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The Migdal jump in the nucleon momentum distribution
in nuclear matter is determined by the spin–isospin
response function
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The renormalization factorZ of the single-particle Green’s function in
nuclear matter, equal to the jump in the nucleon momentum distribution
~‘‘Migdal jump’’ !, is expressed in terms of the nuclear response func-
tion, using approximations that are realistic for nuclear physics. It is
shown that the spin–isospin channel makes the dominant contribution
to Z. © 1998 American Institute of Physics.
@S0021-3640~98!00119-4#

PACS numbers: 21.65.1f

The jump in the momentum distributionn(p) of Fermi particles, the so-called
Migdal jump,1 equals the renormalization factorZ of the single-particle Green’s functio
G(p,«), i.e., the residue ofG at the quasiparticle pole:

Z5~12~]S/]«!0!21, ~1!

whereS(p,«) is the mass operator:G(p,«)5(«1m2«p
02S(p,«))21, m is the chemi-

cal potential, and«p
05p2/2m (m is the bare nucleon mass!. The index 0 in the derivative

signifies that the derivative is evaluated at the Fermi surface, i.e., at«50 andp5pF .

In condensed-matter theory,Z appears in most observables through the effec
interaction of quasiparticlesF5Z2Gv, whereGv is the Landau amplitude.2 In atomic
nuclei the coordinate-dependent factorZ(r ) also enters implicitly in the amplitudeF
~Ref. 3!. But, in addition,Z(r ) directly determines the single-particle spectroscopic f
tors and a number of other important observable quantities. The quantity (]S/]«)0 is a
sum of contributions of approximately equal size, one of which is due to low-ly
surface oscillations and can be calculated quite reliably in the self-consistent theo
finite Fermi systems~TFFS!.4,5 The other contribution is a characteristic of nuclear ma
and is determined in the self-consistent TFFS by an independent phenomenologic
rameter. The value in nuclear matter, (]S/]«)0 520.25, corresponding toZ50.8, is in
good agreement with a large collection of experimental facts, and we shall treat it
‘‘experimental’’ value.

In the present letter the dispersion relation3 which relates the real and imaginar
parts ofS is used to calculateZ. In the standard assumptions used in nuclear phy
ImS can be expressed in terms of the nuclear response function. We shall show th
spin–isospin channel makes the dominant contribution to ImS. The properties of this
5530021-3640/98/68(7)/6/$15.00 © 1998 American Institute of Physics



re

vi-
.

edom

f

ta
renor-
done
e-

quasi-
-

rator

554 JETP Lett., Vol. 68, No. 7, 10 Oct. 1998 É. E. Sapershte n and S. V. Tolokonnikov
channel are determined by the zeroth harmonicg08 of the spin–isospin component ofF
~‘‘Migdal constant’’! as well as by the tensor amplitudesFp andFr of the medium-
modified single-pion andr-meson exchange.6,7

From the dispersion relation forS it follows that

S ]S~p,«!

]« D
0

5
1

pH E
0

`

d«
ImS~pF ,«!

«2
2E

0

`

d«
ImS~pF ,2«!

«2 J . ~2!

The spin and isospin indices in Eq.~2!, as well as in most subsequent formulas, a
dropped for brevity. Relation~2! guarantees the required sign (]S/]«)0,0, which fol-
lows from the inequalityZ,1. Indeed, for positive values of« the negativity of
ImS(pF ,«) follows from causality. For negative« the sign of ImS changes,2 so that both
terms in Eq.~2! are negative.

Figure 1 shows the simplest diagrams forS, the cuts of which determine ImS. The
Hartree–Fock terms inS, which do not change the imaginary part, are dropped. E
dently, different physical mechanisms enter in ImS additively and with the same sign
For this reason, Eq.~2! has the form of a ‘‘sum rule.’’

For the time being we shall confine our attention to the nucleon degrees of fre
only. Then there exists an exact relation2 which expressesS8 (S minus the Hartree–Fock
terms! in terms of the vertex partG, the NN potentialV, and the Green’s function o
noninteracting particles and holes,K05GG:

S85VGK0G. ~3!

The symbolic multiplication in Eq.~3! signifies integration over intermediate momen
and energies as well as summation over the spin and isospin variables. A formal
malization of~3! to reduce the problem to quasiparticles is hardly possible. It can be
approximately, using the smallness of 12Z, which is a measure of the difference b
tween particles and quasiparticles. Then, when calculatingZ from Eqs.~2! and~3! in the
first approximation this difference can be neglected on the right-hand side of Eq.~3!, and
the equation can be written in terms of quasiparticles. In so doing, there arises a
particle interaction amplitudeF(p,p8,k,v), which for k50 andv50 becomes the Lan
dau amplitude.

More general is the relation for the imaginary part of the quasiparticle mass ope
ImSq5ZImS:

ImSq5F* ImG ImKF, ~4!

FIG. 1. The simplest diagrams forS8. Solid line — nucleon Green’s functionG; wavy line — zero-soundD
function. Open circle — zero-sound creation vertex. Diamond —NN potential V, dashed line — pionD
function; filled circle —pNN vertex.
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where nowG is the quasiparticle Green’s function andK is the Green’s function of
interacting quasiparticles and quasiholes. Indeed, in the first approximation, negl
the quasiparticle damping on the right-hand side of Eq.~3!, the relation~4! can be
obtained from Eq.~3!. In this case the amplitudeF is real. In the next approximation, th
computed ImSq can be substituted forG andK on the right-hand side of Eq.~4!. Here the
amplitudeF also becomes complex. In this letter we confine our attention to the sim
approximation.

We shall employ for the amplitudeF the approximation adopted in TFFS:6,7

F5F01Fp~k,v!~s1•n!~s2•n!1Fr~k,v!~@s13n#•@s23n# ! , ~5!

wheren is a unit vector in the direction ofk. We shall confine ourselves to the zero
harmonics of the central part ofF0 :

F05C0 @ f 01 f 08t1•t21~g01g08t1•t2!s1•s2#, ~6!

where the normalization factorC0 is the reciprocal of the density of states at the Fer
surface:C05(dn/d«F)215300 MeV•fm3. We employ forFp and Fr the standard
expressions used in the TFFS,6,7 taking into account the form factorsGpNN andGrNN ,
respectively. As a rule, we shall use forGpNN the monopole ansatz,6 which takes into
account the departure of the pion from the mass shell, with the cutoff parameterLp . The
data onLp are contradictory: values ranging from 300 MeV up to 1.2 GeV are use
the literature~see the discussion in the review6!. In the present calculations we employe
as the base value the optimal value for describing the effect European Muon Colla
tion ~EMC! effect,6 Lp5620 MeV, and we investigated the sensitivity of the results
the value of this parameter.

Since in the present problemv!mr , wheremr is the mass of ther meson, the
static limit of the monopolar form factor was used forGrNN . HereLr51 GeV was taken
as the base value of the cutoff parameter.

Confining ourselves to the zeroth harmonics of the amplitudeF0 , we integrate in
Eq. ~4! over the momentap1 and p2 and express the answer in terms of the respo
function:

x~k,v!5E d3p1

~2p!3

d3p2

~2p!3
K~p1,p2,k,v!. ~7!

The analogous integral ofK0 is, to within a factor, the well-known Lindhard
function2 f052C0x0 . We introduce by analogy the dimensionless response func
F52C0x. The form of Eq.~6! dictates an analogous spin–isospin structure ofF with
componentsFST, where the spinSand the isospinT of a particle with a hole are 0 or 1
The equations forFST decouple:

FST5f022f0f 0
STFST, ~8!

wheref 0
005 f 0 , f 0

015 f 08 , f 0
105g0 , andf 0

115g08 . It is easy to see that the imaginary part
Sq is a sum

ImSq5(
ST

ImSq
ST, ~9!
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where for«.0

ImSq
ST~p,«!5~2S11!~2T11!C0 E

0

` dv

2pE d3k

~2p!3
~ f 0

ST!2

3ImG~«2v,p2k!ImFST~k,v!. ~10!

For «,0 the substitutionv→2v must be made in the arguments of the functions in
integrands.

Let us recall the values of the zeroth harmonics ofF. For f 0 the density
dependence3 with strongly different values of the innerf 0

in.0 and outerf 0
ex.23 ampli-

tudes is important.4 Only f 0
in enters in the calculation ofZ. The enormous value off 0

ex

leads to a large surface contribution toZ(r ), which in the self-consistent TFFS can b
calculated separately. Next, we take (f 08)

in50.5– 0.6~Ref. 8! as well asg050.0560.10
andg0851.160.10 ~Ref. 9!.

On this basis, it follows from Eq.~10! that the isoscalar terms ImSq
00 and ImSq

10 can
be neglected. Only the isovector terms are important, and the quantity ImSq

11 must be
severalfold greater than ImSq

01.

Expression~10! also contains the contribution ImSq(s) of zero sound, a characteris
tic solution of the homogeneous equation corresponding to Eq.~8! that exists forf 0

ST

.0 in the region where Imf050. But it is more convenient to calculate the imagina
part of the diagram 1a directly. This contribution is very small — the corresponding
(]Ss /]«)0

11 520.01 — and the terms with otherST are negligibly small. The main
contribution to Eq.~10! comes from the region of the particle–hole continuum wh
Imf0Þ0. We shall first calculate ImSq(c)

11 without takingFp andFr . into account. The
integral in Eq.~10! with g085const diverges. The dependence ofg8 on the momentum
transfer is known from an analysis of precise data on the elastic magnetic scatter
electrons by odd nuclei:7

g8~k!5
g08

11r 0
2k2

, ~11!

wherer 050.4 fm. Thek dependence ofg8 makes the integral convergent, but the res
is too large in absolute magnitude: (]S/]«)0

11520.49. WhenFp andFr are taken into
account, the single spin–isospin mode splits into two modes, longitudinal and trans
with two effective amplitudes:

gl ~ tr !8 ~k,v!5g08~k!1Fp~r!~k,v!/C0 . ~12!

Next, we write ImSq(c)
11 5ImSq(c)

l 1ImSq(c)
tr , where each term is determined by an in

gral of the form~10! with the factor 2S1153 replaced by 1 for the longitudinal mod
and 2~the number of degenerate transverse modes! for the transverse mode~Fig. 2!. For
the main parameter set we find (]Sc /]«)0

l 520.016 and (]Sc /]«)0
11520.210, which in

sum give (]Sc /]«)0
11520.226. Such predominance of the transverse over the long

dinal channel is due mainly~aside from the kinematic factor 2! to the play in the param-
eters. Thus, the longitudinal contribution depends strongly onLp : It equals20.080 for
Lp5400 MeV and20.267 forLp51200 MeV. ForLp5600– 700 MeV it has a mini-
mum, due to strong cancellation of the two terms in Eq.~12!. The transverse contribution
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is almost independent ofLr . The calculation of ImSq(c)
01 in the 01 channel is similar~Fig.

2! and gives (]Sc/]«)0
01520.056–20.075 for (f 08)

in50.5– 0.6, i.e., it is of the order o
20–30% of (]S/]«)0 . Thus the nucleon degrees of freedom exhaust and even some
exceed the sum rule~2!. Since the pion mode should make some contribution,
signifies that this calculation needs to be improved. The most obvious point, which
cause the integral~10! to decrease, is taking account of the dependence ofg8 on v, for
example, in a form similar to Eq.~11!.

Let us briefly examine the pion contribution to (]S/]«)0 . The corresponding skel
eton diagram is displayed in Fig. 1c. Since an analogous diagram also exists for
nucleon, only the medium-induced change in the diagram should of interest to us
purposes of estimation, we shall examine the term associated with the changedG in the
nucleon Green’s function in nuclear matter. This change is produced by two factor
existence of Fermi filling and the change in the single-particle spectrum. The first
reduces to an integral which is cut off by the Fermi factor and essentially independe
the form factor. It is very small: (]Sp

(1)/]«)0 520.014. The second term,dSp
(2)(p,«),

due to the change in the nucleon spectrum, depends on the form factor, and fo
reason its calculation is more problematic. It is pointless to useGpNN(k,v) in the same
form7 as above, since now the pion is on the mass shell, where this expression ta
the value 1. In this situation, it is necessary to take into account the dependence
vertex pNN on the variables controlling the departure of the nucleon from the m
shell; this dependence is poorly understood. To estimate the pion contributio
(]Sp /]«)0 , we shall employ a very simple modification of this form factor, ensur
that the integral of interest converges. The result depends on the parameterLp and equals
(]Sp

(2)/]«)0520.022 atLp5620 MeV. A detailed analysis if required in order t
calculate the other terms in (]Sp /]«)0 . This will be done separately, but the estimat
presented already show that the pion contribution is appreciably less than the nu
contribution.

We shall list the main assumptions made in the present calculation. In the first p
the quasiparticle damping and, accordingly, ImF were neglected. The other importa
approximation is the assumption thatF is independent of the frequencyv. Moreover, the

FIG. 2. ImSq(«). The dashed and dot–dash lines show the contribution of the longitudinal and trans
modes, respectively, of spin–isospin channel. The dotted line corresponds to the scalar-isoscalar chann
line — sum of partial contributions.
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contribution of the high harmonics ofF was not studied~however, estimates show thi
contribution to be very small!. The slight breakdown in the sum rule for (]S/]«)0 is
somewhat exceeded is an indicator that the computational scheme needs to be im
We think that a more accurate theory will confirm the main results of this letter:
renormalization factorZ of the Green’s function in nuclear matter can be calculated
terms of the nuclear response function and is determined mainly by the spin–is
mode.

We thank A. B. Ka�dalov, L. A. Kondratyuk, and V. A. Khodel’ for helpful discus
sions. This work was supported in part by Grant 98-02-16979 from the Russian Fun
Fundamental Research.
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Energy dependence of ratios of multiplicities and their
slopes for gluon and quark jets
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The difference between the ratio of multiplicities and the ratio of their
derivatives with respect to energy for gluon and quark jets is calculated
up to next-to-next-to leading order of perturbative QCD. Its nonzero
value is uniquely defined by the running property of the QCD coupling
constant. It is shown that this difference is rather small compared to
values which can be obtained from experimental data. This disagree-
ment can be ascribed either to strong nonperturbative terms or to ex-
perimental problems with a scale choice, jet separation, and inadequate
assignment of soft particles to jets. ©1998 American Institute of
Physics.@S0021-3640~98!00219-9#

PACS numbers: 13.87.2a, 12.38.Bx

The ratio of multiplicities in gluon and quark jets has been of much debate du
recent years. The lowest-order prediction of the perturbative QCD drastically overv
experimental results for this ratio. Therefore, the higher-order corrections up to the
to-next-to leading terms of the perturbative QCD have been calculated,1,2 and the ratio
has been written as

^nG&

^nF&
5r ~y!5

CA

CF
~12r 1g0~y!2r 2g0

2~y!!1O~g0
3!, ~1!

the scale of the process being set byy5 ln Q/Q0, whereQ is the virtuality of the jet,
Q05const,

g05S 2CAaS

p D 1/2

, ~2!

aS is the running coupling constant,CA53, CF54/3 are Casimir operators, and

r 152Fh11
nf

12Nc
S 12

2CF

Nc
D G2

3

4
, ~3!

r 25
r 1

6 S 25

8
2

3

4

nf

Nc
2

CF

Nc

nf

Nc
D1

7

8
2h22

CF

Nc
h31

nf

12Nc

CF

Nc
h4 , ~4!

h15
11

24
, h25

6726p2

36
, h35

4p2215

24
, h45

13

3
. ~5!
5590021-3640/98/68(7)/4/$15.00 © 1998 American Institute of Physics
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Here,nf is the number of active flavors, andNc53 the number of colors. Let us note th
only the first term ofr 2 was obtained in Ref. 1 by the Feynman graph technique. O
terms come from higher derivatives of the generating functions2 when the QCD equations
for the generating functions are solved by Taylor series expansion. They take in
count the energy conservation in three-parton vertices.

Asymptotically, the ratior (y) ~1! tends to a constantCA /CF59/4, which shows
that the gluon jet bremsstrahlung is stronger than for quark jets. However, the corre
terms are still noticeable at presently accessible energies.

The energy dependence of the average multiplicities of gluon and quark jets us
be expressed in terms of the anomalous dimensiong(y) as

^nG~y!&5Ke*yg~y8!dy8, ^nF~y!&5^nG~y!&/r ~y!. ~6!

Then it is easy to get the ratio of their derivatives as

^nG~y!&8

^nF~y!&8
5r ~y!S 11

r 8~y!

g~y!r ~y!2r 8~y!
D , ~7!

or for its difference with the ratio of multiplicities one gets

D~y!5
^nG~y!&8

^nF~y!&8
2

^nG~y!&

^nF~y!&
5

rr 8

gr 2r 8
. ~8!

The anomalous dimension in terms of the running coupling constant looks like

g5g0~12a1g0!1O~g0
3!. ~9!

Here

a15h11
nf

12Nc
S 12

2CF

Nc
D2

B

2
, B5

11Nc22nf

24Nc
. ~10!

The higher-order terms have been omitted in our treatment. Taking into account th

g0852h1g0
31O~g0

5!, ~11!

one estimates that the second term in the denominator of~8! can be neglected and ge
finally

D~y!'
r 8~y!

g~y!
'

Nc

CF
r 1h1g0

2~11a1g0!S 11
2r 2g0

r 1
D . ~12!

Formulas~8! and ~12! are the main result of the paper.

It is important to stress that the differenceD(y) between the ratios of derivative
and multiplicities directly demonstrates the running property of the QCD coupling
stant. It is identically equal to zero for fixed coupling becauser 850 in that case. For the
running coupling, this difference is always positive and proportional to the value o
coupling constant. Consequently, it tends asymptotically to zero.

The corrections due to the anomalous dimension~9! and due to the multiplicity ratio
~1! have been deliberately left as separate factors in brackets in~12! to show their relative
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importance. One easily notices that the last correction inD(y) is stronger than in the ratio
~1! itself becauser 8 in the numerators of~8! and ~12! acquires factors ofn upon differ-
entiation of the subsequent terms ofg0

n in ~1!.

Asymptotically the terms in brackets tend to 1 sinceg0→0, but at present energie
(g0'0.45– 0.5 atZ0) the corrections are rather large. In the energy range nearZ0, the
factor in front of the brackets in~12! is about 0.05–0.06. The anomalous dimens
correction in the first bracket enlarges the value ofD by about 15%. More important is
the expression in the second bracket. With values ofr 1 andr 2 given by~3! and~4! and
inserted in~12!, one estimates it as about 3.2, i.e., the linear ing0 term ~NNLO correc-
tion! contributes more than 1~MLLA term!, and one must therefore evaluate the n
terms. If we were to accept this expression anyway, we would estimateD as

D'0.16–0.20. ~13!

Thus the predicted value ofD is comparatively small.

Let us note that the first term from~4! only as calculated first in Ref. 1 contribute
to the second bracket a value of about 0.25, and the corresponding contribution tD is
approximately 0.06–0.08.

We have considered the one-scale problem without imposing any limitations o
transverse momentum but considering the jet evolution with energy in the total p
space. In experiment, more-severe restrictions are often imposed by the specifics
installation or some special criteria. In particular, one can consider jet evolution
function of some internal scale~e.g., similar to the jet transverse momentum! at a given
energy~usually chosen at theZ0 peak because of the better statistics!. Such a procedure
has been exploited in Refs. 3 and 4. It was claimed that the proportionality of the
scales favors comparison of theoretical predictions with experimental data on the e
tion of the above ratios. The scale chosen in Ref. 4 was

k5Ejet sin
u

2
, ~14!

whereEjet is the energy of the jet andu is the angle with respect to the closest jet. In R
3 a similar scale of the geometric mean of such scales of the gluon jet with respect
two quark jets in three-jet events has been used. From the data presented in Ref
can estimate that the differenceD(k) ranges approximately from 0.95 atk57 GeV to
0.7 atk528 GeV. These values are much larger than predicted above.

