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Abstract—We have applied the Foldy—\Wouthuysen transformation to spin-1 particles interacting with a non-
uniform electromagnetic field. This allowed us to simultaneously confirm that the Pomeransky—K hriplovich—
Sen'’kov theory isvalid and that the interaction of spin 1-particleswith awesak field is properly described by the
Corben-Schwinger equation. We analyzed the possibilities for experimentally testing theoretical conclusions
by observing spin oscillations for the planar channeling of particles or nuclei in straight crystals. By carrying
out such experiments, we can al so detect the spin oscillations produced by electromagnetic interaction and mea-
sure the quadrupole moments of short-lived nuclei. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The Good—Nyborg (GN) equation [1, 2] has long
been used to describe the spin motion in a nonuniform
electromagnetic field. It was derived in terms of classi-
cal electrodynamics and is consistent with more recent
classical and semiclassical studies (see[3, 4] and refer-
ences therein). The GN equation and the method used
for its derivation served as the basis for deducing the
equation of spin motion with radiation [5].

The guantum-mechanical equation of spin motion
for spin-1/2 particles in a nonuniform electromagnetic
field [6-9] is an exact quantum-mechanical analog of
the Bargmann-Michel-Telegdi (BMT) equation [10].
A quantum-mechanical expression for the Lagrangian of
particles with arbitrary spin in an electromagnetic field
with terms quadratic in spin was derived in [11, 12]. As
was shown in [4], the equation of spin motion obtained
from this expression significantly differs from the GN
equation. Thisisthe strongest argument against the GN
equation.

The existence of two mutually exclusive equations
of spin motion needs to be independently verified, both
theoretically and experimentally. Particles and nuclel
with spin 1 are the most convenient objects for such
verification. The relativistic wave equations for such
particles are dlightly simpler than, for example, those
for spin-3/2 particles. The Foldy—Wouthuysen (FW)
transformation [ 13] can be used to rigorously derivethe
eguation of spin motion. Using this transformation, we
can obtain the Hamiltonian for relativistic particles in
an externa field. The commutator of the Hamiltonian
with the polarization operator, which is simply
expressed in terms of the spin operator Sin FW repre-
sentation [4], iscal culated to obtain the equation of spin
motion. In the linear (in spin) approximation, an
expression for the Hamiltonian was derived in thisway

previoudy [4]. To determine the Hamiltonian with terms
quadratic in spin, we use the method suggested in [4].

The possibility of experimentally detecting the
polarization evolution due to the quadratic termsin the
equation of spin motion is associated with the use of
spin oscillations. The latter phenomenon, which exists
for particles with a spin of S> 1, was predicted and
described in [14-16]. It consists in periodic polariza-
tion variations of a particle beam in a materia and, in
the case under consideration, is attributable to the
dependence of particle energy on the square of one or
two projections of the spin operator. Spin oscillations
can be used to measure the quadrupole moments, which
is particularly relevant to particles (and nuclei) with
short lifetimes, e.g., Q- hyperons [14-16]. This phe-
nomenon is the result of not only electromagnetic but
also strong interaction [17-21]. Because of strong
interaction, spin oscillations take place even for anon-
polarized target.

Here, we suggest using the phenomenon of spin
oscillations to experimentally detect the polarization
evolution due to the quadratic terms in the equation of
particle spin motion in an electromagnetic field. This,
inturn, allows the equations of spin motion to be exper-
imentally verified.

We usetherdlativistic system of unitswith4 =c= 1.

2. THE HAMILTONIAN FOR SPIN-1 PARTICLES
IN A NONUNIFORM ELECTROMAGNETIC
FIELD

Here, asin [4], we determined the Hamiltonian for
spin-1 relativistic particles in a nonuniform electro-
magnetic field by using the generalized Sakata—Taket-
ani equation deduced in [22] for particles with an
anomalous magnetic moment. The basic equation inits
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derivation was the first-order Proca equation with an
anomalous magnetic moment (the Corben—Schwinger
equation [23]). The extra terms describing the quadru-
pole moment unrelated to the particle magnetic
moment introduced in [22] were disregarded in our cal-
culations. Cumbersome calculations are required to
determine the terms of the second order in spin propor-
tiona to the derivatives of the field strengths. There-
fore, we took into account only the termslinear in field
potentials, strengths, and their derivatives. Since elec-
tric field plays a more significant role than magnetic
field during the motion of particlesin crystals, theterms
with the derivatives of al orders of the magnetic field
strength and with the derivatives of the second or higher
orders of the electric field strength were disregarded.
We considered a stationary field.

In this approximation, the basic generalized Sakata—
Taketani equation for the Hamiltonian is (see[22])
H = ed +p;m+ ipZ%(S D)’

: 1
~(ps +ip;)5-(D° + eSH)

_(p3_|pz) (SEH)——(1+p1) D
x [(SCE)(SD)—-iSE x D] —E [D]
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K =const, D= 0-ieA;

@, A and E, H are the potentials and strengths of the
electric and magnetic fields, respectively. The wave
eigenfunction of the operator # is the 6-component

00
bispinor ¥ = E‘PE, and p; (i = 1, 2, 3) are the Pauli
X

matrices acting on the upper and lower spinors.

As in [4], the operator # was reduced to a form
diagonal in the two spinors using the FW transforma-
tion. The diagonalized Hamiltonian (the Hamiltonian
in FW representation), which describes the interaction
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of relativistic particleswith an external field, isgiven by

It = pse'+e¢0+§n
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€ = A/m2+7t2,
where{..., ...}, isthe anticommutator and
n=—D =-ild-eA

is the kinetic momentum operator.

We can introduce the g factor to describe the anom-
alous magnetic moment. In this case, g = k + 1 and the
Hamiltonian takes the form

m 1l

D[g—2+ 1
€ + nmle"’
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It can be shown that in the absence of external field, the
lower spinor in the FW representation becomes zero.
For particles in an external field, the ratio of the lower
and upper spinors, in order of magnitude, does not
exceed |W,,[/E, where W, is the particle—field interac-
tion energy and E is the total particle energy. Thus,

xx [Wmu

2m

(n () (x LE).

Therefore, the contribution of the lower spinor isnegli-
gible and only the upper spinor is used in the quasi-
classical description [4]. It thusfollowsthat the expres-
sion for the Hamiltonian #" closely correspondsto the
formula for the Lagrangian of particles with arbitrary
spin derived in [11, 12]. Note the presence of terms
with the derivatives of E that do not contain the opera-
tor Sin expressions (2) and (3). These terms were not
calculated in[11, 12]. In the nonrel ativistic approxima-
tion, formulas (2) and (3) agree with the expression for
the Hamiltonian deduced in [22].

Thus, the validity of the results obtained in [11, 12]
was confirmed for terms linear and quadratic in spin. It
was simultaneously confirmed that the Proca equation
and the equivalent equations properly describe, at least,
the weak-field effects.

3. PARTICLE SPIN ROTATION
AND OSCILLATIONS IN STRAIGHT CRYSTALS

L et us describe the spin motion and the accompany-
ing particle spin oscillations in straight crystals more
accurately than in [4]. First, we give the general equa-
tion of spin motion [4] derived by using the Lagrangian
foundin[11, 12]:

dS gy

DdtDBMT HjSD @

Catl)’
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where Q is the quadrupole moment and y = €/m s the
Lorentz factor. The quantities (dS/dt)gyr and (dS/dt),
characterize the spin motion determined by the terms
linear [the BMT equation (5)] and quadratic [Eq. (6)] in
spin.
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This equation does not agree with the GN eguation,
inwhich theterms quadratic in spin for the designations
used in this study are!

2
ga_?i _ ﬁgsmwyﬁ(swxv an) s
XBSX E]—ﬁ[SXV](VDE)+[SX[VXB]]E
()
€g _Y
2y+1[S><[v><D]]

xD ' " O
%(S EB)—V+ 1(SD/)(V B)+(SOE x V] )H

When particles move in straight crystals, B = 0 and
the mean magnitude of the vector E isalso zero. There-
fore, in this case, the spin motion is determined pre-
cisely by the terms quadratic in spin. Of course, the
interactions of particles and nuclel with material nuclei
also contribute to the spin motion [17-20]. Therefore, it
is most convenient to study the effects attributable only
to electromagnetic interaction under planar channeling
conditions. In this case, positively charged particles
(nuclei) move in the gaps between the planes and the
strong interaction with material nuclei is less pro-
nounced. The regime of axial channeling of positively
charged particlesis much less stable.

According to the results obtained in [11, 12] and in
this study, the spin-dependent part of the crystal parti-
cle—field interaction energy is defined by the operator

_ Q
w= T45(25-1)

1
%m—y(w 1)(5 Ot) (m ),

(8)

e

T S s s mworsy

-1+

In [4], Egs. (4)—(6) were used to estimate only the
spin rotation angle. The results obtained in [14—-16] can
be used to accurately describe the spin motion and
oscillations.

{SE[RXD] S=xE]} ..

Let the x axis be perpendicular to the system of
planes and the z axis be along the beam motion. In this
case, they axisis collinear with the vector [r x E]. For
astationary field, E = —[® . For planar channeling, the

LIn the equation obtained in [1], the terms dependent on the qua-
drupole moment do not correspond to Eq. (6) either.
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following condition is amost always satisfied for the

means,
2 2
(2—9-2) =0, (-3—923 =0,
oy 07

except for the case where the direction of particle
motion simultaneously coincides with the direction of
one of the crystal axes. Under these conditions, the
expression for the operator W takes the form

_ R
w= 25(2S— 1)§_2

9
%_ 6 (D
ot V \/+1D

The GN equation (7) leadsto similar spin oscillation
effects, but the form of the second term in (9) dightly
changes. The corresponding expression for the operator
W can be derived by comparing the equations of spin
motions (6) and (7). It differs by the numerical coeffi-
cient and is abtained from (9) by the substitution

In[14, 15], the beam interaction attributable only to
the term in operator (9) proportional to Q was consid-
ered. However, the problem in [14, 15] was solved in a
general form for nonzero 9°®/dx? and 9?®/dy?. There-
fore, the evolution of the beam polarization can be
described by the formulas in [14, 15] with the substi-

Q oo 1 po'e

tution
_Q o0 1v 1%_
S(2S-1) oy Y+ ia

The polarization of partlclawnh S= lischaracter-
ized by the mean spin [SJand the quadrupolarization
[Q;; [for [5; - 25(S+ 1)&;;/3], where Q;; is the quadru-
pole moment operator:

3Q
Q) = s5pep)| Si—5S+ 3

S; = SS+SS.

The evolution of the operators § and §; for S=1
particlesis described by the equations [14, 15]

S(t) = S(0)cosw,t + §(0)sinw,t,
S(t) = §/(0)cosw;t —S,(0)sinw,t,
S[t) = S[0)cos(w; —wy)t + S (0) sin(w; —wy)t,
Su() = Su(0), S,(0) = S,(0),
S,(t) = S(0),
S,(t) = S(0)cos(w; —w,)t —S(0)sin(w; —w,)t,

(10)
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S.t) = S,(0) coseyt —S(0)Snw,t,

Su(t) = Su(0)cosw,t + S(0)sinwt,
where

1 1 o°® )
- __ey- 0
= -1+ ——.
2m* Y % y+ gy
The expression for w, that follows from the GN
equation can be obtained from (11) by the substitution
19
g-1+ 7+1 — 5
Below, we give the formulas for the mean spin and
quadrupolarization derived in [14, 15] for the special
case where the incident beam is completely polarized
along one of the Cartesian axes. For initia polarization

(i) dong the x axis,
(B0 = cosw,t, Q1= —ngincozt; (12)

(i) ong they axis,

(B0 = cosw,t, [Q,0= ngi now;t; (13)
(iii) dong the z axis,
(B,(1)0 = cos(w; —w,)t,
(14)

Q1= —SQsin(w; -,

The quantities [(0and [@Q;; LIwhich are not given in
formulas (12)—<14), are equa to zero. In those cases
where the initia beam polarization is not parallel to any
of the Cartesian axes, spin rotation takes place [14, 15]. If
the initial beam polarization makes an angle ¢(0) with
the x axis, then the time dependence of the angle
between the polarization vector (mean spin) and the x
axis s defined by the formula?

@(t) = arctan(tan@(0) cosw,t). (15)

In this case, the beam polarization vector [$(t)dies
in the plane of the vectors e, and [$(0)[] Measurement
of the spin rotation angle can also be used to verify the-
oretical conclusions.

Note the nontriviality of the fact that the relativistic
formula(9) isalmost identical (except for the small sec-
ond term) to the relativistic expression used previoudly,
including [14-16]. The complete expression for the
interaction operator (8) contains extra terms quadratic
in spin, which are generally of the same order of mag-
nitude. However, in our case, they may be ignored,

2 In this case, w, can be disregarded.
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because the products (x - (1) and (= - E) are small due
to therelative smallness of the energy of transverse par-
ticle motion. Consequently, the experimental confirma-
tion of formula (9) would not be a trivia result and
would be further evidence for the Pomeransky—
Khriplovich-Sen’kov theory.

4. DISCUSSION

Let us assess the possibilities for experimentally
verifying the results[11, 12] by observing spin oscilla-
tions. For the planar channeling of particles (nuclei) in
straight crystals, the spin oscillations are determined by
the two termsin (9) with different orders of magnitude.
The first term is much larger and is attributable to the
guadrupole interaction of particles (including relativis-
tic ones) with an electrostatic field.

Asfollowsfrom formulas (12)—(14), when the beam
is polarized along the y and z axes, the change in mean
spin is given by

ASO= cosw,;t—1 = — > (16)

i=vyz

For nuclei with a quadrupole moment on the order of
10-2% cn? or larger at v/c ~ 10 in a 2-cm-long tung-
sten crystal, the change in mean spin is on the order of
unity. Consequently, the spin oscillations can be
observed in this case. As was pointed out in [14-16],
the effect under consideration can be used to measure
the quadrupole moments of short-lived particles and
nuclei. In particular, the quadrupole moment of the Q-
hyperon can be measured in thisway. The difficultiesin
carrying out this experiment stem from the necessity of
producing a hyperon beam of sufficient intensity and
from negative particle charge, which hinders stable pla-
nar channeling. Therefore, Baryshevsky and Shecht-
man [16] suggested using the axia channeling of Q-
hyperons. Nevertheless, the real possibility of observ-
ing the spin oscillations of these particles seems to be
determined by their strong interaction with material
nuclei [18-21].

The fact that the nuclear charge is positive and the
nuclear beams can have significant intensity favors the
determination of the quadrupole moments for short-
lived nuclei. It is aso crucialy important that the qua-
drupole moments of short-lived nuclei, particularly
those with large spin, are generally large.

If the quadrupole moments of nuclel are much
smaller than 10-%*e cm?, then w,t < 1 and, according to
formula (16), the change in mean spin has the second
order of smallnessin w;t. In this case, abeam with suf-
ficiently large initial quadrupolarization can be used to
measure the quadrupole moments [16]. Aswe see from
formulas (10), the change in mean spin in this case has
thefirst order of smallnessin wyt. Significant quadrupo-
larization always takes place for linearly polarized
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beams. In particular, a beam linearly polarized at an
angle of 45° to they and zaxesis characterized by large
quadrupolarization, [5,0= 0.5. However, a beam can
have large quadrupolarization even at [S[= 0 [16]. A
beam with initial quadrupolarization can also be used to
detect and study spin oscillationsin an electromagnetic
field and, in particular, to verify the inverse proportion-
ality of wyt to the beam velocity v (ot = wyl/v O v,
| isthe crystal length) given by the theory.

For nuclei with a large charge, the probability of
electron capture during channeling is high. This cir-
cumstance affects the motion of nuclei and the dynam-
ics of their polarization. Therefore, when studying the
spin oscillations in an electromagnetic field, a higher
accuracy is achieved by using nuclel with a small
charge.

Note that for nuclei with spin S> 1, the expressions
for wy; and w, differ from (11) by a constant factor. In
addition, the polarization dynamicsfor such nuclei also
depends on the tensor §SS..

Under actual conditions, 3°®/0x? is not constant and
depends on the x coordinate. However, since the parti-
cle oscillation frequency along the x axis is much
higher than the spin oscillation frequency, the above
formulas can be used for amore accurate description by
substituting in the quantity [@2d/dx?[averaged over the
particle trajectory. In this case, [@%d/dx?Cand w, will
dlightly differ for different particles. As a result, the
oscillation phases for the particles that passed the crys-
tal will also dightly differ. The differencein the particle
velocities along the z axis leads to an additional phase
shift of the oscillations. The beam depolarization dueto
multiple scattering should also be taken into account
[16, 24]. It causes a gradual damping of the spin oscil-
lations via decrease in their amplitude.

The spin oscillations attributable to the second
termsin (8) and (9) take placefor theinitial beam polar-
ization along the x axis. Since w, is inversely propor-
tional to the square of the mass, only a deuteron beam
with significant initial quadrupolarization (tens of per-
cent) can be used to study them. However, the oscilla-
tions are very small in this case as well. For deuterons
in a 2-cm-long tungsten crystal, the change in mean
spin is on the order of 1076 rad. Only the unique capa-
bilities of deuteron polarimeters [25] give hope that
such a small change in spin will be detected. In this
case, large statistics should be accumulated. However,
this problem can hardly be solved at present.

As was noted above, the spin oscillations attribut-
able to strong interaction and existing even when the
material is not polarized take place for beams of parti-
clesand nuclei inthe material [17-19]. In this case, the
spin oscillations are associated with the presence of a
term proportional to (S - n)?, where n is the unit vector
along the beam motion, in the zero-angle forward scat-
tering amplitude. The estimates obtained in [19, 20]
indicate that such oscillations can be observed experi-
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mentally. The spin-dependent part of the forward scat-
tering amplitude, which can be determined using the
phenomenon of spin oscillations, contains important
information on the nucleon—nucleon interaction at
small distances.

The effective particle (nucleus)—material interaction
energy corresponds to the zero-angle forward scatter-
ing amplitude [20]. If thenuclei that movein theregime
of planar channeling have a sufficiently high energy of
transverse motion, then they can be scattered by mate-
rial nuclei in both the subbarrier and suprabarrier inter-
actions. This depends on the relation between the
energy of transverse motion of the nuclei and the height
of the potential barrier, which is equal to the maximum
potential of the planes. In both cases, allowing for the
strong interaction modifies formula (9) (the second

term proportional to 5‘3/ isdisregarded here) asfollows:

Q 00 _
ES—(—Z—é——_l_)iE;?Jrki k = const. (17)

It follows from (17) that the spin oscillations are
described by formulas similar to (10) when the strong
interaction is taken into account. Separating out the
contribution given by the first term in (17) to the spin
oscillations allows us to experimentally detect the spin
oscillations attributable only to electromagnetic inter-
action and to measure the quadrupole moments of
nuclei. For this purpose, the incident beam should
either be polarized along the z axis (i.e.,, aong the
motion) or have quadrupolarization along the x and y
axes. In particular, for spin-1 nuclei, the evolution of
the beam polarization in this case is described by the
equations

S(t) = S(0)cosw;t + S (0)sinawxt,
Sy(t) = S(0)cosw,t—S/(0)sinwt,
where w, is given by formula (11).

The dependence of the interaction energy or the
zero-angle particle scattering amplitude on the square
of the spin projection leads to a similar dependence for
the refractive index of de Broglie waves [18-20]. Asa
result, the refractive index depends on the magnitude of
the spin projection, which determines the birefringence
and dichroism of particle beamsin material [18-20].

W =

5. CONCLUSIONS

Thus, we have theoretically verified the equations of
spin motion for charged particlesin anonuniform elec-
tromagnetic field and analyzed the possibilities for
experimentally verifying these equations.

The quantum-mechanical equation of spin motion
obtained from the Lagrangian derived in [11, 12] does
not agree with the earlier universally accepted Good—
Nyborg equation [1, 2] deduced in terms of classical
electrodynamics. By reducing the Hamiltonian that
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describes the interaction of spin-1 particles with an
electromagnetic field to the diagonal (in two spinors)
form that characterizes the Foldy—Wouthuysen repre-
sentation, we completely confirmed the formulas
derived in [11, 12]. We determined the diagonalized
Hamiltonian by taking into account the terms linear in
E, H, and 0E;/0x;. The derived expressions are cumber-
some. Therefore, their correspondence to the results
obtained in [11, 12] removes all doubts on the validity
of the Pomeransky—Khriplovich-Sen'kov theory,
athough neither the terms proportional to dH;/0x; nor the
additional quadrupole interaction introduced in [22]
were taken into account when deducing Hamiltonian (3).
Concurrently, we proved the properness of the descrip-
tion of the weak-field effects by the Corben—Schwinger
equation [23] (the Proca equation with an anomalous
magnetic moment), which had been repeatedly ques-
tioned. Notethat, in contrast to [11, 12], when calcul at-
ing the Hamiltonian, we al so took into account the spin-
independent terms proportional to OE/0x, which
allows the contact interaction to be described.

Our analysis of the possibilities for experimentally
verifying theoretical conclusions indicates that such
verification can be made for the quadratic (in spin)
interaction attributable to the quadrupole moments of
nuclei. This interaction produces spin oscillations and
rotation for planar channeling in straight crystals. Car-
rying out such experiments also makes it possible to
detect and experimentally study the spin oscillations
attributable to electromagnetic interaction. The effects
of spin oscillations and rotation for planar channeling
in straight crystals can also be used to determine the
guadrupole moments of short-lived nuclei.

There are also spin oscillations attributable to the
guadratic (in spin) interaction unrelated to the quadru-
pole moments [the second term in Eq. (9)]. The fre-
guencies of these oscillations differ in the quantum-
mechanical Pomeransky—K hriplovich—-Sen’kov theory
and the classical Good—Nyborg theory. However, the
beam polarization variation caused by these oscilla-
tionsis small and can hardly be observed at present.
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Abstract—Identification of flavored multiskyrmionswith the ground states of known hypernuclei is successful

for several of them, e.g., for the isodoublet ,fH —,‘\'He and isoscalars ,‘i’He and ,ZLi . In other cases, agreement

is not so good, but as the baryon number increases, the behavior of the binding energy qualitatively agreeswith
the data. Charmed or beautiful hypernuclei are predicted within this approach to be bound more strongly than
strange hypernuclei. This conclusion is stable with respect to a certain variation of poorly known heavy flavor
decay constants. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

One of the actual questions of nuclear and elemen-
tary particle physicsisthe possibility of the existence of
nuclear matter fragments with unusual properties, e.g.,
with flavor being different from that of u and d quarks.
This issue can have interesting consegquences in astro-
physics and cosmology. The stellar objects RXJ1856
and 3C58, recently observed at Chandra X -ray observa-
tory, can be interpreted precisely as strange quark mat-
ter stars. Experimental and theoretical studies of such
nuclear fragments were first performed for strangeness
(see, e.g., [1, 2] and references therein) and to some
extent, also for charm and beauty gquantum numbers
[3-6]. Theoretica approaches vary from standard
nuclear potential models to topologica soliton models
(the Skyrme model and its extensions). In the latter
case, extension of the origina SU(2) model to the
SU(3) configuration space is necessary. It is known that
several different loca minima in the configuration
space occur in SU(3) extensions of the model [7].
Quantization of configurations near each of these min-
ima is possible, leading to the prediction of the spec-
trum of quantum states with different flavor quantum
numbers. Here, the quanti zation of SU(2) bound skyrmi-
ons embedded in SU(3) is considered following [8-10].
The physical interpretation of such quantum states
seems to be simplest in comparison with the others
because the lowest energy states can be identified with
the usua nuclei. In this way, we previously derived a
certain spectrum of “flavored multiskyrmions’ regard-
less of their interpretation [10]. Here, we make an
attempt to identify some of these states with the known
hypernuclei.

The chiral soliton models provide a picture of bary-
onic systems outside, at sufficiently large distances,
based on severa fundamental principles and ingredi-

TThis article was submitted by the author in English.

ents incorporated in the model Lagrangian. The details
of baryon-baryon interactions do not enter the calcula-
tions explicitly, athough they certainly affect the
results implicitly, via some integral characteristics of
baryon systems, such as their masses, moments of iner-
tia(®r and O below), Z-term (I"), etc. The SU(2) ratio-
nal map ansatz [11], which well approximates the
results of numerical calculations [12], was used as the
starting point for the evaluation of static properties of
bound states of skyrmions necessary for their quantiza-
tion in the SU(3) configuration space. The knowledge of
the“flavor” moment of inertiaand the Z term then allows
estimation of the flavor excitation energies [8, 10]. The
masses of the lowest states with strangeness, charm, or
beauty are calculated within the rigid oscillator version
of the bound state approach, and the binding energies of
baryonic systems with different flavors, s, ¢, or b, are
estimated.

Within the rational map approximation, at suffi-
ciently large B, the chiral field configuration has the
form of a“bubble” with universal properties of the shell
where the mass and baryon number of the baryon sys-
tems are concentrated. The width of the shell and its
average mass density are independent of the baryon
number [13]. This picture can be acceptable for not
large B (where B = A is the atomic number of the
nucleus), e.g., up to B ~ 16, and therefore, we discuss
here hypernuclei not heavier than hyperoxygen.

2. LAGRANGIAN AND MASS FORMULA

The Lagrangian of the Skyrme model, which in its
well-known form depends on the meson decay con-
stants F,; and Fp, the Skyrme constant e, etc., has been
presented previoudly [9, 10], and we give here its den-
sity for completeness,

P = §£(2)+$(4)+$(6)+§£53, 1)
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which involvestheterm of the second order in the chira
derivative

F2
TST”“'“’

the antisymmetric fourth-order, or Skyrme, term

A
4 _ 1 2
ANEE ——-e—zTr[I“IV] ,

the sixth-order term

PO = ceTr([I L L),
and the symmetry (chiral and flavor) breaking terms

SB F m T
£ 16 —TTr(U +U"-2)
F2m2 mn
+ -2 D24 Fr Tr-Brg)(U+UT=2) (2
F3—F2
+%‘Tr(l—¢§)\8)(UIu +1,10U").

Here,
l, = 9,UUr

is the left chiral derivative of the unitary matrix U O
SU(3). The sixth-order term £©, which can also be
presented as the baryon (topological) number density
squared, was not included in the original Skyrme
model, and we omit it here as well. Recent calculations
of flavor excitation energies performed by Shunderyuk
provide results that are close to those obtained in [10]
and in the present paper. The Wess—Zumino term in the
action, which can be written as a five-dimensional dif-
ferential form, plays a very important role in the quan-
tization procedure, but it does not contribute to most of
the static properties of skyrmions (see, e.g., [8, 10]).

The physical values of these constants are as fol-
lows: F, =186 MeV; eis close to e = 4; and we here
take the value e = 4.12 [14]. The chird symmetry
breaking part of the Lagrangian depends on meson
masses, the pion mass m;, and the mass of the K, D, or
B meson, which we call my. The flavor-symmetry-
breaking part of the Lagrangian is of the usual form and
is sufficient to describe the mass splittings of the octet
and decupl et of baryons[14] within the collective-coor-
dinate-quantization approach with configuration mix-
ing. It isimportant that the flavor decay constant (pseu-
doscalar decay constant Fy, Fp, or Fg) isdifferent from
the pion decay constant F,,. Experimentaly, F//F, =

1.22 and Fp/F, = 2.28"77 [15]. The B-meson decay

constant has not been measured yet. In view of this
uncertainty, we take two values of r, = Fp/F, for our
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estimates, r, = 1.5 and 2, and similarly for r, = Fg/F,,
also following theoretical estimates[16].

We begin our calculations with a unitary matrix of
chira fields U [0 SU(2), as mentioned above. In the
most general case, the classical mass of SU(2) solitons
and other static characteristics necessary for our pur-
poses depend on three profile functions, f, a, and 3. The
general parameterization of U, for an SU(2) soliton that
we use hereis given by

Ug = c;+s;t[h
with

nz = CG’ n)( = SqCBl

n, = s,8, S = sinf, c¢; = cosf, etc.

For the rational map ansatz, f = f(r) and the profile
therefore depends on one variable only; the compo-
nents of vector n are some rational functions of two
angular variables that define the direction of the radius

vector r [11].

The quantization of solitonsin the SU(3) configura-
tion space was performed in the spirit of the bound state
approach to the description of strangeness, proposed
in[17] and used in [18, 19]. We here use a somewhat
simplified and very transparent variant, the so-called
rigid oscillator version proposed in [8]. The details of
the quantization procedure can be found in [8-10], and
we do not reproduce them here. We only note that the
(u, d, ¢) and (u, d, b) SU(3) groups are quite similar to
the (u, d, s) one; a simple redefinition of hypercharge
must be made for the (u, d, ) group.

The following mass formula has been obtained for
the masses of states with definite quantum numbers: the
baryon (topological) number B, flavor F (strangeness,
charm, or beauty), isospin |, and angular momentum J
[8,10],

E(B F,1,J) = Mg g +|Flwe g

[CF gl(T +1)+(1—ceg)l(l +1)

2@ 3

J(J+1)

+(Crp—Crp)le(le+1)] + 50
3B

where wr g Or @ g are the frequencies of flavor (anti-
flavor) excitations,

_ NB(es—1) . _ NB(egt+1)
wF,B - SOF’B ’ F,B — 8GF,B ’ (4)
with
2 2 2\~ (Y2
_ 160 g(Mpl g+ (Fp —F)Is)
Hes = |1+ 2 ,
(N:B)

where N, is the number of colors of the underlying
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Fig. 1. (a) Thelocation of the isoscalar state with odd B and
|F|=1inthe upper part of the (I3, Y) diagram; (b) the same
for isodoublet stateswith even B. The case of light hypernu-
clei \H and pHeis considered as an example.

QCD (N.=3in all numerical estimates) and

2 2

2 _ Fpmp 2

mD - 2 - g
Fr

The terms +N_B/8Ok ; in (4) arise from the Wess-
Zumino term in the action, which does not contribute to
the masses and momenta of inertia of skyrmions[17, 8].
In terms of the quark models, the difference

W-w= NGB
40

is the energy necessary for the production of an addi-
tional qq pair. The hyperfine structure constants ci g
and Cr g aregiven by [8]

_ O (Mg g —1)
Cre = 1= 20 gHe g 5
_ _ O g(Ur g —1)
CF’ B - 1 - ———_—_2-_-
Of s(Mr, 8)

Evidently, ¢ — 1 as 4 — . Contributions on the

order of /@ ~ N;* that depend originally on angular

velocities of rotations in the isospace and the usual
space aretaken into account in (3). This expression was
obtained by quantizing the oscillator-type Hamiltonian
describing the motion of the SU(2) skyrmion in the
U(3) coallective coordinate space. The classical mass

My ~ N, and the energies wx ~ N = 1. The motion
along the flavor direction s, ¢, or b is described by the

amplitudeD [8, 10], whichissmall for the lowest quan-
tum states (lowest |F|),

D O[16T O¢ M3 + N2B% *(2|F| + 1)*2

The amplitude D therefore decreases as 1/,/mp with
increasing mass my and with increasing number of col-
ors N, and the method works for any value of my, as
well asfor charm and beauty quantum numbers.
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In (3), | isthe isospin of the multiplet with a flavor
of F, and T, = p/2 is the so-called “right” isospin, the
isospin of the nonflavored component of the SU(3) mul-
tiplet under consideration, with (p, ) being the num-
bers of the upper and lower indices in the spinor that
describesit. |- istheisospin carried by flavored mesons
that are bound by the SU(2) skyrmion,

| =T, +1

Evidently, | < |F|/2. The states predicted in the rigid
oscillator model do not correspond to definite SU(3) or
U(4) representations. How they can be ascribed to
them was shown in [8, 10]. For example, the state with
B=1, |F|=1, and | =0 must belong to the octet of the
(u,d, s)or (u, d,c) U(3) group if N. = 3. Here, we con-
sider quantized states of the baryon system that belong
to the lowest possible SU(3) irreps (p, g), p + 29 = 3B,

p=0, q=3B/2 foreven B
and

p=1 g=(3B-1)/2 for odd B.

These are 35, 80, and 143-plets for B =3, 5, and 7,

28, 55, and 91 -pletsfor B = 4, 6, and 8, etc. For even
B, T, =0, and for odd B, T, = 1/2 for the lowest SU(3)
irreps (see Fig. 1).

The flavor moment of inertia that enters the above
formulas [8, 10, 17] for arbitrary SU(2) skyrmions is
given by [10]

O = éj(l—cf)

®)

% OF2 + L[(af)? + (an) 40,
| e [l

where
(@n)? = (da)’ +s;(IP)°.

It is simply related to G(FO) for the flavor symmetric
case,

O = 09+ (F3IF2-1)r/4,

with I defined in (7) below. The flavor inertiaincreases
with B amost proportionally to B. The isotopic
moments of inertia are the diagonal components of the
corresponding tensor of inertia; in our case, this tensor
of inertiais close to the unit matrix multiplied by ©5.

No. 5 2003



HYPERNUCLEI AS CHIRAL SOLITONS

The quantities I' (or the Z-term), which define the
contribution of the mass term to the classical mass of

solitons, and [ in g, g are given by

Fr :
M= —=[(1-cy)dT,
-1 e )
M= Z[el@n) +si(an)7 d’r.

For the rational map ansatz, formulas (6) and (7) can
be dightly modified [10], but they already look suffi-
ciently simple in such a general form. The masses of
solitons were calculated in [12] and [10], the moments

of inertial” and I were calculated in [10] for severa

values of B, and the missing quantities are calculated
here.

The contribution to Y g proportional to Mg is sup-
pressed in comparison with the term on the order of I
by the small factor on the order of F2/m5 , and is more
important for strangeness.

3. STRANGE
AND BEAUTIFUL HYPERNUCLEI

It is convenient to calculate the energy difference
between the state with aflavor F belonging to the (p, Q)
irrep and the ground state with F = 0 and the same B, J,

and (p, g) [10],

Meg—1
AEg = |Flwe g+ ——[I(1 +1)-T(T, +1
wr = Fle, o+ ZHEES 10+ ) =T )](8)
+(UF,B_3-)(HF,B_2)IF(|F+1).
AUg 5Ok 5

In deriving (3) and (8), the so-called “interference”
moment of inertia was used, whose contribution to the
Lagrangian is proportional to the product of angular
rotation velocities in the isotopic and ordinary 3D
spaces. This moment of inertia is negligible compared
with the isotopic and orbital tensors of inertia [20] for
all multiskyrmions except those with B = 1, 2. We also
note that (8) isindependent of ©; and depends only on
©r when the formulas for hyperfine splitting constants
are used.

For the state with theisospin | = 0 and the unit flavor
number |F| = 1, the binding energy difference in com-
parison with the ground state of the nucleus with the
sameB, (p, g), and |F|=0is

3(Me,1—1) + 3(He1—1)
8U|2:, 10F 1 8“—12:, 8O 8

Such states can exist for odd B, with I =T, = 1/2 (see
Fig. 1a). For antiflavor excitations, we have similar for-
mulas with the substitution i — —.

Aegp = Wg 1 —Weg—

(9)
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For states with the maximal isospin

F
| = Tﬁ%,

the energy difference can be smplified to [10]
AEg e = |F|

Mes—1  (IFl+2)(Hes=1)°] (10)
"Ar 5Ok g 8O p,Z:’ B .

X Q)F‘B+T

The case of isodoublets, even B, is described by (8)
with T, = 0 (see Table 2 and Fig. 1b). It follows
from (10) that when anucleon isreplaced by aflavored
hyperon in a baryon system, the binding energy of the
system with |F| = 1 and T, = 0 changes by

_ 3(Me,1—1) _ 3(He B~ 1)2
8U-r2:,1@F,1 8|~ll2:,BOF,B

Aeg F = Wr 1~ Wk g (1Y)

For strangeness, Eq. (11) is negative, indicating that
stranglets should have binding energies smaller than
those of nuclei with the same B.

To obtain the values of the total binding energy of
hypernuclel shown in the tables, we add the calculated
difference of binding energies given by (9) or (11) to
the known binding energy value of the usua (u, d)
nucleus. For example, for B = 3, it is the average of
binding energies of *H and *He; for B = 4 it isthe bind-
ing energy of “He (5.3 MeV = (28.3-23) MeV); etc.
(seeFig. 1). Special care should be taken about the spin

of the nucleus. For SH and ®H, xHe and “He, SLi and

6Li, 1,?0 and 3C, and in several other cases, the spins of
the ground states of the hypernucleus and the nucleus

coincide. For He (J = 1/2) and He (J = 3/2), ~Be

(J=1/2) and*Be (J = 3/2), *C (J=1) and 1°C (J = 0),
and in some other cases, the difference in the rotation
energies,

_J+1)
E, = 20,
must be taken into account. For example, this differ-
ence decreases the theoretical value of the binding

energy for ,ZLi by about 7 MeV, and we have 29 MeV
instead of 36 MeV. In cases where the spin of the hyper-
nucleus is not known, this correction was not included
inTables 1 and 2. Beginning with B ~ 10, the correction
to the energy of quantized states due to nonzero angular
momentum is small and decreases with increasing B
because the corresponding moment of inertiaincreases
proportionally to B?.
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Table 1. Collective motion contributionsto the binding energies of isoscalar hypernuclei with the unit flavor, strangeness, or
beauty, S=-1orb=-1,in MeV

AA W Aeg et:t etexmp’ s w[)b =15 Qe eg)t (,o:;’ =2 JAYR ELOt
1 306 - - - 4501 - - 4805 - -
AH 289 -3 5 235 | 4424 75 83 4751 53 61
~He 287 -6 33 3.4 | 4422 76 103 4749 54 81
AL 282 -3 29 37.6 | 4429 81 119 4744 59 97
“Be 291 13 40 632 | 4459 40 97 4773 31 88
B 294 -16 59 - 4478 21 9% 4786 18 93
Bc 295 -18 78 | 104 4488 10 106 4793 11 107
N 300 -23 91 | 118 4515 | -17 97 4810 -7 108

Note: ws and wy, are the strangeness and beauty excitation energies, Aeg 1, (in MeV) are the changes of binding energies of the lowest
baryon system with flavor sor b, |F| = 1, in comparison with the usual (u, d) nuclei with the same B. € is the total binding energy
of the hypernucleus. Experimental values e;xmp aretakenfrom[1, 2]. The energieswfor B = 1 are given for comparison. For beauty,

thefirst three columns correspond to ry, = Fg/F;; = 1.5, and the | ast three ones, tor, = 2.

Table 2. The binding energies of isodoublets of hypernuclei with the unit flavor, S=-1orb=-1, in MeV

AA W Deg et etexmp W’ 1o Dey, e W’ 2 Dey, e
MH-tHe | 283 | 23 | 53 [105210.11| 4402 71 99 | 4735 52 80
SHe—oLi | 287 | -22 | 103 |3L7;308 | 4430 52 84 | 4752 40 72
i-PBe | 288 | 20 | 365 [46.05444 | 4443 43 99 | 4765 33 89
YBe-08 | 202 | 23 | 42 67.3,65.4 | 4465 24 89 | 4778 20 85
“g_c 204 | 24 | 67 87.6,84.2 | 4481 10 102 4788 11 103
Ue-MN 299 | 28 | 77 |109.3;106.3| 4506 | -14 91 | 4805 5 100
“N-"*o | 301 | -30 | 97 - 4521 | 28 100 | 4815 | -14 114

Note: The rest of the notation and other details are asin Table 1.

Because O g increases with increasing B and Fp  in addition to the collective motion of abaryon system
(mp), this leads to an increase in binding with increas- N the SU(3) configuration space.
ing B and the mass of the flavor, in agreement with [9,
10]. For beauty (and charm, see below), Eg. (11) ispos-
itivefor 3<B<12. Asfollowsfrom Tables 1 and 2, our 4. CHARMED HYPERNUCLEI
method underestimates the binding energy of strange- In this section, binding energies of charmed hyper-
nessinnuclei beginningwithB=A~9. Thismeansthat  nuclei are presented for two values of the charm decay
other sources of binding should be taken into account, constant that correspond to the ratio r, = Fp/F; = 1.5
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Table 3. The binding energies of the charmed hypernuclei
(isoscalars) with unit charm, c =1, in MeV

787

Table 4. The binding energies of the charmed hypernuclei
(isodoublets), with unit charm, c =1, in MeV

=15
-SRI

tot r
R Aec € W

tot
c c Aec €

c

1 153 | - | -
H | 1504 | 27 | 35

1673 - -
1647 24 32

,E\’Li 1505 25 52 | 1646 25 52

1497 32 70 | 1641 30 68

B | 1518 | 11 | 68 | 1654 | 17 | 74

AC 1525 4 79 | 1658 13 87

1,?N 1529 0 96 | 1660 10 106

2O 1540 | -11 103 | 1668 3 117

Note: Ae. (inMeV) and €' arethe same asin Tables 1 and 2, for
the charm quantum number. The results are shown for two
values of the charm decay constant correspondingtor.=1.5

and 2. The chemical symbol is assigned to each nucleusin
accordance with itstotal electric charge.

and r; = 2. Although the measurement of this constant
has been performed in [15], its variation in some inter-
val seems to be reasonable in view of its big uncer-
tainty. As follows from Tables 3 and 4, the predicted
binding energies of charmed hypernuclei do not sub-
stantially differ for the valuesr, = 1.5 and r, = 2. This
difference increases with increasing atomic number.
For light hypernuclei, this difference is considerably
smaller than the difference between binding energies
forr,=15and r, = 2 (see Section 3).

For charmed nuclei, the repulsive Coulomb interac-
tion is greater than for ordinary nuclei with the same
atomic number. Moreover, because a charmed nucleus
has somewhat smaller dimensions than the ordinary
nuclei (an effect that has not been taken into account in
the present analysis), this repulsion can decrease the
binding energies for charm by several MeV. This does
not change our qualitative conclusions, however. For
B=A=5and 13, our results shown in Tables 3 and 4
agree, within 15-20 MeV, with the early result by
Dover and Kahana [4], where binding of the charm by
several nuclel was studied within the potential
approach. In general, we can speak about qualitative
agreement with the results of this approach for B ~
5-10 [5, 6] (the results of the potential approach have
been reviewed in [6]).

As in the case where B = 1, the absolute values of
masses of multiskyrmions are controlled by poorly
known loop corrections to the classic masses, or the
Casimir energy [21]. As was done for the B = 2 states,
the renormalization procedure is necessary to obtain

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

AA w(f:c =15 e, Etcot wzc =2 Ae, E:;m
MHe—nLi | 1493 | 12 | 40 | 1639 | 16 | 44
SLi—fBe | 1504 | 9| 41 |1646| 14 | 46
fBe-B | 1510 | 7| 63 |1648| 15 | 71
Y8 Yc | 1520 | 0| 65 |1655| 10 | 75
Zc 2\ | 1526 | -4 | 88 |1659| 7 | 99
MN-Mo | 1536 | <14 | 91 | 1666 | 1 | 106
¥o-"F | 1543 | 19 | 109 | 1670 | 2 | 126

Note: Therest of the notation and other details are asin Table 3.

physically reasonable values of the masses of muilti-
baryons. This generates an uncertainty of about a few
tens of MeV; because the binding energy of the deu-
teron is 30 MeV instead of the measured vaue
2.225 MeV, approximately 30 MeV characterizes the
uncertainty of our approach [10]. This uncertainty is
mainly canceled in the differences of binding energies
Ae shown in Tables 1-4.

5. CONCLUSIONS

The version of the bound state soliton model pro-
posed in [8] and modified in [9, 10] for the flavor-sym-
metry-breaking case (Fp > F,) alows calculation of the
binding energy differences of ground states of flavored
and unflavored nuclei. Combined with several phenom-
enological arguments, this model is very successful in

some cases of light hypernuclei, e.g., isoscalars ,fHe

and ,ZLi . In other cases, the accuracy of describing the

binding-energy isat alevel of 10-30 MeV, expected for
the entire method, which takes into account only the
collective motion of the baryonic systems. Thereisalso
a genera qualitative agreement with the data in the
behavior of binding energy with increasing atomic
number. 1t should be stressed that it is possibly one of
the most interesting examples where afield theoretical
model provides results that can be directly compared
with observation data. This can be considered as an
additional argument in favor of the applicability of the
chiral soliton approach to the description of readlistic
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properties of nuclei. For the charm and beauty quantum
numbers, the results only dlightly depend on the poorly
known values of the decay constants Fy, or Fg.

The tendency of the binding energies to decrease
with increasing B number beginning with B ~ 10 is
related to the fact that the rational map approximation,
leading to the one-shell bubble structure of the classical
configuration [11-13], is not good for such values of B.
At large values of the flavor symmetry breaking mass,
we have approximately

©r oF

For rational map configurations at large B, the Z-term I
grows faster than the inertia © because the contribu-
tion of the volume occupied by the chiral field configu-
ration is more important for ' [13]. For larger B = A,
beginning with several tens, configurations of the skyr-
mion-type crystals seem to be more realistic than con-
figurations of the rational map type.

Hypernuclei with |F| = 2 can be studied using simi-
lar methods [10]. The analysis of hypernuclei with
“mixed” flavors is possible, in principle, but is more
involved technically. For example, the isodoublet

< JH-, 3He consisting of (n, A, A) and (p, A, A is
expected.

Thereis arough agreement between our results and
the results in [19, 20], where the flavor excitation fre-
guencies were cal culated within another version of the
bound state approach and the collective-coordinate-
guantization method was used for strangeness. Some
details are different, however, and it would be interest-
ing to reproduce our results within other variants of the
chiral soliton model. The model that we used overesti-
mates the strangeness excitation energies, but is more
reliablefor differences of energiesentering (9) and (11)
and for charm and beauty quantum numbers. Further
theoretical studies and experimental search for the
baryonic systems with flavors different from u and d
could shed more light on the dynamics of heavy flavors
in baryonic systems.
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Noteadded in proof (March 5, 2003). The variation
of the only model parameter, Skyrme constant e, has
small influence on the results presented here, negligible
for charm or beauty quantum numbers. Both quantitiesI”
and inertia O scale as 1/(F,£%), and the flavor excita-
tion energies given by (4) at large mass my depend on
their ratio, and are therefore scale-invariant.
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Abstract—The cross sections of theete™ — T, e'e — 0P, and e'e — wm— T TP
processes, aswell asthe e'e” — T TP process with subtracted contribution of the wtintermediate state,
are measured in experiments with a spherical neutral detector on the VEPP-2M collider in the energy range
0.98-1.38 GeV. About 41000 events of the e'e — "It Tt process and more than 54000 events of the
e'e” — TP process have been selected in experiment. The statistical error in determining the cross sec-

tion is 2-20%, while the systematic error is 7 and 8%. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The study of the processes resulting in the produc-
tion of four Temesons, viz.,

e'e — TUTUTUTT, D
e'e — T TP, (2

is one of the important experiments made on the e*e
VEPP-2M collider [1] with a spherical neutral detector
(SND) [2]. These processes provide vital information
for studying excited states of the p meson. According to
present-day data, there exist two excited states of the p
meson in the 1-2 GeV region: p', or p(1450) and p", or
P(1700) [3]. The parameters of these states were not
determined accurately and were obtained from the
measured cross sections of the e'ee — 1T and
ete” — wrprocesses as well as processes (1) and (2)
[4-6]. The origin of these states is also not clear. For
example, some authors consider the exotic structure of
excited states of the p meson, i.e., a possible mixing
with four-quark mesons[7, 8]. There are indications of
the existence of the p,(1300) state [9], which probably
is hot an ordinary quark—antiquark meson [10]. The
measurements of cross sections of processes (1) and (2)
made in the present study will make it possible to clar-
ify the situation in this energy range and to improve the
accuracy in determining the parameters of p' and p"
mesons.

The hypothesis concerning the conserved vector
current connects the spectral function v,(g?) of the
T — h*v, decay with the cross section of theete —»
h? process, where h*, h® is a system of several hadrons
with guantum numbers [€JP¢ = 1*1—. The cross section
of the e'e- — w1P and e'e” — 411 processes were
compared in [11-13] with the spectral functions of cor-
responding decays of the T lepton. It was proved that
the hypothesis concerning the conserved vector current
for these processes holds to within experimental error.
However, the subsequent improvement of the experi-
mental accuracy of measurements on e*e- colliders
revealed that the measured cross sections of the e*e
annihilation differ from values predicted from the
decays of 1 leptons by approximately 3o [14]. Here, we
compare the obtained cross sections with the predic-
tions based on the hypothesis of vector current conser-
vation from the decays of 1 leptons.

In the energy range 1-2 GeV, processes (1) and (2)
predominate and make the major contribution to the
hadron polarization of vacuum. The anomalous mag-
netic moment of a muon was measured to a very high
degree of accuracy using the g-2 collaboration [15]:

a,(exp.) = (11659203 + 8) x 10,

whose value is comparable to theoretical predictions.

1063-7761/03/9605-0789%$24.00 © 2003 MAIK “Nauka/ Interperiodica’
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For example, calculations made in [14] lead to the fol-
lowing value:

a, = (11659169.1 + 7.0+ 3.5+ 0.3) x 10

According to [14], the contribution of 47t processes in
the energy range 1.02-1.8 GeV amounts to (13.95 +
0.90 + 0.23) x 10 for channel (1) and (16.73+ 1.32 +
0.20) x 102 for channel (2). Although the contribution
of 4mtprocessesisnot decisive, it leadsto aconsiderable
contribution to the error in determining the hadron part
of the anomal ous magnetic moment of a muon.

The first measurements of processes (1) and (2)
were made in [16-19]. The most accurate measure-
ments of these processes were made in [20—22]; mea-
surementsin [20] were madein an energy range up to 2
GeV. These results are characterized by alarge system-
atic spread (up to 30%) for much smaller statistical
errors. It was shown inthe CMD-2 experiment [21] that
the intermediate state a, 1t predominates in process (1),
while the same state together with the intermediate
state w1t predominates in process (2). The most accu-
rate measurements of the cross section of the e'e™ —
wTprocessinthe w — 1y channel were madein[23],
which alows an independent verification of the results
obtained for process (2).

The present paper aims at measuring the cross sec-
tions of processes (1) and (2) using an SND in the
energy range 0.98-1.38 GeV.

2. SELECTION OF EXPERIMENTAL EVENTS

Statistical data were gathered in experiments with
an SND by scanning the given energy interval. In the
energy range 1.06-1.38 GeV (above the ¢ meson reso-
nance), theintegrated luminosity of 9.25 pb was accu-
mulated. In the region of the ¢ meson resonance peak

of ./s = 0.98-1.06 GeV, the integrated luminosity was
8.5pb™.

Events of process (1) in the energy range 1.06—
1.38 GeV were selected using the following rules.

1. The number of charged particles must be greater
than or equal to 4, and the number of neutral particles
is greater than or equal to 0. Additional charged and
neutral particles may appear asaresult of superposition
of the beam background on experimental events. The
sources of charged particle can also be & electrons,
while neutral particles can appear as aresult of nuclear
interactions of 1T mesons or splitting of showersin the
calorimeter.

2. The total energy deposition in the calorimeter is

smaller than 0.75./s.

3. The shortest distance from a track to the interac-
tion point in the Ry plane for any charged particle is
smaller than 0.2 cm.

4. The Z coordinate of the track point nearest to the
beam axis for any charged particle is smaller than 8 cm
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(the characteristic spread in parameter Z amounts to
about 2.5 cm and is associated with the spread in the
points of interaction of the e*'e~ beams).

5. Polar angles 6 of charged particles satisfy the con-
ditions—0.9 < cosB < 0.9.

6. The smallest angle between charged particles is
greater than 18°, i.e., equal to the angular size of thecell
in the track system.

The main sources of the background are the events
of the processes

e'e — 2e2e, e'e — 22T,

and the beam background. Conditions 2-5 suppress
both the beam background and the background of the
ete — 2e*2e processes. Condition 6 reducesthe sys-
tematic error in the efficiency of detection for events
with charged particles falling in the same cell of the
drift chamber.

etes — 3T,

Sincethe magnetic field in the SND isequal to zero,
the momenta of particles cannot be measured directly,
but are calculated using energy—momentum conserva:
tion laws and the angles of escape of charged particles
measured in the track system of coordinates. For events
involving more than four charged particles, only the
first four particles with the largest energy deposition in
the calorimeter were considered. Neutral particleswere
ignored. An additional condition in selecting events of
process (1) was the requirement that the system of
equations describing the energy—momentum conserva-
tion laws has a solution. This condition makes it possi-
ble to reduce the beam background to a considerable
extent.

In theregion of 0.98-1.06 GeV, there exists an addi-
tional background from the decay

(p E—— KSKL1 KS E—— Tl*T[_, KL —— Tl*T[TlO
This decay is characterized by the fact that the point of
escape of Ttmesons lies, as arule, outside the region of
interaction of the e*e~beamsin view of the departure of
Ks (for these energies, the decay lengths for the Kgand
K, mesons are 0.3-1 cm and 2-5.7 m, respectively).
Selected events were reconstructed under the assump-
tion that all particles have acommon point of escapein
the region of interaction of e*'e~ beams. Then the kine-
matic reconstruction parameter x? was calculated and
the events used for the analysiswere characterized by a
value of x2, used for the reconstruction with acommon
point of escape, smaller than 100. This condition
improves the signal-to-noise ratio at the peak of the ¢
meson resonance by afactor of 1.5. After the applica
tion of the above-mentioned selection criterion in the
energy range of 1.06-1.38 GeV, 36538 events were
selected, while the number of events selected in the
region of the ¢ meson resonance (0.98-1.06 GeV) was
equal to 4297 (see Table 1).
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Table 1. Integrated luminosity L, number N of selected events, efficiency €, radiative correction 1 + d, and cross section g
for process (1) as functions of energy E (only the statistical error isindicated for cross sections)

E,MeV | L,nbt | N 3 1+9% o™’ nb || E,MeV | L,nb? N 3 1+95 o®P, nb
980.00 | 129.31 38 | 0.277 | 0908 | 1.07+0.21 || 1140.00 | 288.98 476 | 0.302 | 0.898 | 6.00+0.28
984.10| 374.60| 107 | 0.251 | 0.907 | 1.20£0.09 || 1150.00 69.33 139 | 0.305 | 0.898 | 7.33+0.62

1003.80 | 391.03| 121 | 0.252 | 0903 | 1.25+0.12 || 1160.00 | 319.55 647 | 0.308 | 0.899 | 7.33+0.30

1009.68 | 314.12| 106 | 0.252 | 0902 | 1.43+0.15|| 1180.00 | 423.22 | 1029 | 0.313 | 0.899 | 8.61+0.28

101566 | 369.09| 162 | 0.252 | 0901 | 1.65+0.15 || 1190.00 | 172.29 425 | 0.316 | 0.900 | 8.68+0.42

1016.68 | 637.89| 271 | 0.252 | 0.901 | 1.56+0.12 || 1200.00 | 438.60 | 1458 | 0.319 | 0.900 | 11.58+0.32

1017.66 | 1011.70 | 527 | 0.252 | 0901 | 1.72+£0.12 || 1210.00 | 151.45 464 | 0.322 | 0901 | 1058+ 0.51

1018.64 | 1063.49 | 598 | 0.252 | 0.901 | 1.65+0.11 || 1220.00 | 342.87 | 1172 | 0.324 | 0.901 | 11.67+0.36

1019.62 | 1083.77 | 719 | 0.252 | 0.901 | 1.87+0.10 || 1230.00 | 140.75 450 | 0.327 | 0.902 | 10.85+0.52

102058 | 679.29 | 389 | 0.252 | 0901 | 1.69+0.12 || 1240.00 | 377.73 | 1508 | 0.330 | 0.903 | 13.37 £ 0.36

1021.64 | 347.48| 197 | 0.252 | 0901 | 1.85+0.16 || 1250.00 | 209.00 943 | 0.332 | 0.904 | 15.04 £ 0.50

1022.76 | 380.67 | 183 | 0.252 | 0.900 | 1.67 +0.15 || 1260.00 | 162.90 680 | 0.335 | 0.905 | 13.80+0.54

1027.74 | 386.31| 183 | 0.252 | 0.900 | 1.89+0.15 || 1270.00 | 241.26 | 1232 | 0.337 | 0.906 | 16.75+ 0.49

1033.72| 34990 | 155 | 0.252 | 0900 | 1.87+0.17 || 1280.00 | 228.98 | 1173 | 0.339 | 0.907 | 16.67 £ 0.50

1040.00 | 416.57| 206 | 0.252 | 0.899 | 2.08+0.15 || 1290.00 | 271.88 | 1365 | 0.341 | 0.908 | 16.22 + 0.45

1050.00 | 280.83| 168 | 0.252 | 0.898 | 2.37+0.15 || 1300.00 | 259.97 | 1486 | 0.343 | 0.910 | 18.33+0.50

1060.00 | 278.80| 201 | 0.284 | 0.898 | 251+ 0.13 || 1310.00 | 202.04 | 1102 | 0.345 | 0911 | 17.39+£0.53

1070.00 97.74| 78 | 0.286 | 0.898 | 3.11+0.35 || 1320.00 | 235.80 | 1287 | 0.346 | 0.913 | 17.29+0.49

1080.00 | 578.03 | 715 | 0.288 | 0.897 | 3.38+0.18 || 1330.00 | 292.78 | 1725 | 0.347 | 0.914 | 18.56 + 0.45

1090.00 95.15 87 | 0.290 | 0.897 | 3.52+0.38 || 1340.00 | 438.69 | 3102 | 0.348 | 0.916 | 22.20+ 0.45

1100.00 | 445.12| 459 | 0.292 | 0.897 | 3.92+0.19 || 1350.00 | 246.66 | 1782 | 0.349 | 0.918 | 21.66 +£ 0.53

1110.00 90.37 | 107 | 0.294 | 0.897 | 448+ 0.43 || 1360.00 | 624.90 | 4828 | 0.350 | 0.920 | 23.98 £ 0.36

1120.00 | 306.38 | 403 | 0.297 | 0.897 | 493+£0.25|| 1370.00 | 256.16 | 1974 | 0.350 | 0.923 | 23.86 + 0.55

1130.00 | 11258 | 165 | 0.299 | 0.898 | 546+ 0.43 || 1380.00 | 479.75 | 3742 | 0.350 | 0.925 | 24.08 £ 0.40

Events of process (2) were selected using the fol-
lowing conditions.

1. The number of charged particles must be equal
to 2, the number of neutral particles is greater than or
equal to 4 (additional neutral particles appear inthecal-
orimeter as a result of the nuclear interaction of 1
mesons and the shower splitting in the calorimeter as
well as due to superposition of the beam background).

2. The shortest distance between a track and the
interaction point on the Ry plane for any charged parti-
cle must be smaller than 0.2 cm.

The background events originate from the processes
ee — TP, ete — 3,
e'e — e'e2y,

aswell asfrom the beam and cosmic backgrounds. The
kinematic reconstruction procedure using the energy—

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

momentum conservation laws makesit possible to sup-
press the contribution of background processes and to
reconstruct the energy of charged tmesons. Since pho-
tons are formed as a result of the decay of a ® meson,
two additional conditions were introduced: the invari-
ant mass of two photons is equal to the mass of the T°
meson. In the course of reconstruction, the value of x?
was calculated. In order to select combinations of pho-
tons forming a m® meson, the search for possible vari-
ants was carried out and a combination with the small-
est parameter x?> was selected. Figure 1 shows the
experimental and simulated distributions of events over
parameter X2. The final choice was made using the fol-
lowing additional condition.

3. The kinematic reconstruction parameter X2 must
be smaller than 30.
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600
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300

Number of events

200

100

Fig. 1. Distribution of events over the kinematic reconstruc-
tion parameter X2 in the e'e” — T O process.
Points with errors correspond to experimental data, while
the histogram is obtained as a result of simulation. The
arrow indicates the selection criterion (seetext). The energy

J/s = 1380 MeV.

In the region of the @ meson, the above conditions
are insufficient for suppressing the background from
the ¢ — 3t decay; for this reason, the kinematic
reconstruction was carried out under the assumption
that thefinal stateis it 1. In order to reduce the num-
ber of background events, the following condition was
imposed.

4. For energy /s < 1094 MeV in the center-of-mass
system, the value of the kinematic reconstruction
parameter x? for process e'e” —» 31 must be greater
than 200.

This condition suppresses the background by afac-
tor of 12, the number of events of process (2) decreas-
ing thereby by 20%. In order to suppress the back-
ground from collinear e'e- — K*K~and e'e= — "~
processes, the following condition was used.

5. For energy /s < 1094 MeV in the center-of-mass
system, the angle of departure from collinearity for
charged particlesin the R plane is greater than 10°.

This condition suppresses the background by afac-
tor of 5, the number of events of process (2) being
reduced by 10%. As aresult, the estimated number of
background events for an energy equal to the ¢ meson
mass (1020 MeV) amounts to 6%. Away from the
region of the ¢ meson, the number of background
events decreases severa times due to the resonant
behavior of the e'e — 3t process and in view of an
increase in the cross section of process (2) upon an
increase in energy. In accordance with these selection
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Fig. 2. Distribution of events over the invariant masses of
two Ttmesons in process (1) (the rtmeson with the minimal
energy is discarded). The histogram corresponds to a;1t

modeling, points with errors represent experimental data,
and /s = 1380 MeV.

criteria, 54470 events were selected in the energy range
0.98-1.38 GeV (see Table 2).

3. MODELS OF INTERMEDIATE STATES
OF THE FINAL SYSTEM OF FOUR PIONS

In experiments with CMD-2 [21] and CLEO-2
detectors[12], it was demonstrated that the dynamics of
process (1) can be described in the model of the a;1t
intermediate state,

ete — a,(1260)T1 — pTITY

while the intermediate state must be taken into account
in the case of process (2):

e'e — WIT— PTITT

In order to calculate the efficiency, processes (1) and
(2) were simulated by the Monte Carlo method. The
matrix elements of the processes were calculated using
the formulas given in [21]. The parameters of the a;
meson were fixed from [3], and the width of the a;
meson was assumed to be equa to 450 MeV. Figure 2
shows the experimental and simulated distributions for
process (1) (thea;tmodel) over invariant masses of two
Tt mesons. All combinations except those with the Tt
meson possessing the lowest energy were included in
the distribution (three such combinationsin all). It can
be seen that the a;7t model correctly describes the
experimental situation in the invariant mass spectrum
aswell asfor angular distributions (Figs. 2 and 3). The
calculated values of efficiency are given in Table 1.

No. 5 2003



ANALYSIS OF e'e — 't and e'e” — ' mrn® PROCESSES 793

Table 2. Integrated luminosity L, numbers N, and N, of selected events, efficiency €, radiative correction 1 + 6, and cross
section 0P for processes (2), (3), and (4) for various values of energy E (only the statistical error is indicated)

€ 1+ o*P, nb
E,MeV | L, nbl N, Ng,
©) 4 ©) @ e ©) 4

980 129.31 61 27 0.230 0.072 0.860 0.937 556+158| 272+054| 3.14+151
1019 54.50 59 5 0.230 0.076 0.887 0.934 807+165| 759+1.19| 1.33+1.27
1040 68.76 110 7 0.230 0.078 0.898 0.932 9.17+147| 871+£096| 1.43+1.20
1050 83.91 168 6 0.230 0.079 0.902 0.931 [10.66+1.35|10.84+£0.95| 1.03+1.05
1060 | 278.80 612 21 0.230 0.080 0.906 0.930 [11.45+£0.75[11.85+£0.55| 0.92+0.57
1070 97.74 176 12 0.230 0.081 0.910 0929 |10.26+1.25| 9.67+0.85 | 1.67+1.00
1080 | 578.03 1291 134 0.230 0.082 0.913 0.928 |(13.67+0.63|11.97+0.39| 3.04+0.52
1090 95.15 217 16 0.230 0.083 0.916 0927 |13.01+1.37(12.19+£0.94| 218+ 1.09
1100 | 445.12 1586 263 0.312 0.313 0.919 0927 (1441+£042[1399+£041| 1.98+0.21
1110 90.37 257 56 0.312 0.313 0.922 0.926 [12.02+0.86|11.15+0.82| 212+ 0.45
1120 | 306.38 | 1151 238 0.312 0.315 0.925 0.925 |15.67+0.54|14.64+052| 2.67+0.29
1130 | 112.58 435 68 0.312 0.315 0.928 0.924 |15.41+0.88|15.03+0.87| 2.07+0.43
1140 | 288.98 | 1152 236 0.312 0.316 0.930 0.923 [16.50+0.58|15.42+0.56| 2.80+ 0.30
1150 69.33 245 74 0.312 0.317 0.933 0922 |(15.78+1.16|13.66+ 1.07| 3.64+ 0.67
1160 | 31955 | 1293 329 0.313 0.318 0.935 0.921 [17.34+£0.58|1559+054| 3.49+0.33
1180 | 423.22 1827 553 0.313 0.320 0.939 0919 (19.14+054|1655+0.49| 4.44+0.32
1200 | 438.60 | 1856 686 0.313 0.322 0.942 0.917 [1954+£055|16.14+£049| 521+ 0.34
1210 151.45 658 209 0.313 0.323 0.944 0916 |19.36+0.92|16.54+0.83| 4.67+0.55
1220 | 342.87 1429 623 0.314 0.324 0.945 0915 |(20.10+0.64|15.79+£0.55| 6.08+0.41
1230 140.75 581 269 0.314 0.325 0.946 0915 |20.34+1.00|15.65+0.88| 6.44 £ 0.63
1240 | 377.73 1631 851 0.314 0.326 0.947 0914 |22.03+0.63|16.29+£0.54| 7.57+0.41
1250 | 209.00 946 446 0.314 0.326 0.949 0913 |22.35+0.85(17.10+£0.73| 7.17+£0.54
1260 | 162.90 759 327 0.314 0.327 0.950 0.913 [2233+0.94|1759+0.82| 6.71+0.59
1270 | 241.26 | 1171 611 0.314 0.328 0.951 0.912 [24.69+0.82|18.29+0.70| 8.45+ 0.53
1280 | 228.98 | 1052 597 0.315 0.329 0.952 0.912 [24.03+£0.83|17.28+0.70| 8.69+ 0.54
1290 | 271.88 1268 729 0.315 0.330 0.953 0911 |2446+0.76|17.51+0.65| 891+ 0.49
1300 | 259.97 1355 735 0.315 0.331 0.954 0911 |26.57+0.83|19.46+0.72| 9.29+0.53
1310 | 202.04 898 582 0.315 0.332 0.956 0.911 [24.29+0.87|16.63+0.74| 9.52 + 0.58
1320 | 235.80 1104 744 0.315 0.333 0.957 0911 [(25.92+0.84|17.49+0.70| 10.40 + 0.56
1330 | 292.78 | 1368 967 0.315 0.334 0.959 0.911 [26.31+£0.75|17.41+£0.62| 10.85+ 0.50
1340 | 438.69 2097 1536 0.315 0.335 0.960 0912 |27.19+0.63|17.77+£0.51|11.41+£0.44
1350 | 246.66 1254 1001 0.316 0.336 0.962 0913 [(28.81+0.83|18.11+£0.69|12.73+0.57
1360 | 624.90 | 2919 2185 0.316 0.337 0.965 0914 |28.35+0.54|18.33+£0.45|12.07£0.36
1370 | 256.16 1297 984 0.316 0.338 0.968 0.915 [28.99+0.81|18.65+0.67|12.43+0.55
1380 | 479.75 | 2416 1847 0.316 0.338 0.972 0917 |(28.80+0.58|18.46+0.49|12.41+0.40

The distribution over the invariant masses of two

charged rtmesons and one neutral meson in channel (2)

(Fig. 4) indicates the presence of both the intermediate

state w1t corresponding to the reaction

ete — WNn— T TP,

©)

and events outside the «>-meson peak, which cannot be
described by simulating the processee — wrtt It will
be shown below that these events are correctly
described by the model with the intermediate a; 1t state:

e'e — 1T — T TP,
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Fig. 3. Distribution of events over the angle of emission of
the less energetic T meson in process (1). The histogram
corresponds to a; Tt modeling, points with errors represent

experimental data, and /s = 1380 MeV.

In order to separate the events of processes (3) and (4)
in process (2), use was made of the distribution over the
invariant mass of three tmesons, which is closest to the
mass of the w meson (Fig. 4). If N, is the number of
events at the w-meson peak (region 1) and N, is the

ACHASOV et al.

number of events outside it (region 2), the number of
events of processes (3) and (4) is defined as

N = PNi—(1-PB)N,
Co Akt ®
2T a+f-1

where a isthe probahility that the events of process (3)
fall in region 1 and [ is the probability that the events
of process (4) fall in region 2. Parameters a and 3 and
their energy dependence are determined from simula-

tion. The number of events N, and N, and the effi-

ciency are given in Table 2. The errors in efficiency
associated with the model dependence will be consid-
ered in Section 5.

The distributions over invariant masses of the neu-
tral and charged 1T mesons in the region of invariant
masses of 3rtoutside the w-meson peak (Fig. 5) contain
apeak in the p meson resonance region. A similar dis-
tribution over invariant masses of charged 1T mesons
(Fig. 5) displays no peak of thiskind, which means that
events of a non-wrtprocess mainly contain a charged p
meson and do not contain a neutral meson. In other
words, the reaction occurs via intermediate states with
an isotopic spin | = 1 of the resonance. Such a configu-
ration istypical of the intermediate a;Tt state. It can be
seen from Fig. 4 that simulation taking into account the
intermediate states w1+ a;TTin aratio determined from
experiment correctly describes the invariant mass spec-
trum and can be used for determining the efficiency of

350 T T T T T 450 T T T T T
(a) L { (b
300L 400
350+ -
250+
a8 300+ -
=]
z 200+
2 2501 -
]
B
g 150F 200} .
Z 150} .
100+
100+ B
50+ 50l 1
o= = e | | | i 0 | !
600 700 800 900 1000 1100 650 700 750 800 850 900
.7 f— My

Fig. 4. Distribution of events over the invariant masses for two charged and one neutral Ttmesons in process (2) (the mass closest
to the w-meson massis selected). The histogram corresponds to wTt+ a;tmodeling; pointswith errors represent experimental data;

the arrows indicate the boundaries of regions 1 and 2 described in Section 4. /s = 1380 MeV (a) and 1040 < /s < 1080 MeV (b).
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Fig. 5. Distribution of events over the invariant masses of two Ttmesonsin process (2) in the range of invariant masses of 3rtoutside
the w-meson peak. The wTt+ a1t modeling is presented in the experimentally determined relation. The histogram corresponds to

the modeling; points with errors represent experimental data. (a) Mrﬁn“’ (b) Mnini : /s = 1380 MeV.

detecting processes (3) and (4). Possible interference
between states (3) and (4) was disregarded since it does
not exceed 2%, which is much smaller than the system-
atic errors of measurements.

The experimental distributions for processes (1) and
(2) over theinvariant masses of two Ttmesons and polar
angles of particles were compared with the results of
simulation for other possible intermediate states
(T(1300)11, op, and a,(1320)1Tin processes (1) and (2)
and hy(1170)1t and p*p~ in process (2)). It was found
that the results of simulation disagree with experiment.

4. MEASUREMENT OF THE CROSS SECTIONS
OF etec — 411 PROCESSES

The cross section of the process at a point with
energy E; was calculated using the formula

0,is(Ei)

o™E) = T+ 5 E)

NP
0-vis;(Ei) - Ti’ (6)
where g, L;, 0,4(E;), and o,,(E;) are the detection effi-

ciency, integrated luminosity, radiative corrections, and
visual registration cross section.

In order to calculate the cross section using for-
mula (6), we used the following approximation proce-
dure. We determined the maximum value of the loga-
rithmic likelihood function

L = ¥ InP,(N™, N"),
2

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

where P, is the Gaussian probability of detecting the
observed number N7 of events at the ith energy point
with the expected number of events Nith,

N" = & L,0(E)(1+ 8,4(E)),

and o(E) is the cross section of processes e'e™ —» 47L
The radiative correction d,,4(E) is a functional of the
energy dependence o(E) of the crosssection [24] andis
determined in the course of approximation. It is well
known that the cross section of processes (1) and (2) in
the energy range under investigation are described by
the sum of the contributions from p(770), p', and p"
mesons; consequently, the energy dependence of the
Cross section was represented as the square of the sum
of the corresponding amplitudes in the Breit-Wigner
form. Here, the approximation procedure was used only
for determining the radiative corrections to the cross
section and was not applied for determining the param-
eters of resonances p', p" since the maximal energy of
the collider (1380 MeV) makes it possible to carry out
measurements only on the left slope of the resonances,
and the results of other experiments must be used for
determining the parameters of excited states of the p
meson. Consequently, we can use any function that cor-
rectly describes the experimental data in the energy
range below 1400 MeV as the approximating function.
The registration cross section for process (1), which is
measured in the region of a ¢ meson (Fig. 6), contains
aresonance background mainly due to the decay @ —
KK, . Inorder to take this background into account, the
approximated function was supplemented with theterm

No. 5 2003



796

1.0 T T T T T T

RES
: !
£ 0.6f N hu .
| P
2 0.4—~ | , H { -
: +
S

t
0.2—{ .
0380 1000 1020 1040 1060 1080 1100
Energy, MeV

Fig. 6. Visual registration cross section oyg of process (1).
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Fig. 8. Cross section of process (1) in the region of the
(@-meson resonance measured in the present study (e) in
comparison with the results of experiments using CMD-2

(21] (w).

describing the resonance dependence of the cross sec-
tion on energy in the region of the @ meson. The energy
dependence of the cross section was approximated with
the help of a software package developed for approxi-
mating cross sectionsin experimentswith an SND [25].
The values of radiative corrections and cross-sections
aregivenin Table 1. The measured cross sections of the
process are shown in Figs. 7 and 8.

In order to determine the cross sections of pro-
cesses (3) and (4), the quantity N, or N, defined by
formulas (5) was substituted into formula (6) for N;.
The radiative corrections were calculated using the

approximation procedure described above. The approx-
imation function was in the form of the cross sections
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Fig. 7. Cross section of process (1) measured in the present
study (e) in comparison with experiments using CMD-2
[21] (w) and DM2[28] (v).
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Fig. 9. Cross section of process (2) measured in the present
study (e) in comparison with the results of experiments
using CMD-2 [21] (w) and DM2 [28] (v).

givenin[23, 26]. The measured cross section of process
(3) was divided by the relative probability of the decay
w — 17T from [3]. The calculated values of radia-
tive corrections and cross sections are given in Table 2.
The measured cross sections are shown in Figs. 9-11.

5. SYSTEMATIC ERRORS

In estimating the systematic error in the measured
cross sections of processes (1), (2), (3), and (4), wetook
into account the following sources of errors.

1. Theerror in computation of integrated luminosity.
This error was calculated as the difference in the lumi-
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nosity values determined from the processes e'e —
e*e”and e'e- — yyand did not exceed 3%.

2. Errors of smulation of the nuclear interaction
between charged pions and the detector. These errors
are the sources of the systematic error in determining
the detection efficiency. The main contribution to the
error comes from inaccurate simulation of pion absorp-
tion in the passive substance of the track system (inner
shell), leading to the loss of tracks, and from the error
in simulation of energy deposition for charged pionsin
the calorimeter. The error associated with inaccuracy in
simulating pion absorption was estimated by varying
the limitation imposed on the minima pulse of 1
mesons in an event and constituted 2%. The error in
efficiency associated with inaccurate modeling of
energy deposition was determined by varying the min-
imal and maximal limitations imposed on the energy
deposition in an event and amounted to 3.5%. The total
systematic error in estimating the efficiency of pro-
cesses (1) and (2) was as high as 4%.

3. Model error. In order to determine the model error
inthe measured cross section, the variation in efficiency
upon the addition of the contribution from subsidiary
intermediate states (h,(1170), p*p~, T™(1300)1T, OP,
a,(1320)m) was estimated. We assumed that the contri-
bution from these states does not exceed 10% [21]. This
value does not contradict the experimental distribu-
tions. We also took into account the possible difference
between the mass and width of the a; meson and the
mean values given in[3]. The possible presence of
parameter A\ in the a;-meson form factor

1+ M3 /A
Fal(s) = 1 + S//\

was also taken into consideration (see [21]). We
included the possibility of decay of the a; meson into
the 0 meson with aprobability of 15% [27], which does
not contradict the experimental distribution obtained in
thisstudy. Thetotal systematic error of measurement of
the cross section of process (1), which is determined by
the model dependence, is estimated at 3.5%. Theinclu-
sion of the model dependence for process (2) leadsto a
systematic error of 5%. The possible contribution of
subsidiary intermediate states changes the relation
between the number of events at the w-meson peak and
outside it in the invariant mass spectrum of three
Ttmesons. This in turn changes the values of coeffi-
cients a and 3 in formula (5) and hence leads to a
change in the cross sections of processes (3) and (4),
leaving the cross section of process (2) virtually
unchanged. The inclusion of this source of systematic
errors gives avaue of 12% for process (3) and 20% for
process (4).

4. The error in calculating the radiative corrections
was estimated by using various models for approximat-
ing the energy dependence of the cross section. We
used models with two (p, p") or three (p, p', p") reso-
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Fig. 10. Cross section of process (3) measured in the present
study (e) in comparison with the results of experiments
using a SND in the wmt — mmtychannel [23] (w) and
CMD-2[21] (a).
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Fig. 11. Cross section of process (4) measured in the present
study (e) in comparison with the results of experiments
using the CMD-2 detector [21] (v).

nances with different energy dependences of the reso-
nance width and with different parameters of their
interference. The corresponding error in the measure-
ment of cross section does not exceed 3% in the entire
energy range.

Taking into account the contributions listed above, we
find that the systematic errors were 7% for process (1),
8% for process (2), 13% for process (3), and 20% for
process (4).

6. DISCUSSION

Figure 7 shows the cross section of process (1) mea-
sured in this study in comparison with the results of
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Fig. 13. Comparison of the sum of the cross sections of the

ete” — 4r process with subtracted contribution of w1t
events (see text), measured experimentally with the help of
SND (0), CMD-2 (a), and DM2 (v) with the structural func-
tion of 1-lepton decays in experiments with the CLEO
detector [12] (e).

other experiments. It can be seen that the cross section
measured by us systematically lies above the cross sec-
tions measured by the CMD-2 detector [21], but the
observed difference (about 15%) lies within the total
systematic error of both experiments. In an energy
range of about 1 GeV (Fig. 8), a discrepancy of about
30% is observed, which is considerably larger than the
total systematic error. It should be noted that the mea-
sured cross section depends only dightly on the model
of the intermediate state. For example, for the model
with a Lorentz-invariant phase volume, which fails to
describe the experimental distributions, the detection
efficiency differsfromthat in the a;tmodel by lessthan
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10%. This is a consequence of the high detection effi-
ciency dueto the large solid angle of the SND.

Figure 9 shows the cross section of process (2) mea-
sured in this study. It can be seen that it lies systemati-
cally above the cross section obtained with the help of
the CMD-2 [21]. However, the observed difference
(about 15%) does not exceed the total systematic error
either. The measured cross sections of the e'e” — wTt
process (Fig. 10) are in good agreement with the data
obtained with the help of the SND in the e'ee —
wT— TPy channel [23, 26] using the CMD-2 [21].

If we interpret Non-wTTProcesses as a; Tt Processes,
the ratio of the cross sections of processes (1) and (4)
will characterize the dynamics of the intermediate
states and its value must be closeto 2 for high energies
and increase with decreasing energy. The experimen-
tally measured ratio of cross sections (Fig. 12) does not
differ from 2 to within experimental errors.

In accordance with the hypothesis of vector current
conservation, the e*e- annihilation cross section in the
isovector channel e'e — VO — hadrons is associ-
ated with the decay spectra of corresponding decays of
the T lepton, T —= V*V_, viatherelation [12]

q2
4rta’

where v, _ VVT(qZ) isthe structural function of T lepton

decay. Thismakesit possible, on the one hand, to verify
the cross section of the e'e~ — 41T processes obtained
by us here and, on the other hand, to verify the hypoth-
esis of vector current conservation in the measured
cross sections under the assumption that the results
obtained are correct.

We compared the structural function measured in
the decay process T —» 21T 'V, [12] with the

cross section of the e*e” — 47t process, written in the
form

Ve w (@) = o A0,

=1, 2y _
0..(@) =050, L

2w + O-e e - T[+T[_2T[0; (7)

the contribution of process (3) was subtracted from the
crosssection 0. - ., . Theresults of comparison

are shown in Fig. 13. For measurements with the help
of a DM2 detector, we assumed in relation (7) that

O-e+e’ Lo T 0'50-e+e’ Looman
in view of the lack of required data. The cross section
of process (3) obtained here was also compared with
theresults of measurements of the structural function of

the CLEO detector for the decay processt* —» WLV,

[12]. The results of comparison are shown in Fig. 14.
Here, we disregard the corrections associated with iso-

No. 5 2003



ANALYSIS OF ete — et and efe — mm or® PROCESSES

20 b 4 _+_ .
2 | ¢W¢ i
< 15F b i
s 7l "‘o_ﬁ';:ﬁ 4 -+ |
5 ,ﬁ* 4

g 10 b 4+
& 4 :
5+ T b
L0 4

1 ()IOO 1 2I00 14IOO 1 6IOO

Energy, MeV

Fig. 14. Comparison of the cross sections of the e'e™ —

wn— TP process, measured experimentally with
the help of SND (o) and CMD-2 (a), with the structural
function of t-lepton decays in experiments with the CLEO
detector [12] (e).

spin symmetry breaking since it was proved [14] that
these corrections do not exceed afew percent for the 41t
channel, which is much smaller than the overall sys
tematic errors. It can be seen that the data on the e*e
annihilation obtained by us here are in accordance with
the results obtained with the help of the CLEO detector
for decays of the 1 lepton to within 10%, which is
accounted for by systematic experimental errors. Thus,
our measurements do not indicate any deviation from
the hypothesis of vector current conservation in the
e'e” — 4mprocesses. Nevertheless, it should be noted
that the slopes of the cross sections being compared are
different for energies higher than 1.4 GeV and a dis-
crepancy with the experimental results on the e*e™ anni-
hilation is observed.

