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Abstract—Experiments on ECR plasma heating provide a powerful method for studying electron transport in
tokamak plasmas and reconstructing the transport coefficients. An analysis of such experiments requires, how-
ever, reliable knowledge of the profile of the ECRH power and the region where it is deposited. In the present
paper, the transport coefficients and ECRH power profile are reconstructed from the solutions to inverse prob-
lems by analyzing the transient process after ECR heating is switched on or off. In order to calculate the plasma
parameters with this approach, it is necessary to know how the accuracy of the solutions to inverse problems
depends on the errors in the input parameters. The accuracy of reconstruction of the ECRH power profile and
transport coefficients in model problemsis investigated as a function of errorsin measuring the electron tem-
perature. The results of thisinvestigation are used to analyze experiments with ECR plasma heating in the T-10
tokamak and to estimate the accuracy of the results obtained. © 2005 Pleiades Publishing, Inc.

1. INTRODUCTION

Investigation of the el ectron transport in tokamaksis
important for understanding the physical processes in
tokamak plasmas. Electron transport can be studied
experimentally in the steady-state phase of a discharge
on the basis of power-balance calculations, in the tran-
sient phase after switching on or off the heating source,
or during modulated ECR heating [1] (from the analy-
sis of the heat pulse propagation) [2-5]. The method of
modulating the input power isusually applied in ECRH
experiments.

ECR heating provides a convenient tool for investi-
gating the propagation of temperature perturbations in
aplasma. Its advantages over other heating methods are
as follows: first, the input power is amost completely
deposited in the plasma el ectrons, and second, the heat-
ing region is narrow and its position can be changed by
varying the toroidal magnetic field; the latter circum-
stance makes it possible to carry out experiments with
on-axis and off-axis ECR heating.

Theanalysisof ECRH experiments, however, hasits
own difficulties, arising from the need to determine the
profile of the ECRH power and the region where it is
deposited. The ECRH power profile can be found, e.g.,
from the jump in the derivative of the electron temper-
ature after ECR heating is switched on or off. In this
way, the maximum time interval under analysis, At, is

determined by theinequality At < 1, wheret = 3W§ /8Xe
is the characteristic time, w, is the half-width of the

ECRH power profile, and ¥, is the local electron heat
diffusivity. Consequently, calculating the ECRH power

profile needs specia experiments with plasmas at very
low level of heat diffusion[2, 6] and also measurements
of the electron temperature with high spatial and tem-
poral resolutions. However, because of noises from the
plasma and measuring equipment, the derivative of the
electron temperature in a short time interval cannot be
calculated with sufficient accuracy. As aresult, the cal-
culated ECRH power profile is wider than the actua
one, which isexplained by the spreading of the electron
temperature profile due to heat conduction [7].

The ECRH power profile can also be calculated by
the ray-tracing method, e.g., using the TORAY com-
puter code[8]. This approach, however, requires agood
knowledge of the ECRH power injection geometry and
yields an ECRH power profile that corresponds to the
ideal case of complete absorption of theinput power. Of
course, actua experimental conditions may differ from
thisideal casein many respects.

Hence, in order for the ECR heating to be exten-
sively used to investigate el ectron transport in tokamak
plasmas, an accurate and thorough analysis of the exist-
ing experimental data is necessary. In this context, a
promising method isto reconstruct the transport coeffi-
cients and ECRH power profile by solving inverse
problems [9-13]. Under the assumption that the elec-
tron temperature is known at several radial positions
and at several instants of time, the transport coefficients
and the profile of the heating source power are found
from the condition for the discrepancy functiona (the
normalized difference between the measured and cal-
culated temperature values) to be at minimum. In this
approach, the heat transport equations are formulated
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for the transient process after ECR heating is switched
on or off. The transport coefficients and the profile of
the heating source power are reconstructed from the
solutions to inverse problems. This method was imple-
mented in the COBRA computer code [9]. Since
inverse problems are ill-posed, processing real experi-
ments by the reconstruction method in question implies
aspecial analysis of how the accuracy of the solutions
to inverse problems depends on the errors in the input
experimental data.

The objective of the present paper is to investigate
how the accuracy of reconstruction of the transport
coefficientsand ECRH power profile by solvinginverse
problems depends on the errors in measuring the elec-
tron temperature.

2. MATHEMATICAL MODEL

We will describe the transient process after switch-
ing on ECR heating as follows (the transient process
after ECR heating is switched off can be described in a
similar way) [12, 13]: We write the heat conduction
equations, as well as the boundary and initial condi-
tions, for the electron temperature TXr) (with super-
script S corresponding to the steady-state plasma
before switching on ECR heating and for the electron
temperature T(r, t) (without superscript) corresponding
to the transient process after ECR heating is switched
on:

10 % s SaTSD
n

30 _1l0 0T}
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Ay epgeet, O
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where r is the dimensionless radius, tg is the time at
which ECR heating is switched on, and T, is the elec-
tron temperature at the plasma boundary. For the
steady-state plasma, the notation is as follows: nXr) is
the electron density, TXr) is the electron temperature,

PSH isthe ohmic heating power, and QSisthe heat sink
term. For the transient process after ECR heating is
switched on, the notation is as follows: n(r, t) is the
electron density, T(r, t) isthe electron temperature, P
is the ECRH power, Pg, is the ohmic heating power,
and Q isthe heat sink term.
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In heat conduction equations (1) and (2), the total
heat flux W is assumed to be the sum of the diffusive
and convective components:

W = _nxe%—-: +nu,T, A3)

where X, is the electron heat diffusivity and u, is the
heat convection velocity. Hence, Egs. (1) and (2) can
incorporate the convective heat flux 5/2I' T, where I,
isthe particle flux.

In Egs. (1) and (2), the unknowns are the transport

coefficients xf , uf , Xe and u, and the ECRH power
profile Pgc.. It is possible to formulate an inverse prob-
lem of reconstructing all of the four unknowns at once.
Such a problem is not easy to solve, however, and the
most difficult point is that its solution requires experi-
mental data with very small measurement errors. This
iswhy, in order to formulate and solve the inverse prob-
lem of reconstructing the transport coefficients, it is
necessary to choose a particular model for each of them
and to smplify the basic equations. Note that, for a
steady-state plasma, the problem of determining the
coefficients X, and u, Simultaneously isdegenerate: it is
possible to find only total flux (3) rather than its diffu-
sive and convective components. It is for this reason
that the transport coefficients ¥, and u, can be deter-
mined separately only by analyzing the transient pro-
Cess.

We represent the density n(r, t) and temperature T(r, t)
for the transient process as the sums of the steady-state

values n¥(r, t) and TX(r, t) and the variations n(r, t) and
'T'(r, t):

n(r,t) = n>(r) +a(r, t),
T(r,t) = T5(r) + T(r, t).

