It fol-

lows from formula (3) that at the resonance points, the
DCFisgiven by

2
%r'\wga ns( Ey = (*)ns) =

(13)

~M1
Gn S > ns+
Tl °
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Theanalysis carried out by us showsthat for quitelarge
values of the principal quantum number n, the probabil-
ity of discrete conversion near the resonance (see for-
mula (13)) is defined mainly by the density 1/A . of the
levelsin an atom, and not by the width of an individual
level of an excited atom.

Table 2 showsthe values of theradiative widths I [ff

and '2° of 25TeR jon for levels whose energies are
closest to the nuclear transition energy E, = 35.492 keV.

For 2°Thin the excited state 7s8s6d2, , thewidth of the
level with energy wgs = 3.45 eV closest to the nuclear

transition energy E, = 3.5V is Ige = 2.08 x 108 eV.
Table 3 contains the energy differences A, between
adjacent atomic levels. The data presented in Tables 2
and 3 can be used to determine the ratios AT s for
ns levels with energies closest to the nuclear transition
energiesin 1TeR and 2°Th, i.e., to estimate the amount
by which the DCF at the resonance points, determined
from formula (3), exceeds the quantity

2 ~wm1

T[TAmanos - ns»

calculated from formula (13) at the resonance points.
For %TeR ions with Q = 4547, the ratio A /T lies
within the limits

A
25x10* =< == < 3.2 x 10%,
rad

ns

A
75< =0 < 1.7x10%

hole ~
ns

for 29Th, theratiois
Ng/T = 45x% 10’

The estimates presented here, as well as the results of
computations presented in Table 2, show that the con-
version width of the process differs considerably from
the width of an individual level of an excited atom.
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Theratio (13) can be used asamodel for describing
the discrete conversion process. In this model, the ana-
logue (factor) of discrete conversion at the resonance
point E, = wy is defined by us asthe “normal” ICC cal-
culated for the kinetic energy of a free electron, which
isequal to the binding energy €,(ns) of an nselectronin
the atom. All computations presented below are made
using this model.

3. DISCRETE CONVERSION FACTORS AWAY
FROM THE RESONANCE POINT

L et usnow consider the definition and the properties
of the d-function. We consider the representation of the
o-function in the form

1 A
6(X, A)AHO = ﬁ;(—Z—;—(—A—/—Z—)—Z (14)

For the parameter A, we choose the variable quanti-
ty A (11), such that A, — 0 ash — oo, We use the
well-known property of the &-function

f(¢) = If(X)5(X—€)dX (15)

and approximate integral (15) by the sum over known
values of the function f(x,) at the points x,:

&)= 80 =&) f (x)dx,. (16)

Substituting into relation (16) expression (14) for
the &-function and the values of the model DCF (13),

i.e, the “normal” ICC, oy (E(ns)), we obtain the
“total” DCF in the form

[Fra(E]
_1 Do slins(Ei(NS)) (17)
NZ (Ex(ns) — (i)’ + (Anel2)”
(18)

= Ek<ns> B

The parameter (E,)x in (17) stands for the kinetic
energy corresponding to the energy E, in the specularly
reflected plane (see Fig. 1). We defined the “total” DCF
keeping in mind the fact that the summation in (17) is
carried out over al levels of the excited atom. From the
energy point of view, “normal” conversion is possible

for E(ns) < (Ey)« or g,(ns) < E, . Otherwise, the ICC
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Aps (E(ns)) = 0. Hence, the DCF can be written in the
form

TrsE) = 3
Anscxnos(Ek(nS)) (19)

X

ep(ns) < E, (Ex(ns) - (Ev)k)2 + (Anslz)z'

Finally, we transform formulas (17)—(19), presenting
them in terms of wy, E,, and g;,(ns). Note that

Ec(ns) = €,(NpS) — s = €4(NS),
Ey(Ey)k = €,(NgS) — E,,
Ek(nS) - (Ev)k = Ey — Wps.

It follows from Egs. (20) that formulas (17)—19)
assume the form

(20)

[Frs(EN"
Arsns(Ex(ns)) (21)
NZ(E — o)+ (A2)%
A2
N = ns , 22
ZSﬁ(nSH(Ans/Z)Z 2
GMLE Y Aﬁsa,“:,é(Ek(ns))
TS Z S T

sb(ns) < E

Formula (23) allows the following interpretation of
the discrete conversion process. The de-excitation of a
nuclear level causesthe excitation of the atom, whichis
accompanied by “normal” conversion at the excited
atom levels for which the electron binding energy

&(ns) < Ey .
Since formula (16) for f(¢) approximates integral (15)

with a certain error, the DCF & O'Ml s (Ey = wyg) calculated

using formulas (22), (23) at the resonance points match
only to a certain extent with the discrete conversion

analogue a s (E(ns)) defined by formula (13).

We compared the values of O'Ml(E W) (23) cal-
culated for 125TeR at the resonance point E, = w, with the

quantities aye" (E(ns)). In other words, we calculated the

error connected with the approximation of integrd (15) by
sum (16). We obtained the following result:

IG‘Ml(wns) )t (E(ns)))
it (E(ns))

While indicating the computational error in the follow-
ing, we will mean just this error of 16%.

< (0.16 x 100)%. (24)
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formula(2) for am’ = Fie
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(E)]™ (21), DCF FYq (E,) (23), and half-lives TF, calculated by using

(E)+ at (E,) for theisomeric nuclear level | = 3/2*, E, = 35.492 keV in 1°Te?

Q
0 |E-st9ev | alg) BLEN e FE) @) Tz 8
theory experiment [3]

0 3494 17 149[4]
24 2725 11.3
34 1685 10.9
40 o] 104
44 89 7.18 1.3+£0.20
45 -125 — 138+ 22 9.12+ 1.50 1.84 + 0.29 <2
46 —454 - 114+18 6.41+ 1.00 241 +0.39 <2
47 —797 - 116+19 140+ 0.20 5.44 £ 0.87 61
48 -1201 — 8.91+1.40 1.78 + 0.30 5.12+0.80 11+2

Table 4 contains the DCF (23) and the half-lives

TS, in 125TeR jons for Q = 45-48, calculated from for-
mula (2) for

ta (Ey) = Fie (E,) + o) (E,).
The table shows that a good agreement is observed

between the haf-lives T(f,z calculated in the present

work and those measured in [3]. It aso contains the
“normal” ICC calculated for ions with charge number
Q=0,24, 34,40, and 44 in 1>Te?, aswell astotal DCF
calculated using formula (21) for ions with Q = 45-48.
Note that the values of “normal” 1CC (in cases when
“normal” conversion is possible) are close to those of
DCF calculated in cases when “normal” conversion is
forbidden due to energy considerations. This circum-
stance confirms the fact that the processes occurring in
a nucleus do not depend significantly on the atomic
electron shell surrounding the nucleus. The closeness

of the calculated total DCF [F1¢ (E,)]™ and the “nor-

mal” ICC ajy (E,) for al ionswith Q = 0-48 serves as

an additional argument in favor of the method proposed
here for analyzing discrete conversion.

The discrepancy between the experimental and the-
oretical half-livesfor Q = 48 is due to the fact that for-
mula (16) is practically inapplicable in this case since
the points n in the spectrum of the excited ion are sepa-
rated from one another by large distances.

4. DISCRETE CONVERSION
FOR DE-EXCITATION OF THE LEVEL
| =3/2t,E,=35%x1eV IN #Th

Let us consider the case of 22°Th. According to the
authors of the experimental works [5, 6], the optical
emission spectra measured by them are associated with
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the de-excitation of theisomer | = 3/2*, E,=35t1leV
in 2°Th [1, 2]. The de-excitation of this level occurs
through the M1 transition to the ground state |, = 5/2*

of the nucleus. It should be recalled that the configura-
tion of the ground state of the thorium atom has the

form 7s26d5, . In the course of M1 conversion transi-

tions at the 7s shell of the atom (the maximum val ue of
ICCisobserved precisely at thisshell), the main contri-
bution to the ICC comes from transitions of a 7s elec-
tron to the excited states of the atom with configura-

tions 7sn56d§,2 . The spectrum of secondary photonsis
determined by the E1 transitions to the states of the

atom with configurations 7sn‘p6d§,2 . The highest inten-

sity spectral lines were observed in the energy interval
2.3-2.4 eV and around 3.5 eV in the experiments con-
ducted in both [5] and [6].The authors of [5] attribute
the peaks in the region of 3.5 eV to y radiation, while
the peaks around 2.4 eV were attributed to the radiation
connected with the atomic excitation during the dis-
crete M1 conversion. Experiments in [5] were carried
out on metallic samples containing 233U, while exper-
iments in [6] were carried out on liquid samples of
compounds containing 233U. In both cases, measure-
ments were not made in a vacuum. Analogous mea-
surements in vacuum were made by the authors of [7,
8] and no radiation was detected. The authors of these
works believe that the peaks in the region of 3.5 eV
observed in [5, 6] are connected with the luminescence
of air under the action of a-particles. However, they
could not explain the emergence of peaks observed in
the region 2.3-2.4 eV by the authors of [5, 6]. In his
theoretical work, Tkalya [9] explains the situation
observed inthe experimentscarried out in[7, 8] by con-
sidering a new channel of radiationless decay of this
level in metallic thorium through conduction electrons.
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Fig. 2. Discrete conversion factors (DCF) and “norma”
intenal conversion coefficients (ICC) abe- (E)) in #Th.
@ 9«*;"31 (Ey), DCFsare calculated by formula (23) for E, <
en(79); (b) agﬂsl (Ey); “normal” ICC, E, > g,(79); (c) enve-

lope of the curve 9?9/'51 (Ey.

I',eV
1078
10~
10—10 L % | |
1
107"
2.0 2.5 3.0 35

w, eV
Fig. 3. Secondary optical photon spectrum associated with
the decay of the isomeric level | = 3/2, E,=35+1eVin

229Th; I'(w) are radiation widths of energy levels in the
spectrum, which are calculated in the velocity calibration.
The calculations are made in the framework of the MCDF
method.

Let us consider the results obtained in [10], where the
energies of spectral lines connected with E1 transitions

from the excited levels of the type 7s8s6 d§,2 in thorium

to levels with configurations 7s7p,.6d, and

7s7p3,26d§,2 were calculated. Calculations were made

by using the DF method. The energies for these transi-
tions were found to be 1.08 and 1.8 eV respectively.
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This leads to the conclusion that the peaks observed in
theregionof 2.3-2.4 eV in[5, 6] are not connected with
conversion in ?2°Th. We used the MCDF method to cal-
culate the energy spectrum for the splitting of the

75856d§,2 (J) configuration in moments J, and of the
7s7p6d§,2 (J") configuration in moments J. It was

found that the 7s8s6d3, (J) configurationissplit into 11
levels with moments J = 0-3. Since the ground state

7s26d%, of the thorium atom has a moment Jground = 2,
a7selectron may pass over in the course of M1 conver-
sion transitions to the orbits of an excited atom with

configuration 75896d§,2 (J) having moments J = 1-3.

Transition to the orbit 7s8s6d5, with moment J =0 is
forbidden. However, our computations based onthe MCDF
method show that the values 1.08 and 1.8 eV of the trans-
tion energy correspond precisaly to the E1 trangtions from
level 7s8s6d5, (J = 0) to levels 7s7p6d5, (J' = 1). Com-
putations [15] based on the MCDF method for the

E1 transitions from levels 7s8s6d3, (J = 1-3) to levels

7s7p6d5, () show that the highest intensity spectral

lines correspond to the energies 2.3-2.4 eV. Thus, the
conclusions [10] based on the computations made by
using the averaged DF method [19, 20] were not con-
firmed in this case.

In the present work, we have used the model
described above to calculate the DCF during de-excita-
tion of the level | = 3/2%, E, = 3.5+ 1 eV in gaseous
229Th. The left-hand side of Fig. 2 shows the DCF cal-
culated by formula (23) for energies E, varying
between 2.5 and 4.5 eV. The curves F e (E) areof res-
onance type and the values of the factor vary in the

interval 108 < F e (E) =2x10°for25<E,<4.5¢eV.
The dashed curve shows the envelope of the curve
Tt (E,) passing through the points E, = wys, Where w,
are the energies of the levels of the excited atoms with
configurations 7snsGd§,2 (n=8). Theright-hand side of

the figure shows the curve ays. (E,) calculated for ener-
gies E, higher than the ionization threshold for a 7s

electron. It can be seen that the curve ay (E,) isamir-

ror image of the envel ope of the curve Fooe (E)) relative
to theionization threshold of the 7s electron.

We calculated the optical spectrain the framework
of the MCDF method [15]. In the MCDF computations
of the excited states of an atom with configuration
7sns6d?, we considered the superposition of orbitals
including the orbitalswith n = 8-11, while for states of
the type 7sn'pd?, we considered the superposition of
orbitals including the orbitals with n' = 7—10. The opti-
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2a K,)/Tt
Table5. Errors B, = To® H,\;i( )b associated with the use of approximation (13)
anos(kl)
125Te (ngs = 19); ky and ky in keV 29Th (ngs=79); ky and k, in eV

ns 12s 13s 14s 15s 8s 9s 10s 11s
kq 35.917 35.886 35.861 35.842 7.53 6.61 6.23 6.04

k, 35.493 35.524 35.548 35.567 3.45 4.37 4.75 4,94
&a’; i Lns(kp) eV 3.99(2) 3.02(2) 2.40(2) 1.87(2) | 1.73(10) 3.31(9) 1.27(9) 6.31(8)
Apg, €V 30.6 24.2 19.5 16.0 0.914 0.381 0.196 0.115

~ IVIL
2anos - ns( I(2)
T 8.30 8.10 7.83 7.44 1.20(10) 8.69(9) 4.12(9) 3.49(9)
S

cxa’;i(kl) 8.30 8.07 7.83 7.60 1.24(9) 1.75(9) 2.01(9) 2.14(9)
Brs 0% 0.4% 0% 2% 9.68 4.96 2.05 1.63

cal spectrumintheenergy interval 2< w<4eV, includ-
ing transitions from all atomic levels with an excitation
energy w,s < 4.5 eV, is presented in Fig. 3. The radia-
tion widths of the E1 transitions were calculated in the
velocity calibration [15]. It can be seen from the figure
that the spectral line with the highest intensity lies
around w = 2.3-2.4 eV. The radiation widths of the
highest-intensity levelsliein theinterval 10° < I'(w) <
108 eV.

It cannot be affirmed that the agreement between
our calculations of the optical photon spectra for E1
transitions of the type 7sns6d3, (J) —= 7sn'p6d3(J’)
(J # 0) and the experimental results [5, 6] is a convinc-
ing proof linking the observed spectrum with the dis-
crete conversion in 2°Th. However, if there are no other
factors responsible for the excitation of the thorium
atom, our computations based on the MCDF method
show that the spectrum of secondary photons for dis-
crete conversion must be exactly of the same type as
that observed in the experiments [5, 6].

5. COMPUTATIONAL ERRORS CONNECTED
WITH THE MODEL REPRESENTATION
OF DCF DEFINED BY FORMULA (13)

Let us estimate for the 1*°Te? ions and for 2°Th the
order of magnitude of the error associated with the
model DCF representation based on formula (13). For
a kinetic energy of a conversion electron equal to

E(ns), the nuclear transition energy aps (E(ns)) for
“normal” conversion must be equal to k; = g,(nys) +
£y(ns). Thediscrete|CC Gps .. ns Must be cal culated for

the nuclear transition energy k, = €,(ngs) —€,(ns). Let us
compare the left- and right-hand sides of formula (13)
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by calculating oy s (E(ns) and 26 s _ s/ for transi-
tion energies k; and k, respectively. Table 5 contains the

results of such calculations for 2TeR and 2°Th and the
guantities

_ 20inys - ns(Ko)/ T
Qs (Ky)

BI"IS

for conversion at the 1s shell in 1TeR and at 7s shell in
229Th. It can be seen from the table that the discrepancy
in B, in the case of Te® isjust afraction of one per-
cent. In this case, our calculations provide the true
value of DCF with afairly high degree of accuracy. For

229Th, the quantities o’ (E(ns)) and 2a%e-. no/Th

may differ by an order of magnitude. Hence, our com-
putations provide just an order-of-magnitude estimate
for DCF: the value of DCF is found to lie in the range
108-10" for 2.5 < E, < 4.5 eV. Note that the DCF

Rye- ns(E,) (3), calculated in accordance with the
technique proposed in [11], vary in the range 10 =<

Rye- ns(E,) = 108 for 25<E, < 456V.

6. CONCLUSIONS

1. The model proposed by us for nuclear M1 transi-
tions through conversion at n,s atomic shells allows us
to interpret the discrete conversion process as follows.
The de-excitation of a nuclear level causes the excita-
tion of the atom, accompanied by “normal” conversion
at the excited atom levelsfor which the electron binding

energy €,(ns) < E,. Thismodel was used by usto derive
formulas for calculating DCF and for making specific
computations.
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2. The computations of the half-lives T%z of the

nuclear level | = 3/2*, E, = 35.492keV in>TeRionsfor
Q =45-48, carried out by using the technique proposed
inthiswork, arein good agreement with the experimen-
tal data[3], thus justifying the use of this model for an
analysis of the phenomena associated with a discrete
conversion of gammarays.

3. The DCF Fo (E,) calculated for gaseous #Th
by using the technique proposed here during the de-
excitation of the nuclear level | = 3/2*, E, =35+ 1eV
are of resonance type and lie in the interval 108 <

Fre (E,) = 1.7 x 10°. The highest-intensity lines of the
spectrum of E1 electronic transitions

7sns6d3,(J = 1-3) — 7sn’'p6d5,(J"),
n=8, n=7,

calculated in the framework of the multiple configura-
tion Dirac—Fock method in the velocity calibration lie
in the interval 2.3-2.4 eV, which isin accord with the
experimental data [5, 6]. The radiation width of the
highest-intensity spectral lines lies in the interval 10 <
MN(w) <1038eV.

4. Itisshown that the probabilities of the E1 electron
transitions in atoms are determined to a considerable
extent by the moments of atomic energy levels between
which atransition occurs.
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Abstract—Based on the color dipole representation, we investigate consequences for the y*y*, y*y scattering
of thefinding by Fadin, Kuraev, and Lipatov that the incorporation of asymptotic freedom into the BFKL equa-
tion makes the QCD pomeron a series of isolated poles in the angular momentum plane. The emerging color
dipole BFKL—Regge factorization allows us to relate in a model-independent way the contributions of each
BFKL poletothe y*y*, y*y scattering and the deep inelastic scattering on protons. Numerical predictions based
on our early work on the color dipole BFKL phenomenology of the deep inelastic scattering on protons gives
a good agreement with the recent experimental data from OPAL and L3 experiments at LEP200. We discuss
the role of nonperturbative dynamics and predict a pronounced effect of the Regge-factorization breaking due
to large unfactorizable nonperturbative corrections to the perturbative vacuum exchange. We comment on the
salient features of the BFKL—Regge expansion for the y* y*, y*y scattering including the issue of the decoupling
of subleading BFKL poles and the soft plus rightmost hard BFKL pole dominance. © 2001 MAIK

“ Nauka/Interperiodica” .

1. INTRODUCTION
We study the scattering of virtual and real photons,

y*(a) +y*(p) — X, D
in the high-energy regime of alarge Regge parameter
1/x; this parameter depends on virtualities of photons as

2 2 2

1_WHQ P @

X Q+P+p

and hasthe correct parton model limit if either Q% < P?
or P> < Q2 In Eq. (2), W? = (q + p)? is the center-of-
mass energy squared of colliding spacelike photons
v* () and y* (p) with the respective virtualities g? = —-Q?
and p? = —P2,

The high-energy virtual photon—virtual photon scat-
tering can be viewed as an interaction of small size
color dipoles from the beam and target photons. The
recent strong theoretical [1-5] and experimenta [1, 6-9]
(seedso acompilationin[10]) interest in the high-energy
Y*Y*, Yy, and yyscattering stems from the fact that vir-
tualities of photons give a handle on the size of color
dipolesin the beam and target photons and, eventually,
the short-distance properties of the QCD pomeron
exchange. For earlier development of the subject, see
the pioneering paper [11].

TThis article was submitted by the authors in English.