Unfortunately, the cross section measured here is
insufficient for determining the parameters of excited
states of the p meson in view of the limited energy
range. A full-fledged approximation requires experi-
mental results obtained at higher energies. However,
the measurementsin arange above 1.4 GeV are charac-
terized by large statistical and systematic errors. For
this reason, new measurements of cross sectionsin this
energy range are required. Such measurements will be
made on the VEPP-2000 complex being developed at
the Institute of Nuclear Physics, Siberian Division,
Russian Academy of Sciences (Novosibirsk) with the
help of updated SND [29] and CMD-2M detectors[30].

7. CONCLUSIONS

The cross sections of the processes e'e” — TUTT
™I, e'e — TP, and e'e” — W — T
110, as well as of the process e'e — 't with
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subtracted contribution of the processe'e™ — wT—>
T TONC, were measured in experiments with a spher-
ical neutral detector on the VEPP-2M collider in the
energy range 0.98-1.38 GeV. The statistical error in the
measurements of cross sections was 2—-20%, while the
systematic error was 6%, 7%, 12%, and 20%. The
angular and energy distributions, as well as the mass
spectraof two and three Ttmesons, indicate the predom-
inance of intermediate states wmand a;1. Comparison
of the measured cross sections with the structural func-
tions of T-lepton decays confirms the vector current
conservation hypothesis to within 10%.
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Abstract—Coherent population trapping in a gas discharge was studied for transitions between excited levels
of neon atoms. Resonances corresponding to the arising of coherent population trapping inthe A and V schemes
for Zeeman sublevels of the lower and upper working states were observed in the presence of a longitudinal
magnetic field. The effect of nonlinear polarization plane rotation under coherent population trapping condi-
tions was studied. The possibility of using the results obtained in this work for diagnostics of local magnetic
fields and other plasma parameters in gas discharges was considered. © 2003 MAIK “ Nauka/Interperiodica” .

1. Coherent population trapping arising in the exci-
tation of multiple-level quantum systems by coherent
fields is one of the physical phenomena that have been
extensively studied during recent years. Interest in this
phenomenon to alarge extent stems from its numerous
potential applications in such fields as electromagneti-
cally induced transparency [1], amplification and gen-
eration without inversion [2], group velocity decrease
and light pulse stopping [3], optical memory and quan-
tum computing [4], optical magnetometry based on the
nonlinear Faraday effect [5], superhigh-resolution
spectroscopy [6], etc.

Coherent population trapping can in principle be
observed in arbitrary multiple-level quantum systems
[7]. Itismost simply effected in the interaction between
two-frequency laser radiation and the so-called A
scheme (athough coherent population trapping was
also observed in the cascade [8] and V [9] schemes).
Usually, thisistwo Zeeman or hyperfine lower sublev-
els and an upper, optica level. Transitions from the
upper level to both of the lower ones are allowed,
whereas the transition between lower levels is forbid-
den. When the frequency difference between two opti-
cal fields coincides with the splitting of the lower sub-
levels, coherent superposition of the states of the lower
sublevels arises, in which atoms are trapped and are not
excited to the upper level in spite of the presence of res-
onant fields. The essence of coherent population trap-
pingisasfollows: when certain conditions are satisfied,
the medium ceases to interact with exciting fields,
which manifestsitsalf by narrow resonancesin absorp-
tion or fluorescence spectra.

The overwhelming majority of works on coherent
population trapping were performed for akali or rare-
earth metal vapors, in which therole of thelower A sys-

tem levels was played by hyperfine (or fine) ground
state components. The characteristic decay time of such
levels amounted to several seconds, and coherent pop-
ulation trapping resonances were therefore character-
ized by high quality factors. Note that hyperfine and
fine structure levels have low sensitivity to atomic col-
lisons, and the presence of a buffer gas therefore
increases the residence time of an atomic system in
laser beams without violating the coherence of the
lower levels. A different situation arises with excited
atoms. Collisions with particles of any kind (atoms,
ions, or electrons) cause the decay of the lower working
level and thereby considerably increase the rate of
coherence relaxation for the low-frequency transition
(for instance, the cross sections of quenching collisions
between inert gas atoms in a metastable state and sec-
ond component atoms can attain values on the order of
gas kinetic cross sections). As a result, the contrast of
coherent population trapping sharply decreases and
experimentally observing this process in a system of
excited atoms becomes a fairly complex task. On the
other hand, a strong influence of external conditions
opens up possibilities for devel oping methods for diag-
nostics of external factorsthat act on a“trapped” atom.
Such methods are essentially contactlessand, if fluores-
cence is used, local. The development of diagnostic
methods based on coherent population trapping in a
system of excited atoms is of special importance for
plasma media, because transitions from the ground
state lie in the region inaccessible to modern lasers.

In thiswork, we report for the first time experimen-
tal data on various schemes for coherent population
trapping in atoms excited by a gas discharge and on
nonlinear polarization plane rotation under coherent
population trapping conditions and consider the feasi-
bility of using this effect for plasma diagnostics.
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Fig. 1. (8) Scheme of the experimental unit: (1) argon laser,
(2) dye laser, (3, 7) semitransparent mirrors, (4, 6) totally
reflecting mirrors, (5) acoustooptical modulator, (8) focus-
ing lens, (9) discharge tube, (10) solenoid, (11) alternating
current generator, (12, 12a) optical fiber, (13) monochroma-
tor, (14) photomultiplier, and (15) oscilloscope. (b) Scheme
of neon levels used in this study.

2. A scheme of the experiment is shown in Fig. la.
Atomswere excited in adischargein asealed glasstube
8 mm in diameter at a neon pressure of 1.5 Torr. The
discharge current was 50 mA. The discharge tube was
placed into a solenoid, which created a time-variable
(saw-toothed) magnetic field. Radiation from a contin-
uous unimodal dye laser with argon pumping wastuned
in resonance with one or another neon transition. The
exit laser beam was split in two. One of the beams was
shifted in frequency by Aw using an acoustooptical
modulator. The two beams were then combined on a
semitransparent mirror and directed along the dis-
chargetube axis. The beam intensities at the entrance to
the discharge tube were 300 and 900 mW/cm?, and the
beam diameterswere 1 mm. The absorption of the laser
beams, their polarization rotation, and resonance fluo-
rescence of excited neon atoms were measured experi-
mentally.

The 2p°3s°P, —= 2p°3p°P, transition (see Fig. 1b)
was used to demonstrate the feasibility of various
coherent population trapping schemesin excited atoms.
Thelower working level was metastable with alifetime
on the order of 10 us (under our experimental condi-
tions), and the upper level was radiative with alifetime
of 100 ns. The concentration of atomsin the metastable
state estimated from laser radiation absorption (at
intensities below the threshold of coherent population
trapping) was on the order 10'* cm3, and the tempera-
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ture determined from the width of the absorption band
was around 400 K. The upper and lower working levels
arefivefold degenerate with respect to angular momen-
tum projection J, (see Fig. 1b). They split into Zeeman
sublevelsin amagnetic field. Because of the difference
in g-factors, the splitting of the lower level islarger than
that of the upper one in equal magnetic fields.

It is easy to see from the scheme of levels what
coherent popul ation trapping resonances are possiblein
experiments. First, a resonance at the degenerate sub-
levels of the lower working level arises in zero mag-
netic field. The linearly polarized fields of both beams
can be treated as a superposition of ¢* and o~ polarized
fields with equal amplitudes which form a A scheme
and transfer the system into a trapped (nonabsorbing)
state. Next, aresonance of coherent popul ation trapping
in the A scheme should arise when the magnetic field
reaches a value at which the splitting of the Zeeman
sublevels of the lower level with angular momentum
projections J, and J, + 1 equals Aw/2. One of the circu-
larly polarized field components of the first beam and
the orthogonally polarized field component of the sec-
ond beam then become resonant to the corresponding
“shoulders’ of the A scheme formed by two Zeeman
sublevels of the lower level and one of the sublevels of
the upper level. Lastly, the splitting of the Zeeman sub-
levels of even the upper level becomes equal to Aw/2 as
thefield increasesto higher values. This causesthearis-
ing of aresonancein the V scheme formed by two Zee-
man sublevels of the upper level and one of the sublev-
els of the lower level. The ratio between the magnetic
field values at which V- and A-type resonances appear
should coincide with the reciprocal of theratio between
the g-factors of the upper and lower states. The experi-
mental magnetic field dependence of the absorption of
the total field at a Aw = 50 MHz frequency detuning is
shown in Fig. 2 by the solid line. The suppression of
absorption is observed at all three types of coherent
population trapping resonances mentioned above. The
ratio between the magnetic fields at which A- and
V-type resonances arise is 0.85, which corresponds to
the ratio between the g-factors of the upper and lower
levels

g,/g, = 8/9 = 0.89.

When one of the fields was switched off, we only
observed a resonance at zero magnetic field (Fig. 2,
dashed curve). Conversdly, if the fields were circularly
and orthogonally polarized, only V- and A-type reso-
nances remained and the resonance at zero magnetic
field disappeared (Fig. 2, dot-and-dash line).
Note the following. The minimum coherent popula-
tion trapping resonance width is determined [10] by the
rate of coherent relaxation I at the corresponding low-
frequency transition, and the threshold intensity neces-
sary for the effect to be observableis proportional to the
product of the relaxation rates at the low-frequency, I,
and optical, y, transitions. For the V-scheme, low-fre-
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guency coherence relaxation is determined by popula-
tion drift from the upper levels, and its rate is therefore
comparable with the optical coherence relaxation rate,
which as a rule substantially exceeds the rate of low-
frequency coherence relaxation in the A scheme. For
this reason, the contrast of the resonance in the V
scheme should be much lower and the resonance
should be much broader; this conclusion is in agree-
ment with experiment. In addition, we observed polar-
ization plane rotation effects, which arose because of
the nonlinear Faraday effect. M easurements were made
following the scheme described in [11]. The maximum
rotation angle was 10° at a concentration of working
atoms around 2 x 10" cm™ (Fig. 3). This result was
hardly inferior to that obtained in special experiments,
in which the Faraday effect in Rb vapor was studied at
similar concentrations [5, 11].

3. Bearing in mind the results described above, con-
sider the feasibility of using coherent population trap-
ping, for instance, to measure the magnetic field in a
plasma. The magnetic field value is one of the most
important parameters that determine the dynamics of
processes in a plasma. The methods for magnetic field
measurements can be divided into three groups,
namely, probing methods, spectroscopic methods
(based on the Faraday and Zeeman effects), and corpus-
cular methods. The probing methods, which are used
most extensively, are in essence contact methods and
are, for this reason, largely applicable to low-tempera-
ture plasmas. However, even then the question of the
degree of perturbation of medium parameters remains
open. Spectroscopic and corpuscular methods give val-
ues averaged along the line of observation. In addition,
various broadening mechanismsweaken magnetic field
effects.

A possible scheme for magnetic field measurements
based on coherent population trapping is shown in
Fig. 4. Let two laser beams with close frequencies res-
onant to some optical transition of an atom or ion prop-
agate in the same direction in a plasmawith amagnetic
field. We a so assume that the magnetic field splits the
upper and lower levels of the selected transition into
Zeeman sublevels. If the difference of the optical field
frequencies coincides with twice the Zeeman splitting,
the system experiences transition to the coherent popu-
lation trapping state and ceasesto interact with exciting
fields. As a result, the population of the upper level
decreases, and dips in the fluorescence and absorption
spectra appear. Measurements of the fluorescence sig-
nal (emitted from the region of intersection between the
optical beams and the direction of observation) as a
function of the frequency detuning Aw of the exciting
fields make it possible to determine the magnetic field
valueif the Lande factors are known,

H = AAw/2u50,

where g is the Bohr magneton.
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Fig. 2. (a) Coherent population trapping in zero magnetic
field and resonancesin (b) A and (c) V schemes.
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Fig. 3. Magnetic field dependence of the angle of polariza-
tion plane rotation.

The advantages of the suggested scheme are obvi-
ous. Measurements are contactless and local. When the
beams propagate in one direction, theinfluence of inho-
mogeneous line broadening decreases substantially.
Thetime resolution is determined by the time that coher-
ent population trapping is established (for alowed transi-
tions, thistimerangesfrom 100 nsto 1 ps). The magnetic
field resolution (the smallest measurable magnetic field
change) is determined by the width of the coherent pop-
ulation trapping resonance. The range of measurable
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Fig. 4. Scheme of the suggested method for diagnostics of plasma magnetic fields.

magnetic fields is determined by the frequency range of
exciting field phase locking. If acoustooptical systems
are used, this problem is solved automatically. However,
at frequencies higher than several GHz, more complex
methods that allow detunings of up to tens of THz to be
used should be applied [12].

Measurements are possible if two conditions that
determine the range of plasma parametersto be studied
are fulfilled. First, flight time t should be longer than
the time of the establishment of coherent population
trapping. Next, the resonance fluorescence signal
should exceed plasma volume radiation along the
observation line. The first condition imposes limita-
tions on the temperature of particles, 1 <I/v, where v =

A 3kT/m isthethermal velocity of particlesand | isthe
diameter of the laser beam. The second condition deter-
mines the lower bound for the concentration of absorb-
ing particles N,,,. To estimate N, sSuppose that the
main source of noise is fluctuations of photoelectrons
from plasma self-radiation at the observed transition
frequency. Let scattered radiation knock out N, photo-
electrons from a photocathode. Plasma self-radiation
results in the appearance of N photoelectrons. As
spontaneous radiation effects are independent, the root-

mean-square noise value is /N, . The condition for
recording can then be written as

JING SN,

N, = ANZAzlvré%TtnAT,

Q
Np = N2A21Vp|21‘.[mAT )
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where N, and AN, are the population of the upper reso-
nance level in the absence of laser radiation and the
increase in population under the action of laser radia-
tion, respectively; A, isthe probability of the transition
from the upper to the lower level; V; and V,, are the
plasma probing volume and the plasma volume from
which background radiation is emitted, respectively;
Q/4misthe solid angle of the entrance pupil of the sys-
tem for recording; n is the quantum yield of the photo-
detector; t isthe transmission coefficient of the spectral
instrument; and At isthetime of observation. It follows
that the condition for recording can be written as

AN
JAle“QnArtmm_ﬁz >1,

2

where | is the necessary spatial resolution and L is the
characteristic plasmavolume size. At the characteristic
dimensions| ~ 102 mand L ~ 1 m and standard record-
ing instrument parameters (Q/41~102,n =0.3,andt =
0.5), we obtain T < 10 eV and N,;, = 10’ cm™ for a
dipole-allowed transition (A, ~ 10’108 s) and aAt ~
1 ustime resolution. These values are quite typical of
gas-discharge plasmas. The estimates were obtained on
the assumption of equal populations of the upper and
lower working levels (the least favorable situation) tak-
ing into account that a laser only excites part of atoms
within the Doppler profile; this part is determined by
the Rabi frequency of the controlling field. At the
parameters specified above, the magnetic field resolu-
tion is not worse than several Gauss.

The method for diagnostics suggested in this work
can be used, for instance, in magnetic reconnection

No. 5 2003



COHERENT POPULATION TRAPPING IN A GAS OF EXCITED ATOMS

experiments [13]. The parameterstypical of these exper-
iments (the temperatures of neutrals, ions, and electrons
are on the order of T, = 1-2 €V, T; = 5-15 eV, and
T.= 1015 eV, respectively; their concentrations are
Nneut ~ 5 % 10" cm=2 and n,= n, ~ 5 x 10'3 cm3; and the
characteristic time and spatial layer scales are about
2040 ps and 1-2 cm, respectively [14]) are quite
acceptable.

The potential of the suggested method for measur-
ing magnetic fields was demonstrated by experiments
in which coherent population trapping was studied by
measuring fluorescence of excited atoms. Efforts were
made to maximally approximate real situations by spe-
cialy complicating measurement conditions. First, the
geometry of experiments was selected in such a way
that the ratio between the laser beam diameter and
plasmasize along the observation linewas 2 x 102, and
the solid angle of the entrance pupil of the system for
recording was 102, Next, it isclear that the highest con-
trast of the effect is attained when transitions involving
the metastable level are used. However as mentioned
above, strong quenching caused by interaction with
surrounding particles in a plasma often equalizes the
lifetimes of metastable and radiative levels. To model
such a situation, experiments were intentionaly per-
formed for the transition

2p°3s’P,(J = 1) — 2p°3p°Py(J = 0),

whose lower and upper levels were radiative, which
substantially broadened coherent population trapping
peaks. Fluorescence was observed at aright angleto the
direction of laser beam propagation at a 607.4 nm
wavelength. Linearly polarized fields were used. The
experimental magnetic field dependences of the fluo-
rescence signal at different exciting field frequency
detunings are shown in Fig. 5. Asfollows from the fig-
ure, the dips in the fluorescence spectra corresponding
to coherent population trapping resonances are
recorded quite clearly.

Importantly, the potentialities of using coherent
population trapping for plasmadiagnostics are not lim-
ited to magnetic field measurements. The presence of
collective plasma [15] or acoustic [16] oscillations
allows various schemes for coherent population trap-
ping quite applicable in plasma diagnostics to be con-
structed. In addition, the lifetime of low-frequency
coherence is determined by the population exchange
time of Zeeman levels with each other and with the
lower levels when the laser beam diameter increases.
Depending on discharge parameters, measurements of
the width of the coherent population trapping reso-
nance under these conditions, for instance, alow level
guenching constants in collisions with heavy particles,
electrons, etc., to be determined.
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Fig. 5. Coherent population trapping resonances in fluores-
cence signal; Aw = (1) 150, (2) 100, and (3) 50 MHz.

4. Instead of traditionally used media, we studied
coherent population trapping in a gas of excited atoms.
Various resonance types corresponding to the arising of
coherent population trapping at the Zeeman sublevels
of the upper and lower working levelswere observed in
the absorption and fluorescence spectra. The results of
model experiments showed that coherent population
trapping in a gas of excited atoms offers promise for
measuring local plasma parameters. Importantly, the
fluorescence signal could reliably be observed
(recorded) even when the lifetime of the metastable
state decreased to aradiative state lifetime. Clearly, this
considerably broadens the possibilities for practically
using the phenomenon of coherent population trapping
in diagnostic applications.
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Abstract—A generalization of the Bloembergen—Shen model to Raman active molecules with an arbitrary
number of normal modes was suggested. The generalized model was used to study Raman echo signal charac-
teristics when a system of molecules was excited by pulses of widths up to one period of optical oscillations. It
was shown that alarge number of echo responses on Stokes and anti-Stokes components could arise even under
atwo-pulse action in a continuous monochromatic pumping field. The number of echo responses depended on
the number of molecular normal modes and the geometry of measurements. At small exciting pulse“areas,” the
echo responses whose Stokes and anti-Stokes components corresponded to normal vibrational modes of amol-
ecule had the highest intensity, whereas the components formed by norma mode combinations were strongly

suppressed. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The generation of laser pulseswith widths up to one
optical oscillation period (extremely short pulses) in
laboratory conditions[1-4] stimulated theoretical stud-
ies of the interaction of such pulses with matter. The
greatest progress was made in studying soliton and
guasi-soliton propagation modes of extremely short
pulses. In particular, the specia features of self-induced
transparency for extremely short pulses in multiple-
level quantum systems were studied in detail [5].
Another example of nonstationary coherent optics
effects is photon echo. The use of extremely short
pulses in photon echo measurements also entails pecu-
liarities of its own compared with medium excitations
by quasi-monochromatic resonant pulses [6, 7]. The
main peculiarity arises because of alarge spectral width
of extremely short pulses, which have virtually no car-
rier frequency. As a consequence, the spectrum of such
a pulse can simultaneously overlap severa quantum
transitions, and photon echo signals therefore acquire a
multifrequency character [6, 7]. Note however that
spectral overlapping of several transitionsin the visible
range initiates ionization processes, which, on the one
hand, mask echo responses and, on the other, consider-
ably complicate theoretical calculations. The condition
of spectral overlapping is best satisfied with a system of
Raman active transitions forbidden in the electric
dipole approximation [8, 9]. These transitions are capa-
ble of participating in the formation of Stokes and anti-
Stokes Raman echo signals [10-16], which is a power-
ful tool of vibrational spectroscopy. Experimentally,
the use of resonant pulses for exciting a Raman echois
afairly complex procedure. Because of the two-photon
character of Raman active transitions, we often have to
use two samples of the medium to be irradiated [10].

Thefirst sample generates the Stokes (anti-Stokes) field
component as a result of stimulated Raman scattering
(SRS). This component is then directed to the second
sample with simultaneously supplying of theinitial fre-
guency pulse. Two such paired pulses, the frequency
difference between which coincides with the frequency
of the most active vibrationa mode of the molecule,
form the first excitation of the medium. After the sec-
ond such excitation, we can observe Raman echo sig-
nals under nonresonant monochromatic background
radiation [10-14].

The use of extremely short pulses for generating a
Raman echo can simplify the experimental scheme of
medium excitation. As the extremely short pulse spec-
trum, because of its large width, initially contains Fou-
rier components resonant to the vibrational modes of a
molecule, it is sufficient to use a single irradiated
medium sample.

Note one more advantage of using extremely short
pulsesin Raman echo experiments. The generation of a
Stokes (anti-Stokes) component under irradiation of a
sample active in SRS by a quasi-monochromatic non-
resonant field is characterized by the following devel-
opment of instability: in spite of the presence of several
normal molecular modes, the contribution to SRSis, as
arule, made by only one of them, namely, the mode that
generates the most intense Stokes component [17]. If a
medium active in SRS isirradiated by extremely short
pulses, all normal molecular modes are excited because
of the resonant capture of al transitions in the system
of vibrational sublevelsby the spectrum of the pulse. As
aresult, a Raman echo can become multifrequency in
character, which allows the spectrum of echo responses
to be used for determining the characteristics of virtu-
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ally al normal molecular modes. It follows that the use
of extremely short pulses can substantially broaden the
potentialities of coherent molecular spectroscopy.

This work is a theoretical study of a Raman echo
generated by two or several extremely short pulses
under nonresonant monochromatic pumping.

The paper is organized as follows. A generalization
of the Bloembergen—Shen model [18] to SRS of asys-
tem of molecules with an arbitrary number of vibra-
tional modes is given in Section 2. The generalized
model is used in Section 3 to describe medium excita-
tion under the action of extremely short pulses. In addi-
tion, Section 3 contains a description of a genera pro-
cedure for calculating Raman echo parameters when a
medium is excited by an arbitrary number of extremely
short pulses. In Section 4, we give a thorough analysis
and classification of primary (two-pulse) Raman echo
signals. The section contains equations for the times of
generation, the direction of emission, and the number
of echo responses under multiple extremely short pulse
actions. In the Conclusions, the main results of this
work are shortly summarized.

2. GENERALIZED BLOEMBERGEN-SHEN
MODEL FOR DESCRIBING
AN SRS ACTIVE MEDIUM

An SRS active medium that experiences an
extremely short pulse action will be described quan-
tum-mechanically. Let the medium molecules each
have N (N = 1) normal modes, that is, N vibrational sub-

‘\\ N+1

S ~nN =

Quantum levels of a molecule with N normal vibrational
modes; 0 is the ground electronic level of the molecule; 1,
2, ...,Narethevibrational sublevels; and N + 1 corresponds
to excited electronic states. Shown by arrows is one of the
possible two-photon transitions, and dashed lines indicate
the absence of the Fourier components resonant to electron
optical transitions in the spectrum of exciting extremely
short pulses.
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levels near the ground electronic state (see figure). The
electric dipole transitions between these sublevels are
forbidden. However, two-photon transitions viaexcited
electronic states are possible. As the electron optical
transitions are not covered by the spectrum of an
extremely short pulse and are not resonant to a mono-
chromatic pumping field, it sufficesto represent excited
electronic states by one remote (N + 1)th quantum level
(figure).

The condition of spectral overlapping of all SRS
sublevels will be written as

H,v =01,...,N, (D)

where w,, isthe distance between the pth and vth SRS
sublevels on the frequency scale and 1, isthe character-
istic time scale of extremely short pulses.

The material balance equations for the matrix ele-
ments of the density operator p of the medium that
experiences excitation can be written in the form [19]

W Tp < 1,

va = _iw)\vp)\v_i[f)v A]AV_-EI)—M;

Av

£V, (2

N+1

. . W W,
P = —i[p, Al + Z E}I_(_}\t)pw—mpm\%- (3)
v=0 1 Tl

Here, A isthe matrix of electric dipoletransitions with
nonzero elementsA, n+1=An+1a=hE/MA; dy = dy.q
are the matrix elements of the dipole moments of
allowed transitions, which are hereconsideredreal; Eis
the extremely short pulse or nonresonant pumping
field; # is the Planck constant; W, is the equilibrium
population of the Ath level (0 < W, < 1); and T,, and

T arethe phase and energy relaxation times, respec-

tively, for the A = v transition. Theindicesof p ele-
ments run over the values from 0 to N + 1 (here and
throughout, the sums are not taken over repeating indi-
ces in the absence of the corresponding summation
sign).

The characteristic electron optical transition fre-
quencies are wy = Wy 41 ) ~ 10 st (A =0, ..., N), the
pumping frequency is w ~ 10% s, the extremely short
pulsewidthis T, ~ 10 s, and the frequency of Raman
active transitionsis w,, ~10¥ st (A\,v=0,...,N).In
addition to condition (1), we then have the inequalities

W,
T, > 1, 60 > 1, (4)
which allow usto ignore the left-hand sides of (2) inthe

equations for py+1v = Py n+1- ASaresult, we obtain
algebraic equations for these elements, which corre-

sponds to the situation when the eectron dipole
moment adiabatically follows electric field alterations.
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It follows from this, the condition (dE/7iwy)? < 1,
and (3) that py+1 n+1 = 0. It can be assumed with a
high degree of accuracy that the excited electronic
states are not populated at theinitial time, and therefore
Pn+1 n+1 = Othroughout. Using this circumstance and
adiabatic approximation (4), we find from (2) that

N
E

1y = ) dypy- 5

Pn+1, ﬁw’\‘*l"’hzo APA (5)

Here, thewell-satisfied inequality wy 1, > UTy. 1y iS

also used. Equation (5) relatesthe p elements that cor-
respond to electron optica transitions (the left-hand
side) to those corresponding to Raman-active transi-
tions (the right-hand side).

Next, we ignore the frequency differences between
the el ectron optical transitionsthat activate SRS sublev-
els and the differences of the corresponding dipole
moments; that is, we assume that oy, u = Wy and
d,=dforpu=0, ..., N, because the vibrational sublev-
elsare closely spaced. This approximation iswithin the
avenue of approach inherent in the Bloembergen—Shen
approximation [8, 18] developed for a system with a
single vibrational sublevel.

Let us substitute (5) into (2) and (3). For ssimplicity,
we use the approximation of a single energy relaxation

time T, (T =T, foral A and v) [19]. As aresult, we

obtain a system of equations for the p elements that
only correspond to the SRS sublevels and the ground
electronic state. These equations have the form

. - rD A _puv_éuku
Puv 10, Py +i[B, Pl ——_—Tuv C 0
v,L =01, ..,N,
where the elements of B are
B, = d 1-3,,)E
Hv ﬁz ( - pv) ’ (7)
0
9, is the Kronecker symbol, and T, = T;. System (6)

includes equations for both off-diagonal (u # v) and
diagonal (L =V) p elements.

According to (5), the dipole moment of a molecule
equals

N

D = Sp(pd) = z D1+ CC
®)

- 2E

hwo [ p,)\lj

* Z Z G
A=0pu=0
where u, = (P, + Pyy)/2 and the primed summation
symbol indicates the exclusion of the term with p = A.
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The first term in parentheses in (8) corresponds to
oscillations of D at the initia field frequency, and the
terms under the summation symbol, to oscillations at
Raman frequencies. In these terms, we retained the dif-

ferences between the d matrix elements corresponding
to transitions at different Raman frequencies; these dif-
ferences accentuate the intensity differences between
the corresponding reemission spectral lines. At the

same time, in the B matrix, al nonzero d matrix de-

ments are considered equal [see (7)], because the differ-
ence between them is of no significance when a mole-
culeisexcited by an extremely short pul se (see below).

If N =1, system (6)—(8) transforms into the system
of the well-known Bloembergen—Shen model [8, 18],

22

U+£u+wiu = —2conZ—EW, 9)
T, Wy

_ 2d’F’

72w,

2d’

D = 75 (1+20)E, (10)

where
_ Pt P _ P11—Poo
-T2 W 2
1 1

W, S Wy > ===
v 21 T2 T21

Let usfind out how the parameters of the quantum-
mechanical and empirical (classical) Raman scattering
models are related to each other. The empirical model
is known to be based on the expansion of the polariz-
ability a of amoleculein normal coordinatesq, (U =1,

., N) of nuclear displacements,

N
_ va
o =0,+ q (11)
0 uzlwqumo K

Subscript “0” in (11) correspondsto g, = 0. The dipole
moment of the molecule can therefore be written as
D = aE = ayE+ Dy, (12

where
Eﬁd D
Z

Let us write the Raman part of the electric dipole
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interaction energy in the form

Vg = -DRE = —E? Z[ﬁdm (13)
The eguations of motion for gy (U =1, ..., N) then
become
.. 2. 2 1 OVR 1 DOGD
Gy + =0+ W0, = 5= = % (14
T, TR M, 0q, M@qpo

Here, T, and w, are the damping time and the natural
frequency, respectively, of the pth vibrational mode and
M, is the mass parameter that characterizes the pth
mode.

The classical equation (12) correspondsto the quan-
tum-mechanical equation (8). To find a quantum-
mechanical analog of (14), let usreturn to system (6), a
particular case of which is (9). First note that (9) trans-
formsinto (14) at u ~ g, and fixed w. Thereason for this
is the absence of a concept of quantum levelsin classi-
cal physics.

Expansion (11) implies smallness of q,. In quan-
tum-mechanical language, this is equivalent to the
assumption of weak excitation of vibrational states.
Therefore, in order to determine in what way (14) and
(6) arerelated to each other, we assume that pyy = W, =
landp,,=0forp=1, ..., Ninsystem (6). Lineariz-
ing (6) with respect to the off-diagona p and E? ele-
ments, which means that the terms proportiona to
p,E? are ignored, and taking into account (7), we
obtain

L2 2 d’E>
Uyg+ =—U,o+ W, oU,p = W,o—5—,
p=1..,N.
Accordingly, (8) can be rewritten in the form
D= ﬁ—Ed +22d douudj (16)

A comparison of (12) with (16) and of (14) with (15)
yields

It follows that the role of normal mode frequenciesis
played by the wy, frequencies of the corresponding
Raman active transitions. According to (17), the q,
coordinates of normal modes are directly related to
coherence at the p <— 0 forbidden transitions.
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With wo~ 108 st and M, ~ 102 g, we obtain g, ~
10~ cm. As |uyolmax = 1/2, Oy, has the meaning of a
maximum value of the coordinate of the pth normal
mode [see the last equation in (17)]. This quantum-
mechanical limitation imposed on g, imparts nonlin-
earity, absent in classical system (14), to vibrationa
dynamics. It will be shown that this nonlinearity is of
fundamental importance for the formation of Raman
echo responses.

Equations (17), which correlate the parameters of
the classical and quantum models, were obtained by
imposing substantial restrictions on the latter. For this
reason, the quantum-mechanica theory of SRS pro-
cesses, which takes into account changesin the popul a-
tions of al vibrational levels and retains terms that
explicitly include nonlinearity, is more complete. We
will therefore proceed using (6)—(8) as basic equations
and taking into account (17).

3. THE DYNAMICS OF RAMAN-ACTIVE
TRANSITIONS UNDER THE ACTION
OF EXTREMELY SHORT PULSES
AND DURING FREE EVOLUTION

In echo experiments, medium excitations alternate
with medium free evolution periods. Condition (1) and
the inequality 1, < T,,, allow usto ignore the first and
third termsin (6). System (6) can therefore be rewritten
in the operator form

p =i[B,fl. (18)
Note that p in (18) only consists of the elements

that describe the ground electronic state and vibrational
sublevels situated closeto it.

It follows from (7) that the B operator commutes
with itself at different instants of time. Therefore, a
solution to (18) can be symbolically written as

A (I)

p(t) = 0Vp(r,-1)0 (19)

where 1, and t; are the time of Ith pulse action termina-

tion and the width of the Ith extremely short pulse,
respectively. The evolution operator has the form

M _
0% = expB N + 1D’
(20)
é|:é9|, 6 = d(N+1)J'Edt
#° Wy
The elements of the density matrix G are Gu=1-9,.
The 6, value will henceforth be called the “area’ of the

Ith extremely short pulse.

In the problem under consideration, the evolution
operator can be written in an explicit form. Indeed, set

G =% — 1, where 1 isthe unit operator and % is the
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(N+ 1) x (N + 1) matrix al of which elements equal
one.As 3> and I commute with each other, we have

0% = exp i geed szllg.
Clearly,
5% = (N+1)3,
TSN+, L, S (NwD)S

The series corresponding to the exponential functionin

the equation for 0" isthen easy to sum. Excluding the
C numerical phase factor, which is unimportant, we
obtain

~ (D)

oV =1

i - 29| .. O
—N+1%sm E—ISHGD. (21)
Substituting (21) into (19) allows us to find the change

in the states within the system of vibrational sublevels
caused by the action of an extremely short pulse.

We were able to sum the series corresponding to the
exponential function in the evolution operator thanksto
the suggestion that the dipole moments of different
quantum transitions were equal. As follows from (21),
the action of an extremely short pulse is determined by
area 6, containing these dipole momentsin the form of
some averaged parameter d [see (20)]. The degree of
excitation of molecules can therefore be characterized
solely by the area of an extremely short pulse without

specifying the equality or difference of d matrix ele-
ments. At the same time, this difference may be of sig-
nificance in (8), because it determines the difference of
spectral line intensities for the corresponding Raman
components in reemission.

Next, consider the dynamics of the state of a system
of vibrational sublevels during free evolution. Assum-

ing that B = 0in (6) and integrating, we find expres-
sions for the off-diagonal and diagonal p elements.
These expressions have the form

_ |:| . t—T||:|
ppv(t > TI) - ppv(TI) exp D_I (‘Jpv(t _TI) - T_“VEP (22)
TESW
-1
puu(t > TI) - ppp(rl) eXp E

) (23)
010

+ WU|:1 —exp D_T_1Di| .

Equations (19)—(23) determine thetempora dynam-

ics of asystem of vibrational sublevels under the action
of an extremely short pulse and during free evolution.
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Asfollowsfrom (8), reemission in the optical range
can only be recorded in the presence of a background
radiation (pumping) field E with input frequency w. The
Dg dipole moment [Eqg. (12)] together with the pump-
ing field then causes reemission at Raman frequencies.

For an extended medium whose characteristic sizeis
L > c/w (c is the velocity of light), of importance is
knowledge of the spatial characteristics of echo
responses. Following [20], we take into account propa-
gation effects by changing the imaginary exponentsin
the expressions for the elements of p and by including
spatial phase incursion in the pumping field,

n, Cf;

t, =ty + L
1 1 c

L +n2Dj
T,-tL,—T,—-t, v h—T c
g n [, (24)
-t —T-t+ rC ]1 T —T rC J,
nLr;

t—-t+—, t>T,,
C

wB - npclj JE’

where r; is the radius vector of the jth molecule in an
irradiated sample; n; (i = 1, ..., r) and n, are the unit
vectors in the directions of extremely short pulse and
pumping field propagation, respectively; n is the unit
vector in the echo signal direction; and k, = wn,/cisthe
pumping field wave vector.

Sequentially applying (19)—«21), (22), (23), and (8)
allows usto find the dipole moment of the ith molecule
after multiple action of extremely short pulses. Subse-
guent integration along inhomogeneous broadening
contours g, = g, (T » &) [here, T}, isthe misphas-
ing time of the off-diagonal p,, elements (u,v=0,1,

.,N) at thep-—= v forbidden transitionand A, isthe
detuning of thistransition frequency for some molecule
from the central frequency of the contour] for each
Raman active transition and the summation over al
sample molecules give Raman polarization Py at
Raman frequencies,

ootaoot—kptrj =

N N

2nE

dAdHIdr
. (25)

X I U, (t>1,, r)cos(wt —k, [1)g,,dA,,,

Here, n isthe concentration of Raman active molecules
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and E,, is the amplitude of the pumping field repre-
sented in the form E = E,cos(wt -k, - 1).

Because of the smallness of intermolecular dis-
tances compared with the radiation wavelength, we
replace the summation over molecules by the integra-
tion over the sample volume in (25) according to the

rule Zi Hn‘[dr.

Generally, a pumping field influences the dynamics
of statesin the system of vibrational sublevels, because
the uy, variables in (25) experience pumping effects
according to system (6) [E in (7) then denotes the
pumping field]. It follows from (6), however, that this
influence can beignored if B < w,,, where B isthe char-

acteristic value of B matrix elementsand w, isthe low-
est natural frequency of all SRS active vibrationa
modes. This circumstance and (7) and (17) give acon-
dition that allows pumping field influence on free evo-
lution of a system of vibrational sublevels to be
ignored, namely,

<£nhwv
Po2m x

| , (26)
where |, = cE?/4Ttis the intensity of pumping and X =
na isthe electronic susceptibility of the medium.
Setting w, ~ 108 s, n~ 102 cm3, and X ~ 0.1, we
obtain I, < 10" W/cm?. Clearly, a pumping field that
satisfies condition (26) can act continuously from the

very beginning of measurements rather than immedi-
ately after the last extremely short pul se ceases to act.

4. RAMAN ECHO PARAMETERS

Let a medium be excited by two extremely short
pulses of widthst; and t, separated by atime interval of
T > ty, t,. Prior to excitation, the medium isin a state of
thermodynamic equilibrium. Then p,,(0) = W,9,,,
wheretheinitial populations W, are distributed accord-
ing to the Boltzmann statistics. From the outset, the
system is under the action of low-intensity [see (26)]
monochromatic pumping. Using (19)—24), we find an
expression for u,, after the action of two extremely
short pulses, which has the form

Ugpy = zzlu((;;\wa
TRV

where u(“ ) determines the amplitude of the echo

response at the w,, frequency if the formation of the
response involves the 4 < v transition (oA (V)
echo). Below, it is assumed that echo signals are
resolved with respect to each other in both frequency
and the time of their arising. The last condition is satis-
fied if the characteristic time interval At between
sequential signals of the same frequency exceeds the

(27)
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characteristic time determined by inhomogeneous
broadening.

The equations for the u’}”

the echo are as follows:

parts that contribute to

(W)

W) — Al o () 4 Qv (1v)
Uy = ———(Ray COSHqy sindg, ), (28
aA (N 1) ( )
where
RAY = a0, +w, - =05, +5,, - 20
A a A N + 1D ap AV N + 1D

(29)

x sinze_lsinz% — (Wy —W,) (84, — 8,,) SiN6; SiNG,,

2
y . 50,
Q4 = 2HW, +W; - N (5 +6M,)S|n2§15|n92
(30)

2 . . 20
+ Z%W +3,, — N_+1E(W° —WA)smelanEZ,

(V)
n-n r
0" = (@7 ) t-ty - =12 T (o
() = O Owlly 32
A-ao0 (32)
ntv) = %L Oy ¢ Qv @, (33
Mo Wl 2 Wy ot WF @y
0 2t™v0
oy = expE—i, (34)
0 T4
1 _ 1 g1 10 1
==+ =0 = (35
Tg;\v) Ta)\ Druv TGAD1+|wuv/wa)\| ( )

The “—" and “+” signsin (31) and (33) correspond to
the Stokes, w — Wy, , and anti-Stokes, w + W, , compo-
nents.

The wy, valuein (31) is the transition frequency in
the system of vibrational sublevels of a separate mole-
cule. Performing the shift wy, — Wy, + Ay (here, wy,
isthe central frequency of theinhomogeneous broaden-
ing contour for the corresponding transition) and sub-
dtituting (28) into (25), we obtain an equation for Pg.

Thetotal intensity is given by
. 2w'V2P2

3¢
where V is the sample volume and the bar over P2R
denotes averaging over alarge number of optical vibra-
tions. Here, we ignore the small frequency difference
between Raman components and the pumping field. If
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the above conditions of a high relative resolution of
echo responses is satisfied, we can write
N N

EDRP L

a=0A=0u=0v=0
where the intensity of the aA (pv) echo is given by

I(HV) 8(‘0 Nal’]d d m(HV)ZD (36)
3c® (hmo)
()
HJ(uv)zD Cax RUVZ 4 Q2 £ _ (89 (37
2—(N 1)4( oA ) E(t=tn ). (37)

Here, angle brackets denote averaging over the inho-
mogeneous broadening contour, N, = nV is the number
of Raman active molecules in the sample, and n isthe
dimensionlessform factor of the sample. Thisform fac-
tor arises because of the spatial integration in (25); it is
expressed viathe characteristic cross section area Sand
pumping wavelength A (n ~A%/S[21]). Thef functionis

00

ft—th) = jg(Am)cos[ ar (t=tHh)] dA,.

Clearly, f=1at t = t%”, which is the maximum value
of thisfunction. Thef value becomes vanishingly small

if t—th) > T*

Equations (32) and (33) determine the times of the
arising and the directions of “luminescence” of the cor-
responding Raman echo responses. The subscripts in
the left-hand sides of (32) and (33) correspond to echo
signal frequency shiftswith respect to the pumping fre-
guency, OA — WF wy, (a, A =0, ..., N). The upper
doubleindices run over the valuesfrom 0 to N and indi-
cate the involvement of the corresponding transitionsin
the formation of the aA(uv) echo. Enumerating all
upper index combinations leads us to conclude that
N(N + 1)/2 echo responses can exist at each Stokes and
anti-Stokes component. Thetotal number of potentially
possible echo responses equals N?(N + 1)%/2. It is, how-
ever, clear that the conditions of spatial synchronism
generally cannot be satisfied simultaneoudly for al
these responses. For this reason, the number of Raman
echo signals that can be recorded is smaller and deter-
mined, apart from other factors, by the geometry of
measurements (by extremely short pulse and pumping
propagation directions). Note that, among the echo
responses at each Stokes and anti-Stokes component,
echo signals (one Stokes and one anti-Stokes) should
be formed at time 21, whose luminescence directions
are determined by the equation

n
Ny = 2N, —Ny + ——2—
oA 2 1 F W /w
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[see(32) and (33) at u=A andv = a]. Thisresultisin
agreement with the conclusion drawnin [13], wherethe
Raman echo phenomenon in the presence of one vibra-
tional sublevel was considered. In our problem, the
number of Raman echo signals that appear at time 2t
equals N(N + 1) (both Stokes and anti-Stokes echo
responses are included). As wy,/w ~ 102, we can with
a high degree of accuracy assume that the spatial syn-
chronism condition is satisfied for all such signals, and
these signals propagate in nearly the same direction.

It follows from (29) and (30) that, at N =1,

. o260
R(m) =0, Q(lgl) - 2(W0—W1)3|n915'n2§2'

This conforms to the well-known result according to
which the echo signal ismaximum at 8, = W2 and 6, =
1. However, if the number of normal vibrational modes
is larger, other variants that optimize Raman echo
intensities are possible.

It follows from (34) and (35) that relaxation damp-
ing of the aA(pv) echo is determined by phase relax-
ationtimesat both thea <— A and p~— v transitions
and by their natural frequencies.

Consider the case of small extremely short pulse
aress, 0, 6, < 1. Let, in addition, the temperature of
the sample be T < #w,y/kg, where kg is the Boltzmann
constant. In these conditions, the ground electronic
level is only populated initially, whereas vibrational
levels are not. It then follows from (29) and (30) that

Q) < R4 = 9,0,. Theintensity of Raman echo sig-
nals at the w ¥ w,, frequenciesthat correspond to nor-

mal modes is therefore 1157 = 82685 . All other echo

responses (including those corresponding to nonlinear
vibrational modes with frequencies equal to the differ-
ences of normal mode frequencies) are strongly sup-
pressed in these conditions. Clearly, at small areas,
extremely short pulse-induced excitations are weak,
and the contribution of nonlinear vibrational compo-
nents that form difference frequencies is insignificant.
A guantum-mechanical explanation is also quite trans-
parent. Indeed, small-area pulses weakly populate
vibrational sublevels, and the Stokes and anti-Stokes
Raman echo components are largely formed by two-
photon transitions from the ground electronic state to
these sublevels, which corresponds to the excitation of
normal modes only. The use of small-area extremely
short pulses therefore singles out normal mode fre-
guencies. For this reason, echo responses from this
series will be referred to as “normal” Raman echo sig-
nals. Note that the time of the arising of normal Raman
echo signalsis

(av) _
taO - E’ll

2003

“"DT # 21,

Wq !
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because v > a. The largest possible number of such
echo responses at the frequency corresponding to the
ath vibrational mode is 2(N — a). This, in particular,
shows that the Raman echo signal corresponding to the
vibrational mode with the highest frequency is absent
inthisseries. Thissigna is, however, easy to observe at
arbitrary areas of exciting extremely short pulses,
because the frequencies of the corresponding Stokes
and anti-Stokes Raman echo components are farthest
from the input continuous pumping frequency. It fol-
lows that the total possible number of normal Raman
echo signalsis

N-1

2azl(|\|-o() = N(N-1).

In particular, it follows from this equation that such
echo responses do not exist at N = 1. Indeed, it has been

mentioned abovethat RSY = 0at N=1, and, inthe sit-

uation under consideration, the contribution to the

intensity is determined by the R value. Neverthe-

less, one echo signal at the Stokes component and one
signa at the anti-Stokes component with the w F wy,

frequencies appear at time 2t at N = 1, which automat-
ically singles out the normal mode.

Taking into account that w,/w ~ 107, the spatial
synchronism condition can be satisfied for all Raman
echo signal's simultaneously when both extremely short
pulses are collinearly directed onto the sample. We
have

() —

np
nu)\ nl+

1Fw,/w

True, the Raman echo signals are then virtually unre-
solved spatialy, which impedes recording them. The
angle between the propagation directions of the
extremely short pulse and pumping should be 120°;
Raman echo signals are then emitted along the bisector
of thisangle.

Several variants that satisfy condition (33) are pos-
sible. Consider some particular cases. Suppose that
n, = -, (the first pulse reflected from a mirror placed
behind the sample can then be used as the second
extremely short pulse). Ignoring the w,,/w ratio, we
then find that condition (33) can be satisfied if
|w,/wg,| < V2. 1t follows that this group of echo

responses does not contain signals that appear at time
21. We are led to conclude that, at opposite propagation
directions of two extremely short pulses, Raman echo
signals can only berecorded if Raman-active molecules
have more than one normal vibrational mode (because
the Stokes and anti-Stokes Raman echo signals are
formed at time 2t if N =1).
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If n, = —n,, we obtain the opposite condition,
namely, |w,,/wy,| =1/2. Thisgroup of echo-responses
includes 2t signals.

If n; = -n,,, condition (33) can be satisfied at arbi-
trary |w,,/w,,| values. We can then record all echo
responses in turn by changing the direction of the sec-
ond extremely short pulse.

The procedure described in Section 3 allows us to
easily generalize (32) and (33) to an r-pulse action,

DurVrD
8- 8
-
Uppv,0 _ 0} 38
tox ST+ ) KaaTieg (38)
=1
Durer
-8
-
Hppv,H 0 n
_ P
na)\ - nr+ Ka)\(nl+1_n|)+1¢w /00’ (39)
e oA
where ki) =-w, /@ . As previously, subscripts

oA of t and n correspond to the w + w,, echo response

frequencies, and the upper pairs of indices indicate
transitions in the system of vibrational sublevels that
are involved in Raman echo formation.

The condition for the appearance of echo responses,
which follows from (38), is

r-1

0]
Z KanTi+11>0.
=1

Equations (38) and (39) coincide with similar equa-
tions for two-level quantum systems [22] at Kf,'{ =-1,
0, 1. The maximum possible nhumber of spin echo sig-
nals at each frequency is determined by the equation [7]

r-1
_ (r=21)! [
S.o(rl N) - IZ:L” (r _ 1_ |)| [N(N + 1)]

(40)

—1)!
+ (I’ 21)[N(N + 1)]r—1.
The total number of possible echo responses including
signas at the Stokes and anti-Stokes components is
N(N + 1)S,.

The amplitudes of multiple-pulse Raman echo can
be calculated by (19)—(25), which allows the equations
for their intensities to be obtained. These equations are
very cumbersome and, for this reason, are not given
here.

5. CONCLUSIONS
In our view, the study performed in thiswork reveas
the advantages of recording a Raman echo with the use
of extremely short pulses compared with quasi-mono-
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chromatic exciting signals. We showed the possibility,
in principle, of formation of Stokes and anti-Stokes
Raman echo signals from normal vibrational modes
and aso from nonlinear modes containing normal
mode frequency differences. With small-area extremely
short pulses, we can single out normal vibration fre-
guencies of molecules based on echo response frequ-
encies.

The generalization of the Bloembergen—Shen model
to an arbitrary number of vibrational sublevels of a
molecule situated close to the ground electronic state
allowed usto devel op aprocedure based on certain sm-
plifying assumptionsfor calcul ating Raman echo inten-
sities under arbitrary multiple-pul se actions.

Generally, the spectra of Raman echo signals can
contain Stokes and anti-Stokes components formed not
only by the differences but also by the sums of normal
molecular modes. This effect is, however, of a higher
order of smallness compared with those described in
the present work. It can be taken into account by solv-
ing the self-consistent problem of the formation of
Stokes or anti-Stokes components from Raman pump-
ing field components already formed in the medium
rather than from the input pumping field.
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Abstract—The Wiener—Hopf method is used to obtain a generalized Milne solution for scalar and el ectromag-
netic fields with single-scattering anisotropy. For the scalar field, the solution found for the time correlation
function and the interference component of backscattering is in good agreement with available experimental
data. A solution of the Milne problem is constructed for the electromagnetic field. Given anisotropy, the gener-
alized Milne equation is solved in the P, approximation for the quantity that describes the degree of depolar-
ization of the scattered light. It is shown that the depolarization of the scattered light can change sign at large

anisotropies. © 2003 MAIK “ Nauka/Interperiodica’ .

1. INTRODUCTION

Of great importance in studying the coherent and
correlation effectsin highly inhomogeneous media are,
first, the boundedness of the medium, because the scat-
tered light ismainly formed in the near-boundary layer,
and, second, the spatial inhomogeneity size, because
for multiple scattering to arise in a bounded dielectric,
the size of the scattering inhomogeneities must be com-
parableto the wavelength (seethereview [1]). The con-
cept of the diffusive mechanism of radiative transfer in
amedium with arandom dielectric constant [2] formsa
theoretical basis for describing the effects of multiple
scattering. The diffusion approximation qualitatively
reproduces the picture: it gives a triangular angular
function of the coherent backscattering peak [3, 4], a
decrease in the peak width with increasing single-scat-
tering anisotropy [5, 6], and alinear dependence of the
time correlation function on the square root of time [7,
8]. However, it is not justifiable to use the diffusion
approximation, which isvalid far from the boundary, at
least at the boundary itself, where it is supplemented
with boundary conditions like the Dirichlet mixed con-
ditions[2] (see[1]).

For an anisotropic phase function, a spherical func-
tion expansion is made to allow for the finite sizes of
the scatterers. In this respect, the diffusion approxima-
tion is the P; approximation, because it corresponds to
allowance for the first-order Legendre polynomials. As
a result of this allowance for anisotropy, the transport

mean free path, I* =1,(1 — cosB )™, becomes the char-
acteristic spatial scale instead of the photon mean free

path or the scattering length |.. Here, cosB isthe mean
cosine of the scattering angle, which isthe main param-
eter that describes single-scattering anisotropy.

In [9-12], the Milne solution was generalized to
describe coherent backscattering for an isotropic phase
function. In[13], the problem of multiple scattering from
a half-gpace was solved in the limit of a highly forward

elongated shape of the phase function, 1 — cos® < 1.
Note that, apart from cosB , the result contains no other

anisotropy parameters of the form cos'0, irrespective
of the shape of the phase function. In [14, 15], the
Wiener—Hopf method was used to obtain a solution for
anisotropic single scattering for the time correlation
function in the P, approximation and for coherent back-
scattering in the P; approximation. Comparison of the
results obtained with the measured time correlation
function suggests good agreement with experimental
data.

The above authors considered a scalar field by
assuming that multiple scattering completely depolar-
ized the incident light and the polarization effects may
be disregarded. Experimentally, however, the polariza-
tion dependenceis preserved [ 3, 4]; thus, the backscat-
tering peak for the depolarized component is several
times smaller than the peak for the polarized compo-
nent and its shape is not triangul ar. The coherent effects
inliquid crystals[16] also strongly depend on the polar-
ization of the incident and scattered light.

The coherent backscattering effect for an electro-
magnetic field was first considered in [17] for isotropic
scatterers, with the boundary being taken into account
by the mirror image method. In [18-22], exact solu-
tions of the boundary-value problem were obtained for
the multiple Rayleigh scattering of an electromagnetic
field. In [18, 19], the vector transfer equation was
solved for backscattering with the interference compo-
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nent. In [20, 21], the angular functions of the backscat-
tering peak were calculated by taking into account
polarization. In [22], the problem for the time correla-
tion function was aso solved for Rayleigh scatterers.

Here, we use the Wiener—Hopf method to solve the
problem of multiple scattering from a half-space for an
electromagnetic field. We obtain a solution for the
polarized and depolarized components of the time cor-
relation function for an isotropic phase function. In the
case of nonpolarized incident light, the result for the
electromagnetic field, as suggested, differs only
slightly from the result obtained in the scalar theory. In
the case of polarized light, however, the behavior of the
polarized component significantly differs from the
behavior of the depolarized component. We find an
exact solution for the difference between the polarized
and depolarized components, which describes the
degree of depolarization with single-scattering aniso-
tropy. The time dependence proves to be strong,
athough its pattern is linear. Based on our exact solu-
tion, we have managed to describe the dependence of
the scattered light components on the angle of inci-
dence.

The paper has the following structure. In Section 2,
we give the Bethe-Sal peter equation for pair field cor-
relations for the scattering by amedium that occupiesa
half-space aswell asthe ladder and interference contri-
butions to the correlation function. In Section 3, we
obtain a solution in the P, approximation for the scalar
field and use it to analyze the time dependence of the
correlation function. In Section 4, this solution is used
to analyze the angular function of coherent backscatter-
ing. In Section 5, we obtain a solution for the polarized
and depolarized components of the time correlation
function for an isotropic phase function. In Section 6, a
solution isfound for the difference between the polarized
and depolarized components for an anisotropic phase
function.

2. BASIC EQUATIONS

The transfer of electromagnetic radiation in a ran-
dom medium is described by the Bethe-Salpeter inte-
gral equation

F(Ro R, tky k) = kiG(k; —ki, )8(R, ~R)T
~ A ~ 2.1
+ ng'dR3G(—kf + Koz, )A(R) MM (R3, Ry, t]Kos, kS-

Here, the tensor function (R, Ry t/ks, k;), or the
propagator of the Bethe-Salpeter equation, describes
the transfer of apair of plane complex-conjugate fields
with awave vector k; shifted in time by t from point R,
to point R,; Koz = kyRx3/Ros, Ryz = R, —R5. Multiple
scattering at point R, gives rise to a pair of complex-
conjugate fields with awave vector k;. The wave num-
ber isk, = 21\, A isthe wavelength, k; = k; = k= nk, is
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the wave number in the medium, n is the refractive
index of the medium: n=n, +in,, n; and n, arethereal
and imaginary parts of n, respectively, (2nk,)™* =1,
where | is the total extinction length. The quantity
G(q, t) isthe Fourier transform of the pair correlator

for the scattering dielectric-constant fluctuations
og(r, t) = g(r, t) = [E(r, )0

G(a,t) = an?

XIdr [5€(0, 0)og(r, t)Texp(—iq [T).

(2.2)

Att=0, G(q, 0) =Gy(q) describesthe single-scattering
cross section, or the phase function, with the momen-
tum transfer q = 2ksin(6/2), where 8 is the scattering
angle. We will consider an exponential decay of the
dielectric-constant fluctuations,

G(a, 1) = Go(a) exp(~Vat).
In the case of Brownian diffusion,

2 _ 2(1—cosb)

Va = DG -

T = (DK?)™ is the diffusion time scale of a Brownian
particle at a distance on the order of A.
The fourth-rank tensor f\(R) ,

/\quv
_ %‘ RUORO 0 %\ RORO exp(=R/I) (2.3)
O [l - W
R? o R - R?

is the direct product of the complex-conjugate pair of
Green functions for the Maxwell wave equationin afar
zone. It describes the transformation of a pair of fields
with polarizations p and v into apair with polarizations
o and B after single scattering. The optical theorem
relates the scattering cross section and the scattering
length, or the photon mean free path between two elas-
tic scatterings,

2 ~ 1

:—))kgfdeGo(ki —k;) = =.

|SC

(2.4)

Thetotal extinction length | and the scattering length |,

arerelated by 11 = | + I, wherel, isthe absorption
scale length due to inelastic scattering. For the media
under consideration, |, > | and the I/l ratio is close to
unity.

Equation (2.1) is written in the weak-scattering
approximation, A < |. The weak-scattering approxi-
mation is also called the ladder approximation,
because it formally arises from the summation of the
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series over scattering multiplicities in the form of a
sum of ladder Feynman diagrams. Therefore, the func-

tion ['(R,, Ry, t|ky, k;) iscalled theladder propagator.

The observed quantities are the correlators, or the
moments of the field E(r, t) and its fluctuations
OE(r, t) = E(r, t) — [E(r, t)LJ The first moment is the
mean macroscopic field [E(r, t)[] the second moment,
or the coherence function, defines the field correlation
function BE(r,, t;)) - 0E*(r,, t,)[ the fourth moment
defines the correlation function of the scattered light
intensity

[BE(ry, ty) - OE*(ry, t)OE(ry, tp) - OE* (ry, 1)L
The main contribution to the intensity correlation
function is described by the Gaussian approximation
[23], inwhich the fourth-order correlator isrepresented
asthe product of pair correlators:
[BE(ry, ty) BENr 1, ty)OE(r , t,) LBENr, t)00
= [BE(r, t,) BEUr , t )OS E(r,, t,) BELr,, t,)0
+|BE(r 4, ty) BELr, t)f’. (2.5)

In an ordinary geometry of the experiment, where a
plane wave of the form

E,(r,t) = E%exp(ik; [T —iot)
is incident on the system and the scattered light is
observed at a large distance r from the scattering sys-
tem, each pair of fields gives the factor r2go, ES,,
where Eg is the amplitude of the incident wave with

polarization a.

Let us define the time correlation function of the
field observed at alarge distance r from the scattering
medium as

BE(r, t)OEL(r, 0)
= (L) T o Top,Coh o, (tK 1, K ED.ED,

B1Bo0; 0,

(2.6)

where @ and a are the polarizations of the scattered and
incident light, respectively, with wave vectorsk; and k;;

the operator T = | —k; O kk2 ensures that the scat-
tered wave is transverse.

At t = 0, this function describes the intensity of the
scattered light. In general, at t # O, the quadratic form of
this function describes the intensity correlation func-
tion. Note that the factor exp(—iwt), where wisthe fre-
guency of the incident monochromatic wave, which
vanishes when composing the quadratic form (2.5), is

omitted in the function C*° (t[ks, k,).
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Aswas pointed out above, the ladder diagrams make
amajor contribution to the scattered light. Physically,
they describe two sequential chains of scattering pro-
cesses, which areidentical for thetwo fields E(r, 0) and
E*(r, t). Since these two scattering sequences are iden-
tical, the phase relations between the fields do not
change and, thus, the ladder diagrams describe the
incoherent component. At scattering angles close to
180°, the interference component attributable to the
cyclic, or fan-shaped [24, 25], diagrams becomes com-
parable to the main, ladder component. Denoting their
contributions by the superscripts L and V, respectively,
we have

()
C itk ki)

~ (L) ~ (V) (2.7)
= C(t]ky, k) +C (] ky, ky).
L et the scattering medium occupy the half-space z > 0,
where z is the Cartesian coordinate normal to the
boundary of the medium. In this case, the ladder and
interference components of the coherence function are,
respectively, [5, 6, 26]

Chipyasa, (LK, k)
= IdedRerleuluz(Rz, Rl’ tl kf, kl) (28)
I:l Zl _ 22 [l
* &P lcos®; |cosB)
Chibaa,(tlK, k)
k,—k; k;—k
= IdedRz[rﬁlazalﬁz%z! Ryt fT Tf%
~ K35 = ki, DR, ~R1)Bu,p,85, |
(2.9)

LY 1 10
+
xexp[ 2| LtosB, cosB

+1in,Ky(z, — 2,) (cos6; — cosb;)

+in,Ky(X, — %) (SiNO, sinef)],

where 6, isthe angle of incidence and 6; isthe scattering
angle reckoned from the reverse direction of the z axis.
The incident and scattered raysliein the xz plane.

Since single scattering does not contribute to the
interference backscattering component, the corre-
sponding term in the integrand of (2.9) is subtracted. It
is easy to see that in the case of backscattering, at k; =
—K;, the polarized component of the interference contri-
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bution C"(t|k, k;) clossly matches the polarized

component of the ladder contribution C(L)(t|kf, ki)

before the subtraction of the single-scattering contribu-
tion; in contrast, the depolarized components do not
match.

3. A SCALAR FIELD:
THE TIME CORRELATION FUNCTION
IN THE P; APPROXIMATION

Assuming that the light is completely depolarized
after multiple scattering, the problem of a vector elec-
tromagnetic field reduces to the simpler problem of a
scaar field. In this case, the tensor quantities in
Eqg. (2.1) are replaced with scalars, the tensor dyads
in (2.3) arereplaced with unity, and the optical theorem
takes the form

kgIdeG(kf—ki,O) =13 (3.1)
Taking into account the cylindrical symmetry of our
problem, we define the two-dimensional Fourier trans-
form in transverse variables R, = (x, y) and the Laplace
transform in variables z; and z, as

Fa(sr S0tk k)

00 00

= IdRZDIdzzde1r(Rz, Ry, t]Ky, ki) (3.2)
o 0

. StZ, + Sz
x exp| -ig OR,—Ry), - 2222

Since the incoming wave vector k; isretained on the
right- and left-hand sides of Eq. (2.1), it will sufficeto
explicitly take into account the dependence only on the
outgoing wave vector k; on theleft-hand sideand k; on
the right-hand side of the scalar analog of the Bethe—
Salpeter equation. Restricting ourselves to the first-
order Legendre polynomials in the spherical function
expansion, i.e., to the P; approximation, we represent
function (3.2) as

Fq(5f1$:t|kf: ki)

(s, 5,1 + vy, s, 1) cosO

4T[[yq
+ay

(3.3)

(s, 5, t) cos6, ],

where cos6 = (k; - e5)k* = —cosb;, e; is the unit vector
along the z axis, cos6, = (k; - q)(kq), and q = (.

Here, cosb and cos6; are, respectively, thefirst-order
Legendre and associated L egendre polynomials. Making
transformation (3.2), substituting expansion (3.3) into the
scalar analog of the Bethe-Sal peter equation, and using
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the orthogonality condition for Legendre polynomials,
we obtain a system of equations at low values of the

transverse wave vector component q:

[ 1 aomiw [yi(s .0

+ gosmy()y(s, 5. 1 (34)

_goq ml(W)y(ll)(Sv Sil t) = gOa‘O(q’ S, Silt)v

3g;smW)yS(s s, 1)

+ Dl 3gl[m1(w) - —(m1<w> 3m2<w))}mv‘”(s s, 1)
(3.5)
— 30,58’ Tmy(w) — 3mW)ly (s s, 1)
= 30:(0, s, S, 1),
30, W)Y s, 1)
+3g,s[my(w) — 3m,W)]y (s, S, 1)

[ 3, o (36

+ L —3g;my(w) — 5913 [my(w) —3m,(W)]O

] ]

(11)

X Yq
where

(s;s, 1) = 3g,a(q, s, 8, 1),

1, 1+w
my(w) = Evlnl—w

L myw) = S(me(w) - 1),
W

my(w) = En(w)—— , W= -

The parameters g, and g, describethetime evolution
of the dielectric-constant fluctuations. In the case of
diffusive damping of random inhomogeneities in the
medium for time scales t much shorter than the diffu-
sion time scale, t < T, we have

Go = Go(D) = 127 (1 - cosb), @7

9 = gu() = @-2%(@— c00),  (38)

where cos'0 is the nth moment of the cosine of the
scattering angle averaged over the phase function,

[G(k k;, 0)cos’ eko
J’G(k k;, 0)dQ,

cos'f =

(3.9)

These quantities characterize the degree of single-
scattering anisotropy. We see from expressions (3.7)

and (3.8) that (t/1)(1 — cosB) is a small parameter
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instead of t/t, which allows us to use our resultsin an
extended time interval. In the P; approximation, only

cosB, the mean cosine of the scattering angle, is taken
into account. The right-hand sides of Egs. (3.4)—3.6)
aretheintegrals of the sought-for functions. Discarding

the terms of the order of az , we have

1
aO(q! S, S, t) - E
C (3.10)
- éj'qu(s', s 1),
1
al(qﬂsvs!t) - SI(S"'Si)
(3.11)

1. ds
+— S‘1 lt1
2.[5'2(s—s)yq( s 1)

1 ds
a;(a, s, s,t) = 5[————| Yq(s. s 1)
Zjl’gs(s"s)[ q (3.12)

#3(8°-DSE 5.0 -5 s 5.0) |

where

(0)

1
Yo(S Su 1) = vy (S,Si,t)—gygl)(s,s,t). (3.13)

In writing the system of equations (3.4)—3.6), we
ignored the intrinsic absorption by assuming that 1/l =
1, except for the first term in (3.5), where the entire

coefficient of v (s, s, 1) issmall whenw — 0.

Let us now consider the case q = 0, t # 0, which
gives a solution for the time correlation function. The
time correlation function isanalyzed outside the narrow
(severa milliradians) coherent backscattering cone
where the interference component CV(t|ks, k;) may be
disregarded. In this case, function (3.13) at q = 0
defines the time correlation function

S
Ctlk 1 k) = 2Vq-olsh S, 1),

where Sis the area of the illuminated surface. Setting
up alinear combination of Egs. (3.10) and (3.11), we
obtain a closed equation for the function yy(s, s, t) =

Yq=0o(S S, 1):

l'IJ(t! 01 S)VO(S! 31 t) = gOaO(O! S, Si ’ t)
3 (3.14)
- ggl(l —00)a1(0, s, 5, 1).

The following determinant plays a crucial role in
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solving the system of equations (3.4)—3.6):

_ In
t,q,9 = (1—3g;m, _g+ )
0, q,9 = (1-3g;mM))H %* 7 19

- 9052 my(w).

The zero of the determinant s* in the complex plane s
can be determined from a transcendental equation. On

short time scales, at g = 0, the zero of the determinant
is

= J(l— @)[6%(1— cos6) + ?_'} (3.16)

a

This value of the quantity in question determines the
properties of the time correlation function attributable
to the diffusive nature of radiative transfer in a highly
inhomogeneous medium.

Since theintegralsin the expressionsfor ay(0, s, S, t)
and (0, s, s, t) contain only the function yy(s, s, t),
Eqg. (3.14) isaclosed integral equation. Thisequationis
similar to the Milne equation for an isotropic phase
function and can be solved by the Wiener—Hopf
method. Indeed, the function (t, O, s) can be repre-
sented as the ratio of the function

s(s+) 020,55, 20, (L - 00)a,(0, 5.5,

regular in the left half-plane, Res < s, to the function
S(s + S)Yo(S, s, t) regular in the right half-plane,
Res > 0, of the complex planes. Since Yi(t, 0, s) iseven
ins, it can also be represented as the ratio of the func-
tions regular on the right and on the | eft:

h.(s)
h(s)

Y(t, 0,9 =

The products of these functions,
h.(9)s(s+ s)Yo(s s, 1) = h(s)s(s+s)

X [goao(O, S, s, 1) — :-;91(1 -00)a(0, s, s, t)}

must then be regular everywhere and, according to the
generalized Liouville theorem, they are the first-order
polynomialsin s. Our solution differsfrom the classical
Milne solution for an isotropic phase function precisely
in the substitution of the constant with a first-order
polynomial; this difference arises from the necessity of
additionally multiplying Eg. (3.14) by sto remove the
singularities on the right- and left-hand sides at s = 0.
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As aresult, the solution of Eq. (3.14) can be repre-
sented as

(Cy +Cy8)4/3
s(s+s)(s+s)

where Jo(t, S) = J,=o(t, S) may be called a generalized
Chandrasekhar function and has the form

00

It = %TI ds [3‘““ g. 'S)]

J&+g? of +¢?

exp[-Jq(t, 9], (3.17)

Yo(S S 1) =

(3.18)

Att=0, thetermsof Eq. (3.14) containing cos6 , which
describes the anisotropy of the phase function, vanish
and solution (3.17) transforms into the standard Milne
solution

Yo(S: S, 0) = yu(s )

— 3eXp[—JO(O, S) - ‘]0(01 Si)] .

s(s +s)s ’

i.e., the intensity of the backscattered light does not
depend on single-scattering anisotropy.

The coefficients C; and C, are constant relative to

s. Substituting solution (3.17) into the integral equa-

tion (3.14) in the general case, at t # 0, and expanding

the latter into a power series of s, we obtain a sequence

of equations sufficient to determine these coefficients.

The redundant equations are satisfied automatically, as

can be easily verified numerically.

The form of the right-hand side of (3.14) for s —»
—s alows usto derive the identity

S}
S s+

(3.19)

C,— exp[ Jo(t, 8]

(3.20)
[go"'_(l go)} .

We find another equation to determine the parameters
C, and C, by substituting solution (3.17) into Eq. (3.14)
and by setting s = 0:

—&sﬁsﬂal(o, 0,s,t).
1-g,

C, = (3.22)
Thus, (3.20) and (3.21) form a closed system of equa-
tionsthat allow C, and C, to be determined. The param-
eter C; is a small quantity that vanishes in the limit
t=0. Therefore, when calculating the parameter
(0, 0, 5, t), we can use the Milne solution by setting
t = 0intheintegrand.

On short time scales, the main feature of the behav-
ior of thetime correlation function is determined by the
parameter s*, because the latter is a linear function of

JtIT , while the Chandrasekhar functionislinear in t/t.
For this reason, the solution in the first order in J/t/T
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will not change if we discard the terms on the order of
(t/1)s", n= 2, inthe original equation (3.14).

Multiple radiative transfer in a random inhomoge-
neous medium gives rise to a nonanalytic time depen-
dence of the form

c®t|ky, k) O 1—Kﬁ,

wheretheinitial sope Kk determinesthe rate of decrease
of the time correlations and is an important experimen-
taly determined parameter.

In thefirst order in s*, we derive

/\/égls
s(1-gy)

Expression (3.20) then gives C, = CS” + O(t/t), where

C(l) — /\/é

(3.22)

C, = —29% 0h[-3,0, 5)] +O%IE. (3.23)

sk,
= 1_91)] (3.24)

As a result, on a short time scale, we obtain the time
correlation function of thefield

5 eml-3q(0, 3] [1—

3
Sist(St +S)

< exp[-340,5) ~ 360, )1 B —x [

where

COt|ky, k) =
(3.25)

k=2141_

S St
is the theoretical slope that depends on the angle of
incidence and the scattering angle.

For normal incidence, cosB; = 1, the slopeisk = 2,
irrespective of the anisotropy of the phase function, in
agreement with available experimental data [8]. This
implies that the initial time dependence in the P,
approximation is universal and the specifics of the scat-
tering system is contained only in the parameter T =
1/DK?.

We calculated the time dependence of the correla
tion function for various backscattering angles. The

dependence on cos@, in units of /T, is weak. The
calculated results are in satisfactory agreement with
experimental data[8].

As we see from (3.4), the damping due to inelastic
scattering and leading to afinite length |, reducesto the
substitution

cosB; + cosb;

1-g,—(1- cose) l%

This substitution results in a dependence of the small
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Ya(L, 1, 1)
1.00 .

L ]
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Fig. 1. The normalized intensity correlation function yé (1,
1, t) versustimefor three values of the effective layer thick-
ness. L =2 (1), 1 (2), and 0.6 (3) mm. The experimental
curves from [8] are shown in the inset.

parameter s* on the I*/1, ratio:

6% L3 (3.26)

sl= (1 - cosh) i
a

wherel* =1/(1— cosB) isthe transport mean free path.
Thus, a linear decrease in the time correlations under

the condition (1 — cos6 )tt~ < 1 mentioned above can
be observed in theinterval I*/1, < t/t < I*/l. Taking T =
3.7 ms, A = 0488 um, the particle diameter d =
0.497 um, the suspension concentration ¢ = 0.01, and
[* = 140 um from [8] and using the estimate [, = 1 m
calculated from these data in the Rayleigh—Hans

approximation, we obtain t > 0.26 ms, or ./t/T > 102
However, the deviations in the above paper begin from
much higher values of t/t. These deviations can be
explained by the finite sample thickness; they increase
with decreasing thicknessL (seetheinsetinFig. 1). We
assume that for a bounded layer of thickness L, the
parameter |, in the above formulas should be substi-
tuted with a quantity on the order of L. In Fig. 1, the
intensity correlation function is plotted against time for
three values of the effective layer thickness. we
assumed that L = aL and chose a = 10. The values of
the thickness were chosen to bethe sameasin [8]. Note
that the calculated and experimental curves are close.

So far, we have considered the situation where the
incident and scattered radiations are plane waves with
specified wave vectors. When carrying out measure-
ments with optical fibers and wide-angle objectives, we
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have a situation where the light source or detector or
both should be considered as pointlike. The results
obtained here can aso be used to describe this geome-
try of the experiment. Inthe main order in s*, we derive
for the time correlation function of the field:

(i) anormally incident plane wave and a pointlike
detector at the plane boundary of the medium,

s =1s>)0[Trs Ly, @2
1

(if) a pointlike source and the pointlike detector,
both at the boundary of the medium separated by dis-
tance p,

® 2cds ds,
CH(tls>1s>1)0p IsIs‘yO(S’S't)'
1 1

Our numerical calculationsyield the lopek = 1.53 for
case (i), a plane incident wave—pointlike detector,
and kK = 0.95 for case (ii), a pointlike source—pointlike
detector.

In [8], the scattered light was collected by a wide-
angle lens. In this case, the integral in (3.27) should be
calculated in the finiterange 1 < S < S5, Where S, =
1/c0SB4,; Omax iSthe lens opening angle. At 6, = 45°,
our calculations give

CPt|s = 1,1<s,<42) 0 1—Kﬁt,

wherek = 1.85.

Thus, being insensitive to the anisotropy parameter,
the slope proves to be very sensitive to the geometry of
the experiment and, in particular, to the lens opening
angle.

In [14], the problem on the time correl ation function
was solved for purely elastic scattering and normal
incidence in the P, approximation using the Henyey—
Greenstein phase function [2]. As aresult, in the time
interval where the error of the experimental data is

small, the theoretical curvesfor various values of cos@
almost coincide with the measured ones [8].

4. A SCALAR FIELD:
COHERENT BACKSCATTERING

The solution found allows the backscattering
enhancement effect to be described. The coherent back-
scattering intensity 1(A0) is specified by the interfer-
ence component of the coherence functionatt =0,

1(a8) = C(0lky, ky),
where AB = 6; — 6;. Using formulas (2.9) and (33), we
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obtain, to within terms of the first order in q =
kl cosB,A8,

188) = CV (0K, ki) = Zsﬁ

4nG (K, —k;, 0) 1} (4.1)

X S, S,0) — .
[Vq(fsi ) J’deG(kf_khO)s-'-sf

Thisformulaisvalid only if AB < 1. When this condi-
tion is violated, at A® ~ 1, the parameter g becomes

large, g > 1. In this case, the interference contribution

C™ is too small to be observable against the back-
ground of the contribution from arbitrary Feynman dia-
grams.

Thus, to determine yy(s, s, 0), we must solve
Egs. (3.4)«3.6) at t = 0 and g # 0. Consider the last
equation of this system in the vicinity of g=s=0. We
obtain

(ll)(S s, 0) - _ 91 O1

“’)(s s, 0)[1+0@]. (4.2)

The nonanalytic dependence on the variables t/t and ¢

arises because of the determinant zero, i.e., the position
of the diffusion pole, near s = 0. This implies that we
can set g?my(w) = g3 inthefirst equation (3.4) and dis-
card the termswith the factor ¢ in the second equation.
S_uell)gtituti ng (4.2) into the first two equations then
yields

! q vO
[|a+3(1—Fse)} (5.9 (43)
—s"'mWy,(s s, 0) = a(a, s, s, 0),
3cosBm,(W)yy(s. s, 0) + v(”(s 5, 0)
(4.4)

= E@al(q, s, s;,0).

Assuming that m,(w) = my(s), we can write these equa-
tionsas

(35 -Sm9 V(55,0 = 2(0.5.5.0

4.5)

cos® S;?
-———--a(,ss,0
T oep S 10,88, 0),
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where

a

3I(1— cosh)
S = Jq e

Equation (4.5) was derived in a similar way as
Eqg. (3.14) and gives the solution

186) Oyy(s. 5. 0) = 28]

cos °0, exp[ Teosel]

[ JD q 7P SID}
[h. C()Sd:|

cosB; 4nG(k; —k;, 0)
2 [6k K, 0)dQ;

(4.6)

The last term in this formula, which describes the sin-
gle-scattering contribution, for systems with highly
anisotropic scattering, i.e., with a small backscattering
Cross section, may be discarded.

When the single scattering is neglected, Eq. (4.6),
which was obtained as a generalization of the exact
Milne solution, for normal incidence at k = 2 gives

1(A8) O 1—2kICh8. (4.7)

At the same time, the initial angular function of the
backscattering cone in the diffusion approximation,
when the single scattering is also neglected, is
described by alinear formula of the form [5, 27]

2
19(A) m-z%kme,
z (4.8)
zZU =

1—cos8

These two equations predict distinctly different depen-
dences on the anisotropy parameter cos .

In the diffusion approximation, the time correlation
function and the coherent backscattering intensity are

symmetric relative to the substitution [27] /6t/T ~—
kI* AB. Formulas (3.25) and (4.6), obtained in terms of
the exact solution of the boundary-value problem, con-
firm this symmetry. However, whereas (3.25) isin good
agreement with experimental data, formula (4.6) pre-
dicts a narrower backscattering cone than the experi-
mentally determined one [3, 4]. Note that these cone
width estimates for strong anisotropy are very sensitive

to cosB: a change in cosB by 3% near cos6 ~ 0.9
causes the peak width to change by afactor of 1.5.
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5. THE TIME CORRELATION FUNCTION
FOR AN ELECTROMAGNETIC FIELD
IN THE Py APPROXIMATION

In general, the solution of the boundary-value prob-
lem for the fourth-rank tensor (R, Ry tiky, k;) is
very cumbersome. The tensor structure of Eq. (2.1) is
significantly simplified for incident plane-polarized
light with polarization a. Inthiscase, theindicesa, and
o, are the same. Since the problem is symmetric, the
indices are then, B, = B, = B and L = v. Thus, we can
consider the fourth-rank tensors with the pairwise coin-
cident indices as second-rank tensors—/\gg,,, = g, and
Mapoa = pe—and significantly simplify the problem.
The Bethe—Salpeter equation (2.1) for the pairwise
coincident polarization indicesis

rBa(R21 Rl’ tlkf! kl)
= koGlk —k, )8(R,~R)3ss  (5.1)
+ Ko dRaG(K  ~ K DAG(Re) ualRar Ry, ke ).

We assume that the wave vector of the incident wave
liesin the yz plane and itsfield is polarized aong the x
axis, a = 1. Then, since the initial polarization was
specified, a = 1, the column vector y= (I 15, 5y, [31)/4TT
isto be sought for.