However, both the theoretical and experimental approaches to the problem sho
further analyzed. The large correction in Eq.~12! implies that next terms of the pertur
bation expansion can be important in the ratio of derivatives. They are enlarged in~12!,
as discussed above, and support earlier conclusions~see, e.g., Ref. 5! that subleading
effects are quantitatively important at experimentally accessible energies. Our expe
tells us also that power corrections due to conservation laws related to recoil effec
become important as well.6

Experimental procedures raise even more questions. There exists a scale depe
in the final result if one compares the data of Ref. 3 with the data of Ref. 4. The pro
of the scale choice has recently been discussed in Ref. 7. Besides, it has been show7 that
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different algorithms for jet selection and ascribing soft particles to a jet lead to some
different conclusions concerning the jet multiplicities and their slopes. Further stu
necessary.

Another problem raised by the procedure used in Ref. 4 is the role of nonpert
tive effects in the average multiplicities of gluon and quark jets. It has been claimed4 that
the hadronization of quark jets leads to some constant~assumed as an ansatz!! excess
over gluon jets, equal to about two or three particles. It partially compensates the p
bative QCD excess of the gluon jet multiplicities. This constant term in the en
dependence of multiplicities has been ascribed to a possible nonperturbative contrib
Unfortunately, this statement can hardly be tested against any reliable theoretical
ment. These terms do not contribute to the derivatives of the multiplicities but drast
diminish the multiplicity ratio, thus increasing their differenceD(y).

At the same time, the theoretical estimate~13! seems quite reasonable qualitative
if one accepts the value of about 2.1 given for the ratio of derivatives in Ref. 4 an
theoretically predicted5 value of about 1.84 for the ratio of multiplicities, in compariso
with the experimental result;1.6 claimed in Ref. 8.

In conclusion, we have evaluated the difference between the ratio of the slop
the average multiplicities and the ratio of multiplicities in gluon and quark jets in
next-to-next-to leading approximation of the perturbative QCD and compared it to s
experimental data.
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Polarization of quadrupolar nuclei

F. S. Dzheparov and Yu. F. Kiselev
Institute of Theoretical and Experimental Physics, 117259 Moscow, Russia

~Submitted 1 September 1998!
Pis’ma Zh. Éksp. Teor. Fiz.68, No. 7, 539–543~10 October 1998!

A method of obtaining high polarization and pure spin states of impu-
rity nuclei with a moderately strong quadrupole interaction in solid
diamagnetic hosts whose nuclei have spin 1/2, a largeg factor ~like 1H
and 19F), and a high degree of polarization is proposed. The method
employs cross-relaxation transitions of the impurity nuclei with the host
spins ~with adiabatic variation of the external magnetic field! and
simple radio-frequency pulses that invert the host nuclei or give rise to
two-spin resonance of the host and impurity nuclei. ©1998 American
Institute of Physics.@S0021-3640~98!00319-3#

PACS numbers: 76.60.Gv, 21.10.Hw

1. The standard methods of obtaining high nuclear polarization were devel
mainly for protons and other spin-1/2 nuclei and are ineffective for quadrupolar nuc1,2

The most powerful modern setups give dynamic proton polarizationpp'0.9 in samples
of volume V;103 cm3, but the polarization of2H nuclei that has been achieved
appreciably smaller,pd'0.5, and for14N it is only pI;0.1.3,4 The comparatively large
value of pd is due to the weak quadrupole interaction, which increases sharply
increasing nuclear charge. Using an adiabatic rapid passage, a large valuepI'0.4 has
been obtained for the cross-relaxation transfer of high proton polarization to14N nuclei.3,4

It is shown in this letter that by combining these methods with the pulsed proton p
ization reversal one can achieve even higher degrees of polarization,pI'pp , for impu-
rity nuclei, and the impurity nuclei can be put into pure spin states. While givin
somewhat weaker effect, the method can be used for nuclei of the main isotopes of
substances, such as14N in ammonia and139La in LaF3 . The experimental implementatio
of this suggestion can have extensive applications in high-energy nuclear physi
neutron physical investigations ofP- and T-odd effects, and in hyperfine interaction
physics.

2. We shall consider first the very simple case of identical impurity nuclei withg
factor much smaller than that of the nuclei of the main isotope~for definiteness protons
gI5egp , e!1), spin I 51, low density, and axisymmetric quadrupole interaction o
ented along thez axis, which is arranged parallel to the external static magnetic fieldH0 .
The Hamiltonian

HI5HQ2v I I z , HQ5bQS I z
22

1

3
I ~ I 11! D , bQ53vQ ~1!

~wherev I andvQ are the Larmor and quadrupole frequencies, respectively! determines
the principal approximation for the corresponding spin states when dipole–dipole
actions are neglected, and
5630021-3640/98/68(7)/5/$15.00 © 1998 American Institute of Physics
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HI um&5Emum&, Em5bQFm22
1

3
I ~ I 11!G2mv I , I zum&5mum&. ~2!

All nuclear spin–lattice relaxation times are assumed to be quite long and are no
cussed below.

Let the proton subsystem be put into a state~by the method of dynamic cooling, fo
example! with high polarizationpp in a high static fieldH0 , and let its density matrix be

rp5exp~b~F2vpSz!!, pp5^Sj
z&/Sj5tanh

bvp

2
, 12uppu!1. ~3!

Here b is the reciprocal of the temperature,Sj51/2 is the spin of thejth proton,Sz

5(Sj
z is the projection of the total spin of the protons along the external field,vp is the

Larmor frequency of the protons, andF is the corresponding free energy.

We shall consider the casevp.0, v I.0, andbQ.0. Let

vmin5v1,05E12E05bQ2v I , vmax5v21,05E212E05bQ1v I . ~4!

Let us decrease the fieldH0 adiabatically right down to the point wherevp and vmax

cross. Cross-relaxation of protons with spin statesI , coupled with the frequencyvmax,
occurs near crossing. It is caused by dipole–dipole interactions and correspondin
rate is of the order of~see, for example, Ref. 5!

Wc~D!5e2ḡ~D!/T2p , ~5!

whereT2p is the phase~transverse! relaxation time of the protons,D5vp2vmax, and

ḡ~D!5gc~D!/gc~0!, gc~D!5E dvgI~D2v!gp~v!'gp~D!. ~6!

Here we took account of the fact that the homogeneous Larmor resonance linegI(v) of
the impurity nucleus is much narrower~by the factore2) than the proton resonance lin
gp(v). The variation of the field must be adiabatically rapid, i.e., all important proce
must be completed before the spin–lattice relaxation appears, but the widthDc;1/T2p of
the cross-relaxation line must be traversed in a time much longer than 1/Wc(0). The
latter condition can be expressed as

v̇p!e2/T2p
2 . ~7!

After adiabatic crossing of the frequencies, the quasipolarizationp0,21
I 5(r0,0

I

2r21,21
I )/(r0,0

I 1r21,21
I ) of the spin-I states participating in the cross relaxation b

comes equal to the proton polarization, which in similar notation can be written app

5p1/2,21/2
p . Here, in accordance with the convention adopted for the signs ofvp andbQ ,

the first state in the difference determiningp0,21
I is the state corresponding to the low

energy. Ultimately, after the crossing one hasp0,21
I 'pp , r21,21

I '0. In this analysis we
neglected the influence of the second transition~between the statesu1& and u0&), since
according to modern ideas6,7 this rate is exponentially small in the parameterDT2p , and
D'2v I .

As the field decreases further, the crossingvmin5vp will occur, as a result of which
r1,1

I will vanish and only the population of the stateu0& will be significantly different
from zero:
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rm,n
I 'dm,ndm,0 , r I'u0&^0u. ~8!

Such pure states are themselves of interest in many physical applications. To obtai
polarization, however, we shall start to increase the fieldH0 . A secondary crossing of the
frequenciesvp andvmin will not changer I , and atvp5bQ we invert the direction of the
proton polarization by applying a resonantp pulse to the system. At exact equalityvp

5bQ this pulse will likewise have a small~to the extente is small! effect on theI spin
also, and to suppress it virtually completely it is sufficient to takevp5bQ1D r , where
uD r u;ebQ . Next, asH0 increases at the frequency crossingvp5vmax the quasipolar-
ization p0,21

I becomes equal to the new value of the proton polarization, opposite t
initial value, and ultimately the impurity nuclei will be in the state

r I'u21&^21u, ~9!

which corresponds to maximum polarization of theI spins relative to thez axis.

3. We shall now extend this analysis to the case of arbitrary integral spinI . The
matrix elements of the dipole–dipoleI –S interaction allow only transitions withm and
Sz changing by 1 or 0. For this reason, for adiabatic variation ofH0 cross relaxation will
occur whenvp5uvm,m21u. For our choice of the signs, the frequencies of transitio
with Dm51 fall into the following order:v2m21,2m.vm11,m.v2m,2m11.vm,m21 ,
m>1. Correspondingly, as the external fieldH0 decreases from an initial valueH0,in

corresponding tovp.vmax5v2I ,2I 11 , to a valueH0,f for which vp,vmin5v1,0, first
the stater2I ,2I

I empties and its population is transferred to the matrix elem
r2I 11,2I 11

I and then, similarly, the population ofr I ,I
I is transferred tor I 21,I 21

I , and so
on, in order of decreasing transition frequencies. In the fieldH0,f one hasr I'u0&^0u, just
as for spinI 51. The state with maximum polarizationupI u'uppu will be obtained if first
H0 is increased untilvp5bQ and then the proton polarization is inverted, after whichH0

is increased adiabatically to the valueH0,out for which vp.vmax. The direction of the
obtained polarization is determined by the fact that at the end the highest-energy s
populated. At the momentpp is inverted all states withm.0 are empty, and the first o
the subsequent cross relaxations will occur at the frequencyv21,0. Next, population is
transferred in the direction of the states with higher energy andm,0, since only these
states are reachable by allowed transitions withDm51.

4. If the spinI of an impurity nucleus is half-integral, then once again by decrea
the fieldH0 so that all cross-relaxation transitions at similar frequency crossingsvp

5uvm,m21u) would occur, we find that only the two states withumu51/2 will remain
populated, andr1/2,1/2

I 5(m.0rm,m
I , in , r21/2,21/2

I 5(m,0rm,m
I , in , where the index ‘‘in’’ refers

to the initial state.

If now the polarization of the protons is inverted and an ac field with frequencv
5vp2v21/2,1/25vp2v I and amplitude~at the protons! v1p such thatv1p

2 /v I
2!1 is

applied, then two-spin resonance transitions withDm52DSz will develop in the system,
and in a timeTres@(v I /v1p)2T2I they will transfer the impurity nuclei to the stater I

5u21/2&^21/2u. Then, as the fieldH0 increases, the cross-relaxation transitions at
crossingsvp5v2m,2m11 , m>3/2, transfer the entire population to a state with t
highest energy, just as in the case of integralI , engendering a state with maximum
polarization along thez axis.
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5. The proposed method should be effective in both single crystals and polycry
and in glasses. Indeed, for arbitrary polar anglesu andf ~and, without loss of generality
u<p/2), which fix the axisn of the axisymmetric quadrupole interaction, the Hamil
nian is

HQ5bQS ~ I–n!22
1

3
I ~ I 11! D . ~10!

In the present method the spin states of the impurity nuclei in comparatively w
fields, wherem5v I /bQ!1 andv I is the Larmor frequency of the impurity, are impo
tant. They correspond to the spin Hamiltonian

HI5HQ2v I I z5D~0,u,f!H bQF I z
22

1

3
I ~ I 11!G2v I~ I z cosu1I x sin u!JD1~0,u,f!,

~11!

whereD(a,u,f)5exp(ifIz)exp(iuIy)exp(iaIz) is a rotation operator. To leading order
m the states and energies ofHI are determined by the Hamiltonian

HI
05D~0,u,f!H bQF I z

22
1

3
I ~ I 11!G2v I I z cosuJD1~0,u,f!, ~12!

where

HI
0um&5Emum&, um&5D~0,u,f!umz&, ~13!

Em5bQFm22
1

3
I ~ I 11!G2mv I cosu, I zumz&5mumz&.

The distribution of the directions ofn serves as the main source of inhomogene
broadening of the NMR line ofI spins. This broadening is ordinarily much greater th
the width of the proton line, which, once again, is assumed to be homogeneous.
theless, the estimates~5! and ~6! for the cross-relaxation rate withvp crossing the tran-
sition frequenciesvm,m215Em2Em21 are once again applicable for nuclei in the sam
quadrupole field.

The energy values~13! differ from those used previously~2! only by the factor
cosu multiplying v I . For this reason, the entire preceding analysis carries over to
case under study, as long asbQ@v I .

Now, however, to obtain states with maximum polarization along thez axis the field
must be increased adiabatically at the end of the process in order to satisfy the con
v I@IbQ . The choice of the highest-energy state as the final state is due to the fac
only this term does not cross other terms of the Hamiltonian~11! asH0 increases. Such
crossings equalize the populations of the colliding terms and decrease the final po
tion. Correspondingly, in the casevQ,0 a related strategy culminating in the lowes
energy state of the Hamiltonian~11! must be chosen.

6. The proposed method can be easily extended to an arbitrary relation betwe
signs ofvp , vQ , andv I . For lack of space we do not examine this question here
greater detail.

Our analysis easily extends to the more general situation wherepp,1 and the
density of quadrupolar nuclei is not low. Let a structural unit of the material containNp
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protons andNI quadrupolar nuclei. As an example, consider the cross-relaxation tr
tion vp5vm,m21 , m >1. Let the precrossing proton polarization and the important st
of the quadrupolar nuclei be characterized by the numberspp , rm,m

I , andrm21,m21
I . As

a result of one elementary cross-relaxation event, the total population of the pair of
under considerationZm5rm,m

I 1rm21,m21
I , and the quasimoment

M̃5
1

2
~Nppp1NIZmpm21,m

I !

of the structural unit are conserved, and on account of the fact that the polarizatio

quasipolarization become equal, the new valuespp8 andpm21,m21
I 8 are determined by the

relations

M̃5
1

2
~Np1NIZm!pp8 , pm21,m

I 8 5pp8 . ~14!

We note in conclusion that in the process under consideration the nonadia
losses can be calculated analytically~on the basis of the method developed in Ref. 8
multispin resonances, generalizing an earlier qualitative and numerical analysis
formed in Ref. 9!.

This work was supported by the Russian Fund for Fundamental Research~Project
96-15-96418! and the MNTTs~Grant No. 608!.
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New results on efficient crystal extraction of protons
from the 70 GeV accelerator at the Institute of High-
Energy Physics

A. G. Afonin, V. M. Biryukov, V. A. Gavrilushkin, V. N. Gres’,
B. A. Zelenov, V. I. Kotov, V. A. Maisheev, A. V. Minchenko,
V. I. Terekhov, E. F. Troyanov, and Yu. A. Chesnokova)

Institute of High-Energy Physics, Russian Academy of Sciences, 142284 Protvino, M
Region, Russia

M. G. Gordeeva, A. S. Denisov, Yu. M. Ivanov, A. A. Petrunin,
V. V. Skorobogatov, and B. A. Chunin
St. Petersburg Institute of Nuclear Physics, Russian Academy of Sciences, St. Peters
Russia

~Submitted 2 September 1998!
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A record-high particle extraction efficiency, exceeding 40%, in agree-
ment with theoretical predictions, is achieved using a short~5 mm long!
crystal bent by 1.5 mrad. An extracted beam intensity of;631011

protons per cycle is obtained. This is five to six orders of magnitude
higher than previous results. ©1998 American Institute of Physics.
@S0021-3640~98!00419-8#

PACS numbers: 29.27.Ac

Accelerator data on accelerated-beam extraction using bent crystals1–5 and a theo-
retical analysis of these data6 have shown that a large increase in extraction efficiency
be obtained, for example, by using multiple passage of particles through the crysta
point is that for slow extraction the depth to which particles are kicked into the cryst
the first revolution is small~a fraction of a micron!, while the surface layer damage
during working of the crystal can reach depths ranging from several microns to te
microns.7 The multiple-pass regime makes it possible to negotiate this channe
ineffective layer.8,9 To implement such an extraction regime, short silicon crystals —
and 5 mm long — with bending angles of 1.7 and 1.5 mrad, respectively, were us
the accelerator at the Institute of High-Energy Physics. For such parameters, which
chosen on the basis of the calculations performed, the average number^N& of passes for
the channeled particles through the crystal will be;12, while the average number o
passes required for a nuclear interaction of the particles in the crystal is;60.

Bending a short crystal in conformance with a number of conditions associated
the mounting of the crystal in the accelerator presents a definite problem. The fi
~111! crystal was made in the form of a short slab of large height, with dimensions
34037 mm~thickness, height, length in the direction of the beam!. The crystal was ben
in the transverse direction using a metal holder containing a 20 mm slit at the c
5680021-3640/98/68(7)/5/$15.00 © 1998 American Institute of Physics
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for passing the beam. Despite the presence of bending nonuniformities~twist!, encour-
aging results were obtained with this crystal: an extraction efficiency;20% and
extracted-beam intensity;1.931011 ~Ref. 10!. To increase the extraction efficienc
further, a crystal with no ‘‘twist’’ was fabricated at the St. Petersburg Institute of Nuc
Physics in the form of the letter O from a monolithic piece of Si. The crystal is sh
schematically in Fig. 1a. The dimensions of the working zone~with Si ~110! orientation!
of the crystal are 0.63535 mm ~thickness, height, length in the direction of the beam!.
The required bending of the crystal by 1.5 mrad was produced by compressing the c
at the center. The bent part was 3 mm long, and the straight ends were each 1 mm

In what follows we shall examine the results obtained with this crystal.

The crystal extraction scheme for a proton beam is displayed in Fig. 1b. In plan
the experiment, we proceeded from the fact that small crystal bending angles are
ficient for direct beam extraction from an accelerator. For this reason, we decided t
a crystal in the existing slow-extraction scheme as the first element. The crysta
placed in the rectilinear segment19 of the accelerator in front of the OM-20 septu
magnet of the slow extraction system. The OM-20 barrier is 8 mm thick~see Fig. 1b!.
The crystal was placed 60–65 mm from the equilibrium orbit. The precision of
horizontal and angular displacements of the crystal was 0.1 mm and 13mrad, respec-
tively. The accelerated beam was steered onto the crystal using a local slowly incre
bump. The shape of the bump was chosen so that the circulating beam passe
sufficient distance from the OM-20 magnet. The relative positions of the circulating
channeled beams with respect to the OM-20 magnet are shown in Fig. 1b.

The channeling regime and the characteristics of the extracted beam depend s
on the parameters of the accelerated beam, which were measured in the horizonta
at the location of the crystal. The emittanceE of the accelerated beam and its angu
divergenceXmax

1 are determined by the expressions

FIG. 1. a! Bent crystal obtained by compressing a monolithic piece of silicon cut in the shape of the let
b! Diagram of the experiment~all dimensions are given in mm!.
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E5pXmax
2 /b, Xmax

1 5Xmax~11a2!1/2/b,

where a and b are structure functions of the accelerator andXmax is the maximum
dimension of the beam. The structure functions are known, and at the location o
crystal in the horizontal plane have the valuesa51.87 andb525 m. Thus the entire
process of measuring the parameters of the accelerated beam reduces to findingXmax. In
our caseXmax;7.2 mm. For this value ofXmax, as follows from the formulas presente
above, the beam emittance in the horizontal plane is 2 mm•mrad and its angular diver
gence at the location of the crystal is;0.6 mrad. The beam emittance obtained simila
in the vertical plane does not exceed the beam emittance in the horizontal plane.