As noticed by Fadin, Kuraev, and Lipatov in 1975
[12] and discussed in more detail by Lipatov in[13], the
incorporation of the asymptotic freedom into the BFKL
equation [14] makes the QCD pomeron a series of iso-
lated poles in the angular—momentum plane. The con-
tribution of each isolated pole to the high-energy scat-
tering amplitude satisfies the familiar Regge factoriza-
tion [15]. In[16], we reformul ated the consequences of
the Regge factorization in our color dipole (CD)
approach to the BFKL pomeron. In this paper, we
address several closely related issues in the photon—
photon scattering in Regge regime (2) which can be
tested at LEP200 and Next Linear Collider (NLC).

First, following our early work [16-18], we discuss
how the CD BFKL-Regge factorization leads to
parameter-free predictionsfor thetotal cross sections of
the y*v*, y*y, and yy scattering. We find good agree-
ment with the recent experimental datafrom theL3 and
OPAL experimentsat LEP [6-9].

Second, we discuss the interplay of soft and hard
dynamics of the vacuum exchange and comment on the
onset of the soft plus rightmost hard BFK L-pole domi-
nanceinthey*y* diffractive scattering. The nodal prop-
erties of eigenfunctions of the color dipole BFKL equa-
tion suggest an interesting possibility of the decoupling
of subleading BFKL singularitieswhen the virtuality of
one or both of photons is in the broad vicinity of Q2 ~
20 GeV?2. Thismakestheleading hard plus soft approx-

1063-7761/01/9305-0957$21.00 © 2001 MAIK “Nauka/Interperiodica’
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imation (LHSA) previously advocated by us in [18]
very efficient.

Third, we discuss the impact of the CD BFKL
expansion on the contentious i ssue of testing the factor-
ization properties of photon—photon scattering in the
Q?, P?-plane which was previously discussed [4] only
in the og = const approximation to the BFKL equation.
Our result is that the nonperturbative corrections break
down the Regge factorization. The experimental obser-
vation of this phenomenon would contribute to better
understanding of the nonperturbative dynamics of
high-energy processes.

2. OVERVIEW OF THE COLOR
DIPOLE BFKL-REGGE FACTORIZATION

In the color dipole basis, the beam—target scattering
is viewed as a transition of y* into a quark—antiquark
pair and the interaction of the beam (b) and target (t)
color dipoles of the flavor A, B=u, d, s, c. Asafunda-
mental quantity, we use the forward dipole scattering
amplitude and/or the dipole—dipole cross section a(x, r,
r'). Once a(x, r, r') is known, the total cross section of

scattering of an AA color dipole in the beam on aBB
color dipolein the target, 0”8(x), is calculated as

a™¥(x) = Idzdzrdz'dzr‘WA(z, r)? -

x |We(Z, r)°a(x 1,1,

wherer and r' are the two-dimensional vectors in the
impact parameter plane. In the color dipole factoriza-
tion formula (3), the dipole—dipole cross section a(x, r, r')
is beam—target symmetric and universal for all beams
and targets, the beam and target dependence is concen-
trated in the probabilities |W,(z, r)]? and |Ws(Z, )] to

find an AA color dipole with r in the beam and a BB
color dipolewith r'inthetarget, respectively. Hereafter,
we focus on cross sections averaged over polarizations
of the beam and target photons, in which case only the
n = 0 term of the Fourier series,

o(x,r,r') = ZGn(x,r,r')exp(inq)), 4
n=0

where ¢ is the azimuthal angle between r and r', con-
tributesin (3).

In 1975, Fadin, Kuraev, and Lipatov observed [12]
(see dso Lipatov's extensive discussion [13]) that the
incorporation of asymptotic freedom into the BFKL
equation makes the QCD pomeron a series of isolated
polesin the angular momentum plane. The contribution
of each pole to scattering amplitudes satisfies the stan-
dard Regge factorization [15], which in the CD basis
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implies the CD BFKL-Regge expansion for the vac-
uum exchange dipole—dipol e cross section:

on(x 1) = ¥ CrononMEH " ©)

Here, the dipole cross section o,,,(r) isan eigenfunction
of the CD BFKL equation [16, 17, 19-21]
00,(X, 1)
dIn(1/x)
with the eigenvalue (intercept) A, where K isthe kernel

of the BFKL equation in the CD representation [16].
Arguably, for the transition of y* into heavy flavors,

withA=c,b, ..., the hardness scaleis set by Q2 + 4mj,
and for light flavors, Q2 + m_ is a sensible choice.
Hence, for the light-light transition, we evaluate Regge
parameter (2) with 2= m?,, for thelight—charm contri-

=HOon(Xr) =A On(XTr), (6)

bution, we take p? = 4m§, and for the charm—charm
contribution, we take p2 = 8.

We refer to our early works [16, 17, 21] for the
details on the CD formulation of the BFKL eguation,
the infrared regularization by a finite propagation
radius R, for perturbative gluons, the freezing of strong
coupling at large distances, the choice of the physically
motivated boundary condition for the hard BFKL evo-
lution, and for the description of eigenfunctions. The
successful application of the CD BFKL—-Regge expan-
sion to the proton and pion structure functions and the
evaluation of the hard-pomeron contribution to therise
of hadronic and real photoabsorption cross sections can
be found in [16-18, 21]. We only recapitulate the
sdient features of the formalism that are essential for
the present discussion.

There is a useful analogy between the intercept A =
a(0) — 1 and the binding energy for the bound state
problem for the Schrddinger equation. The eigenfunc-
tion ay(r) for the rightmost hard BFKL pole (the
ground state) corresponding to the largest intercept
Ay = Ap is node-free. The eigenfunctions o,,(r) for
excited states with m radial nodes have the intercept
A, <Ap. Our choice of R, =0.27 fmyieldsthe intercept
Ap = 0.4 for the rightmost hard BFKL pole and A, =
Ay/(m+ 1) for subleading hard poles. The node of o,(r)
is located at r = r; = 0.05-0.06 fm, for larger m the
rightmost nodes move to a somewhat larger r and accu-
mulate at r ~ 0.1 fm; see [16, 17] for a more detailed
description of the nodal structure of o,,(r). Here we
only emphasize that for solutions with m > 3, the third
and higher nodes are located at a very small r far

beyond the resolution scale 1/ Jaz of foreseeable deep
inelastic scattering (DIS) experiments. We note that the
Regge cut in the complex angular momentum plane
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found in the much discussed approximation o = const
resembles an infinite continuous sequence of poles. In
a counterpart of our CD BFKL—-Regge expansion (5)
for the approximation ag = const, the intercept A,
would be a continuous parameter in contrast to the dis-
crete spectrum for the standard running o s parameter.

Because the BFKL equation sums cross sections of
the production of multigluon final states, the perturba-
tive two-gluon Born approximation is an arguably nat-
urd boundary condition. This leaves the starting point X,
as the only free parameter that completely fixes the
result of the hard BFKL evolution for the dipole—dipole
cross section. Wefollow the choicex, = 0.03 madein[21].
The very ambitious program for describing Fjy(x, Q?)
starting from this, perhaps excessively restrictive, per-
turbative two-gluon boundary condition has been
launched by us in [16] and met with remarkable phe-
nomenological success[17, 18].

Because the subleading solutions with m= 3 cannot
be resolved in the attainable region of r and al these
solutions have similar intercepts A, < 1, in practical
evaluation of 0”8 we can truncate expansion (5) at m=
3, thereby lumping the contributions of al singularities
with m= 3 in the m= 3 term. Specifically, if we endow

C)-3(r) = C)-Born(r)_ Z C)-m(r) (7)

with the effective intercept A; = 0.06, the truncated
expansion reproduces the numerical solution o(x, r) of
our CD BFKL equation in the wide range of dipole
sizeslO2 < r = 10 fm with an accuracy of approxi-
mately 10% even at moderately small x. Thistruncation
can bejustified a posteriori if the contribution fromm >
3 turnsout to be asmall correction, which isindeed the
case at small x.

Whereas the scattering of small dipolesr = R, is
dominated by the exchange of perturbative gluons, the
interaction of large dipoles with the proton target has
been modeled in [17, 18, 21] by the nonperturbative
soft pomeron with the intercept o (0) — 1 = Ay = 0.
Anextraterm og(r, r') must then be added to the right-
hand side of expansion (5).

From the early phenomenology of DIS and the dif-
fractive vector meson production off the proton target,
we only know the parameterization of a.(r, r') when
one of the dipolesis definitely large, of the order of the
proton size. Evaluation of the soft contribution to the
V*y* scattering inevitably introduces model depen-
denceif both dipoles are small. Modeling the soft con-
tribution by the exchange of two nonperturbative glu-
ons suggests [22]

I,2r 2
Oun(r, ') O ——
Soft( ) |‘2 + r'z
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and the nonfactorizable cross section in the form

y*y* 2 2 1
O ot (Q ' P ) O Q2+P2'
A similar nonperturbative cross section og, isfound in
the soft pomeron models [23]. The explicit parameter-
ization is given in Appendix.

Finally, at moderately small values of x, the t-chan-
nel gluon tower exchange described above must be
complemented by the t-channel qg exchange often
associated with the DIS off vector mesons (hadronic
component) and off the perturbative (point-like) qq-
component of the target photon wave function. We add
the corresponding corrections only to the real photon
structure function F,(x, Q?) to estimate the interplay of
the vacuum and non-vacuum exchangesin the currently
accessible kinematical region of not very small x. Inall
other cases of interest, we concentrate on the pure vac-
uum exchange at X < X,, where the nonvacuum correc-
tions are negligibly small.

In our evaluation of the box diagram contribution to

Fby (x, Q2), which is[24]

FO(x, Q) = oo

q=u.d,s,c

eﬁx%x2 +(1- x)z]
O

, (8)
X |n9_ﬁ_;_x_) + 8x(1—x)—1%

Qq O
we take the p-meson mass as the lower cut-off for the
light-flavor-loop integral, Q; = m;, for g=u, d, s, and
the charm quark massfor thec-loop, Q2 = mZ. InEq. (8),

&, isthe quark charge.

To describe the hadronic component of F,, we take

the coherent mixture of the p® and w mesons[25]. Sup-
plemented with the standard assumptions on the vector
meson valence quark density, this gives

FI(0 = S04, + 6 + (Jp—80) 1 /X(1— ), (9)

where the coupling constants of, = 417 f2 entering the
Fock state expansion

e e
lyrte = IPBr ool ..
p w

aregiven by g> = 0.5and g;, = 0.043 [10]. We neglect
the Q? evolution which, at reasonable values of the
lower scale, is a small correction on the interval 1.9 <
Q? < 5 GeV2 where the small-x data on F,, were taken.

Combining Egs. (5) and (3) and adding the soft and
nonvacuum components, we obtain our principal result
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Table 1. CD BFKL—-Regge expansion parameters

NIKOLAEYV et al.

m A, ol , mb Cppy, mb? A [t o', b ¥ nb
0 0.402 1.243 0.804 0.746 6.767 36.84
1 0.220 0.462 2.166 0.559 1.885 7.69
2 0.148 0.374 2.674 0.484 1.320 4.65
3 0.06 3.028 0.330 0.428 9.456 29.53
soft 0 31.19 0.0321 0.351 79.81 204.2

for the virtual—virtual scattering(m=0, 1,2, 3, A,B=
u,d, s c)

(40U’
QZPZ
D3X0|:|A

%c zfm@ ) (P55 S

(% QP =
(10)

+ ol (% Q, PY).

To make the scale dependence discussed in Introduc-
tion explicit, we provide 1 and x defined by Eq. (2) with
two indices, A and B, indicating the flavor of the beam
and the target dipoles: p4g = m: for A, B=u, d, swhile
Hag = 4m’ if either A= c or B = ¢ and the second
dipole is made of light quarks and pag = 8m: if A=
B=-c.

For the DIS off real (quasi-real) photonswith P>=0
wehave (A=u,d, s, ¢

Fau(x, Q) = ZAszm(Q)BgX"DA

(11)
+F5y (% Q%) + Foy(x, Q%),
where
Q*+uj
Xa = —3 2
W +Q
and pi = m. for A=u,d, s while ui = 4m;forA=c.

The ct component of the target photon wave function
isstrongly suppressed at P>= 0 and can be neglected for
all the practical purposes as well as the cC content of
the target proton. This observation simplifies factoriza-
tion relation (11) for the real photon structure function.
In Eqg. (11), the nonvacuum component denoted by

PO is

Foro(x Q%) = Fh'(x, Q%) + Fh(x, Q°)
and the cross sections

on(Q%) = V% |on(N|Vi0+ I} on(nyiD  (13)

(12)
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are calculated with the well-known color dipole distri-
butions in the transverse (T) and longitudinal (L) pho-
ton of the virtuality Q? derived in [26], and the eigen-
structure functions are defined as usual,

fm(Q%) =

——0n (Q). (14)

4T[2(Xem

The Regge parameter involves the factor 3/2 becausein
the scattering of acolor dipole on the photon, the effec-
tive dipole—dipole collision energy is 3/2 of that in the
reference scattering of the color dipole on the three-
quark nucleon at the same total c.m.s. energy W. The
analytical formulas for the eigen-structure functions

f.,(Q?) and f,,(Q?) are given in Appendix. Here, asin
all our previous calculations, we put m. = 1.5 GeV. We
do not need any new parameters in addition to those

used in the description of the DISand real photoabsorp-
tion on protons [16-18]; the results for the expansion

parameters A, and o, (0) are summarized in Table 1.

We recall that because of the diffusion in the color
dipole space, the exchange of perturbative gluons also
contributes to the interaction of large dipolesr > R,
[20]. However, this hard interaction-driven effect is still
small at a moderately large Regge parameter. For this
reason, we refer to theterms withm=20, 1, 2, 3 asthe
hard contribution as opposed to the genuine soft inter-
action.

3. ISOLATING THE SOFT PLUS RIGHTMOST
HARD BFKL POLE IN HIGHLY
VIRTUAL-VIRTUAL y*y* SCATTERING

We start with the theoretically purest case of the
highly virtual photons, P?, Q? > 1 GeV?, and focus on
the vacuum exchange component of the total cross sec-
tion. The CD BFKL approach with asymptotic freedom
uniquely predicts that subleading eigenstructure func-
tions have anode at Q? ~ 20 GeV?; in thisregion of Q?,
the rightmost hard pole contribution dominates. This
suppression of the subleading hard background is
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0 . . . .

107! 10! 103 10°
02, GeV?

Fig. 1. The normalized ratio of the soft-to-rightmost-hard

and subleading hard-to-rightmost hard expansion coeffi-

cients (M =0, 1, 2, 3, oft) r(Q?) = o, /") of the

BFKL—Regge expansion for the y*y* scattering at x = Xq.

shownin Fig. 1, where we plot theratio(m=0, 1, 2, 3,
soft)

that definestherelative size of different contributionsto

o' at x = 3x,/2. At thisvalue of X, the contribution of
the subleading hard BFKL polesremains marginal in a
broad range of Q?, although the contribution of the sin-
gle-node component m= 1 becomes substantial at Q° =
10° GeV?.

The soft-pomeron exchange contributes substan-
tially over all Q? and dominates at Q* < 1 GeVZ2. How-
ever, a very large W~ 100 GeV, which is of the practi-
cal interest at LEP and LHC, such small values of Q?
correspond to very small x, where the soft and sublead-
ing hard contributions are Regge suppressed by the fac-

Ap 054 . .
tor (X/%,) ~ and (X/X,) , respectively. The latter is

clearly seen in Fig. 2, where the effective pomeron
intercept

dlno))

Bet = —5inx

(15)
is presented for the diagonal case Q? = P? at three dif-
ferent values of W.

According to the results shown in Fig. 1, the domi-
nance of the soft plus rightmost hard BFKL pomeron
exchange in the virtual-virtual y*y* scattering holdsin
avery broad range of Q?, P? < 500 GeV?, which nearly
exhausts the interesting kinematical region at LEP200
and NLC. The quality of the leading hard pole plus soft
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Fig. 2. Predictions from the CD BFKL—Regge expansion
for the effective intercept Ag, Eq. (15), for the diagonal

case Q? = P2 and W = 50 GeV (dotted curve), 100 GeV
(dashed curve), and 200 GeV (dot-dashed curve).

approximation (LHSA) can also be judged from Fig. 3
for the diagonal case where Q? = P?; in Fig. 3 we show
the soft component of the cross section separately (the
dashed curve). That the contribution of the subleading
hard BFKL exchangeismarginal isclear from the find-
ing that the approximation of a soft pomeron plus the
rightmost hard BFKL exchange (LHSA) shown by
long-dash curve nearly exhausts the result of the com-
plete CD BFKL-Regge expansion for the vacuum
exchange.

Recently, the L3 collaboration [8] reported the first
experimental evaluation of the vacuum exchange in the

102 107! 10° 10 10% 10°
02, GeV?

Fig. 3. Predictions from the CD BFKL—Regge expansion
for the vacuum exchange component of the virtual—virtual

y*y* cross section for the diagonal case Q = P? and for the
cms collision energy W = 50, 100, and 200 GeV (solid
curves 1, 2, and 3, respectively). The leading hard BFKL
exchange plus soft-pomeron exchange approximation
(LHSA) isshown by the long-dash curve. The soft pomeron
component of the cross section is shown separately by the
dashed curve.
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S2 =183 GeV

oYV nb

Fig. 4. Predictions from the CD BFKL—Regge expansion for the vacuum exchange component of the virtual—virtial y*y* cross sec-
tion for the diagonal case of [Q? = P?Care confronted with the experimental data by the L3 Collaboration [10]. The experimental

data and theoretical curves are shown vs. the variable Y = In(W?/ A/QZP2 ).

equal virtuality y*y* scattering. Their procedure of sub-
tracting the nonvacuum reggeon and/or the quark par-
ton model contribution is described in [8], arguably the
subtraction uncertainties are marginal within the
present error bars. In Fig. 4, we compare our predic-
tionsto the L3 data. The experimental data and theoret-
ica curves are shown vs. the variable Y =

In(W&/ ,/Q?P?). The virtuality of two photons variesin
the range of 1.2 GeV2 < Q2, P2 < 9 GeV? ([Q?, P2[=
35GeV?) at /s = 91 GeV and 2.5 GeV2 < @2, P2 <

35GeV2 at /s = 183 GeV (M2, P20= 14 GeV?). We
applied the averaging procedure described in [8] to the
theoretical cross sections. The solid curveis aresult of
the complete BFKL—Regge expansion for the vacuum
exchange, the long-dash curveisasum of the rightmost
hard BFKL exchange and the soft-pomeron exchange.
The soft pomeron contribution is shown by the dashed
line. The agreement of our estimates with the experi-
ment is good, the contribution of the subleading hard
BFKL exchange is negligible within the experimental
error bars.

The early calculations[2-4] of the perturbative vac-
uum component of oYY used the approximation ag =
const that predicts the P?, Q*-dependence different
from our result for the CD BFKL approach with run-
ning as A detailed comparison with numerical results
by Brodsky, Hautmann, and Soper (BHS) [4] has been
reported by the L3 Collaboration [8], which found that

BHS formulas substantially overestimate o, . In[3],
the same perturbative fixed-ag BFKL model with a
massive c-quark was considered. At [Q?[= 14 GeV?

and moderately small x (x = 3 x 107?), the model isin
agreement with the L3 data, but at smaller x, already at
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x =7 x 1073, it substantially overestimates 6", . At [Q?[E

3.5 GeV? the results in [3] are substantially above the
L3 datafor al x.

4. VIRTUAL-REAL y*y SCATTERING:
THE RIGHTMOST HARD BFKL POLE
IN THE PHOTON STRUCTURE FUNCTION

The discussion of the photon structure function
closely follows that of the proton and pion structure
functions in [16-18]. Our normalization of eigenfunc-
tions is such that the vacuum (sea) contribution to the
proton structure function (m = soft, 0, 1, ..., 3)

Am
Faox @) = ¥ f(@FET (16)

has the CD BFK L—Regge expansion coefficients A?, = 1.

There is a fundamental point that the distribution of
small-size color dipolesin the photon is enhanced com-
pared to that in the proton [18]; this enhances the
importance of the rightmost hard BFKL exchange.

Indeed, closer inspection of the expansion coefficients A,
shown in Table 1 reveals that subleading hard BFKL
exchanges are suppressed by the factor ~1.5 to 2,
whereas the soft-pomeron exchange contribution is
suppressed by the factor ~3.