We consider an isotropic phase function where the

function éo(q) does not depend on the transferred

wavevector g, éo(q) =G,. Denoting, for brevity, inthe
case of an isotropic phase function

(5.2)

rﬁl(% 0, s1, s, t|ky, ki) = 4myg(sy, s, 1),

KUZMIN, AKSENOVA

we represent the time correlation function as

S
Ceultlkys, ki) = ETYB(Sf, s, t). (5.3

In the case of normal incidence, the polarized and
depolarized components of the intensity correlation
function can be written, using factorization (2.5), as

Cpa(65, 1)

Cliepal (81, 1)
+y2(s;, 1,1)sin’8;,

= yi(s, 1,0), (5.4)

2 2
= s, 1,t)cos ©
Y2(Ss ) f (55)

if the field of the incident wave is perpendicular to the
scattering plane, and

C:OOI(ef’ t) = Vs, 1,t)cos’8; (56)
+ yz(sf! 11 t)s.nzefv
Criepa(®1, ) = Va(sp, 1, 1), (5.7)

if the field of the incident wave lies in the scattering
plane. The plane formed by the wave vectors of the
incident and scattered waves is caled the scattering
plane. We average Eqg. (5.1) over the k; orientations;

dQ; . Performing, as
ourier and twice the

i.e.,, we perform the integration

in (3.2), the two-dimensional
Laplace transforms, we obtain

[f —g’expg—z?EX(S)}v(S,S,t) = b(ss.1). (58

Here,

1% 3mg+2m; +3m, my—2m; +m, 4(m; —m,) E
/\(S) = g0 me—2my+m, 3mg+2m+3m,  4(my-my) E (5.9
O 4(m—my) 4(m—my)  8(My—2my +my) [
The column vector b(s, s, t) on the right-hand side where
of (5.8) is A 1
a6 = —
8s
2 1 211]
bg(s s, 1) = —expD ——0p; — exp 0 0
Ttls +s U 03s'+28+3 (£-1)° 4-1)g (511
® (5.10) x U 2 2 4 2 2 O
ds O (s"—1) 3s'+25°+3 4(s"-1) [
"jg{g-“_‘s‘)asu(g)yu(g’ s, 1), 0 , , , 0
1 O 4(s"-1) 4(s"=1) 8(s"-1) O
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The matrices /~\ and & have such astructure that the

system of equations (5.8) breaks up into two indepen-
dent subsystems. Indeed, defining the functions

V550 = SIVis 5.0 £vA55,0]  (512)

and adding and subtracting the first two equations from
the three equations of system (5.8), we obtain a closed
equation for the component y_(s, s, t) that describesthe
degree of depolarization,

Equation (5.13) for the function y._(s, s, t), which, by
definition, is the difference between the polarized and
depolarized scattered componentsin the case of normal
incidence, has the form of the Milne equation and can
be solved by the Wiener—Hopf method in the standard
way. As aresult, we obtain

3exp(2t/1)
4(s +s)(1-0.7exp(-2t/1))
x exp[—Jq(s, 1) — Ju(si, O],
where the quantity

vess.9 = (5.16)

_ Y (is, 1)
Jo(s 1) = 2T[IS +<° [1—0.7exp(—2tlt)} (5.17)

acts as the Chandrasekhar function [28]. Since the
function Y_(s, t) isfiniteat s=0:

90,9 = 1-07expHE0 (5.18)

o
the function y_(s, s, t) has no singularity for s — 0
and, as a consequence, it is regular in t on short time
scales. Thus, the difference between the polarized and
depolarized components of the time correlation func-
tion varies linearly with t/t, while these components

themselves linearly depend on ./t/T on short time
scales.
We calculated the time dependence of y.(1, 1, t).

According to (5.4) and (5.5), in the case of incident
field polarization perpendicular to the scattering plane,

VAL 1,0 = 5(/Ca(0, 0~ /Chea0, ).
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Vs OYss.0 = epHEHy
3 a - (5.13)
Is(s 2@ -y 6.5,
where
W(st) = 1—gexp E—%‘H(mﬁ om,+m,), (5.14)

and a system of equations for the two remaining com-
ponents,

O O
E 1 _2 2t/T(mo +1m,) _ge—zm(ml —-my) ED vy, O E by + b, E
0™0=0 2 O (5.15)
E 3 —2t/t —2t/T E Y3 U 1l ]
0 é (m-my) 1- ée (my—2m, + mz) 0O by O

The merit of this result is that it is valid for any time
scales and the calculated function is an experimentally
determined quantity.

Let usnow turnto system (5.15) and find its solution
in the main order in time parameter t/t. Using the defi-
nition of the functions m(s) and taking into account the
smallness of t/t, wetransform it to

g g
E§_352(m1+m2) t 3 (m—m,) 0
DT 4 T 4 2 N
H2t_3(m-m) 8t 3(m-m)(1-s)H
0O 5t 2 51 2 0 (5.19)
Oy.0 ObitBatbar
CVCAL IR
275 b0

In writing (5.19), we neglected the quantities on the
order of (t/1)s? or higher. As was shown in the scalar
case, this neglect does not affect the solution of the
Milne problem for t/t1 < 1. The principal featurein the
behavior of the time correlation function, namely, the

linear dependence on Jt/T on short time scales, arises
because the determinant of the matrix in Eg. (5.19)
becomes zero at s= 0 and t = 0. We see that the elements
of thefirst row become zeroat s=0andt =0, implying
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that we can put t = 0 in the elements of the second row
in the asymptotic ranget < 1. Asaresult, we obtain

2t 2 2t s(ml—mz)
_ b, +Db,+bs
- > ,

(1-s)vd = 3

e

(5.20)

m-m, -
> [SVs
where

ye = Ve(sv Si! t) = y3(Sv Si! t) —V+(Sa Siv t)
We see from Egs. (5.20) that the function yJ(s, s, t) is
finite fors — 0 and t — 0, while y,(s, s, t) indefi-
nitely increasesin thislimit. Thefiniteness of y,.(0, s, 0)
in the main order allows us to set t = 0 everywhere
except for the coefficient of y, in thefirst equation. This

system can then be rewritten as two equations, with the
Wiener—Hopf method being applicableto each of them:

(by+b,)(1-5°) + b,
3 L

(s ty.(s s, t) = (5.21)

m

1 — M, _bs
2 yC(Sv Si! t) - 3 1 (522)

where we defined the new sought-for function
Vs s, 1) = (1-S)ye(s 5, 1) —S'V(5 8, 0),
and the quantity Q,(s, t) is
2t
W59 =[S -s'my(9 |1-5)
(5.23)
1
~35[my(s) ~my(9)]s"

Given the asymptotic behavior of the functions my(s)
and my(s), for the operator on the right-hand side
of (5.23), we have

*2 2

-S
llJ+(S, t) = 2 3 a s— O, t— O, (524)
where s5 ? = 6t/ Thus, the function (s, t) hasazero

in the complex plane s, which approaches the coordi-
nate origin whent — 0. This behavior reproduces the
well-known singularity of the propagator of the Bethe—
Salpeter equation and |eads to the diffusive propagation
of light in the regime of multiple scattering. Asaresuilt,
using the standard Wiener—Hopf procedure and taking
into account the above zero of Y.(s, t) in the complex
plane, we can represent the solution of Eq. (5.21) as

dl 1+s

StS 1+ /3 —=exp[-J.(s 1)],

Y(s s, 1) = (5.25)
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where
_ S 3y.(is, t) 1+s¢
180 = 5 n[ a1 } (5.26)
Similarly, solving Eq. (5.22) yields
vs 5.0 = df+ Zdepa6], 627
where
39 = o
2 2 2
nl[s s (5.28)
2
x In[%s(ml(is‘) —my(is) L+ Zlisg]

The parameters d; and d, are constants relative to the
variable s and will be determined from additional con-
siderations. Here, we used the identity

D—soo ds 1
ex In INEE = ,
Peanf g™ )D A+S  (529)
Res>0, A>0,

to derive expressions convenient in numerical calcula-
tions, because the functions under the logarithm sign
in (5.26) and (5.28) become unity when s’ — o and
the integrals rapidly converge. The quantity J.(s, t),
which is a version of the Chandrasekhar function, lin-
early depends on time at low values of t. Therefore,
below, we assume that J.(s, t) = J.(s, 0).

We determine the constants d, and d, just as we did
for the scalar case. The relation between d; and d, can
be easily obtained from the definition of y(s, s, t).
Indeed, v.(s, s, t) and y«(s, S, t) at s =1 must be finite,
because these are the observed components of the time
correlation function for backscattering. Therefore, we
derive y.(1, s, t) = -v,(1, s, t) a s = 1. Using solu-
tions (5.25) and (5.27), we obtain

dord + j%%exp[—ac(l)]

(5.30)
2d,
= " exp[—-J.(1)].-
(1+s5)(1+4/3)
Direct calculation yields
d
1+s;
No.5 2003



A GENERALIZED MILNE SOLUTION FOR THE CORRELATION EFFECTS

Denote
_(OS_1+s _3.(s
a, = lS'nS'(l'l'/\/:._'))S')exp[ ‘]+(S)]1 (531)
B, = ods L ]2 :
0 T[S0t [EerlE]. 632)

The parameters o, and 3, can be easily calculated
numerically.

Substituting the solution found into Eq. (5.21), set-
ting s= 0 ontheright- and | eft-hand sides, and using the
numerical values of a,, and [3,, we obtain

0 0
d, = 200, + 0.582B, + S [g— (a5 + 0.582[34)}5
0 0

257 (5.33)
T 1+0.8%s)
Substituting this quantity into (5.25) yields, in the case
of normal incidence and backscattering,
2.319
(1+s5)(1+0.895s%)

y+(L 1,t)= (5.34)

To within a numerical factor, this expression agrees
closely with the Milne solution [29] for the time corre-
lation function in the model of a scalar field:

422
(1+s5)?

To within a numerical factor, it is also identical to the
solution in the diffusion approximation for an isotropic
phase function if the mirror boundary in the mirror
image method is chosen to be at the physical boundary,
z=0[7].

In the case of nonpolarized incident light, y_ = 0.
Thus, the fact that the time dependences described
by (5.34) and (5.35) are similar confirmsthat the scalar-
field approximation can actually be used with an accu-
racy up to 10% to describe the effects of multiple scat-
tering for nonpolarized light.

In the case of normal incidence and backscattering,
the polarized component of the time corréelation func-
tionisgiven by

Yea(1, 1, 1) = (5.35)

Yoo(1,1,1) = y.(L, L) +y (1, 1,1) (5.36)
and the depolarized component is given by
ydepol(la 1! t) = V+(1, 11 t) —V_(l, 1, t) (537)

In thefirst order in the time variable, retaining only the
linear dependence on /t/T, we may set t = 0 in the
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C[’JO], depol(07 t)/ Cgol(o» 0)
1.00 : ,

0.10

0.01 ' '
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J(6t)/T

Fig. 2. Time dependences of the polarized (1), CLd(O, 1),

and depolarized (2), Cgepd (0, t) , components of the corre-

lation function for the backscattered light intensity calcu-
lated using (5.16) and (5.34) and normalized to the square
of theintensity of the polarized component. The normalized
time correlation function of nonpolarized light (3) calcu-
lated using (5.35) is aso shown for comparison.

functiony_(1, 1,t). Inthemainorder in s§ = ./6t/T,we
then obtain
Ypol(1, 1,1) = 3.05(1 - 1.44s3), (5.38)
Yeepo (1, 1, 1) = 1.59(1 — 2.75s3). (5.39)

The intensity time correlation function is defined as
the sguare of the field correlation function. Figure 2
schematically shows the time correlation functions of
the polarized and depolarized intensity components.
We see that in the case of polarized light, the descrip-
tion in terms of the scalar theory proves to be inade-
quate.

The scalar field theory predictsaslopeyy,(1, 1,t) O

1-vys; , which determinestherate of initial decrease of

the field time correlations, exactly equal to two, y = 2.
The slopes for the polarized and depolarized compo-
nents differ markedly from this value: y,, = 1.44 and
Yaepo = 2.75. Calculations in the diffusion approxima-
tion yield similar values[27], 1.6 and 2.7, respectively.
They are in good agreement with the experimental val-
ues[27] of 1.6 £ 0.1 and 2.8 + 0.2 for the scattering of
light with A = 0.488 um in alatex solution with a parti-
cle diameter of 0.091 um, which is much smaller than
the wavelength.
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6

Fig. 3. Polarized, 1, (67), and depolarized, | gepol(B), scat-
tering intensities versus backscattering angle: 1—the polar-
ized component; 2—the depolarized component when the
incident wave field is normal to the scattering plane; and
3—the polarized component when the incident wave field
liesin the scattering plane. The depolarized component for
this geometry almost coincides with curve 2. The quantities
were normalized to the intensity of the polarized scattering
component at cos6; = 1

In the case of nonpolarized incident light or when
observing polarization-averaged light, Yn, and Yeepor»
there is no contribution from y_ and the slope y = 1.89,
which determinesthe rate of decrease of the component
V., iscloseto y = 2 in the scalar theory. However, when
the two orthogonal polarizations are equally present in
theincident light, we cannot get by with the approxima-
tion of pairwise equal indices.

At t =0, the derived solution describes the intensity
of the scattered light (without the interference compo-
nent). We cal culated the polarized, 1, (6), and depolar-
ized, | 4en0i(B5), Scattering intensities as a function of the
backscattering angle 6; for normal incidence. When the
scattered ray lies in the yz plane, i.e., in the plane per-
pendicular to the polarization of theincident field, these
components are

lpai(61) = Y.(ss, 1,0) +y(ss, 1,0),
lagp(®1) = =S¢ Tve(St, 1,0) +y_(st, 1,0)].

When the scattered ray liesin the xz plane, i.e., theinci-
dent field is oriented in the scattering plane,

loa(81) = =S¢ TVe(Sr, 1, 0) —y(sr, 1, 0)],
Idepol(ef) = V+(Sf, 1! 0) _V—(Sf! 1! 0)

(5.40)

(5.41)
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InFig. 3, the polarized and depol arized backscatter-
ing intensities are plotted against the scattering angle
for the two orientations of the scattering plane and the
incident wave polarization under consideration. The
angular function of the polarized component is differ-
ent for different orientations of the incident wave polar-
ization vector relative to the scattering plane. When the
field of the incident wave is located in the scattering
plane, the intensity of the scattered polarized compo-
nent decreases with increasing scattering angle appre-
ciably faster, starting from scattering angles on the
order of 10°. The angular function of the depolarized
component is the same for any initial polarization.

6. AN ELECTROMAGNETIC FIELD:
THE DEGREE OF DEPOLARIZATION
WITH ANISOTROPY
IN THE P, APPROXIMATION

We restrict ourselves to calculating the difference
between the polarized and depolarized components
[see (5.1)] for normal incidence and scattering:

MRy, Ryt

6.1
1|) =T 21(Ra, Ry|1)]. e

1
= é[rn(Rz, R

We make the two-dimensional Fourier transform of this
guantity and twice the Laplace transform and represent
it in the P, approximationat g =0 as

(s stk k)
1 (6.2)
= T [y(_o)(s, st) — cosefy(_l)(s, s, t)].

Substituting Eq. (6.2) into the Bethe-Sal peter equation
yields a system of equations for the components

y(_o)(s, s, 1) and y(_l)(s, s, t):
(1-0.79)y%s s 1)

- 29,5 (my(9) + 2my(9 + my9)y.(s: 5,9

_ _ 3g, _:go“@% 1rPY(S. 8. 1)
16]J s -ﬂ s—s '’
4(s +5) ) S S 63)
3
égls( my(S) + 2my(s) + my(s))y_(s, s, 1)
1w _ 30
+3y— (Sv Si’t) - 4_(S +S)
391 152\/ (s s t)
1] S ’
No. 5 2003



A GENERALIZED MILNE SOLUTION FOR THE CORRELATION EFFECTS

where we define the quantity

Vs5.0=v0650-306s0, (69

my(s) = [my(s) — 1/5]/s*. At s = s, this combination
determines the difference between the polarized and

depolarized components of the time correlation func-
tion for the field.

Setting up a linear combination of Egs. (6.3), we
obtain a closed integral equation for function (6.4):

391

390 [ -

VS DY58,0) = gt 15, H(1-0700)|

6.5
v(s a(t))
—S

390 S' .2][ (1 0.7 O)}

where

W5 ) = (1-07g0)| 1~ L(m, +2m,+m)]
6.6)

39050(’“1 +2m, + mg).

At low values of sand t = 0, we have

223 + 14.1cos0

W_(s 0) = O3%L——cos - . (6.7)

Since Y_(s, 0) isfiniteat s= 0, the solution y_(s, s, t) is
formally regular near t = 0; i.e., no dependence of the

form ./t/T arises. However, because the zero of the
function Y_(s, 0) approaches the coordinate origin

when cos® — 1, i.e., inthe case of strong single-scat-
tering anisotropy, an amost nonanal ytic dependence on
t/t arises in the range of short time scales (given
69/70 = 1).

Given definition (6.6), Eq. (6.5) satisfies all of the
conditions under which the Wiener—Hopf method can
be used. Based on the method used to solve a similar
equation for the scalar field, we obtain

_ D, +D,s
v.(s s, t) = mexp[—l(& )], (6.8)
where
ds , Y(is,1)
I = o J' 2 fszm TR (6.9)

A condition similar to (3.20) can be imposed on the
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y=(1, 1, 1), arb. units
0.8

0.6

0.4

0.2

-0.2

0.4 : : '
0 002 004 006

t/t

0.08

Fig. 4. The difference between the polarized and depolar-
ized components of the time correlation function y_(1, 1, t)

versus time for normal incidence and scattering; cos8 =0
(1), 0.2 (2), 0.4 (3), and 0.6 (4).

parameters D, and D, constant in s:

D; _ 39

[1+——(1 w%)}exp[—J (s, 1)].

(6.10)

Substituting solution (6.8) into (6.5) and setting s = 0,
we obtain

9 0 S .ds
D, = _291(1_0-790)%&‘* Z‘[?
(6.11)
1P(D; + Dys)exp[-J (s, 1)] O
A SEr 000 [

The fundamental difference between the derived
solution and the solution for the scalar field is the fol-
lowing. The parameter D, does not vanish at t = O,
implying that, in contrast to the scalar field, the inten-
sity of the backscattered light for the electromagnetic
field depends on the anisotropy parameter.

We calculated y_(1, 1, t), which describes the differ-
ence between the polarized and depolarized compo-
nents of the time correlation function, for various val-
ues of cosB for normal incidence and scattering. The
results are shown in Fig. 4. In the case of weak aniso-
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Fig. 5. The difference between the polarized and depolar-
ized backscattering intensitiesy_(s, 1, 0) versus the scatter-

|
0 20°

ing angle; the values of cosB are the same as those in
Fig. 4.

tropy, at low values of cosB the degree of polarization
decreases linearly with increasing t/t; it decreases
much more slowly than do the polarized and depolar-
ized components themselves, which decrease linearly

with increasing ./t/T. However, an unusual situation

arises for systems with high values of cos8 : the frac-
tion of the depolarized component in the time correla-
tion function increases with time compared to the
polarized component.

Note that the aforesaid refers to the range t/t < 1,
since, as was noted above, P_(0, 0) is small for 1 —

cosB < 1, t/t rather than (1— cosB )t/T isthe expansion
parameter.

We also calculated y_(s;, 1, t = 0), which describes
the difference between the polarized and depolarized
backscattering intensities as afunction of the scattering
angle. Theresultsare shown in Fig. 5 for various values

of cosB . The difference between the intensities of the
polarized and depolarized backscattering components
is seen to strongly depend on the anisotropy parameter.
For weakly anisotropic systems, the degree of polariza-
tion monotonically decreaseswith increasing scattering

angle. For moderate anisotropy parameters, cos® ~
0.4, the relative fraction of the depolarized component
increases with scattering angle compared to the corre-
sponding value for backscattering. Findly, at large

anisotropies, cos® = 0.6, a situation where the polar-
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ization changes sign with increasing scattering angle
arises: the depolarized component of the scattered light
becomes larger than its polarized component.

7. CONCLUSION

We have managed to use the Wiener—Hopf method,
which underlies the classical Milne solution for the
intensity of the scattering of ascalar field by point scat-
terers, to solve several more substantive problems of
multiple scattering. In the case of a scalar field, we
obtained a solution for the time correlation function by
taking into account anisotropy in the P, and P, approx-
imations, which is in satisfactory agreement with
experimental data. We found a solution that described
the initial angular function of coherent backscattering
inthe P, approximation, which can be used astheinitial
approximation in numerical calculations for highly
anisotropic systems.

We generalized the Milne solution to an el ectromag-
netic field. In the case of isotropic scattering, we found
a solution for the time correlation function for the
polarized and depolarized components. In the case of
anisotropic scattering, a solution was found for the dif-
ference between these components. In the case of

strong anisotropy, cos® ~ 0.4-0.6, we detected unusual
polarization effects. The polarization effects for coher-
ent backscattering by Rayleigh particles were predicted
in [20] even for nonpolarized incident light. We
described the effects associated with single-scattering
anisotropy: the changein therelative rate of decrease of
the polarized and depolarized components when pass-
ing to highly anisotropic systems and the change of
depolarization sign with increasing scattering angle.
These effects need to be experimentally tested.

We considered the single-scattering anisotropy in
the P, approximation. Strictly speaking, it isapplicable

to weakly anisotropic systems, cos6 < 1. Its applica
tion to significantly anisotropic scattering is based on
the physical assumption that the light becomes almost
isotropic after multiple scattering, although the single
scattering is highly anisotropic. This assumption needs
to be additionally tested.

In the problems under consideration, the scattering
must be mainly eastic. The regime of multiple scatter-
ing must be realized, | < L. In addition, the scattering
must be weak, A < |. Such a situation takes place in
complex colloidal, often artificia systems:. suspen-
sions, gels, foams, and biological tissues. We ignored
the near-field effects and disregarded theinternal reflec-
tion at the boundary [11] due to the difference between
the refractive indices.
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Abstract—The motion of atwo-level atom with an internal degree of freedom that interacts with the field of a
single-mode standing light wave in a high-Q cavity is treated as a scattering problem. At detunings between
atomic and field resonances o, atomic recoil frequencies a, initial atomic momenta pg, and numbers of excita-
tions N at which the semiclassical equations have chaotic solutions (in the sense of their exponential sensitivity
to small changesin theinitial conditions), atomic scattering is fractal with strongly pronounced self-similarity
of the dependence of time T at which the atom leaves the cavity at its initial momentum; the fractal dimension
of thiscurveis 1.84. In the chaotic regime, there are two infinite sets of atomic initial momentafor which T = oo
(in the idealized case of the absence of any loss). They correspond to separatrix-like trajectories along which
the atom asymptotically approaches certain configuration space points and to the trgjectories of infinitely long
chaotic wandering of atoms in the cavity. These trajectories make up countable and uncountable fractals,
respectively. Correlations between Rabi atomic oscillations and atomic motion can lead to Doppler—Rabi reso-
nances, that is, deep oscillations of the internal energy of the atom, for large detunings o that satisfy the condi-

tion |opg| = |0} © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

As is known, dynamical chaosin classical systems
is characterized by exponentially fast divergence of ini-
tidly close trgjectories in alimited phase space region.
Such abehavior is possible because of the continuity of
the classical phase space, whose points (therefore, clas-
sical system states) can be arbitrarily close to each
other. The trajectory concept is absent in quantum
mechanics, and the phase space is not continuous by
virtue of the Heisenberg uncertainty relation. The evo-
lution of an isolated quantum system is unitary, and
there can be no chaosin the sense of exponential insta-
bility, for instance, of its states. What is usually under-
stood under “quantum chaos’ is, in essence, the specia
features of the unitary evolution of a quantum system
(no matter what it is) in the region of its parameter val-
uesandinitial conditionsat whichitsclassical analogis
chaotic [1]. However, actual gquantum systems are not
isolated; they interact with their environment and, if
attempts are made to measure their state, with a classi-
cal instrument, which should, by virtue of its purpose,
be in an unstable state. Coherence loss caused by irre-
movable interaction with the environment (decoher-
ence) breaks quantum unitarity, suppresses the quan-
tum properties of motion, and revealsits classical prop-
erties. A classic example is a periodically kicked
guantum rotor. Taking into account the heat bath in
guantum equations of motion of such a rotor leads to
linear energy diffusion characteristic of the classical

analog of this system [2]. The unitary evolution of a
guantum rotor without the bath is known to suppress
energy diffusion and cause dynamical localization [3].
Such a situation can be modeled with the use of aquan-
tum—classical hybrid, by a system with quantum and
classical degrees of freedom interacting with each
other. Such hybrids, for instance, arise if the interna
degree of freedom of a particle is described by a quan-
tum equation of motion (a Schrodinger or Heisenberg
equation), and the degree of freedom dynamically cou-
pled toit, by the Hamilton equation in mechanics or the
Maxwell equation in electrodynamics. Semiclassical
and semiquantum equations of motion also appear as a
consequence of the reduction of Heisenberg equations,
which partially conserves quantum correlations and
fluctuations (for instance, see the /N decomposition
method [4]). Quantum—classical hybrids are of interest
not only by themselves, but also as prototypes of the
interaction of quantum objects with a macroscopic
environment.

This work was inspired by the impressive advances
in cavity quantum electrodynamics and atomic optics,
in manipulating separate atoms and photons in high-Q
cavities (e.g., see [5-8]), which would, in turn, be
impossible without studies on the mechanical action of
light on atoms, laser cooling of atoms, etc. (e.g., see
[9, 10]). During excitation exchange between an atom
and a selected field mode, not only the electronic state
of the atom and the state of the field in the cavity, but

1063-7761/03/9605-0832%$24.00 © 2003 MAIK “Nauka/Interperiodica’
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also the velocity and the position of the center of mass
of the atom change. Under strong coupling conditions
[Qo/N > max(T,", T;), where T, ; arethe relaxation
times of the atom and mode, respectively, Q, is the
amplitude of the atom—field coupling coefficient, and N
isthe number of excitations], the corresponding Hamil-
tonian (1) includes three degrees of freedom (transla-
tional, electronic, and field) and their interactions. We
showed in [11, 12] that the semiclassical equations of
motion that (1) generates may lead to Hamiltonian
chaos. Chaos arises because of interactions between
nonlinear resonances [13]. It generally manifests itself
as atomic motions in the cavity characterized by ran-
dom wanderings interrupted by regular oscillations
close to the optical potential bottom and long flights at
a virtually constant velocity (Lévy flights) [14]. The
strong-coupling mode was experimentally imple-
mented for Rydberg atoms in microwave cavities [5]
and for usual atomsin optical microcavities[6, 7].

In this work, the same atom-field system is consid-
ered in the context of chaotic scattering of atomsin the
field of a standing light wave. The problem isto give a
dynamical and statistical description of scattering of
particles that enter a bounded region of some nonlinear
determinate “potential” from the outside. Such prob-
lems arise with billiards [15], advection of passive
impurities in simple hydrodynamic flows [16], ioniza-
tion of atoms[17], etc. We show that chaotic motion of
atoms hasfractal properties, namely, the dependence of
the exit time of atoms from the cavity at their initial
momentum is fractal with strongly pronounced self-
similarity. Another abject of this paper, not touched
upon in [11-14)], is to study correlations between Rabi
oscillations (atomic internal energy oscillations) and
the motion of the atom. For this purpose, we consider
the Doppler—Rabi resonance, that is, deep low-fre-
guency Rabi oscillations caused by the Doppler effect,
which are observed at a nearly arbitrary ratio between
the atomic transition and cavity mode frequencies pro-
vided that |apy| = |0] We provein the Appendix that the
equations of motion for the electron-field subsystem
obtained by the factorization of Heisenberg operator
equations are fully equivalent to the quantum equations
for the corresponding probability amplitudes describ-
ing the internal state of the atom and a Fock state of the
field mode. It follows that we indeed deal with a quan-
tum—classical hybrid, at least when thefield isin aFock
state.

2. EQUATIONS OF MOTION

A two-level atom with mass m, and working transi-
tion frequency w, is situated in a high-Q single-mode
cavity. The field within the cavity has the form of a
standing wave along axis x with frequency ux and wave
vector k;. When the atom moves along this axis, the
atom-field coupling coefficient varies and photon
absorption and emission change not only the interna
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state of the atom and the state of the field, but also the
velocity of the atom. In the strong-coupling limit, the
dynamics of interaction of all three degrees of freedom
(trandlational, electronic, and field) is Hamiltonian with
the operator

2
+1

G, + ta+ 10
2. zhooaoz hoof% a

24 ()
—-hQy(a'6_+ ad,)cos(kX),

whose terms describe the kinetic, intraatomic, and field
energies and the interaction energy between the atom
and the standing wave field. The coordinates and

momentum operators of the atom (X and ), the oper-
ators of creation and annihilation of photons (&' and

a), and the Pauli spin operators (G ) satisfy the standard
commutation relations

[% p] = i&,

[6.,0,] = ¥20,, [06,,0] = G,

In deriving the equations of motion of the strongly cou-
pled atom—field system, we partially simplify the prob-
lem by assuming that the atom isapoint mass (whichis
admissible for the atom, whose momentum is much
larger than the momentum of the photon). Because the
number of excitationsis conserved during operator evo-
lution,

o

.1
2

N = ata+

Hamiltonian (1) gives a closed system of Heisenberg
equationsfor the operators X, p, 6,, 0 = a'6_ + ag, ,
and Vv =i(a'6_ — &4, ). Thetransition to the expecta-
tion values

£ = k0 p:ﬁikftrﬂ -

u=Mf v=0owOh z= WO

in these equations and the factorization of the product
of operators, [NG,[J= [NUG = Nz, yieldsthe sought
semiclassical equations of motion [12],

E = ap, p =-usng, u=9dv,

v = —0u+2Nzcos§, z = —2vcosE,

©)

where dots denote the differentiation with respect to the
normalized timet = Qt. The number of excitationsN =
n+ (1+ 2)/2 (where nisthe mean number of mode pho-
tons), the normalized detuning & = (u — w,)/Q,, and the

normalized optical recoil frequency, o = hk? mQ,
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(which characterizes changes in the kinetic energy of
the atom caused by photon emission and absorption)
are the control parameters of the nonlinear dynamical
system (3), which hastwo integrals of motion, namely,

W= Zp+U, (4

R=u’+v’+NZ. (5)

In the expression for the total energy of the system W,
the

U = —ucosg —gz (6)

term is separated. This term has the meaning of the
effective potential energy, becausethe—9U/0¢ = —using
value isthe force that acts on the atom. By virtue of the
equality u® + v2 = n(x? + y?) [18], the R/N vaue is the
conserved Bloch vector length x2 +y? + 2= 1 (x = [6,[

andy = [6,[) in the limit of alarge number of quanta
n> 1

As is known, the semiclassical approximation used
to derive equations of motion (3) ignores quantum cor-
relation and fluctuation effects. Depending on the oper-
ators for which the initial Heisenberg equations are
written and on the operator products that are factorized,
different equations of motion for identical quantum
means can be obtained in the semiclassical approxima-
tion. These equations naturally transform into each other
in the limit of alarge number of quanta. In [13, 14], the
operator products of the &, , , and (&' + &) operators
were factorized for Hamiltonian (1) in the Heisenberg
representation. The resulting semiclassical equations
for the means defined by (2) differed from (3) by the
presence of the (2N — 1)z—32%/2 + 1/2 square trinomial
in the equation for v (in addition, a different normal-
ization was used in [14]). The attractive property of
equations (3) istheir closeness in form to the quantum
equations of motion for electron—field interaction, asis
proved in the Appendix. Moreover, they coincide with
the quantum equationsfor afield in acavity preparedin
aFock state with a given number of quantaand an atom
in one of its energy states. All results were obtained in
thiswork with the use of system (3).

3. CHAOTIC MOTION OF THE ATOM
AND ITS STATISTICAL ANOMALIES

If the wx mode and w, atomic transition frequencies
coincide exactly, that is, at & = O, system (3) isintegra-
ble in quadratures because of the arising of the addi-
tional conservation law u = u, (Ug istheinitial u value).
The effective potential energy (6) becomesasingle-val-
ued function of the coordinate, U = —u,cosg, and com-
pletely reproduces the standing wave structure. Motion
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in a stationary potential field is described by the physi-
cal pendulum equation

£ +0au,siné = 0, ©)

which obviously follows from the first two equations of
the system and hasthe well-known solutionsin terms of
the Jacobi dliptic functions [12]. Equation (4) for the
energy determines the analytic dependence of the
momentum on the coordinate,

p=t laz(W+ Uy COSE). (8

Depending on theinitial momentum py value, two types
of motion are possible, namely, infinite flight of the
atom through the cavity at py> p., and finite oscillations
in the potential well at p, < py. The intermediate case
with p, = p,, corresponds to asymptotic approach of the
atom to the point corresponding to the potential energy
maximum [motion along the separatrix over the phase
portrait, which can be constructed directly from (8)].
Here, p, is the critical momentum determined by the
condition & = (2k + D1t p = 0, where k is an arbitrary

integer. It is easy to show that p,, = 2,/u,/a . In dimen-

sional units, this correspondsto the v, = 2,/AQqu,/m,

velocity of the atom. It follows that, under the condi-
tions of the exact atom—field resonance, the tranda-
tional motion of the atom is independent of the dyna-
mics of the electronic and field subsystems and only
depends on the initia electron—field interaction
energy U,, which determines the depth of the optical
potential U. The populationinversion zisaregular Rabi
oscillation signal modulated by the standing wave, see
Section 5.1 for details.

Equations (3) with two integrals of motion (5) are a
Hamiltonian autonomous system with two degrees of
freedom and motion over a three-dimensional hyper-
surface with a given energy W value. Generally, such a
system has a positive Lyapunov exponent A, a hegative
exponent equal in magnitude to the positive exponent,
and two zero exponents. The sum of al Lyapunov
exponents of a Hamiltonian system is zero [19]. The
largest Lyapunov exponent characterizes the mean rate
of the exponential divergence of initially close trajec-
tories,

A = limA@), A =

)

M ot '"A0)" ©)

and serves as a quantitative measure of dynamical
chaos in the system. Here, A(T) is the distance (in the
Euclidean sense) at time T between two tragjectories
closeto each other at initial timet = 0. The dependence
of A on control parameters and initial conditions was
calculated in [11, 12]; it was shown that dynamical
chaos in a strongly coupled atom—field system existed
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in awide range of N, a, and initial atomic momentum
P, values. The A(d) dependence is a function which
equals zero at 6 = 0 and has two maxima almost sym-
metrical with respect to zero detuning; this function
fairly rapidly tends to zero as |d] increases [11]. For
instance, for areasonable recoil frequency o = 1073, the
number of excitations N = 10, and the initial momen-
tum 50 = p, = 100, A values were zero (to within the
accuracy of calculations) at |d]|=

It follows from (3) that the translational motion of
the atom at & # 0 is described by the equation of anon-
linear physical pendulum with frequency modulation,

& +au(t)sing = 0, (10)

in which u is a function of both time and all the other
dynamical variables. The normalized Rabi oscillation

frequency isavalue onthe order of Q = 3+ 4N >1,
which substantially exceeds the frequency of small-

amplitude trandational motion ,/au, < 1. Taking this

into consideration, the author of [13] revealed the
mechanism of the arising of chaosin an atom-field sys-
tem. The stochastic layer width was estimated

A= SHEQD expD nQ]

ton (1)

wherew= ./2aN|d| /Q and Q/w> 1. TheA valueisthe
change in energy in the neighborhood of the unper-
turbed separatrix normalized with respect to the pendu-
lum separatrix energy «¥. Small changes in the energy
cause comparatively small changes in the frequency of
oscillations. For energies of motion that are strongly
different from the separatrix energy, that is, close to
potential well bottoms and high above optical potential
U hills, small frequency changes cause small phase
changes during the translation motion period. How-
ever, close to the unperturbed separatrix, where the
period of oscillations tends to infinity, even small fre-
guency changes can cause substantial phase changes.
This is the reason for the exponentia instability of
motions of the parametric nonlinear oscillator (10)
and chaotic atomic motions in the field of a periodic
standing wave.

A clear idea of the character of chaotic wandering
can be developed using the model of “two potentials.”
In this model, the optical potential U reproduces the
structure of the standing wave in the cavity with a 21t
period and itsamplitudeisu, (see Fig. 1a). Far from the
resonance, at |0|= 1.7, the potential has period tand is

1 The equation for v in [13] was written in the form specified in

the end of the preceding section. The whole analysis was, how-
ever, based on the linearization of the trinomial mentioned above.
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Fig. 1. Dependence of the potential energy of the atom on
the coordinate for detunings & = (a) 0.002, (b) 0.04, (c) 0.4,
(d) 0.9, and (e) 2; pg = 110.

approximately described by (25) at |d|> 1 (seeFig. 1e).
These potentials will be called resonant and nonreso-
nant, respectively. All numerical calculations were per-
formed in thiswork for the number of excitationsN = 10,
recoil frequency a = 1073, and initial conditions &, =0,

Z,=0, and Uy = vy = /4.5 (unless otherwise specified,
see Section 5). By calculating dynamical variablesu, &,
and z at each instant of time T, the dependence of U on
&(1) can be constructed according to (6) for an arbitrary
detuning value. However, theresulting U[&(T)] function
is aperiodic for the & values a which the maximum
Lyapunov exponent islarger than zero (Figs. 1b, 1c, 1d).
This function is generally ambiguous at certain p, val-
ues, because it depends not only on the position of the
atom, but also on all dynamical variables of the system.
We can say that, when motion in the cavity is chaotic,
the resonant and nonresonant potentials shown in
Figs. 1a and 1e “virtually” coexist at each instant of
time. The well depths in both structures change astime
passes, and the atom randomly gets into one or another
structure every time it crosses a standing light wave
node. The probability of getting into the resonant or
nonresonant potential regions depends on the detuning.
In particular, in Figs. 1b and 1d, the atom isin the same
potentia region amost the whole time and only rarely
gets into another for a short time. However, note that
thismodel is only a simplification introduced for illus-
tration purposes. Therea dynamicsisdescribed by sys-
tem (3), which strictly corresponds to some sensible
image only in particular cases.
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Fig. 2. (a) Chaotic atomic trajectory with Lévy flights and
(b) distribution function P in flight lengths L on the log— og
scalefor & = 0.01.

An example of a typical chaotic trgectory of the
atom in the cavity is shown in Fig. 2a. The atom
changes the direction of its motion, alternatively oscil-
lating in small space regions and performing long
flights at a virtually constant velocity. These so-called
Lévy flights are typical of Hamiltonian systems with a
nonuniform phase space, in which regular motion
regions (KAM-tori) with a complex hierarchical struc-
ture, stochastic layers, semidestroyed tori (cantori),
etc., coexist [15, 19, 20]. When a chaotic trgjectory
approaches the boundary of an external KAM-torus,
where cantori are situated, the figurative point can stick
there for along time with mimicking of regular motion.
The times of so-called “sticking” to the boundaries of
KAM-tori can be arbitrary, because cantori prevent tra-
jectories from escaping into the stochastic “sea” In our
case, the sticking effect manifests itself by long atom
ballistic flights in the cavity. The existence of such
flights results in an anomalous Hamiltonian kinetics,
that is, intermittence of normal diffusion and Lévy
flights. We define the flight length as the distance cov-
ered by the atom between two points of velocity sign
reversal. The log-og plot of the flight length distribu-
tion function P(L) constructed from the results of cal-
culations with 21 trgjectoriesin the range 93 < py < 94

with the integration time equal to 3.2 x 106 dimension-
less units for each trgjectory is shown in Fig. 2b. An
exponential decrease in the initial distribution function
region (up to L = 100) isthe contribution of normal dif-
fusion of the atom. The well-defined power law P(L) O
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L15%01 n the remaining function region corresponds
to Lévy balistic flights; the recorded length of these
flightsamountsto 2 x 10* dimensionless length units. A
power distribution function is expected to correspond
to a power time dependence of the mean square dis-
placement of the atom [§21J 1Y with the exponent y > 1
characteristic of superdiffusion. Note that this result
was obtained for comparatively weak chaos observed at
0 = 0.01. Similar calculations performed for 6 = 0.4
(strong chaos) give a virtually normal distribution of
flight lengths.

Lévy flights for motions of an atom in a standing
light wave field were observed in [14]. The statistical
properties of atom-field interaction were studied in
detail. In particular, the distributions of Poincaré recur-
rence times and the evol ution of the moments of atomic
positions were calculated. Various regimes of motion
were revealed, from virtually normal (Gauss) diffusion
of the atom to superdiffusion corresponding to atomic
ballistic motion with acceleration. In [14], numerical
experiments were performed with a version of semi-
classical equations of motion nonlinear in zfor afairly
large number of excitationsN = 10; that is, the 2Nzterm
was predominant in the equation for v . It followsthat,
other conditions being equal, the distribution of
Poincaré recurrence times and the evolution of the
moments of atomic positions for our equations (3)
should be similar to the statistical characteristics calcu-
lated in [14].

4. THE FRACTAL PROPERTIES
OF ATOMIC MOTION

4.1. Chaotic Scattering of Atoms

Consider a Gedanken experiment with a unit con-
sisting of a single-mode Fabry—Perot cavity and two
detectors capable of recording atomic collisions with
each of the cavity mirrors (Fig. 3a). The cavity lengthis
such that the optical standing wave has two antinodes.
Let the origin be at the center of the left antinode and
let atoms with different initial momenta p, directed
along the cavity axis be sequentially placed at the point
& =0TheexittimeT of atomsis measured by recording
their collisions with the cavity mirrors. Let us study the
dependence of the exit time on the initial momentum
Py, al other conditions being equal.

If the atom—field resonance is exact, three scenarios
are possible. An atom with the initial momentum p, <

P! +/2 isincapable of reaching even the node of the

standing wave and is captured by the field. If py/./2 <
Po < Pg, the atom crosses the node but is incapable of
reaching the top of the barrier, changes the direction of
its motion, and is recorded by the left detector. Lastly,
if po> P, the atom overcomesthe potential barrier and
is recorded by the right detector. Using the analytic
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(a) standing wave field
atom

mirrors

detectors

100

50

-50

-100

Fig. 3. (@) Scheme of gedanken experiment including a
microcavity with a standing light wave and detectors and
(b) examples of phasetrajectories of chaotic atomswith dif-
ferent initial momenta pg.

expression for the &(t) dependence obtained in [12]
and taking into account the dimensionless mirror
coordinates —1v2 and 3172, we obtain the sought

~

N

=]
1
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dependence in the form

H p
Ebo! p0<—c—r1
SRR
a1 O 1 ] Per
F[arcsm —— ,K:|,_S <Pers
T(oo) = Cjav Tz Lp=PesP
0 _ (12)
|:P°! pO - pcrv
= 2 _[3mn
oK) o

where F is the incomplete eliptic integral of the first
kind with the modulus K = pg./a/u, /2.

At small detunings || = 1.7, dow atoms are cap-
tured by the field, while fast atoms fly through without
experiencing noticeable field effects. However, there
also exists a fairly wide range of initial momenta p,
such that, because of the chaotic wandering effect, the
atom makes a certain number of oscillations within the
cavity before being detected. Some possible atomic
phase trgjectories in the (§, p) plane are shown in
Fig. 3b. In spite of the stochastic properties of atomic
motions, the particular shape of each trajectory is
unambiguously determined by the initial conditions
and system parameters. In particular, the result (specif-
ically, the exit time T) is only determined by the initial
momentum p, value, all other conditionsbeing equal. A
numerical study of the T(p,) dependence shows that it
hasahierarchical structuretypical of chaotic scattering.
The dependence of the exit time on the initial momen-
tum is shown in Fig. 4a for awide range of p, values.

(b)

|
83.790

0 |
83.785

|
83.795

| |
83.800 83.805 pg

Fig. 4. Fractal dependence of time T at which the atom leaves the cavity on the initial momentum of the atom pq for & = 0.4.
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According to this figure, the atom does not reach mir-
rors at low initial momenta p, < 63, because it is then
captured by the standing wavefield. At larger p, values,
aternation of smooth and badly resolvable function
regions is observed. Magnifying one of such regions
shows that the region itself has a similar structure
(Fig. 4b). Irresolvable function regions will therefore
be called function substructures. A still more impres-
sive picture emerges when we compare Figs. 4b and 4c.
Here, multiple magnification exhibits complete self-
similarity of the structures. Self-similarity is conserved
if magnification is repeated, apparently, no matter what
the number of repetitions. The structure shown in
Fig. 4a will be called the first-order structure, its sub-
structure (Fig. 4b), the second-order structure, etc. The
regular portions of higher order structures correspond
to longer exit times T; the characteristic increase in T
remains amost unchanged as the order of the structure
increases. Exit timesfor irregular regions also continu-
ously increase with increasing resolution (structure
order). This means that there exist atoms that indefi-
nitely oscillate inside the cavity until they are detected.
The set of initial momentum p,, values corresponding to
T = o isaone-dimensional fractal; that is, a subset of
the fractal shown in Fig. 4. It is proved below that the
fractal with T = 0 isthe sum of two physically different
sets, one of which is countable and the other unco-
untable.

The fractal under consideration is a set of points
with the coordinates

) = o7+ (o™ - o), 795
Jmax

0= = jma

where j .« Will be called the partitioning number of the

segment of initiadl momenta pi™” < py< pI™ . Let us

introduce the value

jmax
| = Z T _ -],

i=1

(13)

which is a peculiar “vertical projection” of the curve
length (in this sense, the “horizontal projection” aways

equals pi™ — pi™). This value is always finite for

smooth curves; for fractal curves, j tends to infinity

as the partitioning number increases. The Hausdorff—
Bezikovich fractal dimension D is[21]

. Inl

D = lim —— +1.

Jmax = @ nJmax

(14)

The fractal dimension calculated in this way for the
problem under consideration is D = 1.84 + 0.02.
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4.2. The Physical Mechanism
of Fractal Structure Formation

The motion of the atom is essentially unstable close
to standing wave nodes, where the atom-field coupling
coefficient vanishes. Far from the nodes, the atom
moves amost regularly. When crossing a node, the
atom can choose one of two scenarios. It can either con-
tinue to move up to the next node (therefore, to a detec-
tor) or change the direction of its motion after a short
flight. Thisallows usto classify all possible atomic tra-
jectories using asingle parameter m, which is the num-
ber of standing wave node crossings until the atom is
detected. Thisis equivalent to the number of half-turns
about the (11, 0) point on the (&, p) phase plane. Pre-
cisely this principle underlies the numbering of trajec-
tories in Fig. 3b. The trgjectories that intersect a node
once will be called trajectories of the first type, second-
type trajectories have two intersections each, etc. Such
a simple classification of trgectories is possible
because of the uniqueness of the “free” (unrelated to
mirrors) nodein the cavity. Notethe specia -typetrajec-
toriessimilar to 1Sin Fig. 3b. If the resonanceis exact,
such trajectories are separatrices separating the regions
of finite and infinite motion on the phase plane. Outside
the resonance, the description of the dynamics of the
atom in terms of a two-dimensional phase plane
becomes essentially incomplete, and, strictly, these tra-
jectories cannot then be called separatrices. Neverthe-
less, motion along them is, as with the resonance, an
asymptotic approximation to some configuration space
point. An important characteristic of chaotic motion is
the possibility that the atom can go into an asymptotic
trajectory after first making a certain number of oscilla-
tions (which is absolutely impossible for regular
motion). Let usclassify such trajectories asfollows: the
trajectories that enter the asymptotic mode after one
intersection of a standing wave node will be denoted
by 1S, after two intersections, by 2S, etc. Although the
choice of the further scenario after the intersection of a
node seems fortuitous, this choice is unambiguously
determined by theinitial conditions. Calculations show
that smooth regions of the large-scale structure shown
in Fig. 4a correspond to trajectories of the first type.
Visualy irresolvable regions are generated by al the
other trgjectories. The singular points at the boundaries
between the regular and irregular regions (which corre-
spond to T = o) are generated by trajectories of the 1S
type. Quite similarly, regular regions of the second-
order structure (Fig. 4b) correspond to tragectories of
the second type, and irregular regions, to trajectories of
all other types except the first type (trajectories of the
first type are absent in the second-order structure), and
singular region boundaries, to trgjectories of the 2S
type. The principle of formation of higher order struc-
tures is the same. Note that the comparative simplicity
of the fractal structure is related to the simplest field
configuration selected by us. The fractal would become
considerably more complex if the cavity were longer.
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There are two essentiadly different mechanisms of
the appearance of infinite exit times, namely, infinitely
long oscillations of the atom in the cavity (m = ) and
its entry into the asymptotic trgjectory (m # ). The set
of initial momenta p, corresponding to asymptotic tra-
jectories is a countable fractal; each of its points is
given by a vector in the Hilbert space. Each vector has
m integer components, other components being zero.
Let us establish this correspondence as follows. In the
first-order structure (Fig. 44), let us number substruc-
tures starting from the rightmost one. Each such sub-
structure contains infinitely many substructures of the
next order. Let us introduce independent numbering of
the latter starting with the center of the second-order
structure (Fig. 4b). Asdistinguished from thefirst-order
structure, substructure numbers are now both positive
and negative. Positive numbers are assigned to the sub-
structures situated to the left of the central regular
region, and negative numbers, to the substructures on
the right of the regular region. None of the substruc-
turesisnumbered “0.” The structures of the other orders
are handled similarly. This algorithm allows each sub-
structure of a structure of order mto be correlated with
a sequence of mintegers, of which thefirst is the num-
ber of the second-order structure that the substructure
of interest belongsto or coincideswith at m= 1, the sec-
ond integer is the corresponding number of the third-
order structure in the second-order one, etc. This
sequence of integersis similar to the electronic address
of asubcatalog constructed by the principle [Subcatal og
of the root cataloglllsubcatalog of the second lev-
el [llsubcatalog of the third level[l... Note that the first
number in the sequence is always positive, and al the
others can take on arbitrary values. Two asymptotic tra-
jectories of the mStype correspond to each substructure
of the mth-order structure; they are the boundaries of
this substructure. Set a sequence of numbers determin-
ing the substructure itself in correspondenceto theright
boundary of each substructure and a sequence of the
same numbers, but with the opposite sign of the first
member, to the left boundary. In this way, we define a
sequence of mintegers determining in the Hilbert space
some vector with m nonzero integers for each p, value
that corresponds to the asymptotic motion of the atom
after m node crossings.

Unlike asymptotic trajectories, the set of trajectories
with m = oo (and the corresponding initial py values) is
likely to be uncountable. To each such trajectory corre-
sponds an infinite-order substructure, which can only
be described by an infinite sequence of numbers. In
spite of different cardinalities, both these fractal sets
have the same dimension, which is smaller by one than
the dimension of the fractal on the plane considered
above; that is, it equals 0.84 + 0.02.

Like Lévy flights, fractals generate anomalous sta-
tistical properties of atom—field coupling. The probabil-
ity distribution of exit times P(T) shown in Fig. 5 for
two different detunings exhibits deviations from the

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

839

P

10-2F .

104 . -

—6 1
10 0 200 600

T

Fig. 5. Probability distribution for exit times P(T) on the
logarithmic scale; 6 = 0.4 (solid line) and 0.2 (dashed line).

Poisson statistics. Several local distribution function
maxima corresponding to different numbers of node
crossings m are observed for the stronger chaos with
0 =0.4. For instance, m = 1 corresponds to the first
maximum with T = 60; m= 2, to the second maximum
with T = 130; and m = 3, to the third maximum. The
corresponding T values can be roughly estimated from
theinitial velocity of atoms ap, = 0.08 used in the cal-
culations. Atomswith m= 1fly adistance of 3rv2 and are
recorded by the right detector at time T = 3170.16 = 60.
For atoms with m = 2, which cross the hode two times
and are detected by the left detector, estimation from
the mean velocity equal to theinitial velocity underval-
ues T (T = 100), because in reality an atom is deceler-
ated near the top of the potential hill (see the trgjectory
of the second typein Fig. 3b). The distribution function
decreases almost exponentially at its tail. The middle
part of the distribution function for the weaker chaos
with & = 0.2 also exhibits an exponential decrease.
Noticeable deviations from the exponential law are
observed for the tail of this function, which, however,
includes too few eventsto approximate it by some sim-
ple dependence. Thefirst local maximaat o = 0.2 were
observed at times shorter than the corresponding times
for the strong chaos, because alower initial velocity of
atoms was used in the calculations. The probability of
the appearance of eventswith m= 3 is exceedingly low
for the weaker chaos, and almost all atoms move along
first- and second-type trajectories.

To conclude this section, we would like to stressthat
atomic fractals of the types considered above are also
characteristic of other atom—field interaction models
with dynamical chaos. Imagine an atom prepared in the
ground state and placed into a cavity with a standing
wave whose frequency substantially differs from the
atomic transition frequency, that is, |8 > 1. Spontane-
ous emission then plays hardly any role. Standing wave
amplitude (or phase) modulation can cause chaotic
motion of the atom [22]. The quantum properties of
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such amotion have been studied in several experiments
(e.g., see[23]). Adiabatically excluding the probability
amplitude of upper level population, we obtain the
effective Hamiltonian of atomic translational motionin
the field of the amplitude-modulated standing wave in
the form

2
Hot = Z0-—e[1-sin(Br)]sins,  (15)
where e and 3 are the normalized modulation depth and
frequency, respectively. We observed afractal [24] sim-
ilar to that shown in Fig. 4 in this Hamiltonian system
with one and ahalf degrees of freedom.

Experimentally, the scheme of standard experiments
with the diffraction of atoms on a stationary standing
wave [10, 25] appears to be more convenient than the
scheme shown in Fig. 3a. In these experiments, amono-
kinetic atomic beam propagates at almost aright angle
to the standing wave axis €. We calculated the €, posi-
tion and the transverse momentum p,, for atoms at
some fixed instant of time after the beam passed the
region of interaction with the field. The &,,(&,) and
Poui(&o) Scattering functions were self-similar for sys-
tems (3) and (15) with three and one and a half degrees
of freedom, respectively, although, strictly, these func-
tions could not have singularities for obvious reasons.

5. RABI OSCILLATION CORRELATIONS
WITH ATOMIC MOTION

5.1. Resonant Rabi Oscillations

Changesintheinternal energy of the atom withtime
(Rabi oscillations) depend not only on the state of the
mode in the cavity, but also on the coordinate and
momentum of the atom in the standing light wave field.
Using the master equation (3) and taking into account
the integral of motion R, we can easily obtain the equa-
tion for the population inversion under exact resonance
conditions (6 = 0),

; = 72,/R—NZ - Ulcos[£(1)],

where &(1) isthe well-known solution for physical pen-
dulum (7) given in our work [12] for the problem under
consideration. We assume that cog¢(t)] is a known
function of time. The solution to (16) can then be writ-
ten as

21) = ¥ /Rg“%n{jar[z(r)]dr +wo}, (17)
0
where
Yo = ¢arcsin{ / N 220}
R—ug

(16)
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istheinitial phase. The magnitude of the variable
Q,(§) = 2./Ncos (18)

has the meaning of the instantaneous Rabi frequency. It
follows from solution (17) that, at & = 0, Rabi oscilla
tions are generally afrequency-modulated signal with a
constant amplitude and a variable modulation fre-
guency equal to ap(t). Oscillations differ in character
depending on the ratio between the modulation fre-
guency and the amplitude of theinstantaneous Rabi fre-

quency 2./N . For slow atomswith [ap,| < 2./N, Rabi
oscillations are a signal with a well-defined frequency
modulation (Fig. 6a, the top part). If the velocity of the
atom is so high (p, > p.) that its variations can be
ignored (the Raman—Nath approximation), that is, if
& = ap,t, Rabi oscillations have a constant modulation

frequency ap,

21) =~ ¥ —sin[————sin(apor) + mo}. (19)

R-uU; . r2./N
N ap,

As the modulation frequency ap = ap, approaches the

amplitude Rabi frequency value 2./N, the signal grad-
ually loses the form characteristic of slow atoms, and,
when these values coincide (at a = 0.001, this occursif

P = 2000./10), the signal does not contain any modu-
lation (Fig. 6a, the middle part). A further increasein p,
causes an increase in the frequency of oscillations and
adecreasein their amplitude. In thisregion, modulation
is also absent. In the [ap,| > 2./N limit, (19) can be
simplified taking into account the smallness of the

2./N/ap, value to obtain

4Nz,

2

2v, . .

21) = 25— =2sin(apoT) — 55 SN (apgt).  (20)
Po Po

It follows that, under resonance conditions, Rabi oscil-

lations of superfast atoms are a signal comprising two

harmonic components with frequencies ap, and 20p,.

Their amplitudes decrease as p, increases by the laws

1/p, and ]Jpé, respectively. In the simplest cases of
Z, =0 (Fig. 6a, the bottom part) and z, = +1, the signal
contains a single harmonic.

5.2. Nonresonant Rabi Oscillations

At moderate detunings, chaos can arisein the atom-—
field system (3). A typical chaotic signal of Rabi oscil-
lations is shown in Fig. 6b (top). The character of fre-
guency modulation of the chaotic signa is similar to
that of the resonant signal (Fig. 6a), but the amplitude
is approximately constant only for motion between
neighboring nodes. When the atom crosses the node,
the amplitude changes stochastically. Thisisamanifes-
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Fig. 6. Resonant and nonresonant Rabi oscillations for different initial momentum values, pg = 270, 6300, and 16000 (from the top

down), and different detunings & = (@) 0 and (b) 1.

tation of the instability of the solution to system (3) for
the internal degree of freedom of the atom. For slow

atoms [|ap| < max(|d} 2./N)], Rabi oscillations con-
tain both frequency and amplitude modulation, which
distinguish the nonresonant from the resonant signal
(Figs. 6b and 7, top plots). Like the frequency, the
amplitude of oscillations correlates with the standing
wave and periodic potential structure. The maximum
amplitude of oscillations decreases and the mean fre-
quency increases as the detuning increases (Fig. 7).
Frequency modulation gradually disappears and ampli-
tude modulation tends to the law cosg. For fast atoms
(Fig. 6b, middle and bottom), Rabi oscillations are
almost regular, but signalsat & = 1 are substantially dif-
ferent from the corresponding resonant Rabi oscilla-
tions shown in Fig. 6a. In the context of the experiment
with detection of fractals suggested in the preceding
section, such a relation between the internal energy of
the atom and the structure of the standing wave allows
the number of node crossings mto be easily determined
from the shape of the Rabi oscillation signal.

Theinternal energy of the atom z can approximately
be estimated in two important limiting cases. At large
detunings |8] > max{|ap|, 2N), the second term in the
fourth equation of system (3) can be ignored. For fast
atomswith |ap| > max(|d} 2N), we can ignore the inte-
gra of thisterm. In both cases, theu and v variablesare
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approximated by harmonic solutions with frequency &
and the internal energy is given by

0 [Z+ 2

%zo—g—‘%—‘@cosasin(éwq)o),

0

O |8 > max(lap|, 2N), -
z= D 2 2

+

7, + 200 Y005 51+ ) sine,

O 0

0

0 |apd > max(|§, 2N), apg> 2N,

where ¢, = arcsin(uy/,/us+ v2). Both Rabi oscilla-
tions are amplitude-modulated signals. The higher of
the two characteristic frequencies (Jop| and |d) plays
the role of the Rabi frequency, and the lower oneisthe
modulation frequency. The solution for afast atom was
obtained using the Raman—Nath approximation in addi-
tion to the |ap| > || condition. Generally, this approx-

imation is valid if the initial kinetic energy apS/Z is
much higher than twice the amplitude of potential

energy oscillations. Outside the resonance, this ampli-
tude is determined by the maximum variable u value,

which is attained at z= v = 0 and equals U, = /R =
JN. At & =0, the solution for a fast atom transforms
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Fig. 7. Doppler—Rabi resonance for different initial momentum val ues, pg = 750, 8000, 32000, and 48000 (from the top down), and

different detunings, & = (a) 8 and (b) 32.

into (20). Approximate solutions (21) agree with the
results of numerical experiments (Figs. 6, 7a).

Note that the approximations made to derive (21)
are fairly crude, because they give trivial harmonic
solutions for u and v. A more exact solution for u can
be aobtained in the approximation z,,, — Zuin < |2,
whichisvalid for both fairly large detunings |8|> |ap|
and superfast atoms |ap| > |6|except for the case when
Z, = 0. The approximate equation obtained from the
third and fourth equations of system (3),

i + 8°u = 2Nzdcosé, (22)
isthen valid. This equation describes alinear oscillator
with agiven driving force. The solutiontoiitis

u(t) = 2N20§n(6r)fdr cos(dT) cosé
—2Nzocos(6T)Idrsin(6T)cosE (23)
+ UgCcos(dT) + v,sin(01).

For aslow atom with |op| < |0} solution (23) is approx-
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imately written in the form

u= %OCOSE + JUs + vosin(dT + b)),

which allowsusto analytically substantiate the effect of
adiscrete change in the spatial periodicity of the effec-
tive potential energy mentioned in Section 3 (Fig. 1e),

(24)

2N
—Zocoszé.

U=6

(25)

5.3. The Doppler—Rabi Resonance

Thisinteresting effect, amost unnoticeable at small
detunings, is observed far from the atom-field reso-
nance if atomic momenta satisfy the condition |ap| =
|8} The physical background of the effect is asfollows.
Let us represent the standing wave as the sum of two
counterpropagation waves. In the frame of reference of
the moving atom, their frequencies w; and w, do not
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coincide because of the Doppler effect,

W = wf_bwf’ Wy = Wy "'v_a(*)f, (26)

c c
where v, isthe velocity of the atom and cisthe velocity
of light. Because the vel ocity of the atom is small com-
pared with the velocity of light, we ignore relativistic
effects. We assume that the initial momentum of the
atom is sufficiently large for the Raman—Nath approxi-
mation p = p, to hold. Let us renormalize all frequen-
cies with respect to Q, and determine dimensionless
detunings between the frequency of theinterlevel tran-
sition in the atom and the two running wave frequen-
ciesas

9 = e 3 — APy,
Qq
(27)
W, — 0,
5, = ZQo = &+ apy.

It is easy to see that the || = |ap,| condition then leads
to the resonance of the atom with one of the running
waves. If, in addition, |8 > 1, the interaction with the
second wave can be ignored, and the atom can be con-
Sidered asif it werein the field of one wave with an w,;
or w, frequency. For definiteness, we assume that the
signs of & and ap, coincide and the resonance is
observed with the wave running in the direction of
atomic motion; the frequency of thiswaveis w;. In the
field of onerunning wave, the el ectron—field dynamics of
the atom is described by the Bloch-type equations [13]
u=29ov, v =-0u+Nz, z=-v, (28)
which differ from the corresponding equationsin (3) by
the fact that the running wave amplitude is two times
smaller than the standing wave amplitude and the inter-
action energy with the running wave is independent of
the coordinate. Solutions to (28) for the population
inversion have the form
_ Ugd Vo .
z Qﬁj(1 cos(QyT)) QNsm(QNT)

29
RSN - (29)
+2zy0— + — cos(QyT),

My Qy O

where

Qy = B+ N = J(3-ap)’+N.

In particular, the exact Doppler—Rabi resonance causes
the arising of atomic internal energy oscillations with

frequency /N and the amplitude, which attains its
maximum possible value. Numerical calculations
according to complete equations (3) closely agree with
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approximate solution (29). Rabi oscillations with fre-

quency /N at ap, =5, N = 10, and two detuning values
areshowninFigs. 7aand 7b (the second and third plots
from the top down). As expected, moving away from
the resonance increases the frequency of oscillations.
Against a background of comparatively slow oscilla-
tions with the Rabi frequency corresponding to the
interaction of the atom with one running wave, we
observe fast small-amplitude oscillations, which
decrease as d increases. Their presenceis caused by the
interaction of the atom with the second wave, with
respect to which detuning o, is large. It follows
from (29) that, theinitial values being z, = +1 and u, =
Vv, = 0, the internal energy oscillates between its extre-
mal values £1 under the Doppler—Rabi resonance con-
ditions. Thisis substantiated by numerical experiments
based on (3). Along with z, = 0, the case of z, = -1 is
shownin Fig. 7b. For z,=—1, resonant Rabi oscillations
(the third plot from the top down) are shown by a
dashed line. It follows that deep Rabi oscillations are
possiblefor amoving atom at an arbitrarily large detun-
ing 6 and corresponding atomic velocity.

6. DISCUSSION AND CONCLUSIONS

We have studied the Hamiltonian nonlinear dynam-
ics of the interaction between a two-level atom and a
selected mode of a high-Q cavity under strong atom—
field coupling conditions. Upon detunings, atom recail
frequencies, atom initial velocities, and numbers of
excitations at which semiclassical equations of motion
have chaotic solutions with positive maximum
Lyapunov exponents, scattering of atomsin the field of
astanding light wave is fractal. Numerical experiments
reveal strongly pronounced self-similarity of the
dependence of the time at which atoms exit from the
cavity on their initial momenta. The corresponding
curve has a fractal dimension of 1.8. Even in a mini-
mum-size cavity (one significant standing wave nodein
our numerical experiments), there are infinitely many
atomic motion trajectories with an infinite time of
escape from the cavity. These trgjectories are of two
types, namely, separatrix-like tragjectories, the motion
along which is an asymptotic approach to some config-
uration space points, and trajectories of indefinitely
long atomic wandering (in our simplest case, vibra-
tions) in the cavity. The appearance of the latter is
caused by chaotic energy exchange between different
degrees of freedom in the atom—field system rather than
by the obvious energy limitations that prevent the atom
from overcoming optical potential barriers. The sets of
initial atomic momenta generating asymptotic and
wandering traj ectories comprise countable and uncoun-
table fractals, respectively.

Rabi oscillations of the atom correlate with its
motion. If the atom—field resonance is exact, the optical
potential is constant and reproduces the form of the
standing wave. Atomic motions and internal energy
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oscillationsareregular. For slow atoms, Rabi oscillations
are afreguency-modulated signal with a constant ampli-
tude and a noticeable decrease in the rate of population
inversion changes close to standing wave nodes. Con-

versely, for superfast atoms|[|op,| = max(|3} 2./N )] and

slow atoms far from the resonance [|8|> (|apol, 24/N)],
Rabi oscillations contain amplitude modulation at an
approximately constant frequency. The Doppler—Rabi
resonance, that is, deep oscillations of the internal
energy of the moving atom caused by the Doppler
effect, arises far from the resonance when |ap,| = |8}

In conclusion, consider shortly the prospects for
future studies of a strongly coupled atom-field system
with Hamiltonian (1). The Appendix contains the
Hamilton—-Schrodinger equations of motion (A.3) for
the probability amplitudes of the electronic atomic and
field degrees of freedom related to the classical trandla-
tional degree of freedom of the atom. Generally speak-
ing, thisis an infinite-dimensional nonlinear system of
dynamical equations with an infinite number of inte-
gras of motion. Infinite system (A.3) reduces to eight
equations for a Fock state of the quantized field mode
at T = 0 and the atom prepared in an arbitrary superpo-
sition of its energy states. For the atom prepared in one
of its energy states at T = 0, system (A.3) reduces to
semiclassical equations (3). For such an initial state of
a fully quantized electron—field subsystem, all results
obtained in thiswork are valid.
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APPENDIX

HAMILTON-SCHRODINGER EQUATIONS

Let us represent our atom-field system as a hybrid
comprising the classical subsystem of trandational
motions of the atom and the completely quantum elec-
tron—field subsystem. In the Schrodinger representa-
tion, the latter is described by the pure state vector

W@®O= % x(®I2, Gy 111, nJ (A1)
n=0

decomposed in the Fock basis of the field [n[(n =0, 1,
...) and the basis of the el ectronic states of the atom, the
upper [20and the lower |10states. The nonstationary

Schrddinger equation with Hamiltonian (1), in which X
and p arereplaced by their classical normalized means
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& and p, can easily be used to obtain quantum equations
for the following combinations of complex-valued
probability amplitudes for observing the atom at the
higher level and n quantain the field x,,, or the atom at
the lower level and n + 1 quantain the field:

u, = 2Re(X,Y¥,1), Vv, = 2Im(X,y*.,),

(A.2)
Z, = |Xn|2_ |yn+ 1|2-

After the addition of the classical Hamilton equations
for the coordinate and momentum of the atom,

;o OHD o 9LHD
ap EIN

we obtain asystem of Hamilton—Schrodinger equations
that describes the dynamics of the atom—field hybrid,

é =ap, p = —zA/n+1unsinE,
n=0

(A.3)
v, = =0u,+2./n+1z,cos,

Z, = —2/n+1lv cosg.

Generally speaking, thisisan infinite-dimensiona sys-
tem with an infinite number of integrals of motion R, =

u, = ov,,

uﬁ + vﬁ + z,f . The expected mean values of the opera-

torsof interest to us are expressed viathe amplitudes as
follows:

um = WEOIEEIWEOD= 5 Jn+1u,
) "o (A.4)
v = Jn+lv,, z= zZ,.
nZO nZO

If,at T =0, thefield in the cavity is prepared in a Fock
state with a given number of quantan and the atom is
in one of its energy states, infinite-dimensional sys-
tem (A.3) reduces to five equations. After renormaliz-

ing u, and v,, with respect to ./n+ 1, these equations
have the form of system (3) formally obtained for the
classical field. It follows that the results obtained in this
work by solving (3) are aso valid for the fully quan-
tized electronic and Fock field degrees of freedom.
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Abstract—It is shown experimentally that the exciton luminescence (A = 172 nm) quantum yield excited by
excess el ectrons drifting through solid xenon at 77 K in fields of 10 kV/cm amountsto 20 + 5 per electron and
that luminescence takes place during the entire drift process. A CW bulky discharge through solid xenon (with
acurrent up to 20 A/cm?) is realized, and intense visible luminescence due to excitation of impurities by elec-
tron impacts is observed. The prospects for using solid rare gases as matrices for studying processes in low-
temperature plasmas and for creating effective electric energy converters in the vacuum ultraviolet range are

discussed. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The ability of solid heavy rare gases (HRG) (xenon,
krypton, and argon) to serve as conductors of excess
electronsiswell known: their mobility in HRGsis even
higher than in metals and their mean free paths attain
several meters. On the other hand, it iswell known that
the exposure of HRG to fast (>10 eV) electronsleadsto
a high probability of formation of electron excitations
of the matrix (excitons) and, accordingly, to the emis-
sion of light in the vacuum ultraviolet (VUV) range.
These properties render liquid HRGs promising active
media for scintillation detectors of high-energy parti-
cles[1].

In 1994, one of the authors (E.B.G) and coworkers
proposed a model of excess electron drift through con-
densed HRG in moderately strong electric fields, which
explained the main characteristics of the drift by exci-
tation of excitons by drifting electrons[2, 3]. In view of
the smallness of the energy loss of electrons moving
through an atomic crystal (or liquid), it has been
accepted for along time that the energy acquired by the
electrons is much higher than the thermal energy; it is
assumed, however, that it cannot exceed the energy of
electron elastic scattering cross section restoration
beyond the Ramsauer minimum in the corresponding
gas (i.e., 0.3-0.7 eV) [4]. The statement that electrons
in a solid can be accelerated to energies of 8-11 eV
required for exciting the matrix, which are higher than
the mean energies even in gas discharges, appeared
bold. Nevertheless, the first attempt at experimental
verification of the predictionsmadein [2, 3], which was
made by the Wyder group [5], proved that the drift of
electrons emitted by a cold cathode through liquid

xenon under a voltage of 70V indeed leads to intense
luminescence in the vicinity of 172 nm, which coin-
cides with the emission spectrum of two-centered exci-

tonsin Xe; . Unfortunately, it isimpossible to estimate

(even approximately) the quantum yield of radiation,
i.e., the number of VUV quanta per drifting electron,
from the data obtained in [5] or from the more detailed
description of these experiments [6]. Consequently, it
could not be stated definitely whether the observed
electroluminescence is a unique event or, as assumed
in[2, 3], adrifting electron attains the energy required
for excitation many times, losing the same amount of
energy inthis process. Naturally, we can speak of prac-
tical application of this effect only in the latter case, for
example, for designing the effective converters of elec-
trostatic field energy into VUV light.

It should be emphasized that, in accordance with the
results of recent analysis [7], the effect discussed here
must be inherent only in the condensed state: lumines-
cence has never been observed during electron drift in
gaseous xenon under pressures exceeding 10 bar.
Moreover, the substitution of densities characteristic of
solids and liquidsinto the formulas of the gas model [8]
leads to values of electric fields, for which “excimer”
luminescence must be observed, corresponding to an
experimentally unattainable range of fields. A transi-
tion to the condensed phase radically changes the
motion of an electron through the medium. This fol-
lowsdirectly from an interesting effect observed for the
first timein [4]: the excess el ectron mobility (measured
from the current pulse delay timein wesk fields) in gas-
€0us xenon decreases, as expected, in inverse propor-
tion to its pressure, but increases jumpwise by four (1)
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orders of magnitude at the critical point, remaining
high both in liquids and in solids. This means that the
effective elastic scattering cross section in these media
is the same as in the gas under a pressure of 0.1 bar.
Qualitatively, this can be treated as a geometrical com-
pensation of deviation during the interaction of an elec-
tron with many atoms simultaneoudly (the electron de
Broglie wavelength is larger than the atomic spacing).
However, there must be no such compensation in the
case of “chemical”-type interaction being saturable,
viz., electronic excitation, ion formation, or chemical
reactions in which an electron interacts with a single
center. Consequently, the cross section of such pro-
cesses must remain closeto that of gas-phase processes
(the transformation of such a size effect as the Ram-
sauer effect upon atransition to the condensed phaseis
of special interest). In particular, this concerns elastic
scattering of electrons from the state of a metastable
negative excited rare gas ion, which lies 0.4 eV below
the atomic (one-center) excitation level, abeit higher
than the two-centered (molecular) exciton level for all
HRGs. For this reason, the scattering from the structure
of a negative ion, which, however, is observable, but
does not affect the main drift characteristics in the gas,
may turn out to be an important mechanism of an elec-
tron elastic losses hampering the accumulation of
energy, sufficient for exciting a one-centered exciton
(which is a predecessor of a two-centered exciton), in
the condensed state [9]. As aresult, the electron moves
for along time in the direction of the field at a constant
energy and, hence, the electroluminescence quantum
yield may be much lower than its limiting value,
defined as the ratio of the applied voltage U to energy
W, of excitation of a one-center exciton. The analysis
carried out in [7] shows that this is the reason for the
constancy of electron drift velocity in strong electric
fields.

The difficulties involved in a consistent analysis of
specific features of electron drift in condensed media
were the impetus for experiments aimed at detecting
the predicted effect and determining the electrolumi-
nescence quantum yield.

2. EXPERIMENTAL METHOD

This study is devoted to measuring the quantum
yieldn of VUV radiation during the drift of excesselec-
trons through solid xenon. Its reliable determination is
a complex problem since it is necessary in genera to
find the number of drifting el ectrons and reconstruct the
total number of emitted photons taking into account the
observation geometry, the efficiencies of the optical
tract and of the photodetector, and so on. The fact that
the measurements should be carried out with quite low
electron currents complicates the situation additionally.
This is due to the difficulties encountered in purifying
xenon to such an extent that the concentration of oxy-
gen impurity in it is below 0.3ppb, which corresponds
to a density of 10' cm3 in solid xenon. At the same
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Fig. 1. Schematic of an electrolytic cell: photocathode (1),
grid (2), xenon crystal (3), anode (4), optical fiber (5), and
avalanches of primary and secondary electrons (6 and
7, respectively). Solid arrows correspond to electrons, and
dashed arrows, to photons.

time, even a concentration of 10'* cm3 of negativeions
(emerging as a result of eectron capture by O, mole-
cules, which are motionlessin solid xenon) is sufficient
for completely compensating an electric field of
1 kV/cm by the space charge. As aresult, the value of
the total charge passing through the sample becomes
limited from above, and the smaller the current, the
longer the solid sample lifetime without recrystalli-
zation.

This problem was solved using the method pro-
posed in [10] and illustrated in Fig. 1. We used athree-
electrode cell whose zinc cathode possessed a consid-
erable photoelectron emission yield in the ultraviolet
spectral range. A xenon crystal was grown at the bottom
of the cell between the anode and the grid. The upper
part of the cell wasfilled either with argon to a pressure
of afew millibars (if experiments were made at 77 K)
or with saturated xenon vapor under the same pressure
(in this case, the temperature was maintained at 125 K).
The metallic grid was grounded, and voltages (a nega-
tive voltage to the cathode and a positive to the anode)
were supplied to the electrodes from two independent
power supplies. The cathode was irradiated through a
window in the stainless steel anode by fourth-harmonic
pulses of radiation emitted by a pulsed-periodic
Nd: YAG laser (wavel ength 266 nm, pulseduration 1 ns,
and pulse repetition frequency 10* Hz) and fed through
a quartz optical fiber. The number of photoelectrons
emitted by the cathode per pulse was 10*-10°. VUV
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1

Fig. 2. Vacuum system: tanks (1) for storing xenon with fin-
gers (2) and nonevaporating getters (3); comb (4), argon
tank (5), high-vacuum valve (6), IKR-251 vacuum gauge (7),
vacuum line (8), CMR-261 manometer (9), high-vacuum
turbomolecular pump (10), turbomolecular pump (11), and
membrane pump (12).

Fig. 3. Xenon purification chamber using electric spark
method: vacuum flanges (1), copper leads (2), glass (Pyrex)
cell (3), electrode unit (shown separately on the right) (4),
anode (5), titanium ring (6), macor insulator (7).

light quanta that form during the electron drift through
solid xenon and hitting the photocathode must in turn
form new photoelectrons.

Such a scheme is advantageous from several points
of view. First, the gap between the crystal and the cath-
ode filled with alow-pressure gaps makesiit possible to
suppress the well-known back diffusion effect that |ow-
ers the probability of emergence of electrons from the
cathode to the condensed medium under their direct
contact by several orders of magnitude even if the free
energy of an eectron in a substance is lower than in
vacuum (asin the case of HRGs) [11]. Second, the el ec-
trons accel erated by the electric field ionize therare gas
multiply in the cathode—grid gap, leading to the forma-
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tion of an electron avalanche. The main thing, however,
is that such a photoelectronic multiplier “built-in” the
measuring cell aso increases the number of secondary
electrons formed under the action of exciton radiation.
For this reason, positive feedback (during their drift in
solid xenon, electrons induce VUV radiation generat-
ing new electrons, which are multiplied in the gas,
embed in solid xenon, and so on) becomes so strong
that it permits overcoming natural losses (limited solid
angle of light collection, incomplete transparency of
the grid, etc.) up to the attainment of the threshold for
the development of a self-sustained discharge.

3. EXPERIMENTAL TECHNIQUE

In the vacuum system shown schematically in
Fig. 2, use was made exclusively of materialsand facil-
ities intended for operation in ultrahigh vacuum. All
pipelines were made of stainless steel, while flanges
and copper gaskets were manufactured at Varian. The
measuring cell and the xenon purification system were
designed without using plastics, glues, or soldering
since flux could not be removed completely from the
latter. The entire vacuum system could be heated to
200°C for degassing. Evacuation was carried out using
a TPU-170 high-vacuum turbomolecular pump sup-
ported in tandem by a turbomolecular and TPH-065
membrane pumps (all the pumps were manufactured at
Pfeiffer) at the output. Thetanksfor xenon storage were
supplied with specia fingers, in which xenon was fro-
zen (when required) by liquid nitrogen, and with com-
mercial nonevaporating getters for maintaining gas
purity.

The xenon purification system shown in Fig. 3 was
combined with the vacuum system. It was based on the
simple and reliable spark discharge method, proposed
for thefirst time by Obodovski et al. [12]. The principle
of itsoperation is closeto that of a getter-ion pump, but
thissystem operatesin aliquid. The cathode of the puri-
fication chamber was in the form of a titanium ring
sharpened to arazor edge, while the anode was a cylin-
drical metalic rod; the spacing between the electrodes
was 0.2 mm. Before purification, the entire chamber
was immersed in avessel with ethyl alcohol cooled by
liquid nitrogen added continuoudly to it to a pasty con-
sistency. Xenon condensed in the chamber to an extent
sufficient for maintaining thelevel of liquid 1 cm above
the cathode plane. When the voltage between the cath-
ode and the anode was high enough, one or two sparks
flashed in the liquid xenon and moved in a circle upon
sputtering of the cathode material. The spark current
was limited by a high-voltage 1-MQ resistor. Sputtered
titanium deposited on the anode absorbed impurities
from liquid xenon, while cavitation arising during the
breakdown caused intense stirring of the liquid and
supplied fresh portions to the purification region. In
accordance with recommendations formulated in [12],
the degree of purity was determined from the sound,
color, and duration of the spark breakdown. The spark
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in xenon preliminarily purified by multiple refreezing
with evacuation of the remaining vapor at T=77 K was
bright and short and was accompanied by aloud bang,
while the spark after several hours of electric-spark
purification was dull, long, and was accompanied by a
quiet hissing. Thevoltagein this case had to be elevated
to 10 kV. According to [12], the degree of purification
using this method was higher than 10-°. Its effective-
ness could be judged from the following observation:
additional condensation of a small amount of xenon
purified by refreezing from the comb of the vacuum
system immediately led to a noticeable change in the
spark characteristics. Purified xenon was stored in a
tank with a preliminarily activated getter.

The design of the electrolytic measuring cell is
shownin Fig. 4. Itsbase was aglass cylinder connected
to two sted flanges through kovar junctions. The lower
flange was connected electrically to the steel anode
fixed to it and having a central hole 2 mm in diameter,
which was covered from the outside by a sapphire win-
dow. The polished end of the quartz optica fiber
intended for irradiating the cathode by laser pulses was
fixed in the immediate vicinity of the window. The
design of the anode part was determined by the neces-
sity both to reduce the parasitic volume below the
anode surface to the maximum possible extent and to
compensate the mechanical stresses arising during the
cell cooling. A massive copper rod of diameter 14 mm,
which served as a cold link from liquid nitrogen to the
cell, was attached to the lower part of the anode unit. A
zinc cathode with aworking diameter of 10 mm and a
grid were fixed at the upper flange supplied with two
high-voltage feedthroughs. The distance between the
cathode and the grid was about 2 mm; they were elec-
trically insulated by a ceramic gasket made of macor.
Several types of copper and stainless steel grids with a
geometrical transparency from 40 to 60% were used.
The distance between the grid and the anode could be
changed from 1 to 2 mm by varying the length of the
cathode holders; the sample thickness changed accord-
ingly. The cell was supplied with two electrical heaters
wound on the upper and lower flanges and with a plati-
num thermometer.