A complex diagnostics system, which included a television observation system
monitors, profilometers, and intensity meters, was used to control the deflection o
beam into the OM-20 aperture and guidance of the beam along the extraction path.11 The
arrangement of the diagnostics apparatus along the extraction channel is indicated
1b. All diagnostics devices were first tested in the fast-extraction regime and calib
using current transformers. According to the calibration results, the absolute mea
ment error did not exceed 2% in the intensity range of interest to us.12 The background
conditions were periodically measured with and without the crystal at the working l
tion. According the measurements, the background level, together with the instru
noise, did not exceed 3% of the useful signal. The fraction of the beam steered on
crystal was determined by the difference of the measurements of the circulating-
intensity, performed with the current transformers before and after extraction, w
systematic error of;1% ~see Fig. 3 below!. With all these factors taken into account, th
total systematic measurement error was;4%. The extraction efficiency~ratio of the
intensity of the extracted beam to the intensity steered onto the crystal! was estimated in
each work cycle of the accelerator. For each experimental point, a statistical samp
accumulated over several hundreds of cycles. A feedback monitor based on a pho
tiplier with a scintillator was used to obtain uniform steering of the beam onto the cry
The feedback monitor was placed at the level of the orbit near the OM-20 magnet
total frequency band of the feedback system was;10 kHz.

The intensity of the accelerated beam was varied during the experiment fro
31012 to 2.431012 protons per cycle. The intensity dumped onto the crystal was va
in the course of the experiment from 16 to 92%. An image of the crystal-deflected
in front of the OM-20 magnet is shown in Fig. 2. The temporal characteristics of
extraction process are presented in Fig. 3~information about the intensities of the circu
lating beam 1 and the extracted beam 2 was displayed on a storage oscilloscope!. The
duration of extraction in the feedback regime varied from 0.6 to 1.3 s. The flat top o
magnetic cycle of the IHEP accelerator has a duration of 2 s, while the complete a
erator cycle is 9.6 s.

The so-called orientational curve — the dependence of the intensity of the extr
beam on the angular orientation of the crystal — serves as direct proof of the fact th
extracted beam is channeled. In Fig. 4a it is compared with computer simulation res10

with extraction of 23% of the circulating beam. As one can see from the figure
experimental data agree well with the calculations. The maximum total efficiency,
the efficiency over the extraction time, reaches 42% in this case. As the fraction o
beam steered onto the crystal increases, the total efficiency decreases as a result
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of the angle of incidence of the particles on the crystal~up to 0.3 mrad with the entire
accelerated beam steered onto the crystal!, which calculations confirm~see Fig. 4b!. This
phenomenon is due to the fact that the beam was steered onto the crystal in a
direction with an inclined phase ellipse. For the same reason, the extraction effic
changed during the extraction cycle~see Fig. 3!, especially when a large fraction of th
accelerated beam was steered onto the crystal. It is interesting that the peak effi
was the same — 47%, irrespective of the fraction of the beam that was taken off.

The maximum intensity of the crystal-extracted beam with 2.231012 protons steered
onto the crystal in a cycle was 631011 protons per cycle, which is five to six orders o
magnitude higher than previous results.1–5 The crystal worked in a strained state f
several days, heating up to an estimated several hundreds of degrees. The extracte
was shaped, by means of a magnetooptic channel, to the target of the experimenta

FIG. 2. Image of the deflected beam in front of the OM-20 magnet.

FIG. 3. Time dependence of the circulating~1! and extracted~2! proton beam intensities.
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where its dimensions at half maximum were 434 mm. It was also shown that the cryst
can operate at the same time with one internal target without appreciable degrada
the extraction parameters.

Very good reproducibility was observed throughout the entire experiment. W
tend to continue investigations in this direction to determine the limiting possibilitie
multiple-revolution extraction.

In closing, we wish to express our deep appreciation to A. A. Logunov and N
Tyurin for supporting this work. The work was supported by the Russian Fund
Fundamental Research, Grant 98-02-16941.

a!e-mail: chesnokov@MX.IHEP.SU
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FIG. 4. a! Extraction efficiency as a function of the crystal orientation angle (s — experiment,d — computer
simulation!. b! Extraction efficiency as a function of the beam fraction incident on the crystal (1 — experi-
ment,s — computer simulation!.
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Experimental study of the decay f˜hg in multiphoton
final state

M. N. Achasov, S. E. Baru, A. V. Berdyugin, A. V. Bozhenok, A. D. Bukin,
D. A. Bukin, S. V. Burdin, T. V. Dimova, S. I. Dolinsky, V. P. Druzhinin,
M. S. Dubrovin, I. A. Gaponenko, V. B. Golubev, V. N. Ivanchenkoa),
A. A. Korol, S. V. Koshuba, I. N. Nesterenko, E. V. Pakhtusova,
A. A. Polunin, E. E. Pyata, A. A. Salnikov, S. I. Serednyakov,
V. V. Shary, Yu. M. Shatunov, V. A. Sidorov, Z. K. Silagadze,
and Yu. S. Velikzhanin
Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia

~Submitted 2 September 1998!
Pis’ma Zh. Éksp. Teor. Fiz.68, No. 7, 549–551~10 October 1998!

Thef(1020)→hg→3p0g decay is studied in the SND experiment at
the VEPP-2Me1e2 collider. The measurements give a branching ratio
B(f→hg)5(1.24660.02560.057)%. © 1998 American Institute
of Physics.@S0021-3640~98!00519-2#

PACS numbers: 13.25.Jx, 13.40.Hq

The f→hg decay is a classical magnetic dipole transition from thef to the h
meson and has been studied in many experiments.1 In this work we describe the mea
surement of thef→hg branching ratio in the SND experiment at the VEPP-2Me1e2

collider in Novosibirsk. The spherical nonmagnetic detector SND2 was designed for the
experimental study ofe1e2-annihilation at a center-of-mass energy of about 1 GeV.
main part is a three-layer electromagnetic calorimeter consisting of 1630 Na~Tl!
crystals.3,4 The experiment was performed at VEPP-2M in 1996.5 It consisted of 6 suc-
cessive runs at 14 different beam energies in the region 2E05(980– 1050) MeV, cov-
ering the peak and close vicinity of thef resonance. The total integrated luminosity w
equal to 3.7 pb21, which corresponds to 7.63106 f mesons produced. The luminosit
was determined using events of the two-quantum annihilation process.

The following reaction was studied:

e1e2→f→hg→3p0g→7g.

Events were selected in which 6–8 photons were emitted at angles of more tha
degrees with respect to the beam and no charged particles were emitted. Standar
cuts5 on energy–momentum balance in an event were used. As a result of such se
the cosmic background is excluded and the main background processe1e2→f
→KSKL→p0p0KL is suppressed. It is seen from Fig. 1, which shows the spectrum
the recoil massmrecg of the most energetic photon in an event, that the peak at the m
of the h meson dominates. For final selection ofhg events a soft cut 400 MeV
,mrecg,620 MeV was used. Thef→KSKL background contribution is about 1%
5730021-3640/98/68(7)/3/$15.00 © 1998 American Institute of Physics
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which was evaluated using the number of events from themrecg interval from 620 to 840
MeV. It worth noting that number and spectrum ofKSKL events are in good agreeme
with a Monte Carlo simulation.

The number of events thus selected at each energy point for each run allows
determine the visible cross sectionsvis , which was fitted for each of 6 runs separate
according to following expression:

svis~s!5s0b~s!«A 12mh
2/s

12mh
2/mf

2U Gfmf

mf
2 2s2 imfGf~s!

1AU2

, s54E2,

whereE is the beam energy,s0 is the cross section at thef-meson pole~a free parameter
of the fit!, b(s) is a radiative correction which was calculated according to Ref. 6,« is
the detection efficiency, andA is an interference term. In the fit procedure the be
energy spread~300 keV! and the instability of average beam energy~100 keV! were
taken into account. The shifts in the beam energy scale for each run were deter
using the decay modef→KSKL ~Ref. 5!.

The results of the fit are shown in Table I. The detection efficiency is individua
each run because of small differences in the trigger settings and in the number of b
or noisy calorimeter channels. The quantityA describes the interference between thef
meson and tails ofr, v resonances and with a possible anomaly contribution.7 The
results shown in Table I were obtained forA50. If the fit is performed withA as a free

FIG. 1. Points — data, histogram — simulation.

TABLE I. The results of the study off→hg decay for 6 independent runs.

Experiment Events Nf31026 «,% s0 ,nb x2/nD

PHI9601 1064 0.867 32.15 16.1460.59 11/8
PHI9602 1465 1.143 32.12 16.7960.53 13/8
PHI9603 2171 1.721 31.69 16.8560.45 16/10
PHI9604 1258 1.025 31.33 16.0560.57 16/11
PHI9605 2286 1.607 32.05 17.9260.56 16/11
PHI9606 1770 1.227 31.73 18.3060.66 5/9
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parameter the result coincides with the previous assumption. IfA is calculated according
to Ref. 7, then the results are practically the same. If the standard vector domi
model is used as in the analysis of previous experiments,8 then the value ofs0 decreases
by only 1.5%. We include the aforementioned model uncertainty in the systematic

Averaging the data from Table I, one can find

s05~16.9560.3460.59! nb,

where the first error is the statistical and the second the systematic. Because the re
Table I exhibit some difference, the scale factor for these measurements was calc
according to PDG recommendations. It was found to be 1.5 and was taken into ac
in the reported statistical error. The systematic error was estimated to be 3.5%
mainly determined by the the systematic uncertainty in normalization(3%), theback-
ground subtraction error(1%), the error of estimation of the detection efficienc
(0.5%), and the error in the value of the interference term (1.5%).

Using the following expression:

s05
12pB~f→hg!B~f→e1e2!B~h→3p0!

mf
2

and PDG data1 one can find the value of the branching ratio

B~f→hg!5~1.24660.02560.057!%,

where first error is the statistical and the second the systematic. The given values i
the systematic errors ins0 and in the PDG data forB(f→e1e2) (2.7%) andB(h
→3p0) (1.2%).

The result is in agreement with the average PDG value (1.2660.06)% and with
each previous experiment.1 At the moment it is the most accurate single measuremen
B(f→hg) based on 104 selected events. The precision can be improved by lowering
systematic error. Note that the limiting factors for this measurement are the accura
normalization and the accuracy of thef→e1e2 branching ratio.

The work is partially supported by the RFBR~Grants # 96-02-19192, # 96-15
96327! and STP ‘‘Integration’’~Grant # 274!.

a!e-mail: V.N. Ivanchenko@inp.nsk.su
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Overlapping identical resonances and double radiative
interference effects in recombination of heavy
multicharged ions

A. V. Nefiodova)

Theory Department, St. Petersburg Nuclear Physics Institute, 188350 Gatchina,
St. Petersburg, Russia

D. L. Moores
Department of Physics and Astronomy, University College London, Gower Street,
London WC1E 6BT, UK

L. N. Labzowsky
Theory Department, St. Petersburg State University, 198904 St. Petersburg, Petrodvo
Russia

~Submitted 1 June 1998; resubmitted 24 August 1998!
Pis’ma Zh. Éksp. Teor. Fiz.68, No. 7, 552–556~10 October 1998!

The purely QED effect of double radiative interference in the recom-
bination of electrons with heavy multicharged ions is discussed. Nu-
merical calculations of the corresponding cross sections in the vicinities
of the KL12M12 and KM12M12 dielectronic recombination resonances
of heliumlike uranium are reported. The possibility of near-future ex-
perimental observation of the effect with the Super-EBIT facility is
suggested. ©1998 American Institute of Physics.
@S0021-3640~98!00619-7#

PACS numbers: 34.80.Lx, 32.30.Rj

Overlapping resonances have been thoroughly investigated in nuclear and p
physics. The most interesting case is the overlap of identical resonances, that is
nances with identical quantum numbers, when the interference terms survive not o
the differential but also in the total cross section of processes after integration
angles. As a consequence, these terms lead to some special interference effec
quantum beats, which are well known in neutralK-mesons1 and the8Be nucleus.2,3

In atomic physics, a similar situation was investigated theoretically4 and observed
experimentally5 in the decay of coherently excited 2s and 2p states of the hydrogen atom
in an external electric field. The electric field mixes even- and odd-parity states so th
resulting combinations have identical quantum numbers. Though the excited levels
overlap in this case due to the repulsion in the electric field, they are close enough
excited coherently and to give the interference effect. Overlap of resonances may a
principle, if an external magnetic field is also added.6

Unlike the case of neutral atoms, where the radiative overlap of identical reson
is very rare, it can easily take place in the spectra of highly charged heavy ion
5760021-3640/98/68(7)/6/$15.00 © 1998 American Institute of Physics
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particular in heliumlike uranium. The magnitude of these effects can be estimated
tatively from the magnitude of the radiative broadening compared to the energy int
between the levels of a multiplet with identical parity and total angular momen
quantum numbers. If there are no special exclusions, the interference effect turns
be of order (aZ)3 ~Ref. 7!, that is, aboutZ times as large as the effect of nonresona
levels on the line shape.8 From this estimate, one can see that the overlap in the sp
of multicharged heavy ions arises because the radiative shifts and widths become
parable with the electron–electron interaction corrections at very highZ values. It means
also that this phenomenon can only be described within QED theory, where a
radiative corrections are treated in a consistent manner. We use here the same te
as in Refs. 7 and 9–15, based on anS-matrix or Green’s function approach.

The theory of radiative decay of overlapping identical levels in multicharged
has been developed in Refs. 9–12. The process of recombination of an electron
hydrogenlike heavy ion provides one possible practical way of preparing the situ
under investigation.14–16 The total cross section of the recombination process gene
includes resonant dielectronic-recombination~DR! and nonresonant radiative
recombination~RR! cross sections, and terms which describe the interference bet
DR and RR channels. Interference terms due to radiative overlap of identical DR
nances will also be present, but their corresponding effects usually turn out to be m
by DR–RR interference.14–16 The latter has been investigated in the vicinity of theKLL
resonances theoretically14–20 and recently observed experimentally.21

It should be noted that in contrast with direct cross-section measurements, the
nique of recording the photon energy and electron beam energy for every observed
which was developed in Refs. 21 and 22, allows for separation of different x-ray tr
tions from the dielectronic capture resonances. This way of doing the experimen
vides a good means for observing the double radiative interference effects first disc
in Ref. 7. By these effects we mean the radiative interference in the recombin
process on groups of mutually overlapping identical, e.g., doubly excited, levels.
situations can give the largest radiative interference effect, since not only initial but
final recombined states overlap in this case. Also it seems to be possible to obser
pure radiative interference effects because, in contrast with them, the DR–RR int
ence terms in the cross section are suppressed by at least a factor of 1/Z. In lowest-order
perturbation theory, the amplitudes of excitation of the group of doubly excited leve
the process of direct radiative capture of an electron by a hydrogenlike ion in the gr
state, with emission of only one photon, vanish due to the orthogonality of the w
functions. These amplitudes only contribute to the cross section if one takes into ac
higher-order graphs, i.e., either in at least two-photon processes or after refinement
photon emission operator by the corrections of order 1/Z to the electron–electron inter
action. The RR process manifests itself only as a background in this case. The c
teristic x rays emitted by RR can be used to calibrate the total cross sections.21,22 The
combined spectra of a mixture of highly charged uranium ions have been observ
experiment.21 However, the resonances of the He-like ion are shifted in energy comp
to those from other recombined ions. The situation discussed in this letter is quite g
and should also apply to other few-electron multicharged heavy ions.

We shall consider the DR process of an electron with a hydrogenlike multicha
ion A(Z21)1 in its ground state, which may be schematically represented as
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A~Z21!1~1s1/2!1e2~«!→A~Z22!1~d!**→A~Z22!1~s!** 1g~v!→ . . . ,

wheree2 denotes the incident electron with energy«, andg is the emitted photon with
frequencyv. The labelsd ands merely serve to identify two-electron states and do
here refer to any particular value of orbital angular momentum. Thed and s states are
assumed to be groups of the doubly excited mutually overlapping levels with iden
quantum numbers. Then the resonance condition is«1E1s1/2

.Ed whereE1s1/2
and Ed

are the energies of the hydrogenlike and heliumlike ions, respectively. In addition,
those photons with frequency in the region ofv.Ed2Es are supposed to be measured
all directions of emission.

The amplitude of the DR process in the case of radiative channels of decay
obtained in Ref. 7 within the resonance approximation. Then the expression for the
section can be written as follows~in relativistic units!

sDR~«!5
p2

2p2(j ,l (
J,M

(
s

(
d,d8

Wdd8,s^dLu Î u i &^dL8 u Î u i &*

~«1E1s1/2
2Ed!~«1E1s1/2

2Ed8
* !

. ~1!

Herep25«22m2, and the initial stateu i & of the system~one-electron ion in its ground
1s1/2 state plus continuum electron! depends on the set of quantum numbe
u1s1/2« l jJM &, whereJ is the total angular momentum of the system,M is the projection
of J, and l,j are the orbital and total angular momenta of the incoming electron.
continuum wave functions are normalized tod functions in the energy«. The matrix
elements of the operator

Î ~r 12;Ed
~0!!5a

~12a1•a2!

2r 12
$exp~ i u«d1

2«1s1/2
ur 12!1exp~ i u«d2

2«1s1/2
ur 12!% ~2!

describe the excitation process of the statesd by radiationless capture, taking into accou
the retardation effect. In Eq.~2!, r 125ux12x2u, a i are the Dirac matrices, and the fine
structure constanta5e2. The zero-approximation energyEd

(0) of the two-electron states
d is defined by the sum of the corresponding one-electron Sommerfeld energie«di

,
i 51,2. Note that the one-electron energyE1s1/2

includes the Lamb shift corrections
while «1s1/2

does not. ByEd5Ed2 iGd/2 we denote the complex eigenvalues of t

non-Hermitian operatorĤ5Ed
(0)
•1̂1Vd(Ed

(0)) acting in the corresponding subspace
the unperturbedd states.13–15The quasipotentialVd , defined in the lowest approximation
contains contributions due to all 1/Z-order corrections. The rightudR& and left ^dLu
eigenvectors ofĤ ~Refs. 13–15; see also Ref. 9! where only right vectors have bee
employed! are normalized by the condition̂dLudR8 &5ddd8 . For states with different
quantum numbers there is no difference between the leftudL& and rightudR& vectors. The
nondiagonal partial widthsWdd8,s for radiative transitions betweend and s states are
defined by the multipole expansion of the expression

Wdd8,s52pv2(
e
E dV^sRuR̂gudR&^sLuR̂gudR8 &* , ~3!

wheredV means integration over the directions of the photon emission, and the ope
for the emission of a photon with polarizatione and momentumk is given by
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R̂g5e(
n51

2
~a•e* !

2pAv
e2 ik•xn.

Note that Eq.~3! differs from the definition given in Ref. 7 and generalizes the co
sponding expressions in Refs. 14–16. However, with the present choice of the m
elements involved inWdd8,s , our expression forsDR looks similar to the formula for the
DR part of the cross section, published in Refs. 14–16. Moreover, definition~3! keeps the
Bell–Steinberger equality in its conventional form

(
s

Wdd8,s5 i ~Ed2Ed8
* !^dR8 udR&, ~4!

but now the final statess may also have identical quantum numbers. Note that, in con
with Eq. ~1!, in Eq. ~4! the summation overs includesall possible low-lying states.

The particular case whend5d8 in the sum of Eq.~1! corresponds to the superpo
sition of Lorentz shapes of the DR process. The termssDR with dÞd8 describe the
radiative interference due to overlap between the upper as well as between the
states, and lead to the asymmetry of the combined shape. It should be noted th
definition of the ‘‘pure’’ Lorentz shapes is not unique in different basis sets. This m
that even if termsdÞd8 are not taken into account in Eq.~1! the radiative interference
turns out to be partially involved insDR in the biorthogonal basis through the compl
mixing coefficients of the identical states. Nevertheless, it is usual to use the ortho
basis set, and in this case the Lorentz terms do not include the radiative interfe
Asymmetry of the shapes can be numerically characterized, for example, by Low’
rameter.cite8 We use for this purpose the nonorthogonality integrals^dRudR8 &. In the
orthogonal basis for such a parameter one can choose the ratio of the nondiagonal
to the energy intervals between the overlapping levels.