After ECR heating is switched on, the power is
mainly deposited in the electron plasma component;
consequently, the electron temperature changes at a
much faster rate than does the electron density. As a

consequence, the relative density variation n is much

smaller than the relative temperature variation T . Here,
we are considering the transient process that occur on
time scales of 10-20 ms; this allows us to ignore the
electron density variations, i.e., to assume that the fol-
lowing relationships are satisfied:

)

Aam® < TITS, Am<1, n(r,t) =n’r). (&)

The transport coefficients . and u, in Eqg. (2) can
depend on many local plasma parameters. In our anal-
ysis, werestrict ourselves to considering the problemin
a simplified formulation [1]. We assume that the elec-
tron heat diffusivity x. and heat convection velocity u,
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are functions of the local values of the electron density,
the electron temperature, and their gradients:

Xe = Xe(n, T,0n,0T), U = ug(n, T, On, OT). (6)

In order to describe transient process, we expand
the transport coefficients x. and u, in the incrementsin
the independent variables T and T in the vicinities of
the steady-state values of the density nS and tempera-
ture TS. We also ignore the terms of the second order in

the temperature variations T and OT:
Xe= X5+ (dX/OT) T + (9X/000T)°0T,
U= U+ (0uJoT)>T + (8u/00T)°OT.
Anaogously, we expand the ohmic heating power
Pon and heat sinks Q inthe vicinity of their steady state

values PCS,H and QS and ignore the corresponding sec-
ond-order terms. In Egs. (1) and (2), the ohmic heating

terms, Poy, and Py, and the heat sink terms, QSand Q,
are given by the standard formulas [13]

Pou—Pon = (0P, /0T)°T,

Q-0Q°=(8Q/aT)"T.

Subtracting Eg. (1) from Eq. (2) and using formu-
las (7) and (8), we arrive at the following linearized

equation for the electron temperature variation T (r, t):
aTD 10
( n°T) = rarEKarD ro (rVT)+PE°

+[(3Pou/dT)S+ (8QI0T)I T, )
dT/or(r=0,r) =0, T(r=11t) =0,
T(r,t) =0, 0<r<1.
Here, the following notation is introduced:
K = n’[xS+ (0X/00T)°0T° + (0u/00T) T, 0
V = nud+ (0u/aT) TS+ (ax/0T)°0TY.
Equation (9) and relationships (10) have the follow-
ing properties[1]:
(i) Transport coefficients (10) in the transient pro-

cessdiffer from the coefficients xf and uf inthe steady
state.

(i) If the coefficient X, is afunction of the electron
temperature T only, then linearized equation (9) always
contai ns the convective term, even when the convective
heat flux does not enter (u,f =() into basic equations (1)
and (2).

(iii) ThecoefficientsK and V inlinearized equation (9)
are time-independent and are functions only of the

@)

®)

201:

t>tg,
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steady-state plasma parameters; i.e., they are deter-
mined only by the density and temperature distribu-
tions.

3. FORMULATION OF THE INVERSE PROBLEM
AND NUMERICAL ALGORITHM
FOR SOLVING IT

Here, we formulate the inverse problems of recon-
structing the transport coefficients and ECRH power
profile for the problem given by Egs. (9) with transport
coefficients (10). Let the transient process after ECR
heating is switched on or off be described by Egs. (9)
with time-independent coefficients K and V. The known
parameters are assumed to be the electron temperature

variations fik measured experimentally at N radial
positionsr; (i=1,...,N) at M timest, (k=1, ..., M) and
some of the global plasma parameters, namely, the
major and minor plasmaradii, the total plasma current,
the ohmic heating power, and the ECRH power.

We begi n by writing the discrepancy functional

22 ZV[T(r.,tk) £ /z ZV.[f 1,

k=1i=

wheretheweighting factorsy, areto be chosenin accor-
dance with the reliability of information from each of
the measurement channels.

The inverse problem (problem 1) is formulated as
follows. It is necessary to determine such profiles of the
ECRH power Pc(r), heat diffusivity K(r), and heat

convection velacity V(r) with which the solution T (r,t
to heat conduction equation (9) minimizes discrepancy
functional (11).

The method for solving problem | assumes a para-
metric representation of the sought functions. We
expand the unknown functions K(r), V(r), and Pg(r) in
certain basis polynomial functions[13, 14]:

KO = 3 ki V0 = 3 v
j=1

Pec(r) = Aexp[—((r —ro)/w)].

Here, ¢;, Y= {1,r,r%, 1, ...} are polynomials; r, isthe
posmon of the center of the ECRH power profile; wis
its half-width; and the constants A and a determine the
magnitude and profile of the ECRH power.

Hence, the solution of problem | reduces to the
determination of the vector of the unknown parameters
P (13)

= {ki(j = M), vi(j =1, ... My), A, 1o, W, 0}

from the condition that discrepancy functional (11) be
at minimum.

(11)

(12)
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Problem | is solved by the method of iterative regu-
larization [14], which consists of the following steps:

(i) theinitia vector P (s= 1) of the sought parame-
tersis specified and Eq. (9) is solved,

(ii) the gradient VJs of discrepancy functional (11)
and the descent depth vector h® are calculated, and
(iii) anew approximation for the sought parameters

is determined from the relationship P.™" = P’ +
h’0J%/0P;.

Iteration procedure (i)—(iii) minimizes discrepancy
functional (11), thereby giving the desired solution to
problem 1.

One of the difficulties in solving inverse problem |
is that of choosing the basis polynomial functions and
parameters M and My, in expansion (12). To overcome
this difficulty, it is necessary to refer to additional
experimental information. For instance, the ECRH
power profile is chosen by taking into account the fact
that independent computations with the TORAY code
[8] yield a nearly Gaussian profile of the deposited
ECRH power. In such circumstances, it remainsto find
the profile parameters{r,, w, a}.

The choice of the values of the parameters My and
My, is motivated by the following considerations: From
experiments and from numerical simulations of the
transient process after switching off ECR heating, it is
known that the heat flux W (see Eqg. (3)) is a smooth
function of both radius and time. Consequently, in
order to describe the evol ution of the heat flux by means
of expansion (12), it is sufficient to set My = 34 (the
basispolynomialsbeing{1,r, r% r’}) and M,, = 2-3 (the
basis polynomials being {r, r2, r’}). Accounting for a
larger number of termsin expression (12) only slightly
increases the accuracy of reconstruction of the heat flux
but make the solution of the inverse problem less stable
because of the errorsin the input experimental data.

Note that one of the aims of our numerical analysis
of model experiments is just the proper choice of the
values of the parameters My and My, with which to pro-
cess real experimental data.

4. NUMERICAL INVESTIGATION
OF THE ACCURACY OF RECONSTRUCTION
OF THE TRANSPORT COEFFICIENTS
AND ECRH POWER PROFILE

Since inverse problem 1 is ill-posed, its solution
depends on the errors in the input parameters. Conse-
quently, it is necessary to investigate how the accuracy
of reconstruction of the transport coefficients and
ECRH power profile depends on the errors in measur-
ing the electron temperature. Thiswill be done by ana-
lyzing the numerical results of a “quasi-real” experi-
ment.

ANDREEV, KAS YANOVA

The quasi-real experiment consists in the following
steps:

(i) The problem given by Egs. (9) with transport
coefficients (10) is solved within the time interval At =
10 ms for given profiles of the transport coefficients
K(r) and V(r) and for a given ECRH power profile
Pec(r). The result is the temperature distribution

T(r, ).
(i) The solution T (r, t) for each of the measurement

channels (i = 1, N) is randomly perturbed in the abso-
lute value, the perturbation amplitude 6 at M time
points being distributed according to anormal law. The

result is the perturbed data T°(r;, t), (i = LN, j =
LM).