Our predictionsfor the photon structure function are
parameter-free and are presented in Fig. 5. At moder-
ately small x ~ 0.1, there is a substantial nhon-vacuum
Regge exchange contribution from the DIS off the had-
ronic (qQ) component of the target photon wave func-
tion, which can be regarded as well constrained by the
large x data. We use here the parameterizations pre-
sented above (Egs. (8), (9), and (12)). The solid curve
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Fig. 5. Predictions from the CD the BFKL—Regge expansion for the photon structure function. The solid curve shows the result
from complete BFKL—Regge expansion with the soft-pomeron (the dashed curve) and valence (the dot-dashed curve) components
included, the dotted curve shows the rightmost hard BFKL (LH) plus soft-pomeron (S) plus non-vacuum (NV) approximation

(LHSNVA). The long-dash line corresponds to the LH plus S approximation (LHSA). Data points are from [6, 9].

shows the result of the complete BFKL—Regge expan-
sion with the soft-pomeron (the dashed curve) and
guasi-valence (the dot-dashed curve) components
included, the dotted curve shows the right-most hard
BFKL (LH) plus soft-pomeron (S) plus non-vacuum
(NV) approximation (LHSNVA). A comparison of the
solid and dotted curves clearly shows that the sublead-
ing hard BFKL exchanges are numerically small in the
experimentally interesting region of Q?, the rightmost
hard BFKL pole exhausts the hard vacuum contribution
for 2 = Q? = 100 GeV2. The nodal properties of sub-
leading hard BFK L structure functions are clearly seen:
LHSNVA dlightly underestimates F,, at Q* < 10 GeV?
and overestimates F,, at Q? = 50 GeV2 For another
illustration of the same modal property of the sublead-
ing hard components, see Fig. 6, where we show the
vacuum component of the virtual—real total cross sec-

tion o),/ asafunction of Q2 at fixed W, As seen from
Fig. 1, the soft contribution rises towards small Q?, but
thisriseis compensated to alarge extent by the small-x

enhancement of the rightmost hard BFKL contribution

by the large Regge factor (xolx)AP. For this region, the
soft background (the dashed curve) remains marginal
over the entirerange of Q% Because of the node effect, the
m = 1 subleading component changes the sign and
becomes quite substantial at very large Q% and moderately
small x.

Recently, the L3 and OPAL collaborations reported
thefirst experimental dataon the photon structure func-
tion at sufficiently small x [6, 9]. These data are shown

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

inFig. 5and arein good agreement with the predictions
from the CD BFKL—-Regge expansion. A comparison
with the long-dash curve, which isthe sum of theright-
most hard BFKL and soft exchanges, shows that the
experimental data are in the region of x and Q? till
affected by the nonvacuum Reggeon (quasivalence)
exchange; going to smaller x and larger Q? would
greatly improve the sensitivity to the pure vacuum
exchange.

N
s
il Lo nnl Lo nnl Lol

10!
02, GeV?

Fig. 6. Predictions from the CD BFKL—Regge expansion
for the vacuum exchange component of the virtual—rea y*y
total cross section and for the cms collision energy W = 50,
100, and 200 GeV (solid curves, 1, 2, and 3, respectively).
The result from the rightmost hard BFKL (LH) plus soft-
pomeron (S) approximation (LHSA) is shown by the long-
dash curve. The soft-pomeron exchange component of the
cross section is shown separately by the dashed curve.

107! 10°
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Fig. 7. Our predictions from the CD BFKL—Regge factor-
ization for the single-vacuum exchange contribution to the
real—real yyscattering are compared with the recent experi-
mental data from the OPAL collaboration [7, 10] for the
cases of Q2 =0 (curve 1), 2 (curve 2), 10 (curve 3), and

25 GeV? (curve 4).
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Fig. 8. Our evaluation of R, for the single-vacuum compo-

nent of total cross sections using the CD BFKL approach
(solid curve) and the rightmost hard BFKL plus soft-
pomeron approximation (LHSA, dashed curve).

In order to give acrude idea on finite-energy effects
at large x and not so large values of the Regge parame-
ter, we stretch the theoretical curves slightly to x = X,
by multiplying the BFK L—Regge expansion result with
the purely phenomenological factor 1 — x motivated by
the familiar behavior of the gluon structure function of
the photon ~(1 — x)" with the exponent n ~ 1.

5. THE REAL-REAL yy SCATTERING

We recall that because of the well-known BFKL dif-
fusion in the color dipole space, the exchange by per-
turbative gluons also contributes to the interaction of
largedipolesr > R, [20]. Asdiscussed in [18], thisgives
riseto a substantially rising component of the hadronic
and real photoabsorption cross sections and a scenario
in which the observed rise of hadronic and real photon
cross sections are entirely due to this intrusion of hard
scattering. Thisisamotivation behind our choice of the
intercept Ay = O for the soft pomeron exchange. Fur-
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thermore, in order to make this picture quantitative, one
must invoke strong absorption/unitarization to tame the
too rapid growth of the large dipole component of the
hard BFKL dipole cross section. The case of the real—
real yy scattering is not an exception and the above
enhancement of small dipole configurations in photons
compared to hadrons uniquely predicts that the hard
BFKL exchange component of the real—real yy scatter-
ing is enhanced compared to the proton—proton and/or
pion—proton scattering. Thisis clearly seen from Table 1,
where we show the coefficients

v o—

Om = OnOnCr (17)

of the expansion for the vacuum exchange component
of the total yycross section (m=0, 1, 2, 3, soft)

2 m
zoWEW x%
m 2 .
2 "Om D

One must look at the soft-hard hierarchy of ¢! and

o)., o in the counterparts of (18) for the yp and pp

scattering. This enhancement of the hard BFKL
exchange is confirmed by a simplified vacuum pole
plus nonvacuum reggeon exchange fits to the real—real
yytotal cross section: the found intercept of the effec-
tive vacuum pole, €'Y = 0.21, is much larger than € =
0.095 from similar fits to the hadronic cross section
data. InFig. 7, we compare our predictionsfromthe CD
BFKL-Regge factorization for the single-vacuum
exchange contribution to the real—eal yy scattering
with the recent experimental data from the OPAL col-
laboration [7, 10]. Thetheoretical curvesareintheright
ballpark, but the truly quantitative discussion of total
cross sections of soft processes requires better under-
standing the absorption/unitarization effects.

O = (18)

6. REGGE FACTORIZATION
IN THE y*y* AND yy SCATTERING

If the vacuum exchange were an isolated Regge
pole, the well-known Regge factorization would hold
for asymptotic cross sections [15],

bb __aa ab __ab

OtotOtot = OtotOot- (19)

In the CD BFKL approach, this Regge factorization
holds for each term in the BFKL—Regge expansion for
the vacuum exchange, but evidently the sum of the fac-
torized terms does not satisfy factorization (19). One
can hope for an approximate factorization if a single
term dominates the BFKL—Regge expansion. The cor-
rections to the exact factorization still exist even for the

single pole exchange because of thelight qg and charm
cC mass scale difference discussed above.

One such case is the real—ea yy scattering domi-
nated by the soft-pomeron exchange (although the fac-
torization of the soft on-shell amplitudes never gained

No. 5 2001



COLOR DIPOLE BFKL-REGGE FACTORIZATION 965
R(x)
1.0 LTI [ N G E
05F i L ,
QP =3 GeV? QP =10 GeV?
0 - L1
1.0 T L T T T B T U
0.5 " e 1
QP =30 GeV? QP =100 GeV?
0 1 1 T S B A | 11l 1 L1l 111
0.1 1 10 0.1 1 10
Q/P Q/P

Fig. 9. The factorization cross section ratio R« (X) at fixed x and QP as a function of Q/P for x = 1072 (dotted line), 10~ (long-

dash line), and 107 (dashed line).

strong support from the high-energy Regge phenome-
nology). For this reason, the CD BFKL—-Regge expan-
sion, that reproduces well the vacuum exchange com-
ponents of the pp and yp scattering cannot fail for the
vacuum component in real—eal yy scattering. The rise
of the contribution of the hard-BFKL exchange breaks
the Regge factorization relation

Yy
R = 0,0
Wy =

Y YP ~VP
GVBC Gvac

pp

=1, (20)

which would restore at extremely high energies such
that the rightmost hard BFKL exchange dominates.
Thisproperty isillustrated in Fig. 8, where we show our
evaluation of Rfor the single-vacuum component of the
total cross sections entering (19). At moderately high
energies, the naive factorization breaks but the expected
breaking is still weak, =20%. This curve must not be
taken at face value for W= 0.1-1 TeV because of likely
strong absorption effects, but the trend of R, being
larger than unity and rising with energy, should with-
stand the unitarity effects. The second caseisthe highly
virtual-virtual y*y* scattering. As we emphasized in
Section 3, the CD BFKL approach here uniquely pre-
dicts that because of the nodal property of the sublead-
ing eigen-structure functions, the superposition of soft
and rightmost hard BFKL poles dominate the vacuum
exchange in a broad range of Q?, P? < 10° GeV?2.

The above discussion clearly suggests that different
cross sections must be taken at the same value of x1 =
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W?/(Q? + P?), in which case the vacuum components of
the y*y* scattering at Q2, P? > 4m} and x < x, would
satisfy

Rysy+(X)
[0 (x, QP _
0" (x, Q% Q0" (x, P*, P?)

(21)

In accordance with the results shown in Fig. 1, the
soft exchanges break factorization relation (21). The
breaking is quite substantial at moderate x = 0.01 (dot-
ted line in Fig. 9), and breaking effects disappear rap-

idly (as xA") when x — 0. If the vacuum singularity
were the Regge cut, as is the case with the approxima-
tion ag = const, the restoration of factorization is much
slower, cf. our Fig. 9and Fig. 9in [4].

For the obvious reason that the soft-pomeron
exchange is so predominant in the real photon scatter-
ing, whereas the soft plus rightmost hard BFKL
exchange is outstanding in the virtual—virtual and real—
virtual photon—photon scattering, it is ill advised to
look at factorization ratio Ry..-(W) when one of the

photons is quasi-real, P?> ~ 0. In this limit, one would
find strong departures of R, (W) from unity. For pre-
cisely the same reason of predominance of the soft-
pomeron exchange in the pp scattering vs. a nearly
dominant rightmost hard BFKL pole exchange in DIS
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Table 2. CD BFKL—Regge the all-flavor structure function parameters
m an cn | r2,cev2 | R Gev2|  AD 22 A3 5
0 0.0232 0.3261 1.1204 2.6018 1
1 0.2788 0.1113 0.8755 3.4648 24773 1.0915
2 0.1953 0.0833 1.5682 3.4824 1.7706 12.991 1.2450
3 1.4000 0.04119 3.9567 2.7706 0.23585 0.72853 1.13044 0.5007
soft 0.1077 0.0673 7.0332 6.6447
at small x and 5-10 = Q? < 100 GeV?, see [18], the theall-flavor (u + d + s + ) eigen-structure functions

naive factorization estimate

a” (W, Q%) P(w, P?)

y*y* W, 2’ P2 ~
oV (W, Q% P?) )

(22)
would not make much sense.

7. CONCLUSIONS

We explored the consequences for small-x photon
structure functions F (X, Q?) and high-energy two-
photon cross sections ¥ and o¥Yfrom the color dipole
BFKL—Regge factorization. Because of the nodal prop-
erties of eigenstructure functions of subleading hard
BFKL exchanges, the CD BFKL approach uniquely
predicts that the vacuum exchange is strongly domi-
nated by the combination of soft plus rightmost hard
BFKL pole exchanges in avery broad range of photon
virtualities Q?, P2 which includes much of the kinemat-
ical domain attainable at LEP200 and NLC. Starting
with avery restrictive perturbative two-gluon exchange
as a boundary condition for the BFKL evolution in the
color dipole basis and having fixed the staring point of
the BFKL evolution in the early resulting CD BFKL—
Regge phenomenol ogy of the proton structure function,
we presented parameter-free predictions for the vac-
uum exchange contribution to the photon structure
function that agree well with OPAL and L3 determina-
tions. A good agreement is found between our predic-
tions for the energy and photon virtuality dependence
of the photon—photon cross section ¥ (W, Q?, P?) and
the recent data taken by the L3 Collaboration [8]. We
commented on the utility of Regge factorization tests of
the CD BFKL—-Regge expansion.

APPENDIX
A.1l. CD BFKL All-Flavor Eigen-Structure Functions

Inthe early discussion of DIS off protons, theresults
of numerical solutions of the CD BFKL equation for
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f(Q?) were parameterized as

_RQ*

fo(Q%) = = O _[1+coIn(1+r5Q01", (23)

(@) = anfol @D L H%L A

mz= 1,

(24)

wherey, = 4/3A, and

_1’ Ym = y06m' (25)

The parameters tuned to reproduce the numerical
resultsfor f,(Q?) at Q% < 10° GeV2 arelisted in Table 2.

The soft component of the proton structure function
as derived from o (r) taken from [27] is parameter-
ized as

z = [1+cyIn(1+r2Q)]"

it Reoit Y softQ

soft(Q) - 1+ RsoftQ

L[ 1+ CoIN(L+ 1 Q)] (26)

with the parameters given in Table 2.

The cross section 6Y,! (Q? P?) obtained by the
continuation of the above,

., 41
G\s!onp = ?emfson(Qz),

into the Q?, P?-plane reads

Yy

Gsoft
soft (Q )
1+ R (Q° + P?)
0 2 2 P 0 (27)
X {1 + CqyINCL + rSO“ZQ > £ }
0 1+ rsoftp 1+ rsoftQ
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Table 3. CD BFKL—Regge charm structure function parameters

m am Cm r2,Gev2 | R, Gev2 | K2, Gev2| ZP P B

0 0.02140 0.2619 0.3239 0.2846 1

1 0.0782 0.03517 0.0793 0.2958 0.2846 0.2499 1.9249

2 0.00438 0.03625 0.0884 0.2896 0.2846 0.0175 3.447 1.7985

3 —-0.26313 21431 3.7424 x 1072 | 8.1639x 102 | 0.13087 158.52 559.50 0.62563

soft 0.01105 0.3044 0.09145 0.1303

with the parameters given in Table 2 and the on-shell REFERENCES

Cross section

- (4T[2(X emBsoft Rsoft)

soft
pp
O ot

(28)

A.2. CD BFKL Charm Eigen-Sructure Function
In practical evaluations, one needs the charm

eigenstructure function f,(Q?). For the rightmost
hard BFKL pole, it is given by

_RQ°
1+

where y, = 4/3A,, while for the subleading hard BFKL
poles we have

fo(Q%) = =~ O _[1+coIn(1+r5Q%1", (29)

1 KmQZ 'max

1+RQ% H 47 zggﬂ’ (30)
m=1,

where my,, = min{m, 2} and

fm(Q%) = anfo(Q)——=5

z=[1+c 1+ " =1, Vi = Yodn (31)
The parameters tuned to reproduce the numerical

results for fr,(Q?) at (Q%) = 10° GeV? are listed in
Table 3.

The soft component of the charm structure function
is parameterized as

Asoft Neoit < softQ
1+ ReQ’

with parameters given by in Table 3.

fon(Q%) = =201+ cgIn(1+12:Q%)], (32)
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Abstract—A theory of the superradiant Rayleigh scattering by a Bose-Einstein condensate is suggested. The
theory is based on a semiclassical approach. Atomic states with definite momenta are used as basis functions.
The Maxwell-Bloch equations are derived and solved to describe the intensity of scattered radiation and the
evolution of the population of coherent atomic states. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Superradiance predicted by Dicke [1] in 1953 (also
see books[2—4] and the referencestherein) has recently
become the focus of interest of researchersin view of
the possibility of creating Bose—Einstein condensates
by laser and evaporative cooling [5-8]. First and fore-
most, this refersto the recent experiments described in
[9]. In these experiments, superradiant Rayleigh scat-
tering by sodium atomsin the Bose—Einstein condensa-
tion state was observed. Under certain excitation condi-
tions, scattered radiation was narrowly directed along
the maximum condensate extension and was much
stronger than usual (noncooperative) scattering. Recall
that superradiant scattering appears under the condi-
tions of phase memory retention by the atomic system
[10-12]. For this reason, the Bose-Einstein condensa-
tion state, which is a coherent state of atomic systems,
isan ideal object for studying cooperative effects. The
distinguishing feature of cooperative effects is the
impossibility in principle of separating the process into
elementary events (absorption, radiation, scattering,
etc. events) that occur in different atoms. This distin-
guishes superradiance not only from spontaneous radi-
ation but also from laser generation or induced scatter-
ing.

The quantum-el ectrodynamic approach to the prob-
lem of superradiant scattering by a Bose—Einstein con-
densate was described in [13]. In thiswork, we suggest
a simpler model of the phenomenon based on a semi-
classica approach. We derive the Maxwell-Bloch
equations for the system under consideration. The
obtained solutions are in qualitative agreement with the
experimental results reported in [9].

2. REMARKS ON EXPERIMENT

Theoretically estimating the time dependence of the
intensity of superradiant scattering and the formation of
coherent atomic state waves requires the use of the

characteristic parameters that determine the conditions
of experiments [9]. We will therefore shortly describe
these experiments.

The Bose-Einstein condensate of sodium atomswas
prepared in a magnetic trap by laser cooling. The
sodium atoms were in the ground superfine structure
state F = 1, 3S,,,. The magnetic trap had an extended
form; it was 20 pum in diameter and 200 um long. The
number of atoms in the trap was N ~ 10’. The sample
was irradiated by a laser pulse whose frequency was
shifted by 1.7 GHz tothered fromthe 35S, (F=1) —
3P, (F =0, 1, 2) transition frequency. The wavelength
of this transition was A = 589 nm. The laser beam
crossed the condensate normally to its axis. A typical
laser radiation intensity was 1-100 mW/cm?, and the
pulse width was 10-800 ps.

Not only the intensity of the scattered radiation but
aso the distribution of the momenta of atoms which
they acquired in interactions with laser and scattered
photons was studied. For this purpose, the magnetic
trap was switched off immediately after laser irradia-
tion, and the spatial positions of the atoms were photo-
graphed by aresonance probe beam in 20-50 ms.

The authors noted that the effect depended on laser
beam polarization. If the beam was polarized parallel to
the sample axis, motions of atoms corresponded to
recoil momentaunder usual (incoherent) Rayleigh scat-
tering with a sin0 radiation pattern, where 6 is the
angle made by the polarization and observation direc-
tions. However, if laser beam polarization was perpen-
dicular to the sample axis, intense scattering along the
sample was observed. An atom participating in scatter-
ing obtained the laser photon momentum directed
along the laser beam; when this atom emitted a scat-
tered photon, it obtained the same momentum, how-
ever, directed along the sample. The angle between the
resultant atomic momentum and the sample axis there-
fore equaled 45°. Some atoms succeeded in participat-
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ing in subsequent scattering events and, accordingly,
obtained additional momenta. Switching the trap off
allowed further motions of atoms determined by the
momenta that they obtained to be traced (see Fig. 1a).
Apart from the dependence of scattering on laser beam
polarization, the authors note that there exists an inten-
sity threshold below which only usual spontaneous
scattering is observed. Such scattering pulses have the
intensity proportional to that of the excitation pulses.

In conclusion, consider the values of some parame-
ters that characterize the conditions of these experi-
ments. The concentration of atoms in the Bose—Ein-
stein condensate was N, = 10 cm3. The electric field
amplitude of the laser beam was E; = 1-10 V/cm. The
amplitude was estimated by the formula

E[Vicm] = 27.46,/1,[W/cm?],

which follows from I, = cE; /81 The transition dipole
moment was d = 10-Y"cgs units. The detuning was A =
2m.7 GHz = 10'° s™.. The radiation width of the transi-
tion was

_ 4d’(em)’ _

3 5

Further, we use the time scale parameter called super-
radiance time,

10 s,

__2n

YNA’L'
where L is the magnetic trap length. Under the experi-
mental conditions studied, 1= 10! s,

Tr

3. INCOHERENT RAYLEIGH SCATTERING

Incoherent Rayleigh scattering is scattering by sep-
arate atoms, and its intensity is an additive value. In
gases, incoherent scattering arises because of loca
molecular concentration fluctuations. Incoherent scat-
tering by Bose-Einstein condensates is caused by
guantum fluctuations of the particle density distribu-
tion. The effects of atomic scattering fields on other
atoms areignored. Recall that the coherent part of Ray-
leigh scattering is scattering forward. An atom partici-
pating in coherent scattering does not change its
momentum and remains in the Bose-Einstein conden-
sation state.