Numerical calculations of the DR cross sections have been performed using E~1!
in the vicinities of theKL12M12 and KM12M12 resonances of heliumlike uranium. Th
energies and rates were calculated in the framework of the 1/Z expansion. The energie
of the levels have the radiative23–26 ~electron self-energy and vacuum polarization! and
the exact one-photon electron–electron interaction corrections included. The

FIG. 1. Total DR cross section for U911 in the vicinity of theKL12M 12 resonances as a function of the incide
electron energy~solid curve!. The dashed curve corresponds to the Lorentz terms in the orthogonal basi



se of
ined

ut the
of the
ple is

ates,

ence
ubly
grals
e

2–3%.
s. We
ve the
hotons
BIT
rimen-

w-

,

580 JETP Lett., Vol. 68, No. 7, 10 Oct. 1998 Nefiodov et al.
nuclear size was taken into account directly in the Dirac wave functions. In the ca
theKL12M12 DR resonances, there are four pairs of identical levels. As final recomb
levels in this case, the doubly excited@2s1/2

2 #0 , @2p1/2
2 #0 , and@2s1/22p1/2#0,1 states were

chosen. The first pair has the same parity and zero total angular momentum, b
second pair has a different total angular momentum and does not mix. The results
corresponding DR cross section calculations are shown in Fig. 1. The second exam
given by theKM12M12 resonances. In this case, there are only two identical upper st
@3s1/2

2 #0 and @3p1/2
2 #0 , and the cross section is resolved with regard to@2l 1/23l 1/28 #0,1

configurations~see Fig. 2!. As can be seen in both examples considered, the interfer
effects originate from the radiative overlap of the upper and lower groups of do
excited states with identical quantum numbers. The values of nonorthogonality inte
u^dRudR8 &u are 0.18 and 0.1 for theKL12M12 andKM12M12 resonances, respectively. Th
main error in the calculations is due to the omission of order-1/Z corrections in the
evaluation of the radiative widths, which as a consequence are uncertain to about
The magnitude of the effect looks large enough to be observable in the experiment
should note that in Ref. 16 the differential cross section was measured. To obser
effect we discuss, one should measure the total cross section, that is, to detect the p
emitted in all directions. The last problem is not a fundamental one for Super-E
experiments. The cross sections obtained may serve as a focus for near-future expe
tal investigations.

AVN gratefully acknowledges financial support in the form of an Exquota Fello
ship from the Royal Society for this study.
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It is found experimentally that the critical Reynolds numbers for the
transition to turbulence are different for He, Ar, and Kr flows. ©1998
American Institute of Physics.@S0021-3640~98!00719-1#

PACS numbers: 47.27.Cn

Numerous experiments show that the Navier–Stokes equation1

rS ]U

]t
1~U•¹!U D52¹P1h¹2U1~z1h/3!¹~¹•U ! ~1!

describes laminar fluid flow. For gas flows, the coefficients of viscosityh and z are
related to the relaxation of the translational and internal degrees of freedom o
molecules.2 In the study of incompressible fluid flow the last term in Eq.~1! can be
dropped. This simplifies the analysis of the flow and makes it possible to introdu
single dimensionless parameter that characterizes the flow — the Reynolds n
Re5rLU/h, wherer,L, andU are, respectively, the density, the characteristic size,
the characteristic velocity of the flow. A breakdown of stationary flow and transitio
turbulence are associated with loss of stability as Reynolds number increases. Fo
pressible flow the last term in Eq.~1! must be retained, which makes it necessary
introduce an additional number, the Mach number M5U/c (c is the speed of sound! and
to study the influence of the bulk viscosityh. Moreover, for compressible flows a he
problem must be solved because of the appearance of temperature fields and heat
at the flow boundaries. We note that near a laminar–turbulent transition the se
viscosity can influence the flow.3 For inert gases the second viscosity is strictly zero.2 In
this case the Reynolds and Mach numbers completely characterize the flow. The c
tions due to the compressibility of the gas are of the order of M2. For this reason
compressibility effects are ordinarily neglected for flows with Mach numbers less
0.2 ~the errors do not exceed several percent!. In accordance with the ideas expounded
Refs. 4 and 5, however, the transition to turbulence can occur in differently even in
case. Our objective in the present work is to compare the critical Reynolds for He
and Kr flows. A Hagen–Poiseuille flow — flow in a long circular pipe — was chosen
the experiments. This flow is stable with respect to infinitesimal disturbances.6,7 The
5820021-3640/98/68(7)/3/$15.00 © 1998 American Institute of Physics
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transition to turbulence occurs as a result of finite perturbations or insufficiently sm
boundary conditions at the pipe entrance. In the laminar flow regime the drag coeffi
is l5(DP/L)/(rU2/2d)564/Re.1 HereDP/L is the average pressure gradient along
pipe, r is the gas density,U is the gas flow rate, andd is the pipe diameter. In the
turbulent regime the drag coefficient increases sharply, which makes it possible to
tor the critical Reynolds number reliably.

The experiments were performed on the apparatus described in Ref. 3. The
surements were performed with gas flowing out through a glass capillary~300 mm long,
1.3 mm in diameter! from a 0.13 mm3 hermetically sealed chamber filled with gas at hi
pressure. The chamber was equipped with systems for evacuating and admittin
making it possible to investigate different gases. The pressure drop on the capillar
measured using a membrane-type pressure gauge, giving an accuracy of 0.02 to
rate of pressure drop in the chamber makes it possible to determine the gas flow ra~and
therefore also the average flow velocity! as a function of the pressure drop on the cap
lary. In the case of a smooth entrance~the capillary is partially fused at the edges! the
transition to turbulence occurred at Reynolds numbers above 104. For the experiments
the entrance section of the capillary was sawed off perpendicular to the capillary
Under these conditions the transition occurs as a result of perturbations at the en
Therefore the transition to turbulence during the flow of different gases occurred u
absolutely identical perturbations. The measurement procedure consisted of the f
ing. The chamber was evacuated to pressure 1021 torr and then filled with the experi
mental gas to a pressure above atmospheric pressure~the maximum pressure obtained fo
helium — 1.23103 torr). Thermal equilibrium with the surrounding medium and sta
lization of the gas flow in the chamber occurred in 30 min. The valve covering
capillary on the outside was opened in 3–4 s. The characteristic pressure drop in th
depends on the gas and the pressure difference. For reference, we note that for arg
the laminar–turbulent transition this drop was;0.5 torr. The pressure in the chamb

FIG. 1. Drag coefficient versus Reynolds number.
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decreased as a result of gas efflux and a drop in the temperature of the remaining g
gas efflux was neither adiabatic nor isothermal because of heat transfer occurring
process. After the valve closes, the pressure in the chamber increases as a result of
temperature in the chamber being restored to room temperature. The restoratio
depends on the gas. For example, for krypton it is about 150 s. The pressure differe
the chamber before start-up and after temperature restoration makes it possible to
late the gas flow rate. The Reynolds number and the drag coefficient were deter
from the parameters of the gas at the capillary entrance. For the initial pressure dro
flow is turbulent. As pressure decreases to a critical value, the flow becomes lamina
note that gas efflux in the turbulent regime is accompanied by sound emission, w
intensity drops considerably at the point of the transition to laminar flow.

The drag coefficient as a function of the Reynolds number for He, Ar, and K
shown in Fig. 1. The physical characteristics for these gases at 300 K and 750 to
presented in Table I. The table also shows the critical Reynolds numbers, the
numbers, and the pressure drop at the point of the transition.

Figure 1 and Table I show that the critical Reynolds number for krypton is 2
lower than for argon and 38% lower than for helium. The corresponding limit for ar
and helium is about 10%. The observed difference of the critical Reynolds numbers
paradoxical. Indeed, in accordance with the corrections due to compressibility the c
number for helium should differ most strongly from the corresponding values for a
and krypton. The difference between argon and krypton should be much smaller
solution of this discrepancy could require new hypotheses concerning the nature
laminar–turbulent transition.

1L. D. Landau and E. M. Lifshitz,Fluid Mechanics, Pergamon Press, New York, 1987, 2nd edition@Russian
original, Nauka, Moscow, 3rd edition, 1986#.

2E. M. Lifshitz and L. P. Pitaevski�, Physical Kinetics, Pergamon Press, Oxford, 1981@Russian original,
Nauka, Moscow, 1979#.

3O. A. Nerushev and S. A. Novopashin, JETP Lett.64, 47 ~1996!.
4A. Muriel and M. Dresden, Physica D81, 221 ~1995!.
5A. Muriel and M. Dresden, Physica D94, 103 ~1996!.
6J. A. Fox, M. Lesson, and W. V. Bhat, Phys. Fluids11, 1 ~1968!.
7H. Salwen, F. W. Cotton, and C. E. Grosch, J. Fluid Mech.92, 273 ~1980!.

Translated by M. E. Alferieff

TABLE I.

He Ar Kr

Speed of sound~m/s! 1012 334 222
Kinematic viscosityn
(1026 m2/s)

114 13.0 7.51

Critical Reynolds number 3220 2950 232
Mach number 0.22 0.11 0.08
Pressure drop~torr! 300 45 28



idal
ntion.
d
ensity

lasma
local

nd

-
.
namic
tensi-
ut the

not
con-

nt-
ents

iment

JETP LETTERS VOLUME 68, NUMBER 7 10 OCT. 1998
New experimental data on the possibility of influencing
fluctuational particle fluxes in a L-2M stellarator
edge plasma

G. M. Batanov, L. V. Kolik, A. E. Petrov, K. A. Sarksyan,
N. N. Skvortsova, O. I. Fedyanin, N. K. Kharchev, Yu. V. Khol’nov,
and S. V. Shchepetov,
Institute of General Physics, Russian Academy of Sciences, 117942 Moscow, Russia

C. Hidalgo and B. van Milligen
CIEMAT, 28040 Madrid, Spain

~Submitted 20 July 1998; resubmitted 21 August 1998!
Pis’ma Zh. Éksp. Teor. Fiz.68, No. 7, 560–565~10 October 1998!

The results of an experiment show that in the edge plasma of a L-2M
stellarator the radial electric field is one of the determining factors
influencing the formation of spatial structures and fluctuational particle
fluxes. A point where the poloidal velocity of the fluctuations reverses
is observed in an experiment with a high neutral-gas flux from the
chamber walls. ©1998 American Institute of Physics.
@S0021-3640~98!00819-6#

PACS numbers: 52.25.Fi, 52.55.Hc, 52.25.Gj

The problem of the effect of fluctuational transport in the edge plasma of toro
magnetic traps on the global confinement of the plasma is attracting increasing atte1

Of special interest are some previously observed structures~see, for example, Refs. 2 an
3! which are characterized by a high degree of correlation between the plasma d
fluctuationsdn and the floating-potential fluctuationsdf. This interest is entirely justi-
fied, since it is obvious that the formation of such spatial structures in the edge p
can lead to intensification of transport processes, specifically, intensification of the

fluctuational radial particle fluxG̃. The fact that the correlated radial structures a

intensification of the fluctuational particle fluxG̃ in the edge plasma of a toroidal mag
netic trap are related with one another has been indicated in experimental works2,4 In
these works an increase in the correlation of a solitary unstable magnetohydrody
mode in the region of formation of the proposed magnetic island was detected. In
fication of fluctuational particle transport was also observed at the same radius. B
important problem of studying the role of specific plasma parameters, which are
assumed but rather directly measured, in the formation of spatial structures and, in

sequence, in the increase ofG̃ has thus far remained beyond the purview of experime
ers. This problem was formulated some time ago in the scientific program of experim
on the L-2M stellarator. In the present letter we present the results of the first exper
5850021-3640/98/68(7)/7/$15.00 © 1998 American Institute of Physics
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performed as part of this program, where it was possible to influence the paramet
the edge plasma by varying the intensity of the neutral-gas flux from the walls o
vacuum chamber.

The L-2M stellarator5 is an l 52 device. The major radius of the torus
R5100 cm and the average plasma radius, bounded by the separatrix, is^r s&
511.5 cm. The production and heating of the plasma were performed in the ele
cyclotron resonance regime at the second harmonic of the electron gyrofrequenc~the
magnetic field on the magnetic axis wasB51.35– 1.4 T) with gyrotron radiation powe
P0'150 kW and heating pulse duration up to 10 ms. The measurements were perf
in plasma whose average density^n&5(1.3–1.8)31013 cm23 and central electron tem
peratureTe(0)5400– 600 eV. In the edge plasma at radiusr /r s50.85– 0.9 (r s is the
radius of the separatrix! one hasn(r )'(1 –2)31012 cm23 andTe(r )'30 eV. The rela-
tive level of the plasma density fluctuations decreases in the radial direction from
separatrix into the interior of the plasma in the interval fromr /r s51 to r /r s50.75 from
dn/n50.3– 0.4 todn/n50.1– 0.2. Both helium~He! and hydrogen (H2) were used as
the working gas. This made it possible to work in a relatively wide range of neutra
fluxes from the walls of the vacuum chamber, since hydrogen absorption by the cha
walls ~stainless steel! followed by outgassing into the evacuated volume can be m
higher than for helium.

The measurements were performed using a probe apparatus consisting of s
single cylindrical probes. The single probes were placed in pairs in the poloidal and
directions at distances from each otherl s54 – 5 mm. The probe apparatus could
moved in the radial direction toward the center of the plasma by 1.5–3 cm from
separatrix.

The following parameters of the edge plasma were measured using the probe
ratus: the plasma density and its fluctuationsdn ~in the ion-current saturation regime th
ion current on the probeI s;n, while dI s;dn); the floating potentialf and its fluctua-
tionsdf; the radial distribution of the indicated parametersn(r /r s), dn(r /r s), f(r /r s),
anddf(r /r s); the electric fields — radialEr and poloidalEu — were determined from

these measurements. The fluctuational particle fluxG̃;(dn•dEu)/B ~Ref. 3!, wheredEu

is the fluctuation of the poloidal field, was also determined. Besides these paramete
cross-correlation coefficients of signals from two spatially separated probes in bo
poloidal directionKpol and in the radial directionK rad were calculated by a standar
method. The formation of correlated spatial structures could be judged from the
puted values ofKpol(r /r s) andK rad(r /r s). Besides the correlation of the fluctuations, t
coherencea! of the frequency components of the fluctuation signals in real time
determined using spectral analysis with respect to wave packets~wavelet coherence!.6

The wavelet spectraI v of the recorded fluctuation signals were also calculated.

Let us now turn to the results of the measurements. Figure 1 shows the
distributions of the floating potentialf(r /r s) for different experimental conditions. Le
us consider first the curves1 and2. Curve1 refers to conditions with a low neutral-ga
flux from the walls of the vacuum chamber~we designate these conditions as regimeA).
Curve2 refers to conditions with a high neutral-gas flux from the walls of the vacu
chamber~we designate these conditions as regimeB). For each regime the numbers o
the pulses whose data were used in our work are presented in the caption to F
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A comparison of the two curves reveals a fundamental difference: In regimeA the curve
1 turns negative already at the radiusr /r s50.98, and byr /r s50.85 the absolute value o
the floating potential reachesufu530 V, giving a field intensityEr'28 V/cm~taking the
radial gradient ofTe into account can only decreaseEr slightly!. A different picture is
observed in the regimeB: On curve2 the point wheref(r /r s) turns negative is shifted
into the interior of the plasma, tor /r s50.85, and for 1.r /r s.0.85 the radial electric
field has valuesEr'1 – 1.5 V/cm, i.e., an order of magnitude weaker than in the reg
A. But now, after the transition point, forr /r s,0.85, a radial electric field
Er'16 V/cm is detected over a distance of 6–7 mm. Therefore, in the region of the
plasma fromr /r s50.98 tor /r s50.85, where a radial electric fieldEr'28 V/cm is de-
tected in the regimeA, in the regimeB the field is negligibly small and becomes appr
ciable only forr /r s,0.85. In contrast to a number of experiments on tokamaks~see, for
example, Ref. 7!, where a reversal ofEr in the edge plasma is observed, under t
conditions of the present experiment on L-2M only a transition from a region with
values ofEr to a region with substantially higher values ofEr is explicitly detected.

Small differences are also observed for other plasma parameters accompan
transition from the regimeA to the regimeB. The distributions of the plasma density
the two regimes are similar, but with a radial shift, so that the local values of the de
n(r ) are tied to regions which are identical with respect to the characteristics o
distributionf(r ). The relative leveldn/n of the plasma density fluctuations for regimeB
for r /r s>0.85 is somewhat higher~by a factor of 1.3! than for the regimeA in the same
region of the plasma. The differences in the wavelet spectraI v for the fluctuation signals
dn anddf between regimesA andB are negligible.

Figure 2 shows the dependence of the cross-correlation coefficients onr /r s for
regimesA and B. Figure 2a shows the functionKpol(r /r s) between signals from two
probes separated from one another in the poloidal direction; Fig. 2b shows the fun
K rad(r /r s) between signals from two probes separated from one another in the r
direction.Kpol andK rad were calculated over the averaging timeDt53 ms from 54 to 57
ms in real time~the heating pulse was usually switched on at 50 ms!. It is clear that one
can judge fromKpol and K rad whether or not correlated spatial structures with poloi
and radial directionality, respectively, form. Comparing the curves in Figs. 2a and 2
see that in both regimesA and B the radial and poloidal correlation coefficients bo

FIG. 1. Radial distribution of the floating potentialf(r /r s): Curve1 — regimeA ~N 46786–46805!, curve2
— regimeB ~N 47233–47252,N 472684–47281!!, curve3 — regimeA ~N 45583–45605!.
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increase, reaching valuesK'0.6– 0.8 in the regions of edge plasma where the rad
electric field Er'15– 30 V/cm, i.e., after the probes have passed the point where
floating potential f turns negative. As mentioned above, this point is located
(r /r s) tr50.98 for regimeA and (r /r s) tr50.85 for regimeB ~see Fig. 1!. Therefore
well-correlated poloidal and radial structures form in regions of the edge plasma w
ErÞ0, specifically, under the particular conditions of the present experiment
Er'15– 30 V/cm.

Let us now consider the behavior ofG̃ at a transition from the regimeA into the

regimeB. We turn to Fig. 3, which displays for both regimes curves ofG̃ ~the values of

G̃ are given in relative units! versus the radial position of the probe, i.e., as a function

r /r s . One can see that for both the regimeA ~curve 1! and the regimeB ~curve 2! G̃
increases by a factor 4–8 in the regions of the edge plasma where the poloidal and
correlated structures have formed~see Fig. 2! and where an appreciable radial electr
field is detected.

In summary, the data presented above make it possible to state the following:
as the neutral-gas flux from the walls of the vacuum chamber increases, the point
transition off to negative values can be moved deeper in the radial direction toward
center of the plasma, and the extent of the part of the edge plasma where the
electric fieldEr'0 can thereby be increased; second, well-correlated spatial struc

FIG. 2. Radial distribution of the cross-correlation coefficients (t554– 57 ms). a! Kpol(r /r s), curve 1 —
regimeA, curve2 — regimeB; b! K rad(r /r s), curve1 — regimeA, curve2 — regimeB.

FIG. 3. Radial distribution of the local radial fluctuational particle fluxG̃ (t554– 57 ms). Curve1 — regime
A, curve2 — regimeB.
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form in deeper layers of the plasma, which are accordingly located far from the se
trix, at r /r s ,(r /r s) tr , where ErÞ0; and, third, in these same regions of the ed

plasma, as correlated spatial structures form, the local radial fluctuational particle flG̃
increases rapidly.

It is obvious that, solely from the data presented above, one cannot reliably ide
the radial electric field as a measurable parameter that determines the formation of

structures and, ultimately, the intensification of the fluctuational particle fluxG̃, since
other measured parameters also vary to some degree. However, in one series of m
ments~see Fig. 1, curve3, working gas H2) it was possible to increase the radial elect
field to Er548 V/cm in the layer of edge plasma fromr /r s50.95 tor /r s50.84, i.e., in
the same location as in the case of the regimeA. The other plasma parameters not
previously remain the same as in regimeA. For the indicated third regimeA8, wavelet-
coherent spectra of the floating-potential fluctuations were measured in real time
poloidal and radial directions.