(iii) Inverse problem | is solved with the perturbed
data 'T'p(ri, t;) asthe input parameters. The result isthe
profiles of the transport coefficients, X 5 (r) = KP(r)/n&(r)
and u’(r) = VP(r)/nXr), and the ECRH power profile

PEC(")-

(iv) Steps (ii) and (iii) are repeated 10-20 times.
From the resulting sequences of parameter values

{x&. 1, {us ), { PEc o} thefollowing statistical quan-
tities are calcul ated:
(a) the mathematical expectation

N
&= M@E) = UNY &, (14)
n=1
(b) the relative deviation
A= (P-M)P,
where P isthe exact value;
(c) the dispersion

G = IM((E-€)%);
and

(d) the relative dispersion
o = o/|M|. (17)
Hence, for aseries of N calculations, the mathemat-

ical expectation & characterizes the mean value of the
quantity being reconstructed, the relative deviation A
characterizes the accuracy with which the quantity € is

calculated, thedispersion G givesthemean error in one
particular calculation, and the relative dispersion o
characterizes this error in percentage.

In model problem II, the transient process after
switching on ECR heating is described by Egs. (9) with

transport coefficients (10). The perturbed hesat flux W

(15)

(16)

PLASMA PHYSICS REPORTS Vol. 31  No. 9 2005



ACCURACY OF RECONSTRUCTION OF THE TRANSPORT COEFFICIENTS

N, 10 m3
2.5

T, keV
(a) -1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4

0.2
0

(b) u,, mis

-50

-100
-150
-200

-250

-300
0 0.2 0.4 0.6 0.8 1.0

Fig. 1. (a) Steady-state profiles of the electron temperature

TS(r) and electron density nS(r) before switching on ECR
heating and (b) the corresponding electron heat diffusivity
Xe(r), heat convection velocity ug(r), and ECRH power pro-

file Pec(r) for model problem I1.

is represented as a sum of the diffusive and convective
components:
V= -k VT,
or

where the profiles of the transport coefficients K(r) and
V(r) and the ECRH power profile P(r) are specified as

(18)

K(r)=a, + ar + ayr?,
a,=2433[m's"], a=-5273[m"'s"],
a;=5.608 [m's7!], V(r)=Dbr+b,r?

b, =157.5[m"'s'], b,=-350[m2s],
Pec(r) = Aexp[—((r — ro)/w)?],

ro = 0.45, w = 0.04 m, the total ECRH power being
Pec = 0.4 MW.

(19)
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Fig. 2. (a) Radial profiles of the electron temperature at
three different times and (b) time evolution of the electron
temperature at three different radia positions after switch-
ing on ECR heating: the solid curves are the solutions to
model problem Il and the symbols are the perturbed input
parameters for inverse problem I, the absolute error from
each measurement channel being & = 30 eV.

For model problem |1, the transport coefficients and
ECRH power profile were chosen to fit the real experi-
mental data.

Figure 1ashowsthe steady-state profiles of the elec-
tron temperature TX(r) and electron density nXr) before
switching on ECR heating for model problem I1.

Figure 1b showsthe profiles of the electron heat dif-
fusivity x(r), heat convection velocity ug(r), and ECRH
power Pe(r) for model problem I1.

Figure 2ashowstheradial electron temperature pro-

files T (r, t) calculated for severa different times after
switching on ECR hesting.

Figure 2b shows the time evolution of the electron
temperature obtained from several measurement chan-
nels after switching on ECR heating.

The solid curves in Figs. 2a and 2b show the solu-
tion to model problem I1, and the symbols correspond
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Tablel

VL) 20eV 30eV 40 eV ald 20 eV 30eV 40 eV
(AXSmin 1% —2.5% —-3.5% (OXmin 2% 2% 3%
(AXe)max 4% 5.5% 12% (OXe)max 17% 18% 23%
Aw 0.5% 7% 8.5% ow 8% 11% 15%
Arg 0.1% 0.01% 0.02% org 0.2% 0.2% 0.3%

to the “experimental” temperature for inverse problem I.
The absolute error from each measurement channel is
0 =30eV. Fromthefigures, we seethat variationsinthe
electron temperature in the ECR heating region amount
to about 200 eV. This indicates that the relative error
from the measurements channels in the ECR heating
region is about 10-15%.

Note that the solutionsto inverse problem | that will
be presented below were obtained by using the data
from 34 measurement channels (N = 34), i.e., from
measurements of the electron temperature at 34 differ-
ent radial positions and from 100 time points for each
of the measurement channels (M = 100). In fact, the
number of channels for positional measurements over
the radius is determined by the half-width w of the
ECRH power profile, which isusually equal to 2—4 cm.
Accordingly, the required accuracy of reconstruction of
the ECRH power profile can be achieved with measure-
ment channels separated by a distance of about 1 cm
(i.e., the ECRH power profile is reconstructed from
measurements made at five to eight different radial
positions). For the T-10 tokamak (with a minor radius
of a=30cm), N = 34 measurement channels ensure the
required spatial resolution (of about 1 cm).

The accuracy of reconstruction of the transport
coefficients and ECRH power profile was investigated
in terms of the two main problems.

Problem 1. Investigation of the accuracy of recon-
struction of the transport coefficients and ECRH power
profile as afunction of errorsin measuring the electron

temperature for the known structure of the heat flux W
(18).

Problem 2. Investigation of the accuracy of recon-
struction of the structure of the heat flux W (18) as a
function of errors in measuring the electron tempera-

ture, i.e., the accuracy of reconstruction of the diffusive
and convective components of the perturbed heat flux.

5. ANALY SIS OF THE ACCURACY
OF RECONSTRUCTION OF THE TRANSPORT
COEFFICIENTS AND ECRH POWER PROFILE

5.1. Heat Flux W with the Diffusive Component Only

Let the heat flux W in model problem Il have only
the diffusive component. The objective of thissectionis
to analyze how the accuracy of reconstruction of the

electron heat diffusivity and ECRH power profiles,
Xe(r) and Pg(r), depends on the absolute error 8 in
measuring the electron temperature.

Inverse problem | was solved under the assumption

that the heat flux W had the diffusive component only,
i.e,, V=0. The coefficient K was expanded in the basis
polynomials{1,r, r?}.

Figure 3 shows the relative deviations A (15) and
relative dispersions o (17) for the el ectron heat diffusiv-
ity Xe, the central radial position r, of the ECR heating
region, and the half-width w of the ECRH power profile
for different values of the error in theinput data: 6 = 20,
30, and 40 eV. The results of the relevant numerica
analysis are summarized in Table 1.

Note that the central radial position r, of the ECR
heating region is reconstructed with high accuracy,
which is explained by the use of measurement data
from many radial positions.

5.2. Heat Flux W with Both the Diffusive
and Convective Components

Let the heat flux W in model problem Il have both
the diffusive and convective components. The objective
of this section isto analyze how the accuracy of recon-
struction of the profiles of the transport coefficients
Xe(r) and ug(r), as well as of the ECRH power profile
Pec(), depends on the absol ute error & in measuring the
electron temperature.

Inverse problem | was solved under the assumption

that the heat flux W had both the diffusive and convec-
tive components. The coefficients K and V were
expanded, respectively, inthebasis polynomials{1,r, r?}
and {r, r?}. Theresults of the relevant numerical analy-
Sisare summarized in Table 2.

As compared to the results of Section 5.1, the accu-
racy of reconstruction islower. Accordingly, in order to
increase the accuracy of reconstruction of the transport
coefficients, it is necessary to use more precise input
data. Note that the accuracy of reconstruction of the
parameter r, remainshigh (Ar,<0.2%, or, < 0.4%) and
is essentially independent of the error & in the input
data.