Clearly, incoherent scattering by a system of atoms
reduces to the problem of scattering by a single atom.
Theincident field induces a dipole moment of the atom.
The intensity of radiation (radiation energy per unit
time) of an oscillating dipolewith amplitude P, and fre-
guency wis

_ Pow’

W ,
3¢’

)
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where c is the velocity of light in the vacuum. Let us
estimate dipole moment P,. The atom is treated as a
two-level system (as in quasi-resonance scattering).
The equation for the density matrix of the atom p has
the following form:

ifip = [Hp]. 2
After separating rapidly oscillating multipliers, the
density matrix amplitudes R, are obtained in the rotat-
ing wave approximation in the form

ihRaa = Ihbeb + HabRba_ Rabeas

i7iRob = =171y Ryp + HyaRap — RoaH b, 3

111 Rap = 345 + B5Ra, + HapRop — RaaHop:

Here, H,, = —dE, is the off-diagona matrix element of
the interaction operator with the incident field and indi-
cesa and b refer to the ground and excited atom states,

respectively. Under stationary conditions (Rix = 0), the
last equation yields

A —i3HRy —dEo(Rp—Rea) = 0. (4)

Ignoring population changes (R, = 1, Ry, = 0) and
assuming that A >y, we obtain
_ dE
Rap = 77 ®)
Therefore,

d’E,
7 (6)

This gives the mean intensity of light scattering by one
atom in theform

Po = d|Ry| =

2 2 4
10 Eqw
w, = i RO, )

~30anD0 ¢

The Ws = W /hw value is caled the rate of Rayleigh
scattering. Asthe flux density of incident radiation is

" 8’
we have

~ _gnd'w’
Ws = ————l,.
T 35%%n?°
According to the authors of the experiments
described in [9], Rayleigh scattering rates corre-
sponding to 1-100 mW/cm? laser radiation intensities
are 4.5 x 10-4.5 x 10* s, whichisin agreement with

(8) with the parameter values specified in the end of
Section 2.

(8)
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To conclude this section, consider the equation for
the number of photons scattered over time T,

Piw’ 2m _ 21 R,y
3HCTYNAL  NoA’L

According to the estimates made in the end of Section 2,
we have

\7VSTR = )

21

— 010,
NoA“L

4. COOPERATIVE (SUPERRADIANT)
LIGHT SCATTERING

Generaly, light scattering cannot be treated as an
atomically additive process, in particular, when atomic
scattering field effects on other atoms are taken into
account. Under the Bose—Einstein condensate condi-
tions, these effectstake place with phase memory reten-
tion (coherence) of atomic states and are therefore
superradiant in character. A more general statement of
the problem which implies considering light scattering
by the multiatomic system as a whole is required to
describe the observed effect. We assume that, initially,
all atoms occur in the same electronic state with an
amost zero translational motion momentum. Zero-
point vibrations of atoms in a magnetic harmonic trap
will be ignored. Incident laser radiation isin quasi-res-
onance with one of the atom electronic transitions.
Each atom istherefore treated as a two-level electronic
system. An atom will be characterized not only by its
electronic state but also by the trandational motion
state. Interactions between atoms and radiation obey
the law of conservation of momentum. Formally, thisis
ensured by the selection rules. The matrix element of
the interaction between an atom (in the state with a cer-
tain momentum) and el ectromagnetic wave with wave
vector k isnonzero for the final state of the atom whose
momentum differs from theinitial momentum value by
+hk. The electronic states of the atom (ground and
excited) will be denoted by indices a and b, @, and @,.
Tranglational motion is described by momentum eigen-
functions. The wave functions of the atom are therefore
written in the form

1
WV

Ib: k0= A/—i_/exp(ik' ),

la; kO= exp(ik [t)@,,

where V is the system volume. In particular, the wave
function of the initial state is written as |a; O[] and the
wave function of the excited state, which arises after
absorption of one laser photon, is written as |b; k[
If the transition from this excited to the ground state
occurs with emitting momentum k, the new state is
la; kKo — kDI
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In conformity with the experimental conditions (see
Section 2), we assume that the exciting laser beam is
directed normally to the condensate axis, and that pho-
ton scattering occurs aong this axis. It follows that
specifying the momentum of an atom requires knowl-
edge of two momentum components. Let the laser
beam direction be axis x and the condensate extension
direction be y. The system of atomic states necessary
for describing scattering then has the form |a; 0, OC] |a;
ko, tkoll[a; 2Ky, OLJ [b; Ko, OL[a; 2ko, Kol [a5 2Ky, 2Ko[)
and so on. We will only consider scattering events not
higher than twofold and number the above states by one
index asfollows:

Y, = [a; 0,00
Wy = [a; Ko, =Kol
Y3 = |b; ko, OLJ
Y, = |a; Ko, KoL
Ws = [b; 2ko, =KoL (10)
Ws = [b; 2Ko, Kol

W, = [a; —2Ko, =2k,
g = [a; 2Ky, O
Yo = [a; 2K, 2koL]

Transitions between these states are shown in the dia-
gram, Fig. 1b.

We will consider interactions between these states
and two fields, namely, the external laser field and the
field scattered along the condensate. The latter field is
described by two waves propagating in the opposite
directions. These fields will be denoted by E,, E,, and
E_. Clearly, interaction with field E_ connectsthe states
1-— 3,25, and 4~ 6. Interaction with field
E_ connects the states 3<— 2, 5«~— 7, and 6 ~— 8.
Lastly, interaction with field E, connects the states
3«~—4,5~—8 and6-~—09.

FieldsE_and E, are caused by medium polarization.
In the one-dimensional case, the field can be written
through the polarization as (e.g., see[4])

L
_2miwo on. . ly=yYio
E(y,t) = TIP%”t_TD an
0

x exp(ikoly —y'l) exp(—iwot)dy' + c.c.,

where wy, is the laser radiation frequency, P(Y, t) isthe
complex amplitude of medium polarization, and k, =
wy/c. This polarization amplitude is in turn expressed
through off-diagonal density matrix elements as a
guantum-mechanical average.
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2o, 2ky 2k, 0 2k —2k,

Fig. 1. (8) Scheme of formation of coherent atomic states with nonzero momenta as a result of superradiant light scattering. The
original photograph of these coherent atomic “clouds’ was given in [9]. (b) Scheme of transitions between coherent atomic states

during superradiant Rayleigh scattering.

Let py, « o e an arbitrary off-diagonal element of
the density matrix of an atom. (We only specify the
y component of the wave vector in density matrix indi-
ces.) The partidd complex polarization amplitude P'
determined by this element isfound from the equality

P'(y,t) = exp(igt) NP, 1. p k(Y Pk a k- (12)

Here, N isthe total number of atomsin the system and
Pa kb (Y's 1) is the matrix element of the polarization

operator (referred to one atom) d o(r'=r),
Paoiy' 1) = &Xp(-i0nt)
XIexp(—i K'y)o(r'—r)exp(iky")dr (13)
= Sexp(-ianat)exp(i(k-K)y),

where @, is the transition frequency and d is the
dipole moment operator. Further, let us introduce the
amplitudes of density matrix elements,

Rok ak = eXP(i(wWy—wWha)t)Pp ko k- (14)
We then have
P'(y',t) = dNoexp(i(k=K)Y)Ry k:ak-  (15)

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

Thefield caused by this polarization has the form

2T W,
E'(y, 1) = — °

L (16)
XIP‘(y', t)exp(ikoly—y')dy' +c.c.

exp(—iwgt)

Ignoring the delay of the polarization amplitude and
rapidly oscillating terms in the integration, we obtain

, 21todNpy
E(y, 1) =i——Roax

(17)
x exp(—iwyt) exp(ikyy) + c.c.

We find that the amplitude of the field created by uni-
form polarization is linear with respect to the y coordi-
nate. Further, we use the mean field approximation and
set y = L/2. In addition, we will use the #/1xd value as
the electric field strength unit. This gives

E'(Y, 1) = 1Ry i; o k€XP(ikoy) eXp(—i wyt) + C.C.,
(18)
k'—k = k.

The interaction operator between an atom and this
field hasthe form
H' = —dE" (19)
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Ignoring rapidly oscillating terms in the matrix ele-
ments of this operator, we obtain

Hlb, kak = 1 Rb K a ko (20)

We considered partial field E' caused by the R, . 5 «
polarization amplitude. The total E, fields can be writ-
ten as

Ha kb = 1Ra kb, k-

E., = iElexp(ikoy) exp(—iwpt) + c.c.,

o . (21)
E_ = iE_exp(—ikyy) exp(—iwyt) + c.c.,
where
ES = Z Rp k: a kr
k'—k = kg 22)
EC = Ro, k- a k-
k' —k = -k,

The interaction operator matrix elementsin the approx-
imation that we use therefore take the form

Hp :ak = — Z
kK —k=

_kO

Rb, k: a k?
(23)

Recall that the squares of the moduli of the amplitudes
of these fields have the meaning of the numbers of pho-
tons (per atom) emitted through sample endsin time t;
(e.q., see[4]).

We will not write the equation for the density matrix
inthe general form and will only describe the algorithm
for constructing this equation. Above, we determined
the form of the matrix of the interaction operator with
the laser field and the fields created by polarization
waves propagating along the sample. We introduced
new amplitudes for the density matrix [Eg. (14)], and
the equations for the off-diagonal elements (over elec-
tronic states) should therefore contain terms with
detuning,

Ro. ki a.k = 10— 0pa) Ry, a i+ - - (24)

Apart from interactions with fields E; and E,, there
isincoherent scattering in an arbitrary direction consid-
ered in Section 3. Incoherent scattering is not only an
aternative process but also an initiating factor for
superradiant scattering. Superradiant scattering arises
as a consequence of quantum fluctuations of the field
propagating along the sample. In our model, such a
fluctuation is created as a result of incoherent (sponta-
neous) scattering. Let us estimate the intensity (the
number of photons per time tg) of spontaneous scatter-
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ing (by one atom) in the body angle of the sample.
According to (9), we have

— 2T[| Ra, b|222

l incoh — : 25

" ONAL L (@)
It follows that the amplitude of the corresponding fluc-
tuation field is

En = |Ra, b| S, (26)

where

_[2n D
S_E}\loAzLD L @)

In the equation for the density matrix, this fluctuation
field is added to fields E..

The interaction operator with the laser field has the

form —d E, . To exclude imaginary unit, its is expedient
to select the laser wave field in the form E_ = iE in the
equation for the density matrix.

Spontaneous scattering is taken into account by
introducing relaxation terms into the equations for the
off-diagonal density matrix elements corresponding to
radiative transitions and into the equations for the cor-
responding diagonal elements.

The agorithm described above will be used to
obtain equations for the density matrix that take into
account single scattering events only. This requires
considering the states Y; = |a; 0, O0) W, = [a; Kq, =K,
W3 = |b; ko, OLJand i, = [a; ko, kol

If the superradiance timeis sel ected as the time unit,
the equation for the density matrix takes the form

Riu = —E(Rys + Rus),
Rz = ESRys + EvRus,
Rss = E(Rys + Rus) — E°Rys — E°Ras — ECRy, — YRas,
Rus = E°Ry, + E°Ry,
Ri2 = —ERx + ECRy3,

. o _o (28)
Ris = E(Ryy —Ras) —E+Rp —E-Ryy + BA —QV%RB,

Ru = —ERy, + E°Ry,,

R.23 = Eﬁlz + ES(R33 - R22) - E9R24 + BA _EW%RZ;'

R.24 = E?— R34 + E9R231

Ras = ERyy + E2(Rgg— Ryy) —EXR,, + din- Y1

18 = 5 e
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Fig. 2. (b, d, f) Pulses of light scattered along the condensate and (a, c, €) time dependence of the population of atomic states at

various laser beam intensities for the model of single scattering events; E = (a, b) 1073, (¢, d) 5 x 103, and (e, f) 10~ FieldsE are
givenin#/dtg units. Therate of incoherent Rayleigh scattering is shown by the dotted linesin (b, d, f). Timeis measured in T units.

where E} and E° are the amplitudes of fields (22), Cs = ECC,— EC,,
E?=Rps+RyS, E°= Ry+Rys,  (29) Cs=HA-JCi-EIC,-EXG+EC, g
and E and R are the complex conjugate val ues. _ VO o o
A similar equation for the density matrix that takes Co = EA ~FCeTECamE Lo+ ECy,
into account recurring scattering events is fairly cum- _ o
bersome. Note that if we do not aim at accurately Crs = E:C;s,
describing relaxation processes, we may replace the . o o
von Neumann equation by the corresponding Cs = E+C4 + E_C;,
Schrddinger equation, which has amore compact form, . o
_ Cy = E_C,.
Ci1 = -EG;, Here, G, are the coefficients of the expansion of the wave

function in basis functions (10) selected above, and

EJ = C,C, + CsC7 + C4Cs + C,Css,

Cs = Hn-¥c,-Elc,-E°c, + EC,, _ _ (31)
= A -31Cs 27 e e E® = C4C, + C4Cg + CeCo + C1C,8

C, = ESC, - EC,,

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93 No.5 2001



ON THE THEORY OF SUPERRADIANT RAYLEIGH SCATTERING

in conformity with (22). For the problem stated above,
the only nonzero initial condition is R;;(0) = 1 or
C,(0) = 1.

We use superradiance time Ty as time unit. Under
the conditions of experiments performed in [9], this
time is of the order of 10 s. At the same time, the
exciting pulse width is of the order of 1 ms. The time
scale might be selected commensurate with the pulse
width. How would the equations change as a result of
such atime scale selection? Clearly, if new timet' = at
and new parametersE' = a~'E, A'= oA, and y' = aly
are used, the change of variables R, = a~'R; , and
C; = aY2C, leaves Egs. (28) and (30) unaltered. We
cannot, however, claim invariance of the solution with
respect to such a transformation, because the initial
condition then aso changes, R} ,(0) = o and C;(0) =
av2C,.

5. COMPUTER SIMULATION
OF SUPERRADIANT SCATTERING

Inthe end of Section 2, we gavethe orders of param-
eter valuesthat characterize the effect in the experiment
[9]. Recall that we selected the time unit equal to super-
radiance time tg, which was of the order of 10! s
under the experimental conditions. The radiation con-

gtant of the tranditionin (T;f) unitsis of the order of 1073,

detuning A = 1072, laser beam €electric field strength
(in 2/tgd units) E = 10-10-3, and pulse width T, = 10".
To guarantee accuracy of calculations, we had to
decrease the detuning and the pulse width compared
with their experimental values, namely, we set A equal to
2x 102 and T, = 2 x 10°. These limitations are not of a
fundamental character and can be removed by using a
more powerful computer or a more rational method for
integrating equations. It was assumed that the laser
pulse had a Gaussian form.

The results of solving system (28) are given in Fig. 2,
where the form and intensity of the scattered pulse and
the dynamics of population of coherent atomic states
with momenta |a; Ky, £k,for various laser pulse inten-
sities are shown. At a laser field amplitude of E, = 1073,
thefraction of atoms in the states |a; ko, xk,[after
switching laser irradiation off is about 0.2 for each of
the two scattering directions. The form of the scattering
pulse changes (time lag increases) as E, decreases, and,
when E, = 10*is attained, the intensity of the scattered
pulse and the population of the coherent atomic wave
sharply decrease (by four orders of magnitude). The
E, = 10~ value can be considered a threshold of super-
radiant scattering. Usual coherent scattering, whose
intensity is proportional to the intensity of the laser
field, then remains (see Fig. 2¢).
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e
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0.05r
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2% 10°

Fig. 3. (a) Time dependence of the population of coherent
atomic states and (b) scattered light pulse shape for the
model taking into account double scattering events, E =

10‘3h/drR; dotted line in (@) shows the rate of incoherent
Rayleigh scattering. Time is measured in tg units.

The results of solving system (30) for the occu-
pancies of the |a; ko, £k,0and |a; 2k, £ 2k,Ocoherent
atomic states calculated taking into account recur-
ring scattering events are shown in Fig. 3. These cal-
culations were performed for pulses T, = 10° wide

and detuning A = 1073,

An analysis of these results shows that the effect
depends on the area of the exciting laser pulse. At a
fixed area, the effect (generation of coherent waves of
atomic states) is stronger at a higher field and, accord-
ingly, narrower laser pulses.
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Abstract—The properties of localized electromagnetic modes in a one-dimensional photonic crystal with a
structural defect layer were studied. The role of the defect was played by an anisotropic nematic liquid crystal
layer. The frequency and the damping factor of defect modes were shown to substantially depend on the defect
layer thickness and the orientation of the optical axis of the nematic. The transmission spectra of photonic crys-
talswith one and two lattice defects were studied. Taking into account the special feature of nematic liquid crys-
tals distinguishing them from usual crystals, namely, large permittivity anisotropy, it was shown that the trans-
mission spectrum of the photonic crystal could be controlled by varying the orientation of the optical axis of
the nematic, for instance, under the action of an external electric field. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

In recent years, much attention has been given to
photonic crystals[1], which are aspecial class of artifi-
cia structures with periodic dielectric property varia
tions on a spatial scale of the order of the optical wave
length. Depending on the periodicity dimension, photo-
nic crystals are classified as one-, two-, and three-
dimensional. The value of the concept of photonic
structures lies in the possibility of studying physical
phenomena from a new standpoint based on the tradi-
tional ideas of the physics of solids and electromagne-
tism. Thereis a close formal analogy between the the-
ory of electromagnetic radiation propagation in peri-
odic media and the quantum theory of electrons in
crystals. The band structure of the energy spectrum of
electronsin crystals caused by Bragg reflection of elec-
tronsissimilar to the structure of the spectrum of apho-
tonic crystal. Many interesting and potentially useful
phenomenaare related to the presence of photonic band
gaps in photonic crystals and their unusual dispersion
properties. Photonic crystalline structures make it pos-
sibleto solve some fundamental problems, for instance,
problems related to controlling spontaneous light emis-
sion from atoms and molecules [2—4] and localizing
and channeling light [1, 5-11]. In practical applica
tions, photonic band gap structures are extensively used
in creating photonic crystal waveguides [8, 12, 13],
superfast optical switches [14, 15], Bragg reflectors
[16], detectors[17], and optical schemes[18, 19]. Note
that the ability to use electrooptic effectsfor controlling
photonic band gap structuresis of importance for many
practical applications. It was shown in [20] for three-

dimensional photonic band gap structures formed with
nematic liquid crystal inclusions that the transmission
spectrum of a photonic crystal could be effectively con-
trolled by varying the orientation of the optical axis of
the nematic. Earlier [21], surface electromagnetic
waves at the interface between an i sotropic medium and
a superlattice of alternating isotropic and nematic lig-
uid crystal layers were studied. It was shown that the
characteristics of surface waves could be effectively
controlled. Volume electromagnetic waves in infinite
and bounded superlattices comprising alternating iso-
tropic and nematic layers were studied in [22]. It was
shown that the spectrum of electromagnetic waves in
superlattices could be considerably modified by chang-
ing the orientation of the optical axis of nematic liquid
crystals. The possibility of effectively controlling the
electromagnetic wave transmission coefficient by
changing the orientation of the director of nematic lig-
uid crystals was also noted.

In this work, we study the properties of localized
electromagnetic modes in a one-dimensional photonic
crystal with a defect structural layer. The role of the
defect layer is played by an anisotropic nematic liquid
crystal layer. We also study the transmission spectra of
photonic crystals with one and two lattice defects. We
show that the characteristics of localized modes and the
transmission spectrum of a photonic crystal can be con-
trolled by changing the orientation of the optical axis of
the nematic.

Sections 2 and 3 contain a description of the theory
used to perform the numerical simulation whose results
are given in Section 4.

1063-7761/01/9305-0977$21.00 © 2001 MAIK “Nauka/Interperiodica’



978

Fig. 1. One-dimensional photonic band gap structure with a
lattice defect.

2. EQUATIONS FOR LOCALIZED MODE
FREQUENCIES AND FORMS

The photonic band gap structure that we consider is
an infinite layered medium comprising alternating iso-
tropic layers of two materials with a structural defect
(Fig. 1). Therole of the defect layer isplayed by anem-
atic liquid crystal layer denoted by “d.” The thickness
of thislayer isW, and 0 isthe angle between the optical
axis of the nematic and the z axis. The nematic liquid
crystal layer is inserted between two semibounded
superlatticeswhose unit cell consists of materialsa and
b with layer thicknesses W, and W, respectively.