It was found that in this case the coefficient of poloidal coherence increased a
ciably to (Kcoh)pol'0.8– 1 ~in the frequency range up to 300–400 kHz!, while the radial
coherence, without which the radial fluctuational flux is small, essentially vanished.
fact in combination with other data shows that in this setup there exists an optimal
of the radial electric field, equal toEr'15– 30 V/cm, for which poloidal and radia

correlated structures form efficiently and, in consequence, the fluctuational particle flG̃
increases.

But the question of why the region with an appreciable radial electric field is
placed in the radial direction accompanying a transition from regimeA to regimeB
remains open.

Apparently, as the neutral-gas flux from the chamber walls increases, a cooli
the peripheral layer of the plasma column occurs, as a result of which, as the ele
temperatureTe decreases, it flattens out in the radial direction and a region with smaEr

forms in the edge plasma.

It was also observed that such a change in the parameters of the edge plasm
influences the direction of the poloidal rotational velocityVu of the fluctuations. These
data were obtained from correlation measurements, specifically, from the sign and
nitude of the correlation timetcorr at which a maximum ofKpol is observed in the
corresponding correlation curves. Figure 4 showstcorr versusr /r s for the regimeA ~curve
1! and for the regimeB ~curve 2!. We note immediately that positive values oftcorr

correspond in our case to the direction of electronic diamagnetic drift, while neg
values oftcorr correspond to the direction of ionic diamagnetic drift. Comparing curve1
and2 it is obvious that in regimeA the velocity componentVu is directed in the direction
of electronic diamagnetic drift in the entire edge plasma reached by the probes,
r /r s51 to r /r s50.84, withVu increasing in the direction toward the center of the plas
to a valueVu'53105 cm/s. At the same time, in the regimeB the velocityVu is directed
in the direction of ionic diamagnetic drift in the region of the edge plasma fr
r /r s51.0 to r /r s50.85, whereEr'0. But after the point where the floating potentialf
turns negative atr /r s5(r /r s) tr50.85, the direction of the poloidal velocity of the fluc
tuations reverses in the direction of electronic diamagnetic drift. The small values otcorr

for 0.85<r /r s<0.925 are interesting~Fig. 4, curve1!. Such values oftcorr could be due



of the

tic
n as

gnetic
faces
ld

te for
dge
s also
sma

fol-

walls

ures

flux

erses
d far

L-2M
sup-

of the

590 JETP Lett., Vol. 68, No. 7, 10 Oct. 1998 Batanov et al.
to rotation of the plasma. However, in the present experiment direct measurements
rotational velocity of the plasma were not performed.

It is commonly assumed1 that for a plasma lying outside the last closed magne
surface the velocity of fluctuations is characteristically oriented in the same directio
the ionic diamagnetic drift velocity~in both tokamaks and stellarators!. However, the
experiment whose results are reported in the present letter was performed for a ma
configuration in which the structure of the topologically stable closed magnetic sur
is bounded by a separatrix (r /r s 51), and it is only outside this that the magnetic fie
lines emerge onto the vacuum chamber within a period of the helical vacuum field~here
the plasma pressure in the region under study is low and is obviously inadequa
destroying the magnetic surfaces!. Therefore, by decreasing the temperature of the e
plasma, as a result of a change in the neutral-gas flux from the chamber walls, it i
possible to change the direction of the poloidal velocity of the fluctuations in the pla
near the boundary.

The experimental results presented in this letter make it possible to draw the
lowing conclusions.

1. We have shown that the quasistationary neutral-gas flux from the chamber
can influence the formation of correlated fluctuation structures.

2. We have measured the optimal value of the radial electric fieldEr'15
230 V/cm, for which simultaneous formation of poloidal and radial correlated struct

occurs and, in consequence, the greatest intensification of the fluctuational particleG̃
occurs.

3. We have detected a point where the poloidal velocity of the fluctuations rev
under conditions with a high neutral-gas flux from the chamber walls was observe
from the plasma boundary.

In closing, we wish to express our deep appreciation to the members of the
Stellarator team who made it possible to perform the experiment. This work was
ported by the Russian Fund for Fundamental Research~Project 98-02-18345!.

FIG. 4. Correlation time between fluctuation signals of the floating potential versus the radial position
probes (t554– 57 ms).
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a!The concept of coherence refers to the frequency components of the fluctuation signals, while the con
correlation refers to the signals themselves.
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298 ~1998!.
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Nonadiabatic heating of a plasma produced by the
ionization of a gas by a short intense laser pulse
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Measurements, 141570 Mendeleevo, Moscow Region, Russia
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~Submitted 9 September 1998!
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A hydrodynamic model of the interaction of a short, intense laser pulse
with moderate-density gases is constructed. The model systematically
takes into account both tunneling-ionization processes and the relativ-
istic motion of the electrons that are produced by the ionization of the
gas in the relativistically strong field of the pulse. X-ray spectroscopy
data agree well with the proposed theory. ©1998 American Institute
of Physics.@S0021-3640~98!00919-0#

PACS numbers: 52.50.Jm, 52.40.Nk

1. A great deal of attention is now being devoted to the interaction of short~duration
tpul less than or of the order of 100 fs!, intense~peak intensityI max of the order of or
higher than 1016 W/cm2) laser pulses with different gases.1,2 In many experimental
schemes or proposed setups the state of the plasma produced in course of the ion
of a gas by an intense pulse or some time after the pulse leaves plays an importa
~see, for example, Refs. 3–7!.

One of the most important characteristics of this state is the temperature o
electron gas that is associated with the so-called residual electron energy.8,9 The main
properties of the electron temperature are determined by the mechanism of ioniza
neutral atoms or ions. For moderate gas densities~less than or of the order of 1020 cm23)
the effective collisional ionization frequency is less than 1/tpul and the principal ioniza-
tion mechanism is ionization by the electromagnetic field of the laser pulse. On ac
of the high intensity of the laser pulse, the Keldysh parameterg ~Ref. 10! is less than or
of the order of 1. In this case the field ionization occurs by the tunneling mechanism
5920021-3640/98/68(7)/7/$15.00 © 1998 American Institute of Physics
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ionization probability is described by the well-known ADK formulas, which have b
checked in a number of experiments.11 However, a contradictory picture of the exper
mental results and theoretical attempts to explain them has now emerged.3–7 Specifically,
direct or indirect measurements of the electron temperature turned out to be at va
with the values of the temperature calculated using the ADK formulas for the ioniza
of multielectron atoms.

In our opinion, the disagreement between theory and experiment is due to the
plified point of view of the ionization process and its results. When the residual ele
energy is treated only as an average energy per electron after the passage of the p
many cases a substantial fraction of the information about the real electron energ
tribution is lost.

In the present letter we propose a hydrodynamic description of the interaction
short, intense laser pulse with moderate-density gases. The description systema
takes account of both the tunneling-ionization processes and the relativistic motion
electrons that are produced when the gas is ionized in the relativistically strong fie
the pulse. The processes leading to the formation of the temperatures of the gro
electrons arising as a result of successive ionization of multielectron atoms are exam
The proposed approach is used to explain the experimental results on the irradia
nitrogen with particle density of the order of 1019 cm23 by a laser pulse with peak
intensity 1019 W/cm2 and duration of the order of 70 fs.

2. To describe the dynamics of the ionization and the accumulation of energy by
electrons in the field of a short, intense laser pulse, we shall employ the equatio
hydrodynamics obtained from the kinetic equation for the electron momentum dist
tion function f (r,p,t). At moderate gas densities as well as for sufficiently short la
pulses, the collisions of electrons with heavy particles during a pulse can be neglec3–9

Moreover, under the same conditions the ponderomotive forces and the generat
electrostatic fields can be neglected in the description of the accumulation of ener
the electrons that are produced.8,9 Then, concentrating our attention on the region
maximum intensity of the laser beam, i.e., the spatial region near the beam axis a
plane of maximum focusing, we arrive at the analysis of a local kinetic equation

] f

]t
1eS E1

1

c
v3HD • ] f

]p
5G~r ,t !d~p!1@St#e,e . ~1!

Here E(H) is the electric~magnetic! field of the laser radiation and@St#e,e is the
electron-electron collision integral. The termG(r ,t)d(p) is the electron source due t
tunneling ionization by an intense electromagnetic field. The velocity of the free ele
produced in the process of tunneling ionization possesses is close to zero.12,13This is why
the ionization source in Eq,~1! is proportional tod(p).

Premultiplying Eq.~1! by 1, p, and e5Am2c41p2c22mc2 and integrating the
results over the momenta, we obtain, respectively, the equations for the electron d
ne(r ,t)[*d3pf (r ,p,t), for the average electron momentum Pe(r ,t)
[ne

21(r ,t)*d3p pf (r,p,t), and the average electron kinetic energŷe&(r ,t)
[ne

21(r ,t)*d3p(Am2c41p2c22mc2) f (r,p,t) (m(e) — electron mass~charge!!

]ne

]t
5G,

]Pe

]t
1

G

ne
Pe5eS E1

1

c
Ve3HD ,

]^e&
]t

1
G

ne
^e&5eE–Ve , ~2!
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whereVe(r ,t)[ne(r ,t)*d3pvf (r,p,t) is the average velocity of the directed motion
the electrons. The laser fieldE(r ,t) enters explicitly on the right-hand sides of Eq.~2!.
For this reason, depending on the intensity of the laser radiation, the electron mom
Pe(r ,t) and the electron kinetic energy^e& can be very substantial during the time th
the laser pulse acts.

The width of the momentum distribution functionf (r,p,t) can be characterized b
the electron temperatureTe(r ,t) determined by the relationTe(r ,t)[2@^e&(r ,t)
2ed(r ,t)#/3, whereed(r ,t)[Am2c41Pe

2(r ,t)c22mc2 is the kinetic energy of the di-
rected motion of the electrons. Forming the scalar product of Eq.~2! and Ve(r ,t) and
subtracting the result from the third equation in Eqs.~2!, we obtain an equation forTe :

]Te

]t
1

G

ne
Te5

2G

3ne

mc2ed

mc21ed

. ~3!

In deriving this relation we assumed that the width of the momentum distribution f
tion is comparatively small*d3p(pj2Pe, j )(pk2Pe,k) f !ne(m

2c21Pe
2), k, j 51,2,3, so

that the standard relativistic relation between the average velocityVe(r ,t) and average
momentumPe(r ,t) of the directed electron motion holds. We note that in contrast to E
~2!, the laser field does not enter explicitly in Eq.~3!.

The sourceG, which is the rate of production of free electrons per unit volum
enters in the hydrodynamic equations~2! and ~3!. To determineG it is necessary to
calculate the rate of stripping of electrons from all atomic shells:G5( k50

Z21Wk11Nk ,
where Wk11 is the probability of tunneling ionization per unit time for an ion wi
ionization multiplicity k (k50 corresponds to a neutral atom!, andNk is the density of
such ions.Wk11 is determined by the well-known ADK formula.11 The temporal evolu-
tion of the densitiesNk of atoms and ions can be described using the equation
ionization kinetics.14 The characteristic form of the normalized electron production r
s(t)5G(t)/vna , wherena is the initial density of atoms in the gas, is shown in Fig
and is a rapidly oscillating function. The period of the oscillations is one-half the pe
of the laser field. The envelope ofs(t) consists of a sequence of peaks correspondin
the ionization of ions with the corresponding ionization multiplicity. The durations

FIG. 1. Time dependence of the normalized electron production rates(t)5G(t)/(vna), Te(t) ~dashed line!,
and Te,5

shared(t) ~continuous line! in ~eV!. Matter — nitrogen, laser pulse — Gaussian with maximum intens
I max51019 W/cm2, duration~FWHM! tpul570 fs, and wavelengthl50.78mm. The timet is in units oftpul ,
measured from the peak of the pulse.
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these peaks, which can be interpreted as the characteristic ionization times of ion
the corresponding ionization multiplicity, are of the order of several laser periods
sufficiently high intensity of the laser radiation.

The following formal solutions can be written down for the density and tempera
of the electrons from Eqs.~2! and ~3!:

ne~ t !5E
2`

t

G~ t8!dt8, Te~ t !5
2

3ne~ t !E2`

t mc2ed~ t8!

mc21ed~ t8!
G~ t8!dt8. ~4!

The most important consequence of Eqs.~4! is the possibility of neglecting relativistic
effects when determining the density and temperature of the electrons under cond
such that the oscillatory velocity of the free-electron motion in the laser field du
ionization of the atomic shells is less than the velocity of light,eEion /mv<c. Indeed,
G(t) and therefore the integrand in Eqs.~4! are different from zero only in time interval
corresponding to the ionization of the atomic shells. Therefore, all the way up to
ionization of shells that require relativistic intensitiesI (I .1018 W/cm2), the electron
temperature is determined by Eqs.~4!, whereed is determined by Eqs.~2! in the non-
relativistic limit ~compare with Ref. 15!.

Figure 1 shows the characteristic time dependenceTe(t), which is of a step form.
The appearance of each new step inTe(t) corresponds to the appearance of a new gro
of electrons during ionization of an ion with the corresponding ionization multiplicity
a comparatively rarefied plasma, the ionization time of ions with ionization multiplicik
is short compared with the electron-electron and electron-ion collision times. For
reason, it makes sense to associate to each new group of electrons appearing as
of ionization of thekth ion its own temperatureTe,k(t):

Te,k~ t !5
2

3ne,k~ t !E2`

t mc2
•ed~ t8!

mc21ed~ t8!
Gk~ t8!dt8, ~5!

whereGk(t)[Nk(t)Wk11(t), ne,k(t)[*2`
t Gk(t8)dt8 is the density of the free electron

appearing as a result of ionization of an ion with ionization multiplicityk. We note that
for multielectron atomsTe(t) in Eq. ~4! is not, in the general case, the temperature of a
of these groups of electrons. It is obvious that the temperatureTe,k(t) is physically
meaningful during the time interval from the onset of ionization of thekth ion such that
electron-electron collisions are not important. Over the timet.tee,k , wheretee,k is the
collision time of the electrons in thekth group with electrons which have already be
produced, energy exchange between the electrons equalizes the temperatures. Ac
to the law of conservation of energy, iftee,m,t,tee,m11 , then the temperature of eac
group of electrons with numberk<m becomes equal to the same value

Te,m
shared~ t ![(

k50

m

ne,k~ t !Te,k~ t !/ (
k50

m

ne,k~ t !. ~6!

To estimatetee,k we shall use the well-known formula for the electron-electron collisi
free frequency in plasma,16 giving tee,k'10214(1019/kna)(Te,k)

3/2. Under our experi-
mental conditions, toward the end of the pulse we obtain using Eq.~5!: Te,153.3 eV,
Te,259.7 eV, Te,3523.4 eV, Te,4579.5 eV, Te,55120 eV, Te,6538.8 keV, andTe,7

543.4 keV. Correspondingly, the collision times for electrons in thekth group with



roups
t that
s why
r of

n the

er
rgy

reso-
R-1D
reso-
alled

of the
f
com-

s of
they

’’
istic
ned

ma is

zed
of state
of the

f the
n the
r the

igher
VII,

f the
tically
trons

596 JETP Lett., Vol. 68, No. 7, 10 Oct. 1998 Andreev et al.
previously formed free electrons are:tee,1'60 fs, tee,2'150 fs, tee,3'380 fs, tee,4

'1.8 ps,tee,5'2.6 ps,tee,6' tee,7'13 ns. According to Eq.~6!, it follows hence that
by the end of the third picosecond the temperatures of the electrons in the first five g
equalize to'47 eV. The electrons in the last sixth and seventh groups are so fas
they need 13 ns in order to heat up the first five groups. We underscore that this i
the inaccuracy of the ADK formulas employed with relativistic intensities of the orde
1019 W/cm2 ~when ionization of the last two electrons occurs! in no way influences the
indicated temperature dynamics of the first five electron groups.

3. The experimental investigations were performed by x-ray spectroscopy o
UNI10 laser setup at the Research Center in Saclay~France!. A pulsed nitrogen stream
with transverse size 200mm andN2 density in the region of interaction with the las
radiation equal to 1.531019 cm23 was used as the target. A 70 fs laser pulse with ene
70 mJ, focused by an off-axis parabolic mirror, made it possible to obtain a 16mm in
diameter focal spot and thereby a flux density 1019 W/cm2 in the focal plane.

The x-ray radiation of the plasma was detected with a one-dimensional spatial
lution using a spectrograph with a spherically bent mica crystal, installed in the FSS
arrangement.17 The spectrograph was tuned to the range 18.9–19.6 Å, its spectral
lution was determined by the width of the reflection curve of the crystal and equ
l/dl52000 with 30mm spatial resolution.

The detected spectral range corresponded to the position of the Rydberg terms
resonance seriesnp–1s (n55 – 9) of the H-like ion N VII. The spectral composition o
the plasma radiation is quasicontinuous, containing several wide peaks with a very
plicated structure. In previous work18 we showed that these peaks are not spectral line
the H-like N VII ion, broadened by the Stark or Doppler mechanisms, but probably
are a collection of transitions in the hollow He-like ion N VI.

Calculations performed using the radiation–collisional kinetic code ‘‘Mariya19

with the atomic constants obtained by the Hartree–Fock method with relativ
corrections20 show ~see Fig. 2! that the experimental spectrum can indeed be explai
by radiative transitions from Rydberg statesnln8nl8 (n,n853 – 8) of hollow N VI ions if
two conditions are satisfied simultaneously: If the electron temperature of the plas
sufficiently low ~15–30 eV!, while its ionization state is a recombination state.

It follows from the foregoing hydrodynamic analysis that this situation is reali
when a gas is heated by a femtosecond superintense pulse. Indeed, the ionization
of plasma in this case is formed at the moment the laser pulse acts and by the end
pulse the nitrogen atoms are completely ionized, i.e., the ‘‘ionization’’ temperature o
plasma is very high. The temperature of a large fraction of the free electrons i
plasma, as follows from our calculations, during the first several picoseconds afte
laser pulse ends, i.e., at the moment of maximum plasma luminosity, is;12– 47 eV. We
note that the presence of two groups of hot electrons withTe'40 keV will essentially
have no effect on the kinetics of the ions investigated, since their energy is much h
than the characteristic excitation and ionization energies of H- and He-like ions N
VI.

4. In summary, the hydrodynamic description, proposed in the present letter, o
interaction of a short intense laser pulse with moderate-density gases, systema
taking account of both ionization processes and the relativistic motion of the elec
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produced by ionization of the gas in a relativistically strong field of the pulse, mak
possible to describe correctly the x-ray emission spectrum of the plasma. In turn
agreement of the x-ray spectroscopy data with the results of the proposed hydrody
model shows that the model is adequate for describing the interaction of femtos
laser pulses with a gas.

This work was supported in part by grants 98-02-16263 and 96-02-16111 from
Russian Fund for Fundamental Research.
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Nonlinear transport through NS junctions due to
imperfect Andreev reflection

G. B. Lesovik
Institute of Solid State Physics, Russian Academy of Sciences, 142432 Chernogolovk
Moscow Region, Russia

G. Blatter
Theoretische Physik, ETH-Ho¨nggerberg, CH-8093, Zu¨rich, Switzerland

~25 August 1998!
Pis’ma Zh. Éksp. Teor. Fiz.68, No. 7, 572–577~10 October 1998!