PLASMA PHYSICS REPORTS  Vol. 31

No. 9 2005



ACCURACY OF RECONSTRUCTION OF THE TRANSPORT COEFFICIENTS

AW, AX,., Ar
0.15 -

5=20eV
0.10 |
0.05 |

—-0.05 1 1 1 1 )

0.15
0=30eV
0.10

0.05

-0.05

0.15

0.10 £

0.05

-0.05 ' '
0 02 04

715

() oW, ayx,, ory

x10?2
0.25 -

0=20eV

0.20 +

0.15

0.10

5=30eV

Fig. 3. Relative deviation A (15) and relative dispersion o (17) of the electron heat diffusivity Xe, the central radial positionr of the
ECR heating region, and the half-width w of the ECRH power profile for different values of the error in the input data for the prob-

lem solved in Section 5.1: & = (&) 20, (b) 30, and (c) 40 eV.

6. ANALY SIS OF THE ACCURACY
OF RECONSTRUCTION OF THE HEAT FLUX
STRUCTURE

6.1. Heat Flux W with the Diffusive Component Only

Let the heat flux W in model problem Il have only
the diffusive component. The objective of thissectionis
to determine the error & in measuring the el ectron tem-
peraturewith whichitisstill possibleto obtain from the

PLASMA PHYSICS REPORTS  Vol. 31

No. 9 2005

solution to inverse problem | a definite answer to the

guestion of whether the heat flux W has no convective
component.

Inverse problem | was solved under the assumption

that the heat flux W had both the diffusive and convec-
tive components. The coefficients K and V were
expanded, respectively, inthe basispolynomias{1,r, r’}
and{r, r?}.
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Table?2

AVLo) 10eVv 20eV 30eV (o]/A 10eVv 20eV 30eV
(AXSmin 2% 10% 13% (OX)min 3% 6% 9%
(AXe)max 7% 15% 22% (OXe)max 13% 25% 33%
(AU min 2% 8% 11% (OUQmin 5% 11% 16%
(AU max 8% 19% 35% (OUg) max 14% 31% 42%
Aw -3% 9% -19% ow 3% 6% 8%
Arg 0.01% 0.1% 0.2% org 0.2% 0.3% 0.4%

Figure 4 shows the diffusive, Wairr =—KaT /or, and
convective, Weon = VT, components of the heat flux

W at the time At = 10 ms (corresponding to the full run
time of the code), calculated from the solution to
inverse problem | for two different values of theerrorin
the input data.

W, arb. units

| 5=20eV @)

4

3

2r Wit
1

0

4 1 I I I |
0 0.2 04 0.6 0.8 1.0

Fig. 4. Diffusive, \7Vdiff = —KaT/or, and convective,

V~Voom, = V'T', components of the heat flux W at the time

At = 10 ms (corresponding to the full run time of the code)
from the solution to inverse problem | for different values of
the error in the input data: 6 = (a) 20 and (b) 40 eV. The
dashed curveisthe exact profile of the heat flux W in model
problem I1.

Whentheerror intheinput dataisd=20eV, the heat

flux W obtained by solving problem | differs from the
exact one by 2% on average; in this case, the convective

component of the heat flux W is only about 0.5%.
These results make it possible to unambiguously con-
clude that the heat flux in model problem I1 is purely
diffusive.

The larger the error o, the larger the fictitious con-

vective component Weony in the heat flux W. For o =
40 eV, the heat flux obtained by solving the inverse
problem differs from the exact one by 8% on average;
in this case, however, the convective component of the
heat flux is as great as 24%. Thisindicates that the heat
flux structure calculated from the solution to inverse
problem | differs strongly from the original structure.

Hence, when the error & in the input data exceeds
30 eV, the solution to inverse problem | does not give a
precise answer to the question of whether or not the
heat flux in model problem |1 has the convective com-
ponent.

6.2. Heat Flux W with Both the Diffusive and
Convective Components

Let the heat flux W in model problem Il have both
the diffusive and convective components. The objective
of this section is to determine the error & in measuring
the electron temperature with which it is possible to
obtain from the solution to inverse problem | a definite

answer to the question of whether the heat flux W has
both the diffusive and convective components.

Problem | was solved under the assumption that the

heat flux W had the diffusive component only, i.e.,
V = 0. The coefficient K was expanded in the polynomi-
as{1,r,r?}. Theresultsof the relevant numerical anal-
ysis are summarized in Table 3.

Animportant point to note is that solving problem |
yields small dispersions of the values of X, and of w,
namely, ox. < 8% and ow = 3%, which are much less
than the exact ones, 29% < Ax. < 71% and Aw = 98%.
Moreover, the resulting solution depends weakly on the
error d in the input data.
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Table3
AVLo) 10eVv 20eV 30eV o/d 10eVv 20eV 30eV
(AXSmin 28% 29% 30% (OX)min 0.3% 0.5% 1%
(AXe)max 71% 71% 71% (OXe)max 3% 6% 8%
Aw 98% 98% 99% ow 1% 2% 3%
Arg 0.01% 0.02% 0.05% org 0.01% 0.06% 0.1%

Hence, in Sections 5.2 and 6.2, we have obtained
two different solutions for the same input data. Thisis
a consequence of the fact that inverse problem | isill-
posed: because of the errors in experimental data, it
admits two solutions having different physical proper-
ties. One of the solutions contains the convective heat
flux, and the other does not. In order to decide which of
the solutionsis physically reasonable, we compare dis-
crepancy functionals (11) for the cases studied in Sec-
tions 5.2 and 6.2.

When the error in the input datais & = 10 €V, the
averaged values of the discrepancy functionalsdiffer by

54% (J = 8.95 x 10 for the case of Section 5.2 and

J =1.38 x 107 for the case of Section 6.2). With these
results, a comparison between the discrepancy func-
tionals enables us to unambiguously conclude that the
correct solution is that obtained in Section 5.2; i.e., the

heat flux W has the convective component.

When the error in the input datais & = 30 €V, the
averaged values of the discrepancy functionalsdiffer by

5.4% (J = 8.18 x 107 for the case of Section 6.2 and
J =7.80 x 103 for the case of Section 5.2).

This indicates that discrepancy functional (11) has
two maxima, corresponding to two different solutions.
In order to choose the correct solution, it is necessary to
refer to additional experimental information, e.g., to
specify the parameters of the ECRH power profile.

Since, in Sections 5.2 and 6.2, the parameter r, is
reconstructed with high accuracy while the error in
reconstructing the parameter w is large, additional
information should to be involved in such away as to
specify the half-width of the ECRH power profile.
When the parameter wis fixed (w = 4 cm), the average
values of the discrepancy functionals for the measure-

ment error =30 €V differ by 21% (J =9.49 x 107 for

the case of Section 6.2 and J =7.80 x 103 for the case
of Section 5.2). Hence, if the half-width of the ECRH
power profile is known (is determined from, e.g., the
TORAY code[8]), then, for measurement errors of & <
30 eV, the solution to inverse problem | leads to an
unambiguous conclusion that the heat flux W has both
the diffusive and convective components.
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7. DEPENDENCE OF THE ACCURACY
OF RECONSTRUCTION OF THE TRANSPORT
COEFFICIENTS AND ECRH POWER PROFILE
ON THE ERROR IN THE INITIAL CONDITIONS

The ECRH power profile can be reconstructed from
the jump in the time derivative of the electron tempera-
ture at the time at which ECR heating is switched on or
off [7]. The results of calculating this derivative, how-
ever, are sensitive to errors in specifying the steady-
state electron temperature before switching on or off
ECR heating. The objective of this section isto investi-
gate how the accuracy of reconstruction of the transport
coefficients and ECRH power profile depends on the
error in specifying the steady-state electron tempera-
ture.