The cell was placed in a transparent glass Dewar
filled with liquid nitrogen so that the copper rod was
immersed in the liquid. Voltage was supplied to the
lower heater to increase the cell temperature to T =
165 K, which corresponds to the coexistence of liquid
and gas near the xenon triple point. Xenon was then
condensed slowly from the tank to the cell. The amount
of gasin the tank was chosen so that the surface of lig-
uid xenon was at the grid level after the completion of
the procedure (the upper edge of the sample was notice-
ably lower after crystalization followed by further
cooling). After this, the cell was separated by a vacuum
valve from the remaining part of the setup and the sam-
ple was solidified slowly by a drop in the voltage sup-
plied to the heater and then cooled further either to
125 K, when the xenon saturated vapor pressure was
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Fig. 4. Electrolytic cell: cell body (1), zinc cathode (2), grid
(3), anode (4), sapphire window (5), fiber shell (6).
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Fig. 5. Electric circuit: radiation input system of the fiber
(1), photodiode of synchronization system (2), Nd:YAG
laser (A = 266 nm) (3), oscilloscope (4).

1.2 mbar, or to 77 K. In the latter case, after cooling to
100 K, liquid nitrogen was added to the Dewar flask to
the level of the upper flange of the cell and preliminar-
ily purified argon was fed to the cell up to a pressure of
1.2 mbar. The sample remained transparent during the
entire procedure.

The electric measuring circuit is shown in Fig. 5.
The electron current induced by a laser pulse in the
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Fig. 6. Electron current pulses in the cathode-grid gap under a gas pressure of 1.2 mbar for different voltages Uy = 0 (1), 50 (2),
100 (3), 150 (4), 165 (5), 175 (6), 200 (7), and 245V (8) for xenon (a) and argon (b) and the logarithm of the peak pulse intensity
as a function of the dimensionless voltage Ucy/lxe ar (Ixe ar IS the ionization potential of the corresponding atom) (c) Xe: P =
2.4 mbar, T=300K, a =1.55; (d) Ar: P=3.6 mbar, T=77 K, a = 1.40. The highest voltageis 5-10 V lower than the chargeignition

threshold.

cathode—grid and grid—anode gaps was detected by
measuring the varying component of the voltage at the
corresponding power supply with the help of a storage
oscilloscope (f = 500 MHz, input resistance 50 Q).
Such acircuit alowed us to avoid high voltage across
the oscilloscope input and to detect signals with atime
resolution not worse than 2 ns. All signals were syn-
chronized by alaser pulse detected by the photodiode.

4. EXPERIMENTAL RESULTS

In order to determine the effectiveness of the
method, we had to determine the characteristics of the
gaseous “ photoel ectric multiplier,” i.e., its time resolu-
tion and the values of the electron multiplication factor
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attained, which are limited from above by the emer-
gence of a self-sustained discharge between the cathode
and the grid. In the evacuated empty cell, the signal
from primary electrons emitted from the cathode by a
laser pulse, which was measured in the upper (cathode—
grid) gap, had a duration of 2 ns (which is close to the
laser pulse duration) and was saturated at a voltage of
Ug =100 V. When rare gas is fed to the cell, the elec-
tron current amplitude becomes an exponential func-
tion of U, the characteristics of the current signal
being insensitive to changesin temperature in the range
T = 77-300 K, as well as to the presence of a voltage
between the grid and the anode. Typical dependences
are shown in Figs. 6a and 6b; the maximal voltages
shown in the figures are quite close to the discharge
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ignition threshold. An increase in the gas pressure
broadened the current pulse; for this reason, pressures
under which the pulse duration does not exceed 10 ns
were used. For convenience of comparing the charac-
teristics of avalanche multiplication of electronsin dif-
ferent rare gases, the dependences of current amplitude
Jon the applied voltage are shown in Figs. 6cand 6d in
the form

Ul

k = qa

- expg—':)lnag, 1)

where k is the multiplication factor, I, is the ionization
potential of the corresponding gas, and o is the multi-
plication factor for an electron undergoing inelastic
scattering with an atom (1 < a < 2). It isinteresting to
note that the multiplication factor is practically the
same for all rare gases used (He, Ar, and Xe) and is
quite high (approximately half the energy acquired by
an electron from the field is spent on ionization).

On the whole, the characteristics of the photomulti-
plier satisfy the formulated problem completely: (1) the
multiplication factor is reproducible and large enough
(k = 300-1000) to significantly compensate the com-
paratively low probability y (determined by the cell
geometry and the grid transparency) that aVUV quan-
tum from the xenon crystal hits the cathode and the low
photoemission yield from zinc (A = 172 nm) = 103,
(2) the characteristic time of the photomultiplier
response to a short signal, which is equal to 10 ns, is
shorter than other characteristic timesin the system.

Specia experiments also confirmed that the pres-
ence of solid xenon on the lower (grid—anode) gap did
not affect in any way the current characteristics of the
photomultiplier provided that the cutoff voltage Uy, <0
is supplied across this gap.

Thethreshold condition for the emergence of a self-
sustained discharge in an electrostatic cell with a pho-
tocathode is the relation

ekny = 1, 2

indicating that every primary electron leads to the for-
mation of another electron due to the positive feedback
viaVUV radiation. Since the quantum yield n = 10 of
electroluminescence in our conditions is quite suffi-
cient for attaining the threshold of a self-sustained dis-
charge, the dependence of the threshold value of volt-
age on the voltage Uy, applied to the crystal could in
principle be determined and then the quantum yield n
and its dependence on U, could be determined on the
basis of relation (2).

However, this could not be done easily, and the reli-
ability of such adetermination could not be sufficiently
enough. Firgt, it isimpossible to operate under condi-
tions when the grid is frozen in solid xenon. In view of
the drift nature of motion of electrons in a solid, the
“transparency” of the grid for them is much lower than
the geometrical transparency: sincethegrid thicknessis

J
Jo
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comparable to the mesh size, an electron has a very
high probability of appearing at the “channel” walls
even if it falls in the transparency region. However, it
was impossible to increase the mesh size by more than
0.1 mm due to field “sagging” at a gap width of
1-2mm. For this reason, we always left a gap of
0.1-0.2 mm between the lower edge of the grid and the
upper surface of the sample. This, in turn, led to a
simultaneous change in the electron multiplication fac-
tor k upon a change in the voltage U, across the lower
gap. This change was significant, the more so because
the field strength in the region occupied by the gas was
almost twice as high as in the sample because of the
high dielectric constant of solid xenon. Moreover,
xenon was partly deposited on the grid during sample
preparation and cooling, thus changing its transparency
for light and especialy for electrons. Along with the
contamination of the cathode by impurity gases (whose
absolute amount was quite large in spite of the very
high relative purity of xenon), this led to considerable
variations in the magnitudes of current signals from
experiment to experiment.

Consequently, the quantum yield of VUV radiation
was determined as follows. In the absence of positive
feedback, the current in the gap between the cathode
and the grid should have the form of a short pulse sim-
ilar to that shown in Figs. 6a and 6b, since the current
associated with electron drift through solid xenon
makes zero contribution because it passes through
another electrical circuit. In the cell with solid xenon,
positive feedback existsin any case. Asamatter of fact,
our experiments with an electron avalanche in a gas
proved that the electron energy in the avalanche is suf-
ficient for effectively ionizing the gas and is obviously
sufficient (especially when argon is used) for generat-
ing excitonsin solid xenon. It iswell known that bom-
bardment of the solid xenon surface leads to effective
exciton luminescence, the radiative exciton lumines-
cence time in solid xenon being 1z = 30 ns [9]. This
means that a slower (exponentially decreasing) signal
having a characteristic time of 30 nsand corresponding
to secondary electrons emitted from the cathode under
the action of surface exciton emission must be observed
at the trailing edge of the electron current pulse in the
upper gap corresponding to electron avalanche in the
gas. There are no grounds to assume that the yield of
this luminescence differs significantly from unity [9].
If, in addition, electrons form excitons in the entire
course of their drift through solid xenon, an exponen-
tially decaying signal must be accompanied by a much
longer tail from secondary electrons emerging under
the action of emission of these excitons. Away from the
discharge ignition threshold, where the contribution
from ternary, quaternary, etc., electrons can be disre-
garded, this signal must have the shape of a plateau
extending to the time of arrival of primary electrons
drifting through the sample at the anode. Naturally, the
areas bounded by the current signals generated by bulk
and surface excitons are proportional to the number of
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Fig. 7. Electron current in the gas-filled cathode—grid gap for various voltages applied to a xenon crystdl: (a) crystal thicknessis
1mm, T=125K, xenon gas; Uy = 380V, Uy, = 270 (1), 310 (2), 330 (3), 350 (4), and 370V (5); (b) crystal thicknessis 2 mm,
T=77K, argon gas: Ugy =280V, Uga = 0V (1), Ugy = 280V, Ugy = 1000 (2), Ugg =400V, Ugy = 700V (3).

corresponding secondary electrons; for this reason,
their ratio must be equal to the quantum yield of VUV
photons per drifting electron. In this case, practically
none of the effects deteriorating the reproducibility of
the results (cathode contamination, blocking of the grid
by xenon deposited on it, and the effect of and uncon-
trollable gap between the grid and the crystal surface)
affects the value of this ratio since their action is the
same at both stages of the signal.

It can be seen from Fig. 7 that experimental results
arein good agreement with the above concepts. For low
voltages, the current signal in the upper gap contains,
apart from thetail decaying with acharacteristic time of
30 ns, aplateau whose duration is not only proportional
to the thickness d of the solid xenon sample but which
also coincides numerically with the drift time of an
excess el ectron through xenon, T = d/v,, where v, isthe
electron drift velocity (it iswell known [13] that veloc-
ity v4 isindependent of the electric field strength E in
the range of E used here). In principle, the value of v4
dlightly depends on the degree of xenon purification
and on the temperature at which the measurements are
made. Consequently, thevalue of v4= 1.3 x 10° cm/sfol-
lowing from our experimental data appears to match the
available results obtained for high-purity xenon [14].

However, the most convincing proof for the validity
of the above interpretation is associated with the mech-
anism of transition to the self-sustained discharge. In
the case of the generation of primary electrons by a
pulse, the current pulse becomes of the so-called regen-
eration type associated with the overall contribution to
the electron current from secondary, ternary, and all
subsequent generations of electrons as the system
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approaches the threshold. The discharge ignition
threshold corresponds to the conditions under which the
area bounded by the regeneration peak (i.e., the number
of eectrons generated by positive feedback) becomes
equa to the area bounded by the initial current pulse,
whichisequal to the number of primary electrons. It can
easly be seen that, in view of its integrated nature, the
regeneration signal attains is maximal value for times
corresponding to the cessation of the positive feedback
responsible for the discharge evolution (this statement is
mathematically rigorous for rectangular feedback).

In a cell with a photosensitive cathode, the positive
feedback ensuring the transition to the dischargeis exe-
cuted by photoelectron emission due to the cathode
exposure to ultraviolet radiation induced by electrons
[8]. However, while radiation at optically allowed tran-
sitions of atoms and molecules, which are excited by
electron impacts (g = 10 ns) responsible for photoe-
mission of electronsin alow-pressure gas, optical radi-
ation in the presence of a xenon crystal is induced by
electrons during the entire time of their drift through
solid xenon. Indeed, it can be seen from Fig. 6 that
approaching the discharge threshold in a gas-filled cell
only broadens the current pulse (At = 10 ns). On the
contrary, theregeneration in acell with solid xenon (see
Fig. 7) evolves more dowly (by two orders of magni-
tude), and the maximum of the peak is rigidly
connected to the instant of time when primary elec-
trons drifting through xenon leave the cell and fall on

the anode.! In particular, doubling of the solid sample

1 Thisis a convenient method (since the magnitude of the signal is
large and there is ho need to substantiate the disregard of regener-
ation effects) for determining the electron drift velocity.
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thickness leads to a doubling of the time during which
the maximum is attained; thisis an additional confirma-
tion of the fact that the feedback delay is not associated
with electron emission under cathode bombardment by
slow and heavy ions from the gas (such abombardment
may beresponsiblein principlefor the discharge evolu-
tion [8]).

Thus, it can be stated with confidence that the drift
of electrons through solid xenon in an electric field
leads to multiple generation of excitons by these elec-
trons and it is the emission of these excitons that is
responsible for positive feedback inducing a transition
to a self-sustained discharge. The ratio of the areas
bounded by the slow (responsible for excitation of the
crystal volume) and fast (associated with the surface
excitation) components of the secondary electron cur-
rent for the parameters corresponding to Fig. 7a (T =
77K, d=2mm, and Uy, = 1000 V) givesavalue of the
guantum yield of electroluminescencen =20 £ 5. Nat-
urally, this value depends on the voltage applied to the
crystal. Consequently, amore universal characteristicis
the efficiency of transformation of the electric field
energy into the energy of VUV radiation, which is
defined as

K = nhv/eU, (©)

where hv isthe energy of aVUV quantum and U isthe
applied voltage. For the above parameters, we havek =
18%. Thus, in spite of high absolute values of quantum
yield, the major part of energy acquired by a drifting
electron from the electric field is spent on exciting the
crystal lattice. Thisconclusionisin accordance with the
constancy of the electron drift velocity in high electric
fields E, which was observed in all experimental stud-
ies. According to the model developedin[7], vy may be
independent of E only in the case when an electron
moving in the direction of the field with velocity v+

most of thetime hasalinear velocity v corresponding
to the threshold energy E,, = 8.0 eV of formation of a

metastable ion (Xe*)~. A two-centered exciton X&)
can be formed either as aresult of the process

(XeD)™ + Xe— Xe; +e+0.8¢eV, (4)

characterized by alow probability dueto alarge differ-
ence in atomic spacings in the xenon crystal and in a
two-centered exciton, or as a result of overcoming a
narrow (AE = 0.01 eV = 100 K) peak of electron scat-
tering from the structure of a negativeion by the tail of
the energy distribution of drifting electrons, after which
the electron acquires an energy up to E* = 8.4 eV, suf-
ficient for the formation of a one-center exciton Xe*,
followed by the process

Xe* + Xe — Xe; +1.26V. (5

In thelatter case, the rate at which the electron acquires
energy E* must strongly depend on temperature, espe-
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Fig. 8. Electron current in the grid—cathode gap. The crystal
thicknessis 1 mm, Ugg = 300V, Ug, = 250, 290, 310, and
330 V.

cialy for T < 100 K. Unfortunately, the signal from the
crystal surfaceat T= 125K (seeFig. 7b) istoo weak for
the quantum yield to be determined reliably; neverthe-
less, we can state that the quantum yield, aswell asthe
efficiency of transformation at 125 K, is higher than
at 77 K.

The results of measurements of the electron current
in the grid—anode gap are much more difficult to inter-
pret (atypical shapeof such asignal isshowninFig. 8).
In particular, even in the absence of a positive feedback
through UV radiation, the signal must contain a plateau
corresponding to the current of primary electrons drift-
ing through solid xenon. Among other things, an
uncontrollable contribution to the signal comes from
the gas-filled gap between the grid and the upper sur-
face of solid xenon, whichisincluded in the electric cir-
cuit. A typical feature of the signals observed is the
presence of reproducible quasiperiodic oscillations
with aperiod of 50 nsin the leading front of the signal
and about 150 nsinitstrailing edge. The origin of these
oscillations is not quite clear; at any rate, they are not
associated with radioengineering processes in the reg-
istration system.

Naturally, after the attainment of the self-sustained
discharge threshold, there is no need for creating pri-
mary electrons with the help of alaser since a continu-
ous-wave (CW) discharge is formed spontaneously
when the required voltages U, and U, are applied. The
discharge is accompanied by an extremely bright glow
characterized by a continuous spectrum in the entire
visible range. The intensity of this glow was many
orders of magnitude higher than the glow intensity of
the gas discharge above solid xenon and in the empty
cell filled with xenon. Naturally, the CW discharge ulti-
mately led to xenon melting and sometimes to grid
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Fig. 9. Visible luminescence pulse during the discharge of a
10-pF capacitor charged to 300 V through solid xenon (of
1 mm thickness).

burning even in the presence of a 1-MQ resistance lim-
iting the discharge current. For this reason, we used the
following approach for determining the attainable dis-
charge current and the intensity of the luminescence
accompanying it. We replaced the cathode—grid voltage
source by a capacitor with a capacitance of C = 10 pF,
which was charged to avoltage exceeding the threshold
voltage for the discharge ignition (the resistor limiting
the current was also removed). The pulse of discharge
glow detected with the help of a photodiodeisshownin
Fig. 9. The intensity of a light pulse from a flash
directed to the photodiode of a Minolta digital photo-
graphic camera detected for comparison at the same
distance (about 2 m) was only three times higher.
Knowing the voltage, U, = 300 V, and the characteris-
tic duration, T, = 70 ps, of the glow, we could estimate
the discharge current, J = CUCg/ZTp =20A.

5. EFFECT OF IMPURITIES

Visua observation of the visible luminescence
region showsthat it emergesfrom the bulk of the crystal
and cannot be identified as luminescence of structural
materials excited by exciton VUV radiation. Xenon
itself cannot be excited either since it is transparent in
the spectral range of its own emission [15]; in addition,
the spectrum in this case would contain narrow bands
[9]. Consequently, the observed intense luminescence
isaresult of excitation of trace impurities dissolved in
solid xenon either by VUV radiation or by electron
impacts.

Surprisingly, the current of discharge or itslumines-
cence did not decrease with time in our experimentsin
the regime of the self-sustained discharge despite the
strong current, although the current signals decrease
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below the threshold in our experiments (due to the for-
mation of motionless negative oxygen ions compensat-
ing by their charge the voltage applied to the crystal) for
values of the total charge passing through the sample
that are smaller by orders of magnitude. The “bleach-
ing"2 of negative ions can be due to UV light or high-
energy €electrons.

In order to analyze the problem quantitatively, we
must know the rate of formation of negative ions. Its
calculation isadifficult problem since the electron cap-
ture cross section decreases strongly upon an increase
in the electron energy; for this reason, thisrate is very
sensitive to the form of the electron energy distribution
function for low energies (dissaciative attachment of an
electron to O,, whose cross section increases with
energy, can hardly take placein asolid) [16]. It ismore
expedient to use the experimentally measured current
decay length A for excess electrons drifting through lig-
uid xenon (such an estimate appears quite reliable since
the values of the entire electron drift parametersfor lig-
uid and solid xenon are close). In liquid xenon purified
in accordance with our method, A =2 m[17] for close
values of the electric field strength. Since the actual
electron mean free path islonger than its drift path by a
factor of v¢/vy (here, vy isthe electron velocity deter-
mined by itskinetic energy; v = 108 cm/sfor electrons
with an energy of a few electronvolts), the electron
mean free path prior to its capture by an impurity is
given by

= =N\, (6)

where g, is the effective capture cross section and n is
the concentration of an electronegative impurity. If we
assume the estimate n = 102 cm3 for the residual oxy-
gen concentration in xenon obtained in [17], it follows
from relation (6) that the effective cross section of elec-
tron capture is 0, = 5 x 10%° cm?. Such a small value
of the cross section indicates, on the one hand, a high
mean energy of electrons drifting in liquid xenon (the
electron capture cross section in the gas with an electron
energy of T=0.1¢eV is ill as high as 10 cm? [16])
and, on the other hand, the absence of dissociative elec-
tron attachment to oxygen in the condensed phase (its
crosssectioninthegasfor T,=8€eV is5x 107" cn?[16]).

For typical conditions of our experiments, the con-
centration of negative ions sufficient for complete com-
pensation of the applied voltage amountsto 10* cm3[3].
In the analysis of processes that may be responsible for
the bleaching of negativeionsin solid xenon, thevalue
of this quantity should be compared to the steady-state

concentration n- of O, ions, which can be estimated

2 The process of electron detachment from traps under the action of
light.
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from the equality of the rates of their formation and
decomposition. Accordingly, we obtain

= BuhyH ™

for the mechanisms of dissociation of negative ions by
electron impacts, and

n = (0,eAn)7, ®

for photodissociation, where o4 and 0,4 are the cross
sections of the corresponding processes. In agas, Oy =
5x 107 cm?for T, = 5-20 eV, while 0,4 = 1 x 107" cm?
for A = 150-180 nm [16]. Using these values, we find
that, for bleaching with electrons, the steady-state con-

centration of O, isequal only to 10° cm3, and this pro-
cess can indeed sustain continuously the electric cur-
rent through xenon. In the case of photodissociation,
n_= 3 x 10% cm3, and the process is insufficient for

maintaining the concentration of O, at therequired low
level. Relations (7) and (8) have clear physical mean-
ing: the path traversed by an electron in the medium is
longer than the photon path by a factor of v/v, = 103,
and the el ectron impact i onization cross sectionismuch
larger than the photoionization cross section. Conse-
quently, in spite of the high quantum yield of electrolu-
minescence, the electron component of the “plasma’ is
more active than the photon component as regards the
dissociation of negative ions.

Similar considerations lead to the conclusion that
the strong visible luminescence of solid xenon
observed by us during the passage of electron current is
induced by the excitation of impurities by electron
impacts rather than by photoexcitation.

Anaysis of relation (7) leads to one more important
conclusion. If the relative concentration of electronega-
tiveimpuritiesin xenon is high enough (say, larger than
3 x 108, which corresponds to a high-purity substance
for most applications), electroluminescence of solid
xenon for high currents must be observed only for a
very short time prior to filling the “traps” In other
words, there exists an electronegative impurity concen-
tration threshold for the initiation of a steady-state dis-
charge through solid xenon.

6. CONCLUSIONS

It has been proved experimentally that excess elec-
trons drifting through solid xenon in moderately strong
electric fields multiply produce excitons, thus leading
to intense luminescencein the VUV spectral range. The
fact that the luminescence efficiency, which is quite
high and attains 18%, is nevertheless much lower than
the limiting efficiency confirms the prediction made
in[7] and concerning the difficulty of overcoming the
electron energy threshold T, = 8.0 €V corresponding to
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the formation of a negativeion (Xe*)~. This means that
the energy distribution function for electrons participat-
ing in steady-state drift must have a sharp peak at
8.0 eV; the small value of the effective cross section o,
of electron capture by oxygen, which follows from the
results of experiments [11], indicates the absence of a
low-energy tail in the distribution.

Undoubtedly, such a behavior of an excess electron
must also take placein liquid xenon aswell asin liquid
and solid krypton and argon. In other words, it can be
expected that the drift of excess electrons through con-
densed HRGs will lead to the formation of ensembles
of quasimonochromatic electrons with energies of 8.0,
9.6, and 11.2 eV and to effective el ectroluminescence at
wavelengths of 172, 148, and 127 nm for Xe, Kr, and
Ar, respectively. Being monochromatic in energy, drift-
ing electrons move chaotically in contrast to electron
(and, by the way, light) beams, and their path length in
the medium isthree orders of magnitude larger than the
sample thickness. The probability of electron action on
impurities (including those intentionally introduced
into the solid matrix) increases in the same proportion.
Realization of the latter idea will make it possible to
develop a new method for studying plasmochemical
reactions (electron energy, which is even higher than in
the low-temperature gas plasma, is sufficient for many
electron excitation, dissociation, dissociative attach-
ment, and other processes) at low and ultralow temper-
atures under the conditions of matrix isolation of
reagents and products. In “pure” matrices, this can be
used for creating effective direct converters of the elec-
trostatic field energy into VUV (including coherent)
radiation.

The three-electrode cell designed for the above
experiments may serve as a prototype for a solid-state
plasma reactor (a dose of 10% electrons per cm?® per
pulse attained by using a capacitor in the self-sustained
discharge mode is quite sufficient for most applica-
tions) aswell asfor an exciton VUV lamp. The ease of
realizing a volume discharge through xenon in the
three-el ectrode scheme with agas gap and a photocath-
ode is especially impressive in comparison with the
two-€electrode scheme. In the latter case, a razor-type
cathode and a voltage of 10 kV isrequired for a break-
down of a pure liquid xenon layer 0.2 mm thick (asis
the case in the xenon purification system), while in the
former case, a discharge through a solid xenon sample
1 mm thick can easily beignited in the planar geometry
for atotal voltage of only 600—700 V.
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Abstract—The properties of waveguide modes in hollow-core microstructure fibers with two-dimensionally
periodic and aperiodic claddings are studied. Hollow fiberswith atwo-dimensionally periodic cladding support
air-guided modes of electromagnetic radiation due to the high reflectivity of the cladding within photonic band
gaps. Transmission spectra measured for such modes display isolated maxima, visualizing photonic band gaps
of the cladding. The spectrum of modes guided by the fibers of this type can be tuned by changing cladding
parameters. The possibility of designing hollow photonic-crystal fibers providing maximum transmission for
radiation with adesirable wavelength is demonstrated. Fibers designed to transmit 532-, 633-, and 800-nm radi-
ation have been fabricated and tested. The effect of cladding aperiodicity on the properties of modes guided in
the hollow core of amicrostructure fiber is examined. Hollow fibers with disordered photonic-crystal claddings
are shown to guide localized modes of electromagnetic radiation. Hollow-core photonic-crystal fibers created
and investigated in this paper offer new solutions for the transmission of ultrashort pulses of high-power laser
radiation, improving the efficiency of nonlinear-optical processes, and fiber-optic delivery of high-fluence laser

pulses in technological laser systems. © 2003 MAIK “ Nauka/lInterperiodica” .

1. INTRODUCTION

Microstructure fibers [1-9] open new horizons in
nonlinear optics and spectroscopy, ultrafast optics,
optical metrology, and biomedical optics, providing, at
the same time, new insights into the basic physical
properties of localized modes of electromagnetic radia-
tion in micro- and nanostructured matter. Unique prop-
erties of these fibers provide much flexibility for disper-
sion tailoring [10, 11] and achieving a high degree of
confinement of the light field in the fiber core dueto a
high refractive-index step between the core and the
cladding [12, 13]. A combination of these remarkable
possibilities alows many intriguing physical phenom-
enato be observed and awhole catalogue of nonlinear-
optical processes to be enhanced, including the genera-
tion of optical harmonics [14, 15] and supercontinuum
emission with spectra often spanning more than an
octave [16-18], as well as effective parametric interac-
tions [19], four-wave mixing, and stimulated Raman
scattering [19, 20] inthefield of low-energy laser pulses.
Supercontinuum generation isone of the most prominent
examples of enhanced nonlinear-optical processes in
microstructure and tapered fibers [16-18, 21, 22]. This

phenomenon is now changing the paradigm of optical
metrology and high-precision measurements [23-25],
gaining, at the same time, acceptance in optical coher-
ence tomography [26] and opening new ways for the
generation of ultrashort pulses[25] and creation of new
sources for spectroscopic applications [18].

Along with conventional waveguiding, supported
by total internal reflection, microstructure fibers may,
under certain conditions, guide electromagnetic radia-
tion due to the high reflectivity of aperiodic fiber clad-
ding within photonic band gaps. Such guided modes
can be supported in a hollow core of fiberswith a clad-
ding in the form of a two-dimensionally periodic
microstructure (two-dimensional photonic crystal).
Such fibers, demonstrated for the first time by Cregan
et al. [26], represent one of the most interesting and
promising types of microstructure fibers. Photonic
band gaps in the transmission of a two-dimensional
periodic cladding in these fibers provide high reflection
coefficients for electromagnetic radiation propagating
along the hollow core of the fiber, allowing a specific
regime of waveguiding to be implemented [26, 27].
This mechanism of waveguiding is of specia interest
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Fig. 1. Cross-sectional image of a microstructure fiber with
a two-dimensionally periodic cladding consisting of an
array of identical capillaries. This periodic cladding sup-
ports guided modesin the hollow core of the fiber dueto the
high reflectivity of a periodic structure within photonic
band gaps. The hollow core of the fiber isformed by remov-
ing seven capillaries from the central part of the structure.
The period of the structurein the cladding isabout 5 um and
the core diameter is about 13 pm.

for telecommunication applications, opening, at the
same time, the ways to enhance nonlinear-optical pro-
cesses, including high-order harmonic generation, ina
gas medium filling the fiber core [28]. The possibility
of using such fibers for laser manipulation of small-
size particles was recently demonstrated by Benabid
et al. [29].

In this paper, we present the results of our experi-
mental and theoretical investigations of glass fibers
with ahollow core and microstructure claddings of dif-
ferent types. We will study hollow fibers with a two-
dimensionally periodic cladding, which guide electro-
magnetic radiation in the hollow core due to the high
reflectivity of the cladding within photonic band gaps.
The spectrum of air-guided modes localized in the hol-
low core of our photonic-crystal fibersdisplaysisolated
maxima corresponding to photonic band gaps of the
cladding. The spectrum of these modes can be tuned by
changing cladding parameters. We will explore the
effect of cladding aperiodicity on the properties of
modes guided in the hollow core of a microstructure
fiber and demonstrate that hollow fibers with disor-
dered photonic-crystal claddings can guide localized
modes of electromagnetic radiation. The spectrum of
such modes still featuresisolated transmission maxima,
but their optical losses are much higher than the optical
losses attainable with hollow-core fibers having a pho-
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tonic-crystal cladding. Hollow-core photonic-crystal
fibers created and investigated in this paper offer
much promise for telecommunication applications,
delivery of high-power laser radiation, laser guiding
of atoms and charged particles, as well as high-order
harmonic generation and transmission of ultrashort
laser pulses.

2. MODELING WAVEGUIDE MODES
OF HOLLOW PHOTONIC-CRYSTAL FIBERS:
A MODEL
OF A PERIODIC COAXIAL WAVEGUIDE
AND A FULLY VECTORIAL ANALYSIS

2.1. Model of a Periodic Coaxial Waveguide

For a qualitative analysis of guided modes in hol-
low-core photonic-crystal fibers (Fig. 1), we employed
amodel of a coaxial waveguide. Physicaly, the mech-
anism behind guided-mode formation in waveguides of
thistypeis similar to the mechanism of waveguiding in
hollow-core photonic-crystal fibers, as electromagnetic
radiation is confined to the hollow core in both cases
due to photonic band gaps of the fiber cladding. The
modes of coaxial waveguides have been studied in ear-
lier work [30-34]. In recent years, this effort was, at
least partially, motivated by the fabrication and suc-
cessful demonstration of dielectric coaxial Bragg
waveguides [35]. The model of acoaxia waveguide, of
course, cannot provide an accurate quantitative descrip-
tion of guided modes in hollow photonic-crystal fibers.
However, thismodel allowsthe basic features of disper-
sion properties and transmission spectra of such fibers
to be understood in a simple and illustrative way, pro-
viding also ageneral insight into the spatial distribution
of electromagnetic radiation in waveguide modeslocal-
ized in ahollow core of a photonic-crystal fiber.

A two-dimensional periodic structure of the fiber
cladding isreplaced within the framework of thismodel
by a system of coaxial glass cylinders (see theinset in
Fig. 2a) with thickness b and inner radius of theith cyl-
inder equal to

r,=ro+i(b+c),

where r, is the radius of the hollow core and c is the
thickness of the gap between the cylinders. Our calcu-
lations were performed for coaxial waveguides with an
air- or argon-filled hollow core and a cladding consist-
ing of alternating fused silica and air or argon coaxial
layers. The datafrom [36, 37] were used in our calcula
tions to include material dispersion of gases and fused
silica.

Inacylindrical system of coordinates{r, ¢, zZ} with
the z axis directed along the axis of the coaxial
waveguide, the longitudinal components of the electric
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Fig. 2. (a c, e g) The attenuation coefficient of the TEq, waveguide mode calculated as afunction of the wavelength for a periodic
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and magnetic fieldsE,(r) and H,(r) intheith layer of the
waveguide are written as [31, 33]

EL) = { A1) + B Y (@"”n} sn(me+ 8,), (1)

HAN) ={Ci3(a"r) + D;Yn(c"1)} cos(me+ 6,), (2)
where J,,andY,, arethe Bessel functions of thefirst and
second kind; A, B;, C;, and D, are the coefficients deter-

mined by boundary conditions; qi(”) is the transverse
part of the propagation constant for the nth waveguide

KONOROV et al.

components of the electric and magnetic fields can be
then calculated in a standard way by substituting
Egs. (1) and (2) into the Maxwell equations (see [33]).
Approximate analytical expressionsfor the electric and
magnetic fields in the modes of a coaxia Bragg
waveguide have been derived in [31].

We analyzed dispersion properties of modes in a
coaxia Bragg waveguide by solving, similar to [33],
the characteristic equation derived from the relevant
boundary conditions for the tangential components of
the electric and magnetic fieldsatr =r;,

mode; w isthe central frequency of laser radiation; ™ T(ri, e)u; = T(ri, &41)Uisq, (3
isthe propagation constant of the nth mode; misanon-
negative integer; and 6, is a real quantity. Transverse  where; isthe dielectric function of theith layer,
In(a”r) Yolir) 0 0
0 0 In(a”r) Y1)
0.6y = [ IMB"In@”r) JmBYu@?r) jHoodn(@™n) _jHowYan(dr) @
a"r ad"r q"” q"”
jei€oIn(@"r) jEEwYn(@"™r) imB™Ina"r) imB™Yu(a"r)
i q" q" qi(”)zr qi(”)zr |
and
U = [AiBiCiDi]t- )

Geometric parameters of the layers forming the
coaxial waveguide were chosen in such a way as to
achieve the air-filling fraction of the fiber cladding
measured in our experiments. In particular, for the pho-
tonic-crystal fiber with the cross section shown in
Fig. 1, the period of the photonic-crystal cladding is
A =5 pm and the diameter of holes in the cladding is
a=2.1um. Theair-filling fraction of the fiber cladding
can then be estimated as

2
n =2 <14%
4N

Thisestimate on the air-filling fraction of the fiber clad-
ding dictates the following parameters of the coaxia
waveguide: b= 4.3 um and c = 0.7 pum. Figures 2a, 2c,
and 2e present the results of calculations performed for
hollow photonic-crystal fiberswith different sizes of air
holes and different air-filling fractions of the cladding.
As far as the central frequencies and bandwidths of
transmission peaks are concerned, predictions of this
simple model agree qualitatively well with the experi-
mental transmission spectra measured for these fibers
presented in Figs. 2b, 2d, and 2f.
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To estimate the magnitude of optical losses for the
modes of acoaxial periodic waveguide, wewill employ
the following simple arguments. Let us write the coef-
ficient of reflection R of the electric field from the peri-
odic structure of the fiber cladding in terms of the nota-
tionsintroduced above:

_ (AT (BY
(Ao)’ + (Bo)’
Introducing the angle ¢ between the direction of theray
trajectory representing the waveguide mode in the fiber
core and the zaxis, we can express the distance between

the points of two successive beam reflections (the half-
period of the ray trgjectory) as

_ 2a
p = w (7)

The number of reflections within a fiber section with a
length equal to the attenuation length L, = L/a (where
o isthe magnitude of optical losses) is given by
— LO(

S 2L,

(6)

N, (8)
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The magnitude of optical losses then meetstherelation
Nr
R = exp(—aL,). (©)]
Keeping in mind that
2,172

™))
B(n)

W) _ o _ (K-

and using Egs. (6)—9), we finaly arrive at the follow-
ing expression for the magnitude of losses of the elec-
tric field in a hollow-core periodic coaxial waveguide:

_InR
2L,

InClL— (AN) "'(BN)D
O (A’ +(By)’D

40p™

2,12

(e, — (™)™ 10

Figure 2c displays the results of calculations per-
formed for a hollow periodic coaxial waveguide whose
cladding parameters are chosen in such a way as to
achieve maximum transmission at the wavelength of
0.8 um. The period of the cladding in such awaveguide
isb+ ¢ =5.5 um, the thickness of the fused silicalayer
isb=4.55um, and the coreradiusis 7.28 um. Figure 2d
presents the results of experimental measurements car-
ried out on a fiber with the cross-section structure
shown in the inset to this figure. Comparison of these
plots shows a sdatisfactory qualitative agreement
between the results of calculations and the experimen-
tal data. Transmission spectraof photonic-crystal fibers
display isolated peaks, which have aso been observed
earlier in experiments [26, 27]. No localized guided
modes can exist outside these frequency ranges. The
finite widths of transmission peaks limit the band-
widths and, consequently, the duration of laser pulses
that can be transmitted with minimal losses through
hollow photonic-crystal waveguides. As shownin [38],
laser pulses with durations on the order of tens of fem-
toseconds can still be transmitted through hollow-core
photonic-crystal fibers as localized air-guided modes.

2.2. Fully \ectorial Analysis

Predictions of the model of a periodic coaxial
waveguide qualitatively agree with the results of more
accurate, but much more complicated, fully vectorial
analyses of modes in a hollow photonic-crystal fiber.
We performed such an analysis using the approach pro-
posed by Monro et al. [39] and based on the numerical
solution of the eigenfunction and eigenvalue problem
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corresponding to the vectorial Maxwell equation for an

electricfield E(z t) = Eexp(i(Bz—ckt)), E = (E. E,, E):
2 19
[FH‘}EX K20y
aln(n®) . — aIn(n’)y _ B a
n(n nn)n _ B
*Fox ~ *Er gy O 2bx
2
PR
K2 K20y
aln(n®) , - aln(n’)y _ B’ 4
n(n n(n D
%X 0x *E ay szy’

where [3 isthe propagation constant, k isthe wave num-
ber, O is the gradient operator, and n?(x, y) is the two-
dimensional profile of the refractive index.

Transverse distribution of the electric field in the
cross section of thefiber isrepresented as an expansion
in orthonormalized Hermite-Gauss functions:

E, = z En mL|Jn D\D'

nFm_lo (13)
Ey = z Eﬁ ml-pngx_\gwmtmj

nm=0

The profile of the refractive index squared, n?(x, y),
is also represented as an expansion in Hermite-Gauss
functions and a set of orthogonal periodic functions
(cosine functions in our case). Substituting these func-
tiona seriesinto the wave equations reduces our vecto-
rial problem to an eigenfunction and eigenvalue prob-
lem for the relevant matrix equation. Solving this prob-
lem, we can find the propagation constants and spatial
field distributions in waveguide modes.

Figures 3a and 3b present transverse field intensity
distributions calculated with the use of the above-
described approach for a hollow-core photonic-crystal
fiber with a cross-sectional structure similar to that
shownin Fig. 1 around the maximum-transmission fre-
guency in the visible spectral range. Transverse field
intensity distributions shown in Figs. 3a and 3b corre-
spond to the fundamental and higher order modes
guided in the hollow photonic-crystal fiber, respec-
tively. Thus, our vectorial numerical analysis also indi-
cates the existence of higher order air-guided modes
localized under the above-specified conditions in the
hollow core of aphotonic-crystal fiber.

We have demonstrated that the predictions of the
model of acoaxial periodic waveguide provide satisfac-
tory qualitative agreement with the results of the vecto-
rial analysis of guided modes in a hollow photonic-
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Fig. 3. Transverse radiation intensity distribution in (a) the
fundamental and (b) higher order air-guided modes calcu-
lated by means of vectorial analysis of electromagnetic field
in a photonic-crystal fiber with the cross-sectional structure
similar to that shown in Fig. 1.
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Fig. 4. Dispersion spreading length |4 for 35-fs pulses of
800-nm radiation cal cul ated as afunction of theinner radius
of ahollow fiber a for the fundamental EH,; mode. Coher-
ence length for mode cross-talk | .y, and the walk-off length
4 arealso shown. The hollow core of thefiber isfilled with
argon at apressure of 1 atm.
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crystal fiber, aswell as with the results of experimental
studies (see Section 4). This finding alows us to sug-
gest the model of a hollow coaxia waveguide asasim-
ple framework for elementary estimates of dispersion
parameters and qualitative understanding of the spatial
distribution of electromagnetic radiation in the guided
modes of hollow-core photonic-crystal fibers.

2.3. Group-Velocity Dispersion
and Transmission of Ultrashort Pulses

Guided modes of hollow photonic-crystal fibers are
ideally suited for the transmission and control of
ultrashort light pulses. Due to the fact that the group-
velocity dispersion of gases filling a hollow core of
photonic-crystal fibers is much lower than the group-
velocity dispersion typical of dielectric materials used
in standard fibers, tempora spreading of short light
pulses transmitted by air-guided modes of hollow-core
photonic-crystal fibers is much less critical than in the
case of guided modes of standard fibers. Thisimportant
circumstance, however, by no means exhausts the ben-
efits offered by hollow-core photonic-crystal fibers for
the transmission and control of ultrashort pulses of
electromagnetic radiation. Aside from the materia of
the fiber, dispersion properties of guided modesin hol-
low photonic-crystal fibers are sensitive to the core-
cladding geometry. This circumstance allows disper-
sion tailoring by changing the fiber structure. In the
case of microstructure fibers with a dielectric core,
which guide electromagnetic radiation by total internal
reflection, flat group-vel ocity dispersion profiles can be
shaped, with the sign and the absolute value of group-
velocity dispersion controlled by varying the period of
the structure and the air-filling fraction of the cladding,
and by filling the air holesin the cladding with different
materials [12, 13]. Similar efficient solutions for hol-
low-core photonic-crystal fibers are still to be found.
The results of our experimental studies presented in
Section 4 demonstrate that the transmission spectrum
and, consequently, the dispersion of hollow phaotonic-
crystal fibers can be tuned by changing the structure of
the fiber cladding. Numerical simulations [38] reveal
regions of low group-velocity dispersion within trans-
mission peaks of these fibers.

Away from the edges of photonic band gaps of a
periodic fiber cladding, the frequency dependence of
group-velocity dispersion of modes guided in the hol-
low core of a photonic-crystal fiber is similar to the
spectral dependence of group-velocity dispersion for a
metal hollow fiber [34]. We can, therefore, employ sev-
eral useful relations known from the theory of solid-
cladding hollow fibers to assess the dependence of the
group-velocity dispersion of guided modes in hollow
photonic-crystal fibers on parameters of such fibers far
from the edges of photonic band gaps. In particular, the
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group-velocity dispersion D scales as approximately
the inverse square of the inner fiber diameter a [34],

D~-a=

The increase in the inner fiber radius thus alows the
effects related to the dispersion spreading of ultrashort
pulses to be reduced. Figure 4 shows the dispersion
length for 35-fs pul ses of 800-nm radiation propagating
in an argon-filled hollow fiber as afunction of the inner
radius of this fiber. As can be seen from this depen-
dence, zero group-velocity dispersion is achieved with
an inner fiber radius equal to 80 pum.

Figure 5 displays the dependences of the group
index and group-velocity dispersion on the wavelength
for a hollow fiber with an inner radius of 68 um filled
with molecular hydrogen at a pressure of 0.5 atm.
Group-velocity dispersion under these conditions is
low within the entire spectral range under study, vanish-
ing at a wavelength of 560 nm (see also [40]). Impor-
tantly, for long wavelengths, dispersion properties of
guided modes are mainly determined by the waveguide
dispersion component, whilefor short wavelengths, the
materia dispersion of the gasfilling the fiber plays the
dominant role. The group velocity and group-velocity
dispersion as functions of the wavelength asymptoti-
caly tend in these limiting cases (Fig. 5) to depen-
dences characteristic of the waveguide (dotted lines)
and material (dashed lines) dispersion components.

Hollow coaxial Bragg waveguides with a small
inner radius, on the other hand, allow high absolute val -
ues of group-velocity dispersion to be achieved, provid-
ing an opportunity to compensate for strong material
dispersion of gasesfilling the fiber core[41]. Reflection
from the periodic structure of afiber cladding isaccom-
panied by an additional phase shift [42], modifying the
frequency dependence of group-vel ocity dispersion and
making the spectral dependences of dispersion param-
eters of hollow coaxial Bragg waveguides and photo-
nic-crystal fibers deviate from the approximate depen-
dences characteristic of guided modes in metal hollow
waveguides.

3. EXPERIMENTAL

Hollow microstructure fiberswith atwo-dimension-
ally periodic (photonic-crystal) cladding were fabri-
cated with the use of a preform consisting of a set of
identical glass capillaries. Seven capillaries were
removed from the central part of the preform for the
hollow core of photonic-crystal fibers. A cross-sec-
tional image of afiber fabricated by drawing such apre-
form is presented in Fig. 1. The typical period of the
structure in the cladding of the fiber shown in Fig. 1is
about 5 um. The diameter of the hollow core of the fiber
is then approximately equal to 13 um. Varying the
period of the photonic-crystal structure in the fiber
cladding and changing its air-filling fraction, we were
able to tune the transmission spectrum of air-guided
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Fig. 5. (a) The group index ng = c/vy and (b) group-velocity
dispersion calculated as functions of the wavelength
(dashed lines) for molecular hydrogen [25], (dotted lines)
the EH,, waveguide mode, and (solid lines) the EH,, mode

of a hollow fiber filled with molecular hydrogen. The gas
pressure is 0.5 atm. The inner radius of the fiber is 68 um.
The vertical lines show Raman sidebands produced through
the stimulated Raman scattering of the second harmonic of
aTi: sapphire laser.

modes, providing optimal conditions for a waveguide
transmission of radiation with different wavelengths
(see Section 4). The length of fiber samples employed
in our experiments ranged from several centimeters up
tolm.

Special microstructure fibers have been designed
and fabricated to investigate the effect of fiber-cladding
aperiodicity on the properties of guided modes. These
fibers had an aperiodic cladding, characterized by the
presence of short-range order (Fig. 6). A preform with
alarger central capillary surrounded by smaller capil-
laries was employed to fabricate such fibers. The cob-
web structure of the cladding in such afiber, as can be
seen from Fig. 6, features, in a certain approximation, a
short-range order in the arrangement of glass channels
linked by narrow bridges. Thefiber cross-sectionimage
shownin Fig. 6 also visualizes a set of roughly concen-
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Fig. 6. A cross-sectional microscopic image of a cobweb
fiber with a disordered microstructure cladding. The ring
system of glass channels at the center of this fiber forms a
two-dimensional photonic molecule. The distance between
the neighboring channelsis 7.4 um.

tric glass rings, surrounding the fiber core, with a fuzz-
ily defined characteristic spacing between them. Air-
filled holes, arranged aperiodically in the fiber clad-
ding, and the larger hole at the center of the fiber form
an array of small-diameter glass waveguides linked by
thin bridges around the central hole (Fig. 6). Such a
microstructure-integrated bundle of fibers provides a
high degree of light confinement due to the total inter-
nal reflection from the high-refractive-index-step
glass—air interface. Dispersion aspects of pulse propa-
gation and nonlinear-optical interactions in such fiber
structures can be controlled by exciting different com-
binations of collective waveguide modes.

The centra ring array of waveguides in the consid-
ered cobweb fiber is reminiscent in its structure of a
cyclic polyatomic molecule consisting of identica
atoms (Fig. 6). Asshown earlier [43, 44], the properties
of guided modes in such a ring array of coupled
waveguides are similar to the properties of electron
wave functions in atwo-dimensional polyatomic cyclic
molecule. The basic dispersion properties of guided
modes in this coupled-waveguide array can be
described in a convenient and illustrative way in terms
of the photonic-molecule model. The high degree of
light localization in these photonic-molecule modes of
a cobweb microstructure fiber provides high efficiency
of nonlinear-optical interactions, allowing octave spec-
tral broadening to be achieved with low-energy femto-
second pulses. The results of experimental studies pre-
sented in Section 4.2 of this paper demonstrate that this
microstructure fiber not only guides electromagnetic
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radiation through the central array of microstructure-
integrated waveguides, but also supports air-guided
modesin its hollow core. Our studies of hollow micro-
structure fibers with periodic and aperiodic claddings
performed in this paper allow the influence of cladding
aperiodicity and disorder on the properties of air-
guided modes in microstructure fibers to be assessed,
providing a deeper insight into the physics of such
modes, aswell asthe fundamental aspectsof light prop-
agation and scattering in photonic band-gap structures.

4. RESULTS AND DISCUSSION
4.1. Hollow Photonic-Crystal Fibers

Theideaof lowering the magnitude of optical losses
in a hollow fiber with a periodically microstructured
cladding relative to the magnitude of optical lossesin a
hollow fiber with a solid cladding is based on the high
reflectivity of aperiodic structure within photonic band
gaps [45]. In hollow fibers, the refractive index of the
core is lower than the refractive index of the cladding.
Therefore, the propagation constants of hollow-fiber
modes have nonzero imaginary parts, and the propaga
tion of light in such fibers is accompanied by radiation
losses. The magnitude of optical lossesin hollow fibers
scales[46] isA%/a3, where A isthe radiation wavel ength
and aistheinner radius of the fiber. Such a behavior of
the magnitude of optical losses prevents onefrom using
hollow fiberswith very small inner diametersin nonlin-
ear-optical experiments [42, 47]. Our estimates show
that the magnitude of radiation losses for the funda-
mental mode of a hollow fiber with afused silica clad-
ding and an inner radius of 6.5 um may reach 20 cm
for 0.8-um radiation, which, of course, imposes serious
limitations on applications of such fibers. Radiation
losses can be radically reduced in the case of hollow
fibers with a periodic cladding.

Our experimental studies confirm the possibility of
using hollow photonic-crystal fiberswith a core diame-
ter of about 13 um to guide coherent and incoherent
radiation. Figure 7 displays the spatial distributions of
intensity of incoherent (Fig. 7a) and coherent (Fig. 7b)
radiation obtained by imaging the output end of a hol-
low photonic-crystal fiber with the above-specified
parameters. Optimizing the geometry of coupling of
laser radiation into the fiber, we were able to achieve a
high degree of light-field confinement in the hollow
core of the fiber without losing too much energy
through mode excitation in the photonic-crystal clad-
ding (Fig. 7a). The spatial distribution of radiation
intensity at the output end of the fiber under these con-
ditions corresponded to the fundamental waveguide
mode.

To investigate the spectrum of modes guided in the
hollow core of photonic-crystal fibers, we used a dia-
phragm to separate radiation transmitted through the
hollow core from radiation guided by the cladding. The
spectra of modes supported by the hollow core of pho-
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Fig. 7. Radiation intensity distribution in the cross section
of ahollow photonic-crystal fiber with aperiod of the struc-
ture in the cladding of about 5 pm and a core diameter of
approximately 13 um. (a) A waveguide mode is excited in
the hollow core with a broad beam of incoherent light.
(b) The fundamental waveguide mode of the hollow coreis
excited with 633-nm diode-laser radiation.

tonic-crystal fibers were measured within the range of
wavelengths from 450 up to 1000 nm. These spectra
displayed characteristic well-pronounced isolated
peaks (Figs. 2b, 2d, 2f, 2h). Similar peaks in transmis-
sion spectra of hollow photonic-crystal fibers have also
been observed in earlier work [26, 27]. The origin of
these peaks is associated with the high reflectivity of a
periodically structured fiber cladding within photonic
band gaps, which substantially reduces radiation losses
in guided modes within narrow spectral ranges. Radia
tion with wavelengths lying away from photonic band
gaps of the cladding leaks from the hollow core. Such
leaky radiation modes are characterized by high losses,
giving virtually no contribution to the signal at the out-
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Fig. 8. Transverse intensity distribution of electromagnetic
radiation (solid line) measured at the output of a hollow-
core photonic-crystal fiber and (dashed line) cal culated with
the use of the model of a periodic coaxial waveguide.

put of the fiber. The spectra of air-guided modes in
hollow photonic-crystal fibers were tuned by chang-
ing the fiber cladding structure. In Figs. 2a—2h, this
tunability optionisillustrated by transmission spectra
measured for hollow photonic-crystal fibers with dif-
ferent cross-sectional structures (shown in the insets
to Figs. 2a, 2d, 2f, 2h).

As can be seen from the comparison of the results of
calculations (Figs. 2a, 2c, 2e, 2g), carried out with the
use of the approach described in Section 2.1, with the
experimental data shown in Figs. 2b, 2d, 2f, 2h, the
model of a periodic coaxial waveguide provides quali-
tatively adequate predictions for the positions and the
widths of spectral bands where the hollow core of a
photonic-crystal fiber can guide electromagnetic radia
tion with minimum losses. Variationsin the structure of
the photonic-crystal cladding were modeled with our
approach by accommodating the thicknesses of coaxial
layers constituting the Bragg waveguide in such away
asto achieve therequired air-filling fraction of the pho-
tonic-crystal fiber. This approach alowed us to design
hollow photonic-crystal fibers providing maximum
transmission for a given wavelength. In particular,
fibers with the cross-sectional structure shown in the
insetsto Figs. 2d and 2f feature transmission peaks at a
wavel ength of 800 nm and can be employed to transmit
Ti:sapphire laser radiation. Fibers with the cross-sec-
tional structure presented intheinsetsto Figs. 2f and 2h
display transmission peaks at 532 nm, offering away to
transport second-harmonic radiation of a neodymium
garnet laser.

The model of a periodic coaxial waveguide, as can
be seen from Figs. 8 and 9, also gives satisfactory qual-
itative description of radiation intensity distributionsin
the fundamental (Fig. 8) and higher order (Fig. 9)
waveguide modes of a photonic-crystal fiber. Compari-
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Fig. 9. (@) Transverse distribution of the electric field
squared in a higher order mode of a hollow-core photonic-
crystal fiber calculated with the use of the model of a peri-
odic coaxia waveguide. (b) Transverse intensity distribu-
tion of electromagnetic radiation measured at the output of
a hollow-core photonic-crystal fiber with a higher order
waveguide mode of the fiber excited with 633-nm radiation
of adiode laser.

son of Figs. 7-9 alows a judgement on the qualitative
agreement between the experimental data, theoretical
predictions obtained with the model of a periodic coax-
ial waveguide, and the results of a more accurate, but
more complicated vectorial analysisof guided modesin
ahollow photonic-crystal fiber (see Section 2.2).

The spatia distribution (Fig. 9b) of 633-nm diode-
laser radiation (this wavelength falls within one of the
transmission peaksin Figs. 2a, 2b, corresponding to the
guided modes of the photonic-crystal fiber) at the out-
put of an 8-cm hollow photonic-crystal fiber indicates
the existence of multimode regimes of waveguiding
around this wavelength. As shown in [28], multimode
waveguiding regimes in hollow photonic-crystal fibers
can be employed to enhance high-order harmonic
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Fig. 10. Transverse intensity distributions of 1.06-um laser
radiation at the output of a hollow-core photonic-crystal
fiber (a) in the fundamental and (b) in the higher order
waveguide modes.

generation in nonlinear gases filling the hollow cores of
thesefibers. The waveguide contribution to the mismatch
of propagation constants related to the guided modes of
the pump and harmonic radiation increases with a
decrease in the core diameter of ahollow fiber [48]. Our
photonic-crystal fiber with a small core diameter is,
therefore, characterized by a strong dispersion of
guided modes, alowing considerable phase mis
matches related to the material dispersion of nonlinear
gases to be compensated. This efficient phase-mis-
match compensation becomes possible due to the
unique properties of hollow photonic-crystal fibers, as
the leaky modes guided in hollow fibers with a solid
cladding and a diameter of the hollow core of about
13 um would have, as mentioned above, unacceptably
high losses.

The possibility of transporting high-power laser
pulses through hollow-core photonic-crystal fibers was
demonstrated by our experiments with 40-ps neody-
mium garnet laser pulse trains with a total energy of
1mJ transmitted through a hollow photonic-crystal
fiber with an inner diameter of 13 pum. The energy flu-
ence of laser energy in these experiments reached
100 Jcm?, which was an order of magnitude higher
than the optical breakdown threshold for fused silica. A
hollow photonic-crystal fiber allowed sequences of
picosecond laser pulsesto betransmitted in both single-
mode (Fig. 10a) and multimode (Fig. 10b) regimes,
providing laser fluences and spatial beam quality at the
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output of the fiber sufficient to initiate optical break-
down on different targets.

4.2. Hollow Fibers
with an Aperiodic Microstructure Cladding

To examinethe effect of disorder and aperiodicity of
the cladding structure on the properties of guided
modes and waveguiding regimesin hollow-core photo-
nic-crystal fibers, we investigated the spectrum of
modes supported in the hollow core of microstructure
fibers with an aperiodic cladding featuring a short-
range order of the cladding structure (Fig. 6). As shown
in earlier work [43, 44], a structure consisting of seven
linked glass channelsin the central part of the cross sec-
tion of such fibers and surrounding the hollow fiber
core guides localized modes of electromagnetic radia-
tion, which are classified as photonic-molecule modes.
Our experiments have shown that fibers of this type
may also transmit light through guided modes|ocalized
in their hollow core. Figure 11a presents the spectrum
of radiation transmitted through the hollow core of such
fibers. To measure this spectrum, we selected radiation
guided through the hollow core from radiation trans-
mitted through the thin ring glass (photonic-molecule)
structure surrounding the hollow core with the use of a
diaphragm. In spite of the aperiodicity of the fiber clad-
ding, clearly pronounced transmission pesks are
observed in the spectra of radiation transmitted through
the hollow core of the fiber. The spectra of radiation
transmitted through the thin ring glass structure sur-
rounding the hollow core are continuous, indicating
different physics of waveguiding and giving rise to a
pedestal in the spectra, measured with a diaphragm
adjusted to select radiation transmitted through the cen-
tral part of the fiber, including the hollow core and the
photonic-molecule part of the cladding (Fig. 11b).

One practical aspect reveaed by these studiesis that
waveguiding in ahollow core of photonic-crystal fibers
involves some tolerance of deviations from the ideal
periodicity of the cladding. The results of these experi-
ments also provide deeper insights into the basic phys-
ical issues related to the origin of photonic band gaps
and waveguide modes in hollow photonic-crystal and
microstructure fibers, as well as regimes of light scat-
tering and interference in disordered and amorphous
photonic crystals [49-54]. Our experiments demon-
strate, in particular, that air-guided modes in hollow
microstructure fibers can be supported, in particular,
due to reflection from a cladding with a short-range
order. The cladding of microstructure fibers employed
in these experiments features, in some approximation,
two types of spatial regularity—a short-range order,
similar to that typical of amorphous photonic crystals,
and the existence of some fuzzily defined characteristic
separation between concentric rings in the cladding
structure (see Fig. 10).

Localized air-guided modes in hollow photonic-
crystal fiberswith anideally periodic cladding are asso-
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Fig. 11. Transmission spectra of ahollow fiber with adisor-
dered microstructure cladding measured () with a dia
phragm set to select radiation transmitted through the hol-
low core of the fiber and (b) with a diaphragm selecting
rediation transmitted through the hollow core and the ring
glass photonic-molecule structure in the central part of the
fiber (see Fig. 6).

ciated with the existence of photonic band gaps in the
transmission of the cladding. Within these frequency
ranges, electromagnetic radiation cannot leak from the
coreinto the cladding of afiber. Evanescent fields exist-
ing in the photonic-crystal fiber cladding within the
photonic band gaps rapidly decay with the growth in
the distance from the fiber core. As some disorder is
introduced into the fiber cladding, allowed states arise
within the photonic band gap. The density of such
states increases as the degree of structure disorder
grows [54]. Allowed states in the photonic band gap
may substantially modify transmission spectra of hol-
low microstructure fibers. The modes guided along the
hollow core of such fibers become more and more
lossy, leaking into the cladding as the density of
allowed states grows within the photonic band gap of
the fiber cladding. The spectrum presented in Fig. 11a
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correspondsto an intermediate regime when the density
of alowed states arising within the photonic band gaps
due to the aperiodicity and disorder of the microstruc-
ture cladding is still low, permitting the existence of
localized air-guided modes in the hollow core of the
fiber.

5. CONCLUSION

Experimental and theoretical studies presented in
this paper reveal several important properties of modes
guided by hollow-core microstructure fibers with two-
dimensionally periodic and aperiodic claddings. We
have also demonstrated that such fibers offer new solu-
tions for the transmission of ultrashort pulses of high-
power laser radiation, improving the efficiency of non-
linear-optical processes, and fiber-optic delivery of
high-fluence laser pulses in technological laser sys
tems. Hollow photonic-crystal fibers support air-guided
modes of electromagnetic radiation localized in the
hollow core dueto the high reflectivity of thefiber clad-
ding within photonic band gaps. Experimentally mea-
sured spectra of such modes display isolated maxima
corresponding to photonic band gaps of the photonic-
crystal cladding. The manifolds of such transmission
peaks can be tuned by changing cladding parameters.
The effect of cladding aperiodicity on the properties of
modes guided in the hollow core of a microstructure
fiber was analyzed. We have shown the possibility of
designing hollow photonic-crystal fibers providing
maximum transmission for radiation with a desirable
wavelength. Hollow photonic-crystal fibers designed to
transmit 532-, 633-, and 800-nm radiation have been
fabricated and tested.

Our experiments also demonstrate the existence of
localized air-guided modes of electromagnetic radia-
tion in hollow fibers with disordered and aperiodic
microstructure claddings. The spectra of such modes
still feature isolated transmission maxima, but their
optical losses are much higher than the optical losses
attainable with hollow-core fibers having a photonic-
crystal cladding. From the technological viewpoint,
thisimplies that requirements on the periodicity of the
photonic-crystal fiber cladding can be loosened under
certain conditions. Fundamental aspects of these stud-
ies involve using isolated transmission peaks observed
for hollow microstructure fibers with an aperiodic clad-
ding as a clue to gaining deeper insight into the forma-
tion of photonic band gaps and regions of low photonic
densities of states and, more generally, understanding
regimes of light scattering and interference in random
and amorphous photonic crystals.

Hollow-core photonic-crystal fibers created and
investigated in this paper offer new solutions to many
problems in basic physics and applied optics. Such
fibers hold much promise, in particular, for telecommu-
nication applications and delivery of high-power laser
radiation. Due to their remarkable properties, these
fibers offer aunigque opportunity for implementing non-
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linear-optical interactions of waveguide modes with
transverse sizes of several microns in a gas medium,
opening the ways to improve the efficiency of optical
frequency conversion for ultrashort pulses and enhance
high-order harmonic generation. The spectra of air-
guided modes in hollow-core photonic-crystal fibers,
featuring isolated transmission peaks, areideally suited
for wave-mixing spectroscopic applications and fre-
guency conversion through stimulated Raman scatter-
ing. Further exciting applications of thesefibersinclude
generation and guiding of ultrashort pulses, extendable
to subfemtosecond X-ray field waveforms, manipula-
tion of atoms and charged particles, and creation of
highly sensitive gas sensors.
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Abstract—Adiabatic approximation is proposed for the electron wave functions in a strong low-frequency
electromagnetic field. The functions are tested with the help of the Siegert nonstationary theorem. © 2003

MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION
It iswell known that the Schrédinger equation

1> 1
—2D lIJ(r,t)—rLI—'(r,t)

3 (€
+rFOW(r,t) = ialP(r,t),

describing the motion of an electron in a Coulomb field
in the presence of astrong laser field F(t) (in the dipole
approximation) has no closed anaytic solution. In
Eg. (1) and everywhere below, the atomic system of
unitsisused (A =m=e=1).

In order to estimate the accuracy of approximate
solutionsto Eq (1), we can borrow the approach used in
atomic physics for testing the Hartree—Fock solutions
for amultielectron atom [1]. The equality

CF |PI0 = iy OF [F[iC) 2
which is sometimes called the Siegert theorem [2],
holdsfor the exact solutions |i Cand |f [of thetime-inde-
pendent Schrédinger equation. Here, p is the momen-
tum operator and wy, = E; — E;, where E; and E; are the
energies of states |f Cand |i [) respectively. The validity
of the approximate wave functions is estimated from
the extent to which this equality is violated.

The Siegert theorem (2) can also be generalized to
the time-dependent case [3, 4]:

(tlp-c*Aawl) = o, fIFli0 (3)

whereA(t) isthe vector potential of the electromagnetic
field and c isthe velocity of light.

In our earlier publication [4], it was proposed that
theratio

‘= |9, CF 70
Ktlp-camlil®

be used as atest parameter. It can easily be verified that
this ratio is equal to unity for exact solutions of the
Schrodinger equation (1). Naturaly, condition (3) is
not a sufficient criterion for estimating the accuracy of
approximate wave functions. Nevertheless, it provides
the required physically substantiated estimate of the
accuracy of solutions.

The nonstationary Siegert theorem was used by us
earlier [3, 4] for testing the Coulomb—Volkov functions
(CVFs) [5, 6], which represent one of the model solu-
tions of the Schrédinger equation (1) with the field

F(t) = e,Fsinwt. (@]

These functions are widely used for studying the inter-
action of atomic electrons with a high-intensity electro-
magnetic field (see, for example, [7-11] and the refer-
encescited therein). It was shown in our recent publica-
tions [3, 4] that application of the CVFs is
substantiated, from the standpoint of criterion (3), for
the case when the frequency of the laser field is much
larger than its amplitude (in atomic units),

w>F. 5)

Violation of condition (5) does not imply that the CVFs
are absolutely invalid in the present case. It isquite pos-
sible that there also exist other arguments substantiat-
ing the possibility of their application for calculating
some specific physical effects. It is clear, however, that
such substantiations should be found when condition (5)
isviolated.

This study is aimed at construction and analysis of
adiabatic wave functions describing infinite motion of
an electron in the opposite case of low frequencies,

w<F (6)

2. STATIONARY PROBLEM

Let us first recall the stationary problem of motion
of an electron with energy E > 0 in the Coulomb poten-

1063-7761/03/9605-0870$24.00 © 2003 MAIK “Nauka/ Interperiodica’
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tial created by charge Z in auniform electric dc field of
strength F (see, for example, Section 76 in [12]). Inthe
parabolic coordinates

E=r+z, n=r-z

&,n=0

in the Schrédinger equation

¢ = arctan(y/x),

[_%Dz_%+FZ}W(O)(F, = EYOE D, ()

the variables can be separated:
YOE N = 21, f,me™: @
(F.n) Jorer 1(€) f2(n) (8)

the corresponding ordinary differential equations have
the form

d’f, E.Z, mP-1 Fn, _
d_52+EE+€_4_§2_ZEDf1_O’
d’f, E£.Z, mP-1. F
2 lEe22 Zelf, = 0,
dn’ 2 n 4p? 4ED2
Z,+Z, = Z.
The motion in coordinate € is finite; in the WKB
approximation (n? — 1 — n¥), we have
g
(&) = cosf p(&)dE| — -1, 9)
o k® azf 0
_ E,Z_m F
p.(&) = sz yrrd (10)

where &* is one of the positive roots of the equation
p.(§) = 0. In order to simplify the subsequent analysis,
we confine it to the case of nonzero values of m.

Since we consider the motion with energy E > 0, it
can easly be verified, using the well-known trigono-
metrical formulasfor the roots of a cubic equation[13],
that the smaller positive root (left turning point) corre-
spondsto

?_E_‘lé w1
cosEB 37

3
while the larger root (right turning point) corresponds
to

EU=¢, = (11)

2E 4a _a

gH=g, = 55+ 5 cos3. (12)

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

871

Here, we have

. &L 3%
a= mrTE

O1rEP . 9EZ, 271m"
= 1 4 —_ .
a arccosEn;[D:D £ 16F}E
Inthiscaseg, it isassumed that the following inequalities
hold:

E7, 3%

F0 2 (13)
5, 9EZ_2m'7’_|cE S, 34
[D:D e 16F} R~

Formula (9) defines function f;(§) in the interval

&, <& <¢&,. Outside thisinterval, function f;(&) decays

exponentially. The third (negative) root of the cubic
equation corresponds to

2E_4da . [0 1O

S = 3F"39F[ 3

Constant Z; can be determined from the Bohr—Som-
merfeld quantization condition. Writing

(15)

P1(&) =

we obtain

%_EEJ(E —&0)(€—€1)(&,—-2),

&

(ng + U2)m = Ipl(ﬁ)di

_ f2—&
- m[&o &) (8o + &1+ BIER "

+[zo+2alzz+zo(zl+zz>]r<32 —0

~agotnfE]

whereE, K, and IN areelllptlcfunctl ons[14] andn; =0,
1, ... isthe parabolic quantum number.

The motion in coordinate n isinfinite, and the wave

function in the WKB approximation has the following
form (accurate to within normalization):

A ! IH
f(n) = —=cosl[p,(n)dn’|--0,  (17)
NCXQ) a! 0
_E 7z, F
p.(n) = q/i ﬁ‘—z;l—z*'zrl (18)
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Here, ny isthe only real root of the equation p,(n) =0,
which is defined as

_ _2E 4b_. B
No = -3+ 3 N3,
where
b = @2_%
FO " F
) _ |:E|:|3 9EZ, 27m°T0
B = arsnh%og[ == - 2——}5.
[ LH] 2F? 16F 0

In this case, we assume that the following inequality
holds:

[[ﬁf _9EZ, 27m2T . [[Ejz _ PLZ_ZT' (19

[0 ™ 52~ 16F R0~ F

It should be noted that inequalities (13), (14), and
(19), which correspond to physically obvious condi-
tions of the presence of two turning points on the § axis
and one turning point on the ) axis, can be regarded as
inequalities which must be satisfied by the separation
constants Z; ,.

The integral appearing in Eq. (17) can be expressed
in terms of elementary functions if we neglect in
Eg. (18) quantities on the order of Z,/n and n?/n? atten-
uating with increasing n. A similar approximation was
used, for example, for calculating the effect of an exter-
nal dc field on the probability of the photoel ectric effect
in atoms [15]. The results obtained in this case are in
good agreement with the experiment. It is difficult to
substantiate this approximation for weak fields F, but
this case is of no interest for the given problem. Thus,
we have

_2A, J(2E + En)®
(1) = mcos[ - +<p<F)}. (20)

Thefield dependent phase @(F) can be calculated in the
WKB approximation by comparing the arguments of
the cosinein Egs. (17) and (20):

oF) = =
n (21)
+ Iim{fpz(x)dx——“'(zi-;;':n)g}.
n_'OO

No

The integral in this expression can be transformed
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using integration by parts:

1/2
4Z,x—m’ 0
2—5 ~2E + Fxdx

n 1r| |:|
p()dx = 5L+
ﬁ[ ? ZJD X*(2E + FX)0

n

AZ,x—m’ 0" 1
+6_F (22)

X*(2E + FxX)0

_ J(RE+Fx)°0
3F g

n
*J
No

At the lower limit, the expression in the bracesin rela-
tion (22) vanishes in accordance with the definition
of ng. Performing the limit transition in Eqg. (21), we
arrive at the final expression for @(F):

T, 1
®F) = —2*5F

8FZ,X" + (8EZZ—3m2F)x—4Em2dX
SEJ2E +Fx)n?+4Zx— i

§ ]’;stzn2 + (8EZ,—3m’F)n — 4Em’
3 NP J2E + Fnyn? +4z,n —n

Upon normalization to the & function of energy, the
normalization constants A; and A, appearing in formu-
las (9) and (17) are given by the condition

dn.

0 &
1 L, 1.2 . .
4nfdn!dﬁq + anl(E)fz(E, n) fA(E5n) 23)
= 3(E-FE).

Since the value of integral (23) is determined by
asymptoticaly large values of ), the term n* can be
omitted here. Evaluation of the integral with respect to
¢ gives

& 3
Lo (%o pyE) e -
% [Epmee PO® 2
&
_ 1J, dg (24)
2./Fl [E-E)E-EE-D)
_ 1 K[jfz_E]D.
JFE-E) i

The normalization constant A, is determined from a
comparison of relation (20) with the asymptotic form of
the wave function in the one-dimensional problemin a
uniform field (see Section 24 in [12]):

1

Azzgﬂg/\—/_'.,—_[.
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3. SOLUTION
OF THE NONSTATIONARY PROBLEM
Let us now consider the time-dependent

Schrdodinger equation (1) in field (4) in the case of an
infinite motion of an electron. We will seek the solution
to Eq. (1) intheform

W(r,t) = o, e, (25)
imposing the requirement that the unknown function
@d(r, t) must become independent of time for field
“freezing” (w — 0) and that the quantity E > 0 must
be transformed into the total energy. We will refer to
quantity E as quasi-energy, athough it is traditionally
determined by the passage to the limit for switched-off
field (F — 0).

We can neglect the derivative 0,P(r, t) while differ-
entiating solution (25) with respect to time by formally
requiring the fulfillment of the condition

w<E. (26)
However, this approximation turns out to be good
enough in actual practice when the electron energy is
only twice as high as the photon energy (see, for exam-
ple, [16]).

Substituting relation (25) into Eqg. (1) and taking
into account condition (26), we arrive at an equation
coinciding in its structure with the time-independent
Schrédinger equation, but exhibiting a parametric
dependence on time:

—%Dzd)(r, f)— %(D(r, ) + ZE sin(wt) d(r, 1)

= EO(r, 1).

The solution to this equation is obtained automatically
from Eq. (8) using the substitution

F — Fsinwt. (27)

Such a substitution was used for thefirst timein [17] to
take into account the effect of the Coulomb potential on
the probability of the tunnel effect in atoms placed in a
strong laser field. The successful application of thisthe-
ory for describing a large body of experimental data
[18] suggests that the wave functions constructed using
the same physical approximation will be quite accurate.

Thus, the model wave function describing the
motion of an electron in a strong low-frequency laser
field in the continuous spectrum has the form
— Et

Wenn(F: 1,1) = WE (Fsint, r)e (28)

It should be recalled that function WE) (F.r) is

defined by formula (8). Parameters E, ng, and m are
assumed to be given.
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4. RESULTS OF TESTING

For testing functions (28), we use the nonstationary
Siegert theorem (3). For the sake of definiteness, we
analyze the zcomponent of the coordinate for free—free
trangitions in the problem of electron scattering from
the Coulomb potential (Z = 1) in the presence of alaser
field.

While constructing the wave functionsfor theinitial
and final states, we will use the model expression (28).
We confine our analysis to the case m =1 and n; = 0,
assuming that the quantum number n; remains
unchanged in transitions.

We evaluate the test parameter using the following
formula:

X, = |0, 0F1Zi0%/| Of | pJi0). (29)

It should be noted that, in contrast to the general for-
mula(3), the matrix element of the vector potential van-
ishes herein view of the orthogonality of functions (8).

In order to eliminate singularities in Eq. (29), we
express the matrix element [f|Zid in terms of
[0 | p iC) in accordance with the nonstationary Siegert
theorem (2):

i
(W0,1290,) = £ (YO0 @0
1

Substituting relation (30) into (29) and taking into
account expression (28), we obtain

F202cos” ot
(Ef—E)°
. 2 (31)
0wl b wE

| D'P(Of)nzll pz| l'IJEEOZLE

Xz =1+

2
F - Fsinwt

Here, we have

WO © - _l
OWe 1| P WenalD = —5“11'21— l121 2],

df k.(Xk)

Ifkf( Y dx,

X

X2

d
Iy = I f (%) fki(Xk)‘):(_kk,

Xi1
k1 =1,2, k#I,
X1 =& Xy =&, X = &y
Xo =N, X = MNo» X2 = MNimax-

The quantity 1. IS hot bounded from above in view of
the infinite form of motion; however, the value of ¥,
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Xz
5 T T T T T T T T

5\ 4 (a) 4 S|4 (b) 4] 3
4t 3 4 F .

? 2

3, - - .
2t 2 2 1r :
0 0.1 0.2 0.3 04 0.50 0.1 0.2 0.3 0.4 0

HT o

5
T

Test parameter X, as a function of time (T¢ = 21Ww). The values of electron energy E; ¢ and laser field frequencies w are given in
atomic units: (&) E; = 0.002, E; = 0.001, w = 0.001 (1), 0.0025 (2), 0.005 (3), and 0.01 (4); (b) E; = 0.2, Es= 0.1, w=0.01 (1), 0.025

(2),0.05 (3), and 0.1 (4).

becomes independent of N, for large values of N -
Here, we used values of 1, = 20-40.

In the differentiation of WKB functions (9) and
(17), the preexponential factors should be treated as
constants; i.e., they should not be differentiated:

df, ’

0
— = —A/pdx) sinOf px)dx — %

dx,

X1

Thus, we can write

P2i(%)
P2+(X)

1 Xk2
I = _ZA:f Ay I
X1

x { cos[ P{(x)] + sin[ P (x )1} dx,,

1 . k2
g = _éAkf Agi I N P2i(%) P2 (X)

X1

x { Sn[P(x)] + cos[PO(x)]} dx—x

where
PE(x) = [ [Pu(x) £ P dx.

I ntegration with respect to coordinates and differen-
tiation with respect to field strength F were carried out
numerically. It should aso be noted that terms of the

type
™ gsnp O 0
_[g(n)m 0 Of[p2:(n) + px(n)1dh Odn,
. cos 0

No
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where g(n) is a slowly varying function, can be
neglected in view of a rapid oscillation of the sine
(cosine) and anincrease in p,(n).

Theresultsof calculation of parameter X, for various
frequencies from the infrared range, electron momen-
tum, and for a given field strength of F = 0.5 atomic
units are shown in the figure as functions of time. It can
be seen that a decrease in frequency leads to a higher
accuracy of function (28). Accuracy is also improved
upon an increase in the momentum of the electron
being scattered in accordance with condition (26).
Thus, in the range of field strengths, energies, and fre-
guencies under investigation, the criterion for applica-
bility of functions (28) can be formulated as follows:

X, = 1-1.2, for w/F<0.01.

If this condition is satisfied, the Siegert theorem is vio-
lated in the time intervals of duration not exceeding
10% of thelaser cycle. The violation of the Siegert the-
orem at the beginning and end of the half-cycle is due
to inapplicability of the computational methods descri-
bed above for weak fields, but the field strength is low
precisely on thesetime intervals.

Thus, good agreement of theory [17, 18] and exper-
iment, together with the positive results based on the
nonstationary Siegert theorem, suggests that func-
tions (28) are valid for an adequate description of the
motion of an electron in the Coulomb field aswell asin
a strong low-frequency laser field. In the static limit,
these formulas coincide with the solution of stationary
problem (7).
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Abstract—The joint influence of the polariton effect and Kerr-like nonlinearity on the propagation of optical
pulsesis studied. The existence of different families of envelope solitary wave solutions in the vicinity of the
polariton gap is shown. The properties of solutions depend strongly on the carrier wave frequency. In particular,
solitary waves inside and outside the polariton gap exhibit different velocity and amplitude dependences on

their duration. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

In recent years, rapid progress in the fabrication of
microcavities, organic and inorganic quantum wells,
etc., hasresulted in great interest in the investigation of
electromagnetic properties of these new objects,
including propagation of nonlinear pulsesin such struc-
tures (see, e.g., [1-4]). For example, the propagation of
nonlinear pulses along a quantum well imbedded in a
microcavity was studied in [4] for two types of nonlin-
earities: aKerr-like nonlinearity applied to envel opes of
sufficiently long pulses, and a self-induced transpar-
ency nonlinearity applied to short and intense pulses
with the frequency close to the two-level resonance. In
this study, the authors have chosen propagation condi-
tions such that the polariton effect of the formation of
the gap can be neglected in the dispersion law of an
€l ectromagnetic wave coupled to the polarization wave
in the medium. The problem of the pulse propagation
can then be reduced to either the nonlinear Schrédinger
(NLS) equation or the sine-Gordon equation with the
well-known soliton solutions. However, the region of
frequencies in the vicinity of the polariton gap is very
important because some properties of the structures
under consideration manifest themselvesin this region
only.

We note that related problems have aready been
studied along time ago in the theory of nonlinear pulse
propagation through a medium in the vicinity of exciton
resonances. In [5], the polariton sdlf-induced transpar-
ency pulses were found, but it was claimed later [6, 7]
that the polariton effect prevents the existence of self-
induced transparency pulses. This contradiction was
resolved in [8], where it was shown that polariton soli-
tons exist due to a subtle balance of small effects, and
these solutions can therefore easily be overlooked if a

TThis article was submitted by the authorsin English.

too rude approximation is made in the evolution equa-
tions. The authors of [9, 10] later confirmed this result
in general and described some additional remarkable
properties of polariton self-induced transparency
pulses in the vicinity of the polariton gap beyond per-
turbation theory. Similar problems have also been stud-
ied for the Kerr nonlinearity (see, e.g., [11] and refer-
encestherein). However, the approximations used were
not justified sufficiently well, and some properties of
polariton solitons remained unclear. In [12], the gov-
erning equations for long pulses and a carrier wave fre-
guency sufficiently far from the polariton gap were
reduced to the perturbed NL S equation for the envel ope
and the corresponding soliton solutionswere described.
A closely related problem, pulse propagation in aKerr-
nonlinear medium with a singular dispersion relation,
was studied in [13], where bright and dark solitary
wave solutions were found in the vicinity of the linear
resonance.

In this paper, we thoroughly investigate polariton
solitons in the case of the Kerr nonlinearity following
the method developed by Akimoto and Ikeda [8] and
show the existence of localized solutions both inside
and outside the polariton gap.