The structure under consideration is characterized
by permittivitiese, and g, of layersa and b and the per-
mittivity tensor of the nematic liquid crystal layer

eDcosze + e”sin29 0 %sin(ze)Ae
g€ = . (D

%sin(ZB)As 0 stinze + s”c0529

whereep = €, = &y, §,= €,, are the components of the
permittivity tensor in principal axes and Ae = g — €.
Further, we only take into account the diagonal compo-
nents of tensor (1). Thisisjustified if 8 =0 or 6 = 2.
The Maxwell equations for the anisotropic defect pho-
tonic crystal layer on the class of H-typefieldswith fre-
quency w,

{Ex H} = {E(2), H,(2)} 6" %)
have the form
042 1]
4 805 () = o,
[dz c O
3)
_ iCdEx
W2 =&

where cisthevelocity of light in the vacuum. The equa-
tions for E-type fields are obtained from (3) by the
replacements E(z) — E(2), H(2) — —H(2), and
€x — &y = €n. The Maxwell equations for isotropic
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photonic crystal layers are obtained from (3) by the
replacement €, —= €, 0r €, —= €,

The geometry of the problem set above makes it
possible to adapt the method of studying localized
acoustic phonon modes in a superl attice with an isotro-
pic defect layer 23] to our purposes. The solution to the
Maxwell equations for an electric field localized in a
defect L mode can be written in the form

Ex(z 1) = EL(9exp(—iwt), (4)

where E, (2) = E,(2) isthe electric field strength for the
localized L mode and wy, is the localized mode fre-
guency. For a photonic band gap structure with alattice
defect, the electric field strength in various layers can
be written taking into account general solution (3) to
the Maxwell equation for afield in alayer in the form

Ef(Alr_j’ BLp Kyj» Z—Z:nj)eXp[i%(m—l)W]
D \%sz—z[nj SWJ'

U
Uf (AL Bras Kia» 2—24)

OO

E(2 = 0w, A ©)
O SZ-7y< >

| .
Of (AL, Bl kyj, 2— 2oy explig(m— 1)W]

O
W, W,
E—?sz—zmj < —2—’

Here, thef (A, B, k, 2) function isdefined by the equality

|

f(A B,k ,2) = A€*+Be ™, (6)

zZ, isthe coordinate of the center of the defect layer; z'mj

and zﬁnj are the coordinates of the centers of thejth (j =
a, b) layerinthemth (m=1, 2, 3, ...) period of semi-
infinite superlattices from the left and from the right,
respectively; ki, is given by the equality

k= 2%, p=abd, (7)

where
2 -2
N, = JEu €4 = Ex = €4COS O +£,SiN°6,
and Bloch wave number g, should be complex,

_nm

;= +id 9>0, n=123,... (8

Here, W = W, + W, is the period of the ideal layered
medium. The continuity condition for E, and H, at the
interfaces gives equations for determining the w, fre-
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guency and the q damping factor of localized modes.
These equations have the form

- n 1 + . . |:|
cosh(gW) = (-1) %osa cosf —énbasnasnBD, 9
(—1)"sinh(qW)(2cosa cosp — ng,sinasiny)
- %sinu cosP + %ngasinBcoso% (10)

x (28iN0ICOSY + Ng,SiNy Cosa) + %ngan;asinﬁsi ny =0,

where
a = KkWa B = KpW,, ¥ = K gWy,
nia:r_]l)+n r]J‘r =r_1£,+n

n n’ @ n,ng

The electric field distribution in localized modes of
the photonic crystal structure can be written as

E(2)
BA‘Ir_af (ALd’ BLdv de1 Z_Zd)!

0 W, W,
O SZ-4s<—>,

f%_ exp( |qu) ¢l kl_a rég

=
o

1

(11)

DEDDPD I:II:IL:I(I:II:II:I:(> OO

. W,
explig(m-1)W], ——=F<z-2y, <7,

Laf (AL, By, Kib, Z— Znp) explig,(m - 1)W],
W,

2 b

f(A'Lw Blu. Kiv. 2= Zn) eXplig,(m—1)W],
=a,b,

|3
IN

Z—Zp <

,——‘

where

¢, = cosa cosP —isina cosB

—%nga(sinasinﬁ +icosasinp),

i -
b, = 2"‘ba5'n[3

A , isthe normalization constant, and q, is given by (9)
and (10). Here,

leD

/\ (Clv kLb! _Wb)/\(clv kLa!
LtD

w,)C,
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a?LE = /A\_l(clv de, Wd)i\(cl, kLa! —Wa)é’
Ld
A {] A (12)
O IL /\ (Cl’ kLav a)/\(Cj_, de, —Wd)I:B
(B

P 2 A i WAy ke o
B B/

where
R U ka2 ikz2 U
A(Cy k 2) = E ° ikz/2 © —ikzlzg, (13)
icke™ ™ —ic,ke 0
1 0
= Hexp(—iqzvv)—d»H (14)
O ¢, O

3. TRANSMISSION SPECTRUM

The transmission spectrum of a bounded photonic
crystal with lattice defects will be studied by the trans-
fer matrix method [24]. Let the permittivities of the lay-
ers be written as

%(0) =1, z<z

%-(1) = & Z<Z<z

5(2) = &, m<2<7

..

E]EU ) =&, Z _,<2<Z
= o 1 d 41 N (15)

-

%(lz) =&y Z4,1<Z<Z,

0

D...

%(N) = &y Zy_1<Z<Zy

%(s) = 1.

For the structure under consideration, the €electric
field distribution in layers has the form

Ex(n, 1) = [A(n)exp(a(n)(z-z,)) (16)
+B(n)exp(-a(n)(z-z,))] exp(-iwt),

where A(n) and B(n) are the incident and reflected wave
amplitudes, respectively, in the nth layer,

Je(n)w

c
The magnetic field distribution in layers can be written as

Hy(n, t) = [A(n)exp(ia(n)(z-z,))
—B(n)exp(-ia(n)(z-z,))]ve(n)exp(- wt).

a(n) = (17)

18)
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Wd? |Jm

Fig. 2. Dependences of localized mode (a) frequency and (b) damping factor on defect layer thickness. The dashed line corresponds
tong=15at 6 =0, and the solid line, to ny = 1.7 a 8 = 102; w_isin ¢/W units,

The continuity condition for E, and H, at the interfaces,
z = z,_4, gives a system of equations which can be
written as the matrix equation

An-1g _ EaUWn

=T, 1 : 19
Bn_1 ~ " "(ny (19

Here, the transfer matrix has the form
To_1n = DY(n=1)D(n)P(n), (20)

where

| 0
pm=0 + ' g (21)

U.J/e(n) —J/e(n) U

O —iay, O
pmy=5¢ 9 O (22)

ia(n)y,
O o e O

andy,=2z,—z,_,n=1,2,...,N. It follows from (19)
that the A(0) and B(0) amplitudesarerelated to A(s) and
B(s) as

A0 _ Ao
o - Mi(s? ©3
where
M = ?01?12---?N—1,N:|\-Ns, (24)

s=N+1, andyy ., =0. Onthe assumption that electro-
magnetic waves are not reflected on theright side of the
photonic crystal sample, the t(w) transmission coeffi-
cient is given by the equation

LA

t(w) = A o o

(25)
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Using (23) yields
t(w) = -rl—z (26)
M)
where M1, isthe M matrix element.

4. CALCULATION RESULTS
AND DISCUSSION

Equations (9) and (10), which determine the fre-
guencies and damping factors of localized modes of an
infinite photonic crystal, were solved numerically. The
results obtained for a photonic crystal with layer thick-
nesses W, = W, = 1 pm and layer permittivities e, = 4
and g, = 2.25, respectively, are given below. The refrac-
tive indexes of the defect layer in the IR region

nd% = Jgp =n =17

and

ng(0) = Jeg = ng = 15

corresponded to a 5TsB nematic liquid crystal at 20°C
[25].

The electromagnetic excitation spectrum of an ideal
layered medium has a band character [26]. A defect
layer in a photonic crystal can cause the appearance of
discrete frequencies within the forbidden bands of the
unperturbed layered medium and electromagnetic field
localization in defect modes. The dependences of the
frequency and damping factor of defect modes in the
second forbidden band (n = 2) on the thickness of the
defect layer are shown in Fig. 2 for the normal and tan-
gential orientations of the optical axis of the nematic.
The frequencies

W, = 3.521V£v = 5281 x 10% Hz
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and
W, = 3.663\,3\/ = 5.495 x 10™ Hz

in this figure determine the boundaries of the forbidden
band spectral range. The change in the orientation of
the director of the nematic not only substantialy
changes the frequency and damping factor of localized
modes but can cause the appearance of new localized
modes at certain defect layer thicknesses. Note that
restoring tranglational invariancein the photonic crystal
with Wy =1 pm and ny = 1.5 causes the disappearance
of discrete frequencies within forbidden bands. An
increase in the defect layer thickness at a given liquid
crystal optical axis orientation increases the number of
discrete frequencies in the photonic crystal forbidden
band. At W, = 100 um, the number of localized modes
at 6 = 0 and B = 172 increases to five. At a qualitative
level, this result can be given a visua explanation.
Localized modes in the vicinity of defects in photonic
band gap structures have much in common with cavity
resonators. Indeed, a defect photonic crystal mode can
be described as a standing wave formed as a result of
reflection from semibounded superlattices, or, in other
words, cavity walls. And the number of modesin a cav-
ity in a given frequency range is proportional to its
length.

Figure 3 illustrates the possibility of controlling the
spectrum of defect modes and the spatial distribution of
the sguare of the electric field modulus in photonic
crystal defect modes with a W, = 4.5 um defect layer
thickness. The center of the defect layer coincides with
the origin. The curves at negative z values are obtained
by mirror reflection in the z= 0 plane. The curve shown
inFig. 3b was constructed for 6 = w2 and n; = 1.7. The
localized mode frequency near the forbidden band cen-
ter then equals wy, = 5.380 x 10'* Hz, and the corre-
sponding damping factor is q = 0.125. The localization
of the square of the electric field modulusin thevicinity
of the defect layer is clearly seen. Changing the orien-
tation of the optical axis of the nematic from tangential
tonormal (6 =0, ny=1.5) causesthe appearance of two
defect modes near the continuous spectrum boundaries
(Figs. 3a, 3c). The frequencies and the damping factors of
the modes are oy = 5.491 x 10* Hz, g = 0.026 (Fig. 3a)
and wy =5.282 x 10" Hz, g=0.019 (Fig. 3c). It follows
that changes in the director orientation induce the
appearance of new defect modes much less localized.
Indeed, the mode damping factors (Figs. 3a, 3c)
decrease 4.8 and 6.6 times, respectively. It followsfrom
Fig. 2 that there exist defect layer thicknesses at which
director reorientation from tangential to normal does
not change the number of defect modes and only shifts
their frequencies and damping factors.

Consider the specia features of the transmission
spectrum of a finite photonic crystal by numerically
solving Eq. (26) for the transmission coefficient at var-
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Fig. 3. The square of the electric field modulus of alocalized
mode. Defect layer thickness Wy = 4.5 pm, ny=(a, ¢) 1.5and

2
(b)1.7,A= ‘A,r_a‘ . The center of the defect layer coincides
with the origin (z = 0).

J \| L 1
3.60 3.65 3.770 3.75
w

0 I I I
340 345 350 3.55

Fig. 4. Frequency dependence of the transmission coeffi-
cient of aphotonic crystal with N = 85 layers. The thickness
of the defect layer situated in the center of the layered
medium is Wy = 4.5 um. The dashed line corresponds to

ny=15at 6 =0, and the solid line, to ny = 1.7 at 6 = 102,
wisin c/W units.

ious layered medium parameters. As with an infinite
photonic crystd, we assumethat W, =W, = 1 um, €, = 4,
and g, = 2.25.

The frequency dependences of the photonic crystal
transmission coefficient in the frequency range of the
second forbidden band of the ideal photonic crystal at
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340 345 3.50 3.55 3.60 3.65 3.70 3.75
w

Fig. 5. Frequency dependences of the transmission coeffi-
cient of asample with N = 45 layers. The defect is situated
in the center of the photonic crystal. The other parameters
have the same values asin Fig. 4; wisin ¢/W units.

w

Fig. 6. Frequency dependences of the transmission coeffi-
cient of a photonic crystal with a defect layer of thickness
Wy = 5.2 um. The other parameters have the same val ues as

inFig. 4; wisin c/Wunits.

t
1.0[ '

0.81
0.6

0.4

0.2

O L
3.62 3.63 3.66

Fig. 7. Fragments of the transmission spectra of a photonic
crystal at © = 172 with various defect layer positions in the
lattice. The defect is (1) in the center of the sample, | = 43,
and at | = (2) 33 and (3) 23. The other parameters are the
sameasin Fig. 6.

various nematic optical axis orientations are shown in
Fig. 4. It followsfrom these dependences that the defect
mode spectrum of a finite sample is close to the spec-
trum of localized modes in an infinite photonic crys-

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

VETROV, SHABANOV

tal if the other layered structure parameters are equal
(Figs. 2, 3). Indeed, at a 8 = 172 orientation angle, a
defect mode with an wy = 5.381 x 10'* Hz frequency,
which is close to the corresponding frequency of the
defect layer in an infinite photonic crystal (Fig. 3b),
appears in the transmission spectrum. The width of the
transmission curveisabout 10 A. At 8 = 0, thetransmis-
sion spectrum containstwo defect modeswith frequencies
W =5.271 x 10" Hz and «y =5.502 x 10 Hz. The fre-
guency dependence of transmission for asample with a
smaller number of layersis shownin Fig. 5. A compar-
ison of Figs. 5 and 4 shows that an amost twofold
decrease in the number of layersin a photonic crystal
with a lattice defect causes noticeable changes in the
transmission spectrum. The transmission curves
broaden, the position of the minimum changes, and the
frequency corresponding to maximum transmission
shifts.

It has been mentioned that, for an infinite photonic
crystal, there exist defect layer thicknesses at which
nematic optical axis reorientation shifts the frequency
of the defect mode but does not cause the appearance of
new defect levelsin the forbidden band. An exampleis
a photonic crystal with a Wy = 5.2 um defect layer
thickness (Fig. 2). For comparison, the frequency
dependence of the transmission coefficient of a finite
photonic crystal with a defect layer of the same thick-
nessisshownin Fig. 6.

A characteristic feature of the curves shown in
Figs. 4-6 is the high penetrating power of H waves.
The transmission coefficient of H waves increases vir-
tually to one when defect layers in the forbidden band
appear. Note also that polarization of radiation that
passes through photonic crystal samples with lattice
defects can be controlled. Indeed, reorientation of the
nematic liquid crystal optical axisfrom normal to tangen-
tial results in that H- and E-type modes acquire a phase
difference after passage through the nematic layer.

Fragments of the transmission spectra of photonic
crystals with different defect layer positions are shown
in Fig. 7. The figure illustrates typical behavior of the
transmission coefficient of H waves caused by the
appearance of adefect level in the forbidden band when
the defect layer isdisplaced from the symmetrical posi-
tion to the boundary between the sample and the vac-
uum. We see that the transmission ability of the photo-
nic crystal decreases, the transmission curve width
increases, and the frequency of the defect mode dightly
shifts. These effects can be given a simple physica
interpretation. As mentioned, localized modes in the
vicinity of the defect in aphotonic crystal have muchin
common with a cavity resonator. The displacement of
the defect to the boundary between the sample and the
vacuum decreases the Q factor of the cavity, that is, modi-
fies the transmission spectra of the photonic crystd.

L astly, the transmission spectra of aphotonic crystal
with two differently spaced identical defect lattices are
shownin Fig. 8. Increasing the distance between defect
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layers causes qualitative changes in the transmission
spectrum, namely, two transmission curves of defect
modes coalesce; that is, localized electromagnetic
modes become degenerate. Frequency degeneracy first
appearsfor the normal orientation of the nematic liquid
crystal director. Changes in the positions of transmis-
sion curve maxima can be qualitatively explained as
follows.

The characteristic length determining the region of
electromagnetic wave localization in the vicinity of a
defectisl| = 1/g. According to Fig. 2,1(0) = /g = 17 pm
for Wy =5.2 um and 6 = 0 and I(172) = 21 pm for the
same W, thickness and 8 = 172. When the distance
between the defects approaches the characteristic
length, r = |, two modes become strongly coupled, and
their frequencies become split (Fig. 8a). Further, the
distance between the defect mode frequenciesincreases
as nematic liquid crystal layers approach each other.
When the distance between the defects decreasestor =
11.2 pm, the high- and low-frequency defect mode
transmission curves for 8 = 102 and 6 = 0O, respectively
(Fig. 8a), coaesce with the continuous transmission
spectrum of the photonic crystal. The modes are weakly
coupled if the distance between the defects exceeds
characteristic length I. The defect mode frequency is
then doubly degenerate. At 6 = 0, the frequencies
become degenerate at a smaller distance between the
defects than when 8 = 172 (Figs. 8b, 8c) because the
corresponding characteristic localization lengths are
related as1(0) < I(172). Placing the defectsr = 71.2 um
apart (the defects are then situated close to the bound-
aries between the photonic crystal and the vacuum)
makes defect mode frequencies at 6 = 0 and 6 = 172
doubly degenerate, the transmission curves of thelocal-
ized modes are then strongly broadened, especialy for
0 = 0, and maximum transmission coefficients are then
much smaller than one. Note that if coupling between
defect modes is close to critical (to coupling at which
mode frequencies become degenerate), the transmis-
sion curve has a steep slope, and the transmission coef-
ficient weakly depends on frequency (Fig. 8c, 6 = 112).
This circumstance can be used to create band filters.

5. CONCLUSION

To summarize, we showed in this work that the
spectrum of defect modes and the field distribution in
defect modes of a one-dimensional photonic crystal
had certain specia features largely because of a strong
permittivity anisotropy and a high sensitivity of the
nematic, which played the role of a structural defect
layer, to external fields.

Importantly, there exist liquid crystal layer thick-
nesses at which changes in the orientation of the nem-
atic optical axis cause qualitative changes in the spec-
trum of defect modes, the appearance of new defect lev-
els, and substantial changes in the degree of field
localization in defect modes. We aso showed that the
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Fig. 8. Frequency dependences of the transmission coeffi-
cient of aphotonic crystal with two defect layers. The num-
ber of layersin the sample N = 87, the other parameters are
the same asin Fig. 4; (8) numbers of defect layersarel; = 35

and |, = 53, the distance between the layersisr = 22.2 ym,
the defect modes are split; (b) 1, =23, 1, =65, andr = 46.2 um,
the frequencies for 8 = 0 are degenerate; and (c) |, = 21,
l, = 67, and r = 50.2 pm, the frequencies are virtually
degenerate also for 6 = /2.

transmission spectrum of a photonic crystal with one
and two lattice defects experienced substantial rear-
rangement when the optical axis of the nematic liquid
crystal was reoriented. In addition, the transmission
spectrum of photonic crystalswith two defects could be
gualitatively modified by changing the distance
between the defect layersin the lattice.

In practical applications, such photonic band gap
structures offer promise for creating filters and polariz-
ers with controllable characteristics. Lastly, note that
the possibility of controlling the degree of localization
of electromagnetic field along the direction of laser
beam propagation appears to be promising for control-
ling the efficiency of nonlinear optical interactions.
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Abstract—Explicit expressions are derived for the rectified radiative forces (RRFS) related to the action of a
weak interfering optical field of an arbitrary three-dimensional (3D) configuration upon resonance particlesfea-
turing the J = 0 — J = 1 quantum transition. It is shown that, in contrast to the case of amonochromatic field,
there are simple 3D biharmonic field configurations for which the ratio of the vortex and potential RRF com-
ponents can be controlled by adjusting frequencies and polarizations of the interfering light waves. This mod-
ification of the RRF structure givesrise to qualitatively different types of both vortex and potential light-induced
particle motions that may lead to a 3D spatial localization (confinement) of these particles within the cells of
an effective optical lattice with a period significantly greater than the light wavelength. In particular, the parti-
clesmay perform astable rotational motion along closed trajectoriesinside the elementary cells. © 2001 MAIK

“ Nauka/Interperiodica” .