Numerical investigations were carried out by using
the following algorithm: For given profiles of the elec-
tron heat diffusivity x.(r) and ECRH power Pgc(r),
model problem 1l was solved and the distribution

T (r, t) was determined. The total temperature T(r, t)
before switching on ECR heating (at t < tg) was then
equal to T(r, t) = TXr); after switching on ECR heating
(att>tg), it wasequal to T(r,t) = TXr) + T(r, t). For
both t < tg and t > tg, the temperature T(r, t) for each
measurement channel was perturbed with the error o =

20 eV. The steady-state temperature profile T‘;'(r) for

each measurement channel was smoothed over thetime
intervals ot = 1, 2, and 4 ms (which corresponded to 11,

21, and 41 time points) to obtain the profiles 'Ts (r). For
each of the smoothed temperature profiles 'T',?(r), the

temperature variations 'T'p(r, t)=TF(r, t) - 'T'?(r) were
calculated and were then used as input experimental
data. Inverse problem | was solved under the assump-

tion that the heat flux W had the diffusive component
only, i.e, that VV = 0. The coefficient K was expanded in
the {1, r, r?} polynomials. The results of the relevant
numerical analysis are summarized in Table 4.

Hence, with the steady-state temperature profile
TXr) being smoothed beforehand, it is possible to sub-
stantially increase the accuracy of reconstruction of the
electron heat diffusivity x, and ECRH power profile
Pec(r) for the fixed error d = 20 eV in the input data.
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Table4

Smoothing 0 1ms 4ms Smoothing 0 1ms 4ms
(AXSmin —8% -1% —1% (OX)min 7% 2% 1%
(AX ) max 29% 3% 0.5% (OXe)max 76% 17% 10%
Aw 14% 0.2% 0.7% ow 36% 8% 4%
Arg 0.2% 0.07% 0.04% org 0.4% 0.2% 0.1%

8. ANALY SIS OF T-10 EXPERIMENTS
WITH SWITCHING-OFF OF ECR HEATING

In this section, we present the results of analyzing a
series of experiments carried out in the T-10 tokamak
(with the major radius R = 150 cm and the minor radius
a =30 cm). In those experiments, off-axis ECR heating
was provided by two gyrotrons, each operating with a
power of about 300 kW at a frequency of 140 GHz
(X-mode, the second harmonic of the electron gyrofre-

quency).

-100
-150
-200
-250
-300
-350

~100 |

-200

-300

-400

Fig. 5. (a) Radial profiles of the electron temperature at dif-
ferent times and (b) time evolution of the electron tempera-
ture at different radial positions after switching off ECR
heating in T-10 shot no. 32917: the solid curvesare the solu-
tions to inverse problem | and the symbols are the experi-
mental data.

In solving inverse problem |, the electron heat diffu-
sivity K(r) and heat convection velocity V(r) were
expanded, respectively, in the polynomials {1, r, r?}
and {r, r2, r’}. The task was to reconstruct the parame-
ter r, for afixed total input power, P = 600 kW, and a
fixed half-width of the ECRH power profile, w =
0.02 m. That the profile half-width w should be fixed in
solving inverse problem | stems from the fact that the
electron temperature was determined from only
18 measurement channels, separated over the radius by
adistance of about 2.5 cm. This value of w was chosen
according to calculations with the TORAY code [8].
Theresults of examining the transient process after off-
axis ECR heating was switched off are illustrated in
Figs. 57 for aseries of 14 T-10 shots.

Figures 5a and 5b show the radia profiles and time

evolution of the electron temperature T(r, t) after
switching off ECR heating for one of the discharges
under analysis (shot no. 32917). The symbolsin thefig-
ures are the experimental data, and the solid curves are
the solutions to inverse problem 1.

Figures 6a and 6b show the radial profiles of the
electron heat diffusivity x.(r) and heat convection
velocity ug(r) calculated from the solution to inverse
problem | for all 14 shots.

Figure 7 shows the averaged values € (14) (solid

curves) and the dispersions ¢ (16) (dashed curves) of
the electron heat diffusivity x«(r) (Fig. 7a) and heat con-
vection velocity ugr) (Fig. 7b) caculated for all
14 shots.

Notethat inverse problem | was solved for two types
of heat flux structure W (18). In one type, the heat flux
W had both the diffusive and convective components;

in the second type, the heat flux W had the diffusive
component only. Calculations show that, for the first
case, the averaged value of the discrepancy functional
is 10% less than that for the second case. This enables
us to conclude that the heat flux has both the diffusive
and convective components.

L et us now compare the results obtained in this sec-
tion by processing the real experiments with those
obtained in Sections 5 and 6 from the model calcula-
tions. The experimental errors in measuring the elec-
tron temperature at different radial positions (channels)
are in the range from & = 20 eV to d = 50 eV (see
PLASMA PHYSICS REPORTS  Vol. 31
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Fig. 6. Radial profiles of (a) the electron heat diffusivity
Xe(r) and (b) heat convection velocity ug(r) calculated from
the solution to inverse problem | for 14 T-10 shots.

Figs. 63, 6b), which is consistent with the range of mea-
surement errors considered in the model calculations,
namely, that from & =10 eV to d =40 eV for each of the
measurement channels. Note that the central radial
position r, of the ECR heating region is reconstructed
with very high accuracy: the relative dispersionisor, =
1%, which correlates well with the results of model cal-
culations (see Table 2). The relative dispersion for the
electron heat diffusivity X isin the range 7% < o, <
26%, which also agrees well with the range 9% < ax, <
33% obtained in model calculations (see Section 6.1).
Therelative dispersion for the heat convection velocity
Ue is 39% < au, < 80%, which is approximately twice
as large as the relative dispersion 16% < ou, < 42%
found in model calculations (see Section 5.2). Thisdis-
crepancy can be explained as being due to the larger
errors in measuring the electron temperature in com-
parison to those used for the model problem and also
due to the smaller number of measurement channels.

Hence, acomparison of the results of processing the
real experiments (a series of 14 T-10 shots) to the
results of model calculations shows that they are in
good agreement. This indicates that the results of our
investigations can be used to estimate the accuracy of
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Fig. 7. Average value (solid curves) and dispersion (dashed
curves) of (a) the electron heat diffusivity X¢(r) and (b) the
hest convection velocity ug(r) calculated for 14 T-10 shots.

reconstruction of transport coefficientsin analyzing the
real experiments. In this way, we can use the results of
model experiments (see Table 2) to arrive at the follow-
ing estimates. The electron heat diffusivity X, (Fig. 7a)
isreconstructed with an accuracy of about 13-22%, the
accuracy of reconstruction of the heat convection
velocity u, isabout 22-55%, and the accuracy of recon-
struction of theradial positionr, of theregion wherethe
ECRH power is deposited is about 1%.

9. CONCLUSIONS

Based on the results of our numerical investigations,
we can draw the following conclusions about the accu-
racy of reconstruction of the transport coefficients and
ECRH power profile from the solutionsto inverse prob-
lems.