2. MAIN EQUATIONS

We start with the standard equations of the classical
theory of electromagnetic waves propagating through
an isotropic medium (see, e.g., [14]),

VE_ed'E _ and'P

-=— = 5= (1)
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2
%;E-)+uﬁP+le|2P 3 2

1063-7761/03/9605-0876%24.00 © 2003 MAIK “Nauka/Interperiodica’



POLARITON EFFECT IN NONLINEAR PULSE PROPAGATION

where ¢, is the background dielectric constant and

_ €o(wp —07)
a = OT' (©)]

These equations describe interaction of the electromag-
netic field E and the polarization wave P due to the
Kerr-like nonlinearity (measured by the parameter x).
We here ignore the effect of damping. The parameters

w’ and w; characterize the dispersion law o = oK) of
linear waves, which is given by the equation

2
_4T[ aw

F(k ) = o — - 3__9W
¢’k — e’/

=0. (4

Asfollowsfrom (4), the dispersion law hasagap in the
frequency interval

Wr<w<w, 5)

where linear waves cannot propagate. As mentioned
above, the envel ope function can be introduced for fre-
guencies sufficiently far from polariton gap (5), and
system (1), (2) can bereduced to the NL S equation pos-
sessing well-known soliton solutions. Here, we are
interested in solutions of system (1), (2) for frequencies
near and inside polariton gap (5).

We seek the solutions in the form of stationary lin-
early polarized waves, such that E and P can be consid-
ered as the scalar functions

E(x,t) = €(t—x/V)e"®,
P(x, 1) = [u(t—x/V)—iv({t—x/\V)]e®,

whereVisthe velocity of the pulse and the phase 8(x, t)
is

(6)

B(x, 1) = kx—wt— @t —x/V). 0

Substitution of Egs. (6) and (7) into Egs. (1) and (2)
leads to the system of equations for the variables u, v,

%7(1)1
li— (0 — 0% + 209+ @ u—2(w+ YV ©
—ov +x(U’+vu = a¥,
V — (00— 0% + 200+ @)V + 2(w + QU ©
+¢u+x(u2+ vi)v = 0,
2 € 11, ~[K o(*D
Bt - -2
0l  €&qj 2
el (10)

- ﬂ:[U—u(w+ O —pu—2(w+ Qv],
c
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where the overdot denotes the derivative with respect to
E=t—x\V.

3. LINEAR APPROXIMATION

We suppose that the variables u, v, €, and @ tend to
zero at thetails of the pulse(i.e., at infinite |&[), and sys-
tem (8)«11) can therefore be linearized in these
regions as

i— (W —wi)u—2wv = a%, (12)
V—(w =0}V +2w0 = 0, (13)

€

q7z“ % =& _—° wHé
(14)
= —g(U—cozu—Zw\'/),
C
%—%ﬁ% MG -ty +200). (1)
C

For the exponential dependence

(€,u,v) = (€o, Ug, Vo) exp(—[E|/T) (16)

at |E|4> ©,

where T is the duration of the pulse, system (12)—(15)
reduces to algebraic equations that define the disper-
sion law and the velocity of the pulse as functions of T.
It is convenient to introduce the variables

ck _C
X=20 Y=g (17)

and define the characteristic parameters
1 A2 = 1

s= —, —, (18)
wt (0 — )T
such that the ratio
2 2
il 19
S W — Wy
isindependent of 1. The variable
2 2
p? = 20 (20)
Wy — Wy

measures the frequency in the vicinity of the polariton
gap. The cases where A? > 1 and A? < 0 correspond to
the upper and lower polariton branches respectively.
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Substituting Eq. (16) in Egs. (12)—<(15), we arrive at the
system

(N*=D*)uy—2sQ%v, = :—;i[%o,
(N*=D%) v, +2sQ%, = 0,
(X2 =s"Y)Eo = €0(1-5) €,
+4AT[ (1 =) Uy + 25V,
25(XY —€0)€o = ATM[(1—57)Vy—25Ug] .

Eliminating u, and v, from Egs. (21) gives the
system

(21)

X2 —&?Y?

{1 24 (1=5)(A\°=1%) -45°0
(N*=n?%)° +482Q"

} (22)

2 2 2 2
XY = eo[1+’\ —4 ;'(21_52)94},
(N =A%) +45°Q
the solving of which, with Eg. (19) taken into account,
yields

_ ek
X2 = 51
=@{(1 @ _ (L= ) (A% = A?) + 4N?
2 (02— A% +4N°Q (23)
1) J(AZ—A2—1)2+4A292
(02 =AY + 4N2Q2
2 [EDZ
Aliva
_ & a2, (A=) =A") +4an?
= 252[ (1-57)+ (07— NDY + ANQ (24)

f(1r ) (02— A2 —1)° + 4AN’QP
2 2,2 22
(02— AY)%+4N%Q

In the limit of auniform wave (T — ), when A2 —~ 0
and & — 0, Eq. (23) reproduces the dispersion law of
linear plane waves,

(25

which can be transformed into the standard form after
substitution of Eq. (20). To find the vel ocity of the enve-
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lope of alinear wave, we must take the limit ass> —» 0
in Eq. (24), which gives

(P - [A%(A%-1) + Q77

e 26

CA° (A 1) (29)
As could be expected, thisvelocity V coincideswith the
group velocity of propagating linear plane waves with
dispersion law (4).

In Egs. (23) and (24), the three parameters A?, &,
and Q? depend on the frequency w. For further investi-
gation, it is convenient to express s and Q2 in terms
of A?,

(27)

Equations (23) and (24) then become

ek 1, A
2 A%+ K?

Ol
(A=A + KD (A= AP + 4N
(A% = A%)® + AN2(A% + k)

A2 O (A2 =A2—1)"+ AN2(A% + kD)
A2+K2D (Az—/\2)2+4/\2(A2+K2) '

(28)

+%L+

2 2 2 2

[e0” - A" +K [_1_'_ A
2N? A +K°

L (A=A + K)) (A% = A°) + 4N
(D% = ND)? + ANP(A% + k)

e A2 0 (A2 =A% —1)" + AN2 (A% + K2
A2+K2D (AZ—/\2)2+4/\2(A2+K2) !
wherewe have al'so set e, = 1, which isequivalent to the

replacement ¢ —» ¢/, /e,. We recall that in Egs. (28)

and (29), k? is a constant determined by the system
under consideration, the parameter A> measures the
wave frequency, and the parameter A?> measures the
pulse duration.

Linear uniform waves cannot propagate with fre-
quencies within polariton gap (5) or

(29)

0<A®<1. (30)

However, at finite values of T, two branches of the dis-
persion curve join into one curve. Plots of A? against
(ck/w)? at severa values of A? are shown in Fig. 1. As
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we can see, these curves depend essentially on the val-
ues of A2, and the usual approach involving the transi-
tion to the NLS equation for the envelope function can
only be applied at A < 1 and sufficiently far from the
polariton gap. The velocity parameter (c/V)? of the
pulse as a function of A? is shown in Fig. 2 at severa
values of A2 It has rea values even at frequencies
inside polariton gap (30). It isimportant to note that if
general nonlinear equations have a pulse solution of
form (6)—7), then its velocity must coincide with its
linear approximation (29) calculated for the tails of the
pulse.

4. SOLITON SOLUTIONS

To find soliton solutions, we return to exact equa-
tions (8)—(11) and replace differentiation with respect
to & =t —x/V by differentiation with respect to = &/1.
Taking Egs. (17)—«20) into account, we arrive at the
system

A2l — (A% + 2A A2 + K2+ N*@)u

—2(AJD + K+ N2Q) v (31)
2 ~, 2 2, _ 1
—N@v +x(u"+v9u = 411%’
A2V — (D% + 2AJ0% + K2+ N2 ) v
+ 2(AND% + K2+ N2g)U (32)

+ANQu+X(U*+ vV = 0,
N e fo e

+ 2AJD% + K [f/k }¢+AZ[E\\F—EZ—

1}c'p2%% (33)
0

= 4] Nli—u(JA% + K2+ Ap)

—Nve—2(AJA* + K>+ NV ],

- 1}6[)% + 2000+ KZ%F‘/—k -
0

/\Z[E\%Z
(34)

N{HE - o

= 4T NV —v (A% + K2+ AG)’
+ A2u@+ 2(AJA% + K%+ A@)u],
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Fig. 1. Dispersion relation of the carrier wave for different
values of the pulse duration T measured by the parameter A

(see Eq. (23)); A2=0.01 (1), 0.1 (2), 1 (3), 10 (4).

0 02 04 06 08 10 12 14
V/c

Fig. 2. Pulse velocity as a function of the carrier wave fre-
quency for various values of the pulse duration T measured
by the parameter A (see Eq. (24)): A = 0.2; A% = 0.01 (1),
0.1(2),1(3), 10 (4).

where

X = 52—, (35)

and the overdot now denotes the derivative with respect
tol =&/

We consider long pulses with A? < A?, For this, we
introduce a small parameter € by
N = 0% e<1, (36)
such that Egs. (31)—«34) can be expanded in powers
of €. Because Egs. (28) and (29) lead to different series
expansions in different intervals of A2, we must con-
sider all these cases separately.
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4.1. Long pulse above the polariton gap
We begin with the case of waves with

A°>1, (37)

for which a nonlinear pulse can be represented as the
envelope of propagating linear waves with dispersion
law (25). For long pulses with

ef<1, & <A -1, (39)

the coefficientsin Egs. (33) and (34) can be represented
as power series expansionsin €,

EP(_E 1= _%+A —3Kk® + 4N°K° 24
A 1 A (A —1) @)
= —A—2+0(2£2+...,
A2 et 1] = A°+20%% + k* 2,
[B_A:l - i| - TE s
A4 (D2 -1) (40)
= y,e ...,
2 2 2 2 2
2’\%\\%_% - %sﬂ( (AA7+ #et (41)
= Be—PBae’+ ...

We suppose that the functions €, (p u, and v can also
be represented in the form of series expansions,

¢ = svis“%n,
n=0

and smilarly for @, u, and v. Analysis of equations (31)—
(34) and (39)—41) shows that for self-consistency of
the procedure, the series expansions of the fields must
be asfollows:

% = 8(%0"’82%2"'...),
@ = (B, +€°0,+...),

u=g(Up+eu,+...),

(42)

V = g(ev,+€Va+...).

Substitution of these expansionsin Egs. (31)—(34) then
yields a sequence of equations for the coefficients €,

€,, 0y, ... Inthefirst approximation, we obtain the rela-
tions
1 2N + K.
Up = —==&, Vi = ol (49
4TIA

which correspond to the plane wave solution with a
constant amplitude. In the next approximation, it fol-
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lows from Egs. (31) and (33) that

-%0+4“A+K% X B

A? 161°A°
= %2 + 4T[A2u2 - 2A_+Keocé0,

A/A + k3

|:‘V2+1 4A—D% —(A + K )02%0

(44)

_ A +K 2,07 + K?
= % +411Au2 QA

Combination of these two equationsyields the equation
for €, after simple transformations,

00

o = G+ —EX 3 45
°T 7 1610, 4
If X <0, this equation has the soliton solution
- _a_
Cé0 - Cog,]zl (46)
where
8 4 2 2.2
_ /32T[2~A O g, =8 —fK 2+4A LS
X AY(A%-1)
and
2
_lg_xg e o (AT
=4 X0 - 18 7K 48
d DA A%a%-1) “9)

This shows that V is equal to the group velocity given
by Eq. (26) and is independent of the duration of the
pulse. Because

N 1 ~ X
€= —= ——, X = ,
A (})2—0)-?.[ wi_wf_
we obtain
_ 2N 1 49)
|X| Tcosh[!‘B_éD}.
ARV

Thisisthe NLS-type soliton solution.

We note that the above calculations were performed
for arbitrary values of k. However, in a majority of
applications, we have

(wL_(‘OT) < (*)Tv
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that is,
2

K= O o Wy

= >
W —wr 2w —wr)

Expansions (39)—(41) are then valid only under the
condition that

K2£2 - 1 _

4o —wp)t

which impliesthat the spectral width of the pulse of the

order of 1/t is much less than the width of the gap

(W, — wy). In fact, condition (51) is aready satisfied

sufficiently well for

1. (50)

<1, (51)

W — Wy

1.
T 2

4.2. Long pulseat A?=1

In this case, the pulse cannot be described by the
NLS equation for the wave packet of waves with wave
vectors around some nonzero value. From Egs. (28) and
(29), we have the expansions

2
EP(—E =1+ J1+K%e+ . =1+ T+ ..., (52)

/\Z[EEDZ—l} = (1+k)%%

RYE
(53
3 _ _
_%K4+§K2+12%82+"- = V15—V282+---,
[pzk 0 2 2y.,2.3
ZA%_ID = 2K°e—4(1+2K)K € + ... (54

= Bie—Pae’+ ...

We again seek solution of Egs. (31)—(34) in the form of
series expansions, which in this case are

€ = "G+ e +...),
iy 12
=€ 0%+ ...,
(pﬂz ° (55)
u==¢&"(u+eu +..),
v =ePv,+ ...
In the first approximation, we have

é .
Up = —2, v, = 2J1+KU,.

4m
In the next approximation, Egs. (31) and (34) give

(56)

€,

L
J1+K%€o+E,—T, 8, = —4TU,.

—u, + )~(ug = -

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

881
Hence,
&, +amu, = —£-¢2
161 (58)
J1+K5(€0=%o) = ~(1+4muy),
and we arrive at the equation for €,
&o = €o+ #%g (59)

16TCA/ 1 + K*
Thus, we obtain the soliton solution

81”261 Ca- 32r? (|1)”(T Kz)ﬂz’ (60)
cosh [? B - %}

where V is given by

€ =

T _ 4. (@L+k)
o =1+ (61)

Taking into account that
1
JOF — 0T

we can rewrite Egs. (60) and (61) in terms of the phys-
ical parameters

@ [321f00, 1 |
Xlt cosh[%%_éﬂ}

VA

e =N\ =

(62)

3
W T

e = ,
e WF —wh

Thevelocity of the pulsetherefore dependson T (curves
in Fig. 2 intersect the straight line A% = 1 at different
points depending on 1). Although the parameter kK has
disappeared from Eq. (62), expansions (52)—(54) are
valid for k > 1 provided the inequality (ke)? < 1issat-
isfied. The ratio of the amplitude of solution (62) to that
of solution (49) isin magnitude on the order of

1
ﬁwﬁwﬂwl,

that is, the amplitude at the boundary of the gap ismuch
greater than the amplitude of the soliton solution suffi-
ciently far from the gap. This implies that the pulse
must be sufficiently intense to deform the gap to such
an extent that the wave propagation with the frequency
A? = 1 becomes possible. Beyond the gap, there are lin-
ear waves that can propagate with arbitrarily small
amplitudes and nonlinear effects must only compensate
dispersive spreading of the wave packet built from lin-
ear waves.
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4.3. Long pulse inside the polariton gap
For frequencies inside the polariton gap,

0<A’<1, (63)
we have the series of expansions
2 4 2,2
EE_IE ~1=-1+— (2A +Kg 5 e+ ...
Coo A (A2 —1)(A% + kD) (64)
= 140,64+ ...,
Az[[EDZ_l} _ (1-A%)(A%+K?)
BVE A2
+A8+5A4K2—3K4+A2K2(4K2—3)82+ (65)
A 1_1D)
= Vot Vae'+ ...,
2 2 2 2 2
ZAEP—l—(—IE = 21(-58—4-——-———-———-—K (& 7+2K Jett .
RV A A (66)
= 618—83834' ey
where
e<1-A° e<A’ (67)

Because Y, # 0, the soliton solution is obtained in the

first approximation, and therefore ‘€ and u do not have
a small factor proportional to a power of €. The equa-
tions of the first approximation are given by

N+ R = 4—1n%, (68)
2.
1-8 %, ¢ = _am. (69)
AZ

If we were ableto expressuin terms of € from Eq. (68)
and substitute the result in Eq. (69), we would obtain
the equation for € having solitary wave solutions.
Unfortunately, this can be done only numericaly
except in the case where

[XIu® < 4% (70)
In this limit, we have
uD-—g - —X __° (71)
AL pAX(4TL)
and Eq. (69) takes the form
€ =€+ X e (72)

16T°A°%(1-1%)
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It has the soliton solution

. A/32T[2A6(1—A2)(oof—oﬁ) 1 (73)
I 1o x|
cosh[;%—\—/m}
where the pulse velocity is given by
2 1—A2 A2+K2 0\)2— 2 _[2
o - gy (L8 A2)( DT
Using the estimate
u Diz,
4TA
we can transform condition (70) into
1-A*< 1. (75)

The frequency must therefore be sufficiently close to
the upper limit of the polariton gap.

Solution (73) only appliesto sufficiently long pulses

g® < 1-A° (76)

We notethat in this case, the amplitude is independent
of the pulse width T, but its velocity strongly depends

on 1. If Kk > 1, the ratio of amplitude (73) to ampli-
tude (49) isin magnitude on the order of

1
—_— — >

and as could be expected, ismuch greater than the ampli-
tude of soliton solution (62) at the boundary of the gap.

When condition (75) is not satisfied, we must solve
Egs. (68) and (69) numerically. For this, we introduce
new variables

E U
=/ = (77)
JXI JIXI
where X =—[x| . Equations (68) and (69) then reduceto
2
AU +U® = —1E, 1_2A E+E = —4nU. (78)
4mn A

Numerical solution of the first equation in (78) yields
the function

U = U(B), (79)

substitution of which in the second equation in (78)
givesthe differential equation for E,

1-A’d°E
== = _E-41U(E), 80
A i (E) (80)
or
d°E _ 9V(E)
No. 5 2003
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Fig. 3. The potential V as a function of the electric field
amplitude for A = 0.2.
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Fig. 4. Profiles of solitary wave solutions for three different
values of the carrier wave frequency (see Eq. (20)) inside
the polariton gap; A = 0.2 (1), 0.6 (2), 0.8 (3).
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Fig. 5. Dependence of the amplitude of the solitary wave on
the carrier wave frequency (see Eq. (20)) inside the polari-

ton gap.

where

N? 2 ; g
V(E) = 1 AZ%E +41TJO’U(E)dEH (82

can be considered as a potential in which a particle
moves in accordance with Newton equation (81). A
typical plot of potential (82) is shown in Fig. 3. The
maximum value of E (the soliton amplitude a) is deter-
mined by the point E = a where V(E) vanishes. The
solution of Eqg. (80) with theinitial conditions E(0) = a
and E'(0) = 0 then provides the soliton solution. We
have performed these calculations for several values
of A. Theresults are shown in Fig. 4, where the depen-
dence of the pulse profile E on the scaled variable

JD?I(1-A%)T is plotted. The dependence of the
amplitude on A is shown in Fig. 5.

5. CONCLUSIONS

We have studied the nonlinear optical pulse propa-
gation in afrequency region inthevicinity of the polari-
ton gap. The problem is described by a coupled set of
Maxwell equations for the electromagnetic field and a
material equation for the macroscopic polarization
allowing a Kerr-like nonlinearity. To solve this nonlin-
ear system of equations analytically, we used the
approach [8] based on series expansion in powers of a
small parameter related to the width of the polariton
gap and pulse duration. Different bright solitary wave
solutions depending on the position of the carrier wave
frequency with respect to the polariton gap are found,
and their parameters are expressed in terms of material
system parameters. Outside the polariton gap, the soli-
ton solution corresponds to the well-known soliton of
the NLS equation for the envelope of a wave packet
made of plane waves. However, inside the polariton
gap, there are no plane wave solutions and the notion of
their envelope loses its physical sense. Nonetheless,
solitary wave solutions can occur there with sufficiently
high values of the electromagnetic field strength such
that the local value of the polariton gap diminishes in
the center of the polariton gap due to the Kerr nonlin-
earity. The difference in physical situations outside and
inside the polariton gap is reflected in different depen-
dences of the soliton amplitude on the pulse duration T:
the amplitude is independent of t inside the gap, is pro-
portiona to T-Y2 at the gap boundary, and is propor-
tional to T sufficiently far from the gap.
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Abstract—The propagation of a short intense laser pulse is studied in a gas taking into account the ionization
of gas atoms by the high-frequency electromagnetic field of the pulse. The conditions are found under which
the ionization structures produced by the laser pulse cause the pulse focusing accompanied by a substantial
increase in itsintensity. It is shown that the leading edge of the pulseis subjected to ionization refraction at the
ionization front, the temporal profile of the pulse becoming steeper. This resultsin the efficient generation of a
wake wave at theionization front, which isamplified during the devel opment of self-modulation instability. The
amplitude of the wake plasma wave achieves a substantial value aready at small paths of the pulse in matter
(smaller than the diffraction length of the pulse). © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

One of the promising applications of short intense
laser pulsesisthe laser—plasmaaccel eration of particles
(see, for example, reviews[1, 2]). This method attracts
attention due to the compactness of setups, which is
caused by record high acceleration of particles.

Initially, apreliminary prepared plasmawas used in
schemes of laser—plasma acceleration (see, for exam-
ple, [3, 4]). Note that, to efficiently generate wake
plasma waves and then to accelerate electrons, rather
gtrict relations between the parameters of laser radia
tion and plasma should be fulfilled. The use of an ini-
tially neutral gas, which is ionized directly by an
intense laser pulse, offers a number of advantages both
from the point of view of the plasma production and the
necessity of its confinement in a certain configuration,
and in relation to the specificity of interaction of radia-
tion with matter. First of al, it is easy to obtain a stable
and sufficiently homogeneous concentration of a neu-
tral gas. Upon irradiation of the neutral gas by an
intenseionizing pulse, plasmawaves are generated effi-
ciently at the ionization front [5]. In this case, compar-
atively long laser pulses can be used to generate high-
amplitude plasmawaves in the self-modulation regime
of the laser pulse [6-8]. Another mechanism of genera-
tion of plasmawaves, which can berealized in aneutral
gas, is generation due to a steep leading edge of the
laser pulse [9]. The advantage of using ionized gasesis
that, unlike the conditions studied in [9], an increasein
the slope of the leading edge of the laser pulse upon
ionization occurs self-consistently during the propaga
tion of thelaser pulseinthe gasdueto the so-called ion-
ization refraction [10].

The influence of ionization refraction on the propa
gation of intense laser pulses is attracting great atten-
tion because of a variety of practical applications of
short intense laser pulses. Under conditions when the
transverse radius r, (for definition, see Eqg. (18)) of a
pulseissmall compared to thewavelength A, of aplasma
wave and the pulse duration T is on the order of the
period A/c of the plasmawave (c isthe speed of light),
the range of a laser pulse retaining a sufficiently high
intensity in a gas being ionized decreases; in this case,
the maximum intensity of the pulse proves to be lower
than that in vacuum [11]. Asthe pulseradius (r, ~ A,) and
duration T ~ Aj/c increase, the action of ionization
refraction on the main part of the pulseissmall if a suf-
ficiently large part of the pulse energy isin the region
of ionized matter [12]. For ro ~ A, and T > AJc, the
range of alaser pulseretaining asufficiently high inten-
sity in gas proves to be on the order of that in vacuum
[i.e., on the order of the vacuum diffraction (Rayleigh)
length zg]. In this case, the main part of the pulse can
propagate over distances exceeding z; with a compara-
tively low maximum intensity [13]. To obtain a compar-
atively large propagation depth, the ionization potential
of the gas should be sufficiently low, so that the radius
of a plasma region would be considerably greater than
the pulse radius r,. When the pulse power P is high
(higher than the critical power P, = 17nJn, GW of rel-
ativistic self-focusing, where n, is the critical density
and n, is the dectron density in plasma [1]), the pulse
range increases, however, in the presence of relativistic
self-focusing, the pulse propagation is unstable [14].

In this paper, we study the generation of wake
plasmawaves, which accel erate el ectrons upon irradia-
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tion of an initially neutral gas by a laser pulse with a
power below the critical power of relativistic self-
focusing and a radius that greatly exceeds the wave-
length of the plasma wave. In Section 2, by using the
kinetic equation for the distribution function of free
electrons, we obtained a system of hydrodynamic equa-
tionsthat takeinto account the creation of free electrons
in the field of an intense laser pulse. In addition, the
free-electron current in the Maxwell equationsfor elec-
tromagnetic fields in an ionized substance is supple-
mented with an ionization current, which takes into
account the laws of conservation of energy and momen-
tuminthe“ electromagnetic radiation + substance” sys-
tem. In Section 3, we performed aharmonic analysis of
the system of hydrodynamic equations derived in Sec-
tion 2. As aresult, we obtained the system of equations
for dowly varying amplitudes of the laser field, the
electron density, and the field of a wake wave. By
neglecting ionization effects (preliminarily prepared
plasma), this system coincides with the generaly
accepted system [1, 15], which describes self-consis-
tently the propagation and generation of awake plasma
wave by an intense laser pulse. Theinfluence of ioniza-
tion effects is taken into account both in the equation
for the envelope of the electric field of alaser pulse and
inthe equation for the electron density and amplitude of
the wake plasma wave. In Section 4, we studied the
propagation of a comparatively long (at the scale of the
plasma-wave period) laser pulse in a gas being ionized
by the pulse. The propagation of the pulseinthe gasis
accompanied by the ionization refraction at nonstation-
ary spatially inhomogeneous plasma structures, which
are formed upon ionization of the gas by the pulse.
When the peak intensity satisfies the resonance condi-
tion with respect to the threshold ionization intensity,
the propagation of the pulse in the gas is accompanied
by an increase in its maximum intensity. This increase
(which we will call ionization focusing) is caused by
the development of the ionization modulation of the
laser pulse [16]. Such amodulation appears at the lead-
ing edge of the laser pulse, unlike ionization modula-
tion [17—-20], which is manifested as the instability at
thetrailing edge of the pulse. The consideration of non-
linearity of the electron motion (relativistic and pondero-
motive), which does not qualitatively change the behav-
ior of alaser pulse during its propagation, resultsin an
additional increase in the electromagnetic-field inten-
sity intheregion of ionization focusing. The generation
of awake plasma wave is discussed in Section 5. The
laser pulse duration was chosen long enough to provide
the formation of a high-amplitude plasma wave due to
the development of self-modulation instability. The
mechanism of excitation of a “seed” plasma wave for
such instability changes during the pulse propagation:
for a small depth of penetration of the pulse into the
material, the pulse shape remains comparatively
smooth and the ionization mechanism of generation
takes place [5]. As the pulse penetrates more deeply, its
leading edge becomes steeper due to ionization refrac-
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tion and the generation of aseed plasmawaveisalready
determined by the mechanism considered in paper [9]
in the case of a short leading edge of the pulse. As a
result, two main factors lead to efficient generation of a
high-amplitude wake plasma wave: first, ionization
refraction causes both a strong increase in the slope of
the leading edge of the laser pulse and a substantial
increase in its maximum intensity due to ionization
focusing; second, a plasmawave generated at the lead-
ing edge is enhanced in the most intense part of the
pulse due to self-modulation instability, this effect
being strongly enhanced due to ionization focusing.
The amplitude of the wake plasma wave becomes large
at a comparatively small depth of penetration of the
laser pulse into gas, which is smaller than the diffrac-
tion length z; of the pulse[21].

2. BASIC EQUATIONS

We will describe the space-time dynamics of ion-
ization and generation of a wake plasma wave in the
field of a short high-power laser pulse using hydrody-
namic equations. Let us consider ionization in these
equations with the help of a standard procedure for
obtaining hydrodynamic equations from the Kinetic
equation for the electron function of distribution f(r, p, t)
over momenta:

of 1 f
a+(v[|])f+ea5+6[v><B]E[%p 1)
= T(r, 93(p),

where E(B) isthe electric (magnetic) field in substance.
The term T'(r, t)&(p) represents a source of electrons
produced upon ionization by the intense electromag-
netic field. The ionization of an atom (or ion) by the
field of a short (the duration T is shorter or of about
1ps) intense laser pulse occurs due to tunneling
because the Keldysh parameter y = wy./2mU /|e|E
(wy isthe laser radiation frequency, U is the ionization
potential of an atom (ion), m, and e are the electron
mass and charge, respectively) [22] proves to be com-
paratively small (y < 1) [23]. We can assume that afree
electron produced upon such ionization has a zero ini-
tial velocity [24, 25], which corresponds to the ioniza-
tion source proportional to d(p) in Eq. (1). A similar
approach for used to derive hydrodynamic equations
for ionized gas from the kinetic equation [26, 27]. Note
that the consideration of ionization processes in the
kinetic equation with the help of the term of the type
I(r, t)d(p) leads to reasonable energy relations in the
description of the propagation of a laser pulse in a
material being ionized [16].

Equation (1) neglects recombination processes, as
well asall inelastic and elastic collision processes. el ec-
tron—atomic, e€electron—-on, and electron—electron,
because the characteristic duration of these processesin
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aplasma of a moderate density is much longer than the
characteristic times involved in the problem under
study: the pulse duration and the plasma-wave period
(the latter is shorter than or of about the pulse duration,
see below).

By integrating (1) over momenta, we obtain the
equation for the electron density n(r, t) = I dp f(r, p, t):

an _
3 +div(nV,) =T, 2
where
V(r,t)= o t)Idpvf(r p,t)

is the average velocity of the directed movement of
electrons. By multiplying (1) by p and integrating over
p, and also using Eq. (2) for the average momentum

Pe(rv t) = —(—BIdppf(rv P, t)

we obtain the equation

0P,

a_+(v O)P, + — Pe = e%%[vexB]H (©)

We neglected in Eq. (3) the pressure force -nol;/or;
(summation is performed over doubly repeated sub-

script, My, = [dp (v; = Ve j)(p; — Pe 1)) compared to pon-

deromotive torces acting on the electron liquid, which
are determined by the right-hand side of Eq. (3) and the
second term initsleft-hand side. Indeed, under the con-
ditions when collisions between electrons and ions and
neutral atoms during the action of a short laser pulse
can be neglected, the scatter in the electron energy,
which is characterized by the quantity n=f1;;, will be
determined in a gas being ionized not by inverse-
bremsstrahlung absorption but by the nonadiabatic
interaction of electrons with the laser-pulse field at the
instant of their escape from an atom. Thevalue of n1;;
ison the order of the so-called residual energy, whichis
small when the ionization potentials of atoms of the
substance are comparatively low [24, 26, 28].

Hydrodynamic equations (2) and (3) contain the
source I, which represents the rate of creation of free
electrons per unit volume. To determine I', it is neces-
sary to calculate the rate of extraction from all atomic
shells. During theionization of asubstance by arapidly
oscillating laser field, the charge densities both for free
electrons (p,) andions (p;) also becomerapidly oscillat-
ing functions of time. This circumstance is caused by
the dependence of the probability W, of ionization per
unit time of an ion with the charge m|e| to an ion with
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the charge (m + 1)|e| on the instantaneous value of the
laser-pulse field |E| [29, 30]:

exp(1)(m+ 1)?
WalED) = @, SR

. L@

(m+1)°Ea]™" " 0 2(m+1)°Eagy

X |:4exp(l) n4 |E|i| D_é n3 ED,

wheren« =(m+1),/U,/U,,, U, isthe potential of ion-

ization of ahydrogen atom from the ground state, U,,,is
potential of ionization of anion with the charge m|e| to
an ion with the charge (m + 1)|e| (m = 0 corresponds to
aneutral atom), E, = 5.1 x 10°V/cm isthe atomic-field
strength, and w,, = 4.1 x 10'® st is the atomic fre-
guency. Because of the comparatively short duration of
the laser pulse, we will assume that ions are at rest.
Under such conditions, the equation for the ion charge
density hasthe form

Z-1

mlﬂ—HzWN‘HzW’ ©

where Z isthe atomic nucleus charge, N, is the concen-
tration of ions with the charge m|e|, and '™ is the rate
of ionization of ions with the charge m|e| to ions with
the charge (m+ 1)|e| per unit volume. Equationsfor N,
are also spatialy local:

dN, © 0Ny m , ~(m-1)
- O mo oy
ot T ’
rM=wN, m=1..2-1, ©)
M = W,N,.

We should take ionization processes into account
in the Maxwell equations, as in kinetic equation (1).
For this purpose, we should consider, along with the
current J of free eectrons, the current J,,,, caused by
polarization of theatomsionized in thelaser field [5, 31].
To determine J,,,, we will take into account the fact
that, due to the direct ionization of atoms by the elec-
tromagnetic field with the wave vector k and fre-
guency w, the energy density wy,, of laser radiation
decreases at arate of

|j9W Z-1

kol _

[ c')t Dion - Z WmNmUml (7)
m=0

while the flux density of the laser pulse S/c? (S =
(c/4m)[E x B] isthe Poynting vector) changes at arate of

[ﬁ §D ) _Z—l |_(_
Bia - S WaNpUne. (8)
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Changesinthe energy (7) and pulse (8) of laser radi-
ation can be taken into account in the Maxwell equation

10E

_ 41
rotB = o (J+Jion) + oAt

)
by introducing, along with the current J = en,V, of free

electrons, the ionization current J;,,, which is defined
by the expression

zZ-1

E
‘]ion = ) Z WmNmUm- (10)

Theionization current J,,, in Eq. (9) produces, gen-
eraly speaking, an additional (along with the usua
hydrodynamic free charge density p(r, t) =

IeIZ§]=1mNm) ionization charge density p;o, in the
Maxwell equation

divE = 4mp+4mp,,.

Indeed, because the rates of the appearance of free elec-
trons and atotal charge of ions areidentical, the hydro-
dynamic densities of the free charge p = p; + p. and cur-
rent J satisfy the law of conservation of free charge

90 . 4iv] =
at+d|vJ = 0.

By applying the div operation to Eg. (9) and using the
law of conservation of free charge, we obtain the law of
conservation of ionization charge

0Pion

3t +divd,,, = 0.

It follows, in particular, from this expression that, if
divJiy, # 0, then also p;,, # 0. Note that, in the one-
dimensional geometry, the ionization current (10)
caused by the ionization produced by the transverse
field of the laser pulse proves to be also transverse, so
that div J,,, = 0 and dp;,,/0t = 0 and p;,, = 0. The cur-
rent (10) was introduced for energetic reasons earlier
in paper [32] and was used in papers [17, 27, 33, 34].
Expression (8) presented above additionally substanti-
atesionization current (10), based on the law of conser-
vation of momentum of the “field + material medium”
system during the ionization of the material by the radi-
ation field.

3. FORMULATION OF THE PROBLEM
3.1. Derivation of Equations
for Sowly Varying Amplitudes
We will describe the evolution of alaser pulse prop-
agating in a gas being ionized using the approximation
of slowly varying amplitudes. This approximation can
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be applied for comparatively rarified gases because the
characteristic spatial and tempora variations in the
amplitudes of fields and density of free electrons
exceed the wavelength and period of laser radiation. In
this approximation, we represent the rapidly oscillating
electric field E of laser radiation in the form

Mg, C

E ==

[ expD it + 04]+c.c.}, (11)

whereaisaslowly varying dimensionless amplitude of
the electric field of |laser radiation.

We will derive equations for slowly varying enve-
lopes taking into account ionization processes as
in[12]. Let usrepresent the ionization source " and the
ion and electron densities in the form

r= roJf%[rzexp(—Zimot)+c.c.] +...,

0 1 . O
= leo+ 5[nexp(-2iat) +c.c] +...0,
u 0

0 : O
Pe = €n = e[ne+1[nezexp(—2|w0t)+c.c.] +...0,
g 2 0

wherel, I,, Ny, Ny, N, and n, are the functions of time
that are slowly varying at the scale 21wy, and n, and n,
takeinto account the electron motion in theintensefield
of alaser wave. The value of the second harmonic I',
substantially depends on the polarization of laser radi-
ation. For circular polarization, I', = 0, whereas for lin-
ear polarization for comparatively light gases (Z < 10),
I, =1.56I,[5].

The equation for a slowly varying amplitude of the
laser field in the system of comoving coordinatesz, € =
z—ctinanaxid field |a| hasthe form (cf. [12, 15]

da . 20°a . 2 cole 1
2w,C Ee —-2ic G_ZOE_IC ADa+|mp[h —4|aj -
(12)
_ F2w0 o0 2wo rim Uy
|a| Z Ne mc
where
-19gQag
57 rorbord

is the transverse part of the Laplace operator, wf, =
41e’ny/m,. The equations for the zero harmonics Fém)
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of corresponding ionization rates and for the concentra-
tions n{" have the form

z mn{™, ™ = w,n{",

and®

0¢

(m)
_ro +

re) =0, c—= =1rg

anl (m+1) (13)
0¢

m=0,...,

zZ-1
=S,
2

(m+1)
Mo 7,

Z-1,

where

_ Xp(l) ¥(m+1)°
Wm(la'l) - (*)at’\/é[B E n45

2n, —-15

(m+1) Ay 14
[4exp(1) ~ |a|} (14

*

isthe ionization probability (4) averaged over the laser
period 217wy, and a,; = eE,/muC.

We will determinethe el ectron concentrationin (12)
by using the equations for slowly varying quantities Pe
and n,, which can be obtained from Egs. (2) and (3) by
averaging over |a| < 1:

1
Ja0

oPe _ P
ate eE, mcD% 2e2+

Mo

1 2
~ Pt 5| Folal’ - SRe( (@) Je,
d(en,
(at ) = el —divJ,

where the slowly varying plasma fields E, and B, are
described by the Maxwell equations
JE,

—L = _ +
n 41 crotB 3

= —crotEp,

inwhich J isaslow electron current
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As in the absence of ionization effects (a prelimi-
nary prepared plasma), these equations can be solved
by introducing a scaar dimensionless function @
(“potentia”) for slowly varying amplitudes in the sys-
tem of co-moving coordinates z, § = z— ct. This func-
tion is related to the slowly varying longitudinal E, ,
and transverse E,, . components of the electric field and
the azimuthal magnetic field B, , of a plasma wave by
the expressions [15]

0p _eEp: 09 _ pr
08 mgc* O mgc?

eBM,

2.
m.C

The electron concentration n, entering Eq. (12) is aso
expressed in terms of the potential @

Ne _ 1, 2.1 %
F]; - 1+—|a| +[(—( o~ p)(p
r ak 15
= = 21
' I["” - RGP |57
The equation for this potential has the form [12]
(Ag p) 2120, - K)o
olnn, 9°p _ |_<; 2\ 42
TTor prog a9l (16)
€
_ 2 1_ 2_ r2D ak
kpj'[(p+4|aj ReLaf srgl}azd‘ﬁ

2 2
where ki = wj,/c2

Equations (12)—«(16) describe the relativistic and
ponderomotive self-focusing of the laser pulse and the
generation of an electron wake plasma wave by this
pulse, as well as the influence of the processes of
plasma formation on the propagation of the laser pulse
and excitation of the wake field. In the absence of ion-
ization, the right-hand side of Eq. (12) is zero and
Egs. (15) and (16) do not contain integral terms.

The effect of ionization on the generation of awake
plasma wave was studied within the framework of a
one-dimensional model in papers [5], where it was
shown that ionization causes an increase in the ampli-
tude of the wake wave. The propagation of a compara-
tively short laser pulse (of duration on the order of the
plasma-wave period) in the non-one-dimensional case
in a substance being ionized and generation of plasma
waves by this pulse were discussed in papers[12]. Note
that the terms proportional to U,, in the right-hand part
of (12) are caused by the ionization current J,.,, and
describe the ionization losses of the laser-pul se energy.
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A combined consideration of the mixed derivative
0%a/0&dz in the left-hand side of Eq. (12) and the term
proportional to I, in the right-hand side of Eq. (12)
allows us to describe the losses of the laser radiation
energy associated with the acquirement of the residual
energy by electrons. A combined action of these |osses
on the space-time profile of the pul se causes an increase
in the slope of the ionization front of the pulse [16, 19,
23, 35].

3.2. Initial and Boundary Conditions

The system of equations (12)—(16) was solved
numerically. We assume that a gas is neutra initialy
(with the concentration of neutrals n,) and alaser field
is absent:

nE)O)(Z!E = +°°! r) = nat1
ni™(z & = +oo, 1) = 0,
m=1..,72

We will also assume that an incident laser pulse at the
gas boundary (z = 0) is described by a Gaussian both
over the cross section and in time

(17)

2 _ 2
az=0,r,§) = aoexp{—r—z—(E 2520) } (18)
ro CT

wherer = xe, + ye, is the radius vector in the direction
perpendicular to the z-axis. The characteristic diffrac-
tion length (Rayleigh length) of such a pulse is z; =
Wyl'2/2c, &, = const. The laser field E can have an arbi-

trary polarization, which is determined by the parameter
1=zn=0:

e +ine

J1+n®

A constant a, in this expression is related to the initial
peak intensity of alaser pulsel,=clE?(z=0,r =0, & =
&o) (M4t by the expression

A = (19)

l, = n.m,c’al/2, (20)
wheren, = meooé /4Te? isthecritical electron density for
the frequency wy,. We also assume that the field E is
linearly polarized (n = 0). Note that boundary condi-

tions (18)—20) correspond to the laser-pulse focusing
on the gas boundary z= 0.

4. PROPAGATION OF A LASER PULSE

We solved Egs. (12)—(16) describing the dynamics
of propagation of alaser pulse in a gas ionized by the
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pulse and the generation of plasma waves under the
conditions of a comparatively low power (P < Pp), a
comparatively high intensity (1 > Q™), and a compar-
atively large radius (r, > K™) of the laser pulse. Here,

Q= A/4ne2no, max! Me » | €[N, max 1S the maximum density

of the ion charge, and K = Q/c. For such parameters
(low power and large radius), the initial peak intensity
I, of the pulse can be comparatively low, much lower
than therelativistic intensity for achosen wavel ength of
the laser. Figure 1 shows the dynamics of propagation
of thelaser pulsein helium being ionized for the concen-
tration of neutral atoms n,; = 0.35 x 10'® cm3, the initial
peak intensity of the pulse I, = 8.55 x 10 W/cm?, the
wavelength Ay = 0.8 um, the radius ry, = 146 um, the

FWHM duration Tepuy = +/2In2T1 = 1.25 ps, and
&K = 75. Note that |, is an order of magnitude lower
than the relativistic intensity for the chosen wave-
length A,. For such parameters, the dimensionless
guantitiesare P/P. = 0.67, Qt =50, Kry = 23. The lead-
ing edge of the pulse is subjected to a strong ionization
refraction even after a shallow penetration of the pulse
into gas (z= 0.1z3). The ionization refraction causes an
increasein the slope of the temporal intensity profile of
the laser pulse, which is shown in Fig. 2 for different
propagation paths of the pulse corresponding to Fig. 1.
Note that, as the pulses penetrates deeper into the gas,
its maximum intensity at the axis r = 0 substantially
increases (see Figs. 1 and 2).

To explain this effect, we consider the behavior of
thelaser pulse by excluding from Eqg. (12) theinfluence
of the nonlinearity of motion of free electrons. In par-
ticular, we exclude the rdativistic self-focusing and
excitation of a wake plasma wave, by retaining only
ionization nonlinearity, which is manifested in (12)
through the dependence of the electron density (n, = ny)
on the electric field strength |a|. The latter is caused by
the dependence of theionization probability (14) on|a].
Figure 3 showsthe dependences of the maximum inten-
sity | Of the laser pulse on the axisr = 0 on the depth
z of the laser pulse penetration into helium for the same
initial peak intensity of the pulse and the same wave-
length as in Figs. 1 and 2 (I, = 8.55 x 10'® W/cm?,
Ao = 0.8 um) but for different values of the concentra-
tion of neutral atoms, the initial radius of the pulse and
its duration such that the dimensionless parameters

Concentrations of neutral helium atoms, Rayleigh lengths,
and pulse durations used in calculations

Ny, 1018 cm3 Zg, MM T,ps
8.75 34 0.212
2.2 135 0.425
0.35 84.2 1.062
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Fig. 1. Distribution of the envelope |a| of the laser pulsein the Kr—K§ plane: z=(a) 0, (b) 0.2z, (c) 0.4zg, (d) 0.6z5.

Q1 =50 and Kr, = 23 arefixed (seetable). Thefunction
| nax(2) achievesthe maximum vauefor z,,, = 0.4z < z:.
The dependence of |,,,..(2) for small values of z proves
to be oscillating, which correspondsto the devel opment
of ionization modulation [16] during the pul se propaga-
tion to the matter being ionized.

In the simplest three-dimensional model of ioniza-
tion modulation [16], the maximum relative deviation
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€max Of theintensity | on theinitial valuel @ in the tem-

poral profile of the laser pulse depends on the penetra-
tion depth zas

_ Z,2 2 O
= 0.1ZZ—Rka atl o€XP U

| 1@
smax(z) = W
(21)
(20
yARy
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0 50

., L
100 150
EK
Fig. 2. Temporal profiles of the laser pulse intensity 1(§)/1o
on the axisr = 0 for the different penetration depths of the
pulseinto helium: (1) z=0, (2) 0.2zg; (3) 0.4z, (4) 0.6zg.

where U = 3.384, k; 5 = J4Te’n,/m.c’ . The maxi-
mum value g,, Of the modulation amplitude is
achieved at adistance of z= z, = z/u® = 0.3z from the

Imax(z)/IO
T T T T
4+ 74 e
A
"
/ \
/ 1
3F “ .
] “
\
i \
2+ \‘ i
\
\
\ < 3
\
1 "2\ A
\
\\
1 \
\
1 1 1 1 i}
0 0.2 04 0.6 0.8 1.0
7/zz

Fig. 3. Dependences of |,a(2)/1 on the penetration depth
7z obtained by neglecting the nonlinear motion of free
electronsfor Krg = 23, Qt = 50, and different concentrations
of neutral helium atoms: (1) 8.75 x 1018, (2) 2.2 x 108, and
(3) 0.35 x 1018 cm™3.
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boundary where the pulse enters the matter. For the
parameters of Fig. 3, a relative increase in the pulse
intensity predicted by Eq. (21) iswithin thelimits of the
application of (21) and isapproximately 3.5. According
to Fig. 3, therdative increaseis equal approximately to
three and is determined, according to (21), by the
parameter K, 4o, Whichisfixedin Fig. 3 when the con-
centration of neutral atoms and the pulseradius are var-
iedin broad limits. Notethat such agreat increasein the
pulseintensity (which we will call ionization focusing)
is possible only for the resonance rel ationship between

the ionization threshold I‘mh and the initial peak inten-

sity I, [see (20)] of the laser pulse described by the dis-
tribution (18) [16]:

lo _ Zst (2]
F’ = exp%Z—Ru D~7.39.

m

(22)

According to the calculations presented in Fig. 3, the

maximum ionization threshold for He* 13" = 106 W/cm?
provesto be resonant (U, = 54.4 eV).

The importance of the fulfillment of resonance con-
dition (22) for the appearance of ionization focusing is
demonstrated in Fig. 4, where theresults of calculations
of l.«(2) are presented. The calculations were per-
formed by neglecting the nonlinearity of the free elec-
tron motion for the same concentration of neutral atoms
n, = 0.35 x 10'® cm3 and the same parameters of laser

Imax(z)/IO

0 02 04 06 08 10
4z

Fig. 4. Dependences | ,5(2)/15 obtained by neglecting the
nonlinear motion of free electrons for different substances:
(1) hydrogen (the ionization potentia is 13.6 eV);
(2, 3) model one-electron atoms with ionization potentials

equal to 54.4 eV (singly ionized helium) and 24.58 €V (neu-
tral helium).
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radiation asin Figs. 1, 2, and 3 (curves 3) but for differ-
ent substances: for hydrogen and model one-electron
atoms whose ionization potentials are equal to those of
He and He". One can easily see that ionization focusing
observed in Fig. 3 is distinctly pronounced in Fig. 4
only for atoms with the ionization potentia U =
54.5 eV.

In the case of |ower ionization potentials, the radius
of the plasma structure proves to be substantially
greater than the radius ry. As a result (see Fig. 4), the
diffraction spread of the main part of the pul se becomes
suppressed upon pulse propagation over a distance
exceeding zz [13]. However, the maximum pulse inten-
sty iscomparatively low (when the pul se power islower
than the critical one) and a wake plasma wave is gener-
ated less efficiently than upon ionization focusing.

According to (21), at small depths of penetration of
the laser pulse into gas, the amplitude of ionization
modulation quadratically depends on the parameter
Ky, a0, SO that, by neglecting the nonlinearity of the free
electron motion, the amplitude increases with increas-
ing radius ry (the gas density being constant). This is
illustrated in Fig. 5, in which the initial peak pulse
intensity isly=8.55 x 10 W/cm?, the wavelength A, =
0.8 um, and theinitial concentration of helium atomsis
Ny = 0.35 x 108 cm 3. The maximum |,,(2) of the
function increases with increasing Kr,, the resonance
condition (22) and the maximum intensity observed
upon ionization focusing (21) being independent of the
laser pulse duration in a broad range, which is illus-
trated by curves 4 and 5 in Fig. 5 plotted for a pulse
duration of Ty = 1.25 psand 125 fs, respectively.

Returning to the complete system of equations (12)—
(16), which takes the nonlinearity of the free electron
motion into account, note that the ratio of the power P
of laser radiation to the critical power P, for relativistic
self-focusing P/P, = |ay[A(Kr)%32 quadraticaly
depends on Kr. For parametersused in Fig. 2, we have
P/P, = 0.67. Because this ratio is close to unity, the
intensity of laser radiation additionally increases (due
to relativigtic self-focusing below the threshold) at the
axis compared to the case of only ionization focusing
(Fig. 3).

5. GENERATION OF A WAKE PLASMA WAVE

According to [5], in the case of comparatively long
pulses (T > Q™1), the ionization front is a seed for the
efficient generation of awake plasmawave. The dashed
curve in Fig. 6 shows the dependence of the potentia
@(&) on the pulse axisr = 0 at the entrance to helium
(z=0). The amplitude of oscillations of the potential ¢
after the pulse propagation is close to that predicted by
the theory [5]. Note that for the parameters of gas and
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Fig. 5. Dependences | y5(2)/15 obtained by neglecting the
nonlinear motion of free electrons for Tppym = 1.25 ps
(curves 14) and tTpyym = 0.125 ps (curve 5) and the
dimensionless parameter Krg = 7.1 (1), 11.5 (2), 17.25 (3),
23(4,5).
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Fig. 6. Dependences of the dimensionless potentia (&) of
the wake wave on the pulse axis r = 0 upon pulse entering
into helium (z = 0) (dashed curve) and for z = 0.4z (solid

curve).

laser radiation corresponding to Fig. 6, the amplitude of
the wake wave in a preliminary prepared plasma of
completely ionized helium proves to be 10'* times
lower than that shown in Fig. 6.
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Imax(z)/IO

= N W s~ N

Fig. 7. Dependences of (s (8) and I /1o (b) on Z/zg on the pulse axisfor Krg = 23 and Qt = 50 and different initial concentrations
of helium: (1) apreliminary prepared completely ionized plasmafor ny max = 0.7 x 1018 em™, (2) ny = 8.75 x 108 em3, (3) ny =

2.2 x 108 cm 3, (4) ny = 0.35 x 108 cm™3,

Asthelaser pulse penetrates degper into the gas, the
ionization front on the tempora profile of the pulse
shiftsto the central, most intense part of the pulse. This
isaccompanied by anincreasein the pul se slope caused
by ionization refraction (Figs. 1 and 2), which in turn
enhancesthe generation of awake plasmawave (seethe
solid curve in Fig. 6 corresponding to the pulse propa-
gation over the distance z = 0.4zy). As a result, the
mechanism of generation of a plasmawave at the lead-
ing edge of the pulse changes [21] so that more than
75% of the amplitude of the wake wave is caused by a
steep slope of the leading edge of the laser pulse (see
the mechanism of generation of a plasma wave [9]),
whereas the remaining 25% are produced by the ioniza-
tion mechanism [5].

The wake plasma wave created in the region of the
ionization front is a seed wave for excitation of self-
modulation instability [6-8]. Due to the development
of the instability, the temporal profile of the laser pulse
proves to be modulated with a period equal to the
plasma-wave period (see Figs. 1 and 2). In turn, when
the laser-pulse duration is long enough, the amplitude
of a wake plasma wave after the pulse propagation at
the fixed spatial point z substantially increases com-
pared to its seed level in the region of the ionization
front (see the solid curve in Fig. 6).

Consider the generation of a plasma wave in the
regime of self-modulation of the laser pulse for the
same fixed dimensionless parameters of the pulse asin
Figs.1and 2 (ay=0.2, P/P.=0.67, Qt = 50, Kr, = 23),
but for different values of gas density (seetable). Fig-
ure 7a demonstrates the increase in the maximum
amplitude of the potential of the plasmawave (together
with the increase in the amplitude of laser pulse modu-
lation, see Fig. 2) during the penetration of the laser
pulse into the helium being ionized. Figure 7b shows
the evolution of the maximum of the laser-field inten-
sity with penetration depth z. One can easily see that a
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great increase in the amplitude of the potential of the
plasmawaveis caused by theionization focusing of the
laser field (cf. Figs. 7aand 7b).

A comparison of Figs. 7 and 3 shows that ionization
focusing is accompanied be relativistic and pondero-
motive self-focusing because the consideration of the
nonlinearity of the free-electron motion (Fig. 7) results
in the additional increase in the intensity of the pulse
being focused on the axisr = 0. In addition, it follows

K¢
80 / ~0.300
77 a0
—0.180
60 ~0.120
—0.060
0
0.060
40 0.120
0.180
0.240
0.300
20§
0 20 30 40

Fig. 8. Distribution of the potential ¢ of the wake wave in
the Kr—Kg plane for z= 0.4z.
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from Fig. 7 that, for the parameter Kr, being fixed, the
length z/z; of the region where @, iS comparatively
large increases with decreasing ratio Ny ma/Ne. A com-
parison of Figs. 7 and 3 shows that this effect is mainly
caused by the influence of ionization processes on the
laser-pul se propagation.

The space-time structure of the potential ¢ of the
plasma wave for the penetration depth z = 0.4z, of the
laser pulse into heliumis shown in Fig. 8. According to
Fig. 7, the amplitude of plasma oscillations once the
pulse propagated the distance close to z = 0.4z proves
to be maximum. In this case, the structure of the wake
field is regular, with the characteristic transverse scale
on the order of the plasma wavelength.

Note that (see Fig. 7), when the penetration depth z
is normalized to the Rayleigh depth zz, the distribution
@ux(r = 0, 2) over the penetration depth weakly
dependson theinitial gasdensity n,;, the dimensionless
parameters Qt and Kr, being constant. The constant
value of the latter parameter means that the Rayleigh
lengthsfor the three different distributions @,,,(r =0, 2)
shown in Fig. 7 are substantially different (see table)
and, therefore, the propagation lengths of the laser
pulse at which the wake wave is generated are also dif-
ferent.

6. CONCLUSIONS

Taking into account a high efficiency of the genera-
tion of ahigh-amplitude wake wave during the devel op-
ment of the self-modulation instability of an intense
laser pulse [6-8], we considered pulses with durations
substantially exceeding the period of the plasma wave
and lying in the picosecond range (see table). Under
such conditions, the generation of a wake wave upon
the interaction of an intense laser pulse with agasion-
ized by the pulse is mainly determined by spatialy
inhomogeneous dynamic plasma structures produced
during ionization. In particular, a small radius of the
plasma structures produced upon ionization of the gas
by the leading edge of the laser pulse leads to a rapid
diffraction of this part of the pulse. The main part of the
pulseis subjected to ionization modulation [16], aswell
as to the relativistic and ponderomotive self-focusing
below thethreshold. Asaresult, the maximum intensity
of the pulse increases (almost by an order of magni-
tude) at a comparatively small penetration depth, and a
region with a very steel slope appears in the temporal
profile of the pulse. It is these factors that lead to the
efficient generation of a seed wake wave at the leading
steep edge of the laser pulse and to the subsequent
amplification of the wave in the main, most intense part
of the pulse. A strong laser field produced duetoioniza-
tion focusing leads to a strong electric field of the
plasmawave and, hence, to agreat maximum energy of
electrons (on the order of 1 GeV), which can be accel-
erated by the wake plasmawave.
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Abstract—X-ray emission spectra of the plasma created at the surface of magnesium, aluminum, copper, and
zinc targets heated by 1-ps laser pulses with a peak power density of up to 10'® W/cm? were measured. The
effect of a picosecond prepulse on the spectra was studied for various power densities and intensity contrasts
of the main laser pulse. It is established that the emission spectra of laser plasmas are weakly affected by a
change from 10° to 107 in the main pulse contrast relative to the first prepulse. Variations in the parameters of
emission from aluminum and magnesium plasmas were calculated using relative intensities and widths of the
resonance lines of H- and He-like ions and their two-electron satellite peaks. © 2003 MAIK “ Nauka/Interperi-

odica” .

1. INTRODUCTION

In recent years, special attention of researchers has
been devoted to the interaction of high-power ultrashort
(pico- and femtosecond) laser pulses with solid and gas
targets. These investigations provide information on the
properties of substances under extremal conditions, on
the one hand, and help usto develop new approachesto
solving applied problems (such as initiation of nuclear
fusion, acceleration of electrons and heavy ions, devel-
opment of high-intensity X-ray sources for medicine,
biology, and lithography, etc.), on the other hand [1-4].

The results of our first experiments with solid tar-
gets showed that there is a very important parameter
determining the character of interaction between
ultrashort laser pulses and substances. Thisis the laser
pulse intensity contrast K defined as the ratio of the
main laser pulse power to that of the prepulse:

K = Puise/ Pprep-

In particular, it was found that the formation of a super-
high density plasma is possible only using pulses of
very high contrast (K ~ 109, whereby the power den-
sity of a prepulse is insufficient for the plasma forma-
tion and the main pulse energy is absorbed in the solid
target proper (see, e.g., [5-9]).

An ultrashort laser pulse is typically preceded by
two principal prepulses. The first prepulse has a dura-
tion comparable with that of the main pulse and is gen-
erated several nanoseconds before this pulse. The sec-
ond prepulseis situated in the immediate vicinity of the
main pulse (being essentialy itspedestal) and is several

picoseconds to several nanoseconds wide. Both
prepulses may influence the parameters of the laser
plasma.

We have used high-resolution X-ray spectroscopic
techniques to study the plasmas generated by picosec-
ond laser pulses acting upon solid (Mg, Al, Cu, and Zn)
targets. The emission spectraof multicharged ionswere
measured with one-dimensional spatial resolution. Our
experiments were aimed primarily at determining the
influence of a picosecond prepulse on the emission
properties of laser plasmas for the main pulse power
contrast varied from 10° to 107. The parameters of alu-
minum and magnesium plasmas were determined by
modeling relative intensities and widths of the reso-
nance lines of H- and He-like ions and their two-
electron satellite peaks in the X-ray emission spectra
measured.

2. EXPERIMENTAL

The experiments were performed with a terawatt
laser setup of the Neodymium type [10], which gener-
ated laser pulses with the following parameters: pulse
energy, up to 1 J; laser wavelength, 1.055 um; pulse
duration, 1 ps. The laser radiation was focused on atar-
get to form a spot with a diameter varied from 900 to
100 pum, which corresponded to a laser power density
of 10* to 10% W/cn?.

The laser radiation generated by the Neodymium
setup is characterized by the presence of prepulses of
two types, with picosecond and nanosecond durations.
The former prepulse is related to the multipath charac-
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Crystal

Fig. 1. Schematic diagram of the experimental arrange-
ment.

ter of amplification in the regenerative amplifier and to
afinite radiation transmission of the Pockelscell in this
amplifier [11]. This prepulse is generated 13 ns before
the main pulse and has a duration of 1 ps. The second
prepulse results from luminescence amplified in the
regenerative amplifier and has afull width at half-max-
imum (FWHM) equal to 4 ns. Since the energy of the
amplified luminescence prepulse, having traveled
through the entire amplification tract, does not exceed
0.3 mJ, the intensity contrast of the main laser pulseis
KASE - 107

Figure 1 shows a schematic diagram of the experi-
mental setup. Thelaser beam was focused by an optical
system onto the flat surface of a solid target (at an inci-
dence angle of 22.5°). The targets represented plates
made of Mg, Al, Cu, and Zn. The X-ray emission from
laser-generated plasmas was measured using spectro-
graphs of the FSPR type [12-14] based on spherically
bent quarts or mica crystals (with acrystal surface cur-
vature radius of R = 150 mm). In al experiments, the
emission take-off angle relative to the target surface
was 22.5° (Fig. 1). The radiation reflected from the
crystal was detected by an X-ray sensitive photographic
film of the Kodak-2492 type. The entrance window of a
cassette with film was protected from visible and vac-
uum UV radiation by a two-layer filter representing a
1-um-thick polypropylene film with auminum layers
deposited on both sides to atotal thickness of 0.2 um.

The X-ray emission spectra of laser plasmas were
studied in three overlapping wavelength interval s 0.64—
0.74, 0.71-0.78, and 0.75— 0.87 nm. Under the experi-
mental conditions employed, the spectrographs pro-
vided a spectral resolution A/AA of not less than 3000
and 5000 in the FSPR-2 and FSPR-1 schemes, respec-
tively. The measurement geometry ensured a one-
dimensional spatial resolution in the direction of
plasma torch expansion, which alowed the emission
spectra of expanding plasmato be measured at various
distances from the target surface (asindicated by arrow
xinFig. 1).
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Targets made of different materials were studied at
various laser pulse power densities and contrasts. The
power density was controlled by shifting a target to
within Af = 0-1.8 mm from the focal plane position.
The experiments were conducted with two values of the
main peak intensity contrast relative to the picosecond
prepulse: low (K = 10°) and high (K =4 x 107). The con-
trast with respect to the amplified |uminescence
prepulse was the same throughout the experiments
(Kase = 107). We measured the spectra of X-ray emis-
sion from multicharged Mg, Al, Cu, and Znions. Typi-
cal spectra obtained from magnesium and aluminum
targets probed by laser pulses of various contrast are
presented in Fig. 3.

3. MODELING LASER PLASMA SPECTRUM

The parameters of laser plasmas were determined
using X-ray spectral line intensities (integrated with
respect to time) at various distances from the target sur-
face. From these data, the laser plasma parameters can
be evaluated within the simplest approximation offered
by description of the spectrum using a single set of
parameters assuming the plasmato be homogeneousin
the plane perpendicular to thetorch axis(i.e., to the tar-
get surface normal). Time evolution of the plasma
parameters and spatial inhomogeneity of the plasma
can be effectively modeled using several independent
sets of parameters with properly selected weights (see,
e.g., [15, 16]). Obvioudly, this would lead to a large
number of free parameters upon solving the inverse
spectroscopic  problem, while not providing more
detailed information due to the lack of empirical data.
Under these conditions, additional information can be
obtained, for example, using the results of hydrody-
namic calculations.

In this context, the observed spectrum containing
resonance and satellite linesis described by the follow-
ing expression

() D00y AL N TING(Ne T, (1)

zZn
where
An(w, Ne, To)

_ 1-exp[-giAL S (w, N, TONILIGT]. (D
geN5/g} '

Aﬁl isthe probability of then — 1radiativetransition
in Z ion; N, and T, are the electron density and temper-

ature in the plasma, respectively; N> and g> are the
population and statistical weight of the nth level of Z
ion; and L is the linear dimension of the radiative
plasmaregion. Here, the expression in the numerator of
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Fig. 2. Typical X-ray emission spectraof magnesium and aluminum plasmas generated at alaser power density of g5 = 1016 w/ecm?
and different values of the main pulse contrast relative to prepulse: (a) high contrast, K = 4 x 107; (b) low contrast, K = 10°.

exponent determinesthe optical thicknessfor the corre-

sponding emission line, with the spectral function Sfl
of an optically thin plasmalayer having the form

S, N, T = b,
e /\/]_'[VD:L . a
o (3)
IV o= 6y~ ¥ —%Pa(z” B)dB,
ynl y
where
bz - Aﬁa,l
na ZaZ
gnAna,l

is the branching factor for the rate of the radiative tran-
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sition na — 1 from the ath Stark sublevel; V(x, y) is
the Voigt contour possessing the Doppler width vy (T)

and the collisional width yﬁal(Ne, To) [17]; Afa isthe
linear Stark shift of the ath sublevel in the ion

microfield with an average strength of Fj = Zie/rg iro=

0.62 Ni'”3 is the average distance between ions; Z, and
N; are the average ion charge and number density; T, is
the effective ion temperature, taking into account the
macroscopic motion of plasma toward the observer;
and P.(Z, B) is the distribution function of the ion
microfield F = Fyf taking into account the Debye
screening [18], with the parameter a = ry/r determined
by the number of ions within a sphere of the Debye
screening radiusrp, (for a<< 1, P, convertsinto thewell-
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Fig. 3. X-ray emission spectra of aluminum plasmain the
region of Heyq o AIXIIion linesand the two-electron satel-
lites: (a) experimental spectrameasured at (O) high contrast
(K =4 x 107) and (») low contrast (K = 10°) in the maxi-
mum brightness region (x = 0), and (@) at high contrast and
a distance of x = 20 pm from the maximum brightness
region; (b) calculated spectra representing Doppler con-
tours for an optically thin plasma (thin solid curve), a thick
plasma with optical thickness T = 1.4 (at the center of the
He,, resonance ling) (thick solid line); points show the

experimental spectrum for K = 4 x 107 and x = 0.

known Holtsmark distribution function [19]).

The use of alinear approximation for the Stark shift
in Eqg. (3) needs justification. For non-hydrogen-like
ions, this approximation isvalid provided that the Stark
splitting is much greater than the electrostatic splitting
caused by the interel ectron interaction between sublev-
els with the same principal quantum number n, but
smaller that the distance between the adjacent levels n
andn'=nz= 1[20]. For singlet sublevelswithn=41ina
He-like magnesium ion studied here, the splitting does
not exceed 1 eV (see[21]), whereby the linear approx-
imation is applicable for N; > 10%° cm3. With increas-
ing n, the electrostatic splitting decreases as n~3, while
the Stark shift increasesasn?; for n=5, thelimitingion
density isN, = 2 x 10* cm3. This value satisfies condi-
tions for which the Stark broadening was calculated,
the Stark shift of the ground level being negligibly
small. At lower densities, the line width is determined
by the Doppler effect.
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The populations of levelsfor Eqg. (1) were calculated
in a quasistationary approximation for preselected val-
ues of the “rough” parameters T, and N, [22]. For the
spectra containing the lines of ions with different
charges, the charge composition was selected using rel-
ative intensities of the corresponding lines.

4. RESULTS AND DISCUSSION

Therelativeintensities of peaks due to the two-elec-
tron satellites and resonance lines (Fig. 2) were used to
estimate the electron temperature of the plasma. The
rates of elementary processes leading to population or
decay of the autoi oni zation states were taken from [ 23].
The calculations were performed using the results of
measurements performed for a laser power density of
q = 10'® W/cm? (at alower intensity, the satellite peaks
were not observed).

Given the emission spectraof aluminum plasma, the
electron temperature can be determined using relative
intensities of the Ly, line of an H-like AIXIII ion and
the corresponding two-electron J-satellite (2p?'D,—
1s2p'P, transition). This method yields T, = 450 and
400 eV for the region of maximum brightness in the
plasmagenerated by high- and low-contrast laser pulses,
respectively. Therelative intensities of the g- and r-satel-
lites of a Li-like ion (1s2s2p[°P] 2P;,—1s°25°S,,, and
1s2s2p[3P)?P,,—15°25°S,,, transitions, respectively)
and the He, ; resonance line, determined in the region of
maximum brightness both with neglect of afinite opti-
cal thickness and with a correction for the absorption,
yield T, = 280-330 eV. These estimates are somewhat
lower than the values obtained from the spectra of an
H-like AIXI1I ion. The discrepancy can be explained by
the fact that the concentrations of H- and He-like alu-
minum ions and the corresponding intensities reach
maximum at different moments of the plasma evolu-
tion, the ions with greater ionization potentials natu-
rally dominating at the instants when plasma possesses
a higher temperature.

Figure 3a shows the experimental spectra of emis-
sion from aluminum plasmain the range of resonance
(He,,) and intercombination (He,,) lines of AIXII ion
and the corresponding two-electron satellites measured
for different laser pulse contrast and various spatia
regions of the plasmatorch. A comparison of the spec-
trafrom two spatial regions spaced by 20 um reveals a
sharp decrease in intensity of the 1s2pnl—1s’nl (n = 3)
satellites in the longwave wing of the He,, line, m-sat-
elite (1s2p?2S,,,~1s*2p?P5,) in the shortwave wing of
the He,, line, and q,r-satellites at asmall distance from
the target surface. The intensities of resonance and
intercombination lines remain aimost unchanged. The
ratio of widths of the He,; and He,, lines shows that it
is necessary to take into account the resonance line
absorption in an optically dense plasma, since a maxi-
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Fig. 4. Experimental (thin curves) and model (calculations
by formulas (3) and (7) (thick solid curves) X-ray emission
spectrain the region of 1snp—s2 (n=4-9) linesof aHe-like
MgXIl ions generated by high-contrast laser pulses (K =
4 x 107) at various distances from the target surface: (a) in
the region of maximum brightness (x = 0); calculation for
Ng =2 x 1029 cm™3 and T, = 230 eV; (b) at adistance of x =
80 um from the region of maximum brightness; calculation
for Ng=5x 10 cm™3 and T, = 220 eV.

mum fraction of ions occur in the ground state of aHe-
likeion.

As can be seen from the results of calculations pre-
sented in Fig. 3b, the resonance line intensity for an
optically thin plasma would be two times greater than
the observed value (for the same line width). An allow-
ancefor the optical thicknessin expression (2) provides
for a perfect fit of the calculated curve to the experi-
mental spectrum (upon subtracting the contribution of
satellites with n = 3). Naturally, the plasmais optically
thin for the intercombination line. Here, the measure-
ments at a lower laser pulse contrast yield approxi-
mately the same spectrum in the maximum brightness
region (Fig. 3a). The optical thickness determined for
the radiative plasma region dimensions comparable
with the focus spot size yields an electron density of
N = 10%° cm3, which is close to the value calcul ated
using a stationary kinetic model from the relative inten-
sities of the resonance and intercombination lines (with
absorption correction).

An analysis of therelative intensities of Ly, and the
J-satellite in the spectrum of magnesium plasmayields
the electron temperature T, = 300 eV in the maximum
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10*° cm=3 and T, = 200 eV.

brightness region. Similar to the case of an aluminum
target, the magnesium plasma with this temperature is
optically thin for the Ly, line of an H-like magnesium
ion. By analogy with the aluminum plasma, it can be
also expected that the lines of a He-like MgXl ion
would yield alower electron temperature.

Figure 4 and 5 show the results of measurements
and calculations of the emission spectra corresponding
to transitions from highly excited 1snp P (n=4-9) lev-
els of a He-like MgXI ion. The same spectral interval
contains the Lyg line of MgXIll ion. The lines with
greater n in a dense plasma are broadened, mostly due
to the Stark splitting of upper levels in the ion
microfield. Therefore, these lines can be used for esti-
mating the electron density. If there is a competition
between the channels of recombination population of
the upper levels and their excitation from the ground
state, the relative intensities of these lines can be also
sensitive to the electron temperature. For high-contrast
probing pulses, calculations of the line shapes by for-
mulas (1) and (2) yield T, = 230 eV and N, = 2 x
10 cm™® for the region of maximum brightness
(Fig. 4d) and T,=220eV and N, =5 x 10 cm= at a

No. 5 2003



902

Cu XX
Cu XXI

3r ‘ Cu XXII ‘ -
/ WMM
2 [ianiaid

Intensity, rel. units
() —
T
w
|

| |
0.82 0.84 0.86

A, nm

Fig. 6. () Experimental X-ray emission spectra of copper
plasma measured in the region of 0.78-0.87 nm for laser
power densities g, = 10 (1) and 10 W/cm? (2) at ahigh
laser pulse contrast. For the comparison, curve 3 shows the
spectra induced by a nanosecond laser pulse with Az =
1 um, Tj5s = 1 ns, and g5 = 101 W/cm? [25]; (b) the spectra
measured at s = 10%® W/cm? and high (1) and low
(2) laser pulse contrast.

distance of 80 um from this region (Fig. 4b). In the lat-
ter case, the lines with n < 7 exhibit a Doppler contour
with awidth corresponding to the effective ion expan-
sion temperature T, = 1,2 keV, while the electron den-
sity corresponds to the Inglis-Teller limit for the line
with n=9[24].

Modeling the results of measurements using low-
contrast laser pulses (Fig. 5) leads to a higher electron
density (N, =5 x 10%° cm®) and a somewhat lower elec-
tron temperature in the region of maximum brightness
as compared to the high-contrast case.

The total intensity of lines in the spectrum of a He-
like magnesium ion measured using |ow-contrast |aser
pulsesis 20-30% higher than that for the high-contrast
pulses, the difference increasing up to 40-50% for the
Lyg line. This discrepancy can be related to the influ-
ence of apreplasma created by the picosecond prepulse
in the case of low-contrast laser pulses. At a high con-
trast, the laser power density in the picosecond prepul se
(Oprep < 10° W/cm?) isinsufficient to provide for signif-
icant plasma formation. Moreover, even if the plasma
were generated, the characteristic hot plasma region
with dimensions below 1 mm (see Fig. 2) and a particle

velocity on the order of 108 c/s (for T{' ~ 10 eV)
would decay before arrival of the main laser pulse. In
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this case, the preplasma generated by a nanosecond
prepulse would be more significantly manifested (for
the same laser power density). During the low-contrast
probing, the main pul ses are absorbed in the preplasma.
Under these conditions, the contribution of hot elec-
trons to the line emission from multicharged ions at a
low temperature of thermal electrons increases, simi-
larly to the case of cluster targetsionized by femtosec-
ond pulses [25]. A small effect of the preplasma
induced by picosecond prepulses observed in our
experimentsismost probably explained by the effective
decay of this plasma before arrival of the main pulses,
which takes place even for a contrast of K = 10°.

Figure 6 presents the emission spectra of copper
plasma measured in a wavelength interval of 0.78—
0.87 nm. Thisinterval contains the transition 2s2p%4p—
25°2p% and 25°2p°nd-2s2p° (n = 5, 6) of a Ne-like
CuXX ion and the analogous (i.e., 4-5, 5-2, and 6-2)
transitionsin ions of higher multiplicity: F-like CuxXI
and O-like CuXXIl [26]. The results of our measure-
ments show evidence of a strong dependence of the
emission spectrum on the laser power density (Fig. 6a).
For a higher laser power and, hence, a higher plasma
temperature, the emission spectrum (especialy in the
shortwave part) contains a large number of additional
lines, including those due to the ions of higher multi-
plicity (CuxXXI and CuXXIl). Note that these lines are
also present in the spectra of a plasma generated by
nanosecond pulses at g < 10** W/cm? (Fig. 63, curve 3)
[27]. For ahigh laser power density in the picosecond
pulse, the emission spectrum of copper plasmain the
interval from 0.78 to 0.87 nm is virtually independent
of the contrast (Fig. 6b). Thisconclusion isvalid at low
laser power densities as well.

Thus, in the laser power density range studied, the
emission spectra of copper plasma are independent of
the main laser pulse contrast relative to the picosecond
prepul se. Anal ogous conclusions follow from an analy-
sisof the emission spectraof azinc plasma. These spec-
traare also characterized by the lack of dependence on
the contrast of the laser pulse and exhibit enrichment
with the lines of high-multiplicity ions on increasing
the laser power. At low laser power densities, the emis-
sion spectrum becomes anal ogous to that of the plasma
generated by nanosecond pul ses.

5. CONCLUSIONS

We have experimentally studied the plasma formed
during the interaction of a picosecond laser pulse with
apower density of up to 10% W/cm? with solid targets.
Itis established that a picosecond prepul se produces no
significant influence upon the emissive properties and
parameters of the laser plasma at a main pulse contrast
of 10°-10’. The laser plasma parameters determined
from the X-ray emission measurements are determined
predominantly by the main pulse and, probably, by the
second (nanosecond) prepulse related to amplified
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luminescence. The action of ananosecond prepul se can
explain the absence of spectral manifestations of a
plasma with the density exceeding a critical level. In
addition, this prepul se reduces the time-average plasma
temperature. It should be noted that identification of the
emission spectra of multielectron copper and zinc ions
(O- and F-like ions with open L-shells) requires addi-
tional precise calculations of the corresponding atomic
structures. Such calculations, in addition to providing a
basis for the interpretation of emission spectra, could
be used for the plasma diagnostics.
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Abstract—Ponderomotive effects that arise when an intense plane pumping wave acts on low-concentration
electron and plasmabunches are theoretically studied within the framework of aone-dimensional model. Using
the Lagrange variables, an electron (plasma) bunch under the action of a pumping field can be represented as a
gas comprising macroparticles with ponderomotive and Coulomb interactions. The ponderomotive force at
small interparticle distancesiis attractive, that is, directed oppositely to the Coulomb force; it cannot, however,
completely balance the latter. The constructed model is used to study superradiance, which arises when an
intense pumping wave acts on an extended electron bunch. Radiation is then scattered in the form of narrow
pulses whose amplitude is proportional to the total number of particles in the bunch. In addition, we describe
acceleration of aneutral plasmalayer, narrow on the wavelength scale, in the field of an intense wave and radi-
ation field-induced partial contraction of an electron bunch with an incompletely compensated charge. © 2003

MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

In recent years, much attention has been given to
theoretical studies of the generation of superradiance
pulses by ensembles of classical electrons [1-9]. This
process is coherent el ectromagnetic pulse emission by
an extended electron bunch as aresult of an increasein
electron clustering, which ensures synphase emission
from different regions of the bunch at a certain instant of
time. Experiments with the generation of ultranarrow
subnanosecond superradiance pulses are described
in[10-14] for the principal stimulated emission mech-
anisms, including the cyclotron, Cherenkov, and undu-
lator mechanisms. The experiments were performed in
the millimeter wavelength range, where the peak inten-
sity of pulses reached 150 MW. Also note experiments
on the generation of pulsed millimeter radiation in aso-
called parametric free-electron laser [15] which uses
passage of microtron-formed el ectron bunches short on
the wavel ength scal e through an undulator field. A the-
oretical analysis of such generators was given in [16].
Of interest as a devel opment of these studiesis an anal-
ysis of the generation of ultranarrow superradiance
pulses in forced Compton scattering of a high-power
pumping wave by a counterpropagating electron bunch.
At rdativistic éectron velocities, the frequency of scat-
tered radiation should considerably exceed the pump-
ing wave frequency because of the Doppler effect. This
mechanism, in particular, offers a possibility of gener-
ating submillimeter radiation pul ses.

In thiswork, we theoretically analyze superradiance
that arisesin stimulated scattering. The analysisis per-

formed in terms of the one-dimensional model that con-
siders an electron bunch in the form of a plane layer of
afinite thickness acted upon by a plane monochromatic
pumping wave. The width of the electron bunch is
assumed to be large compared with the wavelength of
pumping. The action of pumping wave and scattered
radiation ponderomotive forces is shown to cause lon-
gitudinal electron bunching. As aresult, a high-power
narrow pulse is coherently emitted in the direction of
tranglational motion of particles at a certain instant of
time. The amplitude of the pulse is proportional to the
total number of particlesin the bunch.

In addition, the model is used to study ponderomo-
tive effects arising when an intense electromagnetic
wave acts on electron bunches that are short on the
wavelength scale and on neutral plasma bunches. The
most important effect for aneutral plasmabunch isthe
acceleration of the entire bunch caused by radiation
field reaction. The acceleration of a plasma bunch is
considered using both microscopic and macroscopic
(phenomenological) models. Both approaches give
coinciding results for the rate of acceleration and, in
turn, agree with the results obtained in [17-19] for the
theory of radiative acceleration of plasma bunches. An
interesting effect for an electron bunch with an incom-
pletely compensated volume charge is its focusing
under the action radiation fields. This action prevents
bunch expansion caused by volume charge forces. Of
the greatest interest is the situation when electrons
moving in a periodic magnetic field (undulator field)
become involved in oscillatory motion.
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2. THE MODEL AND BASIC EQUATIONS

Consider a model of an electron bunch in the form
of aninitialy uniform layer of thicknessb which moves
in the direction of axis z and is acted upon by a circu-
larly polarized pumping wave. Inthe frame of reference
moving with the bunch, in which the trandational
velocity of the electrons at the initia time is zero, the
pumping wave is given by the vector potential

Ai(z t) = Re(EA exp(iwt +ihz)), Q)

where § = x, +iyy; X and y, are the transverse unit vec-
tors; and w and h are the frequency and wave number,
which can generally disobey the dispersion law for the
propagation of electromagnetic waves in the vacuum.
This reservation is made to include the situation when
the pumping field is a periodic magnetic field created
by an undulator. This field in the moving frame of ref-
erence transforms into an electromagnetic wave field
with adispersion law different from that in the vacuum.

In the one-dimensional model, in which a bunch is
infinitein the transverse direction, it can be represented
asaset of N charged planes, or macroel ectrons, with the
surface charge density o = epb/N, where p is the vol-
ume layer density. These macroelectrons oscillate in
the pumping field and emit (in the moving frame of ref-
erence) waves in the +z directions whose frequency
coincides with the pumping wave frequency, but whose
wave vectors k = w/c generaly differ from the wave
vector h of the pumping field. The total combined
action on a particle of the pumping field and the fields
of the waves scattered by other particles results in the
arising of a longitudina ponderomotive force. This
force should shift particlesin the longitudinal direction
and, eventually, cause layer bunching. In addition, Cou-
lomb repulsion forces act between particles.