We investigate a normal-metal–superconductor~point! contact in the
limit where the number of conducting channels in the metallic wire is
reduced to few channels. As the effective Fermi energy drops below the
gap energy, a conducting band with a width twice the Fermi energy is
formed. Depending on the mode of operation, the conduction band can
be further squeezed, leading to various nonlinear effects in the current–
voltage characteristics such as current saturation, a N-shaped negative
differential resistance, bistability, and hysteresis. ©1998 American
Institute of Physics.@S0021-3640~98!01019-6#

PACS numbers: 74.80.Fp, 74.25.Fy

Coherent transport phenomena in microstructured normal–superconductor~NS! sys-
tems have recently attracted a lot of interest.1 The transport across an NS boundary
governed by the phenomenon of Andreev reflection:2 An electron incident from the
normal metal on the NS junction with an excitation energyu«u below the superconducting
gapD cannot penetrate into the bulk superconductor~we measure the excitation energy«
of the electron with respect to the chemical potentialm in the superconductor!. Never-
theless, subgap transport across the junction is possible via the process of An
reflection, where the electron incident on the boundary is accompanied by a~coherently
reflected! hole, producing effectively a state with two incoming electrons which con
into a Cooper pair upon entering the superconductor. For an ideal NS boundary, s
process leads to a conductanceG54e2/h per channel,3 twice as high as the maximum
possible normal one. If the transparencyT of the boundary is smaller than unity, the N
linear conductance decreases asT2 at smallT!1 ~Ref. 3!. New effects appear in the
finite-bias or finite-temperature conductance when the transmission of electrons and
differs significantly as a consequence of their different longitudinal kinetic energies1,4–6

In this letter we show how Andreev scattering, combined with specific conditions fo
propagation of electrons and holes, leads to the formation of a subgap conduction
with a width which strongly depends on the bias voltage, leading to new transport
acteristics exhibiting a negative differential resistance, bistability, and hysteresis ef

To fix ideas, consider a single-channel normal-metal point contact to a bulk s
5990021-3640/98/68(7)/7/$15.00 © 1998 American Institute of Physics
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conductor~see Fig. 1a!. Here we have in mind geometries such as quantum point con
realized in heterostructures7,8 or via manipulations with a scanning tunneling micr
scope.9 Given the chemical potentialm, we define the longitudinal chemical potenti
mx5m2«' , where«' denotes the transverse energy of quantization in the normal c
nel. Here, we are interested in situations where the longitudinal kinetic energyKe,h at the
Fermi surface is small, such that the conditionmx,D is realized. In this case, electron
with excitation energies«5E2m5Ke2mx.0 can propagate through the conta
whereas the corresponding hole state with the same excitation energy can propaga
if its kinetic energyKh5mx2« remains positive, i.e.,«,mx ~in this simplified discus-
sion we assume that the conducting normal channel is long enough to generate tra
sion probabilities 0 or 1 only!.

An electron incident on the superconductor defines the Andreev state~in the normal
single-channel region!

C«~x!5S 1
0D eik1x

Av1

1S r ee

0 D e2 ik1x

Av1

1S 0
r eh

D eik2x

Av2

, ~1!

with k65A2m(mx6«)/\ and v65\k6 /m ~the above states are normalized to ca
unit particle flux, with a normalization̂C« ,C«8&52p\d(«2«8), implying that ur eeu2

512ur ehu2). Following the above discussion, the quenching of the hole state for e
gies«.mx , combined with the restriction in the allowed energies for incident elec
states«.2mx , leads to the formation of a conducting band of width 2mx ~see Fig. 1b
and the inset of Fig. 2!. Within this band, incident electrons are~nearly! perfectly re-
flected into holes, whereas electrons with energies above this band («.mx) are reflected
as electrons and do not carry current~electrons with energies («,2mx) do not enter the
normal channel at all!.

FIG. 1. a! Geometry of the NS point contact with the 1D normal wire adiabatically connected to the no
reservoir on the left and the bulk superconductor on the right; see Ref. 8. b! Dispersion relation in the norma
wire. Note the formation of a conducting band~cb! of width 2mx . c: Energy diagram for the wire sketched i
part ~a!. A change in biaseV induces a shiftU in the wire potential, which in turn may lead to a reflection
the backpropagating hole. The electron then is reflected normally from the NS boundary and does not co
to the current.
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In the simplest formulation of the problem we consider a single-channel NS j
tion. The Andreev states are found by solving the Bogoliubov–de Gennes equatio

S 2
\2]x

2

2m
2mx D~x!

D* ~x!
\2]x

2

2m
1mx

D S u«~x!

v«~x!
D 5« S u«~x!

v«~x!
D ~2!

with the gap functionD(x)5DQ(x), using the ansatz~1! in the normal region and

C«~x!5teS 1
g D e~ ip2q!x

Av
1thS 1

g* D e~2 ip2q!x

Av
~3!

in the superconducting regionx.0, with p22q252mmx /\2, pq5mAD22«2/\2, g
5(«2 iAD22«2)/D, and the normalizing velocityv5\p/m. Solving for the transmis-
sion and reflection coefficients, we obtain the spectral conductanceGNS(u«u,D)
'(8e2/h)Q(mx2u«u)Amx

22«2/D, valid in the limitmx!D ~see inset of Fig. 2; note tha
the Andreev approximation is not valid in the present case!. Assuming a rigid band,
implying that the applied bias drops at the boundary of the reservoir to the normal
the finite conduction band produces a current–voltage (I –V) characteristic I
5*eVd« GNS/e which saturates at a biaseV5mx ~we assume a negative biasV,0,
henceeV.0). This then is the simplest example where the quenching of the backp
gating holes limits the width of the conducting band and entails a nontrivial satur
phenomenon in the transport characteristics of the NS junction. It is in contrast t
normal point contact, where an increasing biaseV opens up the channels~see Refs. 10;

FIG. 2. Current–voltage characteristics of the NS contact. Keeping the band rigid~dashed line!, the current
saturates when all electrons within the band 2mx contribute. In the gated wire~long dashes!, the backpropaga-
tion of holes is partially inhibited when the voltage increases beyondmx/2 and completely quenched beyon
eV5mx . In the wire with fixed charge~thick solid line! the current switches from the upper to the low
branch, producing a pronounced negative differential resistivity. A finite reflectivity reduces the insta
~fixed charge, thin solid lines,ur eeu250.25, 0.5, 0.8). Inset: Spectral conductanceGNS versus energy«. For the
1D NS wire the conductance is suppressed due to imperfect Andreev reflection~dotted line!. For the adiabati-
cally connected wire of Fig. 1a the Andreev approximation is applicable andGNS reaches is maximal value. Th
width of the conduction band depends on the wire potentialU ~solid line: gated/fixed-charge wire; dashed lin
rigid band.
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note that a nontrivial structure in theI –V characteristics can occur in a normal poi
contact as well, though at much higher voltageseV.m; see Ref. 11!.

The above 1D example cannot be trivially applied to a physical situation: str
speaking, we have neither a superconducting instability nor a normal Fermi liquid
single-channel 1D system. Let us then discuss the more realistic single-channel NS
contact with a geometry as sketched in Fig. 1a; see also Ref. 7. The 1D normal w
adiabatically connecting the normal reservoir with the bulk superconductor. The sm
form of the wire guarantees the appropriate matching of the wave functions in the
device segments, reservoir, 1D wire, and bulk superconductor. An imperfect mat
leads to a normal reflection of the incident particle at the NS boundary and thus re
the subgap transport with its interesting new features~below we will discuss the conse
quences of normal reflection for the device characteristics in more detail!. The main
properties of this geometry are the following: i! the confining potential of the wire
produces a narrow conduction band connecting the reservoir with the NS bounda!
the 1D wire is long enough to guarantee a sharp onset of the transmission~but short
enough to let us ignore strong interaction effects due to the one-dimensionality!, iii ! the
wide NS contact helps the proper matching of the wave functions, and iv! the large
chemical potential in the bulk superconductor allows us to adopt the Andreev app
mation. The functioning of this device resembles that of the idealized structure a
whereas in the 1D wire the backpropagation of the hole was limited by the bottom o
conduction band, in the present situation holes reflected from the NS boundary
minimal kinetic energymx2«,0 have to tunnel through the effective potential due
the transverse quantization in the wire~see Fig. 1c!.

As we can apply the Andreev approximation for the geometry of Fig. 1a, the d
mination of the conductance is trivial,G NS(«)5(4e2/h)Q(mx2u«u), and the corre-
spondingI –V characteristics for the rigid band model follows from simple integrat
~see Fig. 2!.

So far, the determination of the current–voltage characteristics has been base
rigid band model, where the voltage drop in the device occurs at the boundary t
normal reservoir. A more accurate calculation of the transport currentI (V) involves a
self-consistent determination of the charger(x) and the electric potentialew(x) in the
wire, given an applied biasV; see, e.g., Ref. 12. Here we refrain from such a calculat
but rather discuss two interesting limiting cases illustrating the potential features of
a device.

The first case we wish to analyze is the gated wire, where a top gate placed ov
wire modifies its potentialedw[U(V,Vg). In the simplest case, considered by Brow
et al.,11 the gate potentialVg follows the applied bias,dVg5V. Assuming further that the
wire potential is slaved to the gate, the band bottom in the wire is lifted byU5eV,
implying that backpropagating holes and low-energy incident electrons are cut o
u«u56(mx2eV) rather than6mx . Within the Andreev approximation the spectral co
ductanceGNS is narrowed down to the intervalu«u,mx2eV and takes the form

GNS~«,U~V!!5
4e2

h
Q@~mx2U~V!!2u«u#. ~4!

A simple integration produces theI –V characteristics
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I ~V,D/e!5
1

eE0

eV

d«GNS~«,U~V!!, ~5!

exhibiting a negative differential resistance~NDR! regime within the bias intervalmx/2
,eV,mx ~see Fig. 2!: When the applied biaseV is increased up tomx/2, additional
current-carrying states are occupied, and the transport currentI increases. As one goe
beyond the valuemx/2, the rising bottom of the band quenches the back propagatio
the holes and fewer states are available, until ateV5mx all current-carrying states ar
blocked.

The above NDR phenomenon is further accentuated in a device where the cha
the wire rather than its potential is fixed — this is the second limiting case we wis
study here. The contribution to the charge density of an individual channel averaged
the wire cross section is given by

r~x!52e(
k

$ f v~«k!uuk~x!u21@12 f v~«k!#uvk~x!u2%, ~6!

with f v(«) the ~bias dependent! distribution function for the Bogoliubov quasiparticle
We evaluate the density in the middle of the wire and allow for a nonzero potential
U. Using the normalization introduced in~1!, we arrive at the form

r5
e

p\E d«F11ur eeu2

v1~«!
f v~«!1

ur ehu2

v2~«!
@12 f v~«!#G , ~7!

with v65A2(mx2U6«)/m the velocities of the quasiparticles. For the case of per
Andreev reflection the above expression simplifies to@we assume an open channel co
figuration with 0,eV,mx2U; the occupation numbers are determined by those of
metallic reservoir,f V(«)5Q(2«1eV) at zero temperature#

r5
e

p\
Am

2 S E
2mx1U

eV

d«
1

Amx2U1«
1E

eV

mx2U

d«
1

Amx2U2«
D . ~8!

Requiring that the charge differencedr5r(eV,U)2r(0,0) vanishes at any applied bia
V leads to the condition (kF,x5A2mmx/\)

dr5
ekF,x

p FA12
U2eV

mx
1A12

U1eV

mx
22G50,

determining the potential shiftU(V) in the wire. Solving forU we obtain the result

U~V!52
~eV!2

4mx
, 0,eV,mx2U~V!. ~9!

The negative shift in the wire potential seems quite puzzling at first sight, but ca
easily understood in terms of the reduced group velocity of the backpropagating ho
second solution is found for a positive shiftU.mx , where the Andreev scattering i
quenched and all incident electrons are reflected back as electrons (ur eeu251). With
dr5(2ekF,x /p)@A12(U2eV)/mx21#50 we find the shift

U~V!5eV, mx2U~V!,0,eV. ~10!
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Finally, a regime with partially quenched Andreev scattering is found in the interv
,mx2U,eV, with U(V) determined by the relation dr5(ekF,x /p)
@2A12(U2eV)/mx2A2(12U/mx)22#50, and the result

U52eV25mx14Amx~2mx2eV!. ~11!

The internal potential shiftU versus applied biasV is shown in Fig. 3~thick solid line!.
The three branches ofU(V) exhibiting completely open, partially quenched, and entir
quenched hole propagation in the wire arrange to define a typical bistable configu
of the wire within the bias intervalmx,eV,2mx . The lower branch with the open
channel terminates ateV52mx and the system has to jump to the state where the b
propagation of holes is quenched. Physically, the jump between the two branches
sponds to a rearrangement of the potential drop in the device: At low bias~lower branch!
the applied bias drops on the left side of the channel, towards the reservoir. At high
~upper branch! the potential drops on the superconductor side, producing the gated
ation described above. Translating this behavior of the internal device biasU to theI –V
characteristics~see Fig. 2!, we find a jump from the ‘‘open,’’ current-carrying state at lo
bias to the ‘‘closed,’’ gated state at high bias as the applied biaseV grows beyond the
band width 2mx , thereby producing a characteristics with an N-shaped negative d
ential resistance. At voltageseV.D a finite conductance is restored. Note that theI –V
characteristics is not symmetric: for a positive applied biasV.0 (eV,0) the conduction
band stays open up to the biaseV522mx , where the wire potential aligns with th
potential in the reservoir,U2mx5eV; see~9!. Increasing the bias further, the curre
saturates~similarly to the rigid band case! as part of the incoming electrons are exclud
from entering the wire.

The above analysis for the case of ideal Andreev reflection at the NS boundar
be easily generalized to take a finite normal reflectivity of the barrier into account.
convenient to characterize the junction through its normal state properties: Give
reflection coefficientR for electrons entering the 1D wire, the parameterur eeu2 switches
between the valuesur eeu254R/(11R)2 ~‘‘open’’ channel! and ur eeu250 ~‘‘closed’’

FIG. 3. PotentialU within the normal wire versus applied bias for the case of a fixed charge and different v
of the reflection coefficientr ee , r ee50 ~thick solid line!, ur eeu250.25, 0.5, 0.8~thin solid lines!. The lower
branch becomes unstable at high applied bias and the internal potentialU jumps to the gated value~long
dashes!, leading to a NDR in theI –V characteristics of the contact.
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channel! ~see Refs. 13,6! we assume that]«R(«)'0 and«!D, allowing us to ignore the
energy dependence inur eeu2). A finite value of R then leads to a smoothing of th
potential-bias relation and the current–voltage characteristics see Figs. 2 and 3.R
approaches unity, the fixed-charge characteristic approaches the result for the gate

Above we have concentrated on the single-channel limit, where the nonlinear e
leading to the NDR phenomenon are most pronounced. Going over to a multich
geometry, our analysis can be carried over to the grazing incidence trajectories4 with the
modificationmx→mx,n5m2«',n , where«',n5\2Kn

2/2m is the transverse energy of th
nth channel. The interesting structure obtained in the single-channel case~see Fig. 2! then
survives for the states with an effective chemical potentialmx,n,D. The maximum
number of channels to be saturated or cut off in this fashion below a biaseV;D is of
orderdn;(D/m)n, wheren@1 is the total number of channels. In a bulk system with
planar NS boundary these states correspond to grazing incidence trajectories with
q,AD/m.

In conclusion, the different propagation conditions for electrons and holes in
junctions produce a rich variety of phenomena. Both, the zero- and finite-bias anom1

in dirty NS junctions can be understood in such terms.6 Here, we have shown how th
coherent electron–hole transport in a one/few channel system may lead to strong n
earities in the device characteristics, resulting in an N-shaped NDRI –V curve in its most
extreme variant. In conventional semiconductor devices this kind of instability lead
the formation of domain walls, e.g., the Gunn effect. In the present case, wher
transport is nonlocal and coherent, we can expect a device operation more similar
of a double-barrier resonant-tunneling structure.14
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On the analytical solutions of the Hamiltonian of a
Frenkel exciton for the lattice of a regular polyhedral
cluster

V. V. Rotkina) and S. F. Kharlapenko
A. F. Ioffe Physicotechnical Institute, Russian Academy of Sciences,
194021 St. Petersburg, Russia

~Submitted 26 August 1998!
Pis’ma Zh. Éksp. Teor. Fiz.68, No. 7, 578–582~10 October 1998!

The Coulomb Hamiltonian of a small-radius exciton on a cluster whose
atoms occupy the sites of a group lattice is studied. The spectrum of
Frenkel excitons can be obtained analytically for definite modes by the
methods of harmonic analysis of the lattice Hamiltonian. The carbon
cluster C60 with icosahedral symmetry is given as an example.
© 1998 American Institute of Physics.@S0021-3640~98!01119-0#

PACS numbers: 71.35.Aa, 61.46.1w, 61.48.1c

This letter presents a method for calculating the spectrum of small-radius exc
~Frenkel excitons1! in atomic clusters whose atoms occupy the sites of a two-dimensi
group lattice. The importance of this problem is due to, on the one hand, the
progress made in the synthesis of different nonmetallic clusters of carbon, silico
trides, and other materials and, on the other hand, the fact that the investigation
physical properties of these quantum objects requires a theory going beyond the s
electron approximation. Different theoretical estimates made primarily in the Hub
model, and also various experimental data obtained for the intensively investigated
ter C60, attest to the need to take into account the Coulomb interaction betwee
electrons of a cluster. The adequate incorporation of this interaction is still an uns
problem.

Quantum-size effects are manifested in most nonmetallic clusters in that an e
gap exists between the occupied and unoccupied discrete cluster levels and op
allowed transitions occur with excitation of an electron–hole pair, possessing a d
moment, through the gap. An important manifestation of the Coulomb interaction o
carriers is renormalization of the frequency of such a transition as a result of the bi
of carriers into an exciton. We note that the structure of the clusters is such tha
carrier motion on a closed curved surface is quasi-two-dimensional.2 Depending on the
ratio of the kinetic energy of the carriers and the Coulomb interaction energy, diffe
theoretical models are used to describe an exciton. If an electron–hole pair is str
localized on a lattice site~i.e., its kinetic energy is low!, a Frenkel exciton is formed,3 in
contrast the more common situation occurring in bulk semiconductor materials, whe
Coulomb interaction is strongly weakened by dielectric screening and a large-r
exciton arises4 ~Wannier–Mott exciton!. In clusters the kinetic energy of the carriers c
6060021-3640/98/68(7)/5/$15.00 © 1998 American Institute of Physics
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be low because of the low two-dimensional electron density on the surface of the cl
while the Coulomb energy is fixed, since the distance between the carriers doe
exceed the size of the cluster. Thus, the condition for the existence of asmall-radius
excitoncan be satisfied. In the present letter we present a method for diagonalizin
Hamiltonian of a Frenkel exciton on a group lattice of various structure of cluster
semiconductor materials. As already mentioned, experimental data exist for full
C60, so that this icosahedral carbon cluster will be studied as an illustrative example~see,
also Refs. 5 and 6!. The final group lattice is defined as a lattice each of whose sites
be obtained from an initial site by a definite rotation from a point group gi
beforehand.7 It is natural to assign to the initial site the group identity elemente. In the
case of C60 these rotations carry a truncated icosahedron into itself~details can be found
in Refs. 4–6!. All sites of the group lattice are equivalent and possessz bonds with
nearest neighbors. The numberz is determined by the number of group elements form

We shall proceed from the condition that the electrons are strongly localize
sites, so that an atom in an excited state remains neutral. We assume the excitation
to be small compared with the atomic energy. This makes it possible to study trans
only between the nearest levels. We are interested primarily in an optical tran
associated with a change in the parity of the electron wave function, specificas
→p. The Coulomb interaction of excited atoms is determined in the first nonvanis
order3 by the dipole–dipole term~we recall that excitation preserves the electrical n
trality of the atom!:

V5
1

2 ( 8
g,g8

1

r 3~g,g8!
@Pg•Pg823~Pg•e~g,g8!!~Pg8•e~g,g8!!#, ~1!

wherePg andPg8 are the dipole moments of the sitesg andg8; r (g,g8) is the distance
between the sites;e(g,g8)5r (g,g8)/ur (g,g8)u; and, the prime on the sum means that t
summation extends over overgÞg8. In the second-quantized representation the ene
can be written in terms of the creation and annihilation operators of dipole excitation
the sites. One should remember that in our case of an excitation from a levels to a level
p the electron wave function has three components, while the wave function o
electron–hole excitation, having three mutually perpendicular polarization directions
polar vector. As a result of this, the components of the excitation creation and ann
tion operators have the formpi

†(g)5ai
†(g)d†(g), whereai

†(g) and d†(g) are electron
and hole creation operators at the siteg. The Coulomb part of the Hamiltonian operat
has the form

V̂5
1

2 ( 8
g,g8

1

r 3~g,g8!
p†~g!• t̂~g,g8!• p~g8!, ~2!

where the angular part of the dipole–dipole interaction operator,t̂(g,g8), depends only
on the directions to interacting atoms located at the sitesg andg8, and it does not depend
on the distance between the sites and can be represented by a traceless antisy
tensor of rank 2:

t~g,g8! i j 5d i j 23e~g,g8! ie~g,g8! j , ~3!
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whered i j is the Kronecker delta. The distance dependence of expression~2! is separated
into the cofactorr 23(g,g8).