(i) We have shown that, in order to reconstruct the
transport coefficients and ECRH power profile with an
accuracy of no worse than 30%, the absolute error d in
determining the electron temperature from each of the
measurement channels should be no larger than & <
20 eV (therelative error is about 10%).



720

(ii) We have found that it is possible to adequately
reconstruct the structure of the total heat flux (i.e., to
unambiguously determine the diffusive and convective
components of the heat flux) if the absolute error in
measuring the el ectron temperatureisno larger than d <
20 eV (therelative error is about 10%). With additional
information on, e.g., the half-width of the ECRH power
profile, the structure of the heat flux can be adequately
reconstructed if the absolute error is no larger than o <
40 eV (the relative error is about 20%).

(i) We have demonstrated that the accuracy of
reconstruction of the transport coefficients and ECRH
power profile depends sensitively on the error in speci-
fying the steady-state electron temperature before
switching on or off ECR heating. By smoothing the
steady-state el ectron temperature over the time interval
ot =4 ms(over 41 timepoints), it is possibleto substan-
tially reduce the error in reconstructing the plasma
parameters that is associated with errors in the initial
conditions.

(iv) We have reconstructed the transport coefficients
and ECRH power profile for a series of T-10 shots and
have investigated the accuracy of this reconstruction.
The results obtained by processing the data from ECR
heating experiments in the T-10 tokamak agree well
with the estimates from our numerical investigations.
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TOKAMAKS

Injection of a High-Density Plasma
into the Globus-M Spherical Tokamak
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Abstract—A new type of plasma source with titanium hydride granules used as a hydrogen accumulator was
employed to inject a dense, highly ionized plasmajet into the Globus-M spherical tokamak. The experiments
have shown that the jet penetrates through the tokamak magnetic field and increases the plasma density, without
disturbing the stability of the plasma column. It isfound that, when the plasmajet isinjected before adischarge,
more favorable conditions (as compared to those during gas puffing) are created for the current ramp-up at a
lower MHD activity in the plasmacolumn. Plasmainjection at the instant of maximum current resultsin amore
rapid growth in the plasma density in comparison to gas puffing. © 2005 Pleiades Publishing, Inc.

1. INTRODUCTION

An important problem of controlled fusion research
isthe devel opment of new types of high-density plasma
sources. One requirement to be met in modern plasma
devices (and even more so in future fusion reactors) is
that the optimal distribution of the fuel density must be
rapidly produced in the region where the plasmais con-
fined and heated. In order for the injected fuel to pene-
trate through the dense hot plasmalayersto the burning
region, it must have a sufficiently large directed
momentum. The total number of particles in a bunch
with a density above 10%° m=3 and velocity of 10—
800 cm/s should be 1081022,

Experiments on fuel injection into the tokamak
plasma core can provide abetter insight into fundamen-
tal problems of plasma physics, such as the problem of
confinement and stability of a magnetized plasma. A
local increase in the tokamak plasma density changes
the plasma pressure profile, thereby affecting plasma
stability. A local jump in the plasma density also gives
riseto aradial electric field, which leads to the genera-
tion of atransport barrier and to an improvement of the
plasma confinement in this region. This necessitates a
thorough study of the mechanisms for trapping, con-
finement, and thermalization of an injected dense
plasma bunch.

Systems for accelerating gas jets, solid pellets, and
plasma bunches are well studied and are widely used to
fuel plasmadevices.

The use of inexpensive and simple gas-puff systems
in tokamaksisinefficient. Low-energy neutrals usually
slow down at the periphery of the plasma column and
poorly penetrate into the plasma core.

The velocities to which pneumatic low-Z gas guns
and centrifuges can accel erate cryogenic hydrogen pel-

lets 1-6 mmin diameter are at most 3 km/s[1], whereas
with electromagnetic rail guns, velocities as high as
7 km/s can be attained [2]. Experiments have shown
that a further increase in the pellet velocity cannot be
achieved without ionizing the fuel and transforming it
into a plasma state.

The maximal fuel velocities were reached in pulsed
plasma accelerators (see, e.g., [3]). Plasma accelerators
have long been used as plasma sources in experiments
and applications. In such accelerators, plasma is pro-
duced and accelerated by an electric discharge excited
between coaxia electrodes. A plasma cluster with a
density of less than 10%° m= can be accelerated to a
velocity above 100 km/s.

In[4], it was proposed to supply atokamak plasma
with fuel by using collective acceleration of plasma
rings confined by a toroidal magnetic field (compact
tori). Compact tori can be produced, e.g., by means of
magnetized Marshall guns. The plasma density and the
average flow velocity in such guns reach 7 x 102! m3
and 220 km/s, respectively. The current density in these
sourcesisvery high, which causes the contamination of
the injected plasma with the erosion products of the
electrode material. Since this plasma is confined by a
magnetic field, its density is limited and, in order to
increase the mass of the accelerated materid, it is nec-
essary to increase the plasma volume.

The maximal plasma density (5 x 10?° m) was
achieved in experiments with capillary discharges [5].
Unfortunately, this plasma is strongly contaminated
with impurities and thus cannot be used to fuel fusion
devices.

A fairly high plasma density (~10*2 m>3) was
reached at the outlet of a coaxial accelerator in plasma
focus experiments [6]. However, the directed plasma
velocity in this region was too low.

1063-780X/05/3109-0721$26.00 © 2005 Pleiades Publishing, Inc.
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Fig. 1. Two-stage source for plasma injection into the Globus-M tokamak: (I) gas-generating stage, (I1) plasma-generating stage,
(2) central electrode, (2) intermediate electrode, (3) outer electrode, (4) gridfilter, (5) granules, (6) sliding shutter, (7) vacuum valve,

and (8) tokamak vacuum chamber.

It isalso necessary to mention the injection of high-  primarily intended for plasma heating, but they can also
energy neutral beams. Such beams (with a neutral  be used to increase the plasma density in the tokamak
velocity of ~15000 km/s and density of ~10'® m=) are  plasma core. The use of neutral beam injection as the
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main method for refueling the reactor is problematic
because of the very high cost of MeV ion sources[7].

In [8], a plasma jet source (a modified Bostick
source) with titanium-hydride electrodes was investi-
gated. This source was successfully used to ionize gas
in the Extrap T2 Reversed Field Pinch (Alfvén Labora-
tory, Stockholm) and to inject plasmainto the Tornado-X
device with a magnetic field of 0.2 T and plasma den-
sity of 10'7-10' m (loffe Physicotechnical Institute,
Russian Academy of Sciences, St. Petersburg). A fur-
ther increase in the plasma density in this source sub-
stantialy increased the amount of impurities due to the
erosion of the electrodes.

It may therefore be concluded that there are sources
capable of accelerating high-density plasma to rela-
tively low velocities and others capable of accelerating
low-density plasma to high velocities. However, none
of the known sources is able to produce high-purity
plasma jets with both high density and high velocity. A
substantial improvement of the plasma source parame-
terswas achieved in atwo-stage source [9] and its mod-
ification that will be considered below. Inthis paper, we
present results from experiments on the injection of
dense hydrogen plasmainto the Globus-M tokamak by
means of a two-stage source. The injection is used to
increase the plasma density during a discharge, as well
as to preionize the working gas and initiate the main
discharge.