Let us find the ponderomotive interaction force
between two planes (nth and Ith) oscillating in the
pumping wave field on the assumption that the scat-
tered wave amplitude is much smaller than the ampli-
tude of the pumping wave. We can then assume that the
nth plane only oscillates in the pumping field, and the
presence of transverse magnetic field in the radiation
scattered by the Ith plane resultsin the arising of alon-
gitudinal Lorentz force, that is, a ponderomotive force,
that acts on the nth plane. In response, the nth plane a so
acts on the Ith one. The condition of scattered field
smallness will be shown to reduce to the condition of
plasma frequency smallhess compared with the pump-
ing frequency, that is, to the condition of alow bunch
density. In addition, at this stage of constructing the
model, we ignore delay; that is, we assume that the
average ponderomotive force at a given instant of time
depends on the mutual arrangement of the planes at the
same instant. The neglect of delay means that the char-
acteristictimesof al longitudinal displacements of par-
ticles are long compared with the b/c time of radiation
propagation along the electron layer.
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First, let us find the field of the wave scattered by a
plane, or amacroel ectron, situated at the point z,. When
motion occursin afield independent of transverse coor-
dinates, the transverse canonical momentum of the
electron is conserved,

P = pD—EA = const. 2

Here, p; = mv is the transverse mechanical momen-
tum, v is the transverse velocity, mis the mass of the

electron, eis its charge, and y = (1 — v2/c?)2 is the
transverse relativistic massfactor. If we assume that the
transverse velocity of electronsis zero at theinitial time
in the absence of a pumping field, the constant in (2) is
zero. Equation (2) then gives v, = eA/myc. For the cir-
cularly polarized monochromatic wave (1), vy =
Re(§v,exp(iwt)). Substituting this value into the pre-
ceding expression gives the amplitude of oscillations of
the nth macroelectron in the form

V+(Zn) = Egi—e-)—(—s—(ib—zﬂl, zZ= A/1+Gi2’ (3)

where a; = eA/mc? is the dimensionless field ampli-
tude. Importantly, at high wave intensities, these equa-
tionsare only valid for acircularly polarized wave. Ina
linearly polarized field, the energy of the electron
depends on time, and the corresponding equations have
amuch more complex form [20].

At the point z,, the oscillating plane emits (actualy,
scatters) plane waves of equal amplitudesin both direc-
tions. These plane waves can be written as

Az t) = Re(§A(z) exp(iwt —ik|z—z])).

The amplitude of the A vector potential of the scattered
wave field can be found from the boundary condition
that describes the magnetic field jump on the surface
current j = ov created by the plane situated inthe z= z,
section,

H(z=2,+0)—H(z=2,—0) = %nj(zz 2).
Expressing the magnetic field through the vector poten-
tial gives

A(z) = 2n,, = 2n tiexp(inz,) (4)
s ike” " ik y '

Taking into account relations (2) and (3) for the
average ponderomotive force that acts on an electronin
astrong field with circular polarization

Az 1) = Re(§A(D exp(iwt)),
we obtain [21]

dp, _ _
E - Fpond__

¢ a9

2
ET—I;V—C_Z aZ|A(Z)| : 5)
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pond

U,

n

Fig. 1. Longitudinal coordinate dependence of the ponder-
omotive force with which one macroelectron acts on the
others. Dashed lines are Coulomb repulsion forces.

wherey = (1 + |a)Y2. If the field is a combination of
two waves with equal frequencies and different wave
vectors,

Az, t) = Ajexp(ik,z) + Aexp(ik,z),
(5) gives

dp, = €

dt myc® (6)
x Re{i(k; —k;) Aj A expli(k, —k;)2]} .

To determine the ponderomotive force that acts in
the problem under consideration on the nth macroel ec-
tron from the Ith one (it is assumed that z, > z), we
make the substitutions k; = h, A, = Aiexp(ihz,), k, = -k,
and A, = A,exp(ihz). Taking A, to bereal, assuming that
|AJ < |A], and using (4) and (6), we obtain

2

a.
(k+h)
+0

x cos((k +h)(z,-2)).

Foona(Z) = 2110
pod( ) (7a)

Similarly, after changing the sign of the wave vector k,
we obtain the force with which the right (nth) electron
acts on the left (Ith) one,

2

a;
+a?(k_h) (7h)

x cos((k—h)(z,-2)).

I:pond(zl) = —2Teo

Interestingly, the interparticle interaction described
by (7) formally does not satisfy the third Newton law.
Indeed, part of the longitudinal momentum is carried
away by scattered waves. As a result, forces that act
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between two planes are not equal. The Coulomb forces
between these planes are equal and only differ in sign,

Fq = (z)) = —F42) = 2no. 8
After thetransition to the concentration of electronsp =
oN/eb and the introduction of the plasma frequency

w;, = 4me’p/m, the equation for the dimensionless
ponderomotive and Coulomb forces takes the form

2 2
1w,B q
fpond(zl) _Z_ZN + aigp-—cos(p-—(zn - Z|)),
2 2
1W,B Q;
fpond(Zn) = E_SN +GZU+COS(U+(Zn_ZI))1
- ©
1w,B
fq(Zn) = _fq(zl) = é(—o—gﬁ

Here, thefollowing notation isused: Z = wz/c, B = wb/c,
p =p/mc, T =wt, f=dp/dt, and p, = (h £ K)/k. It fol-
lows from (9) that the ponderomotive force has ater-
nating signs (see Fig. 1) and, in the near zone (at |Z, —
Z| < T), is aways directed against the Coulomb
force but cannot balance it completely, because, no
matter what the amplitude of the pumping wave, the
transverse oscillatory velocity of particlesislower than

the velocity of light, a,/(1 + a”)Y2 < 1. Wefind that, in
the Lagrange variables, an electron (plasma) bunch
under the action of a pumping field can be represented

asagas comprising macroparticlesthat interact by pon-
deromotive and Coulomb forces determined by (9).

The developed model can be generalized to wave
scattering by a plasma layer consisting of light elec-
trons and heavy positively charged ions with massM >
m. The presence of ions compensates Coulomb repul-
sion forces and prevents bunch expansion. Heavy ions
do not participate in ponderomotive interactions and
shift in the longitudinal direction only under the action
of Coulomb forces. The dimensionless coordinate of
the Ith ion will be written as'Y,. Under the assumptions
made above, the self-consistent system of equations
including motions of electrons and ions takes the form

dz, _ b

dt vy’
dh_ _10028
ar - fat e = 52

X [N_(l) ~N'(l) + %(NT(D =Ni (1)

02 N+ (10)
+ 05 ooos(.(2,-2))
1+
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N O
- z u_COS(u_(Zn—Zl))E},

%_-
T_plv

dp, _ _miwyB
dt M2?N

X 1 N+ & MY — N7
[N =N+ SN = Ni()) |

Here, N*(1) and N=(1), N;'(1), and N; () arethenumbers
of macroelectrons and “macro” ionsto theright (+) and
to the left (=) of the layer with the coordinate Z, or Y,
respectively; p; and p, are the unperturbed concentra-

tions of theionsand electrons; and p, isthe dimension-
less momentum of the Ith ion. In (10), it is taken into
account that the forces that act on the given electron
from the other electrons are summed additively. Indeed,
the scattered field linearly enters into the equation (6)
for the ponderomotive force.

If electrons and ions are uniformly distributed in the
layer, theinitial conditions take the form

BI - _
Z(0) = Y\(0) = N’ p=p =0 (11)
Note that equations similar to (10) describe scatter-

ing in the field of alinearly polarized pumping wave,
A(z, 1) = Re(X A exp(iwt +ihz)).

However, we must then assume that a; < 1; that is, the
approximation of aweak nonrel ativistic wave should be

used. Accordingly, the a’/(1 + o?) factor is replaced

by a?/Z in the equationsfor the average ponderomotive
forcein (10).

Note a so that system (10) admitstheintroduction of
the new normalized time T = W, T/w = wyt. This
means that any solution to these equationsis afunction
of wyt and the characteristic times of all processes are
proportional to 1/w,. Naturaly, taking into account
delay breaks this similarity. As a first approximation,
delay can beincluded asfollows. A wave emitted by the
Ith electron is considered monochromatic and propa
gating to the nth electron with the delay At = |z, —z]/c.
The right-hand side of equations of motion then con-
tains Z, and Z; corresponding to the instants of time
spaced At rather than to the same instant of time as
in (10). The delay can be ignored in considering the
Coulomb force, because this force is distance-indepen-
dent in the one-dimensional model.

The self-consistent system of equations including
delay can conveniently be written using the normalized
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time T (the equations of motion of the ions are omitted
because their form remains unchanged),

dz@) _ p

dt y’
dp _ 1BO - v Pior .
— = =N =N"+Z=(N = N;
d_[ ZNE pe( I I)

+

2 N
N - iia?[i M, COS(H,(Z,(T —AT) = Z,(7)))

(12)

~ 3 cos(u(Z,(E ~A1) —Z.&)))}E
~ 0

At = 0|Z2,-Z].

Here, 6 = wy/w plays the role of the delay parameter.
For 8 — 0O, these equations reduce to system (10)
written in new normalizations.

3. SUPERRADIANCE MODE IN SCATTERING
OF AN INTENSE PUMPING WAVE
BY A MOVING ELECTRON BUNCH

Consider aone-dimensional electron bunch of width
by which movesinthe+zdirection at arelativistic trans-
lational velocity V in the vacuum. Let the circularly
polarized pumping wave A(z, t) = Re(EAexp(iogt +
ihy2)), where hy = wy/c, beincident on the bunch, and let
this wave propagate in the direction opposite to the
tranglational motion of the particles. In the bunch frame
of reference K', the motion of eectrons is described
by (10) and (11) (delay ignored), into which we must
substitute the values recalculated according to the
Lorentz transformations

_ _ OL)VD _ W
w = Ywe+heV), h= V||g1o+%m =5

W
b =y o, = =&,

7
wherey; = (1 -V?/c?)2isthe longitudinal relativistic
mass factor and wyy, is the plasma frequency of the
bunch in the laboratory frame of reference.

In the problem under consideration, the scattered
radiation in the moving frame of reference K' has the
same frequency and modulus of the wave vector as the
pumping wave. We should therefore set p_ = 0 and
K. =2in (10) and (11). Suppose that the static charge
of the electron bunch is fully compensated by the ionic
background. Next, we ignore longitudinal displace-
ments of ions and assume that the electron layer width
islarge on the radiation wavelength scale. In this situa-
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(b)

0.2

P{/P;

0.1

0 20 T

Fig. 2. Time T dependences of (a) macroelectron coordi-
nates and (b) normalized power P; /P; of the counterpropa-

gating scattered wave at oo,zJ /w?=0.08, 0 =0.7,and B = 40.

tion, longitudinal electron shifts are determined by the
counterpropagating scattered wave (propagating along
the bunch motion direction in the laboratory frame of
reference). The interference of this wave with the
pumping wave creates a wave of beats whose wave-
length equals half the pumping field wavelength. The
ponderomotive force in the near zone isthen attractive.
This behavior of the interaction force should cause
instability and layer fragmentation into coherently
emitting bunches. The number of such bunches is
B/(21vp,), which isthe number of ponderomotive force
periods along the layer length. This effect at the initial
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stage (t ~ 15-20) is shown in Fig. 2, where the time
dependences of electron coordinates are plotted. The

plots were constructed for wf) /o¥ =0.08, a; = 0.7, and
B = 40.

Next, consider the anisotropic character of scatter-
ing forward and backward by an electron layer of a
finite width. The amplitude of the wave codirected with
the pumping wave and propagating in the direction
oppositeto that of the translational motion of the bunch
does not depend on time. Indeed, according to (4), at
the point Z to the left of the layer, the dimensionless
complex amplitude of the wave scattered in the —z
directionis

_ I(l) B 'Z\ '(Z—Z|)
a2 = —=—=
. N 1+al;
(13)
__ioB_ @
2 w 2

(that is, al terms of this sum are equal irrespective of
the arrangement of the particles within the layer). The
situation with the wave scattered in the +z direction is
different. For this wave, the dimensionless complex
amplitude at the point Z situated to the right of the layer
is given by the equation

+ L%E Z '|—'(Z Z)
S 2
2¢°N 1+0(,|_
(14)
|oo B O(e

Clearly, the amplitude of the backscattered wave sub-
stantially depends on time, and the ratio between the
amplitudes of this wave and the wave scattered forward
is aways smaller than one,

N

2iz,
Ze
=1

N

because the waves scattered by al electrons in the —z
direction are synchronized with the pumping wave and
coherent, whereas the waves scattered in the +z direc-
tion interfere with each other. It follows that the ampli-
tude of the counterpropagating wave is determined by
the factor

<1,

N

2z,
z e

=1
In the continuous layer model, thisfactor is

| [p@) ¢**dz)/B.

/N.
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Here, the dimensionless density p(Z) is introduced. At
theinitial time, when p(2) is constant, we have

. 2 ) —iZ )
L
W 2
J1+Q;

. 2 —iZ
_ oy ae’

26" [1+a?
It follows that the amplitude of the counterpropagating
field is initially determined by the presence of sharp
electron bunch edges. Thisfield isactually aseed field,
that is, it initiates the subsequent clustering of particles
within the bunch. This clustering makes p(Z) aperiodic
function with the period 2172k (see Fig. 2), and theinte-
gra (or the sum) can take on fairly large values. This
means that the electrons bunch in a way that ensures a

significant increase in the a; wave amplitude com-
pared with the initial instant of time.

The time dependence of the power ratio between the
wave under consideration and the pumping wave,

+ + 2
R ®
Pl o) 1+0/Pe’™ND

(19)
sin(kb).

N

z e2iZ|(r)

=1

2

» (16)

is shown in Fig. 3 for the moving frame of reference.
The plot maxima correspond to the maximum bunching
of electrons, which occurs at T ~ 15 (compare Fig. 2).
At anidea bunching, all planes emit coherently and all
terms of the sum in (16) are equal. Accordingly,

2
P 1 %wﬁﬂj
w0

= 17
P; 1+O(i2 ()

The amplitudes of the waves scattered forward and
backward are then equal. Simulation shows that, at the
parameters specified in Fig. 3, the peak radiation power
is approximately 10 times lower than the value given
by (17), and the corresponding amplitude of thefield is
approximately three times smaller than the ideal ampli-
tude. Nevertheless, the analysis made above leads us to
conclude that, at a certain instant of time, afairly high
degree of coherence of the emission from the electron
layer particlesisattained. At long timest > 15, bunches
decay (Fig. 2), which is followed by the formation of
secondary bunches. This explains the presence of the
next scattered wave amplitude maxima. At still longer
times, strong mixing of particles within layers occurs,
and the amplitude of scattering in the +z direction
decreases virtually to the level given by (15).

It is easy to see that the peak radiation power qua-
dratically depends on the number of particles partici-

pating in scattering; thisnumber isproportional to oo,zj b.
The quadratic dependence of the power on the density
of the bunch, that is, on oo,2J , follows directly from (16)
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P¥/P;
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0.04

(b)
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0.16 .
©

0.08

0 20 T

Fig. 3. Time T dependences of normalized radiation power
P /P, at various layer widths; oof) /o’ =0.08, a; = 0.7, and
B = (a) 10, (b) 20, and (c) 30.

and from the time similarity of the problem. According
to (10) and (11), only the time scales rather than elec-

. . 2
tron coordinates change depending on wy, . It follows

that, when w7, changes, the maximum of the scattered

wave amplitude is attained at a somewhat different
instant of time, but the maximum

N

2z,
z e

=1

2

remains unchanged and the coefficient of this value is

quadratic in cof3 . Numerical simulations (Figs. 3, 4)
substantiate the conclusion that the dependence of the
peak power on layer width B is al'so close to quadratic.
The time dependences of the emitted power at various
b are shown in Fig. 3, and the dependence of the peak
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Pmax/Pi

0.2
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Fig. 4. Dependence of normalized peak superradiance

power Py,,,/P; on layer width B at wé /o’ = 0.08 and a; =
0.7 (solid line). Symbols are numerical simulation results.

density on the width of the layer, in Fig. 4. The qua-
dratic dependence of the peak power of superradiance
pulseson the total number of particlesisevidence of the
coherent character of radiation.

The width of a superradiance pulse decreases as the
total number of particles increases. It also decreases as

increases, which follows from the above-mentioned
time similarity of the problem (all characteristic times
and, therefore, the pulse width are proportiona to
1/wy,). The dependence of the pulse width on layer
width b follows from the numerica simulation data
(compare Figs. 3a-3c).

The results described above were obtained ignoring
delay, that is, on the assumption that the time of radia-
tion propagation along the layer, b/c, was substantialy
shorter than the characteristic time of bunching of par-
ticlest,,,n and, accordingly, than thetime during which
a superradiance pulse was emitted. Let us estimate the
touncn Characteristic time as the time of the arising of the
main scattered radiation peak. For an ideal bunching,
the amplitude of the backscattered wave given by (14) is

+

2
w -

Amax = szai(1+ai2) 112.
20

Asfollows from (6), the force

2 2
w,B qj
2
201 +q

I:max -

acts on a particle and gives it the acceleration

Foo _ 107

= _MX - =
m

2
w,b
21 +q

2°0p

amax
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Thetime of bunching t,,,, can be estimated asthetime
during which particles cover the distance equal to the
wavelength of beats under the action of the force spec-
ified above. We have

A pond =

R = Y s 4m(1 + a?)
bunch — Damax [l p —ng .

The condition of ignoring delay can then be written as

4m(l +o?
2 ( . |)> BSIZ.
(k)p O(i

Taking into account an insignificant delay by (12)
does not qualitatively change the character of the pro-
cess. The dependences of the renormalized radiation
power P;/(6%P) ontime T at various 6 parameter val-
ues are shown in Fig. 5. Note that, when delay istaken
into account, the degree of bunching decreases and,
therefore, the peak power lowers. A considerable sup-
pression of the main superradiance pulse occurs at
0=0.1if B=20.

Next, consider the principal properties of radiation
forward and backward in the laboratory frame of refer-
ence. In the moving frame of reference, all processes
occur at the same frequency. The frequencies of waves
propagating in the opposite directions should then be
substantially different in the laboratory frame of refer-
ence if the Doppler effect is taken into account. At a
trandational velocity close to the velocity of light,

V — ¢, we have w'/or = 4y[| , where w* = yj(w + kV)
and w = yj(w — kV) = wy, are the frequencies of the

waves that propagate in the positive and negative direc-
tions along z in the laboratory frame of reference.

Taking into account the law of the conservation of
the number of quanta, we find that, in the laboratory
frame of reference, the power emitted in the direction of
the trandational motion of an electron bunch substan-
tially exceeds the power emitted in the opposite direc-
tion. Indeed, the numbers of emitted quanta P/w are
equal in the two frames of reference; that is,

Pl _ WP’ _4y)P"
P WP P
It follows that, in the laboratory frame of reference,
the major superradiance energy fraction concentratesin

the short-wave component in the case of ultrarelativis-
tic trandational motion, y; > 1.

In conclusion, consider some numerical estimates.
L et the pumping wavelength be 3 cm in the laboratory
frame of reference and the power flux density be
1.4GW/cm? (a; = 0.7). We assume that scattering
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occurs on a bunch of length b, = 4 mm with particle
energy E = 2 MeV (y;, = 5) and current density j ~
1 kA/cm?. Then, in the moving frame of reference, w ~

6x 101 s2, o} /o ~ 3% 1074, and B = 20. Accordingly,
the frequency of the short-wave superradiance pulse
component in the laboratory frame of referenceis w* ~
6 x 102 st (A\* ~ 0.3 mm). The simulation results
shownin Fig. 3 give the pulse width At ~ 0.2 nsand the
delay time of the superradiance pulse counted from the
instant of time of switching on the pumping field t ~

0.1ns. The normalized pulse amplitude is a; ~ 4 x

1073, which corresponds to the power flux density
0.4 GW/cm?. We see that the specified mechanism can
be used to generate high-power radiation pulses in the
range of submillimeter waves.

4. ACCELERATION
OF A SHORT PLASMA BUNCH
BY RADIATION PRESSURE FORCES

Let aneutral plasmalayer with afinite mass of ions,
which is thin on the wavelength scale, be at rest at the
initial time. Consider its motion as a whole under the
action of an intense circularly polarized pumping wave
that propagates in the +z direction. We will show that
the electromagnetic fields scattered by layer electrons
in combination with the field of the incident wave cre-
ate a ponderomotive force that accelerates layer elec-
trons and thereby, via Coulomb forces, heavy ions too.
The acceleration rate calculated with the model
described in Section 2 corresponds with the results of a
macroscopic analysis.

Clearly, the sum of Coulomb forces within aneutral
plasma layer is zero. As concerns ponderomotive
forces, it has already been mentioned that they do not
obey the third Newton law, and their sum therefore
gives a nonzero bunch acceleration. Let us determine
the acceleration value. As follows from (10) and (11),
accelerating ponderomotive force (7) applied to the
electron with the coordinate Z,, < Z, acts on each pair of
electrons with the coordinates Z,, | at p,. =2 and p_= 0.
Asaresult the electron with the coordinate Z,, overtakes
and outruns the electron with the coordinate Z,. After
this, the accelerating ponderomotive force acts on the
second electron of the pair. In this way, periodically
exchanging their positions, both electrons get involved
in the acceleration process. For estimation purposes,
the ponderomotive force acting on apair of electronsin
alayer thin on the scale of the external field wavelength
can be considered independent of the distance between
particles and, in dimensionless values, equal to

2 2
wW,B O

f= BB A
w’N1+a?

The number of al possible combinations of pairs of
interacting macroelectrons is N%/2. The summed unbal-
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Fig. 5. Time T dependences of normalized power P;' /94Pi

taking into account delay; B = 20, a = 0.7, and 6 = 0 (a),
0.005 (b), 0.01 (c), and 0.1 (d).

anced force acting on a bunch of N electrons is there-
fore

2 2
w,BN 0
fy = =2 > > (18)
2w 1+q;

It follows that the mean force acting on one particle
equals half the maximum ponderomotive force value
given by (7). Indeed, the electrons being accelerated
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Fig. 6. Time T dependences of (a) electron coordinates,
(b) ion coordinates, and (c) ion velocities during plasma
bunch acceleration in an electromagnetic wave field at

wh/w? = 0,08, ;= 0.7, and B=0.1.

continuously exchange positions, but the total pondero-
motive force is independent of the arrangement of the
electrons. Through Coulomb interaction, thisforce acts
on ions, whose summed mass for a neutral bunch is
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MpB. It followsthat the accel eration of the entire bunch
is determined by the equation

f; _ mwgb af
a= = b .
MBp M 2 14q?

In (18), it is expedient to replace the force acting on
a bunch by the pressure defined as the force applied to
aunit cross section area,

LWl A

gme® 1+’  8mc*1+ (eA/mcd)”

m‘wib’ of

(19)

A similar value for the mean rate of acceleration of
a plasma bunch under electromagnetic radiation pres-
sure can be obtained in macroscopic electrodynamics.
Consider a plane monochromatic wave with amplitude
E, and frequency wincident from the vacuum on alayer
of thickness b, thin on the wavelength scale, with per-
mittivity €. The law of the conservation of momentum
gives the radiation pressure on this layer expressed
through twice the momentum flux of the reflected
wave,

Pr _ E]
p =27 =R (20)

where Risthe reflection coefficient of the layer,

R=¢ 1—exp(=2ikJ/eb) _ 2ik./eb _ ikb(e—1)
1-&%exp(-2ikoeb) 1E&-¢ 2 (21’)

¢ dE-1

Je+1
The approximate equality in (21) is written for
w./eblc < 1. Let € be the permittivity of the plasma,

€=1- oof)/ooz. Equations (20) and (21) for the wave
pressure on alayer then give

_ Eokp(e-1)° _
21 4

2
A'b )
L.

22
8ric (22

This equation coincides with the value (19), disregard-
ing the 1 + (eA/mc?)? relativistic factor, which is absent
in (22) because the macroscopic approach usesthe non-
relativistic equation for the permittivity. The conclusion
can be drawn that the pressure (therefore, acceleration
rate) obtained macroscopically isin agreement with the
acceleration rate determined microscopically.

The mechanism of acceleration described above is
illustrated by Fig. 6, where the time dependences of the
dimensionless coordinates of the el ectronsand ionsand
also dimensionless (measured in ¢ units) ion velocities

are plotted for w, /w? =0.08, o; = 0.7, and B=0.1. The

figure shows that the mean bunch acceleration is fairly
close to the value determined by (18) and (22), and the
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internal dynamics of the motion of particles in the
bunch has a fairly complex nonlaminar character. In
particular, we observe periodic intersections of electron
trajectories [this circumstance was mentioned above in
deriving (18)]. Interestingly, some ions fall behind the
bunch during acceleration, but the bunch nevertheless
does not fragment, because excessive Coulomb forces
are balanced by ponderomotive interaction, which is
atractive in the near zone (see Section 5 for more
details).

Let us estimate the acceleration of a bunch of den-
sity 4 x 10'° cm= and length 0.5 mm by an electromag-
netic wave with a wavelength of 3 cm and power flux
density of 0.4 GW/cn?? (a; = 0.7). The acceleration of

the bunch is a = 4.5 x 10% cm/s? a w/w? ~ 3. For

instance, the electrons and ions acquire energies of
2.5keV and 5 MeV, respectively, over adistance of 1 m.

5. SELF-FOCUSING
OF A SHORT ELECTRON BUNCH MOVING
IN AN UNDULATOR FIELD

The superradiance effects considered in Section 3
are also observed when oscillations are imparted to
electronsthat areinvolved in translational motioninthe
field of a planar or helical undulator. As has already
been mentioned, in the electron beam frame of refer-
ence, thisfield transforms into the field of alinearly or
circularly polarized wave, respectively, with the disper-
sion law different from the vacuum dispersion law. In
the laboratory frame of reference, the static magnetic
field of a helica undulator can, ignoring transverse
nonuniformity, be described by the vector potential

Ai(z 1) = Re(§Aexp(ih,2)),

where h, = 217d, |A/| = Hy/h,, d isthe undulator period,
and H, is the magnetic field amplitude. When the elec-
trons move along the undulator axis at velocity V, inthe
moving frame of reference, the field of the undulator
transformsinto

Az 1) = Re(EA exp(iwt +ih,2)),

where h; = hyy; and w = h,Vy;,. It follows that the prob-
lemisdescribed by (10) [if delay istaken into account,
by (12)], and analysis of the characteristics of this pro-
cess in both moving and laboratory frames of reference
is close to that performed in Section 3. However, note
that, for motioninthe undulator field, p_# 0in (10). For
this reason, two waves of bests caused by electromag-
netic waves emitted in the z directions participate in
electron bunching. Neverthel ess, when the trand ational
velocity of the bunch tends to the velocity of light
(V — ©), ponderomotive action related to the beats of
the pumping wave and the wave propagating in the —z
direction can be ignored compared with the pondero-
motive action of the wave propagating in the +z direc-
tion. For this reason, for the ultrarelativistic motion of
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Fig. 7. Time 1 dependence of electron coordinates in the
process of radiation-field-induced partial contraction of an
eectron bunch with incompletely compensated charge

(@=1,r=05 wh/w?=1,B=01).

an electron bunch in the undulator field, superradiance
is to a considerable extent similar to that described in
Section 3. However note that the equation for the fre-
guencies of radiation scattered forward and backward

takes the form w'/w = Zyﬁ , where w_ = hyc. Accord-
ingly, the ratio between the powers of the short- and
long-wave scattering componentsis given by

P}, *

S - gyt

Also note that, if a short (on the scale of the radia-
tion wavelength in the moving frame of reference) neu-
tral plasma bunch movesin an undulator field, then, as
distinguished from bunch acceleration in the electro-
magnetic pumping wave field considered in Section 4,
the deceleration rather than acceleration of the entire
bunch should be observed.

As mentioned in Section 4, electromagnetic pres-
sure forces prevent bunch electrons from expansion
caused by Coulomb forces even in the case of partia
breaking of plasma bunch neutrality, because the pon-
deromotive interaction force between the electrons is
atractive if the distance between the electronsis fairly
small (see Fig. 1). However, thisforce cannot fully bal-
ance Coulomb repulsion forces. The possibility of elec-
tron bunch focusing by radiation fields when the bunch
moves in an undulator field is, neverthel ess, of interest.
Focusing proves possibleif the Coulomb charge is par-
tially compensated by the metallic walls of the chamber
through which the electron bunch moves. Within the
framework of the one-dimensional model that we use,
such a compensation can be described by introducing
reduction r < 1 as a coefficient of the Coulomb force
in (11). If thisis done, Coulomb repulsion is balanced
by the ponderomotive force in afairly strong undulator
field with a; ~ 1 already at r ~ 0.5. Accordingly, we
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observe electron bunch focusing. Figure 7 illustrates
the focusing effect for ashort electron bunch moving in
an undulator field. Naturally, focusing is accompanied
by the deceleration of the bunch as a whole because of
radiative energy loss.

Note that a more complete analysis of electron
bunch focusing by radiation fields requires solving the
two-dimensional problem. Such an analysis was per-
formed for a short bunch comprising electrons that
rotated in a uniform magnetic field [22]. Direct numer-
ical simulation using the KARAT partial-in-cell code
did indeed show that taking into account recoil forces
arising in cyclotron emission of electrons substantially
increased the lifetime of bunches.
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Abstract—The influence of thermodynamic fluctuations on temperature pitch variations in planar cholesteric
samples with afinite surface anchoring energy is theoretically investigated in the framework of the continuum
theory of liquid crystals. It is shown that taking fluctuations into account allows explanation of experimental
observations, namely, the absence of a temperature pitch jump hysteresis in sufficiently thick samples and its
existence in thin ones. A description of fluctuations, including two phenomenological parameters, is proposed.
It allows us to predict temperature points at which the pitch jumps in the sample between two configurations,
with the numbers of director half-turns differing by one, as a function of the anchoring energy, Frank elastic
modulus, sample thickness, and temperature (or fluctuation energy). It is shown that performing precise mea-
surements of the pitch versus the temperature in well-controlled samples should allow determination of the phe-
nomenological constants and then prediction the influence of fluctuations on pitch jump parametersin samples
of an arbitrary thickness and/or surface anchoring energy. The corresponding calculations are performed using
the Rapini—Papoular anchoring potential. It is shown that the influence of fluctuations on the pitch variation is
only negligiblein sufficiently thin layers. It is also noted that the results obtained could be useful for investigat-

ing pitch jump dynamicsin the future. © 2003 MAIK “ Nauka/l nterperiodica” .

1. INTRODUCTION

Temperature unwinding of the helical structure of
cholesteric liquid crystal layers of afinite thickness and
surface anchoring energy has not yet been investigated
sufficiently to clarify the physics of this phenomenon or
to ensure optimal applications of the corresponding
effects. Only cholesteric liquid crystal layers of afinite
thickness down to monomolecular layers[7] have been
investigated intensively, and they have revealed some
interesting phenomena, in particular, related to the
molecular anchoring at the layer surfaces. The effects
observed in the cholesteric liquid crystal layers and
their influence on the optical properties of the layer are
of great applied value because precisely the electroop-
tics of liquid crystal layers forms a basis for numerous
efficient applications of liquid crystalsin displays and
information processing devices.

As has been known since long ago, the temperature
evolution of the cholesteric liquid crystal structure[1, 2]
in samples with a finite, surface anchoring energy can
be continuous at some temperature ranges with jump-
wise changes at certain temperature points, with a
strong hysteresis occurring when the temperature

TThis article was submitted by the authorsin English.

changesin opposite directions [2, 3]. This problem was
recently investigated in [4]. In this theoretical paper, a
simple model for temperature variations of the pitch
was developed in the framework of the Frank elasticity
theory by taking the surface anchoring forces into
account.

However, recent experimental investigations [2, 3]
show that the simple model in[4], wherethe pitch jump
mechanism is related to the dliding of the director at
layer surfaces through the anchoring potential barrier,
is not directly applicable. The most probable cause of
the discrepancy between theory and experimentsisthat
the theory neglectsliquid crystal thermal fluctuationsin
the layer. It turns out that this assumption can be justi-
fied for sufficiently thin layersonly. Inwhat follows, we
therefore present the same model with thermal fluctua-
tions in the liquid crystal layer additionally taken into
account. We show that taking thermal fluctuations into
account allows usto explain the tendencies observed in
the experiments, to predict some new effects accessible
experimentally, and to determine the range of the
parameters where the simple model isvalid.

In general, our primary aim in this paper isto givea
qualitative or semiquantitative interpretation of the
available experimental data and to propose amodel for
pitch variations.

1063-7761/03/9605-0915%$24.00 © 2003 MAIK “Nauka/Interperiodica’
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2. ELASTIC MODEL
WITHOUT FLUCTUATIONS

We first summarize the main results of the simple
model without thermal fluctuations[4]. We examinethe
cholesteric liquid crystal helix unwinding as the tem-
perature changes.

We consider aperfect planar layer of cholestericlig-
uid crystal and assume that the anchoring energies and
the alignment directions are identical at both surfaces.
The pitch variations due to temperature changes are
determined by minimizing the free energy [1]

Kpdm 2m _ 21 [T
2 Hhy(T) p(TH"

where K,, isthe twist Frank modulus, W(¢) is the sur-

F(T) = 2W(9) +

(D)

¢,, rad

0.7
0.6
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04
0.3
0.2

1
0 0 2 4 6 8 10

Fig. 1. The calculated director deviation angle (from the
rubbing direction) ¢, as a function of the parameter §; for
the temperature corresponding to equal free energies of
configurations with N and N + 1 director half-turns in the
layer thickness.

¢,, rad

0.7
0.6
0.5
0.4
0.3
0.2

0.1

0 2 4 6 8 10

Fig. 2. The calculated director deviation angle ¢ versusthe
sample thickness normalized by the penetration length
Ko,/W (other conditions are the same asin Fig. 1).
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face anchoring potential, d isthe sampl e thickness, p(T)
is the equilibrium pitch at temperature T in abulk cho-
lesteric sample, py(T) isthe pitch measured at the same
temperaturein the layer, and ¢ isthe deviation angle of
the director with respect to the alignment direction at
the surface. Because the pitch value py(T) inthe layer is
determined by the angle ¢ and the equilibrium pitch
p(T) is determined by the angle ¢,(T) that corresponds
to a free deviation of the director from the alignment
direction at the surface (in the absence of anchoring),
free energy (1) can also be expressed as a function of
these angles. As aresult, the ¢ variations due to pitch
(temperature) changes can be described by the equa-
tion [4]

W) , 2K _
3 g 10 —0dM] = 0 @

The pitch jumps occur when the angle ¢ reaches
some critical value ¢ that depends on the shape of the
anchoring potential Wy(¢). The value of the free rota-
tionangle ¢o(T) at thejump point (or in other words, the
corresponding value of the pitch in a bulk cholesteric
liquid crystal) isrelated to the surface anchoring poten-
tial by

Ly L OWO 1
0dT) = b+ 5ot awsy @

where T; is the jump temperature and §; = K,/dWis a
dimensionless parameter (with W being the depth of
the surface potential).

Some results of this model, especially related to the
hysteresis phenomena, are presented in [4]. In particu-
lar, formulas are given for the height of the anchoring
barrier B between two director configurations in which
the numbers N of director half-turns differ by 1 in the
layer thickness.

In this paper, we give some additional resultsrelated
to this simple model.

First of al, we examine the director deviation angle
for the temperature points of special physical interest.
All our calculations are performed using the Rapini—
Papoular anchoring potential [1, 4, 5]

W) = —(W/2)cos’¢,
for which the critical angleis ¢, = 174.

Figure 1 showsthe director deviation angle ¢ (from
the rubbing direction) as afunction of the parameter §
at atemperature corresponding to equal free energies of
the configurations with N and N + 1 director half-turns

in the layer thickness. The corresponding equation
determining ¢, follows from (2) and is given by

sin(2¢) + 4S,[¢.—104] = O. (4)

Figure 2 presents the director deviation angle (from
the rubbing direction) as a function of the layer thick-
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Fig. 3. The calculated height of the barrier B, between

director configurations in the layer differing by 1 in the
number of the director half-turns N in the layer thickness as
a function of the parameter S, for the temperature corre-

sponding to equal free energies for N and N + 1 configura-
tions.

ness for the temperature corresponding to equal free
energies of the configurationswith N and N + 1 director
half-turns in the layer thickness. We note that in thick
samples, the deviation angle ¢ approaches zero, while
in thin ones, it becomes larger, reaching 14 (which is
the value of the critical angle ¢.) at zero thickness.

In Figs. 3 and 4, we show the results of the calcula-
tion of the barrier B, between two director configura-
tionswith the numbers N of director half-turnsdiffering
by 1 in the layer thickness as a function of the parame-
ter S (or the sample thickness) at a temperature corre-
sponding to equal free energies for N and N + 1 con-
figurations. We note that the expression for B, normal-
ized by W can be found from Eq. (14) in [4], which
reduces to

sn’(2¢.) 1
“es, 2 Y

where ¢, is the director deviation angle from the rub-
bing direction at the surface for the free director rota-
tion angle b, = 174 (see Figs. 1 and 2 for the calculated
values of ¢,).

It is useful to note that the limit of B, at §;= 0, or
infinite thickness, is 0. The opposite limit at infinite S,
or zero thickness, isW/2.

Figures 5 and 6 present the energy difference
between N and N + 1 configurations versus ¢ and the
freerotation angle ¢, (director deviation angle from the
alignment direction) beginning at the point where

B. = cos(2¢,) -

F(N) = F(N+2).

Calculations have been performed using the formula
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B

e

0.3

0.2

0.1

Fig. 4. The calculated height of the barrier B, versus the

sample thickness normalized by the penetration length
Ko,/W (other conditions are the same asin Fig. 1).

deduced from Eg. (1),
_ F(N, ¢o) —F(N +1, ¢ —102)

AE

W
. 2 2 0 2
- %g’d@)]—cos [0(00)] (6)
.2 o—m
_sin [2¢éq;d 2. oo (0o-2)],

for §, = 1/2m, 1/, 5/21, and 5/11, where the argument of
¢ indicates that ¢ is afunction of ¢,. In what follows,
we assume that the value of §; is larger than 1/2rtin
order to ensure that only one director configuration

AE

1.0+

0.8

0.6

0.4

0.2

| | | |
.50 1.75 2.00 225

¢y, rad

Fig. 5. The calculated difference of the free energy of con-
figurations with N and N + 1 director half-turns versus the
freerotation angle ¢; the cal cul ations have been performed

(from the bottom to top curves) for §;= 1/2m, 1/, 5/211, 5/TU

|
1.25

|
1.00

0
0.75
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AE
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0.2
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0.2 0.3 0.4 0.5 0.6 0.7 0.8
¢, rad

Fig. 6. The calculated difference of the free energy of con-
figurations with N and N + 1 director half-turns versus the
director deviation angle from their alignment direction ¢;
the calculations have been performed (from the left- to
right-hand-side curves) for §; = 1/2m, 1/t 5/21, 5/TC

B,
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Fig. 7. The thickness d; at which the hysteresisin the pitch

jumps disappears is given at the intersection point between
the two curves representing the barrier B, and the fluctua-

tion energy E; as afunction of the layer thickness normal-
ized by the penetration length Koo/W (in the calculations, it
was assumed that dg = 0.4 and gkgT/W = 0.13).

with the number of director half-turns differing from N
by 1 can have afree energy below that of theinitial con-
figuration. Thisassumption allows usto disregard pitch
jumps with AN = +2, £3, etc., which sometimes occur
in jJumpwise changes of the director field [10].
Asmentioned above, thismodd must beimproved by
including the effects of liquid crystal thermal fluctua-
tionsin the bulk of the layer. The corresponding modifi-
cation of the model is presented in the next section.

3. THE INFLUENCE OF FLUCTUATIONS
ON PITCH CHANGES

The expressions given in the previous section relate
thermodynamic equilibrium values of the parameters.
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However, close to the points where the pitch jumps
(transitions between N and N + 1 configurations), bulk
thermodynamic fluctuations can change the position of
the transition points. For example, the hysteresis can
decrease and even completely disappear because of
fluctuations. In terms of the height of the surface
anchoring potential between two configurations rel ated
to thetransition, thisimpliesthat if in the simple model
[4] the height of the barrier B must be equal to zero for
the transition to occur, in a model taking fluctuations
into account the transition can occur at B # 0, namely,
for B differing from O by gkgT, where T is the tempera-
ture, kg is the Boltzmann constant, and q is some phe-
nomenological coefficient to be determined experimen-
tally. This means that the thermodynamic fluctuations
of the energy of the liquid crystal allow the system to
overcome the barrier, even if the equilibrium energy of
the system is below the barrier.

It is now very essential to stress that the anchoring
energy is proportional to the area of the layer surface
and isindependent of the thickness of the layer. In con-
trast, the bulk fluctuations of the energy, E;, are propor-
tiona to the square root of the volume [6],

E; = 4 [MEDOqks TV = gkgT/dS, 7)

where AE is the deviation of the energy from the equi-
librium value due to fluctuations, V isthe volume of the
system, and S and d are the surface area and the layer
thickness, respectively. In what follows, we do not
attempt at maintaining numerical accuracy, but only
indicate the form of answers. Because the height of the
anchoring barrier B is independent of d, the ratio

N IMETYW grows proportionally to ./d, such that for
some value of the layer thickness d, the fluctuation

energy «/ [AE’T becomes larger than the height of the
surface anchoring potential barrier B.

Because fluctuations are reduced near the solid sur-
faces, we rewrite Eq. (7) as

E; = JMEDOgksT./(d—dy)S, (8)

where d, is some effective “ surface thickness’ in which
fluctuations are suppressed. In principle, d, could be
found from microscopic theory, but we consider it asa
new phenomenol ogical parameter.

We note that the coefficient g in Eq. (8) is of dimen-
sion [L]¥2. It can of course be made dimensionless by
replacing gkg T in Eq. (8) with [L]%(gksT), whereL s,
for instance, the anchoring penetration length K./,

To find the sample thickness for which the fluctua-
tion energy becomes equal to the barrier B, we calcu-
lated the fluctuation energy E; together with B, as a
function of the layer thickness (Fig. 7). Because the
value of B, given by Eqg. (4) isthe barrier height at the
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temperature point of equal free energies of two config-
urationsdiffering by 1in N, the intersection point of the

curvesfor B, and for +/ [AETin Fig. 7 gives the thick-
ness d; for which the hysteresis disappears in the pitch
jumps.

This is why the hysteresis in the pitch jump must
disappear at layer thicknesses larger than d;. The jump
value of the director deviation angle ¢; then coincides
with the director deviation angle ¢ corresponding to
the temperature at which the configurations with N and
N + 1 director haf-turns in the layer thickness have
equal free energies (see Fig. 2). This statement is con-
firmed by experimental observations resolving the hys-
teresis only for sufficiently thin samples |2, 3].

If the sample thickness is less than d;, hysteresis
occursand the jump value of the deviation angle ¢; does
not coincide with the deviation angle ¢ and exceedsit,
while remaining smaller than the critical angle ¢...

The physical reason why the fluctuation energy
becomes larger than the surface anchoring barrier at
some layer thicknessisin the fact that the height of the
surface anchoring potential is independent of the layer
thickness, whereas the thermal fluctuation energy
increases as the layer thickness increases.

The results of the calculations for the jump angle ¢,
at thicknesses smaller than d; and for the behavior of
thejump angle ¢; at thicknesses both larger and smaller
than d; are presented in Figs. 8 and 9, respectively.

Figure 8 shows that the jump angle ¢; is substan-
tially reduced by fluctuations, and the hysteresis is
therefore also reduced. For layer thicknesses of d > d;,
the hysteresis completely disappears and the jump
angle ¢; isequal to ¢.. For d < d;, the hysteresisreveals
itself, but is less than in the model that does not take
thermal fluctuations into account. Thisiswhy the jump
angle ¢; islessthan the critical angle ¢ that determines
the jump angle in the model neglecting thermal fluctu-
ations. It is only in sufficiently thin samples that the
jump angle ¢; approachesthe critical angle ¢ (whichis
104 for the Rapini anchoring potential), when fluctua-
tions may be neglected.

4. TRANSITION IN A LIMITED AREA
OF THE LAYER

It was tacitly assumed above that theN — N+ 1
transitions driven by fluctuations occur over the entire
surface area of the layer simultaneously. We now exam-
ine the role of the surface area S of the layer subjected
to transition. The difference between the anchoring bar-
rier and the fluctuation energy can be estimated as

E,—B0./(d—dy)S-bS, 9)
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Fig. 8. The calculated jump angle ¢; for thicknesses of
d< df.

¢;, rad

Fig. 9. The calculated jump angle ¢; at thicknesses both
larger and smaller than d.

where b is some coefficient. If we assume that the layer
thickness d is fixed, the maximum of expression (8) is
reached for the surface area:

_d-d,
4ap*

Thisisthe surface area of the sample in which the tran-
sition ismost favorable.

If the surface area of the sampleislarger than S*, we
must analyze the situation where only apart of the layer
experiences a fluctuation-induced N — N + 1 transi-
tion. The question then arises about the energy cost of
the defect separating this region from the rest of the
layer. The answer can be found using an estimate simi-
lar to (9), where we add the line energy of the defect
line. The corresponding estimate allows usto determine
the minimal surface area S,;,, of the region of the layer
subjected to the N —» N + 1 transition, which does not
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collapse and spontaneously increases in size after
nucleation.

It is known [I] that in a wedge Cano—Grandjean
structure, regionswith N and N + 1 half-pitches are sep-
arated by linear defects (x disclination lines). We there-
fore also assume that the region induced by fluctuations
with N +1 director half-turns is separated from the rest
by alinear defect of the same type.

Consequently, we must now find the maximum of an
expression of the type

E;—B-E,0./(d—d,)S—bS-t./S,

where the last term represents the energy E, of the lin-
ear defect, proportional to its length and its energy per
unit length (which we assume to be independent of the
layer thickness, even if we know that it varies as
In(d/r;), where r. is the core radius). Expression (10)
passes through a maximum at

_ (Jd=do-1t)°
S =

4b

(10)

whereit is assumed that

[d—d, >t

(otherwise, the fluctuation energy isinsufficient for cre-
ating alinear defect). It follows from Eq. (10) that the
maximal possible surface area for the fluctuation-
induced N — N + 1 transition is given by

_ (fd=do-t)"

S b

(11)

To ensure further growth of the areawith the N + 1 con-
figuration after the fluctuation transition, the condition

SF(N + 1) + K,,./S< SF(N) (12)
must be satisfied, assuming that the energy of the defect
is on the order of K, per unit length. This condition

givesthe minimal surface area of the fluctuation able to
grow,

— KZZ

Snin = [F(N)—F(N + 1)} ’ (13)
where the corresponding differences F(N) — F(N + 1)
are shown in Figs. 5 and 6 as a function of ¢ (¢;) for
some values of §;. We note that after the pitch jump to
the N + 1 configuration, the angle ¢ differsfromtheini-
tial angle at the jump point ¢; in the N configuration.

Finally, the condition S5 > Sy, must be satisfied

for afluctuation transition to the N + 1 configuration to
occur in the layer.
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We note that expression (12), which gives the
energy gainduringtheN — N + 1 transition, may also
be useful in describing the dynamics of defects (associ-
ated with the pitch jumps); this has not yet been studied
in detail, contrary to the case with homeotropic anchor-

ing [8]).

5. DETERMINATION
OF THE PHENOMENOLOGICAL CONSTANTS

The phenomenological constants q and d, intro-
duced above could in principle be found from the
microscopic theory of liquid crystals. But the complex-
ity of liquid crystals and many uncertainties in their
parameters do not allow us to expect good accuracy of
the corresponding cal culations. A more practical way to
determine them is therefore to compare the present the-
ory with experimental measurements.

As regards d,, it has a clear physical meaning and
can be estimated quite well. It must be of the order of
the penetration length K,,/W of the anchoring, i.e., of a
micrometer order with K,, = 10% dyn and W =

1072 erg/cm? [1]. The parameter g cannot be estimated
so easily (it can be found in anonanalytical forminthe
framework of the rather sophisticated approach of fluc-
tuationsin liquid crystal in restricted geometries[9]).

We now analyze what measurements could be used
to extract the information about the phenomenol ogical
parameters under discussion. Keeping in mind that the
coefficients in expressions (9) and (10) are related to
the introduced phenomenol ogical parameters as

Be

t = Kz,
akgT’

b = T gk T’

(14)

we can find their values. Indeed, in accordance with
Egs. (8) or (10) and (13), this can be done by first mea
suring the sample thickness at which the hysteresisin
jumps of the pitch disappears and then by measuring
the minimal surface area of the region wheretheN —»
N + 1 transition occurs and does not collapse (i.e.,
grows) at alater time. We thus obtain two relations that
allow usto find the two parameters d, and g.

The corresponding measurements would consist of
measuring the director deviation angle ¢ as a function
of the temperature for different sample thicknesses d
(or strength of the anchoring W). From these measure-
ments, one can extract the jump angle (¢; and the value
of d (or W) at which the temperature hysteresis for
jumps disappears. Another measurement could be per-
formed at the temperature of the pitch jump and would
consist in measuring the minimal surface area of the
region that is subjected to the N — N + 1 transition
due to the fluctuation and which begins to grow after
nucleation.
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6. CONCLUSIONS

The results of the previous sections show that the
dependence of the temperature-induced pitch jump
hysteresis on the sample thickness can be explained by
taking thermal fluctuations into account. In addition,
our phenomenological theory should alow us to make
guantitative predictions, provided the introduced phe-
nomenological constants are determined from experi-
ments. In theory, it should be sufficient to determine d,
and q in a sample of a given thickness d in order to be
able to predict the angle of the pitch jump and the hys-
teresis value for any other values of d or the anchoring
strength W, Unfortunately, the experiments performed
up to now do not alow us to determine these phenom-
enological constants. A specially designed experiment
for studying hysteresis phenomenain cholesteric layers
would therefore be desirable. We can nevertheless give
a rough estimate of g from the experiments described
in[2]. In this work, hysteresis was observed for the
layer thicknessd = 4.8 um and was not observed for d =
18 pm. If we assume that hysteresis disappears for d =
10 pum and the area of fluctuation Sis on the order of
10* um?, the dimensionless parameter g = 0.2 (by tak-
ing L, = 1 um). This value looks quite reasonable,
because according to [6], this quantity can be estimated

as ,/C,J/C,, where C, and C, are the total specific

heat of the substance and the part of specific heat
related to liquid crystal elasticity, respectively. It should
also be mentioned that the method chosen in [2, 3] for
measuring the pitch with the help of spectral optical
measurements in the region of the reflection band,
which are then fitted to the theoretical curves (see, e.g.,
[11]), gives a very precise measurement of the pitch.
Other methods can also be used for the same purpose.
We note that in situations where the Mauguin approxi-
mation of the cholesteric opticsis valid, measurements
of the rotation of the polarization plane of the light
crossing the layer should give similar information
about the changes of the pitch in the layer.

Wefinally emphasize that thiswork could be used as
a starting point for studying the dynamics of pitch
jumpsin cholesteric layers.

Although the accuracy of our results is open to
debate and the results are mostly based on assumptions,
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we believe that the proposed model for specific pitch
changes demonstrates the possibility of the scenario
considered in our paper, and a reasonable agreement
with experimental data shows that we are on the right
track.
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Abstract—A theoretical model for the resonant hyper-Raman scattering in semiconductor crystals is pre-
sented. The Wannier excitons are considered as intermediate states. The expressions for the resonant hyper-
Raman scattering cross section are obtained. The theoretical model developed allows taking into account dif-
ferent mechanisms of the exciton—photon and exciton—phonon interactions. © 2003 MAIK “ Nauka/ I nter peri-

odica” .

1. INTRODUCTION

Raman scattering (RS) is a powerful technique in
the study of excitations in semiconductors and their
interactions. Hyper-Raman scattering (HRS) is a non-
linear optical process where two incident photons are
absorbed simultaneously and one photon of scattered
light and a phonon are created [1-4]. Because HRSisa
three-photon process, it has other selection rules with
respect to that of Raman scattering and therefore allows
us to obtain information inaccessible to RS methods.

Of gpecial interest is resonant HRS where the
energy of two incident photons or a scattered photonis
close to that of electronic excitations [2, 5, 6]. In this
case, HRS alows usto obtain additional information on
electron—photon and electrorattice interactions and
on some parameters of electronic transitions. Resonant
HRS by optical phonons was first observed in a CdS
crystal where resonant conditions were provided by a
temperature variation of the energy gap with afixed fre-
guency of the exciting radiation [7]. Recently, resonant
HRS by optical phonons in cadmium sulfide was stud-
ied by means of afrequency tunable optical parametric
oscillator using a KTP crystal [8]. Resonant effects in
HRS were aso reported in SrTiO; [9, 10], TiO, [11,
12], ZnSe [13, 14], and Cu,O [15]. However, publica-
tions devoted to theoretical investigations of resonant
HRS in semiconductor crystals have been very scarce
up to now. Some mechanisms of HRS were theoreti-
cally studied for aCdS crystal [16-19]. In the paper by

do _ wininV

Garsia-Cristébal et al. [20], the HRS process mediated
by a dipole-allowed Frohlich interaction was analyzed
in detail and the HRS efficiency was calculated with the
excitonic effects taken into account.

In this paper, atheoretical model for resonant HRS
by optical phononsis given for semiconductor crystals.
We assume that virtual intermediate states in the scat-
tering process are the Wannier excitons. We consider
different mechanisms for the HRS in the framework of
the three-band model; i.e., we also take transitions in
higher lying conduction bands and from deeper valence
bandsinto account. In Section 2, the basic formulas for
the HRS cross section are given. In Section 3, expres-
sions for the HRS tensor are derived using the Green
function formalism. Section 4 isdevoted to adiscussion
of different scattering mechanisms and their contribu-
tions to the HRS efficiency.

2. BASIC FORMULAS

From a microscopic point of view, the first-order
HRS process can be described as follows: two incident
photons with wave vector g, , frequency w, , and polar-
ization g, are absorbed simultaneously; a phonon with
the wave vector gp and frequency wy is then created;
and a scattered photon (gs, Ws, €9 is finally emitted.
Using time-dependent perturbation theory, the differen-
tial cross section for one-phonon HRS can be written
as[21]

dQ ~ 4T[2ﬁ2C4(DLNLZ 2

ap 112105

TThis article was submitted by the authors in English.

OF [ Ferl 1005 A e 1,00, Alerl 1,00, | AedliT "
(B, —fiws)(E,—2Aw ) (E, —7iw,) ’
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where Her and He, are the Hamiltonians of the elec-
tron—photon and electron- attice interactions, V is the
crystal volume, N, = n /V is the photon density of inci-
dent radiation, n, (ng) istherefractiveindex for thefre-
guency wy (wy), |iCand |f Care theinitial and final states,
I,EG = 1, 2, 3) are the intermediate virtual states, and
Elj arethe corresponding energies of the electronic sys-

tem. We assume that in the initial and final states, the
electronic system of a semiconductor is in the ground
state, but the virtual intermediate states are the Wannier
excitons.

In the dipole approximation, the matrix element for
atransition from the ground state to an excitonic state
isgiven by [22]

h, - 1; K, A|AedliO
2m)%e [AN 2
= (2ne PR gk gy etns,,
L

mn_ (V]

Mho = {8, -MEPd KN _oe B

where p, = —i# 0/0r,, e and m are the charge and mass
of the electron, Tt is the interband matrix element of

the momentum operator, xﬁv(r) isthe hydrogenic wave

function of relative electron-hole motion, K isthe exci-
ton wave vector, A = (c, v, A) describes an exciton
belonging to the valence band v and the conduction
band ¢, and A = (¢, |, m) denotes a set of inner quantum
numbers of the exciton: the principal quantum number
C isnfor the discrete spectrum or k for the continuous
spectrum. In expression (3), the first term in braces
describes the alowed dipole transitions to s-excitonic
states. The second term corresponds to another type of
the dipole transitions (weakly forbidden transitions)
that cause an excitation of p-excitons [22, 23]. The

parameter M%" is defined by [22]

o _ Lo Teny | TETT,
MGG - = n v + n v 4
v mZ[EC—En EV—E,J’ @)
where the prime on the summation indicates that the
terms with vanishing denominators are omitted. The
matrix element describing the transitions between exci-
tonic states can be written as [24]

Th,—1; K', N|Aern.; K, AD

©
e E Nk~ K —qUesMia,

mn, W,

I_Ifﬁ\'/\ = (T[gc6v'v - n€v'6c'c) D(f:\v|xzv|]

. . . (6)
+ 6c'c6v'v(ME‘E - ME\E) D(ﬁv'bB'XévD
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In expression (6), the first term correspondsto the tran-
sitions between excitonic states belonging to different
pairs of bands (interband transitions), whereas the sec-
ond term describes the intraband dipole transitions
between excitonic states.

It is known that there are two types of electron- at-
tice interactions [25]. This s the deformation potential
interaction, which is due to scattering of electrons by
perturbations of a periodic potential caused by the dis-
placement of atoms of the lattice. For longitudinal opti-
cal (LO) phonons, the deformation potential interaction
is supplemented by the Frohlich interaction due to the
electric field associated with these phonons. In the gen-
eral case, the matrix element of the exciton-attice
interaction can be written as [26]

The + 1; K', A'|Aed ne: K, AT
np+1 7
= y—Pé(K"*'QP—K)P/\'/v 0

N

Prn = BKevlPlxe,0
= |3(3:\‘v‘|®c't:6vv'exp(_iC(eqP lj) (8)
- evv'écc'exp(i ath r )| Xf:\vD
where n; is the phonon number. For the deformation

potential interaction in acrystal with two atoms per unit
cell,

Onn = Zmn 9)

Sy = A0
? 7 2wed?MO

where Q isthe cell volume, M* is the reduced mass of
atomsin the cell, d isthe lattice constant [25, 26], and
=qn is the deformation potential defined by Bir and
Pikus [27]. For the Frohlich interaction, ©,, and y are
given by

and

(10)

@n'n = ergfn(l_én'n) + iqg’lén'n (11)
and
=y = 201 _ 10
Y= Ve JZnﬁwpe EYPE, (12)

where § istheunit vector inthedirection of gp, and €,,
and g, are the optical and static dielectric constants,
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respectively [26]. The parameter 0y, is determined by
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do _ 2mhe’ngwa(np + 1)

Ogry = Mo /(M5 + m}), where m§ and my; are the dQ ~ mecnle’ (13)
effective masses of electrons and holes. s L )

oL . X NLV|8ysB€a BuBy(ZqL_qS)| '

After the substitution of (2), (5), and (7) into expres-
sion (1), the HRS cross section becomes where the HRS tensor B,5,(q) is given by
M8, Paga, A Mo
Baer(@ =Y Y B GI “Aed[Er o) = 2kel [E @) —Fo] (14
Nt [Ex(@9 —frd [EA(200) W [ [EA (A —fiey]

Here, the exciton energy is

2 2
EA(q) = Ecv + ﬁ—g— + AE)\, (15)

2M

whereM =m} + m} , E., istheenergy gap, and AE, =
AE; isthe energy associated with the relative motion of
the electron and the hole (i.e., AE, =—R/n? or AE, = Rk?,
where R is the Rydberg constant of an exciton).

Because the photon wave vector is small, we assume
that EA(q) = EA(O) in what follows.

3. THEORETICAL MODEL
3.1. Scattering Mechanisms

We consider the resonant HRS process, i.e., the pro-
cess where the double frequency of the exciting radia-
tion is close to the energy gap E,, . If only the dipole-
allowed transitions are taken into account, the absorp-
tion of the incident photon leads to the excitation of an
s-excitonic state, while another photon induces an
intraband transition to a p-exciton or an interband tran-
sition to an s-exciton belonging to the higher lying con-
duction band or the lower valence band. In case of the
resonant HRS, where 24wy, ~ E.,,, the two-photon tran-

As Az B A2 Ao A Ay O
Xcv(o) D(CV|P|XCVD& cv| pB'|Xcv|:(X cv(o))

sition to a p-exciton is of interest. It is known that for
first-order HRS, the phonon wave vector is small and
the scattering process can be considered in the Brillouin
zone center. In the approximation of the zero wave vec-
tor of the phonon, the intraband Fréhlich interaction
reduces to

I:)/\'/\ = 6(:'(‘,va' D(évlq EHXQVD (16)

and therefore leads to transitions between the s- and
p-excitonic states. When g, = 0O, the corresponding
matrix elements of the deformation potential and inter-
band Frohlich interactions are given by

ID/\'/\ = { ec'cévv' - Ovv'écc'} M ﬁv|Xi\vD (17)

and therefore connect states with the same parity. Thus,
in the HRS process considered, the deformation poten-
tial or interband Frohlich interaction leads to the transi-
tion to a p-exciton, but the intraband Fréhlich coupling
causes the transition to an s-state. Because the transi-
tion from the p-excitonic state to the ground state is
weakly forbidden, the intraband Fréhlich mechanism
playstheleading rolein the scattering. The correspond-
ing HRS tensor is therefore given by

Bag(@ = YT, [Mee —MwT Y

Az Ap Ay

If HRS is considered in the framework of the three-
band model and the weakly forbidden dipoletransitions
to the p-excitons belonging to the highest valence band
v and the lowest conduction band c are taken into
account, we can aso identify two other scattering
mechanisms including two-photon transitions to s
excitonic states. The excitonattice interaction then
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A (Ecv + AE)\3_ﬁwS)(Ecv + AE}\Z_ZﬁO‘)L)(Ecv + AE)\l_ﬁwL).

(18)

causes the transition to a p-exciton belonging to the
same pair of bands (the intraband Fréhlich coupling) or
induces interband transition to another s-excitonic state
(the deformation potential or interband Frohlich inter-

action). The corresponding HRS tensors Bf,zg)y(q) and
Biay(q) aregiven by
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52 (@) = y 5 Mar PrXeuln)] <o Ker Pliei APy ) (19
Papy Z (Ecv + AE, —hws) (E,, + AE, —2fiw,)
and
(3) _ v ' XC V" (O) |j(c V' |P|Xcv aB()\21 wL)
B =Y 2 D (B, + BE, —ha)(Eo, + A, ~Zheo) (20)
where AGB(.)\Z, (.A)L) describes the two-photon transition Xﬁv(r)(Xév(O))D
to the s-excitonic state, Z E., +AE, — AW,
(22)
_ BB BB : Hr(l Ki) 2r
Agp(z f)) = (M =MD (-ME) = W w4
Z D(czvrp[}")(clvl:ba' and
E., + AEAl—hw 21
n 21) Z X (1) (A1)
A A O yTAE, -
|:)(cv cv(o)) ar AT L '=0
+ (T£c'6vv' - T[\’i'vécc')"gv' . ' (23)
sz Zl EC-V.+AE)\1—fL(D _ HF(Z—KL)Q DAD
omi’k,a r2 k)

The first term in (21) describes the two-photon excita-
tion of the s-exciton in the framework of the two-band
model where the absorption of the first photon is
accompanied by the weakly forbidden transition to a
p-excitonic state. The intraband dipole transition to the
s-excitonic state occurs when the second photon is
absorbed. The second term in (21) describes the contri-
bution of the three-band model where the intermediate
state is assumed to be an s-exciton composed of an
el ectron from some higher lying conduction band c' and
aholefrom the valence band v, or an exciton belonging
to the conduction band ¢ and a deeper valence band v'.
In this case, the second photon induces the interband
trangition of the electron or the hole.

3.2. The Green Function Approach

To evaluate the HRS tensors obtained, it is necessary
to calculate the matrix elements and the sums over all
the intermediate discrete and continuous excitonic
states. The problem can be considerably simplified
using the Green function method [28]. This approach
was earlier used in theoretical investigation of two-pho-
ton absorption [24, 29] and first-order resonant RS[26].
We have a so applied the Green functions for a theoret-
ical treatment of two-photon resonant RS [30, 31]. In
accordance with this method, the sums over intermedi-
ate states can be expressed as Whittaker functions
W, (2 [28, 29,
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where I'(2) is the gamma function and a and [ are the
Bohr radius and the reduced mass of the exciton. The

parameter K, isdefined ask, = ./R/(E., —%w,) . Here-
after, the respective indices “L” and “S’ correspond to

theincident and scattered light. The Whittaker function
has the integral representation [32]:

+1/2 _-z/2
'V

W@ = Fap e

[

x J’e‘Ztt‘”z‘K M) T e, (24)
0

1
Re(1 —K) >—§.

Because the frequency of theincident radiation is away
from the excitonic resonance for the resonant HRS
(k_ < 1), the Green function approach enables us to
reduce the sum over A, to theintegral. Further, after the
substitution of explicit expressions for the hydrogenic
wave function [33] and ther integration, the sums over
the intermediate states A, can be calculated. Taking the
results obtained in [24, 29] into account, we write

K™ By X, X o (O))
Z E., + AE, —fiw,

(29)
)D 2 _1D]4(n K, ¢ =n,

— (¢1m)
= (e Ol =0 KR, i, 7 = k
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and

O(B( Z =

Agth o) = GLOET O ¢

(26)

where [34]

Bup(n, @) = UM (MEF —MEP)B,63,(n, k)

Z(rrf By = n‘évatc)nz’ 1K),

Here, k| isdefined for E.,: kK| = JR/(Eg, —fi0)).
The integrals J;(n, K"), Jx(n, K), and J,(n, K) are given
in[24, 29],

(27)

e (L LRt 1K T
Ju(n, k) = 4IdtDtDEm+1+K/ntﬂ

2t +1—K'/b
[(2t+1)2—(k'/nb)]*

(28)
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J,(n, k) = %GKJ'dttl_K(l+t)l+KE2—t+1_K/rD

(Pt +1+ /!
(29)
3(2t+ 1) +3(K/n) —2K(2t + 1)(1+ 2n° )
[(2t + 1) —(k/n) ]
_ o+ It + 1 -/
Ju(n, K) = 4IdtD 0 v i k] o

2t+1
[(2t+1)%—(k/m)?*
where b = a/a’ (R and &' are the Rydberg constant and
the Bohr radius of the exciton belonging to the pair of
bands, ¢ and v').

When the energy of the scattered photon is below
the excitonic resonances (ks < 1), we can also apply the
Green functionsto cal culate the sums over A; in expres-
sions (18) and (20). In works devoted to second-order
resonant RS, we calculated the sums over A; similar to
the ones in expressions (18) and (20) for the intraband
Frohlichinteraction [30, 31]. Inthe general case, taking
the results obtained in [30] into account, we can write

X

Xes,(0) ke [ PIx S ™0

A

Ee, +AE,, — g

|+2
E'Z.m/ (nH)! J%(qa ks n), =n, (31)
o Yl 0gKs D (n—1-1)
(2|+l)|/\/a(Ecv hU)s)D’\/i [ +2 |+1 rr/2k B"‘l— (G)B:]a KS,E, 7=k
where
| (©) ! (©) .
3©Q, k', 1) = |_D_1 0,.5 .l' (0 Q K\ n) N cc'll (ahQ,K,n)D’ 30
1 (Q, K, n) a%( ) (GeQ)Hl (ahQ)Hl E (32)

Q=0a Yin(dq 9 is aspherical function of the angular coordinates of the phonon wave vector. The integral

12 (Q, k', n) isgiven by

00

|
©@E ) = D A+t (|+V)'(|+1 I QT ™"
h (9,K,n)—2|+2 3 Dt Z Op O
v=0
. -2 B 05
_yl-v+l 1. __K_'_ E!]V _ K'/nb 0
x Re[(—i) 5% 55~ 500 F%—n+|+1| V-2 2042 —— ~coom (33)
O t+=+ — _ |_|:||]
0 0 2 2nb 2b
where F(a, b; ¢; 2) isthe hypergeometric function.
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To calculate the sum over A5 in expression (19), we
applied the method previously used by us in [30, 31]
and obtained the expression (for the intraband Frohlich
interaction and Kg < 2)

)\ A~
Ch KevPlxe "0 _ _-i%ig
}\Z pchv(r) r:OECV +AE)\3_ﬁwS B ECV —ﬁy()\)s
3 9p( ), ¢ >
x y@9) g plga, Ks, n), =n
Xev ( )E}Jp(qa, Ks,i/k)1 ( =k,
where
Jp(Q K n) - l[lp(ate Kvn) + Ip(ahQ! Kvn)i| (35)
QA (a.Q)’ (aQ)”
and

IPQ k1) = (e (140"
K 0

0 [+l kg™
O 2 2n 2 U
x%lm 1,k KQ?
0 %*5”5}"_5 (36)
0
n-2 [l
$*3 oot -
—KQRe n+2%+%—g—|% 0
%+l+_K__,Q] 0
2 2 0 E

Next, after the substitution of the relations obtained
for the sums over A; and A, into expressions (18)—(20),
we have

8 (q) = 120Vl (Mee ~Min)83p
Y 3nR’a’

0o n?—1J35(ga, ke, N)J (N,
foKéDzn 51 1(92. ks )_24(. .
D1=2 n E(O‘)L)_n —1Yn

. dkk(L+ k) J5(0a, K 17K Ju(i/k, K,) 0
J 1™ Ew)+K-iy O

(37)
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¥/ MZV“,’DAB- :

ngzgy(q) =l Ye 2 2] JyKé
- 1 Jp(ga, Kg N

x DZ p(q S )

Bya(n, @
2 g (W) -2 =iy, o1 20

(38)

L+ _dkk  Jp(ga Ks iTk)
{ 1-e" g (wy) + K —iy,

O
Bas w%%

i

and

Y n2
T[v"c"K S

@ oy = _2Y
BaBy(q) - T[Razcz-- Ec"v" —ﬁ(.OS

O 1 I(ga kg n)
X0y S5 ————= —
04 né(w) —n " =iy,

Bap(n, @) (39)

o kK I qa, K, i/K)
{ 1-e"" Ewy) + K =iy,

' O
BUBE{-(, w%g

where §(w) = (E,, —2hW)/R, ¥, =T /R, I',,isan exciton

damping, and J{ (Q, K, n) istheintegral 3 (Q, , n)
defined for the intraband Frohlich interaction, i.e., for
@nn' = icrlénn'-

We note that the expressions obtained for the HRS
tensors can be simplified. As mentioned above, in the
case of resonant HRS, the energy of theincident photon
is far from the resonance (E,, — #w, > R) and the

parameters Kk, and Kk, are therefore considerably

smaller than unity. Further, it is not difficult to show
that J,(n, K), J4(n, K) = [1 - (k/n)?] L for k < 1.

We note that expression (37) obtained viathe Green
function method is applicable for the computation of
the resonant HRS cross section only if the scattered fre-
guency is below excitonic resonances, i.e., for Awg <
E., —R(kg<1).Asaresult of using the Green functions
for the summation over A5, expressions (38) and (39)

can be used only when kg < 2 and kg < 1. For higher
frequencies of incident radiation, the excitonattice
matrix elements must be calculated and summation
over all theintermediate excitonic states A, and A; must
be performed. This approach was used by Garsia-Cris-
tébal et al. [20] to calculate the efficiency of HRS
induced by the two-photon excitation of ap-exciton fol-
lowed by the transition to an s-exciton due to the
Frohlich interaction. We therefore do not consider this
case here. Although the expression abtained using the
Green function method has a limited applicability
range with respect to the photon energy, this method
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considerably simplifies cumbersome computations of
the HRS cross section and at the same time enables one
to take dal the intermediate discrete and continuous
excitonic states into account. Moreover, because the
phonon wave vector is small, an approximation of the
above expressions can be obtained. In [30, 31, 35], it

was shown that J,F (Q, K, n) weakly depends on Q for
KQ < landinthelimitasQ — O coincideswith[8, 16]

SEMENOVA, PROKHOROV

e A+ IR+ 1K/
Js(n. k) = 4Id‘DtDE2t+1+K/rD

4t + 2 —-K
[(2t+1)> = (x/n)]°®

(40)

X

It can also be shown that askQ —= 0, Jp(Q, K, n) —~=
Js(n, K), where[16, 18]

5% n
J3(n, K) - %J-dttl—K(1+t)1+K|:2t+1—K/r]:|

(Pt+ 1+ k/mMJ
(41)

L 3(2t+1-K)[(2t+1)° + (k/n)® —2K(2t+1)] —*(1-n?)

[(2t+1)%=(k/n)]"

Expanding If,e) (Q, K, n)inaseriesin Q, we have

IPUAQ k', )

(@C C6VV (42)

= o ,2 Oy ce) Ja(n, K)

for Q < 1. Thus, the approximation of the zero wave
vector of the phonon allows usto considerably simplify
the computations. In addition, the phonon energy is
often greater than the exciton Rydberg, #w, > R, and
the expressions obtained via the Green function
approach can therefore be applicable in a sufficiently
wide frequency range.

4. DISCUSSION

In the general case, different mechanisms of elec-
tron—photon and electron—phonon interactions can be
involved in the resonant HRS process. Their contribu-
tions depend on the electronic structure and parameters
of the crystal, the incident frequency, the selection
rules, and the scattering geometry. Specifically, if the
one-photon dipole transition is allowed (1, # 0) and
the two-photon transition is forbidden in the semicon-
ductor, the HRS process is described by the tensor

B{a,(q) corresponding to the intraband Frohlich scat-
tering. Therefore, the LO lines are dominant in the res-
onant HRS spectra.

For the crystal with the dipole-forbidden transition
(T, = 0), the resonant HRS process can be caused by
the two-photon excitation of an s-exciton. This“forbid-

den” HRS is described by the tensors Bia,(q) and

Bﬁfgy(q) , and therefore, both the Frohlich and deforma-
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tion potential scattering mechanismsareinvolvedinthe
resonant HRS process. Consequently, the effect of the
deformation potential interaction in the hyper-Raman
spectra can be expected in this case. Such a forbidden
resonant HRS near the energy gap was experimentally
investigated in Ti,O, which is a centrosymmetric crys-
tal [11, 12]. Because its lowest conduction and top
valence bands have the same parity, the interband
dipole transition is strictly forbidden in it. In rutile,
Watanabe et al. [11, 12] observed resonant HRS by
transverse optical (TO) phonons along with scattering
by LO phonons.

At first sight, the forbidden resonant HRS under
consideration is similar to the resonant RS in which the
one-photon interband transition is replaced by a two-
photon transition. As mentioned above, both the two-
band and three-band models contribute to the two-pho-

ton excitation of an s-exciton. The parameter Mg, in
expression (27) can be written as

Z (T[cc Sccavv T[v vSyy 6cc)T[cv (43)
m

c'v'

where s, = 1 + E./2E,,. Taking into account that
My —M,, = NV, it is easy to show that the difference
of the two-band and three-band contributions is con-
tained in the expression for By,(n, wy). In particular,

B, (N, ) can be approximated by

c'6vv' _ T[v'vécc' v
Boo(h, ) = 5 el =TT )
c,v' cv' 44

x [Jq(n, k) —2J,(n, K\)]
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for E;., E,,- > E.,. Owing to this, the resonance profile
of HRS can contain additional features caused by the
interference of dissimilar transitions. Their appearance
is governed by the semiconductor parameters and the
exciton- attice interaction mechanism.

HRS is of specia interest if one-photon and two-
photon transitions are allowed in acrystal. In this case,

the scattering mechanisms described by Bglgy(q),

B\3,(a), and i3, (q) areinvolved in the hyper-Raman

process. It is obvious that the “alowed” HRS mecha

nism, which is determined by B42,(q) , gives the main

contribution to the HRS intensity because it assumes
only the dipole-allowed transitions and is described in
the framework of the two-band model, as distinct from

BB, (@) and BLY,(q). This conclusion agrees with

experimental results because only resonant HRS by LO
phonons was reported in CdS and ZnSe crystals [8, 13,
14]. The forbidden scattering mechanisms should not
be neglected, however.

Because the forbidden resonant HRS is due to the
two-photon transition to s-excitonic states, the resonant
enhancement for this scattering mechanism occurs
when the doubled energy of the incident photons,
2hwy , coincides with the energy level of the 1s exciton,
E,.. On the other hand, a resonant increase of the
allowed HRS occurs for other frequencies of the inci-
dent radiation (2ficy, = Ey), i.€., the resonance sets ear-
lier for the forbidden HRS rather than for the allowed
scattering. In addition, anew scattering mechanism can
be involved in the hyper-Raman process and can con-
tribute to the HRS intensity. It is known that the inten-
sive forbidden LO line was observed in the RS spectra
for some semiconductors when the incident frequency
was near the excitonic resonance [36, 37]. Its appear-
ance was explained by the forbidden Frohlich interac-
tion that corresponds to the second term in the expan-
sion of theintraband Frohlich coupling matrix element,

Pan = D(évm [HXQVD

i mE-my 2[ A (45)
qumg + m: |:)((:V|(qP D) |Xcv|:In

and induces transitions between s-excitons. For reso-
nant HRS, a similar scattering mechanism is accompa-
nied by the following sequence of processes. two-pho-
ton transition to an s-excitonic state, intraband transi-
tion between s-excitons due to the Frohlich interaction,
and the return of the electronic system to the ground

state. The corresponding tensor Bf,?y(q) coincideswith

Bin(@) for Oy, = iq8,,. The estimations performed
show that for 24w, = E,, the contributions of the

allowed and forbidden scattering mechanisms, B43,(q)
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The contributions of three scattering mechanisms,

@ 2 R /2 F) (|2
BE@)|”. [BD, @], and |B{5), ()|, to HRS as afunc-
tion of the parameter &(wy) = (E¢, — 2fiwy )/R (curves 1, 2,

and 3, respectively).

and fo?y(q), can be comparable, providing there are

substantially different effective masses m} and mj

and asmall magnitude of y,. As an example, the figure
shows the result of the computation of the hyper-
Raman tensors [B,(a)[”, [BS3,(@)]*, and [BE)(@)|”
for ga=0.15, mf /m} =0.2, |, | =A/d,d=5A,R=
0.03eV, E,, = 100R, ip = 1.5R, and I = 0.02R. In the
calculation, thevirtual transition in the one higher lying
conduction band ¢' (E.. = 1.5E,,) was only taken into
account in expression (28). It can be seen from the fig-

ure that |Bf,f3)y(q)| ? sharply increases as the doubled fre-

guency approaches two-photon resonance with the 1s
excitonic state. When 2z, = E4g, the contributions of
forbidden and allowed HRS are of the same order of
magnitude. If the forbidden scattering mechanisms
play an appreciable role in the resonant HRS, they can
affect the frequency dependence of the HRS intensity.
Such a feature was observed in a ZnSe crystal where a
small enhancement was found for 24wy = E;5 along
with the increase of the HRS signal as the doubled fre-
quency approachesthe resonance with a2p exciton [13].
Interesting peculiarities of HRS in a CdS crystal were
also observed [8].

The increase in the HRS intensity by LO phonons
(by more than two orders of magnitude) wasfound in a
CdS crystal when the doubled frequency of the exciting
radiation approaches excitonic resonances[8]. The sig-
nal then decreases, which was explained by attenuation
of the scattered light near the fundamental absorption
edge. We apply the theoretical model developed hereto
analyze HRSin CdS. The 90°-scattering geometry with
the incident radiation propagating along to optical axis
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z of the crystal was used in experiment [8]. In this con-
figuration (g, is directed perpendicularly to the z axis),
the dipoletransition to the s-exciton stateis allowed for
the A, B, and C series. All three excitonic series can
therefore participatein the allowed HRS. Asregardsthe
forbidden mechanisms, the two-photon transition is
allowed to the dipole-forbidden s-exciton of the Iq
symmetry for the A series and to the dipole-alowed s-
exciton for the B or C series. Therefore, in the configu-
ration used in experiment [8], resonant HRS caused by
the two-photon transitions to s-excitons and p-excitons
can contribute to the HRS intensity. We evaluated the
HRS cross section as a function of the doubled energy

of incident photons for the allowed (Bf,lgy(q) ) and for-
bidden (Bl (@) + PBip,(a)) scattering mechanisms
separately. In the calculation, we used the known
parameters of CdS (fwp, =0.038 eV, m; =0.2m, my =
1.34m[38]) and took the following values for the A, B,
and C excitonic series: E,, = 2579¢V, E. gz =
2.59%6 eV, E.,c =2.66 eV, R, = 0.028 eV, Rg = 0.03 eV,
R- =0.026 eV [39, 40], f;c4 = 0.0014, f, = 0.001, and
fiic = 0.0013 (here, f is the oscillator strength for the
transition to the 1s exciton state) [41]. We also used the
energies of the excitonswithn=1andn=2 (E5,-1 =
2.548 eV, Eg,-1 =256 eV, and E,,-, = 2.568 eV [40])
and the damping (', = 0.004 eV, 'z = 0.005 eV, and
Fc=0.026 eV [41]) known for the temperature at
which the measurements were made (T = 80 K) [8]. We
considered the higher lying conduction band (E., =
6.2 €V) as the intermediate band [42]. The estimations
have shown that the HRSintensity enhancement caused
by the allowed HRS is approximately an order of mag-
nitude less than the increase measured in the experi-
ment when the doubled energy of incident photons var-
ies from 2.49 to 2.53 eV. On the other hand, the cross
section gain calculated for the forbidden resonant HRS
was found to be comparable to the change in the HRS
intensity observed. Consequently, it isplausiblethat the
resonant HRS observed was induced by the forbidden
scattering mechanisms. Let us consider expression (37),

where we can write MEr — M5Y = (mVj)3gg for CdS.
From this fact, it transpires that the scattering mecha-

nism described by B{3,(q) is effective if the polariza-

tion vector of the exciting radiation lies in the plane
determined by the photon wave vectors (i.e., gz #0in

this case). The alowed HRS mechanism is therefore
forbidden if theincident radiation ispolarized along the
x axis and the scattering light propagatesin they direc-
tion. Only the forbidden scattering mechanisms then
contribute to the HRS intensity. Al so, the appearance of
the intensive forbidden 2L O line, which is characteris-
tic of the resonant RSin the HRS spectra near the exci-
tonic resonance, agrees well with our assumption. The
strong HRS by LO phononsin CdS for the two-photon
resonance with the 2p exciton was reported in [13].
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However, the measurements were performed in the
X(yy, z + X)y geometry, where the scattering described

by Bf,lﬁ)y(q) is alowed according to our model. The

above discussion shows that additional experimental
research into resonant HRS in a CdS crystal is of great
interest.