1. INTRODUCTION

Effective optical control of the motion and spatial
localization of resonance atoms [1-3] can be based on
the use of the so-called rectified radiative forces (RRFs)
[4] induced by interfering biharmonic light fields. This
ideawas originally formulated in [4—7] and then signif-
icantly developed in anumber of subsequent theoretical
and experimental investigations [8-20]. In a strong
field, the RRF possesses a magnitude on the order of an
induced light-pressure force, exhibits no saturation
with increasing radiation intensity, and has a constant
sign over a macroscopic spatial scale significantly
exceeding the light wavelength. Another remarkable
property of the RRFs, manifested in both strong and
weak biharmonic fields, isthe possibility of controlling
the spatial structure of this force [5, 6, 14, 15]. In a
strong biharmonic field, the RRF contains a vortex
component besides the potential component, but the
ratio of these components can be modified by adjusting
the directions of propagation of the interfering waves.
Thisratio significantly affectsthe character of thelight-
induced motion of resonance particles[6, 21, 22]. Inthe
case of aweak biharmonic field, the vortex RRF com-
ponent can be suppressed, as demonstrated for two-
dimensional (2D) field configurations [6], by properly
selecting the radiation parameters. This would remove
some fundamental limitations (of the type related to the
Earnshaw theorem [23]) hindering stable localization
of the particles by the forces of spontaneous light pres-
sure in amonochromatic field.

However, these considerations concerning the
attractive properties of RRFs were based on the results
of calculations performed within the framework of a
simple scalar model describing the interaction of an
atom with a resonance electromagnetic field. There-
fore, strictly speaking, the above conclusions cannot be
rigorously transferred to the most interesting case (e.g.,
for solving the problem of purely optical 3D confine-
ment of atomic species).1 A correct problem solution
requirestaking into account degeneracy of the quantum
states with respect to the magnetic quantum number M.

Recently, the possibility of ensuring the optical con-
finement of resonance particles with the aid of RRFs
induced by strong fields of a certain 3D configuration
was studied by Wasik and Grimm [ 18] for atomsfeatur-
ing the quantum transition

Jg= 12—+, =302

where J; and J. are the moments of the ground and
excited states, respectively.

Degeneracy of the ground state of a resonance par-
ticleisavery important feature of the physical situation
studied in [18]. This factor predetermines the possibil-
ity of existence of a highly successful combination of
the effects related to the 3D macroscopic confinement
of atomsin a superlattice (induced by a potential RRF),
the sub-Doppler (polarization-gradient) cooling, and
the microscopic confinement in potential wells with

L previous calculations [5, 6] showed only the possibility of an
effective 2D localization of particles.
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dimensions on the order of a light wavelength. How-
ever, atheoretical model proposed in [18] and the theo-
retical consequences are inapplicable to many atomic
species (e.g., such as the akaline-earth isotopes with
even-even nuclei) possessing nondegenerate ground
states with J, = 0.

In this study, the theory of interference phenomena
in the resonance light pressureis developed for the case
of weak bichromatic fields with arbitrary polarizations
and 3D spatial configuration and the particles featuring
the quantum transition

Jg=0—J. =1L

General expressions obtained for the RRFs contain
essentially new (in comparison to the scalar model)
interference terms related to a nonlinear mixing of the
contributions from waves with different frequencies
and polarizations to the resonance light pressure. Nev-
ertheless, it was found that the main conclusion made
previously about the possibility of controlling the spa-
tial structure of RRFs remains valid. We have estab-
lished that there exist simple 3D symmetric configura-
tions of the interfering waves (with a zero average total
radiation flux density) for which the ratio of the vortex
and potential RRF components can be controlled by
adjusting frequencies. An additional control factor is
provided by polarizations of the interfering light waves
which alows, for example, the changing of the axis of
rotation for the particles performing a vortex motion in
afield with the 3DLin [J Lin configuration. Rearrange-
ment of the spatial structure of RRFsisaccompanied by
the appearance of qualitatively different types of vortex
or potential light-induced particle motions that may
lead, in particular, to a stable 3D spatial localization of
these particles within the cells of an effective macro-
scopic optical lattice (superlattice) with aperiod signif-
icantly greater than the light wavelength A.

There is an important circumstance following from
the results of our investigation which can be related to
the use of weak biharmonic fields for purely optical
(nonmagnetic) 3D confinement of atomic species. Even
for arelatively small level of saturation of the quantum
transition, the RRFs can be still sufficiently large to
hold cold particles (with a temperature of T ~ 102 K
corresponding to the Doppler cooling limit in this prob-
lem) provided that the field parameters are selected so
asto construct a“ correct” spatial structure of the RRFs.
The advantages of using weak biharmonic fields are
(i) asmall magnitude of the light-induced Stark shift of
the energy levels (not exceeding anatural width y of the
optical resonance), (ii) the possibility of using wide
nondiverging laser beams for purely optica confine-
ment of large-size bunches of resonance particles, and
(ii1) the simplicity of controlling the spatial RRF struc-
ture (and, hence, the character of the light-induced
motion of particles) without modification of the base
geometry of intersecting light rays.
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2. A MODEL
OF THE ATOM-ELECTROMAGNETIC
FIELD INTERACTION

Let us consider an atom possessing the mass m,
moving with the velocity v in a bichromatic field with
the complex amplitude

E = Eg(r)e +E,(r)e ™, (1)
where A, and A, are the frequency detunings of the
fields Eq and E;, respectively, from the frequency wy, of
the quantum transition between the ground state [J, = 0,
M, = Olland the excited states |J, = 1, M = 0, 1[bf the
atom.

The state of this atom in the field will be described

in terms of the density matrix P in a Cartesian repre-

sentation p?f" [24] using basisfunctions ¢? of thetype
1,-10-1110
3= oo ¢ = LD
’ 2
1, =10 110 e
¢ = LB ILO he = 1o
! 2

The matrix elements of the operator d of the di pole
transition between the atomic states are directed
along the axes of the Cartesian coordinate system g

=%y 2:

(95ldl69 = e,
the amplitude P(t) of the field-induced atomic dipole
moment Sp(pa ) determined using an expansion

p = de,—ej,
i
where
4 = Qldioo
J3

[1]/d||0CT's the reduced matrix element, and

p; = pjoexp(iwpt).

Exposed to afield of type (1), an atom experiences
the action of aforce[1]

F= thjDVJ* +cC.C., 2
where |
v, = d(ejhEE) _ ZVjae_.Aut, = xyz
a =01, v:(r) - & E(0) E:"(r))
No.5 2001
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arethelocal Rabi frequencies and p; are the projections
of the complex amplitude of the induced dipole
moment (expressed in units of d) onto the Cartesian
coordinate axes. The latter quantities are determined
from the optical Bloch equations considered (in the
approximation of a preset motion [1]) along the classi-
cal atomic trgjectory r = r(t):

+y[|:|p| - quj | =XV Z
ey =-iva (VT -Vie) @)
-9 Z (pV,—-c.c).

l=xy,2
Here, we introduced the rate of the spontaneous decay
of the excited state y; = y/2, and the combinations of
elements of the density matrix

dij = Pij— PO, Pij = pie}e,

p= pgg = 1_(pxx+ pyy+ pzz)-
Apparently, p has a sense of the relative population of
the bottom level, g; are the differential populations of
the working levels, and the quantities g;; (i # j) describe
the effects due to the coherency between states of the
excited atom.

We will consider the case of weak fields:?
ViV,

2
Via
y | —=

VaY
Inthis case, the solutionsto the Bloch equations and the
radiative force can be determined using the perturba-
tion theory. To this end, the unknown quantities are

expanded into seriesin powers of the field strength (in
fact, with respect to the small parameter g < 1):

) A 4

2

Vial”,
VU

<g<1.

) .,+q.‘f’+qf;‘> 4)
F=F?+F9+

where the superscripts indicate the order of smallness.

Nontrivial interference effects in the light-induced
pressure appear in the fourth order of smallness with
respect to the weak field [5, 6]. For this reason, we

2These conditions provide for both a small occupancy of the
excited atomic states and a small relative value of the light-
induced Stark shift as compared to the resonance width: for

Ay >y, we always have ‘Vé/yAa‘ << 1. The perturbation theory
employed here is inapplicable to the RRF determination, for
example, in the case of Vg, Mia/Aal? < Lif [Vilya| > 1
(see[1, 6]).
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restrict the expansion of the induced dipole moment p;

to terms of the third order. The resulting Bloch equa-
tions possess the following structure:

(1) _ ZA —|At

1 ©)
p53) — Z Agi)e_lAﬂt + Nje—|(6+Ao)t + Mjel(B_Al)t,
a=0
where d = Ay — 4 (j = X, Y, 2). The functions A,; and

Affj) are sequentialy determined from the following
system of linear inhomogeneous equations:

Eut — VA = 1Vjo(r),

ch:Aa+in! r= r(t):

Egt ivEAD = .Z(C,,vlo(r)+D”VJ1(r))

o = O+ly,

%—'VEA“) = '3 (CyVju(r) + DiVjo(r), (6)

i

£ Pc.jmz(A Via(r) = AaVia(r)

r(r)—cc.),

-i3;'y (A
l,a

09 iuoD, = i(Vio(r) A%

G~ 1Ver =Vji(r)A)

+iQ;; Z (Vio(r) Al + VIi(r) Ap).
[

In what follows, we will assume that the frequency
detunings A, and A; are not very close to each other
(180 — &4| > gy). This alows us to write an expression
for the force with neglect of the terms oscillating at the
frequencies representing the multiples of & = Ay — Al
It isalso not necessary to determine explicitly the com-

ponents pi® O M; and N..

3 An allowance for these terms leads to small (in the quasi-classical
limit of mv = fiwy/c) oscillating corrections 8p < fiwyy/c to the
particle momentum [5].
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3. RECTIFIED RADIATION FORCES

As can be readily seen from the above Egs. (2) and
(4)—(6), theinterfering light fields are of the plane wave

superposition type with the wave vectors { kg } :
Eu(r) = ZEﬁexp(ik;’D), )

in which the radiative force is a nonlinear function of

both the wave amplitude |E§| and the ratios of phases
and polarizations; in other words, the field depen-
dence of the force exhibits a pronounced interference
character.

Let us assume that the sets of wavevectors {kg} ,
{k$} contain the pairs kg, kg. such that

kg —KJ| Onk < k.

In this case, a quasi-periodic spatia structure of the
force is characterized by two sharply different scales:
microscopic (on the order of the light wavelength A ~
1/k) and macroscopic (A, ~ Ak > \) related to beats

of the spatial harmonics with close wavevectors kg .

Therectified radiative force [5, 6] is a smooth com-
ponent of the radiative force [Flaveraged over the
microscopic spatial oscillations. Note that the spatial
variation of thisforceis determined by the macroscopic
guantity Ay, while the characteristic magnltude is
determined on the microscopic (!) scale:

|OFO Ok O1/A.

We will restrict the consideration to the case of slow
atoms (frequently encountered in modern experi-
ments),

kv <, (8)

and take into account the nonlocal (retarding) part of
the field-induced dipole moment in solving Eqg. (6) in
the linear approximation with respect to the velocity.
Under these conditions, Egs. (2) and (4)—6) give the
following expressions for the RRF (to within the terms
on the order of ~g?):

(FO = Fort Fig+ Fg. 9)

Here, For and F, are the RRF components of the sec-
ond order in the field amplitude, representing the sums
of independent contributions of the E, and E, fields,

4 In other words, the RRF exists provided that the averaging proce-
dure does not reduce the force magnitude |[FJ]~ |F| O k in the

order of magnitude (with respect to the parameter A/Ay, << 1) [5].
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(D,
= hy —Jaz,
; [Vl

i
E(VjaDV?u -

(10)

Jig = cC), ] =XxXV,2

)0V +ccl

_ ﬁVZ
—ﬁlz

and Fg |sthe RRF component of thefourth order in the
field amplitude:

(11)
Yy x [0V, % DV

EUID h

Z IR

O
2%;/\{&)5@

+zD o010+ 15 (o D+cc)}

j#l

(12)

A { odsL+ z Lol jall+ ZZ(EU” 'O+ C.C.)}
j#l

1 i U
—AO[D1J0D+ZEDjlleD+§ZI(ED'1IgD+C.c.)}%
i i#
o = z‘]jou
j
3y = 5(VieDVia=ViiOVio), o = 3,
- zlia’ = |Vja|2’
]
i _ ; -
Il = ViaVie, 1.1 = X V.2, (13)

N = [(A;—Dp)(1—cosx) —ysiny],
N, = [y(1+ cosy) —24,siny],
Ny = [y(1+ cosy) + 2A,sinX],

Va = [Va|&Xp(iXa), X = 2(X1=Xo):
where angular brackets denote averaging over the
microscopic spatial oscillations.

It should be noted that the quantities;,(r) and Jjq(r)
are proportional, respectively, to the “intensity” (square
modulus of the complex amplitude) and the energy flux
density of the field components (polarized in the direc-
tion of the unit vector g and belonging to the same ath
mode) in the superposition (7). The supplementary
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guantities If,' and Jf,' with j # | represent a measure of
“mixing” of the waves with different polarizations
belonging to the same mode (indeed, Ifl' : JL' =0 pro-
vided that at least one of the amplitudes [V or [Vi4| is

zero). Inaparticular case of the 2D field configuration,
when al waves in the superposition (7) are polarized

aong one of the Cartesian axes g, (i.e, Eg 0 &), we

obtain Jy =14 =0forj#landl, 0J, 03, sotha
expressions (12) convert into relationships (25) derived
in[5].

Essentially new interference terms in expression
(12), which are due to the polarization effects, are
related to correlators of the intensity—flux type (LJjq,
L] # 1) referring to the waves of different polariza-
tions with the same frequencies (intramode interfer-
ence) and correlators of the intensity—flux and inten-
sity—intensity types ([Jjq, o0 MOl D] # 1, a # a’)
referring to the waves of different polarizations and dif-
ferent frequencies (intermode interference). The inter-
mode interference is also determined by the correlators
involving mixed products of the projections of the com-
plex field amplitudes and their derivatives of the types

D 0and 00100, wherea 2 o' and j # 1.

One of the most important factors determining the
light-induced motion of resonance particlesisthe char-
acter of the spatial RRF structure. It should be kept in
mind that, under the conditions studied, the principal
part of the RRF expansion into perturbative series (i.e.,
the Fyg force component) always possesses a purely
vortex structure. Indeed, calculation of the average
radiation flux densities [J,[in the case of field superpo-
sitions of the type (7) yields

olol2,1
D]juljz Zka|aja| +é
i (14)
| S+ k)l ol expli (el — )] + c.c},
n>y
where
o = ky O, al, = e [E;.

In the double sum, the indicesyy, n refer to all possible
pairs of wavevectors with close orientations:

kY —KkS| < k.
Expressions (14) and (10) are clearly indicative of the
vortex character of the Fy force component, since
divF,z = 0.

Note that thisis essentially an expression of the Earn-
shaw theorem [23] for the RRF. Such a“defect” in the
spatial RRF structure formed in aweak monochromatic
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field (E, = 0) isbasically inavoidable. Indeed, although
a correction Fy to the rectified radiative force in the
fourth order of smallness with respect to the field
amplitude contains both vortex and potential compo-
nents, the ratio of the former to the latter is fixed and
cannot be changed arbitrarily by modifying the field
parameters and configurations [6]. This circumstance
significantly limits the possibility of using weak mono-
chromatic fields for controlling the motion and spatial
localization of resonance particles. An essentially dif-
ferent physical situation is observed in the case of
bichromatic fields, provided that the total radiation flux
densities for each frequency mode turn zero,

ZEﬂjaDz 0, j=XY12
j

which implies that the principal vortex component of
the RRF is suppressed (Fog = 0).

Now we will consider three examples of particular
3D field configurations satisfying conditions (15). In
these examples, Fy is the friction force and the Fg
exhibits either a purely potential or potential—vortex
character with a fully controllable ratio of the vortex
and potential components.

(15)

3.1. Mutually Orthogonal Sanding Waves

Let us consider mutually orthogonal standing waves
(Fig. 1a):

Via = VqC08(Ky2), Vq = Vy008(K,X),
Vi = VaCos(KyY).
Upon substituting (16) into Egs. (10)—<12), we obtain

(16)

2y 0Vv2A, VA
Fir = -MKV, K = ﬁﬁqy 2+ L,
Ovel™  vy'0  (17)
Fr = —0U(r),

A, KVAVE O
1—1052 cos(25ke, [F)

u(r) = -
43KV, |*|vol* 014

+ %Z(COS[6k(ei —€) ] + cos[3k(e + &) LT]) E‘
EF
where

Ok = ky —kg = Al;AO,

misthe particle mass, and I' ; isafunction of the relax-
ation constants and frequency detunings:

1
M = ny(Al_AO)D_ +

qvﬂz

|Vo|2D
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(b) z
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Fig. 1. Three-dimensional optical field configurations satisfying conditions (15): (a) a superposition of mutually orthogonal stand-
ing waves; (b) 3DLin [ Lin field configuration; (c) a superposition of standing (along the z axis) and linearly polarized (in the same
direction) traveling waves. Long arrows show the directions of wave propagation; short arrows indicate polarizations of the inter-

fering waves; wy isthe wave frequency, ng are the unit vectorsin the propagation directions of waves with frequencies wy; B < 1

isthe angular deviation.

Thus, F.risafrictionforce (for k(A;, &) > 0), while
the rectified radiative force Fg exhibits a purely poten-
tial character. In thevicinity of the RRF nodesr , corre-
sponding to the point of minimafor the U(r) function,

o = gp(me,+[m+2nle,+ [m+2ple),  (18)

the potential has a spherically symmetric character. For
20kR < 1, this potential can be presented in the follow-
ing form:

U(r) = 3UBKR,

19)
|:| 2 2|:| V2V2 (
UO:ﬁwODy2+yﬁ 10

Ov4|

Vo TV v

wherem, n,p 0 Z (Zisthe set of integers) and R=|r —r |
isthe displacement from the RRF node; inwriting (19), an
insignificant constant additive was omitted.

It should be noted that the RRF nodes of ther, type
form a body-centered-cubic (bcc) lattice, the period of

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 93

which (1/0k) can be controlled by varying the field
detunings.

3.2. ALin 0O Lin Wave Superposition
(3D Lin O Lin Configuration)

Let us consider a superposition of waveswith Lin [J
Lin configuration:

ik —ik
Vi = Vo(e “+e ™),

V - ch(el kuX + e—i kuZ)’ (20)

ya
ikqy —ikyX
za — Vu(e “te )

\%

In this superposition, each wave propagating along one
of the three Cartesian coordinate axes is supplemented
with an opposite wave (counterwave) of the same fre-
guency, polarized in the perpendicular direction
(Fig. 1b). In comparison with the configuration
depicted in Fig. 1a, only the polarization direction of
one wave in each pair is changed. However, a spatia
structure of the RRF exhibits a significant qualitative
variation, which can be considered as a manifestation
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of the polarization effects in the resonance light-
induced pressure.

Indeed, the friction coefficient k, and the RRF com-
ponent Fr in this case are described by the following
expressions:

K, = 4k, Fg = -0U +rotA, (21)

where K is a coefficient determined by formula (17).
The scalar (U) and vector (A) RRF potentials intro-
duced in (21) can be expressed as follows:

1
3

_2./3hKVVAT
R

A = AW(r)e, e=—(e+e+e),

W(r) = sin[ok(y + 2)] + sin[ok(x + 2)]
+ sin[dk(x +y)],

N =y(1+cosy)+(A,—4;)siny (22)

= (A + VZD) Oy . LD,
Hod? vy™

U= —UOEZ cos(2dke; [T)

J

O
+%Z (3cos[dk(e + g;) [F] + 2cos[dk(e —¢;) [F] )T
i%] 0
0y? , ¥ H Vive
2 2"
il v BVl
It is seen that the RRF represents a combination of
the potential force and the vortex component
Fyot = TOtA.

Uy = —tan%A0 = hwy,

Theratio of the two components is proportional to
DNy—A

tan % = yo———L

VAR

and can be controlled (virtually arbitrarily) by adjusting
the field frequencies. Indeed, for

AA = —Vé
the RRF is purely potential, while for

> 1,

A, D=y E‘tan%
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asmall vortex “admixture” appearsin the still dominat-
ing potential component, and for

tan%%

the vortex component begins to prevail and the poten-
tial component becomes a small admixture.