2. TWO-STAGE SOURCE FOR PLASMA
INJECTION INTO THE GLOBUS-M TOKAMAK

A two-stage high-density gas/plasma source been
designed, created, and investigated at the loffe Physi-
cotechnical Institute, Russian Academy of Sciences
(see [9]). The source uses condensed granules capable
of accumulating gas and releasing it under the action of
an electric discharge. The electric current passing
through the granules produces a high-density gas cloud.
The gasis separated from nongaseous impurities using
afine-mesh grid filter placed between granules and the
coaxial plasma accelerator. The electric discharge
excited between the coaxia electrodes ionizes the gas
and accel erates the produced plasma jet.

A schematic of such atwo-stage sourcefor injecting
plasma into the Globus-M tokamak is shown in Fig. 1.
The first (gas-generating) stage contains titanium
hydride granules (5). The granules are placed between
the central (/) and intermediate (2) electrodes. The sec-
ond (plasma-generating) stageisaversion of a conven-
tional pulsed coaxia plasma accelerator consisting of
the outer (3) and intermediate (2) electrodes. The stages
are separated from one another by afine-mesh grid (4),
which prevents nongaseous impurities from penetrating
into the second stage. Both stages are connected to a
low-inductance capacitive energy storage through an
ignitron. Special means were used to optimize the
inductance of the power source. The parameters of the
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Fig. 2. Position of the plasmasourcein the Globus-M spher-
ical tokamak: (1) plasma source and (2) diding shutter.

generated plasma were preliminarily studied at a test
bench. The source generated a plasma jet with a dura-
tion of 50 s, density of 10?? m3, particle number of
5 x 10'8-10", degree of ionization of 90%, and vel ocity
of 15-70 km/s.
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Fig. 3. Emission from a plasmajet injected into the vacuum chamber at different toroidal magnetic fields: (a) 0, (b) 0.005, (c) 0.05,

(d) 0.07, () 0.12, and (f) 0.25 T.

Source / was attached to the vacuum chamber of the
Globus-M tokamak through an inclined flange and a
dliding shutter (2) (see Fig. 2). The jet was injected
along a chord inclined at an angle 18° to the vertica
axis. Up to 50 pulses could be produced without refill-
ing the source with a fresh portion of titanium hydride
granules.

The source was equipped with replaceable elec-
trodes of the plasma-generating stage of length 0.06,

0.3, 0.6, and 1.2 m. This allowed us to vary the plasma
jet velocity from 15 to 70 km/s.

We carried out three types of experiments on the
injection of high-density hydrogen plasma jet into the
Globus-M tokamak [10]: (i) the jet wasinjected into the
vacuum toroidal magnetic field without switching on
the eddy fidld, (ii) the jet wasinjected into the magnetic
field before a discharge (instead of gas puffing with RF
No. 9
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Fig. 4. Initiation of atoroidal discharge (1) by the plasma source (shot no. 3386) and (2) by gas puffing with RF preionization (shot
no. 3397): 1, isthetoroidal current, nly, isthe plasmadensity integrated along avertical chord at adistance of 42 cm from the axis,
H, isthe hydrogen line intensity, MHD isthe Mirnov coil signal, and AT, is the duration of plasma injection (~50 ps).

preionization), and (iii) the jet was injected into deute-
rium plasmain the steady-state phase of adischarge.

The parameters of the Globus-M tokamak are asfol-
lows: the aspect ratio is A= R/a= 1.5, the magjor radius
isR=0.36 m, the minor radiusisa = 0.24 m, the toroi-
dal field on theaxisisB; < 0.62 T, the plasmacurrent is
l, < 0.5 MA, and the current pulse duration is T, <
03s

In al the experiments, we measured the plasma
parameters. The plasma density integrated along verti-
cal chords at distances of R = 24, 42, and 50 cm from
the axis was measured by an interferometer at a wave-
length of 1 mm. The radiation from the injected plasma
inside the vacuum chamber was recorded with the help
of avideo camera. The time evolution of the hydrogen
concentration in the deuterium plasma was measured
by an ACORD-12 charge-exchange neutral particle
analyzer [11]. The time evolution of the density profile
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was measured by a multichannel radar reflectometer in
the frequency range 19.6-60.5 GHz [12].

3. STUDY OF THE POSSIBILITY
OF CONTROLLING THE PARAMETERS
OF THE TOKAMAK PLASMA WITH THE HELP
OF AN EXTERNAL SOURCE
OF A HIGH-DENSITY PLASMA JET

3.1. Penetration of the Jet through the Toroidal
Magnetic Field

A dense (10?> m3), highly ionized (90%) hydrogen
plasmajet with atotal particle number of 5 x 10'8-10"°
and velocity of 30 km/s was injected into the toroidal
magnetic field during 50 ps. Measurements of the radi-
ation from the injected plasma allowed us to estimate
the depth to which the jet penetrated into the tokamak
plasma (Fig. 3). The lower the magnetic field, the
deeper the jet penetrates into the tokamak plasmaat the
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Fig. 5. Time evolution of the plasma density the steady-state phase of a discharge with (1) plasmajet injection (shot no. 3381) and
(2) additional gas puffing (shot no. 3389): nl,y4, nly,, and nl 5 are the plasma densities integrated along vertical chords at distances

of 24, 42, and 50 cm from the axis, respectively; AT, isthe duration of plasmainjection (~50 ps); and ATy isthe gas-puffing duration

(~10 ms).

same initial velocity. It might be expected that a mag-
netic field of ~0.2 T would be sufficient to stop the jet
just near the source nozzle (in this case, the field in the
central region of the chamber is0.25T). When thefield
was lower than 0.15 T, the jet reached the opposite wall
of the chamber. We note, however, that, in all of the
experiments described bel ow, the magnetic field in cen-
tral region was higher than 0.25T.

3.2. Plasma Injection before a Discharge

The plasma jet with a duration of ~50 ps was
injected just before the eddy field was switched on at a
steady-state toroidal magnetic field of ~0.3 T. These
experiments were performed without both preliminary
gas puffing and RF ionization at the electron-cyclotron
resonance frequency. The jet parameters were chosen
such that the total number of particles in the jet was
nearly the same as that during gas puffing (~10'°). Fig-
ure 4 compares the parameters of the tokamak plasma
obtained using jet injection before a discharge (without
gas puffing and RF preionization) and those obtained
under standard operating conditions with gas puffing
and RF preionization. It can be seen that, in adischarge

with jet injection, the toroidal current increases more
rapidly and reaches a higher value at the same loop
voltage, the MHD activity is suppressed, the plasma
density is higher, and the H, intensity decreases in
comparison to those in adischarge with gas puffing and
RF preionization.

3.3. Control over the Plasma Density
during the Seady-State Phase of a Discharge

The duration of the jet injected in the steady-state
phase of a discharge was aso as short as ~50 ps. The
injection of a hydrogen plasma jet into deuterium
plasma in this phase did not increase signas from
Mirnov coils, but increased the electron density inte-
grated along vertical chords (Fig. 5). The plasma den-
sity increased over ~1 ms just after injection. This led
to amore rapid growth of the density in comparison to
that during gas puffing, when the density grew over
~15 ms. A slower plasmadecay was observed along the
central chord (R = 42 cm) in comparison to that mea-
sured along periphera chords at radii of R = 24 and
50 cm; this means that the peakedness of the density
profile increased over time. It should be noted that the
No. 9
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Fig. 6. Radial profiles of the plasmadensity n measured by
areflectometer in shot no. 5276 (1) 19 and (2) 32 ms after
the beginning of the discharge (r is the minor plasma
radius).

intensity of the CIl1 carbon line (which is not shown in
the figure) varied only dlightly during injection. This
indicates that the impurity influx in the discharge was
insignificant.