We have already assumed the excitation to be strongly localized. Therefore
natural to take account of the interaction of nearest neighbors only. It is convenie
characterize the neighboring sites of a chosen site by corresponding rotations fro
group of the lattice. We denote the neighbors of the siteg asbg, whereb is one ofz
group operators. It follows from the group properties that this set is identical for all
~in the case of C60 there are three rotations$C5 , C5

21 , C2%).
8 To investigate the sum~2!

it is convenient to switch from the laboratory coordinate system tied to the basise
defined above to local coordinate systems~LCSs! tied to an arbitrary site. This will make
it possible to simplify the expression by separating in the operatort the part that is
invariant under the group rotations. For the specific example of the lattice of the i
hedral C60 cluster it is convenient to introduce the LCS as follows9 ~see Fig. 1!: Orient
thez axis from the site radially away from the cluster; orient they axis in a plane passing
through thez axis and an edge connecting two hexagons; and, define thex axis by the
producty3z. For this choice the transition from the LCS at the siteg of the cluster to the
LCS at the siteg8 is evidently given by the rotationD̂ (T)(g8g21), which transfers the
first site into the second site. We denote the rotation of the laboratory coordinate s
in the LCS at the siteg asD̂ (T)(g21). Then the operator creating a dipole at the siteg,
given in the LCS tied to it, is given bypgi

† 5Di j
(T)(g21)pj

†(g).

The Coulomb part of the Hamiltonian in the LCS acquires the form~we temporarily
drop the indices corresponding to the polarization of the excitation!

V5
1

2 (
g,b

1

r b
3

pg
† @D̂ ~T!~g21!#† t̂~g,bg! D̂ ~T!~ @bg#21! pbg5

1

2 (
g,b

1

r b
3

pg
† t̂b pbg . ~4!

For generality we retain the difference in the bond lengths,r b , for the nearest neighbors
One can see that the operatort̂b depends only on the rotationb fixing the pair of
neighbors, and it does not depend on the specific position of a pair of sites in the c
Therefore expression~4! can be put into the maximally compact form by a harmo
expansion over a group~see below!.

FIG. 1. Diagram showing the construction of local coordinate systems for a C60 cluster. The local axesx(g) and
y(g) are shown for the base siteg5e and three nearest neighborsg85b i . Thez axes at each site are directe
in a radial direction.
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The components of the matrixtb in explicit form are:

tb i j 5@D ~T!~b21!23~D ~T!~g!eg,bg
! ^ ~D ~T!~bg!eg,bg

!# i j

5D ~T!~b21! i j 23
~D ~T!~e! i32D ~T!~b21! i3!~D ~T!~b21!3 j2D ~T!~e!3 j !

uD ~T!~e! i32D ~T!~b21! i3u2
, ~5!

whereD (T)(e) denotes the identity rotation. To find the eigenstates of the Hamilto
~4! it is necessary to solve a secular equation of order 3N, whereN is the number of
atoms in the cluster~for C60, of the order of 33605180), which makes it difficult to
obtain an analytical solution.

We now use the symmetry properties of the Hamiltonian and switch in Eq.~4! from
a sum over lattice sites to a sum over irreducible representations~IRs! of this group. For
this we expand the components of the dipole excitation creation operatorpgi

† over all IRs

contained in the regular representation of the group. In what follows, unless indi
explicitly, summation over repeated indices is assumed:

pi
†~g!5ai

†~g!d†~g!5D*
n1m1

~a1!
~g!ai ;n1m1

†~a1! D*
n2m2

~a2!
~g!dn2m2

†~a2! , ~6!

whereDi j
(a)(g) are the Wigner matrices for the IRa and the group elementg, and the

creation operators on the right-hand side of the equation create an electron~hole! in the
symmetry state of the IRa. Switching to the coupled basis for the electron–hole ex
tation creation operator and transforming the product of Wigner matrices, we obta

pi
†~g!5Cn1m1 ,n2m2 ,k1 ,k2

a1 ,a2 ,g ai ;n1m1

†~a1! dn2m2

†~a2!D* k1k2

~g! ~g!5D* k1k2

~g! ~g!pi ;k1k2

†~g! , ~7!

where pi ;k1k2

†(g) is by definition the creation operator of an exciton in the IRg, while

Cn1m1 ,n2m2 ,k1 ,k2

a,b,g are the Clebsch–Gordan coefficients for intercoupling the correspon

representations.10 Substituting the excitonic creation and annihilation operators~7! into
the Coulomb Hamiltonian~4!, expanding the rotation operatorD̂ (g)(bg) into a product of
the corresponding rotation operators forb and g, and summing over the group lattic
using the orthogonality relations for unitary transformations, we obtain the final form
the Coulomb Hamiltonian

H01V5H01
1

2 (
b

1

r b
3(g

pi ;k,n
†~g! tb i j Dmk

~g!~b!pj ;m,n
~g! . ~8!

One can see that the dipole interaction matrix in this expression is a direct product
operatort̂b , which depends only on the group elementb fixing the pair of interacting
dipoles, and the rotation matrix of this element, given in one of the IRs. Thus, inste
a secular equation of dimension 3N we now need to solve a set of identical equatio
with the dimensions 3n, wheren is the dimension of the corresponding IR, i.e., 3, 9, 1
and 15 for C60. This made it possible to find analytical solutions for some modes of
system.5,6 An important feature of our method is the possibility of performing a symm
try analysis of the desired two-particle excitations, since the form of the correspondi
determines uniquely the possibility of constructing a nonzero matrix element bet
this excited state and the ground~completely symmetric! state of a cluster for any exci
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tation potential. This makes it possible to solve the problem only for the modes of int
to us, for example, for the five dipole-active modesT1u in the case of C60 ~Ref. 5!.

We have presented a method for systematically calculating the spectrum o
Coulomb Hamiltonian given on the lattice of a regular polyhedral cluster, the symm
group of whose lattice makes it possible to use the method of harmonic analysis
matrix of the Coulomb interaction and switch from the initial coordinate representatio
the space of irreducible representations of the given group lattice. Diagonalization
Hamiltonian, obtained in the Frenkel exciton approximation, in the space of elect
hole excitations makes it possible to classify the states by symmetry and also giv
spectrum and wave functions of the two-particle modes of a system where the Cou
energy is much greater than the kinetic energy of the carriers.
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from the Russian Fund for Fundamental Research and Grant No. 98062 from the pr
‘‘Fullerenes and Atomic Clusters.’’
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Characteristic features of d pairing in bilayer cuprates
under conditions of Peierls instability of the
normal phase

M. V. Eremina) and I. A. Larionov
Kazan State University, 420008 Kazan, Russia
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Pis’ma Zh. Éksp. Teor. Fiz.68, No. 7, 583–587~10 October 1998!

A system of self-consistent integral equations for the superconducting
gap is formulated and solved taking account of the instability of the
normal phase of bilayer cuprates against charge-density waves. The
critical parameters are calculated as a function of the wave vector,
temperature, and doping index. It is found that the region in which
superconductivity coexists withd-type charge-density waves depends
strongly on the doping index. The effective energy-gap parameter, de-
termined as the interval between the peaks of the density of states, can
have a local minimum at temperaturesT,Tc . © 1998 American In-
stitute of Physics.@S0021-3640~98!01219-5#

PACS numbers: 74.72.2h, 74.25.Jb

It can now be regarded as an established experimental fact thatd-type pairing is
realized in most layered cuprates, and in addition the determining component of the
parameter of the pseudogap in the normal phase of underdoped samples posse
samed-type symmetry.1,2 At least this conclusion does not raise any objections
YBa2Cu3O72d , Bi2Sr2CaCu2O81d , and other bilayer cuprates. The question of the
ture of the pairing and the origin of the pseudogap in the normal phase is still o
Specifically, it is still not clear whether or not they are interrelated or completely in
pendent. In the present letter we show that the empirical dependences ofTC and the
pseudogap closure temperatureT* on the doping index and the dependences of th
order parameters on the wave vector can be qualitatively understood in a mode
quasi-two-dimensional metal with strong electronic correlations, in which case the g
the elementary excitations spectrum is due to anomalous averages of the
^Ck

2sCk1q
2s &, characteristic for a Peierls instability of the normal phase.

The problem of the existence of superconductivity under conditions of Peierls i
bility is a classic problem. For ordinary metals it has been discussed in a numb
works ~see, for example, Refs. 3 and 4!, where the anomalous averages were due to
Fröhlich interaction and did not depend on the wave vector. In the present letter the
interaction responsible for the formation of the superconducting state is the short-
superexchange interaction, and the normal phase exhibits strongly non-Fermi-liqu
havior. The spectral weight of the conduction band under study depends nonlinea
the doping index, and it is already half-filled when the number of holes per unit cell o
6110021-3640/98/68(7)/5/$15.00 © 1998 American Institute of Physics
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Cu2O4 bilayer is 2/7~Ref. 5! instead of 1, as would have happened in the case of no
metals.

To describe the subsystem of current carriers in bilayer high-Tc superconductors we
employ a Hamiltonian of the form

Ĥ5(
ls

epC l
ss1(

lm
t lm
ppC l

2sCm
s21 (

l .m
j lmF2~S̄l S̄m!2

nlnm

2 G1 (
l .m

glmd ldm , ~1!

whereCm
2s(Cm

s2) are Hubbard-type operators corresponding to creation~annihilation! of
quasiparticles in the bonding singlet-correlated oxygen band,6 nl5C l

↑,↑1C l
↓,↓ ; d l5nl

12C l
2,2; and, j lm andglm are the superexchange and Coulomb interactions parame

The quasiparticle dispersion relation has the form

ek5Ppd@2t1~coskxa1coskya!14t2 coskxa coskya

12t3~cos 2kxa1cos 2kya!#2m, ~2!

wherem is the chemical potential, which under optimal doping, according to photoe
sion data,7 lies 10 meV below the saddle peak of the density of states,Ppd5(21d)/4 is
the average value of the anticommutators$Cm

2s ,Cm
s2% with tunneling taken into account

d is the number of current carriers per unit cell in the Cu2O4 bilayer, a is the lattice
constant, andt15t1

(90)@11^SiSj&/Ppd
2 #. We take the following parameter set, which

consistent with the Fermi surface and the temperature behavior of the spin suscep
of the normal phase of YBa2Cu4O8: t1

(0)570 meV, t2
(0)50, andt3

(0)55 meV.8 Following
Ref. 9, we give the spin correlation functions of the nearest neighbors phenomen
cally as ^SiSj&5(20.2 exp(0.61d/2)2110.6)/1.8356, so that the width of the ban
would approach zero asd→0, which is necessary for a correct description of t
insulator–metal transition in these compounds.

In the mean-field approximation the elementary excitations spectrum of the H
tonian ~1! is determined by the equation

detU ek2E Gk1Q Dk Uk

Gk ek1Q2E Uk1Q Dk1Q

Dk* Uk1Q* 2ek2E 2Gk1Q*

Uk* Dk1Q* Dk1Q* 2Gk* 2ek1Q2E

U50. ~3!

The order parameter of the superconducting transition~ST! is given by the expression

Dk1
5

1

PpdN
(

k
@2 j ~k12k!2g~k12k!1Ppd

2 B~k1 ,k12k!#^Ck
↓2C2k

↑2 &, ~4!

where j (q), g(q), andB(k1 ,q) are the Fourier transforms of the superexchange, C
lomb, and Fro¨hlich interactions potentials, respectively. Specifically,j (q)5 j 0(126d2)
3(cosqxa1cosqya), where j 05125 meV for YBaCuO compounds10 and g(q)
5g0 exp(27d)(cosqxa cosqya), where g05315 meV. Among all possible phono
modes, the bending modes make the most important contribution to pairing. In this
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B~k,q!52B0
2\vq

111/2@cos~qxa!1cos~qya!#

~\vq!22~ek2ek1q!2

3Q~\vD2uek2ek1qu!Q~\vD2ueku!, ~5!

\vD is the Debye frequency of the order of 45 meV,Q(x) is the theta function, and
B0'35. In the range of doping indicesd of interest to us, Eq.~4! has a solution of the
form Dk5D0(coskxa2coskya).

As was pointed out in Ref. 5, the CDW parameterGk is a sum of two component
with a different dependence on the wave vector. The component associated wi
short-range potentials

Gk1

ex5
1

PpdN
(

k
@ j ~k12k!1g~k12k!#^Ck

2↑Ck1Q
↑2 &, ~6!

possessesd-type symmetryGk
ex5 iG0(coskxa2coskya), while the phonon part

Gk1

ph5
Ppd

N (
k

Vk,Q^Ck1Q
2↑ Ck

↑2&1Vk1 ,Q

Ppd

N (
k

^Ck1Q
2↑ Ck

↑2&, ~7!

possessess-type symmetry. It is relatively small and is neglected below.

The order parameterUk entering in Eq.~3! is related with thermodynamic averag
^Ck
↓2C2k2Q

↑2 &, which appears naturally in the equations of motion in the presenc
superconductivity and Peierls instability. In the general case it is determined b
expression

Uk1
5

1

PpdN
(

k
@ j ~k12k!1 j ~k12k2Q!2g~k12k!1Ppd

2 B~k1 ,k12k!#^Ck
↓2C2k2Q

↑2 &.

~8!

We investigate below the approximately optimal doping regime, whereQ'(p,p). One
can see from Eq.~8! that Uk is comparatively small and can possess onlys symmetry,
since for Q5(p,p) the sum j (k12k)1 j (k12k2Q) vanishes. We note that forUk
50 Eq. ~3! leads to the spectrum

E1,25A1/2~ek
21ek1Q

2 !1DkDk* 1GkGk* 61/2E12
2 , ~9!

where

E12
2 5A~ek

22ek1Q
2 !214GkGk* ~ek1ek1Q!214DkDk* ~Gk1Gk* !2 ~10!

andE452E1 andE352E2 .

In the general case we have the following system of integral equations:

^Ck
↓2C2k

↑2 &5
PpdDk

4 F 1

E1
tanhS E1

2kBTD1
1

E2
tanhS E2

2kBTD G
1

PpdND

2E12
2 F 1

E1
tanhS E1

2kBTD2
1

E2
tanhS E2

2kBTD G , ~11!
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^Ck
2↑Ck1Q

↑2 &5
PpdGk

4 F 1

E1
tanhS E1

2kBTD1
1

E2
tanhS E2

2kBTD G
1

PpdNG

2E12
2 F 1

E1
tanhS E1

2kBTD2
1

E2
tanhS E2

2kBTD G , ~12!

^Ck
↓2C2k2Q

↑2 &5
PpdUk

4 F 1

E1
tanhS E1

2kBTD1
1

E2
tanhS E2

2kBTD G
1

PpdNU

2E12
2 F 1

E1
tanhS E1

2kBTD2
1

E2
tanhS E2

2kBTD G , ~13!

where

ND51/2Dk~ek
22ek1Q

2 !1DkGk* ~Gk1Gk* !1Uk~DkUk* 2Dk* Uk!12ek1QGk* Uk ,

NG51/2Gk~ek1ek1Q!1DkDk* ~Gk1Gk* !1ek1QDk* Uk2ekDkUk* , ~14!

NU51/2Uk~ek2ek1Q!22Dk~DkUk* 2Dk* Uk!2ekDkGk* 1ek1QDkGk .

The system of equations~11!–~13! was solved numerically. As expected, the p
rameterUk is negligibly small. The computed phase diagram of thed dependence of the

critical temperatures forD0(TC) and G0(T* ) at Q5( 11
12p, 11

12p) is close to the corre-
sponding diagrams proposed in experimental works~see, for example, Ref. 11!. In Fig. 1
three different doping cases are presented as an example of the temperature depe
found for the amplitudes of the order parametersD0(TC) andG0(T): a1 , a2 , anda3 ,
where the parametera is given by the ratioa(d)5(d2dmin)/(dopt2dmin). Heredmin is
the minimum value of the doping corresponding to the appearance of a supercond
state. In all cases, ford,dopt50.315 ~i.e., the existence of a CDW! the temperature
dependence of the superconducting order parameter differs considerably from the
case. In the case of a strongly overdoped regime the ratio 4D0 /kBTC54.2 ; for dopt it
equals 4.5; it then increases, as seen in Fig. 1, and reaches values of the order o
d.dmin ~i.e., in the strongly underdoped region!. This kind of variation of 4D0 /kBTC

has already been noted in a number of experimental works.12 The computed temperatur

FIG. 1. Computed temperature dependences of the amplitudes of the order parametersD0 andG0 . The curves
corresponding to the superconducting gap parameterD0 start at the pointT/TC51. The relative-doping param
etera is defined in the text.
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dependences of the pseudogapG0 exhibit nonmonotonic behavior as temperature d
creases; this has not been noticed previously. It would be interesting to check thi
diction of the theory experimentally. Thus, if the effective gap parameterDeff(T), deter-
mined as the energy interval between peaks in the density of states, is measu
scanning tunneling spectroscopy experiments~see, for example, Ref. 12!, then on account
of the nonmonotonic behavior ofG0(T) anomalies should be observed in the plot f
Deff(T): 1! In type a1 samplesDeff(T) will decrease~!! asT→0; 2! for a'a3 a local
minimum should be observed in the plot ofDeff(T). Examples of such plots calculated o
the basis of expressions~9! and~10! are presented in Fig. 2. In our opinion the indicat
anomalies can be seen from the experimental data.12,13 These results, however, require
more detailed experimental check on samples with different doping indices.

This work was supported in part by the State Science and Technology Pro
‘‘Superconductivity’’ ~Project No. 98014!.
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We consider high-order correlation functions of the passive scalar in
the Kraichnan model. Using the instanton formalism, we find the scal-
ing exponentszn of the structure functionsSn for n@1 under the ad-
ditional conditiondz2@1 ~whered is the dimensionality of space!. At
n,nc ~wherenc5dz2 /@2(22z2)#) the exponents arezn5(z2/4)(2n
2n2/nc), while atn.nc they aren-independent:zn5z2nc/4. We also
estimate then-dependent factors inSn . © 1998 American Institute of
Physics.@S0021-3640~98!01319-X#

PACS numbers: 47.27.Ak

Anomalous scaling is probably the central problem of the theory of turbulenc
1941 Kolmogorov formulated his famous theory1 wherein scaling behavior of differen
correlation functions of velocity in a turbulent flow was predicted. Experimentally
observes deviations from the scaling exponents proposed by Kolmogorov. It is r
nized that the deviations are related to rare strong fluctuations which make the
contribution to the correlation functions.2 This phenomenon, called intermittency, is th
most striking peculiarity of developed turbulence.

One of the classic objects in the theory of turbulence is so-called passive s
advected by a fluid; the role of the scalar can be played by temperature or by the d
of pollutants. Correlation functions of the scalar in a turbulent flow possess a sc
behavior which in the frame of the theory analogous to that of Kolmogorov was e
lished by Obukhov and Corrsin.3 Intermittency enforces deviations from the Obukh
exponents that appear to be even stronger than the deviations from the Kolmo
exponents for the correlation functions of the velocity.4

A consistent theory of turbulence describing anomalous scaling has not been
structed yet because of difficulties associated with the strong coupling inherent to d
oped turbulence. This is a motivation for attempts to examine the intermittency phe
enon in the framework of different simplified models. The most popular model use
this purpose is the Kraichnan model of the passive scalar advection,5 where the advecting
velocity is believed to be short-correlated in time. It allows one to examine the stat
6160021-3640/98/68(7)/6/$15.00 © 1998 American Institute of Physics
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of the scalar in more detail. The scalar in the Kraichnan model exhibits strong inte
tency even if such is absent in the advecting velocity. The fact was proved
theoretically6–8 and numerically.9 In the theoretical works the equation for then-point
correlation functionFn was solved assuming that different parameters, such asz2 , 2
2z2 , or d21, are small. The order of the correlation functions that can be examine
such a way is bound from above. There have been several attempts to find the sca
the correlation functions for largern. In the work by Kraichnan10 a closure was assumed
enabling him to findzn for any n. An alternative scheme was proposed in Ref. 11.
attempt to solve the problem at largen was made in Ref. 12.