The positions of the RRF nodes r, in which the
potential function exhibits absolute minima is deter-
mined (as well as in the preceding example) by for-
mula (18). However, the potential in asmall vicinity of
these nodes is no longer spherically symmetric. In a
small region near r, such that 2dkr < 1, the potential
can be expressed as

Body

[]
+
Yo Vo

[

<1 Fg<[Bo-4y <

U(r) = 22(16n + 13[°+ £7) + const,

N = Ok(x+y+2) £ = ok(2z—x—-vy)
NI NCEE
7 = 6k(x—y).
J2

According to this, the potential level surfaces at the
nodesr , possess the shape of an ellipsoid of revolution
with an axis parallél to the bisector of thefirst octant of
the Cartesian coordinate system—the straight line C
determined by the equation

r =r(o) = ge, —0<Qg<oco,

Thiscircumstanceisdirectly related to the symmetry of
the optical field, since the line C is a third-order sym-
metry axisfor the 3DLin 0 Lin field configuration: rota-
tion of all wave vectors and polarization vectors about
this axis by an angle of 2173 leaves the initial configu-
ration unchanged. The presence of the symmetry axisC
also determinesto a considerable extent the structure of
thevortex field F,. Indeed, according to expressions (21)
and (22),

Fuot (&8 = 0,

which implies that the vector field lines of the vortex
RRF component are lying in the ', planes (determined
by the equationsr - e = c) perpendicular to the symme-
try axis e. The set of periodically arranged lines

r=r(o,ry) =ry+toe,

paralel to the axis C represents the nodal lines for the
vortex RRF force component: F,q.(r(o, ro)) = 0. In
addition, taking into account that

W [Fyo = 0,

we infer that the vector lines of the vortex force field
represent the curves of intersection of the level planes
M. with the level surfaces of the function W(r). In a
small vicinity of the nodal lines r = r(a, ry), these
curves appear as circumferences in the I, plane with
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the centers occurring at the points of intersection of the
planes . and the nodal linesr =r(o, ry). Asisdemon-
strated below, the resonance particles can perform the
light-induced rotational motions about these centers
(see the next Section).

The symmetry axis C in the 3DLin O Lin configura-
tion (and, hence, the “particle rotation axes’) can be
readily changed by consistently changing the wave
polarizations. For example, the direction of thisaxisin
afield of the 3DLin O Lin configuration is determined
by the formulas

Via = V(exp(-iky2) + exp(-ikyY)),
Vya = V(exp(ik,x) + exp(ik,2)),
Vza = _V(exp(_l kax) + exp(ikay)),

and represented by the vector
e+e—¢e
g, = ———t—r,
' J3

3.3. A Superposition of Standing
and Linearly Polarized Traveling Waves

Let us consider a superposition of standing (along
the zaxis) and linearly polarized (in the same direction)
traveling waves with a symmetric triangular configura-
tion, intersecting in the xy plane (Fig. 1¢):

V,, = Vicos[(k+3k)Z,
V,; = -Vicos[(k + k)7,

Vo = Vocoskz, | = X, (23)

3
Vaa(r) = Vo S explida(r)],
o=1

where
$o(r) = kng [ + ¢g,
®1(r) = (k+3K)nJ T + 7, Kk = ko,
the unit vectors determining the directions of wavevec-

tors ng arelying in the xy plane,

ng = (cos(2mal3), sin(2ma/3),0), o = 1,2,3,

and the system of vectors n{ is“rigidly” rotated about

the zaxisrelativeto ng vectors by asmall angle < 1.
Assuming that

oklk < B <1,
restricting the consideration to aregion

p = X +y < 1/3k,
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and using Egs. (10)—(12) and (23), we obtain the fol-
lowing expressions:

Fir = -M(Kpvp +K,€,V,),
3nk2 OV2A, .\ VA
m "Ovy*  |vd’0

Kg =

26k’ V1A, VoA
m "Ou,*  |ve’D

KZ =
(24)
oKr  V2V3
Vol’lvy’0 P

R=

X [DU(r) + tan%rota(r)}

~ 20,2

rxoViVo  0Ui(2) O
HeN Ik & oz B

where
Vo =gV t+ev, Ui (z) = 2cos(20kz),
a(r) = 2¥,(re,

3
Wi(r) = Y cos(Bo/3kng T +8,),

3
u(r) = —% S Sn(B/3kng T + &),

&1 = [9o— 011 —[9o— 011,

and the constant phases &, and & are obtained from &,
by the cyclic permutation of indices. In thisforce field,
the motions in the xy plane and along the z axis are
completely separated and independent. A force acting
along the zaxisisaways potential and possesses a peri-
odic spatial structure with the period T/dk. A ratio of the
vortex and potential force components acting in the
directions parallel to the xy plane is proportiona to
tan(x/2) and, hence, can be fully controlled by select-
ing appropriate field frequency detunings A; and A,
Here, both potential and vortex RRF components pos-
sess aperiodic spatial structure.

Figure 2 shows the pattern of level lines for the
potentia function U(X, y). The point of intersection of
the separatrix lines represent the saddle points forming
aplanar hexagonal lattice with the period

A = 41U3KB,
determined by the angular deviation (3. Located at the
centers of the triangular separatrix cells are the points
of minima (denoted by dots in Fig. 2) and maxima of
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Fig. 2. A schematic diagram showing the level lines of the
potential function U(r) described by Eq. (24) determining
the potential RRF component in afield configuration of the
third type, acting in the directions parallel to the xy plane.
Dots at the centers of some cells indicate the points of min-
ima of the function U(r); Ay = 4173kp is the macroscopic

spatial scale.

the function U(x, y). The extremal points of both types
also form mutually shifted planar hexagonal lattices.

Figure 3 shows the vector field lines of the vortex
RRF component. Here, the network of the separatrix
lines (described by the equation W,(r) = —1) forms the
so-called kagome lattice. Vector lines inside the trian-
gular and hexagonal cellsof thislattice represent closed
curves surrounding special points (centers) coinciding
with the positions of saddle point (in the hexagonal
cells) and extremal points (in thetriangular cells) of the
potential function U(x, y).

993

4. FEATURES OF THE LIGHT-INDUCED
MOTION OF PARTICLES

Let b denote the characteristic size of aregion fea
turing intersection of real laser beams and containing
resonance particles. The interference effects in the
light-induced motion of the resonance particles can be
fully manifested provided that the macroscopic spatial
scale Ay (in the field model under consideration, this
value corresponds to the period of an optical superlat-
tice formed as a result of the superposition of plane
waves (7)) does not exceed b:

Aw<b.
Taking into account that
1 C
A== = ———,
MTIBK A -4

and atypical value of the spontaneous relaxation rateis
y~ 108 s%, this condition can be fulfilled even for wide
beams (b ~ 1020 cm) if the field frequency difference
is significantly greater than the resonance width:

|A;—Dg| >y.

With an allowance for this circumstance, an optimum
set of the field frequencies and amplitudes (selected
based on the criterion of maximum RRF at afixed value
of the parameter g) must obey the following relation-
ships:

Vo Oy, A =y, [V [VielvdBl g <1,
|Villvl|2 <g.

For A, < 0, the field E, is responsible for the cooling
process and thefield E, (together with E,), for the man-

Fig. 3. A schematic diagram of the kagome lattice formed by vector lines of avortex RRF component induced by interfering optical
fieldswith aconfiguration of thethird type. Dashed lines show stable closed particletrajectories (limiting cycles), which may appear
only in the triangular cells containing the points of minima of the potential function U(r). The inset shows atypical trgjectory of a

particle falling within the separatrix |attice cell.
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ifestation of interference effects. The characteristic val-
ues of the friction coefficient and the RRF can be esti-
mated from the following simple relationships:

_ Ak

K =000, Wz =", |Fel = F Dhkyg’.

The RRF component Fi will be the main factor
determining (together with the friction force) the light-
induced motion of an ensemble of resonance particles
with the temperature T (expressed in the energy units)
under the following conditions:

Uy, < T < AU, (25
where Uy is the depth of microscopic potential wells
formed under the action of rapidly oscillating (with a
period ~A) gradient forces[1, 2], AU ~ FA,, isthe char-
acteristic work performed by the RRF for the transfer of
particles over amacroscopic distance Ay, (for the poten-
tial RRFs, AU is the depth of macroscopic potential
wells). The temperature T corresponding to the so-
called Doppler cooling limit is established within a
characteristic time ~k = as a result of the competition
between the Doppler cooling and the diffusion pro-
cesses in the velocity space [1, 2] determined by the
guantum fluctuations of radiative forces.

For aselected ratio of the main problem parameters,
the rate of the velocity diffusionis[1, 2]

ik
D Dl:lﬁl] Y9,

T DmTDD hy,

U, O%yg.

For g < 1, theleft-hand inequality in (25) isalwaysful-
filled, which implies impossibility of confining parti-
cles at the small-scale potential wells. The right-hand
inequality (25) indicates that the field must not be very
weak:

13> g°> 1/k\,,.

An important feature of the light-induced motion of
particles in a weak bichromatic field for k > 0 is the
overdamped character of this motion which is caused
by alarge friction force:

(26)

where Q = ./JFAk/m isthe characteristic frequency of
motion in the absence of friction; Ak = |ok| for afield
configuration of the first or second type and Ak = k|B|,
for the third type (see the preceding section). The
smallness of the parameter € is related to smallness of
the ratio of the microscopic and macroscopic scales.
Indeed, for the typical values of y/wg ~ 10°-10°, k =
10° cm™, and Ak ~ 1 cm™, relationship (26) yields an
estimate € ~ 102-1073,
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When it is necessary to provide for the condition
[tan(Xx/2)| < 1, an interesting situation takes place
when both detunings are large:

Y < |Qg <[4
In this case,
Xd = [(Ar=Dg)Yn
tanp= = |2 1070 < 1,
‘ [ﬁj‘ AD,

and the overdamping condition takes the form of ine-
quality

"ok L

which is well fulfilled in a broad range of parameters
provided that Ak/k < 1.

Mathematically, the condition (26) is manifested by
the fact that, upon the passage to dimensionless vari-
ables

r — Akr, v — Vv/u,,

t—1 = Q%kK, Fr—> u(r) = Fa/mKu,,

(where v s the particle velocity and u, = F/nmk), the
equations of particle motion under the RRF action
transform into a system of singular perturbed differen-
tial equations

dr dv

I0 v, sdr +v = u(r),
where the notations v and r are retained for the dimen-
sionless quantities. The methods of investigation of the
systems of thistype and their reduction to the equations
of lower dimensionality are well developed in the the-
ory of differential equations[25, 26]. A solution to the
system (27) with arbitrary initial conditions{r, vy} can
be represented in the form of a combination of arapid
transient process described by the boundary functions
of the type [25]

Mv(t) Oexp(-t/e), MNr (1) Oeexp(-t/e),

exponentially decaying within a characteristic timet ~
g(t ~ k™) and a slow motion over a surface (integral
manifold [26]) of the type

v = G(r,€) (28)

in the phase space. In our case, the function G can be
determined using a regular expansion into series with
respect to the parameter €

G=Gy+eG,+.... (29)

Substituting thisexpansioninto Egs. (27), we obtain
a sequence of G,, values

Go = u(r), Gy = —g(u(r)tju(r)

(27)

(30)
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and an equation describing the particle trgjectory in a
light wave field (for T < 1/e?, expansion (29) can be
restricted to the first two terms):

&= uy(n) = u(n UM D)u(),

r(0) = ro+0(¢g).

(31)

According to Egs. (28) and (31), the stationary
velocity of aresonance particle (established by thetime
t > k™) adiabatically “follows” its spatial position. A
relationship between the particle velocity u,(r)and the
RRF component Fx(r) has a nonlocal character. The
velocity u, at each point r depends both on the force
Fgr(r) at this point and on the derivative of Fg with
respect to the spatial coordinates. Therefore, the RRF
vector linesin the general case do not coincide with the
particle trgjectory: uy(r) # u(r). An alowance for the
terms on the order of € in the right-hand part of (31) is
important when the RRF vortex component induced by
a bichromatic field is dominating, since this very con-
tribution may account for the instability of a rotational
particle motion in this case.

The results of numerical calculations of the particle
trajectories based on Egs. (31) showed that the charac-
ter of motion ishighly sensitive with respect to both the
spatial configuration and parameters of the light field
(frequency detunings). For al configurations, there
exists a broad range of these parameters for which the
particles may perform finite motions in the cells of
effective superlattices.

For thefield configuration of thefirst type described
by Eg. (16) (Fig. 1a), the motion is always potential
(curl uy(r) = 0) and leads for t ~ t, = k/Q? to the local-
ization of particles at the sites of a cubic lattice corre-
sponding to the local minima of a potential U(r) deter-
mined by Eq. (17).

For the field configuration of the second type
(3DLin O Lin, Fig. 1b), an analogous potential motion
takes place only for specially selected detunings of the
field frequencies: A,y = —y7 with [tan(x/2)] —» oo.
In the general case, when this condition is not fulfilled,
curl uy(r) # 0 and the motion exhibits a vortex charac-
ter. Figure 4 shows a typical particle tragjectory for
[tan(x/2)| ~€ < 1, representing ahelix with nonmono-
tonically (!) varying radius wound on anodal line of the
RRF vortex component. As was noted in Section 3, the
axes of particle rotation (paralel to the field symmetry
axis) can bereadily controlled by consistently changing
the field polarizations.

For the field configuration of the third type
described by Eq. (23) (Fig. 1c), the motions along the
zaxis and in the directions paralel to the xy plane are
completely separated and independent. The motion
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Fig. 4. A trgjectory of the light-induced vortex motion
(curluy # 0) of resonance particles in a field with the
3DLin O Lin configuration.

along the z axis leads eventually to a stable particle
grouping in the planes

z = (1/dKk)n,

where n are the arbitrary integer numbers. The charac-
ter of the vortex motion of particles in these planesis

determined by the ratio of the tan(x/2) and €. For

ltan(x/2)| = 1/./e, T >0,

the pointsr ,, (indicated by dotsin Figs. 2 and 3) corre-
sponding to minimaof the U(r) function (see Egs. (24))
are stable focuses of the system of differential equa-
tions (31) and, hence, the points of localization of the
particles forming aregular hexagonal lattice. For

[tan(x/2)| = 1/./e

these focuses become unstable, while stable limiting
cycles (depicted by dashed linesin Fig. 3) appear inside
the triangular regions of the kagome lattice. An explicit
form of the parameter & for this bifurcation (Hopf bifur-
cation) can be derived from an analysis of stability of
system (31):

€ = [tan(x/2)| s, (32)

where

_ K . 3WrA.GoY
G7 |VO|2 k)

V|2

G® = Wr0e":33IMBl, gq =

a

tan 2= —

Yol
Cpl 2’

_Yols A <o,
A Dy +YG
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and the consideration was restricted for ssimplicity to
the most interesting case of

Vi

Vo

|Bo <y <[4y, g0 O g.

The limiting cycles appear for & > 0O; in the case of 0 <
&/s < 1, these cycles acquire the form of circular trajec-

tories with the radius proportional to ./Z/s. The direc-
tion of rotation depends on the sign of the angular devi-
ation B. Asthe sign of I changes to opposite, the limit-
ing cycles passto the neighboring triangular cells. Note
that the adjustment to the regime of stable particlerota-
tion dependsin a sharp and complicated manner on the
field frequency detunings and in a smooth manner, on
the geometric factor (angular deviation).

For [tan(x/2)] —= =, when the RRF vortex com-
ponent fully dominates, the orbits of rotating particles
are “pressed” arbitrarily close to the boundaries of sep-
aratrix cells. Here, we may introduce small additive
fluctuating terms (with a broad frequency spectrum)
into the right-hand part of Egs. (31) so asto model the
real quantum fluctuations of the radiative forces[2]. In
this case, the particles on the trajectories pressed to the
cell boundarieswill crossthis boundary in the region of
saddle points (i.e., the points of intersection of the sep-
aratrix linesin Fig. 3) and pass to the boundaries of the
adjacent cells. Asaresult, the particles perform the infi-
nite motion appearing as a random (brownian) walk
over edges of the kagome lattice.®> A similar phenome-
non of the light-induced random walk of particles over
the edges of effective sguare lattices in the case of
strong fields with a 2D configuration was originally
reported in [6].

Finally, let us present some numerical estimates
illustrating the possibilities of a mechanical action of
light upon atoms in the system studied. For certainty,
we will consider resonance particles with m = 40 amu
exposed to a field of mutually orthogonal standing
weaves with iwy =3 eV, y =3 x 108 s, A, = —y/5, and
|A| = 10 s, The electromagnetic wave intensities |,
for each frequency component (a =0, 1) were selected
so as to satisfy the weak field criterion:

g = |V,o/vd® = [Vailvgyy| = 2x 107,

which was achieved for I, = 1.5 mW/cm? and |, =
10 W/cm? (in this case, |p®@/p®] ~ 10-Y). Then, using

5|t isinteresting to note that, according to the results of numerical
calculations, the walk over boundaries of the separatrix cells is
also observed in the absence of small fluctuating forces, provided
that the calculation time is sufficiently large, which is probably
related to the “noise” introduced by the so-called discretization
errors. The time of a particle escape from the cell may depend on
the numerical method selected. Similar discretization effects,
arising during a dynamic chaos ssimulation in the Hamiltonian
systems, are considered, for example, in monograph [27].
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Eq. (17) and formulas derived in this section, we obtain
the potential

AU=U,=7x10°K,
the macroscopic lattice period
Ay = 210|0k| = 1.8 mm,
and the other quantities:
T=10"°K ((AU/T)=7), k010%s™,
t, 0(Q%k)'010°s (e00.1),
F 0107 eV/cm.

By significantly decreasing detuning of the field E;
(thus, increasing the macroscopic spatia scaleAy), itis
possible to create a superdeep potential well—a purely
optical 3D trap for atoms—using bichromatic laser
beams of alarge diameter (b = 10 cm). For example, in
the case of |A] = 1.5 x 10 st (A, = 10 cm), I, =
1.5 mW/cm?, and |, = 150 mW/cm?, the potential well
depthis AU = 0.5 K and AU/T ~ 500(!) for the charac-
teristictime of particlelocalizationt, = 0.03 s. Thus, the
right-hand inequality (25) characterizing the efficacy of
the RRF action upon the resonance particles, can be sat-
isfied with a large margin under quite realistic condi-
tions.

For the comparison, it is interesting to note that the
passage to a “strong field” regime [4]

Viyn OIVEYA] = g, 1, |8 >,

for the same level of saturation (|V5/A3 = g) and detun-
ing |A| asin the example given above, the field intensi-

ties E; and E; must be increased by a factor of gi/g and
0./9, respectively. As aresult, the RRF magnitude and the
potentia AU will increase only by a factor of g; (g; <

- /g, g,/g) and the AU/T ratio will remain unchanged
(because T ~ Aiyg, > Ay [14]).

5. CONCLUSION

Under the physical conditions studied, the systemis
always characterized by asmall degree of occupation of
the atomic states (p; << 1) and by small values of the
light-induced Stark shift (the latter circumstance is
important for the spectroscopic applications). Never-
theless, the RRFs can be sufficiently large to effectively
act upon an atomic ensemble with atemperature corre-
sponding to the Doppler cooling limit.

Based on an analysis of the general relationships
derived for the RRFs, we found symmetric configura-
tions of the interfering waves for which the spatial
structure of the light-induced force field can be effec-
tively controlled by consistently changing the frequen-
cies of the optical fields, which alows the ratio of the
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vortex and potential RRF components to be varied
almost arbitrarily.

It was found for the field configurations studied that
it is possible to remove, in a broad range of the control
parameters, some fundamental limitations of the type
of the Earnshaw optical theorem (proved for weak
monochromatic fields [23], see also [5, 6]) prohibiting
the 3D localization (confinement) of the resonance par-
ticles by means of the spontaneous light-induced pres-
sure. The light-induced motion of a confined resonance
particle proceeds inside an elementary cell of an effec-
tive optical superlattice (with a cubic or hexagonal
structure for the field configurations studied). This
motion is finite and exhibits a vortex or potential char-
acter, depending on the frequency detunings selected,
and leads eventually to the localization (confinement)
of particles at the RRF nodes or to their stable rotation
along closed orbits inside the elementary lattice cells.
The transition from alight-induced potential motion to
the vortex motion and a change of the axes of particle
rotation during the vortex maotion can be also provided
by consistently varying polarizations of the interfering
waves without altering their propagation directions. A
polarization effect of this type is manifested in a field
configuration of the 3DLin [JLin type.