5. CONCLUSIONS

A theoretical model for resonant hyper-Raman scat-
tering in semiconductors was developed. The model
includes the Wannier excitons as intermediate states in
the scattering process. Different mechanisms of exci-
ton—photon and exciton- attice interactions were con-
sidered and their contributionsto the HRS cross section
were analyzed for crystals with both allowed and for-
bidden dipole transitions. Agreement with the experi-
mental results was obtained. It was shown that under
the resonant conditions, the forbidden HRS can give a
contribution compatible with the one of the allowed
HRS mechanisms. The model developed allows one to
calculate the cross section for HRS when the doubled
energy of incident photons is below or in the range of
excitonic resonances.
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Abstract—A new method is proposed for cal cul ating the energy spectrum and the wave functions of N-electron
guantum dots with an arbitrary confining potential. The method consists in expansion with respect to a dimen-
sionless quantum parameter 1/Q, which is expressed in terms of the ratio of the characteristic Coulomb energy
of electron—electron interaction to the characteristic energy of one-particle transition in a confining potential.
Two-electron quantum dots with a parabolic confining potential in an external magnetic field are considered.
Strongly correlated states of the system and the spin rearrangement in a strong magnetic field are analyzed.
Analytic expressions are obtained for the energy and the wave functions of the system. It is shown that restric-
tion of the analysis only to the first three terms in the quantum-parameter expansion gives an accuracy of one
percent when cal cul ating the energy even for values of Q on the order of unity, i.e., for the presently implement-
able GaAs quantum dots. The expressions for energy obtained are in a good agreement with the experimental

data for quantum dots in a perpendicular magnetic field. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Quantum dots are a promising object for application
in opto- and nanoelectronics [1, 2]. Moreover, they are
very interesting as a model object for investigating
guantum systems consisting of afew or many particles.
In contrast to ordinary atoms, where the correlation
energy is much less than the Hartree—Fock energy, any
regimes, from weakly correlated to strongly correlated
and even crystallized electron systems [3], are attain-
able in quantum dots under variation of their size (the
confining potential) and the number of eectrons. An
analysis of the strong-correlation regime in a system of
several electrons may prove to be useful in amore gen-
eral aspect—when studying short-range ordering and
possible phase transitions in an extensive electron sys-
tem. An anaysis of the strong-correlation regime
requires the development of new methods that are non-
perturbative with respect to the el ectron—electron inter-
action. The present work is a step in this direction.
A system of several electrons in a quantum dot at zero
or sufficiently low temperature is characterized by a
single dimensionless quantum parameter Q that is
expressed interms of theratio of the characteristic Cou-
lomb energy of electron—€lectron interaction to the
characteristic energy of one-particletransitionin acon-
fining potential [3]. In the limit of infinite Q, a system
of electrons crystallizes, and its energy and equilibrium
configuration are determined by the minimum of the
total potential energy. The method used in our study
consistsin expansion with respect to the parameter 1/Q
and is a variant of the so-called 1/N expansion [4-8],
where N iseither the dimension of the space, N' =D [9],

or the principal quantum number of alevel, N =n =
n, + 1+ 1[10, 11], or the number of components of the
wavefunction [12], etc. Inthelimit of large Q, the ana-
lytic expressions for energies and wave functions
obtained within the 1/Q expansion are asymptotically
exact. At the same time, in experimentally studied
guantum dots, for example, in GaAs quantum dots
[13-15], the parameter Q ison the order of unity. How-
ever, it turns out that the 1/Q expansion gives a surpris-
ingly good accuracy in avery wide range of Q, includ-
ing even values of Q ~ 1. We will demonstrate this
result by calculating two-electron quantum dots. With
regard to spin-electronic problems, the rearrangement
of the spin states of a system under the variation of Q,
i.e., under the variation of the confining potentia or of
external magnetic field, is of great interest. We study
such a rearrangement for the ground state of a system
and compare the results obtained with the available
experimental data.

In the next section, we describe a method for calcu-
lating the spectrum and the wave functionsthat is based
on the expansion with respect to the dimensionless
guantum parameter 1/Q. In Section 3, we consider the
case of an axialy symmetric confining potential and
present analytic formulas for the energy of two- and
three-electron quantum dots. In Section 4, we analyze
an important case of aparabolic confining potential. By
comparing this with the results of exact (numerical)
calculation for a two-electron quantum dot, we show
that taking into consideration thefirst threetermsin the
1/Q expansion provides an accuracy of one percent
even for values of Q ~ 1. In Section 5, we consider a
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1/Q EXPANSION FOR THE ENERGY SPECTRUM OF QUANTUM DOTS

guantum dot in a magnetic field, analyze the spin rear-
rangement, and demonstrate good agreement between
the results of calculations and the experimental data.

2. 1/Q EXPANSION
FOR AN N-PARTICLE QUANTUM DOT

Consider asystem of N particles with pairwise Cou-
lomb repulsion V, = §'N_ V,, that move in an arbi-

trary confining potential V = 2‘: ,Va, Where

Vo = E%EO, V, = v %ZHEO.
Here, E, = e%eq, and a, are the characteristic Coulomb
energy and the characteristic size of the system, respec-
tively; v isthe shape of the confining potentia; r ,isthe
radius vector of the ath electron; r, = |r,—ry; € |sthe
electron charge; and e isthe permittivity of the medium.

Denoting x, = r //ag and introducing the reduced energy
€(N) = E(N)/E,, we write the Schrodinger equation as

1 N N 1 N 0
—(—?_Z aZlV(Xa)+EZ|Xa—Xb| ELP

azh

(2.1)

DQ

N (2.2)
=g(N)W,,

2¢? €2a,

isthe only dimensionless parameter that determinesthe
dynamics of the system. It is clear from (2.3) that this
parameter is expressed via the square root of the ratio
of the characteristic Coulomb energy E, to the charac-
teristic kinetic energy #2/2mx« ag, where i = mi/m, is
the ratio of the effective mass of a particle to the elec-
tron mass and ag = A2/m.e? = 0.529 x 108 cm is the
Bohr radius. The magnitude of Q may vary in a wide
interval from values on the order of unity for GaAs
quantum dots[13-15] to Q = 10* for ion traps [16, 17].
Therefore, it is natural to apply the 1/Q expansion,
which is a particular case of the /N expansion (see
[4-12] and references therein), to calculate the energy
spectrum and the wave functions of quantum dots. An
attractive feature of this method is that the results can
be obtained in analytic form even for systemswith non-
separable variables.

By anaogy with [10], the application of the 1/Q-
expansion method is as follows. In the classical limit,
Q — o, EQ. (2.2) determines an equilibrium configu-
ration {x”} and the corresponding energye ” equal

to the minimum of the potential for {x,} = {x”} . The
next approximation corresponds to small oscillations

where

(2.3)
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with an amplitude proportional to QY2 about the equi-
librium. Setting

%L EaaD (0)
1/2] a(x!

l<a<N,1<as<D (D isthedimension of the system),
and expanding the wave function and the potential in
powers of Q2 we successively determine the expan-
sion coefficients of the wave function,

—00 < E.aot < ©, (24)

Wy = YO+ 20"+ wOiQ+ (2.5)
and the corresponding coefficients e® in the expansion
of the reduced energy,

eN) = e?+eVQ+e®Q?+.... (26

3. AN AXIALLY SYMMETRIC
CONFINING POTENTIAL

To illustrate the method, consider a two-dimen-
siona (D = 2) quantum dot with an axialy symmetric
confining potential. To avoid the difficulties associated
with the presence of a zero mode, we single out ajoint
rotation of the particles. To this end, we consider the
states in which the projection M of the total angular
momentum onto the symmetry axis is preserved and
represent the wave function of the system as

Wy = (P1P2---Ph) 'M“’xM({ Pa O} ),
= 0,1, %2, ....

(3.1)

Here, we use the cylindrical coordinates

X = (pu b z%, Bav = ba= 0y

The energy €© is determined from the classical
equilibrium condition for N interacting electrons in a
confining potential that arises when the first term in
curly brackets on the left-hand side of Eq. (2.2) is
neglected, i.e., inthelimit of Q = . The coefficient £
in expansion (2.6), i.e., the first quantum correction in
the reduced energy, is nothing more than the energy of
normal oscillations about the equilibrium with frequen-
ciesw:

(3.2)

The next coefficient, €@, can be found by taking into
consideration the anharmonic terms proportiona to
1/Q%2 and 1/Q? in Eq. (2.2) in perturbation theory. In
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particular, for the states with the minimal energy for a
given M, we have

1

@ny — 2
(M) = 5—M*—ky, (3.3)

N

where Ky = [/2Q? and | is a“rigid-body” moment of
inertia of a system of two particles with masses 2Q2.
For small values of N, when particles at equilibrium are
situated at the vertices of aregular polyhedron at adis-
tance of p, from the center of the system, Ky = 2N pg,

N < 6. The constant k depends on the shape of the con-
fining potential and is expressed in terms of the param-
eters of the problem in arather cumbersome way.

In the simplest case of a two-€electron quantum dot
(N =2), the equilibrium value p, is determined from the
equation

V'(po) = (2po)~. (3.4)

Here,

e? = 2v(py) +1/2p,, Wi = 2p,, (35)
W5 = 8poV(py), W5 = 200; + W5,

The expression for k, is not simplified even for power-
law potentials

v(p) = p’, v>1,

when the equilibrium value p, is expressed analyti-
caly:

po — (4V)—1/(v+1)1 8(O) - 2(1+V)(4V)_V/(V+l),
wo/w; = v—1.

In a physically important case of a parabolic confining
potentia (v = 2), we have

Po= 12 e9=32 w=0w=1,
wW; = /3, 1/36.
Hence, according to (2.6), (3.2), and (3.3), we obtain

the following expression for the states of two-electron
quantum dots with the minimal energy for agiven M:

(3.6)
K, =1, k,

Ew o(2) = 1.5+ 1.8660Q "

) . D (3.7)
(0.5M?—0.0278)Q %

The degeneracy (w;, = w,) alowsfor the full separation
of variablesin Eq. (2.2); thus, it is this case that admits
the comparison of the results of the 1/Q expansion with
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those of exact (numerical) solutions. Below, we will
show that the accuracy of approximation (3.7) for Q= 1
and m= 0.1 (see (4.8)) is no worse than two percent.

Similarly, in the case of v =2 and N = 3, we have

(2«/?3)43, e = 3./3/2p,,

Po =
W =W =1, W= w, = /32, (3.8)
W = /3, Ky = 6p5, ks = —0.02843;
up to terms proportional to Q, thisyields
em of3) = 3.9311 + 3.0908Q "
m,0(3) Q (39)

+(0.1908M? + 0.0284) Q2.

Since the ratio of the Coulomb energy to the oscillator
energy for the equilibrium configuration is the same
(and equal to 2) for N =2 and N = 3, while the relative
contribution of theterm €© is greater for N = 3 than for
N = 2, one can expect that the accuracy of formula(3.9)
is no worse than that of (3.7).

4. A TWO-DIMENSIONAL TWO-ELECTRON
QUANTUM DOT
WITH A PARABOLIC CONFINING POTENTIAL

For a parabolic confining potential V, = m*QZr§/2,

the characteristic size a, and the characteristic energy
E, of the system are given by

_ e g”°

€ 2
= = -Q"°2a
= = SQ%2a,
Dem*Q M a1)
- - _HM
E, = QAQ = ;56‘253,
and the dimensionless quantum parameter is
4 1/3 13, /3
Q= i0men _ CHO™Oten 4.2)

" Aegd T QA Tl
where Q is the stegpness of the confining potential and

Eg = me*/2A? = 13.606 eV isthe electron energy in the
first Bohr orbit.

In this case, as mentioned above, the motion of the
center of masses and the relative motion of particles,

R =X,+X,, I = X;—Xy, 4.3

are separated in Eq. (2.2): W, = W W4 and €(2) =
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& + €4, and we have

0
L0t ROV T e (44)
2Q° 7 2 ¢
O 1 1, 10
+— A+—r+D‘4J = gqWa- (4.5
DZQ 2 |:| rel rel Trel

The first of these equations determines the Fock—Dar-
win spectrum and wave functions [18],

& = (IMd +2ne+1)/Q = (ny +n, +1)/Q, (4.6)
whereM:=0,£1,£2,...;n5,n, N, =0, 1,2, ...; and
We(R) = Wy o ——=e ", (R)
] Mt TR e 4.7
= LlJnl(Rl)Llan(RZ)

is the wave function of a circular oscillator, R =
{R ¢g} = {Ry, R} [19]. In this case, W,(R) are the
wave functions of aone-dimensional oscillator of mass
Qand frequenciesw, = 1,i =1, 2.

On the other hand, singling out the angular part from
the wave function W,

_ 1 imo
l'IJr (r) = l'lJm = € Xm(r)’
° J2mr (4.8)
r=(r¢),
we arrive at the one-dimensional equation
0 1 gd® 4m’-19,1:>
O +or + DXm = EnXm (49)
020%tur? 42 02

with €4 = €,,,. Inthe classical limit, this equation deter-
mines the equilibrium point r, = 1 and the correspond-
ing energy €© = 3/2, equal to the minimum of the
potential at r = ry, which coincideswith (3.6) sincery =
2p,. Setting, according to (2.4),

1+

r = s —0 < <w, (4.10)

and restricting the consideration to the first three terms
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in expansions (2.5) and (2.6), we obtain
01 d? IS N
D_ —t5 E ——=t _DXm(E)
2 2 1/2
de” Q" <O (4.11)

g® 4m

— %(l)

i.e.,, the Schrodinger equation for a one-dimensional
anharmonic oscillator. Hence, in the zero approxima-
tion in the parameter QY2 we derive

5 xnl®)

e = ./3(n+ 1/2)
. (412

where H,(X) is the Hermitian polynomia andn =0, 1,
2, ... istheoscillator quantum number. Taking into con-
sideration anharmonic corrections yields

L A/3(n+1/2)
Q
L(n+ 122 +6m* 7
12Q? 144Q%

3
En = é
(4.13)

Summing up (4.6) and (4.13), we obtain the following
expression for the total energy E(2) = £(2)E,:

Enlnzmnz ﬁQ§Q+nl+n2+1+J§%+%

[12ETH g ‘—EE‘
1, +

n,n,n=012,..., m=0,

(4.14)

2, ...

Expansions (4.13) and (4.14) are asymptotically
exact for Q — o0 and fixed quantum numbersn and m.
For finite values of Q, the accuracy of these expansions
can be determined by comparison with the numerical
solution of EQ. (4.9). Such a comparison is demon-
strated in Fig. 1. One can seethat the first three terms of
the 1/Q expansion guarantee an accuracy no worse than
1% for n,m< 1 and Q = 1.5. Note that the approxima:
tion (4.12) for the wave function is valid only in the
region of itslocalization, r ~r,, whereas, asr — 0 and
r — oo, i.e, in the subbarrier region, one can apply a
guasiclassical approximation (see [10, 11] for details).
Thus, expression (4.14), which is asymptotically exact
in the limit of Q = o, is extended to the parameter val-
ues of Q ~ 1. Apparently, this is a genera property of
various versions of the /N expansion.
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€
€
15 20_.! T T T T rrI7 T T LU L B B B B | T
Y (b)
10+
10+
5_
0 0

Fig. 1. Reduced energies g, versus the quantum parameter Q for states (a) with m= 0 and (b) m= 1. The solid curves represent the

results of exact (numerical) solution of Eq. (4.9), and the dashed curves represent the results of 1/Q expansion (4.13). The figures
at the curves indicate the value of theradia oscillator quantum number n.

From (3.1) and (4.6)—4.8), we obtain

M = Mg+m, |[M{ = ng+n,—2n. (4.15)
Since n; = n, = 0 for the states with the minimal energy
for a given projection M, we have ne =0and M = m;
hence, as expected, spectra (3.7) and (4.14) completely
coincide.

5. A TWO-ELECTRON QUANTUM DOT
IN A TRANSVERSE MAGNETIC FIELD

The Schrodinger equation for a two-dimensional
quantum dot in atransverse magnetic field %€ inasym-
metric gauge of the vector potential

A = %[ € xr]
with regard to the electron spinsis given by

O #209%° 984U 1

2 2 2
B‘Zm*%w—i"'a—rg%"'zm*QL(rl"'rz)
(5.1)
2
L—ﬁooL(Lz+ugSz)E]rP = EY,
€ry—ry 0
where
Q, = JO*+ W, (5.2)

W, = eH/2mic = wgH/uH, is the Larmor frequency,
nL, and #S, are the operators of the projections of total
angular and spin momenta of electrons, and g is the
effective Landéfactor. Here, ¥, = cm e3/#3 = 2.3506 x
10° T isthe atomic magnetic field and wg = me/243 =
2.067 x 106 571,
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Setting

s _ 1 .
WYuwms = znﬁ@(p['(MFq’F*’m‘b)]

X Xu(RXnMX®, M= M=Mg,
where X, and X, are defined in (4.7) and (4.8) and x®
is atwo-€electron spin function, we have
Ewn,2(2; %) = ey (H)Eo— (M + ngZ)fico,

S
e, (96) = €+ .

(5.3)

(5.4)

Here, M and X are the projections of the total angular
and spin momenta onto the direction of the magnetic
field, and € and €, are determined from Egs. (4.4) and
(4.5), inwhich Q isreplaced by Q, , where

13
_ l_Dm* eAD

Q =
: ﬁQEZQLD

(5.5)

For antiparallel spins, when S= 0 (asinglet), the quan-
tum number m takes only even values according to the
Pauli principle, whereas, for parallel spins, S=1 (atrip-
let), m takes only odd values.

Inthelimit of weak fields, when w, < Q, the energy

Efu. s differs from g(2)E, only by a Zeeman shift that
islinear inAw,_. In astrong magnetic field, when w_ >
Q, the parameters a; and Q are determined by the mag-
nitude of the magnetic field:
1/3 4/3
%) = 20,0 90
ao( ) B 0 Eb.BD

00 = I:EDmDa?ﬁ]m

0 Cg0
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where ay, = ag ./ # ./ isthe“magnetic” length. When
ay > ag, 1.e., when the external magnetic field is much
weaker than the atomic magnetic field, we obtain the
following expression from (5.4) and (4.14) in approxi-
mation (2.6):

Etw,=(2; %)

= ﬁQLé‘ZBQL +[Mg| +2ng + 1+ «/\73%“' 12%
(5.6)

1 1d
+|:1—ZH'|+ + (M MF) m:'Q—LE
—hw (M +pgz),

Ne,N=0,1,2, ..., Mc= 0, +1, +2, ...

In the experiments carried out in [14], the authors
measured the ground-state energies Ey(N) of N-elec-
tron two-dimensional quantum dots in GaAs hetero-
structures (U = 0.67, e = 12.5, and g = 0.44) in a per-
pendicular magnetic field 0 < %€ < 16 T by the method
of one-electron tunneling spectroscopy. According
to[20], for low-lying levels in rea two-dimensional
guantum dots, a good approximation is given by the
oscillator model, i.e., a parabolic confining potential

1
Vo(N) = 5m.Q*(N)r,

inEgs. (2.1) and (2.2). It is convenient to compare such
an approximation for the confining potential with the
experimental data of [14] by considering the reduced
energy as afunction of the magnetic field:

Eine(N; 9€) + (M + pgs)hoy
QIN)AQL(N) ’

where S is a quantum number that characterizes the
symmetry of the wave function and coincides with the
total spin for N = 2. Note that the sign of the paramag-
netic term in the expression for energy is chosen such
that, for the states with the minimal energy for given M
and Z, these quantum numbers cannot be negative (see,

for example, (5.4)). In contrast to E(S)(N 7€), in the
case of a parabolic confining potential, the reduced
energy is a universal function of the single parameter
QL(N). This parameter is determined from Eg. (5.5), in
which the effective steepness Q, (N) of the confining
potential may depend, aswas mentioned in [21], on the
number of electronsin a quantum dot.

e(N; 96) = (5.7)

Theresults of asimilar analysisfor N = 2 are shown
in Fig. 2. The experimenta points are borrowed from
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e (2; %)

5.03.14 L E— T |

3.12
451

3‘0 | | | | |

0.9 1.0 1.1
1/0¢

Fig. 2. Reduced energy s(MS)(z; #) versus the quantum

parameter 1/Q, for the value of the steepness of the confin-
ing potential of 2Q = 3.8 meV. The solid curves represent
the results of calculation by Eq. (4.9) with Q replaced
by Q, . Experimental dots arerecal culated by Egs. (5.7) and
(5.8) from the data of [14, Fig. 3a]. The inset presents the
enlarged fragment in the interval of 0.86 < 1/Q; <0.89 (0<

H<2T).

(S)(Z %)
4.0 B
3.5F .
3.0 1 1 1 1 1
09 1.0 1.1
1/0L

Fig. 3. Reduced energy SM)(Z #) for AQ = 3.8 meV in

therange of magneticfieldsof 0 < ¥ <8 T. The solid curves
represent the results of exact calculation, and the dashed
curves represent the contribution of the first three terms of
the 1/Q expansion.

Fig. 3a of [14] and are recalculated by formula (5.7).
Here, as the ground-state energy

1
Eg(D) = A0, (1) ~3H0he,

of a one-electron quantum dot, we took the value
7Q(1) = 3.6 meV indicated in [14]. For the steepness of
the confining potentia of a two-electron quantum dot,

(5.8)
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we obtained a value of 2Q = AQ(2) = 3.8 meV. The
jump of experimental points from the curve £{”(2; ¥)

to the curve e(ll)(z; 7€) corresponds to a singlet-triplet

crossing [14, 22].
In the general case, the position of the crossing, i.e.,
the value 7€, of the magnetic field for which one com-

pares the energies of levels with different symmetries
[22], is determined from the equation

(S) (S)
Evx(N; %) = Epy (N; %) (5.9)

For a two-€electron quantum dot within the 1/Q expan-
sion, thisyields

hQ
Es
y  _  Mj-Mmi

(1+y)*®  2(AM+pughAz)Q

He'? = yu==9a,

(5.10)

Here, y = Aw/hQ, iy = W HH/H)Eg, AM = M, —

M, >0, and AT = 5, — 5. Hence, we obtain #"Y =
2.13 T for the singlet—triplet (AM = AX = 1) crossing
#_, for Q = 3.8 meV. An exact calculation yields a

value of %ix_aft = 2.25T, while the experimental result
is ¥k =2.0T [14].

According to (5.10), for the maximal value 7€, of
the magnetic field, which correspondsto the crossing at
a given steepness of the confining potential #Q, we
have

HD = [BuHAQ/E,. (5.11)

Since this equality yields the estimate #%'? = 7.6 T,
thereisno singlet—triplet crossing for the magnetic field
valuesof 0 < # <8 T. An exact calculation by Eq. (5.1)
confirms this conclusion (see Fig. 2 in the present
paper, aswell asFig. 3in[15]).

As regards the characteristic ripples in Fig. 3a
of [14] intheinterval of 2 < % < 8T, which may imitate
additional crossings, they may be attributed to the oscil -
lations of conductivity as a function of the magnetic
field[14], i.e., to the Shubnikov—de Haas effect [23]. In
Fig. 2 in the present paper, these oscillations manifest
themselvesin the behavior of experimental pointsinthe
interval 0.9 < 1/Q, < 1.1, which corresponds precisely
to the above-mentioned interval of magnetic fields €.

The values of %Sf?) and %E’f’? given above show

that the error of the 1/Q expansion in the determination
of the crossing is about 5%. This error is associated

with the error in calculating the energy €(2; %) in
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the range of values of the parameter Q, under consider-
ation and can be judged from Fig. 3, which shows that
the first three terms of the 1/Q expansion provide an
accuracy of calculation no worse than three percent.

6. CONCLUSION

We have developed a nonperturbative method for
calculating multielectron quantum dots that is based on
the expansion in the dimensionless quantum parameter
1/Q expressed through the ratio of the characteristic
Coulomb energy of electron—€lectron interaction to the
characteristic energy of electrons in a given confining
potential. This method gives analytic expressions for
the spectrum and the wave functions of the system.
These expressions are asymptotically exact in the limit
of large Q. However, taking into consideration only the
first three terms in the expansion in 1/Q provides an
accuracy of about one percent even for Q ~ 1. We have
considered a spin rearrangement of a two-electron
guantum dot in a strong magnetic field and have dem-
onstrated good agreement between the results of calcu-
lations and the experimental data obtained by the
method of one-electron tunneling spectroscopy.

In conclusion, we stress that the advantage of the
1/Q expansion over other variants of the /N expansion
liesin thefact that Q isacontrol parameter whose vari-
ation changes neither the dimension of the system, nor
its symmetry, nor the shape of the effective potential
energy (in contrast, for example, to the /D or 1/n
expansions). Therefore, the method of 1/Q expansion
gives agood accuracy when calcul ating the characteris-
tics of quantum dots in the regions of both weak and
strong €electron correlations.

According to the aforesaid, one can hope that the
method of 1/Q expansion can be successfully applied to
guantum dots or clusters with a large number of parti-
cles and an arbitrary shape of the confining potential
and the form of the interparticle interaction.
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Abstract—Photoel ectric phenomenainisland metal filmsareinvestigated. The electrical conductivity and pho-
toconductivity are measured inisland films of Ti, W, FeNi, and others grown by the method of radio-frequency
sputtering in argon. The photoconductivity effect is observed in metal films whose resistivity varies with tem-
perature by the activation law of p O exp(Ty/T)%. This law is interpreted within the model of variable range
hopping conductivity in the region of a Coulomb quasi-gap. The photoconductivity in metal films is detected
in the visible and near-infrared spectral regions. The mechanisms of photoconductivity in an island metal film

are discussed. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Investigations of the structure and physical proper-
ties of hyperfine metal films less than 2-3 nm thick
began in the late 1950s, when the methods of thermal
evaporation were used to produce the first metal films
[1]. The new stage in the investigation of such struc-
tures is defined by interest in systems of reduced
dimension (quantum wells, dots, wires) and by
progress made in the devel opment of the technology of
preparing various nanostructures and of the methods of
their investigation. Interest in thin island metal filmsis
associated both with the detection of radiation in such
structures in an external electric field [2] and with the
development and investigation of new classes of mate-
rials such as nanocomposites [3]: thin island films rep-
resent a particular case of such new materials. The flow
of current in such disordered systems is defined by the
electron tunneling from some localized states to other
states, leading to the activation dependence of the elec-
tric resistance,

R(T) = Roexp(To/T)",

where T is the temperature and R,, Ty, and n are quan-
tities determined by the parameters of the disordered
system, the electron interaction, and the system dimen-
sion, respectively. According to Mott [4], n= 1/(d + 1),
whered isthe system dimension, although, aswas dem-
onstrated by Efros and Shklovskii [5], n = 1/2 for any
dimension. Dependences of the resistance, correspond-
ing both to the Mott law and to the Efros-Shklovskii
law, were experimentally revealed in thin disordered
films of various materials. However, a number of
researchers found that n = 0.75, which is at variance
with the existing theoretical concepts [6]. The reasons
for the emergence of such a dependence have not yet

been clarified. For example, the quantity R, in the gen-
eral case may be other than constant and depend on the
temperature, R, = bT™, where b and m are constants,
and the hops from island to island may be correlated.
Therefore, no unified viewpoint exists at present with
respect to the mechanism of electric current flow inthin
island metal films. Photoconductivity in metallicisland
films has not been studied. We have investigated the
conductivity and the photoconductivity (revealed for
thefirst time) of thin filmsof Ti, W, FeNi, and Co. Tun-
nel microscopy was used to investigate the surface mor-
phology of the structures under study.

2. EXPERIMENTAL PROCEDURE
AND RESULTS OF MEASUREMENT

Thinfilmsof Ti, W, FeNi, and others were grown by
the method of radio-frequency (rf) sputtering in argon.
Theinitial vacuum in the sputtering system was at least
1076 mbar, with an argon pressure of 7 x 104 mbar. The
rate of deposition of the materials used was determined
prior to sputtering; for all metals being grown, thisrate
was in the range from 0.4 to 0.5 A/s. In view of the
invariability of the deposition rate throughout the pro-
cess, the sputtering was monitored over time. KEF-4.5
silicon and glass ceramic were used as substrates. The
substrate temperature during the film deposition did not
exceed 80°C. All films of one metal were grown under
the same process conditions. After sputtering, each
metal structure was coated with athinlayer of dielectric
(Al,0;, d = 8 A) or semiconductor (ZnTe, SIC, d =
8 A). The metal film thickness was varied from 5 to
100 A; in so doing, the majority of prepared samples
were in the range of small thickness (5-15 A).
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Fig. 1. Animage of the surface of a6.3 A thick tungsten film
deposited on a dielectric substrate.

Mesostructures 0.5-1.5 mm wide and 2-3.5 mm
long were prepared for measuring the conductivity and
photoconductivity of structures obtained. Ohmic con-
tacts were provided by applying indium onto the metal
film surface. The film resistivity was measured under
constant voltagein the linear region of the current—volt-
age characteristics of the sample in the temperature
range from 77 to 300 K. The photoconductivity was
measured at room and nitrogen temperatures in the
wavelength range of incident radiation from 0.5 to
2 um. The structureswereilluminated using an MDR-2
monochromator, with a ribbon filament lamp as the
radiation source. The light was modulated at a fre-
quency of f =2 x 102 Hz (period T=50 ).

In studying the photoelectric properties of metal
films, we investigated the topography of structures by
atomic-force microscopy and measured the surface
resistivity of metal films as a function of temperature
and the photoconductivity spectrum of metal films
applied onto the dielectric substrate.

Figure 1 isatypical image of the surface of a6.3 A
thick tungsten film applied onto a dielectric substrate.
One can seethat the film exhibits an island pattern with
an island size of about 150 A; in this way, the islands
are spaced on the average about 15 A apart. Investiga-
tion of samples with a film of a different composition
but the same thickness produces similar images which
differ only by island size. When the film thickness is
increased, the islands gradually merge together and,
with a metal film thickness on the order of 20 A, the
film becomes continuous.

The temperature dependence of the surface resistiv-
ity of atungsten film on a dielectric substrate is given
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Fig. 2. The temperature dependence of the surface resistiv-
ity of tungsten film for six structures of different thickness
of metal film (6.3 (1), 7.9 (2), 9.8 (3), 11 (4), 19 (5), and
100 A (6)).

inFig. 2 for six structures of different thickness of metal
film(d=6.3, 7.9, 9.8, 11, 19, and 100 A). Figure 3 gives
the surface resistivity asafunction of the film thickness
at a temperature of 77 K. The dependences of the sur-
face resistivity of Ti- and FeNi-based films differ little
from the dependences of the resistivity of tungsten
giveninFigs. 2 and 3. One can seein Figs. 2 and 3 that
athree-fold variation of the thickness of tungsten film
on a dielectric substrate (from 6 to 20 A) causes its
resistivity to change by seven orders of magnitude. The
film resistivity decreases with increasing temperature.
With the metal film thicknessranging from 19to0 100 A,
the film resistivity does not depend on temperature in
the temperature range of our measurements.
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Fig. 3. The surface resistivity asafunction of the film thick-
ness at a temperature of 77 K.
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Fig. 4. Spectra of relative photoconductivity of tungsten
films of different thickness (6.5 (1), 8 (2), 9.5 (3), and
11A (4)).

We aso performed measurements of the time in
which the current through the sample responds to the
step of voltage applied to the sample. When a voltage
step was applied to the contacts of a sample with a
metal film of thicknessd = 6.3 A, thetime dependence
of the variation of current through the sample exhibited
an exponential pattern. This dependence was approxi-
mated by the sum of two exponents with different char-
acterigtic times (1 ~ 102 sand T ~ 10 ). As the film
thickness was increased, the fast component of thetime
of variation of current upon application to the sample
decreased, while the slow component of the time of
variation of current remained almost unchanged. Note
that the current caused by the fast mechanism was
approximately ten times higher than the current associ-
ated with the slow mechanism.

Figure 4 gives the spectrum of relative photocon-
ductivity of tungsten film applied onto a dielectric sub-
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Fig. 5. The relative photoconductivity as a function of the
metal film thicknessat A = 0.7 um.
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strate, reduced to the intensity of incident radiation; in
this figure, &0 is the variation of film conductivity
reduced to the intensity of light incident on the sample
and o is the film conductivity in the absence of light.
The spectrum was measured in the wavelength range
from 0.5 to 2 um at atemperature of 77 K in four sam-
ples of different thickness of metal film (d=6.5, 8, 9.5,
and 11 A). The photoconductivity of the film was mea-
sured in the linear region of the curve describing the
dependence of film photoconductivity on the light
intensity. Figure 5 gives the reduced relative photocon-
ductivity asafunction of the metal film thicknessonthe
wavelength of light incident on the sample A = 0.7 um.
One can seein Figs. 4 and 5 that the relative photocon-
ductivity smoothly decreases with increasing wave-
length; when the film thickness is varied, the curve of
relative photoconductivity exhibits a maximum at a
metal layer thickness of about 9 A.

Figure 6 gives a reduced variation of photocurrent
through the sample upon ddivery to the film of alight
pulsewith aduration of 25 s; inthisfigure, dl isthe vari-
ation of current through the sample at the given moment
of time under the effect of light and 8l .5, iS the maximal
variation of current under the effect of light. One can see
in Fig. 6 that the rise time and fall time of photocurrent
are the same and approximately equal to 10 s.

3. DISCUSSION OF THE RESULTS

An image of the surface of atungsten film of thick-
ness d = 6.3 A applied onto a dielectric substrate is
given in Fig. 1. This sample was not randomly chosen
to demonstrate the structure of the film surface. It is
with this thickness of tungsten film applied onto a
dielectric substrate that the film begins to conduct the
electric current (see Fig. 3). No electric current flow
through the film is observed for a smaller film thick-
ness; the film resistivity decreases abruptly with

Ol/3l .k
1.2 T T T T

0.8

0.4} .

0 10 20 30 40 50

Fig. 6. A variation of photocurrent through the sample upon
incidence on thefilm of alight pulse with aduration of 25s.
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increasing thickness. One can seein Fig. 1 that the film
exhibits an island pattern. According to estimates, the
average island radius (we assume that the islands are
circular in shape) is r = 150-160 A, the number of
islands per unit areais N = 7 x 10'° cm?, and the frac-
tion of the substrate surface taken up by metal islandsis
O, = N2 =0.47-0.57. Therefore, in metal filmswith a
thickness of 6.3 A and ©, = 0.47-0.57, the percolation
threshold of current is observed and an infinite cluster
is formed; this agrees well with the percolation thresh-
old of the continual problem of percolation theory for a
two-dimensional case (©, = 0.5) [5].

The measured dependences of the surface resistivity
of metal films on the sample temperature, given in
Figs. 2 and 3, drastically differ from, and exceed by
many orders of magnitude, those of massive metal sam-
ples. Theresistivity of metal films of thicknessd = 6.3,
7.9, 9.48 A varies with temperature by the activation
law of p O exp(Ty/T)%° (see Fig. 7). This law is inter-
preted within the model of variable range hopping con-
ductivity in the region of the Coulomb quasi-gap [5].
Hopping conductivity of two typesis possible in metal
films. The conductivity of the first type is associated
with the electron tunneling from one metal island to
another involving phonons. The conductivity of the sec-
ond typeis associated with thetransition of electronson
the Fermi level from a metal island to traps which are
always present in the protective (semiconductor or
dielectric) layer. From the traps, the electrons may tun-
nel to another metal island. These traps may be located
on the surface or within the thin protective layer cover-
ing the metal island and separating it from the neigh-
boring metal island. One can distinguish between these
two mechanisms of current flow in island metal films
by measuring the time of response of the current
through the sample to the step of voltage applied to the
sample. In the case of electron tunneling directly from
onemetal island to another, the time of current response
to the step of voltage must be shorter compared to the
transition of electrons between metal islands through
traps. As was demonstrated by the results of measure-
ments given in the previous section, the time of
response of the current in the sample to the step of volt-
ageis characterized by two times (short and long), and
the current associated with short times is much higher
than the current associated with slow processes. It is
obvious that the fast component of current variation is
defined by hops of electrons directly between metal
islands, and the slow component is defined by the inter-
mediate capture of electronsin the traps; consequently,
the mechanism of current flow through island metal
films is largely defined by hops of electrons between
metal islands.

With a metal film thickness exceeding 10 A, the
metal idands increase in size and form a continuous
film. However, thefilm thickness remains much smaller
than the mean free path of electrons during their scat-
tering by phonons. In the films, the conduction elec-
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Fig. 7. The logarithmic dependence of the resistivity of a

series of metal films as afunction of T2 (6.3 (1), 7.9 (2),
9.8(3), 11 (4), 19 (5), and 100 A (6)).

trons are scattered from the boundaries and from the
defects and nonuniformities of the film; as aresult, the
mean free path of electronsin the film depends weakly
on temperature and, therefore, films with athickness of
up to 100 A exhibit aweak dependence of their resistiv-
ity on temperature.

Under the effect of electromagnetic radiation, the
conductivity of metal film varies. Asin the case of con-
ductivity, the mechanisms of photoconductivity may be
associated with hops of electronsdirectly from one metal
island to another with the absorption of alight quantum,
or with the electron transition from a meta idand to a
trap with the absorption of a light quantum and a sub-
sequent electron transition from the trap to another
metal idand. The dependence of the photoconductivity
on the wavelength of incident radiation and the time
characteristic of variation of photoconductivity upon
stimulation of the metal film by a radiation pulse are
giveninFigs. 4, 5, and 6. The special features of the pho-
toconductivity effect in thin metd films are asfollows.

(1) The photoconductivity decreaseswith increasing
wavelength of electromagnetic radiation. This regular-
ity isobserved in al measured samples (Fig. 4).

(2) The absolute value of photoconductivity of a
metal film increases with increasing film thickness.
However, the relative magnitude of photoconductivity
has a maximum and decreases with increasing film
thickness (Fig. 5).

(3) The rise time and the fall time of photocurrent
are the same and approximately equal to 10 s.

Theforegoing features characterizing the photocon-
ductivity in thin metal filmslead to the assumption that
the photoelectric phenomena in these films are not
directly associated with the electron tunneling from one
metal island to another. This conclusion follows from
the observation that the time of response of photocon-
ductivity to the radiation pul se exceeds by three orders
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of magnitude the time of response of current in thefilm
to the step of voltage.

Obvioudly, in this case, the photoconductivity is
associated with the transition of electrons from metal
islands to traps with the absorption of alight quantum.
Then, the electrons make a transition from the traps to
other metal islands. These traps may be located on the
surface of a thin oxide or dielectric layer covering a
metal island and separating it from the neighboring
metal island, or within the dielectric layer proper. The
dielectric layers between metal islands are noncrystal-
line; such substances are characterized by alowed
states in the forbidden band, with the density of the
states as a function of energy increasing abruptly from
the middle of the forbidden band of the dielectric
towards the conduction and valence bands [4]. Under
the effect of radiation, the electrons located on trapsin
the vicinity of the Fermi level or on metal islands are
excited to higher states in the forbidden band of the
dielectric, where the density of states of the traps is
much higher than the density of their statesin thevicin-
ity of the Fermi level. Therefore, the probability of the
electron capture to the traps increases with the light
guantum energy and, consequently, the metal film con-
ductivity must increase with the energy of absorbed
light quantum. It is this behavior of the dependence of
photoconductivity on the wavelength of incident light
that has been observed experimentally (Fig. 4).

One can seein Fig. 5 that the relative photoconduc-
tivity of metal film has amaximal value at afilm thick-
ness of d = 9-10 A. Thisfact is additional evidence for
the existence in metal films of hopping conductivity of
nonequilibrium electrons over localized states of two
types. Figure 5 gives the photoconductivity as a func-
tion of metal film thickness, divided by the total con-
ductivity of metal film associated with the electron tun-
neling both directly between metal islands and via
traps. As the film thickness is varied while the film
exhibits anisland pattern, the number of islands and the
number of dielectric interlayers vary proportionaly
with the variation of the film thickness. On the other
hand, an increase in the film thickness leads to an
increase in the quantum yield and, consequently, to an
increase in the relative photoconductivity. As the film
thicknessisfurther increased, the metal islands grow in
size to form a continuous film and the conductivity
associated with the transition of electrons between
metal islands abruptly increases compared to the tran-
sition of electronsto traps. Thisexplainsthe decreasein
the relative photoconductivity with increasing film
thickness and confirms the existence of two types of
hopping conductivity in thin metal films.

4. CONCLUSIONS

We have investigated the photoconductivity and
revealed for the first time the photoelectric effect in
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hyperfine island metal films. The investigations were
performed in films of Ti, W, FeNi and others, grown by
the method of rf sputtering in argon. It has been demon-
strated that these metal films exhibit an island pattern
and their resistivity varies with temperature by the acti-
vation law of p O exp(Ty/T)%°. This law is interpreted
within the model of variable range hopping conductiv-
ity in the region of the Coulomb quasi-gap; in such a
way, it has been demonstrated that electrons may hop
directly between metal islands with the participation of
phonons or they may hop between metal isandswith an
intermediate hop to traps in the dielectric layer separat-
ing the islands. The photoconductivity in such films
was observed in the visible and near-infrared spectral
regions. Two modes of photoconductivity in island
metal films were suggested in order to determine the
mechanism of photoconductivity. It has been demon-
strated that the photoconductivity in the visible and
near-infrared spectral regions is associated with the
transition of electrons from metal islands to traps with
the absorption of light quanta. Then, the electrons make
a transition from traps to other metal islands. These
traps may be located on the surface of a thin oxide or
dielectric layer covering a metal island and separating
it from the neighboring meta island, or within the
dielectric layer proper.
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Abstract—The equation of the magnetization of ahexagonal crystal isderived for thefirst timefor an arbitrary
orientation of the external magnetic field relative to the crystallographic ¢ axis. In order to clarify the magneti-
zation mechanism for areal ensemble of small particlesin the framework of the given problem, surface anisot-
ropy (which is significant for nanosize objects) was taken into account along with crystalline magnetic anisot-
ropy and anisotropy in the particle shape. Model computer experiments prove that the magnetization curvesfor
nanocrystals oriented in a polar angle range of 65-90° exhibit an anomaly in the form of ajump, indicating a
first-order spin-reorientation phase transition. This explains alarger steepness of the experimental curve recon-
structed taking into account the interaction between particles as compared to the theoretical dependence
obtained by Stoner and Wohlfarth [|EEE Trans. Magn. MAG 27 (4), 3469 (1991)]. An analysis of variation of
the characteristic anisotropy surface and its cross section with increasing ratio |K,|/K; of the crystalline mag-
netic anisotropy constants upon a transition from a macroscopic to a hanoscopic crystal shows that surface
anisotropy leads to a change in the magnetic structure. As aresult, an additional easy magnetization direction
emerges in the basal plane apart from the easiest magnetization direction (along the c axis). The direction of
hard magneti zation emerges from the basal plane, the angle of its orientation relative to the ¢ axis being afunc-

tion of theratio |[K,|[/K;. © 2003 MAIK “ Nauka/Interperiodica’ .

1. INTRODUCTION

In contrast to its macroscopic analog, the magneti-
zation curvefor asystem of small particlesis character-
ized by a weak variation of magnetization over an
extended initial region of fields (H < 0.25H,, H, being
the anisotropy field), followed by an abrupt increase.
Such a shape of the curve was theoretically substanti-
ated for the first time in [1] for an ensemble of ran-
domly oriented monodomain noninteracting particles.
The case of uniaxial magnetic anisotropy associated
with the shape of the particles was considered. At the
sametime, it was assumed that the val ue of the anisot-
ropy field isthe same for the entire ensemble. Hyster-
esis loops were calculated numerically, and the basic
magnetization curve was obtained by averaging the
descending and ascending branches of the limiting
hysteresis loop.

Analysis of the behavior of real ensembles of small
particles in amagnetic field [2, 3] indicates the neces-
sity of taking into account, in addition, the surface
anisotropy and the interaction between particles.

2. SPECIFIC FEATURES OF A SYSTEM
OF NANOPARTICLES
OF BARIUM HEXAFERRITE

The form of the field dependence of magnetization,
which was described theoretically in [1], was observed
for a close-packed ensemble of lamellar nanoparticles
(diameter d = 10-100 nm and d/h = 2-5, where h isthe
particle thickness) of the highly anisotropic ferrimagnet
BaFe;,0,4 (P6s/mmc, c=2.32 nm) at 300K, i.e, inthe
range of the magnetically stable state [4]. This object
corresponds to the theoretical model in three main fea-
tures. monodomain nature, uniaxial (here, crystalline
magnetic) anisotropy of the material, and random ori-
entation of particles. The main specific feature of the
system under investigation is the particle distribution
over morphological parameters, leading to anisotropy
field distributions with different contributions of the
shape anisotropy and especially surface anisotropy.

Analysis of the anisotropy field distributions indi-
cating a decrease in anisotropy fields from 18 to 8 kOe
depending on the particle size [2] makes it possible to
explain the observed displacement of the magnetization

1063-7761/03/9605-0945%$24.00 © 2003 MAIK “Nauka/Interperiodica’
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Fig. 1. Main magnetization curve at 300 K: results of calcu-
lations with the value of the anisotropy field of barium fer-
rite (1), experimental data for nanocrystalline BaFe;501q
powder (2), experimental curve reconstructed taking into
account the particle interaction (3), and theoretical curve as
theresult of computer simulation for ananocrystal, H Ol c (4).
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Fig. 2. Field dependence of the differential magnetic sus-
ceptibility for cases 1, 2, and 3 (see Fig. 1).

jump on the experimental curve relative to the theoreti-
cal position towards smaller field values (Fig. 1).

Since the powder sample under investigation is a
close-packed ensemble of particles (packing factor p =
0.4), the effect of particle interaction was manifested in
it in spite of strong crystalline magnetic anisotropy of
the material. It was shown in [3] that the resultant inter-
action in the given system is negative and significant
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precisely in the magnetization jump region, i.e, in
fields corresponding to irreversible magnetization pro-
cesses. It can be seen from Fig. 1 that the shape of the
magnetization curve reconstructed by taking into
account the correction to the particle interaction has not
changed, but its maximal steepness (differential sus-
ceptibility) in the jump region (Fig. 2) has increased
and exceeded the theoretical value by 40%. This points
to the existence of an additional (relative to the theoret-
ical model) mechanism of formation of the magnetiza-
tion curve, which is typica of the system in question.
Here, we put forth the assumption that this mechanism,
which is masked by the particle interaction, is associ-
ated with the effect of surface anisotropy.

3. ANISOTROPIC PART OF THE FREE ENERGY
OF A BaFe,;,0,0 NANOCRY STAL

For a hexagonal crystal, the anisotropic part of the
free energy can be written in the form

F(0, ¢) = K,sin’8+K,sin'0
(1)

+ (K, + Kicos69)sin’e + ...,

where K, K,, ... are the crystalline magnetic anisot-
ropy constants, and 6 and ¢ are the polar and azimuth
angles of the magnetization vector, respectively.

The crystalline magnetic anisotropy energy of bar-
ium ferrite is described by the first anisotropy constant
aone,

W(B) = K,sin’e, )

where K, =3.3x 10°ergcm=3at T = 300 K. Aswe pass
to a nanocrystal, the contributions from other anisot-
ropy types (surface and shape anisotropy) characteristic
of the given object must be taken into account in Eq. (2)
along with the main contribution of crystalline mag-
netic anisotropy.

Surface anisotropy appears astheresult of structural
distortionsin the surface layer with broken stoichiome-
try [5, 6]. Being crystallographic in nature, surface
anisotropy isdueto single-ion contributions of magnet-
ically active ions localized in positions with a lower
symmetry. It is found that the surface layer thickness
determined in [7] for a BaFe;,0,9 macrocrystal along
its ¢ axis amounts to 2-5 nm and is commensurate with
the thickness of nanoparticles under investigation. For
this reason, it is expedient to characterize the surface
anisotropy in the present case by introducing constant
Ks, viz., the energy per unit volume and not per unit area,
asis generally expected [8]. The results of calculations
show that constant Kg=-1.8 x 10° erg cm=3[2]; i.e,, its
sign is opposite to that of the first magnetocrystaline
anisotropy constant and is comparable to its value.

The surface anisotropy constant Kg was taken into

account by introducing it into formula (1) for free
energy as constant K. Thisis substantiated by the data
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obtained from the investigation of the magnetic anisot-
ropy of a hexaferrite macrocrystal of the same struc-
tural class with an unsubstituted magnetic matrix (the
total number of Fe** ions and their localization remain
unchanged), but with perturbed crystalline structure.
For example, substitution of a pair of La*—Na'* with
different valences for B&* ions in a unit cell of
BaFe,,0,4 ferrite lowers the symmetry in view of their
superstructural ordering and changes the degree of
local distortions of crystallographic positions responsi-
ble for the formation of magnetocrystalline anisotropy.
This leads to the emergence of a fourth-order anisot-
ropy constant K,, which, in contrast to K, is negative
and has the same order of magnitude [9].

In order to verify the correctness of the assumption
that the surface anisotropy constant Kg is equivalent to
the magnetocrystalline anisotropy constant K, we ana-
lyze the diagram of equilibrium magnetization states
for ahexagonal ferromagnet [ 10]). The computer version
of the equilibrium state diagram of magnetization [11]
for K, > 0 isshown in Fig. 3. In the equilibrium state,
spontaneous magnetization in the crystal is oriented in
the direction corresponding to the absol ute minimum of
the anisotropy energy. The existence of local minimum
and maximum in regions |1-V indicates the possibility
of existence of angular magnetic structures and spin-
reorientation phase transitions. The curves on the dia-
gram mark the stability boundaries of phases[10].

If the anisotropy energy of a ferromagnet can be
described by Eq. (2) (asin the case of a barium ferrite
macrocrystal), the point corresponding to its magnetic
state falls in region I; namely, it is at the origin of the
equilibrium state diagram for magnetization. In this
case, the equilibrium magnetization is oriented parallel
to the c axis. The basic magnetization curves have no
singularities for any orientation of the external mag-
netic field. If the anisotropy parameters of the crystal
correspond to regions | and Il on the diagram, where
K;>0,K,<0,and K; = |[K,|, K3 = K; =0, the easiest
magnetization direction of the crystal is oriented along
the c axis. If the crystal magnetization is perpendicul ar
to the ¢ axis, a magnetization jump can appear in the
critical magnetic field. According to the classification
introduced in [10], this is a first-order spin-reorienta-
tion phase transition.

Such a case is redlized in the barium ferrite nano-
powder under investigation with the anisotropy param-
etersK; >0, K=K, <0, and |K,J/K; = 0.6. Thefact that
the experimental samples of barium ferrite nanopowder
exhibit this singularity in the behavior of magnetization
in a magnetic field justifies the identification of con-
stant Kg with the magnetocrystalline anisotropy con-
stant K.

It should be noted that regions | and |1 of the orien-
tation diagram, where K, > 0, K, <0, and K; = |[K,|, are
characterized by the existence of alocal minimum of
the anisotropy energy in the basal plane in addition to
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Fig. 3. Equilibrium state diagram for magnetization of a
hexagonal crystal for K; > 0: 1 and 2 are the absolute and
local minima, and 3 and 4 are the absol ute and local maxima
of the anisotropy energy [10].

the absol ute minimum along the ¢ axis. For this reason,
sixth-degree invariants (anisotropy constants K5 and

K3) must be taken into account in the general case in

the expression of the anisotropic part of the free energy
of the nanocrystal.

In order to analyze magnetization processes cor-
rectly, we must also take into account the magnetostatic
energy of nanoparticles. Inthe problem under consider-
ation, nanoparticles have a platelet shape and can be
treated in the first approximation as oblate ellipsoids of
revolution. In this case, the anisotropic part and the
magnetostatic energy can be represented in the form
12 Lo .2
E(Nb—Na)sn 0 = Kysin0, 3
where |g is the magnetization and N, and N, are the
demagnetizing factors. The form of expression (3) for
the anisotropic part of the magnetostatic energy coin-
cides with expression (2). Consequently, we can com-
bine Egs. (2) and (3), and constant Ky will be hence-
forth taken into account as a correction to the first mag-
netocrystalline anisotropy constant. In the case
considered here, Ky = 3 x 10° erg cm~3, which amounts
approximately to 10% of constant K,. Consequently,
the anisotropic part of the free energy of a hexagonal
nanocrystal can be written in the form

FA®, §) = (K;—K,)sin’0 +K,sin'@

Wdem =

6 @
+ (K3 + K3;c0s64)sin'0 + ...

Thisform of representation takesinto account the main
types of energy responsible for magnetization pro-
cesses. the magnetocrystalline anisotropy energy, the
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Fig. 4. To the calculation of the magnetization curves of a
hexagonal nanocrystal.

surface anisotropy energy, and the magnetostatic
energy. In particular, if Ky > K, the Stoner—Wohlfarth
model [1] is realized. In order to simplify notation in
the subsequent analysis, we will assume that K, stands
for the difference K; — K.

In order to obtain an analytic description of magne-
tization processes in ferromagnets, we must also
include the Zeeman energy, viz., the energy of interac-
tion of magnetization with the external magnetic field:

W, = —(Ig[H) = —IHcos(8, —8), (5)

where 8 and 6,, are the angles between the ¢ axis of the
crystal and the directions of magnetization and external
magnetic field, respectively (Fig. 4). Taking into
account relations (4) and (5), we can write the free
energy of ahexagonal crystal in the form

F = FA(B, ¢) + W, = F4(6, ¢) —IsHcos(6,, —0).(6)

This equation was used for deriving the equation of
state or the equation describing the main magnetization
curve and for analyzing the dynamics of magnetization
processes in hexagonal barium ferrite nanocrystals.

4. EQUATION OF STATE
FOR A HEXAGONAL CRYSTAL FOR THE CASE
OF ARBITRARY ORIENTATION
OF THE EXTERNAL MAGNETIC FIELD
RELATIVE TO THE c AXIS

The equation describing the main magnetization
curve or the equation of state of ahexagonal crystal can
be derived by equating to zero the derivatives of free
energy (6) with respect to angles 8 and ¢ and by solving
the obtained system of equations [10]. In particular
cases when the external magnetic field is oriented par-
allel or perpendicular to the c axis, the corresponding
equations describing the magnetization curve have the
form

h = —2m[1+ 2x(1—m?) + 3y(1-m?)7]
x (1+2x+ 3y),

(7)
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or
h = 2m(1+2xm*+ 3ym?), (8)
where
K, K |
X = —=, =—, m= —,
K YT K Is
_2H _ Ky

In the general case when 0 < 6, < 90°, the equation
of state taking into account the second, fourth, and
higher order invariantsin the free energy expansion for
an arbitrary orientation of the magnetic field is a tran-
scendental fifth-degree equation. Its exact solution
involves rather complicated calculations.

Let us consider a general approach to solving the
given problem and abtain the required results using a
numerical method of solution of the state equation for a
hexagonal magnetically ordered crystal.

We normalize Eq. (6) in the modulus |K,| of the first
magnetic crystallographic anisotropy constant; consid-
ering that K, = Hp, 142, we can write the free energy of
the crystal in question in the form

£(6, h) = W(8) —hcos(6,—6), ©)
where
W(e) = \ﬂ’(((j), h = li—':l cos(8,,—0) = I'—S

For the rotational mechanism of magnetization, the
magnetization vector | 5 deviates from the easy magne-
tization direction and rotatesin the direction of thefield
under the action of thetorqueM =I5 x H created by the
field (Fig. 4). In equilibrium, this torque is compen-
sated by the opposite moment M, = —df(6, h)/do of
anisotropy forces tending to rotate magnetization vec-
tor in the easy magnetization direction.

If the magnetization of a ferromagnetic nanoparti-
cles occurs as the process of rotation of the magnetiza-
tion vector towards the direction of the applied mag-
netic field, the magnetization curve is described by the
equation

m(h) = cos[8™"(h) -], (10)

where 8™"(h) is the angle for which the anisotropy
energy has a minimum for a given value of h.
It should be noted that function m(h) increases

monotonically. Indeed, if h, < h, and 8", 85", and
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m,, m, are the corresponding angles and the values of
cosines, inequalities

(67" hy) < (63", hy),

. A (11
£z, hy) < f(81", hy
after term-by-term summation give
(h,—hy)(m,—m,) =0, (12)

whence m, > m.

Further, it should be noted that the anisotropy
energy minimum is attained at points ™" satisfying the
conditions

f'(®,h) = —w'(8)—hsin(8-8)| _ . = 0, (13
so that
- w(®)
Sn(eH_e) e:emin'
Consequently, the parametrically defined curves
_ _ - ___w(®)
m = cos(6,—-0), h= Sn(6,—0)’
(14)

T

0<0<06,< >
can be treated as the “theoretical” magnetization
curves. The real magnetization curve m(h) consists of
individual “theoretical” branches. A transition from one
branch to another occurs jumpwise; thisisthe jump on
the magnetization curve.

The properties of the function m(h) mentioned
above suggest the following numerical method for con-
structing this function, which leads to a certain
sequence of points

(hg, my), ..., (h, M), ..., (h,, m,).
Let us specify asmall step Amalong themaxis. Assum-
ing that the previous point (n,_;, m._,) has been deter-
mined (we take (0,0) as the initia point (hy, My)), we
construct the next point (h,, m,).

The angle corresponding to the minimum anisot-
ropy energy for h=h,_, isdenoted by ;" . Depending
on the relation between m,_, and cos8;"", the choice
of paint (h,, m) can be made in different ways.

min

11fm_,=cos(6, —0),wehave

w(6})

mg = me_;+Am, h = ————,
oo “" sin(6'-0)

(15)

where 8; = g+ arccosm, (the plus or minus sign is
determined by the sign of difference 8" —6).
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min

2.1fm_,<cos(6, —06), wehave

m, = cos(6]""-8), h, = h,_,. (16)
The value of the field h = h,_; = h, is critical, and the

magnetization curve containsthejump Am=m,—m, _;.

Thus, Eqg. (14) can be treated as the equation of the
main magnetization curve of the hexagonal crystal for
an arbitrary orientation of the external magnetic field
relative to the ¢ axis. The magnetization process associ-
ated with rotation of the spontaneous magnetization
vector can bereversible (15) or irreversible (16) with a
jump in the critical magnetic field.

5. RESULTS
OF MODEL COMPUTER EXPERIMENT

Equations (4), (6), and (14) form the basis of the
program Crystal for simulating the dynamics of magne-
tization processes. In order to obtain magnetization
curve, it is sufficient to indicate a point on the plane of
the orientation phase diagram and to specify the direc-
tion of the external magnetic field. The values of anisot-
ropy constantsfor the chosen point are introduced auto-
matically in the programs for constructing not only
magnetization curves, but al so the characteristic anisot-
ropy surface and its cross section.

Figure 5 showsthe model of the main magnetization
curvesfor macrocrystalline and nanocrystalline barium
ferrite samples for various orientations of the magnetic
field relative to the crystallographic ¢ axis. It can be
seen from Fig. 5a that the magnetization curve has the
form typical of auniaxial macrocrystal. Inthe direction
of hard magnetization (8, = 90°), the magnetization
increases linearly and attains saturation in a magnetic
field equal to the anisotropy field. The deviation of the
external field direction from the basal plane leads to a
sharp increasein the technical saturation field (Figs. 5b
and 5c¢); for 8, = 65° (Fig. 5¢), this field exceeds the
anisotropy field by a factor of ~8. For intermediate
angles 0 < B, < 90°, a magnetization component along
the ¢ axis simultaneously appears; the value of this
component increases as angle 6 decreases from 90° to
zero. Thiscan be clearly seen fromthe“ starting” points
of the magnetization process.

For comparison, Figs. 5d-5f show the models of the
main magnetization curves for a barium ferrite nanoc-
rystal. The value |[K,[/K; = 0.60 corresponds to the
experimentally obtained ratio of the surface and mag-
netocrystalline anisotropy constants.

Let us consider in greater detail the models of the
magnetization curves for nanocrystalline samples. For
8, = 90°, the magnetic field in which a magnetization
jump is observed amounts to 0.23 of the anisotropy
field of the macrocrystal and 0.34 of the mean value of
the anisotropy field on the system of nanocrystals under
investigation. The latter value corresponds to the field
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Fig. 5. Computer models of the magnetization curves for amacrocrystal, |K,[/K; = 0 (a—c), and for a nanocrystal, |K,|/K; = 0.6 (0—)
for different orientations of the external magnetic field relative to the c axis: 6 = 90° (g, d), 75° (b, €), and 65° (c, f). Short dashes

in the figures correspond to solutionsto Egs. (14).

of the jump on the experimentally obtained magnetiza-
tion curve (curve 3 in Fig. 1). As angle 6, decreases
from 90° to 65°, the field corresponding to the magne-
tization jump increasesto h=0.60H,. If angle6,, < 65°,
the magnetization jump vanishes and the magnetization
curves of the nanocrystalline sample become similar to
those for a macrocrystalline sample.
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In order to find the factors leading to a spin-reorien-
tation phase transition in barium ferrite nanocrystals,
we obtained the characteristic anisotropy surfaces and
their cross sections, i.e., vector anisotropy diagrams,
which giveavisual ideaof the spatial distribution of the
anisotropy energy. The concept of the characteristic
anisotropy surface was introduced in [12] on the basis
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IKZI/KI = 07

X

Fig. 6. Evolution of the characteristic surfaces and vector
diagrams of anisotropy upon transition from amacrocrystal
to ananocrystal.

of the anisotropic part of free energy in the form of a
tensor series [12, 13], which contains symmetric ten-
sors of even (second, fourth, and sixth) ranks in accor-
dance with the crystal symmetry. Equation (1) was
derived as a result of transformation of the tensor rep-
resentation of the anisotropic part of free energy into a
trigonometric form [13].

The characteristic surfaces and the vector anisot-
ropy diagrams for BaFe;;0;4 macrocrysta and the
nanocrystal are shown in Fig. 6. In all cases considered
here, the characteristic surfaces are of toroidal shape.
Asthe ratio of the anisotropy constants increases from
zero to 0.9, the shape of the characteristic surface and,
accordingly, of the vector diagram, changes. Analysis
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of these variations in the range of |K,|/K; values under
investigation makes it possible to study in detail the
effect of surface anisotropy on the dynamics of varia-
tion of the magnetic structure upon atransition from a
macrocrystal to a nanocrystal and, hence, to establish
the nature of the spin-reorientation phase transition in
guestion.

For amacrocrystal, we have |[K,[/K; = 0. In this case,
the vector diagram of anisotropy displays an absolute
minimum and an absolute maximum of the anisotropy
energy lying, respectively, at anglesof 6 =0and 6 =90°
to the c axis. These angles correspond to the easiest and
hard magnetization directions. As the ratio of the con-
stants increases from 0 to 0.9, the anisotropy energy in
the basal plane gradually decreases, and for |K,[/K; =2
0.2, there appearsalocal energy minimum whose depth
increases upon afurther increase in theratio of the con-
stants. The absolute and local minima are separated by
an absolute maximum whose position shifts from 6 =
90° to 8 = 60° with increasing ratio of constantsfrom 0
to 0.9.

The emergence of the hard magnetization direction
from the basal plane indicates a change in the magnetic
structure of the crystal: a uniaxial crystal becomes at
least biaxial. The easiest magnetization direction coin-
cideswith the c axis as before, and the new direction of
easy magnetization lies in the basal plane. The hard
magnetization direction forms with the ¢ axis an angle
whose value depends on the ratio of the surface and
magnetocrystalline  anisotropy constants. Conse-
quently, the reason for a spin-reorientation phase tran-
sition occurring in a magnetic field in barium ferrite
nanocrystals is the change in the magnetic structure
caused by the open surface of nanoparticles and the sur-
face anisotropy energy associated with it.

6. CONCLUSIONS

It is proved that the specific auxiliary mechanism of
formation of the magnetization curve for a highly
anisotropic ferrimagnet upon atransition from amacro-
crystal to a system of nanocrystals as compared to the
Stoner—Wohlfarth theoretical model [1] is the mecha-
nism associated with surface magnetic anisotropy. This
effect, which is masked by particle magnetic interac-
tion in the case of a close-packed system, was revealed
by appropriate reconstruction of the magnetization
curve.

An equation is derived for the main magnetization
curve taking into account the specific features of the
object in question, such as the particle morphology and
the large contribution from the surface. For this pur-
pose, we have introduced in the expression for the
anisotropic part of free energy, in addition to the mag-
netocrystalline anisotropy constant K;, the surface
anisotropy constant Kg (for K,) and the particle shape
anisotropy constant Ky, (as a correction to K;).
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Computer ssimulation of the magnetization curves
shows that for the ratio |K,|/K; = 0.6 determined from
experiment, the contribution to the magnetization jump
comes from particles with the easiest magnetization
axis oriented in the angular interval 65° < 6, < 90° rel-
ative the external magnetic field, which experience a
first-order spin-reorientation phase transition.

Combined analysis of the characteristic anisotropy
constants and the vector anisotropy diagramsfor amac-
rocrystal and ananocrystal leads to the conclusion that
the reason for the spin-reorientation phase transition
occurring in barium ferrite nanocrystals in a magnetic
field is the change in the magnetic structure due to the
open surface of nanoparticles and the surface anisot-
ropy energy associated with it.
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Abstract—We propose a new interpretation of the spontaneous time reversal symmetry breaking (TRSB)
observed recently in a pseudogap state of cuprates (Kaminsky et al.). It is shown that the TRSB dichroism in
an ARPES signal may be related to the local spin spiral structures in the system. It may be caused by a spin-
orbit interaction and by spin polarization of electrons at various sections of the Fermi surfacein the spiral state.
The angular dependence of the dichroism signal is studied in a schematic KKR approximation. Tests are pro-
posed to check the existence of the local spiral spin structure and to distinguish it from the TRSB state with
microcurrents constructed by Varma. © 2003 MAIK “ Nauka/Interperiodica” .

The nature of a pseudogap (PS) state of high-T,
cuprates in the underdoped (UD) region remains an
intriguing problem [1, 2]. Using the angular-resolved
photoemission (ARPES) with circularly polarized light
(CPL), Kaminsky et al. [3] recently revealed anew prop-
erty of the pseudogap state of UD Bi,Sr,CaCu,O5_5
(BSCCO). It was shown that this state displays a spon-
taneoustime reversal symmetry breaking (TRSB). Ear-
lier, Varma [4] predicted the possibility of TRSB in
cuprates. They proposed the fascinate ground state with
circular microcurrents inside plaquettes of the CuO,
plane with a definite alignment of the orbital angular
momenta associated with these microcurrents. Namely,
the up-directed orbital momenta arrange themselves
along one diagona and the down-directed orbital
momenta arrange themselves along the other diagonal.
The alignment of orbital angular momenta proposed in
[4, 5] is not related to any spin alignment.

Theaim of the present paper isto discuss an aterna-
tive possibility for constructing a state with TRSB. We
propose astate in which the TRSB isdueto aspiral spin
structure. The argumentsin favor of this hypothesis are
as follows. The electric field of CPL actually interacts
only with the orbital motion. Therefore, the TRSB
dichroism implies adefinite orientation of orbital angu-
lar momenta, (L% 0. Such momenta, centered on the
atoms, can be induced by aligned spin momenta [§,[% 0
viathe spin—orbit interaction. Thisimpliesthat aTRSB
dichroism D can be observed in the ARPES if the pho-
toemission setup can selectively measure the gjected
electrons with a definite spin projectiono=1t orog=1{.
The sign of the TRSB dichroism must then depend on
the sign of 0. Because the ARPES is usually nonselec-
tive with respect to the final spin projection of the

TThis article was submitted by the author in English.

gjected electron, the total TRSB dichroism is expected
to be zero if the mean spin polarization of the initial
statesis zero. However, for the spiral spin structure, the
occupancy n,, of the initial one-electron band state
{ka} with definite k depends on ¢. Such a spin polar-
ization of the initial k-state can induce nonzero TRSB
effects in the ARPES signal. We therefore calculate a
dichroism that might manifest itself in the ARPES for
the spiral spin configuration of cuprates.

The spira spin structure has been discussed as a
possible ground state of a doped CuO, plane. Calcula
tions in the mean field approximation or in the dave
boson technique [6-8] were carried out in such a class
of functions. The calculations have shown that the spi-
ra state is lower in energy than the antiferromagnet
(AF) state and that the deviation AQ = |Q — Qg of the
spirality vector Q from Qg = (1T, T7) increases with dop-
ing. The spiral or any other periodic spin structures are
associated with incommensurate peaks in the spin sus-
ceptibility x(qg, w) asw — 0[9, 10]. Such peaks have
beenobservedinLa, _,Sr,CuO, (LSCO) at g = (11 8, T0),
(1T, Tt ©) [11]. It has now been proved (see[12] and ref-
erences therein) that the peaks in LSCO are related to
the stripe phases. For BSCCO, a variety of hidden
orders (spin and charge stripes, orbital AF order, etc.)
have been discussed [13, 14]. The latest tunnel spec-
troscopy studies of BSCCO reveal structures with a
periodicity of four unit cells around a vortex or an
antiphase AF stripe structure along CuO bonds [15-17].
However, the TRSB effect is not displayed in the static
stripe phase. It may be expected in states with spin or
charge currents, such as the spiral spin state. To verify
this possibility, we calculate the dichroism of the
ARPES signal for the spiral state.

The scheme of the experiment [3] isgivenin Fig. 1.
Theright (left) polarized light with a propagation vec-

1063-7761/03/9605-0953%24.00 © 2003 MAIK “Nauka/Interperiodica’
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Fig. 1. Setup configuration of the ARPES experiment [3].
The propagation vector g, of CPL liesin the mirror plane
xz; ks and k are the final momentum of the ejected electron
and its component in the CuO, plane (xy plane).

tor g, impacts on the crystal surface determined by nor-
mal vector n. The xz planeis one of the mirror planes of
the crystal with the x axis along the CuO bonds or along
the diagonal direction. The gjected electron has afinal
momentum of k;. The ARPES intensity

| O|M;|*3(E; — E; —hw)

is determined by the matrix element of the interaction
O = (e/l2m.c)(Ap + pA)

with thefield

M = AaFu! ch = D-I"flpo(lllJl(k)E| (1)

between initial and final states. In the dipole approxi-
mation, it contains the vector potential A of the right
(Cr=1) or left (¢, =-1) CPL with a complex ampli-
tude,

Arw) = Aole.cosb, +ilg e +€e,snb,]. 2

For agiven configuration of the setup vectorsn, k¢, and
gy, theARPES dichroism signal D is determined by the
relative difference of intensities for the two light polar-
izations,

D = (Mg=M)/(Mg+M,). 3

We study the symmetry properties of ARPES matrix
elements with respect to reflection in the mirror plane
of the crystal, which is perpendicular to the surfacein a
typical photoemission experiment. Following [3], we
first consider atune reversal invariant initial state ;(k)
and let g, and n liein the mirror plane m of the crystal
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(here, thexzplane). Thedichroism signal D isthen non-
zero only if k; does not lie in the mirror planemand D
has opposite signs for k at different sides of the mirror
plane. This dichroism is called geometrical. This large
effect has been observed at any doping [3]. However, in
UD BSCCO, the residual dichroism (D # 0) has been
observed even for a coplanar configuration of n, k;, and
dy, in which all three vectors lie in the mirror plane m.
In what follows, we let g, and g denote the normal and
2D intra-layer components of the photon momentum g,
and, similarly, let k, and k denote the respective compo-
nents of the final electron momentum k.

We first consider a large geometrical dichroism and
then discussthe possible origin of the observed residual
dichroism related to TRSB of the ground state of the
UD cuprate. We suggest that the main contributions to
the matrix element are given by spaceregionsinsidethe
atomic spheres. Thisisin accordance with the fact that
frequency dependences of the photoemission intensity
roughly repeat the dependences of photoemission
cross-sections coming from the corresponding atomic
components [18].

Theformalism for evaluating the optical matrix ele-
ment for a general lattice within the KKR scheme is
given in [19]. Some corrections must be introduced to

provide the common asymptotic behavior [ e“" of the
final wave function of the gjected electron outside the
sample (z> 0). Werrestrict our consideration to the one-
step model (see [20]) describing the coherent part of
photoemission. Generalization to a three-step model
requires incorporating rescattering and relaxation pro-
cessesin order to describe the background in the energy
distribution function of the gjected electron. We believe
that the one-step model is sufficient for a qualitative
description of the angular dependence of dichroism.
For this, we use the most simplified form of the initial
and final statesin the process.

Thestarting pointin calculating F in (1) istheKKR
wave function for a multicomponent lattice [19]. In the
Hartree—Fock representation, the one-particle initial
state ; with the quasi-momentum Kk is a superposition
of orbitals belonging to each center,

ikr.|

1 i
Pir, k) = J_N;BB(nZ)e FCLeWip(r—Ryp),  (4)

where 3 enumerates al atoms placed at R in the unit
cell n=(n,, ny, n,) and L =1, mare the angular momen-
tum quantum numbers of the orbitals inside each
atomic sphere |r —Rg| < a,s. For the upper valence anti-
bonding band of the CuO, plane, the main orbitals quLB
are the dxz_yz orbital of Cu and p,, p, orbitals of two

oxygen atoms, O,, O,. These orbitals constitute a basis
set of the Emery model.
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Thus, the initia one-electron state is taken as a
superposition of the main real orbitals; in the secondary
quantization representation, it is given by

ik 0) = 3 B(n)[Cotho +iCKeo +iCYal . (5)

n,

The corresponding site operators dlo , X;Y o yl, - of the
Emery model refer to thereal functionsd . _ 2 (r—R.q)

andp,(r-R,,)WithR, ,=R,+ga/2v=x,Yy. Thefunc—
tions are considered to extend inside the corresponding
atomic (muffin-tin) spheres. Thereal coefficientsc,, c,,
and ¢, in (5) are obtained by solving the Emery model.
The summandsin Egs. (4) and (5) refer to alayer num-
ber n,. The amplitudes B(n,) depending on the distance
of the layer from the surface phenomenologically
describe a coherent or incoherent interlayer transport
along z near the surface depending on the phase corre-
lations between different layers. For the standard bulk
initial state Y; used in [19], B(n,) O exp(ik,n,).

Thefinal stateinside the sampleistakeninasimilar
KKR form with the same in-plane momentum k,

_ L
wf—m

ikRyg.: j
X z Bf(l’lz)e B|JCLBYt L|J|_|3(I‘ - R”B)

(6)

Here, each function )z with the angular momentum
guantum numbers L = (I, m) is determined inside
atomic spheres around the corresponding center R, .
The influence of the surface at z = 0 is described by
introducing the factors Bf(n,), by phases &, ; of complex
coefficients

J
Cip = |CLB|e ’, (7)

and by explicit angular spherical harmonics Y, =

Y,k ) depending on the direction of the final momen-
tum k;. The phases are specific for centers 3 in the unit
cell and for the angular momentum |. These phases
arise from matching final state (6) inside the sample to

the common plane wave [ e " inthe empty space out-
side it. The phase modulation of contributions in (6)
determines the geometrical dichroism of the photoe-
mission.

The origin of spherical harmonicsin Eq. (6) and of
the phase modulation of coefficients (7) can be illus-
trated as follows. We first construct the final state
Y, g(r) for the electron photoemission along the direc-

tion k¢ from one center {n, B} only. According to [21],
it must be a function of the continuum with the plane-

f
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wave asymptotic form 0e"" and incoming radial
waves as |r — Ryg| — 0. Thisfinal stateis

Wy = exp(ik¢Ryp)

8
SURTITTTI

where rg = |r — Rygl- The scattering phase 9,5 for the
orbital momentum | is defined by the asymptotic behav-
ior of thereal radia function of continuum,

bip(r) 0= smE(r _my 51@

(According to the KKR approach, we can consider the
asymptotic form achieved at the surface of the muffin-
tin sphere.)

Inasimilar manner, thefinal state ; for the electron
gjected from N, centers of the surface layer must be a
function whose asymptotic form at large z> 0 is given

k¢r

by the common planewave [ e " andincomi ng spher-
ical waves contributed by different centers.

If ki |[Rg — Ry | > 1 and if we neglect the secondary
scattering processes, then the final state wave function
inside each nonoverlapping muffin-tin sphere sur-
rounding the center (nB) of the surface layer must have

form (6) with complex coefficients C 3 [ €™ The
secondary processes actually synchronize the phases
& of al contributions to the final state from different
angular harmonics and different centers. The KKR bulk
solution for thefinal state Yi;(k;) found in[19] takesinto
account the phase and amplitude synchronization of al
secondary processes, but neglects the necessary addi-
tional synchronization and phase modulation coming
from the boundary surface where solutions should be
matched with the plane wave with momentum k;.

For aqualitative study of the angular dependence of
dichroism and its symmetry, it is sufficient to use the
final statein form (6) without specifying the values and
phases of C, in (6). We therefore use Egs. (5) and (6)
for a schematic representation of initial and final states
to study the symmetry and possible angular depen-
dence of dichroism manifested in the ARPES. The
components F, of matrix element (1) are expressed as
a sum of integrals over the interior of atomic spheres
with the centers (B) for the corresponding channels

| — 1,

Meg) = Aa(QFq('k). (©)
Here, A, are components of vector potential (2)
depending on the right or left polarization of CPL, { =
ry = 1 and k =k/k;. The functions Fy(I', k) corre-
spond to real initial orbitalsv = dxz_yz, Py Py. TO Obtain
these, we use the selection rules I' = | £ 1 for orbital
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The functions F‘é (8 ﬁ) determining the a-components of
the matrix element in Eq. (1). The index "y’ enumerates the
contributions from different orbitals of theinitial state, from
Py Orbitals of oxygens Oy, or dxz_yz, d,, orbitals of Cu;
the final channels's, p, d correspond to the angular momenta
I'=0, 1, 2. The respective functions G, Ly, gx and gy, Py
are even and odd functions with respect to the mirror plane zx

Wig U7 Fx Fy F,
Py S CoOx 0 0
Px d Ci9xGx CioPx Ciolk
Py S 0 Cogy 0
Py d | CoyPx Ci9,Gy CigyLx
do_s p | C,sinBcosd | —C,sinBsind 0
dyy p C,,sinBsing | C;;sinBcoso 0

Note: Gy = +sin’Bcos2d — cosd + 1/3, gy, are determined by
Egs. (10), Ly = sin 28¢os¢, Py = sin?8sin2¢.

angular momenta for integrals inside the atomic
spheres. For simplicity, we retain only the matrix ele-

mentsfor thetransitionspy) —=s,dandd. . —p

from the O,y and Cu centers of the CuO, plane.
According to the KKR calculations [19], such transi-
tions give the main contributions. Omitting the transi-
tion dxz_yz — f at the Cu center does not change the
symmetry properties of the calculated dichroism. It

leads only to neglect of the small higher harmonicsin
the angular dependence of the ARPES intensity.

The resulting expressions for the functions F(I'k)

are presented in the table. For the p — s, d transitions
in oxygen, they also include the factors

Oxy) = Sp/StS, S = £8n(K/2)  (10)

that originate from the angular dependence of the real
amplitudes c,, and c4 of different orbitals in initial
band state (5) of the Emery model (with the effective
parameters eg, €, Ly, thy). At ty, < ty, the amplitudes
in(5) are

Cxy) = GuySINN,
tan2n = 2t,4(cosk, + cosk,)/(eq—€).

Cqy = cosn, 1)

Extension to large t,, does not change the symmetry of
the amplitudes.

The coefficients Cy 1)(K) inthetableinclude (1) the

sum over the layers zh ¥(n)B;(n,) based on the phe-
tig

nomenological or t-binding dependences B(n,);
(2) the phase factors exp(id;) coming from the bound-
ary conditions; (3) the reduced integrals O'B||p||IBC
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over angular variables after removing the m depen-
dence; (4) the radial integrals; and (5) the factors sinn
and cosn from amplitudes (11).

The ARPES dichroism signal is then given by

D(9) = Im{M@AM)T /(IM*+]aM%),  (12)

where M = Mg + M, AM = Mg — M, and the angles 6
and ¢ describe the final momentum k. Dependence (12)

can be represented as D(¢) O é(k)sinq), where the

function G(k) is even with respect to reflection in the
mirror plane zx. In accordance with (9), the quantities
Mg, are determined by complex constants Cy, C;, and
C,, whereas the other angular functions listed in the
table arereal. It can be shown that the dichroism signal
is zero if al the coefficients C g in (7) have the same
phases &g | or their differences are multiplesof . A rep-
resentation of the fina state with correct phases is
therefore significant for description of geometrical
dichroism.