In the present work we develop a consistent formalism based on the path-in
representation of the dynamical correlation functions of classical fields.13 The basic idea,
which was set forth in Ref. 14, involves the possibility of using the saddle-point app
mation in the path integral at largen. The saddle-point conditions are integro-different
equations describing an object that, by analogy with the quantum field theory, we
instanton. The instantonic method had already been successfully used in
contexts.15,16 The formalism presented in this paper enables one to find correlation f
tions of the passive scalar for arbitraryn@1, provideddz2@1.

Advection of a passive scalaru by a velocity fieldv is described by the equation

] tu1v•¹u2k¹2u5f, ~1!

wherek is the diffusion coefficient andf is the source of the scalar. In a turbulent flo
v andf are random functions of time and space coordinates. Then passive scalar
lation functions are determined by the statistics ofv andf. Usually, one treats simulta
neous correlation functionsFn5^u(r1) . . . u(rn)&, since large-scale velocity fluctuation
destroy temporal correlations.

It is convenient to examine the anomalous scaling in terms of the structure func

Sn~r !5^uu~r /2!2u~2r /2!un&. ~2!

One expects that in the convective interval of scales the structure functions rev
scaling behaviorSn(r )}r zn. The exponentszn are of great interest since they reflect t
intermittency. In the frame of the Obukhov theory3 zn5(n/2)z2 . Thus the differences
(n/2)z22zn give the anomalous scaling exponents.

In the Kraichnan modelv andf are independent random functionsd-correlated in
time and described by Gaussian statistics. Therefore, the statistical properties of the
are entirely characterized by their pair correlation functions. For the pumping one
^f(t1 ,r1)f(t2 ,r2)&5d(t12t2)x(r 12), wherex(x) is a smooth function decaying on
scaleL. The constantx(0)[P2 determines the pumping rate ofu2. For the velocity field
one has

^va~ t1 ,r1!vb~ t2 ,r2!&5d~ t12t2!$V0dab2Kab~r12r2!%.

The quantityV0 is anr -independent constant which represents the contribution of la
scale velocity fluctuations. Since a homogeneous advection does not influenceSn , one
should keep in the correlation function also a smallr -dependent correctionK, which is
assumed to possess some scaling properties:
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Kab~r!5
D

d
r 2gF r 2dab1

22g

d21
~r 2dab2r ar b!G , ~3!

whereD is a constant characterizing the strength of the velocity fluctuations. One
sumes that fluctuations of the velocity are strong enough to ensure a large value
Peclet number, that isL22g@r d

22g;k/D. Then there exists a convective interval
scalesr d!r !L. We will be interested in the scaling properties of correlation functi
of u only in this interval, assumingL/r to be the largest parameter in the theory.

Within the Kraichnan model one can derive a closed equation for any correl
functionFn ~Refs. 5,8,17!. The equation forF2 can be solved.5 In the convective interval
S2(r )52@F2(0)2F2(r )#}r g, which implies thatz25g. However, forn.2 the equa-
tions forFn are too complicated to be solved exactly. In Refs. 7 and 8 the equations
analyzed in the limits (22g)!1 anddg@1. The analysis led to the answer

zn5
ng

2
2

22g

2~d12!
n~n22!. ~4!

The first term in the right-hand side of Eq.~4! represents the normal scaling, and t
second term is just the anomalous scaling exponent. The calculations leading to~4! are
correct if the anomalous contribution is much smaller than the normal one. To over
the restriction we proposed a procedure which will be described in detail elsewh18

Below we sketch our scheme.

The diffusivity k does not enter the expressions for the structure functions in
convective interval.2 However, it is not possible to put simplyk50, since the diffusion
provides an important regularization. Suppose that two infinitely close fluid particle
not disperse without diffusion, and the average value ofu2 is infinite, as is seen from Eq
~6!. Nevertheless, we putk50, approximating the structure functions as averages of
powers of the smoothed difference

q5E dx b~x!u~0,x!, b5dLS x2
r

2D2dLS x1
r

2D , ~5!

wheredL(x) is a function which rapidly tends to zero atr .L21@r d and is normalized
by the condition*dx dL(x)51. In the absence of diffusion, the regularization is provid
by the finite support ofdL .

In the diffusionless case Eq.~1! can be solved in terms of Lagrangian trajectoriess:

u~0,r!5E
2`

0

dt8 f@ t8,s~ t8,r !#, ] ts5v~ t,s!. ~6!

The times here are negative due to causality andr is supposed to be the terminating poi
of the trajectorys(t,r ): s(t50,r )5r . Then we can obtain

^uqun&5E dy dq

2p
^exp~2F2 iyq1n lnuqu!&v , ~7!

F5
y2

2 E dt dr1 dr2 x~R12!b~r1!b~r2!, ~8!
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where R125us(t,r1)2s(t,r2)u. The brackets in the right-hand side of Eq.~7! denote
averaging over the statistics ofv, while the statistics off has already been taken int
account there.

Note thatF defined by Eq.~8! depends only on the absolute valuesR12(t) of
Lagrangian differences. Therefore, instead of averaging over the statistics ofv one may
find an answer by averaging over statistics ofR12, which can be established starting fro
the relation

g21] tR12
g 5z12[R12

g22R12a~v1a2v2a!, ~9!

which follows from Eq. ~6!. Using the statistical properties ofz and employing the
conventional procedure,13 we find the effective action

iI5 i E
2`

0

dt E dr1 dr2 m12~g21] tR12
g 1D !2

D

d E2`

0

dt E dr1 dr2 dr3 dr4 Q12,34m12m34

~10!

describing the statistics ofR12. Herem12[m(t,r1 ,r2) is the auxiliary field conjugate to
R12. The explicit expression for the functionQ is rather cumbersome. We will need
only in the leading order in 1/d:

Q12,345
1

4
R12

g22R34
g22~R23

22g1R14
22g2R13

22g2R24
22g!~R23

2 1R14
2 2R13

2 2R24
2 !. ~11!

Now, we can rewrite~7! as a path integral

^uqun&5E dy dq

2p
DRDm exp~ iI2F2 iyq1n lnuqu!. ~12!

The definition ofR leads to the triangle inequalities

R121R23.R13, ~13!

to be satisfied for any three points. Actually, the inequalities are constraints that sho
imposed on the fieldR12 when integrating in Eq.~12!.

We calculate the integral~12! in the saddle-point approximation, assuming the nu
ber n to be large enough. Here we will present only results of the calculations t
described in Ref. 18.

At n,nc , where

nc5dg/~2~22g!!, ~14!

we obtain

Sn;S n

g

P2C1

D
LgD n/2S r

L D zn

, ~15!

zn5ng/22~22g!n2/~2d!. ~16!

The quantityC1 in expression~15! is a constant of order unity, whose value depends
the shape ofx ~that is on the details of the pumping! and is consequently nonuniversa
Note that ther -independent factor in~15! is determined by the single-point root-mea
square value of the passive scalaru rms

2 ;P2Lg/(Dg). Comparing expression~16! with
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~4!, we see that they coincide under the conditionsn@1 andd@1 that were implied in
our derivation. Surprisingly, then dependence ofzn given by Eq.~4! is correct not only
in the limit n!nc but up ton5nc , which is the boundary value for~15! and~16!. In the
casen.nc the scaling exponentszn appear to ben-independent and equal to the valu
zc5dg2/(8(22g)). The n-dependent numerical factors can be found in two limitsn
2nc!nc andn@nc . At n@nc the structure functions are

Sn;S n

g

P2C2

D
LgD n/2S r

L D zc

. ~17!

The quantityC2 in Eq. ~17! is again a nonuniversal constant of order unity.

The vicinity of the critical valuen5nc requires a separate consideration. The
pression for the structure functions can be written as

Sn;S ~n2nc!
2

gnc

P2C6

D
LgD nc/2S r

L D zn

, ~18!

which implies the conditionun2ncu!nc . The factorsC6 are nonuniversal constants o
order unity which are different for the casesn,nc and n.nc . The exponentszn in
expression~18! are determined by Eq.~16! at n,nc and zn5zc at n.nc . The main
peculiarity that appears in expression~18! is its critical dependence}un2ncunc, which is
saturated at very smallnc2n. The condition that determines the validity of Eq.~18! is
g ln L/r@nc /un2ncu.

Let us discuss our results. We have found then dependence of the structure functio
exponentszn which grow with increasingn up to n5nc and then cease to vary. Ou
results contradict to the schemes proposed in Refs. 10 and 11. The valuezc is different
and smaller than the constant obtained in Ref. 12, which can be regarded as an es
upper bound. Eq.~16!, valid atn,nc , exactly corresponds to the log-normal statistics19

The log-normal answer can be obtained if one assumes that for a large fluctuation,
the main contribution toSn , the pumping is inessential and that the fluctuation is smo
on the scaler . Then, we find from Eq.~1! that the passive scalar difference satisfies
equation] t ln(Du)52v–r /r 2, where we replaced¹u by Du/r . From here, as a conse
quence of the central limit theorem, we immediately get the log-normal statistics forDu.
The saturation atn.nc can be explained by the presence of quasi-discontinuous s
tures in the fieldu making the main contribution to the high-order correlation functio
of u. Note also a similar nonanalytic behavior ofzn for Burgers’ turbulence,2 which is
explained by presence of shocks in the velocity field. Although formally our schem
applicable only in the limitdg@1, this simple physical picture allows one to hope th
the main features of our results persist for arbitrary values of the parameters. This
is supported by Ref. 20, where a saturation ofzn was observed in numerical simulation
of the Kraichnan model atd53.
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Space–time dynamics of nanoparticles of a magnetofluid
in a laser beam
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Laser-induced space–time dynamics of nanoparticles of a magnetofluid
was observed. Visualization was effectuated and the redistribution of
the particles was measured. These showed a strong decrease in the
particle density on and around the periphery of the laser beam axis. A
number of proofs showing that the thermal diffusion of nanoparticles
plays the key role in determining the dynamics of the particle redistri-
bution are presented. High-quality pictures taken of the self-modulation
of the laser beam serve as a new and powerful method for investigating
transport phenomena and the nonlinear interaction of light with col-
loids. © 1998 American Institute of Physics.
@S0021-3640~98!01419-4#

PACS numbers: 61.46.1w, 75.50.Mm, 82.70.Dd

Interesting effects due to the interaction of laser radiation with absorbing solu
and colloids have been discussed in some previous works. Among systems of
fundamental and applied interest for science and technology, we call attention to
crystals doped with fullerene,1 organic dyes,2,3 polymers4,5 and aerosol nanoparticles6 and
colloids of magnetic particles.7–9

In the present letter we report results for the laser-induced space–time dynam
the redistribution of nanoparticles of a magnetofluid. This phenomenon could be un
sal for absorbing mixtures which provide internal feedback that determines the co
tration profile and temperature of a colloid in a laser beam.

The essence of the experiment is very simple and consists in the following. Fo
laser radiation is incident normally on a thin magnetofluid layer of thicknesL
550 mm. The outgoing radiation is detected and investigated in the far zone. A si
mode He–Ne laser with maximum power up to 40 mW and wavelengthl5632.8 nm
was used. The beam radiusw50.6 mm (HWe22M). The magnetofluid cell consists of
colloidal mixture of magnetite~Fe3O4) powder in kerosene, whose volume fraction
6%, and the average particle size is of the order of 10 nm. The absorption coefficiens0 ,
which we measured for low radiation powersP;10 mW, wass05550 cm21.

As the power of the incident radiation increased, a system of concentric
formed in the far zone. The parameters of this pattern — the number of rings and
divergence — characterize quite accurately the laser-induced change in the refr
6220021-3640/98/68(7)/6/$15.00 © 1998 American Institute of Physics
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index and therefore the light-induced modulations of the material parameters o
medium. This method has been used successively for many years to investiga
interaction of laser radiation with different nonlinear media.10,11

We note the unique ring-formation dynamics observed in our experiment whe
laser radiation is switched on suddenly. Specifically, at fixed power incident radi
power the parameters of the ring structure~number of rings and their divergence! in the
far zone at first reach a certain maximum value, after which the structure contract
smaller divergence and a smaller number of rings. Such complex behavior has
observed in liquid crystals under very definite geometric conditions of their interac
with laser radiation;11–13 it is a consequence of the nonlinear propagation ofelliptically
polarized light in ahighly anisotropicand stronglyinhomogeneousmedium.

It is important to note that we are dealing here with complex behavior in anisotropic
andhomogeneousmedium, as a magnetofluid interacting with alinearly polarized light
beam. Therefore there arises also the question of the mechanism leading to the m
tion of the refractive index of the medium, giving rise to the above-indicated scenari
the dynamics of the ring structure in a magnetofluid.

The answers to these problems can be found in the basic features of the phen
determined in the course of the experiment. Figure 1 shows the dynamics of the an
divergence and the total power of the outgoing beam when the laser radiation is sw
on suddenly. One can see that at fixed incident beam power both quantities first in
and then decrease in time. The changes in the transmittance and divergence b
stronger as the incident radiation power increases. It was verified that uniform heat
the magnetofluid cell does not produce any substantial effects.

The characteristic features obtained can be interpreted by taking into conside
the fact that we are dealing with thermal diffusion~Soret effect!, induced by strong,
spatially localized, heating of the magnetofluid layer in a laser beam. Specifically
outflow of absorbing nanoparticles from the central part of the beam~from the region
with high temperature gradients! in the direction of the colder periphery is apparently t
only reason for nonlinear absorption — an increase in the transparency of the ma
with increasing radiation power. The increase in transparency, however, results
decrease of absorption, which in turn results in a decrease of the temperature gra

FIG. 1. Dynamics of the divergence~left side! and total power~right side! of the exit beam for different values
of the incident beam power:1 — 22.5 mW;2 — 12 mW; 3 — 4.2 mW.
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Therefore the particles float back into the central part of the beam and absorption
again increases. To confirm the scenario described above, we performed a se
experiments and formulated a number of theoretical proofs.

The laser illuminated spot on the magnetofluid layer was visualized directly u
an optical microscope. Figure 2 displays the pictures obtained at the moment of
mum transmittance of the magnetofluid layer and at the moment when a lower tran
tance is established. As one can see from Fig. 2a, at the moment of peak transm
two regions with high transparency appear on a section of the magnetofluid layer
region — on the beam axis — can be attributed to thermal diffusion of absorbing
ticles out of the hotter, entrance boundary in the direction of the cooler, exit bounda
the magnetofluid cell. It can be shown that such a redistribution of absorbing par
increases the transparency of the magnetofluid cell.

The origin of the other region — the circular region of high transparency~Fig. 2a!
— is due to the transverse temperature gradient, which for a Gaussian beam with
sity I 5I 0 exp(2r2/w2) reaches a maximum at a distancer 5w/21/2 from the beam axis.

Figure 2b shows a picture of the magnetofluid layer after a lower transmittan
stabilized. This demonstrates the partial return of the particles into the region insid
beam.

The theoretical description of the phenomenon is based on solving a syste
diffusion and heat-conduction equations taking account of the dependence of the a
tion coefficient on the concentration of absorbing particles:

]c/]t5DDc1DTc~12c!DT, ~1a!

]T/]t2xDT5sI /rcp . ~1b!

In Eq. ~1! the constantD (cm2/s) characterizes ordinary diffusion; the parame
DT(cm2/s) is the thermal diffusion coefficient;c is the concentration of the absorbin
particles in the medium;x ~cm2/s) is the thermal conductivity;rcp ~J/cm3

•K) is the
specific heat of the material;s ~cm21) is the absorption coefficient;I ~W/cm2) is the
intensity of the laser radiation; and,a determines the absorption coefficient of magnet

A qualitative analysis of this system of equations shows the possibility of the ab
described complex nonlinear dynamics and determines the condition for its appea
that relates the radiation intensity with the absorption coefficient, beam radius, an
thickness. In the case of weak absorption,sL!1, sw!1 this condition has the com
paratively simple form

s0I>
rcpx2

4DT
S 1

w2
1

1

L2D . ~2!

According to Eq.~2!, there exists a threshold intensity where the character of the pa
redistribution becomes complex, as was observed in the experiments. Moreover, a
ing to Eq.~2!, at fixed radiation power there exists a critical cell thickness above w
the dynamics of the process becomes complex:

L>Lc5w/A~4DTs0P/prcpx2!21. ~3!
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FIG. 2. Picture of the region in the magnetofluid layer illuminated with a focused laser beam as seen u
microscope: a! picture taken at the moment of peak transmittance; b! picture taken after stabilization o
transmission.
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We checked this prediction in experiments with magnetofluid layers of different th
ness. The radius of the beam waist was also varied. Figure 3a shows the experim
obtained dependence of the critical thicknessLc on the beam diameter 2w with fixed
incident beam powerP58.5 mW. This dependence was found to be linear, in acc
dance with the theoretical prediction.

The expression~3! makes it possible to determine the thermal diffusion constan
the magnetofluid by measuring the slope of the curve ofLc versusw ~see Fig. 3a!. Taking
for the material parameters of the magnetofluid the typical values for liquidsrcp

;1 J/cm3
•K and x;1023 cm2/s and the experimental values fors0 (s05550 cm21)

andP58.5 mW, we obtainDT;1027 cm2
•s/K. This result is very reasonable compar

with the typical values of the thermal diffusion constants for similar colloids. Howeve
should be noted that Eqs.~2! and~3! have only a qualitative value in the process that
are discussing.

A key experiment proving our main hypothesis of laser-induced redistributio
absorbing particles consisted in measuring the spatially localized transmittance
magnetofluid layer. For this, a weak (;10 mW) and narrow (w;20 mm) green He–Ne
laser (l5543.5 nm) probe beam was scanned across the region where the magne
was illuminated with a strong red pump laser beam (l5632.8 nm). The green lase
beam was chosen for ease of adjustment and to decrease the noise due to reflect
scattering of the strong red beam. A lens focused both beams onto the magnetoflu
The measurements were performed in a stationary state, i.e., after the transient p
stabilized. The green beam was prebroadened so as to obtain a narrower focal
Under a microscope it was verified and established that the diameter of the red be
90mm while the diameter of the green beam was 20mm. The position of the probe beam
during scanning across the pump beam was monitored under the microscope
absorption-coefficient profile obtained in this way in the stationary state is present
Fig. 3b for several values of the pump beam power. One can see that the curve is
smooth for low powers, while for higher powers the absorption coefficient in the ce
region of the pump beam decreases sharply.

It is interesting to note that the particle concentration on the beam axis can dec
by more than a factor of 2 as a result of the Soret effect. The increase in temperat
the experiment reached 30°. Therefore the concentration modulation (]n/]c;1), rather

FIG. 3. a! Experimentally obtained dependence of the critical thicknessLc on beam diameter. b! Profile of the
absorption coefficient in the stable state, measured by scanning a weak probe beam across the spot of t
pump beam.
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than the temperature modulation (]n/]T;1024 K21), made the main contribution to th
change in the refractive index. This circumstance is not very obvious for such a s
absorbing medium.

In summary, the present letter reported the direct observation and investigati
the dynamics of space–time redistribution of nanoparticles induced by a laser bea
magnetofluid. Feedback giving rise to the complex dynamics of the interaction of
with a strongly absorbing colloidal liquid on account of the Soret effect was obse
The results obtained make it possible to estimate the thermal diffusion constant f
magnetofluid. In the future, we shall concentrate our attention on the new possib
that the interaction of light with colloidal liquids containing absorbing nanopartic
could give for fundamental research and applications of such research in optical te
ogy.
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