In a situation of the absolutely dominating vortex
RRF component, avery interesting regime of the light-
induced infinite motion of particles is possible in the
form of their random walk over edges of aplanar super-
lattice of the kagome type (for the field configuration
depicted in Fig. 1¢).

The rectified radiative forces can be used for con-
trolling the motion of resonance particles, creating sta-
ble periodic 3D structures in a cold atomic gas, and
constructing purely optical (nonmagnetic) macroscopic
traps (using laser beams of large diameter) capable of
trapping large-size bunches of resonance particles. An
example of interesting application is offered by the
purely optical confinement of an ultracold rarefied
plasma bunch with resonanceions[19, 28, 29].
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Abstract—Pressure-induced transformations of the vibronic spectra of perylene in n-octane were studied. An
increase in pressure from normal to 10 kbar caused a sharp change in the multiplet structure of the spectra. An
anomalous, amost linear temperature dependence of spectral line widthswas observed in the temperature range
4.2-15 K. Both temperature and baric effects were explained in terms of the same model of atwo-well adiabatic
potential of impurity centers, which caused the appearance of low-frequency splittings in the ground and
excited electronic level regions. © 2001 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

In recent years, much attention has been paid to
studying various aspects of manifestations of so-called
two-level systems in glasses. Anderson et al. [1] and
Phillips [2] were the first to suggest the two-level sys-
tem model for explaining anomalous temperature
dependences of the heat capacity and heat conductivity
of organic glasses at low temperatures (T < 10 K).
Later, it was found that two-level systems were present
in various glasses and polymers and were capable of
influencing the optical properties of glass-like solutions
containing dye molecules as admixtures. In particular,
theinteraction of animpurity molecule with atwo-level
system caused the appearance of such effects as spec-
tral diffusion [3], nonphotochemical stable spectral
hole burning [4], etc.

Two-level systems are usually described in terms of
a two-well adiabatic potential; currently, we know
amost nothing about their structure. This raises the
guestion of whether two-level systems only occur in
glasses or can exist in other media. The results obtained
in our studies suggest that two-level systemsmay occur
in crystallites containing dye molecules as admixtures.
In particular, the spectra of the perylene—n-octane
admixture system exhibit an almost linear dependence
of phononless line widths in the temperature range
4.2-15 K [5]; such dependences are anomalous for
crystals but characteristic of glasses. The spectra of the
same admixture system experienced transformations
caused by increasing external pressure, which we were
able to explain by a complex form of the adiabatic
potential [6].

In thiswork, we undertook further studies of the flu-
orescence spectra of the perylene—n-octane admixture
system. These studies were performed under laser irra-
diation with the use of a continuous He—Cd laser and a
tunable pulsed dye laser; the external pressure was var-

ied from normal to 10 kbar. The results allow both
effects described in [5, 6] to be explained in terms of
one model of admixture interactions with a two-level
system.

At low temperature and normal pressure, the solu-
tions were a snowlike mass consisting of n-paraffin
microcrystals. Increasing pressure noticeably improved
the optical quality of the samples, and, starting with
approximately 0.5 kbar, the samples turned optically
transparent. The samples contained perylene admix-
tures in concentrations of 10°-10° mol/l. They were
loaded into a specia high-pressure chamber that
ensured quasi-hydrostatic compression of samples; the
chamber was contained in a helium cryostat. After
freezing, the samples were subjected to the action of
external pressure. Pressure was controlled by a cali-
brated dynamometer and was also determined from
shifts of the Rline of rubidium, whose microcrystal was
specially introduced into the sample. Fluorescence was
excited by aHe—Cd laser (in what follows, continuous
laser) line of wavelength 441.6 nm or by a tunable
pulsed (t = 10 ns, f = 10 Hz) dye laser (DL-midi
ESTLA, in what follows, pulsed laser) with a genera-
tion band about 2 cm wide. The mean power of exci-
tation was 4-10 mW. The spectra were recorded by a
DFS-24 spectrometer with a 4.5 A/mm linear disper-
sion.

2. RESULTS AND DISCUSSION

When perylene fluorescence is excited by a laser,
the result isasuperposition of two spectra shifted along
the wavelength scale and differing in the character of
optical excitation (Fig. 1a). One of theseisthe so-called
“qguasi-line spectrum” [7]; such spectra are characteris-
tic of n-paraffin solutions of complex organic mole-
cules at low temperatures. The line character of these
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Fig. 1. Fluorescence spectra of perylene in n-octane at var-
ious pressures (T = 4.2 K): (8) atmospheric pressure, (b) P =
3.2kbar, and (c) P = 4 kbar; A and B are the quasi-line and
LFLN spectrum lines, respectively.

spectrais caused by the presence of narrow (1-10 cm?)
peaks of ainhomogeneous distribution function of impu-
rity centerswith respect tothe S, — S, dectronic trans-
tion frequency, which is an envelope of a set of purely
electronic phononless lines of separate impurity centers.

Apart from quasi-line spectra, we observe the so-
called “laser-induced fluorescence line narrowing”
(LFLN) spectra [8] of perylene caused by a selective
character of laser excitation. The LFLN spectra are
only formed by those impurity centerswhose §, — S,
vibronic transition is in resonance with laser radiation.
These spectra are observed upon excitation to the
region of both the main maximum and the background
of the inhomogeneous distribution function. Unlike
quasi-line spectra, they trace the laser radiation fre-
guency. We studied the LFLN spectra of peryleneinn-
octane under excitation in a wide spectral range, 437—
448 nm, and the influence of external pressure and tem-
perature on the fluorescence spectra of perylene. Con-
sider the action of these factors on the quasi-line and
LFLN spectra separately.

2.1. Quasi-Line Spectra of Perylene

We found that increasing pressure caused several
important changes in the spectra:
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Fig. 2. Transformation of perylene fluorescence spectrumin

the region of the 353 et vibronic transition (A = 451.8 nm)
caused by increesing pressure P = 0.6 (1), 1.22 (2), 1.83(3),
2.44 (4), and 3.05 (5) kbar. Shown in theinset isan enlarged
spectrum fragment circled in the main figure.

(1) the intensity of the spectrarapidly decreased as
pressure increased;

(2) the spectrum experienced dramatic changes in
the region of the 00 transition and its vibronic recur-
rences; these changes were well noticeable in the pres-
sure range from atmospheric to 3 kbar;

(3) the rate of temperature broadening of phonon-
less lines changed, and the temperature dependence
itself in the region of helium temperatures was quasi-
linear, which was anomalous for crystals. Consider
these changes separately.

A decreasein theintensity of the quasi-line spec-
trum. The quasi-line spectrum of perylene in n-octane
at atmospheric pressure (Fig. 1a) consists of an inho-
mogeneously broadened electronic phononless line
corresponding to the 0-0 transition with wavelength
444.7 nm and vibronic recurrences of this line accom-
panied by weak phonon wings. The most intense line at
451.8 nm corresponds to the most active vibration with
a353 cmr frequency. Thelaser-induced line narrowing
spectrum of perylene excited by the He—Cd laser con-
tainsasingleline at 448.6 nm shifted by the fundamen-
tal vibration frequency (353 cm™?) from the exciting
laser line. Theintensity of the quasi-line spectrum grad-
ually decreases as pressureincreases (Fig. 1b), whereas
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(b)

Fig. 3. Pressure-induced changes in the shape of atwo-well
adiabatic potential: (a) atmospheric pressure and (b) high
pressure.

the laser-induced line narrowing spectrum becomes
more intense under pressure actions, in particular, the
448.6 nm line becomes stronger. Increasing pressure to
4 kbar causesthe quasi-line spectrumto virtually disap-
pear, and all spectral lines except weak remains of a
broadened 451.8 nm line are those of the LFLN spec-
trum (Fig. 1c).

The reason for pressure effects on the intensity of
the spectrais easy to determine considering the differ-
ence in character between excitations of the quasi-line
and LFLN spectraby laser radiation. Unlike the LFLN
spectra, which are excited into phononless lines of
impurity centers, quasi-line spectra are excited through
wide phonon wings. According to the data of special
studies, phonon wings are uniformly present in the
whole spectral range of excitation, whereas the inho-
mogeneous distribution function has no noticeable sin-
gularities in this range. The observed effect cannot
therefore be explained by a baric shift of the spectrum.
At the same time, this effect is not related to a decrease
in the concentration of impurity centers that contribute
to the quasi-line spectrum. Thisis proved by the obser-
vation of intense fluorescence under excitation into the
main distribution function peak at all pressures. The
same argument proves that the observed effect is not
related to fluorescence quenching processes.

Considering the aforesaid, we believe that a
decreasein theintensity of the quasi-line spectrum (and
also “flaring up” of the LFLN spectra) caused by
increasing pressure should be related to a decrease in
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the probability of transitions with creating phonons
with respect to phononless transitions and, accordingly,
to intensity transfer from the phonon wings to the
phononless line. The intensity of the phonon wing is
determined by an electron—phonon interaction operator
term which is linear with respect to the coordinates of
nuclei [9]. It follows that our results are evidence of a
sharp decrease in linear electron—phonon interaction
caused by increasing pressure.

Quasi-line spectrum transformation. The fine
structure of the quasi-line fluorescence spectrum of
perylene excited by the continuous laser experiences
synchronous changesin theregion of the 0-0 electronic
transition and al its vibronic recurrences in the pres-
sure range from atmospheric to 2 kbar (Fig. 2). These
changes include arapid decrease in the intensity of the
main maximum and the appearance of side maximaon
its long-wave side. The side maxima alternately grow
and then decrease as pressure increases. At the same
time, the specular absorption spectrum does not experi-
ence such changes. Asaresult, pressureincrease causes
the loss of resonance between the phononless 0-0 lines
of the fluorescence and absorption spectra. The charac-
ter of fluorescence spectrum transformations depends
on the spectral region of excitation. In particular, when
the spectrum is excited by mercury light at 365 nm, we
observe broadening and smooth shift of phononless
lines to the longer waves, which can be described as
behavior of the envelope of the spectrum obtained
under laser radiation.

Pressure-induced spectrum transformations can be
described by the model of atwo-well (multiwell) adia-
batic potential of impurity centers. According to this
model, pressure distorts the adiabatic potential and
causes transitions from one well to another. For
instance, an impurity molecule that, after photon
absorption, occurs in the left well (Fig. 3b) can tunnel
to theright well and, after getting rid of excess energy,
emit a photon with alarger wavelength.

If the picture described aboveis correct, an increase
in temperature should in part restore the occupancy of
the left well, and a change in the backward intensity
distribution should be observed. A specia experiment
performed by us (its results are shown in the inset in
Fig. 2) proved the validity of our conclusions.

The two-well potential model is, of course, approx-
imate. The form of the adiabatic potential may be much
more complex, and this potential may have many min-
ima. Precisely for this reason, the effect depends of the
wavelength of exciting radiation. At a small excitation
energy excess with respect to the energy of the purely
electronic 0-0 transition, as when fluorescence is
excited by the continuous laser (A = 441.6 nm), only
one or several side potential wells are activated, and
several peaksare observed in the region of the 00 tran-
sition. However, if the energy of exciting quanta is
much larger than the energy of the 0-0 transition (exci-
tation by the 365 nm mercury line), all potential wells
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are activated, which results in a continuous spectra
shift distribution.

The experimental results described above are insuf-
ficient for solving the problem of the nature of two-well
potentialsin the admixture system under consideration.
One of possible explanations of the existence of several
adiabatic potential minima may, in our view, be the
presence of local crystal structure defects near animpu-
rity molecule; these defects may be sensitive to both
external pressure and the electronic state of the impu-
rity molecule.

Anomalous temperature broadening of phonon-
lesslines. The low-frequency electronic level splittings
considered above, which are caused by a complex
shape of the adiabatic potential of the impurity mole-
cule, can betreated as an anal ogue of two-level systems
in glasses. The interaction with many such two-level
systems in glasses results in a quasi-linear temperature
dependence of phononless line widths. As mentioned,
we observed a quasi-linear dependence uncharacteris-
tic of crystals aso for n-octane solutions of perylene.

Pressure in the sample strongly influences the tem-
perature dependence of the phononlessline. The exper-
imental temperature dependences of the width of the
guasi-line spectrum phononless line at 451.8 nm, from
which the inhomogeneous component was subtracted,
are shown in Fig. 4. These temperature dependences
contain two distinct temperature regions. At high tem-
peratures, linewidth yfollowsthelaw y 0 T2, asischar-
acteristic of the phonon mechanism of broadening. In
the low-temperature region, a y O T*! quasi-linear
dependence is observed; such dependences are charac-
teristic of glasses and correspond to interactions with
two-level systems. It is natural to suggest that the tem-
perature dependence is determined by two different
mechanisms, largely by interactions with a two-level
system at low temperatures and largely by electron—
phonon interactions at high temperatures. The y(T)
dependence shown in Fig. 4 has one more remark-
able feature, namely, its low-temperature portion
tends to saturation at a temperature of about 15 K.

In conformity with the aforesaid, the temperature
broadening of the phononless line was described by the
equation

Y(T) = Ypr(T) + yrus(T), (D)

where the first and second terms corresponded to the
contributions of electron-phonon interactions and inter-
actions with a two-level system, respectively. Interac-
tions of the latter kind were theoretically considered in
several works in terms of both stochastic and dynamic
approaches (see review [10]). We selected the tunnel
theory advanced by Osad’ko [10] because this theory
predicted the effect of y(T) dependence saturation men-
tioned above. In terms of this theory, phononless line
broadenings are caused by interaction with two-level
system excitation quanta, tunnelons, which, unlike
phonons, are Fermi-type particles. In the simplest
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Fig. 4. Temperature dependence of the homogeneous width
of the451.8 nm linein the spectrum of perylenein n-octane:
solid line corresponds to calculations by (1)«3) with the

parameters (cm™) £y = 16, b = 57, wy = 74, and yo= 0.45.

model of interaction with asingletunnelon, theformula
describing temperature broadening of the phononless
line takes the form

Yo + Y1 )

cosh’ (g,/2KT)  cosh’(g,/2KT)’

Yris(T) =

where €, ; and 2y, , are the energy and reciprocal life-
time of the tunnelon in the ground (0) and excited (1)
impurity molecule electronic states. The €, and €, val-
ues arerelated as €; = g5 + A, where A is the electron-
tunnel interaction coupling constant. This constant was
not selected arbitrarily in our calculations but was
determined from the experimental data described in the
preceding section. As can be seen from Fig. 3, it isthe
A value that determines the line splitting observed on
increasing the pressure. In agreement with these
results, A = —13 cm*. We determined this value from
the experimental temperature dependence under satura-
tion conditions on the assumption that y, = y;. The only
remaining indefinite calculation parameter, &, was
found by adjustment. The phonon contribution to the
linewidth was cal cul ated by the formulaobtained in the
weak coupling limit for the interaction with a quasi-
local phonon of frequency w, [11],

b
., 2 ’
sinh™ (A w,/2KT)

Ypn(T) = (3)

where the b and w, parameters were selected empiri-
caly. Figure 4 shows that the theoretical temperature
broadening curve calculated by (1)—«3) closely agrees
with the experimental dependence, which substantiates
the correctness of the selected interaction model.
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Fig. 5. Pressure-induced changes in the relative intensities
of (m) short-wave and (@) long-wave doublet components.
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!
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Fig. 6. Doublet component intensity distributions for differ-
ent excitation sources at two different pressures: (a) contin-

uous He—Cd laser and (b) pulsed laser (excitation light
wavelength was 441.6 nmin all spectra).

A

2.2. Laser-Induced Line Narrowing Spectra
of Perylene

The laser-induced line narrowing spectra of
perylene at normal pressure comprise isolated lines
whose positions depend on the wavelength of laser
radiation used to excite fluorescence. During pressure
increase, starting with approximately 2 kbar, the dou-
blet structure of the laser-induced line narrowing spec-
tra becomes manifest. This structure is best defined in
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the region of vibrations at 353 cm™, which are most
active in the spectrum (line 448.6 nmin Fig. 1b). Dou-
blet splittings vary over the spectrum. In particular, for
the 353 cmr* vibration, for which up to four vibrational
guanta are observed, the splitting is approximately pro-
portional to the number of vibrational recurrence. This
is evidence that the doublet structure of the spectrum
may be related to the presence in solution of two types
of impurity centerswith dightly different normal vibra-
tion frequencies. Centers with the fundamental vibra-
tion frequency equal to 353 cmr* will be called centers
of the first type, and centers with a shifted frequency
(approximately 357 cm™) will be called centers of the
second type. A further increase in pressure causes an
unusual behavior of the spectra: different doublet com-
ponents alternatively increase in intensity as pressure
grows (Fig. 5), and the spectrum alternates between
singlet and doublet. Further studies showed that, apart
from pressure, the multiplet structure of the spectra
depended on two other factors, namely, (a) excitation
wavelength and (b) continuous or pulsed excitation
character. At normal pressure, centers of the first type
were present in the whole spectral range of our mea-
surements, whereas centers of the second type were
only observed in separate spectral regions. Increasing
pressure might cause doublets to disappear in the
regions where they were observed earlier or appear in
the regions where they were absent.

This doublet structure behavior cannot be explained
by baric shifts of the spectra. The observed pressure-
induced intensity transfer between doublet components
(Fig. 5) is evidence that centers of the first and second
types can transform into each other. This transforma-
tion can be described by the two-well adiabatic poten-
tial model for impurity molecules, when the left and
right wells alternatively become deeper depending on
pressure. The question arises what is the difference
between centers of the two types. In our view, the pres-
ence of centers of two types can be related to deforma-
tion of perylene molecules (D, point symmetry group)
along one of two twofold symmetry axes situated in the
symmetry plane of the molecule.

In conclusion, consider the dependence of the mul-
tiplet structure on the character of laser excitation men-
tioned above in more detail. The ratio between the
intensities of doublet lines at a constant pressure
depends on whether the laser used to excite fluores-
cence is continuous or pulsed (Fig. 6). Indeed, at a
2.5 kbar pressure, only the short-wave component of
the doublet is clearly observed when the spectrum is
excited by the continuous laser, whereas the second
component only appears as a weak wing (Fig. 6a). At
the same pressure and under pulsed laser irradiation,
the two components have equal intensities (Fig. 6b).
Increasing pressureto 3.2 kbar causes an increasein the
intensity of the long-wave doublet component in both
spectra, but the increase is approximately eight times
larger when the continuous laser is used.
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These results are evidence of the existence of an
additional exchange channel between centers of the
first and second types. This channel may, in our view,
be light-induced transitions of centers of different types
into each other. Our explanation of the effect under con-
sideration is based on the assumption that the intensity
ratio between doublet components in each of the spec-
tra shown in Fig. 6 is largely determined by the ratio
between their concentrations at the laser frequency,
because the centers responsible for different doublet
components have the same nature. The observed dra-
matic differences in the intensity distribution in the
spectra excited by the continuous and pulsed lasers is
evidence that optical excitation can cause substantial
changesin the ratio between these concentrations. This
can be explained by an electronic transition-induced
deformation of the two-well adiabatic potential of
impurity centers, which affects the probability of tran-
sitions between the wells. The kinetics of the process
and, accordingly, the intensity ratio between doublet
components can a so depend on the character of optical
excitation (pulsed or continuous). Precisely this depen-
dence was observed in our experiments. Interestingly, a
similar phenomenon is known in spectroscopy of iso-
lated molecules characterized by “jumps of spectral
lines’ between two positions. According to [12], this
effect can cause the appearance of either single or dou-
blet lines in the spectra of single molecules depending
on the sweep rate.

3. CONCLUSION

To summarize, we obtained evidence that low-fre-
guency splittings similar to those characteristic of two-
level glass systems can be observed in the region of
impurity electronic excitation in crystalites such as
formed in the admixture system under consideration.
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These splittings can be caused by the presence of sev-
eral equilibrium configurations either of the impurity
molecule itself or of its nearest environment. We
believe that, in the latter case, instability is impurity-
induced, and the presence of related effects can depend
on the impurity—matrix pair.
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