At @, =n, when the photon impacts normally to the
CuO, plane, we obtain

M = C,, sinBcos¢ + gX[CO—Cl(cosze

, , (13)
—sin"0cos2¢)] + g,C,;sin"0sin2¢,

AM = —C,;sinBsin¢ +g,[C,—C,(cos’®

, , 14
+sin"8cos2¢)] +g,C,sin"0sin2¢,
where 8 and ¢ are the polar angles of k;. It follows
from (11) and (12) that the dichroism signal is an odd
function, D(-¢) = -D(¢), which vanishes at ¢ = tand
¢ = 0. This is an expected property of geometrical
dichroism.

Manifestations of geometrical dichroism depend on
numerous parameters. In Fig. 2, we give examples of
the functions D(¢) for three angles 6, = 0, U6, and 173
of the photon momentum in the mirror plane zx for k
moving along the boundary |k,  k,| = mandk,=[k -n|.
We assign arbitrary values to the relative amplitudes,
|Co/C|| = |Cy/Cyy| = 1.0, and the relative phases
{8 -0(0), & -5(0), & -1(Cu)} ={0, 3rv4, 174} of the
coefficients C,, C,, C,, indifferent channelsof O and Cu
centers. Two setup configurations with x along the CuO
bond or along the diagonal direction are considered.
The function D(¢) isan odd function of ¢ and vanishes
at ¢ =0, 1t The calculated geometrical dichroism dis-
appearsfor al ¢ if al phase differences §, — o, = T are
multiples of Tt Thisisthe case for the Cu- and O-con-
tributions to the matrix element calculated in [19].
There, the standard KKR bulk wave functions were
used and the additiona phase modulation was
neglected. At the normal photon impact (8, = 0), the
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Fig. 2. Dependence of the geometrical dichroism D(¢) on the azimuthal angle ¢ of the vector k¢ for k moving along the nesting lines
Ky % ky| =Tt Solid, dashed, and thin curves correspond to the angles 8, = 0, Tv6, T3 of the photon momentum g. Setup configurations
with x along the diagonal direction or along the CuO bonds refer to left or right graphs. Arbitrarily taken coefficients (7) are given

in text.

dichroism signal is zero on each mirror plane of the tet-
ragonal lattice, i.e, at ¢ = TIVA.

We now take the spin-orbit interaction on Cu into
account,

Vs = )\ZLnSn, (15)
n

where A is the corresponding constant.
The initial band function l]JLc then transforms to
ljJiko + O in a manner equivalent to replacement of
t .
dxz_yzyCy in (5) by

dlz_yz’c'i' C)\[Zizodly,o_aod;,—o_id;ry,—c (16)

in Egs. (5) and (4). Here, &; = of/|lo]=%x 1and C, [
I/28E, where OE isthe energy difference of the d-orbit-
as of x> —y? and xy, yz, xz symmetries. The additional
contribution to ,, leads to changesM —» M + M,
AM — AM + 3AM(0) in Egs. (10), (11), and (12). The
TRSB dichroism signal at the normal photon impact
(6, = 0) is then determined by

oAM = &,4C,C, sinBcosd. a7

Asaresult, the dichroism signal D(¢, o) of photoemis-
sion with the final momentum k; and spin projection o
of the gjected electron is given by

Dd(o, k) = Asing

_ &,Re(MC})
IM|? +|AM|?

(18)
4C, sinBcoso,
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where M, AM, and C,, are determined by Egs. (13),
(24), and (7) and by the functions in the table. Only the
term that is linear in A isretained in (18). It is deter-
mined only by the admixture of the d,, orbital in
Eq. (16). The contributions from d-orbitals of xz, yz
symmetries in (16) are of the second order of magni-
tude in A. The second term in (18) is an even function
of ¢ and has a nonzero value at ¢ = 0 and Tt when all
three vectors g, n, and k; lie in the mirror plane xz and
geometrical dichroism disappears.

Because the sign of D(¢ = 0) depends on the sign of
the spin projection o of the gjected electron, the overall

dichroisn D = %o D(o, $) must be zero for theinitial

paramagnet (PM) state of the system. For the PM state,
the dichroism at ¢ = 0 and 1T can therefore be observed
only if the g ected el ectrons with a definite spin projec-
tion on n are selected. For this PM state, thetime rever-
sal symmetry is broken just by a measurement of the
spin polarization of the photoel ectron.

However, there exist TRSB statesin which different
regions of the k space are characterized by different
spin polarizations. For example, for the ground state
with a spira spin structure, the TRSB effect manifests
itself in the ARPES by a nonzero overall dichroism
upon arrangement of all vectors g, n, K¢ in the mirror
plane.

We now demonstrate the polarization selectivity of
the level occupancies in the k-space for the spiral state
of the 2D t —t' — U Hubbard model. Calculations were
carried out for the model with U/t =6, t'/t = 0.1 at adop-
ing of 0.15 hole per site. The spiral mean-field (MF)
solution is characterized by average spins [§,0=
d(g,cosQn + g,sinQn) rotating in the xy plane. We
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(a)

()

Fig. 3. Theimages of the spin-selective (plots a, ¢) and overall (plots b, d) spectral functions A, (k, w), A(k, w) at w = 0 in the Bril-
louin zone. The main and shadow Fermi surfaces are shown for the spiral stateswith the spirality vectors Q = Q; and Q = Qy; in (19)

(plotsa, b and c, d, respectively).

study the MF states of two types, with the spirality
vectors

Q= (M-R,m, Q= (M-, m-3Q) (19

directed along the CuO bond or along the diagonal. The
spectral function A,(k, w) at w = 0 for a definite spin
projection o on the z axis (perpendicular to the spin
rotation plane) is given by

Ak y) = 3 T e W f(E)S(E—Ep). (20)
i f

wherethe Fermi function f(E;) depends on the one-elec-
tron levels of the MF solution and &-(X) is the &-func-
tion broadened with the parameter I ~ 0.05t. In Fig. 3,
we show an image of the spin-selective and overall

spectra functions A, -, (k) and A(k) = ) A; e w=0

for two types of spiral states. Dark and light gray lines
inFig. 3 correspond to the main and shadow spin-selec-
tive (0 =1) sections of the Fermi surfaces. Similar
images for 0 = | are obtained from those for 0 = 1 by
inversion k — —k. The spin dependence of the level
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occupancy in the k space is related to the spin currents
J, =J, 0 Qexisting in the spiral state.

Thus, the TRSB state with a spiral spin structure
certainly has spin-selective sections of the Fermi sur-
face. As a consegquence, we can observe the TRSB
dichroism of the ARPES signal even at a coplanar
arrangement of the setup vectors g, n, and k; in the
mirror plane. Two factors are decisive here. (1) The
ARPES signal corresponds to a definite loca region
of k, that is associated with a definite spin polarization
for a given spirality vector Q. (2) In accordance with
Egs. (16) and (17), a definite spin polarization induces
the orbital angular momenta on Cu centers and corre-
sponding nonzero dichroism at the coplanar setup con-
figuration viathe spin—orbit interaction.

In order to estimate the effect, we use the spin—orbit
constant A ~ 800 cm* following from the excitation
spectrum of Cu', Cu'' [22] and the splitting of d-orbitals
OE=E. .—-Ey~1-2eVinthecryst field. Wethen
have the value C, = 0.0025-0.005 for the amplitude
in (16). At the setup configuration with 8, =0, 6 = 6, =
174, ¢ = tand 0 and with the same arbitrarily chosen
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A

Fig. 4. Relative signs of the TRSB dichroism signal for k lying on different mirror planes of the lattice for spiral states with the
spirality vectors Q, and Q;; in (19), or for the state proposed by Varma (VS).

coefficients (7) as in Fig. 2 (|C/Cy| = |C/Cy| = 1,
8 = 0, 3174, 174), we obtain for the TRSB dichroism
max|D| = 0.033-0.066 at k corresponding ¢ = 0 or 1t
lying in the mirror plane. This value is consistent with
the TRSB dichroism signal ~3-5% observed in UD
cuprates[3].

In conclusion, we have shown that the TRSB dichro-
ism observed in the ARPES spectra of the UD cuprates
may berelated to alocal spiral spin order in the system.
Thishypothesisdiffersfrom the model TRSB state pro-
posed by Varma et al. [4, 5], who connect the TRSB
with aligned charge circular microcurrents on
plaguettes of the CuO, plane. Instead, the spiral spin
order implies the appearance of local spin currents
J, ==J, of amacro scale, about domain size. The exist-
ence of different domains with different signs and val-
ues of the TRSB dichroism signal has been shown by
studying a set of samples of UD BSCCO in[3]. The
following test for the new hypothesis may be proposed.
The rotation of the sample by 180° around the z axis
does change the sign of the TRSB dichroism D(¢ = 1)
in our hypothesis and does not change the sign in the
case of the TRSB state constructed in [4]. In the former
case, the rotation changes the signs of the spin currents
and of the spin polarization. Relative signs of the TRSB
dichroism signal at different mirror planes of cuprate
for two types of spira states (19) and for the state pro-
posed by Varma are illustrated in Fig. 4. These signs
can be measured only if the ARPES signal coniesfrom
the same domain of a sample before and after its rota-
tion and if the spin currents of the spiral state are pinned
during the rotation of the sample. We note that for the
ferromagnet alignment of spins in surface layers, the
TRSB dichroism hasthe same signsalong all directions
in mirror planes of the lattice.

Great sensitivity of the Fermi surface (FS) to the
spin structure leads to questions that are important for
understanding the pseudogap state of BSCCO: Is the
observed FS a composed result coming from severa
domains with different currents? What is the dynamics
of these currents and domainsin the UD cuprates? Can
the spin fluctuations be frozen near the surface into
static domains with a spiral or ferromagnet spin order?
We note that the ARPES technique probes only a few
surface layers. Observing the TRSB effect with the use
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of ARPES therefore requires a correlated spiral order
only in these few surface layers, whereas the bulk
TRSB effect may be destroyed. An additional test for
the supposed local spiral order is possible. One can
measure the spin polarization [SJof electrons ejected
from different sections of the Fermi surface and check
the correlations of the direction of [S0with the sign of
the TRSB dichroism signal D(¢) at ¢ = 1t Thisprogram
requires a spin-selective detection of photoelectrons.
Such detection is now realized in a total “spin-orbit
photoemission” measurement [23]. Its application in
ARPES might elucidate the nature of TRSB dichroism
of photoemission from aUD cuprate.
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Abstract—Magnetic, magnetoel ectric, and magnetoel astic properties of Y Mn,Os ferromagnetoel ectric single-
crystals areinvestigated in strong pulsed magnetic fields of up to 250 kOe and in static magnetic fields of up to
12 kOe. It is found that, in YMn,Og at T < Ty = 42 K, a transverse weakly ferromagnetic moment of og =

0.8 G cm®/g existsthat is oriented along axis a and is attributed to the magnetoel ectric interaction. When amag-
netic field isdirected along axis b, which islikely to be the axis of antiferromagnetism, a spin-flop transition is
observed that is accompanied by jumps in magnetostriction and el ectric polarization. When amagnetic field is
directed along axis a, the temperature of ferroelectric transition shifts from 20 to 25 K at H = 200 kOe. A the-
oretical analysis of the experimental resultsis given within phenomenol ogical theory with regard to the fact that
aY Mn,Og compound belongs to noncollinear antiferromagnetic crystals even in the exchange approximation.

© 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

According to the neutron diffraction data [1, 2],
RMn,O; rare earth manganates (R is a rare earth ion),
which belong to the orthorhombic space group Pbam,
exhibit an antiferromagnetic ordering of the spins of
manganese ions below Ty = 40 K; at low temperatures,
they also exhibit an ordering of the spins of rare earth
ions. INYMn,O5 (Y isanonmagnetic ion), the spins of
Mn3* and Mn** ionsliein the ab plane and form amod-
ulated antiferromagnetic structure with a propagation
vector k = {1/2, 0, 0.32}. According to [3, 4], YMn,O5
exhibits a ferroelectric phase transition near T, = 20 K
that is accompanied by a spontaneous el ectric polariza-
tion along axisb of thecrystal. Earlier, investigations of
the magnetic and structural phase transitions in
RMn,O5; compounds have been carried out mainly in
weak magnetic fields (see, for example, [5-7]). How-
ever, it is beyond doubt that, in strong magnetic fields,
new phase transitions occur that are associated with the
rearrangement of the magnetic and electric subsystems.
In view of this fact, we started the investigation of the
anomalies of magnetic, magnetoelectric, and magne-
toelastic properties associated with the field-induced
phase transitions in strong magnetic fields of up to
250 kOe.

2. EXPERIMENTAL RESULTS

Y Mn,Os; magnetoel ectric single-crystals used in the
experiments were grown by the method of spontaneous

crystallization from a solution or a melt [5]. The mag-
netic properties of these crystals in static magnetic
fields of up to 12 kOe were investigated on a torsion
balance magnetometer with a self-balancing potenti-
ometer. Magnetization curves in strong magnetic fields
of up to 250 kOe were measured by the induction
method. Electric polarization and magnetostriction
induced by a strong magnetic field were measured by
the method described in [8].

The curves of torques for YMn,O5 crystals in the
ac plane are described by the relation

L) = e

where A, is the difference of magnetic susceptibili-
ties, 0, is a spontaneous magnetic moment, H is an
external magnetic field, and ¢ is the angle between the
direction of the magnetic field and axis a of the crystal.
The curve L,(¢) in Fig. 1 displays characteristic
breaksthat indicate the presence of aweakly ferromag-
netic moment along axis a of theY Mn,Os crystal. Fig-
ure 2 represents the temperature dependence of the
weakly ferromagnetic moment, obtained from the rota-
tion curves, that arises below Ty = 42 K and dightly
increases near T, = 25 K. The specific weakly ferromag-
netic moment reaches avalue of , = 0.8 G cm®/g, which
issubstantialy greater than the value observed in [3].
The weak ferromagnetismin Y Mn,O; islikely to be
attributed to the tilt of manganese antiferromagnetic

H%sin2¢ + o,Hsind,
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Fig. 1. Torque L as afunction of angle ¢ between the mag-
netic field direction and axis a in aYMn,Os crystd at dif-

ferent temperatures measured at H = 11.2 kOe.

sublattices due to the Dzyaloshinskii-type interaction
with regard to the magnetoel ectric coupling.

We also measured the magnetization curves along
axes a, b, and c in the range of temperatures from 10 to
50 K in magnetic fields of up to 250 kOe, which
revealed the presence of strong anisotropy (Fig. 3). The
maximal magnetization was observed aong axis a:
first, in a field of up to 50 kOe, the magnetization
sharply increased to 20 G cm®/g and then slowly
increased with the field. When the field H is directed
along axis a, the growth of magnetization with the field
islikely to be attributed to different processes. First of
all, the growth of the field may be associated with the
increase of the tilt angle of manganese antiferromag-
netic sublattices. Moreover, taking into account the
complex magnetic structure of Y Mn,Os [1, 2], one may
also assume that the spins of Mn3* and Mn** ions are
reversed by a strong magnetic field and that the modu-
lated spin structure is partially suppressed.

When amagneticfield isapplied along axisb, which
is supposed to be the axis of antiferromagnetism, the
magnetization curve exhibitsajog at a sufficiently high
magnetic field of about 175 kOe, which is likely to be
associated with the reorientation of the weakly ferro-
magnetic moment from axis a to axis b of the crystal.

When field H is directed along axis c, the magneti-
zation almost linearly depends on the field and does not
display any anomalies.

The orientation of the magnetic field along various
crystallographic directions induces electric polariza-
tion; the maximum polarization occurs along axis b,
which, according to [4], isthe axis of spontaneous el ec-
tric polarization.

When thefield isdirected along axis a of the crystal,
the magnetoelectric susceptibility of YMn,Og5 along
axes a and b changes its sign at a temperature of 25 K

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

T,K

Fig. 2. Temperature dependence of aweakly ferromagnetic
moment of Y Mn,Og aong axis a.

(Fig. 4), similar to the situation observed in EuMn,Og
under spontaneous transition from an incommensura:
ble to a commensurable structure [9, 10]. As is clear
from Fig. 4, at a temperature of 25 K, the dependence
of electric polarization on the magnetic field exhibits
qualitatively different behavior as compared with that
at other temperatures. In particular, in afield of about
200 kQOe, the electric polarization displays sharp jumps
along axes a and b that are accompanied by a consider-

0;, G cm3/g

25

20

15

10

1 1
0 100 200

H;, kOe

Fig. 3 Magnetization curves of YMn,Og aong axes a, b,
and c at atemperature of 15 K.
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Fig. 4. Electric polarization of YMn,Og along axes (a) a and (b) b versus the magnetic field applied along axis a at different tem-

peratures.

able field hysteresis, which is characteristic of a first-
order phase transition. A possible reason for these
anomalies of electric polarization at this temperaturein
afield of H = 200 kOe is field-induced growth of the
ferroelectric transition temperature, which, according
to [4], occurs at 20 K in the absence of field. The
growth, induced by amagnetic field, of the ferroelectric
transition temperature has been predicted in [11] by a
simple thermodynamic anaysis. The jump of the elec-
tric polarization could also be stimulated by a field-
induced transition from an incommensurable to a com-
mensurable phase.

When measuring magnetostriction A,(H,), we found
that it exhibits an increase followed by a sharp decrease
(AN = =2 x 107) in a field interval of 150 < H <
200 kOe, where the electric polarizations P,(H,) and
P,(H,) display anomalies (Fig. 4). This fact suggests
that there exists a correlation between magnetoelectric
and magnetoel astic properties.

For H parallel tothe b axis, the longitudinal electric
polarization P,(H,) along this axis has arelatively low
valuein thetemperatureinterval 20< T< 40K and qua-
dratically depends on field up to 250 kOe (Fig. 5a).
However, at T < 20 K, this dependence qualitatively
changes. In this temperature interval, electric polariza-
tion in afield of H = H, increases stepwise (Fig. 5a).

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

The threshold field H. decreases, as temperature
increases, from 200 kOe at 10 K to 150 kOe at 20 K.
Such a behavior of electric polarization versus field at
low temperatures is obviously associated with sponta-
neous electric polarization, which, as we mentioned
above, occursat T < T, = 20 K. It is natural to assume
that the reorientation of the magnetic moment from axis
atoaxisb (rotation through 90°) changesthe sign of the
electric polarization along axis b, similar to the phe-
nomenon observed earlier in boracites[12].

As arule, the spin reorientation is accompanied by
magnetostriction strains. When measuring the longitu-
dinal magnetostriction along axis b at low tempera-
tures, we observed sharp anomalies at H, that corre-
lated with the character of the field dependence of elec-
tric polarization.

For the field H parallél to the c axis, the electric
polarization along this axis in magnetic fields of H <
100 kOe monotonically depends on field and attainsits
maximum at 20 K (Fig. 5b). However, in strong mag-
neticfieldsof H > 100 kOeat 25 K, we observed asharp
multistep jJump in electric polarization that was accom-
panied by a strong field hysteresis and an aftereffect
(Fig. 5b). The jump in electric polarization along axis ¢
in astrong magnetic field may be attributed to variation
of the inhomogeneous interfacial exchange during the
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Fig. 5. Isotherms of longitudinal electric polarization of Y Mn,Og aong axes (&) b and (b) ¢ versus magnetic field.

rearrangement of the magnetic structure under the
phase transition from an incommensurable to a com-
mensurable phase.

3. DISCUSSION OF THE RESULTS

Before proceeding to the discussion of experimental
results concerning the specific features of antiferro-
magnetic, electric, and magnetoelectric properties of
theY Mn,O; system, we recall the basic theoretical data
about this system within the phenomenological (sym-
metry) approach in the spirit of the Landau theory. As
is known, the magnetic properties of this system are
determined by the behavior of the spins (S,, S,, S;, Sy)
of Mn®* ionsand the spins (S;, S;, S5, Sg) of Mn** ions.
To describe the variation in the symmetry of the system
at the phase transition point on the basis of the experi-
mental data of [1, 2, 10], we will use the results of the
representation theory of space groups (in the present

case, of the group Pbam = Dgh). Then, as was shown
in[13], the antiferromagnetic structure arising at the
Nedl point Ty is characterized by a two-dimensional
magnetic representation with the order parameter con-
structed on two antiferromagnetic vectors L, and L,
where L, O L,. The invariant form of the thermody-
namic potential @ of the system implies that, at the
Neédl point, an exchange-noncollinear antiferromag-
netic structure (an exchange cross) [14] arises that is
modulated due to an inhomogeneous exchange interac-
tion along axis c. Among the magnetoel ectric contribu-
tions to the thermodynamic potential ® of the system,
we distinguish the exchange term

®pe = aPy(LI—L3), 1)
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which is responsible for the improperly appearing
spontaneous electric polarization P = P, below the
Ned point. Thisis the so-called antiferroelectric tran-
sition [15]. We restrict ourselves to the contribution
O = PyIK (LI, —Lo) + Ko(Liy—L3)]  (2)
among appropriate relativistic contributions. One of the
most surprising properties of our centrally symmetric
system (the point group mmmfor RMn,Os) is aweakly
ferromagnetic moment that arises as a result of the
phase transition at the point Ty and is accompanied by
the variation of the trandation symmetry and a sponta-
neous polarization. Therefore, it is worthwhile to dis-
cussthis phenomenon. Itiswell known that, along with
the spontaneous polarization along a certain direction,
the structural changes due to phase transitions may
giveriseto antiferroel ectric ordering along other direc-
tions [16]. In our system, the spontaneous magnetiza-
tion (weak ferromagnetism) cannot be described in
terms of conventiona mechanisms. Therefore, we
assume (although there is also indirect evidence [10])
that, in addition to the ferroelectric ordering, there is
another structural (for example, antiferroelectric)
ordering that is characterized by a two-dimensional
(thisisessential) representation, which is not magnetic,
defined by apair of quantities P, and P, that correspond
to an antiferroelectric state; this structural ordering is
due to the mechanism of the type described in [17].

Then, we take into consideration the following con-
tributions (antiferroelectric proper and the magnetoan-
tiferroelectric) to the energy of the system:

®Oyae = B(PI+P3) —y(PI+PY)(LI+L3). (3
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In addition to this mechanism, which imposes rather
stringent requirements on the magnitude and sign of the
interaction parameter y in (3), we can suggest another
explanation for the antiferroelectric ordering. Due to
the symmetry properties of the system, one can con-
struct another invariant contribution:

A® = y,(LI-L3)(Pi-P3), (4)

which correspondsto the energy of interaction between
the antiferromagnetic (described by the pair L, and L ,)
and antiferroelectric vectors (described by the pair P;
and P,); inthis case, the requirements for the parameter
yi ae much less stringent.

Taking into consideration the variables P; and P,
alows one to obtain another cross contribution, which
is the most important magnetoel ectric contribution (pro-
vided that the representations with the bases (P,, P,) and
(Ly-M), (L, -M,) are equivalent):

Oye = A[P(L, M) + P,y(L,M)], 5

where M is the magnetization vector.

The latter contribution gives rise to a specific weak
ferromagnetism below the Neé point, which is
described by the vector M, related to the antiferromag-
netic structure not only by the vectors L, and L, but
also by theratio of P, to P,.

Then, in particular, under application of a strong
magnetic field along axis b, the system experiences a
magnetic reorientation by an angle of 172 (a spin-flop
transition). Magnetic field applied along axis a (across
the effective direction of the axis of antiferromag-
netism) does not lead to a spin-flop transition, which
agrees with experiment. Formula (2) clarifies that the
reorientation of the exchange cross obtained in astrong
magnetic field gives rise to a jump in the dependence
P,(H,) at the transition point, which was also observed
experimentally.

Interest in theinvestigation of magnetoel ectric inter-
action in RMn,O5 compounds has al so been stimul ated
by the fact that, according to the classification of [18],
these compounds represent antitoroics. In addition, one
more structural axial vector G that is invariant with
respect to the timeinversion spontaneously arises at the
Neél point; thisvector is dual to the antisymmetric part
of the displacement vector; i.e., it correspondsto the tor-
sona drain in accordance with the noncollinearity of
the antiferromagnetic structure; moreover, G O L, X L.

4. CONCLUSIONS

In YMn,Oy ferromagnetoelectric single-crystals at
T< Ty = 42 K, a spontaneous weakly ferromagnetic
moment along crystal axis a has been observed (o, =
0.8 G cm¥/qg) that is induced by the magnetoelectric
interactions. The anomalies of the magnetoel ectric and
magnetoelastic properties of Y Mn,O5 have been inves-

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 96

965

tigated under magnetic and structural phase transitions
induced by a magnetic field of H < 250 kOe. A strong
magnetic field al ong axis a shiftsthe temperature of fer-
roelectric phase transition. A spin-flop transition has
been observed in the field H oriented along the b axis
that is accompanied by a change in the sign of sponta-
neous polarization.

Theoretical explanation within therepresentation the-
ory of space groups has been given for the experimental
results listed above. It has been shown that the main role
is played by the exchange-symmetry approximation.
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Abstract—The effect of the electron—phonon interaction on resonant tunneling of electrons through atwo-bar-
rier nanostructure isinvestigated in the framework of a consistent quantum-mechanical model. The wave func-
tion is determined by solving the Schrédinger equation with correct boundary conditions in the semiclassical
approximation in the electron—phonon interaction. The current calculated with the help of the wave functionis
averaged over the phonon subsystem with the help of the Bloch theorem. The analytic expressions derived for
static and varying currentsin aresonance tunnel diode taking into account the electron—phonon interaction for-
mally coincide with the M 6ssbauer effect probability. In the adiabatic limit and for a strong el ectron—phonon
interaction, the static current decreases in proportion to n, while the varying low-frequency current is propor-

tional to n?. The shape of the resonance curve becomes Gaussian with awidth of T;ﬁ . The fundamental result

is that the properties inherent in coherent tunneling are preserved even in the limit n < 1 (which is often
regarded as incoherent). The most striking effect (analogous to the M dssbauer effect) is the conservation of a
narrow Lorentzian resonance curvein thelimitn < 1, wy, > I'. Thismeansthat even for n < 1, the resonance
current is due to coherent electrons (experiencing interference), but their fraction decreasesin view of the elec-
tron—phonon interaction. It is concluded that the application of the rate equations and other approximate meth-
ods disregarding interference may lead to incorrect results. The expressions for the high-frequency and nonlin-
ear responses are also derived. The quantum-mechanical regime is found to be less sensitive to the effect of

phonons than the classical regime. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Resonant tunneling is a purely quantum effect
closely related to interference of electrons. Theinterac-
tion with phonons causes an el ectron phase breakdown,
reducing the resonance current. For thisreason, theres-
onance tunnel current, say, in two-barrier nanostruc-
tures depends on the rel ation between the resonant level
width I and the phase breakdown time T,,.

If 'ty > 1, resonant tunneling is coherent. In this
case, el ectrons with resonance energy € passthrough a
nanostructure with symmetrical barriers without being
reflected, thus ensuring maximal current. Reflection
from the structure is suppressed by destructive inter-
ference.

The situation becomes much more unclear in the
opposite limiting case, when I't,, < 1. Although the
theory of the effect of the electron—phonon interaction
on resonant tunneling has been considered by many
authors, the problems of interpreting experimental
results (see, for example, [1]) and of adequate descrip-
tion of coherence breakdown processes have not been
solved completely.

In view of the complexity of the competition
between interference and phase breakdown processes,
approximate methods are often employed. One of the
simplest methodsisthat of consecutivetunneling[1, 2].

In this method, it is assumed that electrons lose their
phase completely in the limit I't,, < 1 and rate equa-
tions are used. In another widely used approximate
method (see [3, 4]), the nanostructure is divided into
uncoupled regions of the instrument and contacts, and
the coupling between them is introduced as a per-
turbation. The corresponding Hamiltonian iswritten in
the strong coupling representation. This method issim-
ilar to the tunnel Hamiltonian method (THM) in the
theory of superconductivity. For the sake of brevity, we
will henceforth use this abbreviation. Owing to thesim-
plifications made, the boundary value problem can be
omitted and the formalism of nonequilibrium Green
functions, which is well adapted for describing the
electron—phonon interaction, can be used (see, for
example, [3, 5]).

However, resonant tunneling is very sensitive to
boundary conditions. For this and some other reasons,
the THM may turn out to be excessively simplified. For
example, it is shown in [6] that it is reduced to rate
eguations.

Thisstudy isaimed at an analysis of the effect of the
electron—phonon interaction in the framework of a
more rigorous approach, which takes into account
interference and boundary conditions in succession. It
includes the direct application of the wave function,

1063-7761/03/9605-0966%$24.00 © 2003 MAIK “Nauka/ Interperiodica’
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which is determined from the solution to the
Schrddinger equation with correct boundary conditions
(see [7, 8]). The eectron—phonon interaction is taken
into account in the semiclassical approximation. This
can be done since the interaction energy ¢(x, t) and the
phonon frequency w, are smaller than the resonance
energy €g. The resonance current calculated with the
help of the wave function is averaged over the phonon
subsystem using the Bloch theorem [9].

We will derive analytic expressions for static and
varying resonance currents of a two-barrier nanostruc-
ture, viz., aresonance tunnel diode (RTD), taking into
account the interaction with phonons. It will be shown
that the static current for adiabatic phonons (w, < T) in
the limit n = 1,7 < 1 decreases in proportion to n,
while the varying low-frequency current decreases in
proportion to n2. The line profile becomes Gaussian
instead of theinitially Lorentzian profile.

The main result isthat the resonant properties of the
RTD are preserved eveninthelimit n < 1. The number
of electrons experiencing interference decreases, but it
is these electrons that contribute to the resonance
current.

This effect is manifested most clearly for high-fre-
quency phononsfor w, > I andn < 1. Inthiscase, the
initial sharp resonance dependenceis preserved and the
current decreases by a factor equivalent to the Debye—
Waller factor [10]. The situation is similar in many
respects to the M 6ssbauer effect [10].

It should be emphasized that the above-mentioned
results differ in principle from THM predictions.

2. FORMULATION OF THE PROBLEM
AND BASIC EQUATIONS

We will analyze the effect of the electron—phonon
interaction on the static and varying resonance currents
of an RTD. Resonant tunneling is described in the
framework of the model [7] taking correctly into
account quantum interference of electrons in the well
and open boundary conditions.

Following [7], we consider a quantum well (dot)
with two &-function barriersat pointsx=0andx=a. A
steady electron flow proportional to Q and having an
energy € equal approximately to the resonance level
energy €risfed to the well from the left (x = —o).

Thewave function W(x, t) of the system satisfiesthe
Schrodinger equation
|a_l'IJ = _aZ_qJ
ot x> 1)
+[0d(X) + ad(x—a) + V(x,t) + h(x, ) ]¥ = 0.

Here, a are the “intensities” of the emitter and col-
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lector barriers;
V(x, t) = U(x)cos(wt), 2
(WxB(X), X<a, E
U =0 ® v = —92-, (3)
va, Xx=2a,

E being the amplitude of the uniform ac field of fre-
guency w, B(X) the step function; e the electron charge;
andh=2m=1.

The energy of interaction between electrons and
phonons is chosen for simplicity in the deformation
potential approximation [11] and a single phonon fre-
guency (generalization will be made below) intheform

bix, ) = 20D @

a(x, t) = (2Mmq)_”2[quxp(iqx—iwqt)+h.c.]. 5)
Here, € is the deformation potential energy, G(x, t) is

the displacement of atoms of mass M, and C;(Cq) are

the production (destruction) operators for photons with
frequency w, and wave vector g. It isimportant to note

that theinteraction energy ¢(x, t) expressed in terms of
the secondary quantization operatorsis areal function
exhibiting a periodic dependence on time.

The boundary conditions to Eqg. (1) describe a flow
of electrons from x = —oo, their reflection, and departure
totheregion x =0 (see[7, 8] for details). The static cur-
rent Jo(€) and the varying current J.(x, t),

J(x, 1) = J(X)cos(wt), (6)

which has the same phase as potential V(x, t), can be
expressed conventionally in terms of the wave function
W(x, t) (see[7]). The currents must be averaged over the
phonon subsystem.

3. STATIC CURRENT TAKING INTO ACCOUNT
THE ELECTRON-PHONON INTERACTION:
ADIABATIC CASE

In the absence of interaction with phonons, the static
resonance current of the RTD is given by the familiar
relation (see, for example, [7])

I-2
Jo(®) = 5, O = e—g¢g, 7
O( ) I_Z + 62 R ( )
where [ isthewidth of the resonance level with energy
€g; We assume that the current density Q of impinging

electronsis equal to 2/p, p? = .

In resonance (€ = €g), the current attainsits maximal
value and the coefficient of reflection from the structure
is equal to zero. Thisis due to destructive interference
of reflected electrons. We can naturally expect that the
interaction with phonons will destroy interference due
to phase breakdown. The effect of phonons is deter-
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mined by the rel ation between the phonon frequency w,
and the level width I'. If the frequency w is smaller
than I (adiabatic limit), the electron energy varies
slowly in accordance with lattice vibrations. The elec-
tron energy variation during tunneling draws out the
electrons from resonance and, hence, may strongly
affect the tunnel current.

In this section, we consider only adiabatic phonons,
which strongly affect the current in the RTD. In addi-
tion, following the approach proposed in [12] and using
the Bloch theorem [9] for averaging over phonons, we
can easily find the static and varying resonance currents
in the adiabatic limit.

Proceeding from the above considerations, we can

represent the electron energy £(t) in the adiabatic case
in the form

() = £+ B(x1). )

Then expression (7) for the resonance static current
assumes the form

3o(3) = g[f(a, t)+he], ©)

16,1 = ——

-, 5=20 ).
r—id oy

(10)

It should be noted that an equivalent notation is aso
possible:

Jo®) = T, (11)

The qualitative derivation given above can be

proved using the explicit solution to Eg. (1) in the semi-

classical approximation. Using the results obtained
in [13], we can easily prove that, when conditions

Wy <T <gg,

¢ < &g (12)

are satisfied, the tunneling amplitude (3, t) is defined

by formula (10), but instead of ¢(x, t) we must substi-
tute the following quantity integrated with respect to x:

() = i [axbix 0. (13)
0

Expression (9) for current must be averaged over the
phonon ensemble at temperature T:
Jo(®) = [Dy(d) 14

In order to carry out averaging, it is convenient, follow-
ing [12], to pass to the Laplace representation of the
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Lorentzian curve:
= r
Jo(d) = >
T (15)
x Ofdtexp[-t(I" —id)] Lexp[-itd(t)]L+ h.c.
O
0

In accordance with the Bloch theorem [9], the average
over the phonon ensembleis given by

Cexp[ T (O] 0 = exp[ -1 | 16
PL-T(010= exp| - | (16)
1 _ ésinqa/i2 2Ng+1
Ton a N Maw, ' (17)

Nq - (ecoq/T+ l)_l.

In this section, we will henceforth assumethat T = 0
and N, = 0. A generaization to the casewhen T # O can
be easily obtained.

Thefinal expression for the static tunnel current has
the form

- _r 0t DZ _T(T —i8)
3o(®) = 5t exp[ - }[e +ce]. (18)
0

It should be noted that the term leading to a resonant
energy shift due to the electron—phonon interaction in
the exponential of Eq. (18) has been omitted. Thisterm
will be given below (see Section 7) during an analysis
of current for high-frequency phonons.

In the general case, current Jo(8) can be expressed
in terms of tabulated functions. For example, in accor-
dance with [14], we have

Jo(0) = -[E;ﬂ’{ exp(Z)[1-9(2)] +cc}, (19
where
_ (=it 2
z= ", o2 ﬁ‘!exp( t7)dt.  (20)

Sometimes it is more convenient to represent Jo(3) in
terms of functions |.(B) [15]:

3@ = '%p“[u(s)—lf(s)], (21)
I— 1t
1.(B) = wﬁjo'expﬁst St 2
B=B+ip, B'>0, = .2z
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Functions @(z) and |.(B) tabulated in [16] make it pos-
sibleto determine Jo(3) for any I', T, and &.

We will analyze below only the limiting cases that
demonstrate the main effects of the electron—phonon
interaction on resonant tunneling. First, we determine
the resonance value of current from Eq. (19) for & = O:

LS
Jo(®d=0) = AT ﬂexpD 4D[ q)EH (23)
n="rty,
In the coherent limit (n > 1), we have
Jo(3=0)=1-2/n% (24)

i.e., the current decreases in proportion to 1/n2. In the
opposite limiting case (n <€ 1), in the first approxima-
tion, we obtain from Eq. (23)

Ji3=0)= @ (25)

It follows from this relation that the static resonance
current decreases by afactor of 1/n dueto the violation
of the resonance conditions by the interaction between
electrons and adiabatic phonons.

In the limit n < 1, we can find the dependence of

current on & in the entire detuning range. Using repre-
sentation (22) of function I.(B),

1.(B) = Jﬁe“‘z’z[ J’e‘ P — |A/n/2}, (26)
0
and expression (21) for current Jo(3) , we obtain
Jo(3) = ﬁ”‘exp% ) ZP*D 27)

The inclusion of the interaction of electrons with
adiabatic phonons leads to a decrease in the resonance
current and to a broadening of the resonant dependence
Jo(8) . For n < 1, the shape of the curve becomes Gaus-
sian instead of theinitial Lorentzian shape (7).

It should be emphasized, however, that the Jo(d)
dependence preserves its resonance hature with width
Ty even for n < 1 (but, naturally, for eqt,, > 1). This
means that the current is determined by interfering
electrons, although their fraction decreases in propor-
tion to n. Some electrons are reflected and make zero
contribution. For this reason, we must assume that the
criteriaof coherent (n > 1) and incoherent (N < 1) tun-
neling are quantitative rather than qualitative by nature.

It should be noted that therole of the phase breskdown
timeis played by the quantity 1, (see Eq. (17)), whichis
inversely proportiona to the matrix element € and not to
its square €2, in contrast to relaxation times [11].
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Let us compare the expressions for Jo(3) derived
above with the results predicted with the help of the
THM [3],

r2
[8°+ (T +T )

Jo(d) = (28)

where [, isthe additional broadening due to the inter-
action with phonons.

In accordance with relation (28), current Jo(8) pre-
servesits Lorentzian shape even for 'y, > T for 6 =0,
itisgiven by

r2
Thus, the predicted decrease is stronger and propor-
tional to the square (I'/I" ,,)? as compared to the linear
decay of 'ty in relation (25). Thus, relations (28) and
(29) differ significantly from (27) and (25).

4. EFFECT OF THE ELECTRON-PHONON
INTERACTION ON VARYING CURRENT
OF A RESONANCE TUNNEL DIODE:
ADIABATIC CASE

The varying linear current in an RTD in the model
of coherent resonant tunneling, which consistently
takes into account interference and boundary condi-
tions, was found in [7]:

16, ) = e’Ear’s
o AB-)’+ MM+ G+ o) 4
- €Ea5 5,9,

Here, J(8, w) isthereduced current proportional to the
amplitude E of the varying electric field and G,(5, w) is
the linear response. It was shown in [7] that current
J.(0, w) has peaks at frequency w, =0if d<TI and at
frequency ws, = & + '2if 3> T. The latter peak is due
to quasi-resonance transitions between states with ener-
gies € and €y (€ = e + w) and leads to a new (“quan-
tum”) regime of emission of the RTD. The quantum
regime can ensure a high-power generation of the RTD
at frequencies much higher than width I [17]. In the
“classical” regime (0< T, w,=0), thevaue of response
G, decreases rapidly (in proportion to 1/w*) upon an
increase in frequency for w>T.

Let us determine the varying current taking into
account the electron—phonon interaction and using the
approach developed in the previous section. This can
be done most easily by taking into account the fact
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that response G.(d, w) (30) can be represented in the

form [7]

Jo(®+ W) —Jp(0— W)
4w '

G5, ) =
where Jy(d) is the static resonance current (7). Averag-

ing current (31) over the phonon subsystem, we obtain

Jo(3 + 6) — Jo(3 — &)
4w '

(31)

Ge(3, o) =

(32)

Thus, we can express response G.(0, w) in terms of the

static current Jo(d + w) determined above. Let us con-
sider the most interesting limiting cases.

We begin with the low-frequency range w < T, in
which, in accordance with relation (32), response G,

can be expressed in terms of the differential static con-
duction

= = _ 0dJo(d)
G(0) = 545 (33
In the coherent limit n > 1, we have
dr?
G(0) = ———5- (34)
(0°+T1°)

The peak of response G.(0) isattained for 6(2, =r?3and
isequd to

Gudy = 22

If the opposite inequality n < 1 holds, we can easily
obtain the following formula from relations (33)
and (27):

(35)

Jnént
= p“exp[ (36)

(az,h)z]

The maximum of response G¢(d) is attained for
86 = 2/15, and isfound to be

_Jm’ expl]
4.2r DZD

It follows hence that adiabatic phonons suppress low-
frequency amplification proportional to n?. The small
parameter ), which appears as additional as compared
to static current (25), isassociated with violation of res-
onance by the varying current component. It is appro-
priate to note here that the tunnel Hamiltonian method
(see [3]) predicts the absence of the effect of the elec-
tron—phonon interaction on the varying response. This
immediately leads to the violation of the well-known
relation between the low-frequency response and the
derivative of the static current with respect to energy
(voltage) (seerelation (33)).

Ge(d,) = (37)
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Let us now analyze the frequency dependence of
response G4(d, w) inthelimiting casen < 1. Using the
results obtained in Section 3, we can easily obtain the
following equality from Eq. (32):

(_;C(é, W = __’[‘_T_n

X sinh[é(gr2 }eXp[ (w :1-6 ) zh}
Evaluating the derivative dG./dw, we obtain the fol-
lowing equation for extremal values of frequency:

3= G + 2 o[ 2%

(38)

(39)

The first solution wy;, = 0 corresponds to the maximum
of Ge if 0 <& < /6Ty and to its minimum for & >
Jér;ﬁ. This solution describes the classical regime. In

this regime, G, decreases rapidly with frequency for
Wy, > 1

_ _.Jmn (5 - w)’1h,
G.= 1% exp[ 7 ]

It should be noted that the characteristic frequency
starting from which the value of G, decreases sharply

(40)

is now equal to approximately r;ﬁ; i.e., the frequency
range of the response expands in the classical regime.
In the frequency interval I < w < Ty, thevalue of G
exceeds G

G. _ W’ Ton

G, r?
The second solution to Eq. (39), w, # 0, which cor-

responds to the maximum value of G, for & > JéTgﬁ ,

describes the quantum regime. Confining our analysis
to high frequencies 1,0 > 1, we obtain from Eq. (39)

(42)

s (41)

=0 = £—¢R.

This is the quasi-resonance condition. Response G, at
the maximum is given by

Ge(w,) = —%]. (43)

Comparing it with the corresponding value (30) in the
coherent limit (n > 1),

1
Gc(wz) = _4701

we see that the decrease is proportional to n. Thus,
amplification in the guantum regime is suppressed to

(44)
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asmaller extent than in the classical regime (seerela-
tion (37)). The reason for this effect is that the reso-
nanceisviolated only in the static channel. In the high-
frequency channel, this violation is insignificant since
Wy, > 1

Consequently, we have demonstrated that the
behavior of the response in the limit n < 1is qualita
tively similar to the response in the coherent regime:
two peaks (two regimes) are conserved for the relevant
intervalsof . Theonly differenceisthat the Lorentzian
curve of width I is replaced by a Gaussian curve of

width Tp,. Thus, we again arrive at the conclusion

drawn in Section 3 for static current: the boundary at
n = 1 does not play any qualitative role.

5. EFFECT OF THE ELECTRON-PHONON
INTERACTION ON NONLINEAR RESPONSE

In order to construct atheory of RTD generation and
anumber of other problems, we must know the nonlin-
ear response. In the low-frequency range w < T, the
varying current was found analytically for any varying
field amplitudes [12] with the help of an approach sim-
ilar to that used in Section 3. Let us consider the non-
linear low-frequency current, taking phonons into con-
sideration. For this purpose, combining the results
obtained in [12] and in Section 3, we arrive at the fol-
lowing expression for current after averaging over the
phonon subsystem:

i 2.
3G = 0 dvexp|~1r -5 |
ph
° (45)

x [exp{it(d + Vcoswt)} +c.c] E;
O

where Vv = eEa/4. Expanding exp(iV coswt) into a
series in Bessel functions J,(VT) and separating the

contribution proportional to the first harmonic cosuwt,
we obtain

J(3, V) = —2eFIdT sindt
(46)

2:
X ex —I'r—DLD }J VT).
p[-rr-F0 [

In the coherent limit (n > 1), the integral can be
evaluated exactly and we arrive at the expression which
was obtained for thefirst timein[12]. If n < 1, theinte-
gral for any v cannot be evaluated exactly. For thisrea-
son, we confine our analysis to the first nonlinear cor-
rection.
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Using the expansion of the Bessel function

z 7

1@=5-% (47)

we obtain the following expression for current:

® 2
Je(3, V) = —eFvIdrexp[ rt _E( }
(48)
- VTl
X snér[l— 050 8}'

In the general case (for any n), J«(d, V) can be
expressed interms of special functions[14]. Inthelimit
n < 1weareinterested in, we have

Ge(8, V) = Ge(B, V = 0)[1-V15(6 - 8T5)]. (49)

For the sake of comparison, we also write the anal-
ogous expansion in the coherent limit n > 1[12}:

3V(r’=s?)
2(8% + 2’
Comparing expressions (49) and (50), we see that the
results are qualitatively similar in this case also except
for the substitution of T;rl, for I'. It isimportant to note
that, likein[12] (see expression (50)), the sign reversal
of the nonlinear correction takes place (in this case, for
o> Jér;ﬁ ). The sign reversal leads to a nonmonotonic
dependence of current on the field and to hard genera-
tion regime [12].

Thus, we again arrive at the conclusion on the
absence of a qualitative boundary forn = 1. It isaso
important to emphasize that the nonlinear correctionin

Eq. (49) issmaller thanin relation (50) by afactor of n?,
facilitating the increase in the RTD generation power

(see[17]).

GJ(8, V) = GV = 0){1— } (50)

6. RELATION WITH STATISTICAL AVERAGING
OVER ADIABATIC PHONONS

We can prove that the proposed method of inclusion
of adiabatic phononsis equivalent to statistical averag-
ing over the Gaussian distribution W(y):

o dyrAwy)
o) = lo) —
Jo(®) = oS0 = f[r et
W) = S expf kit
) (52)
J‘ W(y)dy = 1.
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To provethis, we useformula(21) and the fact that
function 1..(B) can be expressed in terms of the inte-
gral [15]

1.(B) = J’dxe‘xz’zﬁ%—x, ImpB > 0. (53)

Then current Jo(8) can be represented in the form

3o@) = 10 J’dx -X’Z[le BDl }

dxe—x 212

B Izﬁ[(é X210+ 17

Carrying out the substitution of variables x = yt,/4/2,
we arrive at relation (51).

7. EFFECT OF THE ELECTRON-PHONON
INTERACTION ON RESONANT TUNNELING:
GENERAL CASE

We can generalize the results obtained above to the
case of phonons of arbitrary frequency by using semi-
classical perturbation theory for solving the
Schradinger equation (1). In[13], asemiclassical solu-
tion to Eq. (1) was obtained with the varying potential

W(x,t) = W(X)coswt (54
for the wave function in the case when x = a:
W(x=a) = f(a t)exp(—ict +ipx), (55)
fa t) = f(t) = Fexp[%vsnwt +it(r —ié)}
—t L
y Iexp[t'(l’—ié)—%vsinmt‘}dt', (56)

W = iI'W(x)dx.

Here, we assume that frequency w and field amplitude
W(X) are smaller than energy €. Potential W(X) was
assumed to be nonzero in the region of the well.

It was mentioned earlier that the above semiclassical
conditions are satisfied by the energy of the electron—
phonon interaction and the phonon frequency. Since

$(x, t) , aswell asW(x, t), isareal function periodicin
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time, generaizing relation (56), we must replace

W . .
|asmoot|nf(t) by

At) = < CyBy(t) —CeBX (1)} , (57)
_ %( |aq 1)
By(t) —q Mo, (58)

Since the resonance current Jo(8) must be indepen-
dent of coordinate x, we can choose the wave function
Y(x) in the form (55), (56) for any X, including x = a.

Inthis case, the resonance current Jo(3) can bewrit-
tenintheform

Jo(®) = OF T O=T2exp(2rt) exp(At)) exp(A"(t))

—t —t

x Idtlexp(tl(r —i6))J'dt2eXp(t2(F +i2))  (59)

x Cexp(A(ty)) exp(A'(t))0
Considering that

- A A oa . liag
A = —Ap, et =t
we obtain, instead of relation (59),

—t

Jo(d) = erxp(ZFt)J'dtlexp(tl(F—i6))

(60)

—t

x [ dtzexp(t(T" +i9)) (61)

x Cexp(At) - At )lexp 1A, At

The commutator equal to

[Aty), At,)] =
|leads to a shift of the resonance level.

Carrying out averaging over phonons with the help
of the Bloch theorem [9], we obtain

i sinw(t, —t) (62)

(At - A0 = e 30AW) -A]

= exp{—®Z[(2Nq + 1)(1 - coswy(t, —t))]} ,

2¢°sin (qa/2)
ooa M,

2
ch

(64)
Substituting relations (62) and (63) into formula (59)
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and integrating, we obtain (for T =0 and N, = 0)

00

Jo@®) =T [drexp[-1(T ~i8) ~ (1) +c.c}, (65)
0

9q(T) = P2 (1 - cosw,T) - (66)

Let us generalize relations (65) and (66) to the case
of N phonon frequencies. In view of commutativity of

the phonon production and destruction operators C;

and C, with different values of q, the average of the
exponential function over the phonon ensembleisequal

to the product of the averages of individual exponential

functions corresponding to different types of operators.
This meansthat the interaction with phononswith differ-
ent values of q is not correlated and they can be treated
independently. Consequently, generalizing the derivation
carried out above, we again arrive at relation (65), where
function g,(T) is replaced by g(1):

isinw,T} .

00

Jo(®) =T Idr exp[—t(I —id) —g(1)] +c.c},
20 (67)

g(1) = z %[(ZNQ +1)(1 - cosw,T) —isinw,T].
q

It is interesting to note that expression (67) for the
resonance current through an RTD coincides formally
with the expression for the probability of the Mdss-
bauer effect [10]. The only difference isthat the energy
transferred by the nucleus is replaced by the deforma-
tion potential of the interaction. It should also be borne
in mind that the natural line width I is assumed to be
very small for emission from nuclei, and the processis
determined by only two parameters: frequency w, (or
Debye frequency) and the energy transferred. In the
case of an RTD, all three parameters, viz., ', w, (or
Debye frequency wy,), and @, are significant.

Let us first compare the general formula with the
results obtained above (see Section 3). For the sake of
simplicity, we use formulas (65) and (66) and set T =0
and N, = 0. If frequency w, issmaller thanT", we obtain
from relations (65) and (66)

3d®) = 5

[Idtexp[—r(l‘ id—igy) — Et D2}+c.c},

where g, = q <quoq istheresonancelevel shift. Inal

other respects, relation (68) coincides with Eq. (18) for
the adiabatic case analyzed above.

Inthelimit wy,, > I', we use formula (67), when two
cases similar to those realized in the Mdssbauer effect

(68)
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are possible. If ®, > 1 (so-called strong coupling),
function exp(—g(T)) decreases so rapidly that cosw,T
and isinw,T appearing in it can be replaced by the first
nonvanishing terms in their series expansions. In this
case, we again arrive at the situation that was already
considered (i.e., to formula (68)), when the Lorentzian
line of width I' isreplaced by a Gaussian line of width

T;ﬁ. The time of coherence breaking is given by the
formula
Eg z%————————s'” (@¥2) 5N, +1). (69)

2
Ton Mo, Na*

In the opposite limit ® < 1 (weak coupling), the
sinwt for

t — o0) and we areleft only with the time-independent
component. In this case, we obtain the following
expression for current:

oscillating terms in exp(—g(t)) vanish (as

2

0) = ex El— ;E 70

Jo(d) = exp z NOrFZ+ 52 (70)

Conseguently, the |n|t|aIIy narrow shape of the reso-

nance curveis preserved, but the current decreases by a
2

) . Lo
factor of exp E_Zqﬁda' The exponentia function in

relation (70) is an analog of the Debye-Waller factor
and reflects the virtual elastic interaction of electrons
with phonons.

It should be noted that, along with inequalities ® <
1 and w> T, the condition

1
¢u)ph=a1>l',

n=rr,<1 (71)

can also hold.

Thus, for an RTD with a small width ' and weak
coupling, theinitia Lorentzian profile of theline can be
conserved completely in the limit n < 1, which is
regarded as “incoherent.”

If we take into account the contribution from oscil-
lating terms in the exponential in the next approximar
tion, this leads to the emission of high-frequency
phonons. The probability of these processesis low for
®<landw,> 1.

8. CONCLUSIONS

The results obtained above make it possible to
describe the behavior of the static and varying reso-
nance currents taking into account the electron scatter-
ing from phonons. Low-frequency adiabatic phonons
(g < I") make a considerable contribution to the varia-
tion of the currents. The reason isthat lattice vibrations
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lead to a slow variation of the electron energy and,
hence, to violation of the resonance condition.

Time 1,, is a characteristic parameter. If 1, < 1,
the Lorentzian line of width I" isreplaced by a Gaussian

line of width T;ﬁ . In this case, the resonance value of
the static current decreases in proportion to n = I'ty,.
The varying current in the low-frequency limit
decreases more strongly since the resonance isviolated
twice (in the static and the varying channels).

It cannot be stated, however (asit isoften done), that
tunneling becomes completely incoherent in the limit
n < 1 (but egty, > 1). On the contrary, it was proved
above that tunneling preservesits resonant nature under
these conditions. Coherent electrons (experiencing
interference) carry the resonance current, but their frac-
tion decreasesin view of increased number of reflected
electrons having interacted with phonons.

Thispoint of view is supported by the behavior of the
linear and nonlinear varying currents, namely, by the
existence of maxima of the reduced current for w = 0
(classical regime) and w = & (quantum regime) in the
linear response as well as by the conservation of fine
features of the nonlinear response (e.g., the sign rever-

sa for 8> J/61y;).

However, the most striking effect isthe conservation
of the narrow line of the static resonance current (see
relation (70)) in the incoherent limitn < 1, w, > T.
This effect issimilar to the M 6ssbauer effect.

Thus, it can be concluded that interference plays a
fundamentd rolein resonant tunneling inthelimitn < 1.
Resonant tunneling is aways coherent and exists as
long as time 1y, (see relation (69)) exceeds 7i/eg. For
this reason, the application of the rate equations as well
as the THM for describing tunneling is, strictly speak-
ing, incorrect. This follows, for example, from a com-
parison of the results obtained above with the corre-
sponding results from [3], where the THM was used.
Indeed, according to [3], the varying current remains
almost unchanged due to the electron—phonon interac-
tion, while the static current decreases in proportion to
n? (see relation (28)), which contradicts formulas (25)
and (37). In addition, the known rel ation between the low-
frequency current and derivative (33) of the static current
is violated. A number of other THM predictions also
contradict the exact analytic results (see[7, 8]).

It should be noted that we used the simplest model
of tunneling and interaction with phonons. This
enabled us to obtain visual analytic expressions and to
reveal basic features of the effect of phase breakdown
due to phonons on the resonant tunneling. We believe
that the results provide a better description of experi-
mental data (naturally, if the specific features of real
structures and the el ectron energy distribution are taken
into consideration).
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Abstract—It is shown that one of the conditions for a weakly collapsing solution with zero energy produces
an infinite number of functionals I identically vanishing on the regular solutions to the corresponding differ-
ential equation. On the parameter plane { A, C4}, there are at least two singular lines. Along one of these lines
(AJIC; = 1/6), are located weakly collapsing solutionswith zero energy. It is assumed that, along the second line
(A/C; = a,), another family of weakly collapsing solutions with zero energy is located. In the domain of large
values of the parameters {C;, a = A/C4}, there exists adomain of an intermediate asymptotic form, where the
amplitude of oscillations of the function U growsin alarge domain relative to the & coordinate. © 2003 MAIK

“ Nauka/Interperiodica” .

1. INTRODUCTION

The nonlinear Schrédinger equation arisesin inves
tigations of physical processesin variousfields of phys-
ics[1, 2]. Inad-dimensional space, thisequation can be
written in the form

D ap+lw™y = o, ®

where Y isascalar function of the coordinates, A isthe
Laplace operator, and ¢ isanumerical parameter char-
acterizing the type of nonlinearity. Under the condition
od = 2, Eq. (1) has solutions with a singularity on a
finitetimeinterval. There are several types of such solu-
tions [1-5]. Here, we continue an investigation of
weakly collapsing solutionsinthecased =3, 0 =1
which is most interesting from the physical point of
view. The weakly collapsing solutions form a three-
parametric set { A, C, C;}. One of the parameters (C) is
associated with a scale transformation of Eq. (1) [6].
In[6, 7], it was shown that, on the plane (A, C,), there
exists an infinite discrete set of points corresponding to
solutions with zero energy. These points are located
along the straight line (A/C, = 1/6), which was found

in[6,7].

Solutions with zero energy exist when two equations,
obtained below, are satisfied. Inthe domain C, > 1, one
of these equations can be expanded in the parameter

Cf, generating a family of functionals |y. Each func-
tional I vanisheson all regular (at zero) solutionsto the
differential equation that arisesin determining the func-
tiona 1. We explicitly write two such solutions. We
also show that, for C; > 1, there exists a domain of

intermediate asymptotic form with solutions having a
deep minimum in the number density of “particles.”
The number of particlesin an exact weakly collapsing
solution is awaysinfinite. This necessitates the trunca-
tion of the solution at a finite distance. In this connec-
tion, the solutions with a deep minimum in the number
density of particles are promising. One should expect
their appearance in numerical calculations and real
experiments [3].

2. WEAKLY COLLAPSING SOLUTIONS

Equation (1) has weakly collapsing solutions of the
form

W = NN exp(ix(e, 1)), 2
whereA =A() andp =r|.
The energy and particle number conservation laws

lead to the following equations for phase x and param-
etersA and v [3]:

vo =1,
C
fto—t

here, C and C, are constants. It was shownin [3, 8] that

both functions ¢ and X can be expressed via a single
function Z:

X(P. 1) = Xot) + X(PA),

| ©

Xelt) = ~In(ta—1);

_JZ . _ yZ+(2lo-d)Z
¢ = y(d—l)/2’ X = 4CZZ' ! 4

where function Z satisfies the third-order differential

1063-7761/03/9605-0975%$24.00 © 2003 MAIK “Nauka/ Interperiodica’
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equation
m 2
(27 (d=1)d-3).,
ZZI 2y2
1 . Y(yZ'+(2l0-d)2)
_@[Clz ) ac? ] ©
_(yZ+(lo-d)2)*, 2(2)°"* _ 0
8C4Z' y(d—l)o )

In the case under consideration {oc = 1, d = 3},
Eq. (5) takesthe form

v (—Z"),z + 2—(22')2 _ %Z'

124, ZZD_
=l

Parameter C is related to the scale invariance of
Eqg. (6) and, in what follows, we assume it to be equal
to unity, C = 1. There exists a one-parametric family of
solutions to Eg. (6), which satisfy the physical bound-
ary conditions at zero:

(6)

Z = Ay3+Ay5§—61—§5£%+... ™

In the asymptotic domainy — o, the general solu-
tionto Eq. (6) is[7, 9]

B
Z = By+—=2H+ 16(§1+ ...E—%(1+ )
y 9y y
2 2
X [dlcos% —chln)H + dzsin% —ZClln)H]
Coefficient B, in formula (8) is connected with the
coefficients{ B, d, ,} viathesimplerelation [7]
d; +d;
lB 2. (9)

Parameters d, , are functions of the quantities{A, Cy}.
The weakly collapsing solution has zero energy if both
coefficients d, , are equal to zero:

d, = d, = 0.

(8)

(10)

3. WEAKLY COLLAPSING SOLUTIONS
WITH ZERO ENERGY

In [6, 7], it was shown that, for large values of
parameter C, > 1, thereexist linesontheplane{ A, C;},
along which the amplitudes of the oscillatory terms are
exponentially small in parameter C,. The points corre-
sponding to weakly collapsing solutions with zero
energy are located on these lines. To obtain functional |
(see below), we use the method applied in [7]. Multi-
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plying both sides of Eq. (5) by Z' and differentiating
with respect to y, we obtain the equation

m_oc 74 V(7 4 yzmy - L
Z"-2C,2" + 3(Z +yZ") - 32

(11)
= 53(2')2—%2'2".
y y
Linearized equation (11), i.e., the equation
zZ"m-2C\Z"+ 2—1/(2' +yZ") - iz =0 (12)

has four linearly independent solutions Z;_,. One of
these solutions (Z,) is

Z, =Y. (13)

In the principal approximations (in parameter C[l),
solutions Z,_, are presented in [7] for the entire domain
y > 0. We also need the subsequent terms (in parameter
C]l) in these solutions. We define the functions Py, [ 7]
as

0 0
D ZZ Z3 Z4 D
D " " n [l
D Zz 23 Z4 D

0 0
nY Zs Za
Py = detH1 z, 7,5,
D n llD
DO 23 Z4E|

(14)
O O
oY Z: Za
Py = —detd1 7, 7, 5,

D n |||:|
DO 22 Z4|:|

l [l
Oy 22 Zs
Py = detg1 7, 24 6.
D " llD
DO Zz Z3|:|

The Wronskian W is independent of y and is equal to

52, 25 2,5
|ID

= detg 7y 7 73 o (15)
0 o o D
04, Z3 2, 0, _
No. 5 2003



PROPERTIES OF WEAKLY COLLAPSING SOLUTIONS

The general solution to Eqg. (11) satisfying the
boundary conditions at zero can be written with the
help of functions Py, in the form

Z = A(Z,—-Z3-yy)+Dy+D,Z,

(16)
+D3Zy+ D,Z,,

where functions Dy can be expressed in terms of inte-
grals of the derivatives of Z, namely,

y
0
- Lom 20228
5 Y1 Y1

Coefficients A, and y are constants, and thevalue of yis
determined by the relation

0
Y = W(Z4—Zs)y:o (18)

Formulas (14)—(18) are exact and can be used in any

order in parameter C]l. A weakly collapsing solutionis

a solution with zero energy if the following two condi-
tions hold:

A;+ Dy() = 0, Dy) = 0. (19)

The first equation in (19) is of particular interest to

us, because, aswill be shown below, the significant val-

ues of y, in expression (17) for the function D () are

small (on the order of C;*%).

In the domain of small values of y (y < C[”z), we
find thevalues of functions Z,, Z, and Z, from Eq. (12):

2

= —_ y +
Z,=1 TR

1
Z; = ——exp(—./2C.y)
8C,

2 3
x[“i Yoy

+ .., (20
8(2c,)** 8C. 24./2C, }

1
Z, = z=exp(,2Cyy)
8C,

X 1__5)/ y_3_ y3 +... .
8(2c,)** 8C, 24./2C,

Substituting expressions (20) into formulas (14) and
(15), we obtain the values of Wronskian W and func-
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tions Py, up to the terms C[z , inclusively:

(21)

(Py—P3) = — %1 8C2D

Using expression (7) for function Z for small values
of y, we obtain

42’ 622" _
3 2

y y

Formulas (17), (21), and (22) allow oneto find func-
tions Dy in the domain of small values of y:

—T2A%. (22)

_ 18A° 12A%y 10
Dl - Cl y ’ D2 - Cl %‘ 8Ci]1
1
D,+D; = 9BA’Y’HL+ EZE, (23)
144 A%y
D,-D, = +
v J2C %L 32(:2D

Substituting the values of functions D, into Eqg. (16)
and using Egs. (7) and (19), we find the value of coeffi-
cient A

12A c
A = > +0(C (24)
' 2(:1%l 32C? s
Asaresult, the first equation in (19) takes the form
I =0, (25)
where functional | is defined by the expression
~j2¢cy(Z')° ) DEQ
| = —6A+ [dye 2C
I  Hy D
(26)
o 1 2 a0
o % Tec * oas T l0
00 8(2C,) 1 12,/2C, °0Q
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4. FUNCTIONAL I,
OF ZEROTH-ORDER APPROXIMATION

Consider functional I,
Y mey(Zy)’ 0

ly = —6A+Idye JTCN@%% 2C, (27)
s y 0

where Z, is a solution to the equation

m (ZE)') 1\2
z —C,Zy+5(Z 28
0~z G y( 0) (28)
such that
Zo= Ay’ ay 0. (29)

We show that |, = 0 on any solution to Eq. (28) with
boundary condition (29). We set

¢ =2 (30)
and rewrite Eq. (28) in the form
0 {0)] 0 200, 00 _
oo +y2 ay 2Clay = 0. (3D
Using the identity
“dy, oy _ e P g 7w
—e = —-,/2C
J.yf 2y vy
¢ (32)
dy -/2Cy
+C ,
1.[ Y1

y

we reduce expression (27) for functional |, to the form

Io——6A+2JfIdy 2 20 Icpd%yé.(%)

Integrating by parts the last term in Eq. (33) and
using Eq. (31), we obtain

lo = ClIdye Fly(P

(34)

2C,y 1 0)0
+ J2C, Idye Ez‘pz 2%

Theintegrand in thelast term of formula (34) can be
expressed via the derivatives of function @ with the
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help of Eq. (28). Using this equation, we obtain

p -/2C,y
o = [dye
0 I y (35)

x (C,¢9 + C1./2C,0~ /2C,¢") = 0.

5. FUNCTIONAL | WITH ALLOWANCE
OF THE FIRST-ORDER TERMS

To obtain functional 1, it is necessary to retain the

terms small in parameter Cf in expression (26) for
functional |. For this purpose, we represent function Z
in the form

Z=2Zyt+2Z4, (36)

where Z,isasolution to Eq. (28) and thefirst-order cor-
rection Z, satisfies the equation

" Z" 2 , Z"Z" ,
Zl+( 0)221— oZi 7!
2(Zy) Zy
(37)
4, oL V7
24041 8
y 820

Taking into account formulas (27) and (35), we
reduce expression (26) for functional | to the form

| = 1g+1,,

dy 2¢,yl 2
| z:2.L£+ 3 2C
1 .!-y EQ 0 1@ ]D
(38)
1 y y. ., yHo
+ + + 200
Cohe 08(2c)® 16C, 12 /2c, 8Of
We pass to the new variables
y = ——, Zy) = Zo(x)/./2C
- T o) - 0! 1
N2C, (39)
Z, = Zy(9)/(2C)*
and set
@) = azg(x) = 7. (40)
No. 5 2003



PROPERTIES OF WEAKLY COLLAPSING SOLUTIONS

Functions @(x) and Z(X) satisfy the equations

(41)

In the new variables, functional 1, (38) is defined as

Il _ 1 dX —x%ioil[z

CJ EY%
o (42)
Za2
(Zo)'[ 2x* , g0
MRS e Tul=
For small values of x, function Zo is equal to
3
7, = OADX
Z0 R:lD 2 (43)
and, hence, depends only on one parameter,
A
= —. 44
a=g (44)

Function Z; also depends only on parameter a. As

aresult, functional C,1, on function Zo + Z1 isafunc-
tion only of parameter a:

C,l; = F(a). (45)

For all regular solutions to Eq. (41), the condition 1, = 0
holds. We investigate the solution to Eq. (41) in differ-
ent domains relative to the parameter a.

6. FUNCTIONS Zo AND Z;
IN THE NEIGHBORHOOD |a — 1/6] < 1

Equations (41) can be simplified considerably with
the help of the substitution

9=U? Zi=UG. (46)

As a result, system of equations (41) is reduced to
the form

s U 1 3

U 4+X2U 0,

~> (47

o1, 30 B XU
D4 2|:| su?® 8’
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In the domain of small values of x, functions 20 , U,
and G are equal to

. 3 2
Z0 = GTX[l+;—O(1—60() + }

3a
2

X (1 _6q B-S0 |

U= [1+—(1 60)

(48)

480

_ 20 X 2
G = ﬁlzo[l X~

128%+ }

We set

1 1
a = é+a1, |Gl| < 6 (49)

In the domain |o,| < 1/6, Egs. (41) imply that

U =Z+a,U;+aiU,, (50)

X

+ [oalonUsx) + a3 (U5(x) + X, U(%y))]
0

3

X 5(1) 5(2)
= Z+a,Z0 +0aiZo

12 10

G = Gy+ 0,6, +0’G,,
where

3[2

nOdX0

D[j]

3
X 4,/2 .
Go = 9+3 [

U, =

nOX0

D[é]

Functions U, and G, , satisfy the equations

(51)
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be expanded into a Taylor series:
. DJZ U can
Gi+16, = 36,0, -36,02 + 241
? X R Ozzv@q}—laz ol IR G
2 4 160 4480 '
1= Zél)Ul X, 2. 1,212 i
——U2+ Zy — +2U7+ =(2o) . In the domain of large values of &, we seek a solu-
6 6 X 6 X tion to Eq. (55) in the form

Thedirect computation of theintegral informula(42)
with the help of formulas (47)—(51) confirmsthe above
statement that functional 1, vanishes for all regular
solutionsto Egs. (41).

With the growth of parameter a in the domain a >
0., function U(X) has first-order zeros. Solution U, for
o = a, exponentially decreasesasx — o and isa sep-
aratrix. Numerical computation leads to the following
valueof a.:

o, = 3.1355. (52)
Our conjecture is that the straight line
A=a.C, (53

is singular and the points corresponding to solutions
with zero energy also lie along thisline. We shall check
this conjecture below.

7. DOMAIN OF LARGE VALUES OF a > 1
We find a solution to the first equation in (47) in the
domain where the values of parameter a > 1. We set
Jax =& UK = UE). (54)
In the principal approximation in parameter a2, the
first equation in (47) takes the form

a—U+—2U
9" &

Equation (55) isaparticular case of the Emden—Fowler
equation [10-12]. For small values of &, function U

= 0. (55)

_ I I I I
0 100 200 300 400 500

3
Theplot of U (&) function.
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U=8aE)+ @)+, (57)
where @, , are functions bounded on the real axisand v

is afree parameter. Substituting expression (57) for U
into formula (55), we obtain eguations for functions
@y, 2

2
a_;? V%cpf =0,
az(pz . 2 . (58)
o7 +V—2(P1<Pz+(3V _V)a_y 0,
where
y=¢ (59)

The solvability condition for the second equation
in (58) determines the value of parameter v:

v = 1/3. (60)
The general solution to thefirst equationin (58) is

_2114[31

where E and &, are free parameters whose values are
determined by the boundary conditions (solution (56)
to Eqg. (55)). Function sn(x, k) isan elliptic Jacobi func-
tion [13]. The function sn(x, i) can be represented in the
form

B &+ ), 1, (61)

N+1m(N-12)

sn(x, i) = ng _1)

—T[(2N 1)
(62)
X sm%ZN 1)2KD’
where K isthe complete elliptic integral
ek 0 13110087, (63)

T o 22T

Informula(63), F isahypergeometric function. The
guantity K can also be represented in the form

N+1 T[(N 12
1fz<mdlx1) __ﬁmjy (64)
which follows from formula (62).
No.5 2003
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In the case considered, quantities K and K" are con-
nected viatherelation

K'= (1-i)K,
which implies formula (64).
Numerical computation (the location of zeros of

function fJ) determines the values of parameters E
and &,

(65)

E = 1324, &, = 1314 (66)

Function U(&) is presented in the figure. It can be
seen that, in the domain of large values of parameters
C, and a, there exists alarge domain in which the inter-
mediate asymptotic form defined by formulas (54),
(57), and (61) isrealized. A typical feature of the inter-
mediate asymptotic form is that the growth of the

amplitude of oscillation of function U is proportional
to €3 in the domain

1<&<a¥ (67)

The upper bound in formula (67) is connected with
the range of applicability of Eq. (55).

8. CONCLUSIONS

Weakly collapsing solutionsto Eq. (1) form athree-
parametric family of solutions{A, C, C}. One of these
parameters (C) corresponds to the scale transformation
and can be set equal to unity while investigating the
solutions. On plane { A, C;}, there exists a discrete set
of points corresponding to weakly collapsing solutions
with zero energy. An infinite family of such solutions
located near the straight line A = C,/6 was found
in[6, 7]. We have shown that there exists another sin-
gular line on plane { A, C;}. Thisline is defined by the
equation

A =0a.,C, «,=3.1355. (68)

We make the conjecture that another family of
weakly collapsing solutions with zero energy islocated
near this line. The study of the condition for the exist-
ence of solutions with zero energy shows that there
existsan infinite set of functionals| suchthat I =0for
the solutions to the corresponding differential equation.
Each of these solutions is associated with Eq. (6). A
method for constructing functionals | and the differen-
tial equations associated with it is given.
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We have aso shown that, for large values of param-
eters{C,, a = A/IC;}, there exists adomain of interme-
diate asymptotic form. A typical feature of thisdomain

is the growth of the oscillation amplitude U(E) in pro-
portion to 3,
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Abstract—The problem of unraveling aquantum operation, i.e., aprocedure of retargeting the environment for
obtaining some information from a quantum system, which preserves the operation itself, is considered. An
unraveling during which aminimal amount of information enters the environment is found. This unraveling is
independent of the number of accomplished events. © 2003 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The concept of an operation [1] is a key one in the
guantum theory of information. It is the most genera
map (which is, of course, consistent with the laws of
guantum mechanics),

€ :éin'g’éout = %(@in). (1)
which transforms the input state @m of aquantum sys-

tem into an output state Po that might belong to
another system. It is conventional to consider the arrow
in expression (1) asachannel of transmission of (quan-
tum) information. The physical properties of the chan-
nel determine the form of operation €.

There are three conditions that must be satisfied by
aquantum operation: (1) for any input state @ , we have
Tr%(@) < 1 (in essence, this quantity is the probability
of channel operation); (2) map € is linear; and (3) €
possesses a so-called complete positivity. The latter
condition guarantees the positivity of the output state of
the system even in the case when € acts on a sub-
system.

There exists an operator-sum representation of € [1].
Namely, for any quantum operation €, there exists aset
{Eq} ana Of operators acting from the space of input
states ¥, into the state of output spaces ¥, so that

€@ = 5 Bkl @)
alA

For the sake of simplicity and definiteness, we confine

our analysisto the case of afinite set { Eo} §= 1.Weadso
assume that the condition of the so-called completeness
of the operation

zéé&, =1 A3)
[0}

holds. Physically, this means that the operation neces-
sarily occurs; i.e., the channel will operate. However,
expression (2) shows that the channel operation can be
of N types. Here, the probability P(a) of the ath type of

operation for an input state P is Tr(ELE,P) and the

output stateis Eq P EL /P(a). Expression (2) istheresult

averaged over distribution { P(a)} {L 1. Every type of
channel operationisan event, e.g., theclick of acertain
detector (with number a).

From the form of Eg. (2), one can easily guess the

transformation of the set { Eo} 2‘ -1 that preserves oper-
ation €,

Eq I EQ(U) dgf z UGBEB’ (4)
B

where U is a unitary matrix from SU(N). This fact is
well known. If the click of detector a is caused by the
absorption of aphoton of type a, transformation (4) can
be physically realized with the hel p of asystem of beam
splitters so that the probability amplitude of a click of
detector a includes the aternatives in which this click
is caused by photons of type 3 # a. In acertain sense,
thisjustifies that the aggregate of events corresponding

to set { Eq(U)} o-1 can be called superpositional with
respect to the initial aggregate corresponding to set

{Eq 1. Following Carmichael, we refer to a con-

creteset { Eq} E -1 realizing expansion (2) asthe unrav-
eling of the quantum operation €.

2. BASIC RELATIONS

Here, we search for an extrema (in the sense
defined below) unraveling. Now, the probability of
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occurrence of anevent a is

P(a; U) = Tr(E«(U)PELU))

) . ©)
= ZMBB'UUB'UO‘B’
o

where

Mgg = Tr(EsEgp) (6)

isthe unit trace matrix corresponding to a positive def-
inite Hermitian quadratic form.

When an event occurs (i.e.,, an operation is exe-
cuted), the amount of information

S(U) = —z P(a; U)InP(a; U) @)

is written in the environment. It was shown in [2] that
Si(V) is aso the average amount of information
required for describing the output state after the occur-
rence of a specific event. Our problem is to find the
unraveling, i.e., matrix U(1) (the number in the paren-
theses corresponds to the number of events that
occurred) for which S;(U) has an extremum. At the
same time, we will show that the extremum found is a
minimum. The problem of the search for a “minimal”
unraveling of a quantum operation as applied to some
problems of quantum optics was formulated in [3],
where a solution was found for the case of apureinitial
state. In those papers, the criterion for the minimal
unraveling was formulated in another way; however, it
is equivalent to our criterion and is a particular case of
the general solution given below.

To find the extremum, we apply the method of inde-
terminate Lagrangian multipliers by fixing the unitarity
condition UU* = 1. The matrix of the Lagrangian mul-
tipliers so far being indeterminate, the condition

0 U _ U
= DS.l(U)+ Z )\cxlazuﬂlﬁ'UGZBD =0 (8)
aUaBD a0, B O
fees U=UuU®)
should be satisfied. Thisimplies that
[InP(a, U(1)) + 1] z MgUqp(1)
g ©)

= Z)\C(C('UG'B(]')'
=
Note that, since matrix U is unitary, we can aways
make the substitution
(10)

without changing the variable quantity in Eqg. (8). If we
carry out this substitution in Eq. (9), it is immediately

Auu"’ 60(0('}\(1(1
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transformed into the following condition for U(1):

Z MgpUeap(1) = HoUqp(1); (11)
3

i.e., the rows of matrix U(1) are the eigenvectors of
matrix M. Simultaneously, quantities A, are specified.
The result can aso be written in the following form:

Mgg = ZUu'Ua'B(l)Uu'B'(l)- (12)

It is natural to consider the problem on extremal
unraveling of aquantum operation as applicable also to
histories, i.e., series of events obtained by repeatedly
applying an operation to the same quantum system. For
the sake of simplicity, assume that the system does not
evolve during the time intervals between applications
of the operation. The expression for the probability of
realization of history {ay, ..., 0} isthe obvious gener-
alization of relation (5):

P(a, ..
= Tr(Eq (U)...Eo(U)PEL(V)...EL (L))

Lo U)

_ _ (13
= MB]_---Bnu BlnBIIUa:lBll. ae U(an;,IUGIBl' e Ugan,
[CET M
By - Br
where
MBl"'an Bn--- B
(14)

at ot a P
= TI’(E[?,l... EB"EB'n... EB'lp).

Arguments similar to the ones applied in the case of a
one-event history imply the following conditions
imposed on the matrix U(n) of extremal unraveling in
the case of n events. For any i (1 <i < n), we have the

equality

Z UalBl(n) aes Balﬁl(n) aa Ugan(n)
By s B By
By - Ba

x MB1---anB;1---BI1U0‘1[3'1(n)'"UUnBIn(n) = ual...anuaiﬁi(n)-

Here, crossing out denotes that the corresponding sym-
bol is absent. Setting i = 1 in this expression, summing
itover a,, ..., a,, and taking into account that, by virtue
of (3),

(15)

D Mo eep g = Me g p g
B,

etc., we obtain the important result

Ugp(n) = Ugp(D) (16)
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for any nand
Ma,a,, = ) Hapay (17)

an
Asagenerdization of Eq. (12), we have
M .= me U (D...U_.. (D)
By Br BB CER. P 1 e By
a;,Z.,a'n (18)

xUgp(D)...Ugg (D).

Now, we prove that the extremum found is a mini-
mum. For this purpose, consider theterm bilinear in dU
and dU* in the expansion of the difference

05,(U(1)) = S,(U(1) +dU) —5,(U(1)).
First, note that the unitarity condition implies that

(19)

;;(umxndUwa+dLuBUaﬁ(1) 20

+dUg,dUqg) = 0 Oa,a'.

With the help of this relation, the probability variation
bilinear in dU and dU* can be represented in the form

oP(ay, ..., a,; U(D))
Z Z(Ualma _ual...an)qua‘ (21)
i=1 u
Here,
a = ZUavg-(l)UG-B(l)dUuB.dUuB. (22

BB
Onecan easily seethat, by virtueof (20), K .

a0’
Moreover, it is obviousthat K., 20 d , a'. Using

expression (21), we can represent the entropy variation
0S,(U(2)) intheform

0S,(U(2))

=_Z z INHg, o, (Mg, oo~
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Permuting a; ~— a; in each ith term of this seriesand

taking the half-sum of the initial and resultant expres-
sions, we come to the following result:

5S(UD) = 3

(24)

al...cx

p-or1 .a,

ZZ Ula)ua

i= 101

p‘ul...a;...un

Obvioudly, it is positive.

3. CONCLUSION

Thus, we have proved the following theorem.

The matrix of the unitary transformation of extremal
unraveling of a quantum operation for histories with an
arbitrary number of events is composed of the eigen-
vectors of matrix Mgg (6). In this case, a minimal
amount of information possible for a history of this
length is transmitted into the environment.

Note that the unraveling principle is also applica-
ble to the guantum control equation in the Lindblad
form [4]. Here, theroleof set { E} o 0 a isplayed by aset
of the Lindblad operators (the criterion of operation (2)
is not necessarily satisfied). The matrix of the minimal
unraveling for asingle event isdefined in the same way.
However, in this case, it is not universal and is specific
for each number of events.
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