M easurements of the plasmadensity profile with the
help of aradar reflectometer confirmed that the density
gradient increased not only at the edge, but also in the
plasma core (Fig. 6). It can be seen that, 32 ms after
injection, the density profile became steeper.

The experiments showed that the plasma jet vel ocity
increased with increasing accelerator length (the
lengths of the central and intermediate electrodes of the
second stage). The growth time of the plasma densities
integrated along the central and peripheral chords was
measured for different accelerator lengths (Fig. 7). It
can be seen that the time during which the jet penetrates
into the tokamak plasma decreases with increasing
accelerator length. The density growth time was found
to beequal to 2.5 and 0.95 msfor accelerator lengths of
0.06 and 1.2 m, respectively. Note that the gas jet
injected by the first (gas-generating) stage penetrated
into the tokamak plasma for 4.5 ms. The plasma jet
with the maximum (70 km/s) velocity efficiently pene-
trated into the core of the tokamak plasma.

Thetime evolution of the hydrogen concentration in
the deuterium plasma was measured by a charge-
exchange neutral particle analyzer (Fig. 8). It can be
seen that the hydrogen flux increases asthe plasmaden-
sity increases for 1-2 ms after jet injection. The hydro-
gen flux was maximum at an energy of 470 eV. The
hydrogen concentration in the deuterium plasmain this
experiment increased to 25%. This indicates that the
plasma injected with a velocity of 30 km/s penetrates
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Fig. 7. Growth time At of the plasma density integrated
aong the (1) central and (2) peripheral chords as afunction
of the accelerator length L (v is the plasma velocity at the
exit from the accelerator).

into the high-temperature region of the tokamak
plasma.

4. DISCUSSION OF THE RESULTS

Our experiments have shown that the source gener-
ates a high-density plasma jet, whose velocity (15—
70 km/s) depends on the accelerator length. The
injected jet does not produce significant perturbations
in the confined plasma; i.e., it does not introduce impu-
rities and does not promote MHD activity. The reason
for this is probably related to the high purity of the
injected plasma jet. The absence of impurities may be
explained by the very high gas pressure in the source;
the short pulse duration; and the low density of the
accelerator current, which does not cause el ectrode ero-
sion.

Our experiments on the injection of a high-density
plasma jet into the spherical tokamak have revealed a
discrepancy between theory and experiment. In the
spherical tokamak, there is a gradient of the toroidal
magnetic field along the injection direction. For the
given position of the source with respect to the toroidal
magnetic field, the magnetic field varied from 0.32 T at
the outer boundary to 1.2 T at theinner boundary of the
plasma column along the injection direction. Based on
the classical considerations of the interaction of a high-
density unmagnetized plasma with a magnetic field, it
can be assumed that the plasma jet should be stopped
by the magnetic field at the point where the density of
the jet kinetic energy (the plasmajet pressure) becomes
equal to the magnetic field pressure [13]. Let us con-
sider the equilibrium conditions for the pressures of the
plasmajet and the magnetic field in the Globus-M toka-
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Fig. 8. Time evolution of the hydrogen concentration in a deuterium plasma measured by charge-exchange neutrals with energies
of 470 eV (shot no. 6068): H and D are the hydrogen and deuterium neutral fluxes, respectively; H/D is the ratio between hydrogen
and deuterium fluxes; nly, is the plasma density integrated along a vertical chord at a distance of 42 cm from the axis; and AT, is

the duration of plasmainjection.

mak. For example, afield of 0.32 T is sufficient to stop
aplasma jet with adensity of 10> m~ and velocity of
15-70 km/s. So, it might be expected that the jet would
be stopped at the plasma periphery. However, the jet
substantially affects the plasma parameters in the cen-
tral region of the plasmacolumn. Figure 6 demonstrates
that the growth time of the tokamak plasma density
decreases with increasing jet velocity, and Fig. 8 shows
that the hydrogen flux increases as the plasma density
increases over 1-2 ms after jet injection. Probably,
there is a certain mechanism (other than the classical
one) for the interaction of a high-density plasma jet
with a plasma confined by a magnetic field that is till
to be studied. It may be supposed that the injected
plasma jet recombines into the fast neutral flux. In this
case, the flux of neutralswith energies of several tens of
electronvolts can easily penetrate through the magnetic
field of the Globus-M tokamak. This is confirmed by
Fig. 3a. It is seen that the jet consists of a glowing and
a dark region. Probably, the injected jet initially con-
sists of ionized particles and then, due to recombina-
tion, receives neutrals that collide with the chamber
wall and knock out excited atoms and ions from it.

5. CONCLUSIONS

We have investigated the possibility of using a new
type of high-density high-velocity plasma source to
fuel magnetic confinement systems. A high-density

plasmajet with a high degree of ionization was success-
fully injected into the Globus-M |ow-aspect-ratio toka-
mak. The experiments have confirmed the efficiency of
using plasma jetsto control the plasma density in toka
maks. It is demonstrated that the plasma jet does pene-
trate into the plasma core. The higher the jet velocity,
the more rapidly it penetrates into the plasma. We have
shown that the injected plasma does not disturb the sta-
bility of the confined plasma, the intensity of carbon
impurity lines changes only dlightly during injection,
and the plasma density increases by 20-30% over the
initial density (~2 x 10" m). The experiments have
shown that the plasma jet can be efficiently used to ini-
tiate adischarge (instead of gas puffing with RF preion-
ization). It isfound that, when the plasmajet isinjected
before a discharge, more favorable conditions (as com-
pared to those during gas puffing) are created for the
current ramp-up at alower MHD activity in the plasma
column. Plasmainjection in the steady-state phase of a
discharge leads to a more rapid growth of the tokamak
plasmadensity, alonger decay time of the plasma core,
and asteeper density profilein comparison to those dur-
ing conventional gas puffing.
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Abstract—A theory of weakly nonlinear slow waves in magnetic flux tubes is developed in the ideal MHD
approximation. Fairly simple approximate dispersion relations are derived that are valid for waves of arbitrary
wavelength. These dispersion relations make it possible to obtain a number of new model evolutionary equa
tions for body and surface slow waves in magnetic flux tubes. It is established that there are two families of
exact analytic solutions to the equations for weakly nonlinear slow waves. It is found that both the body and
surface solitary waves can be in the form of either contractions or bulges running along the tube. A model
Korteweg—de Vries-Burgers equation is derived and generalized to waves of arbitrary wavelength. It is shown
that exact analytic solutions to these equations correspond to shock waves and hydraulic jumps (or bores) with

nonoscillating fronts. © 2005 Pleiades Publishing, Inc.

1. INTRODUCTION

The magnetic flux tube approximation [1], together
with the magnetic dlab approximation, iswidely used in
astrophysics and geophysics as the simplest model for
studying waves in inhomogeneous plasmas. Recent
progress in space observations has made it possible to
reveal fast, slow, and bending oscillations and wavesin
coronal arcs [2-6], which gave a new impetus to the
exploration of waves in magnetic flux tubes. In the
present paper, the analysisisrestricted to asimple mag-
netic flux tube in the form of an infinite cylinder filled
with ahomogeneousisotropic plasmain auniform lon-
gitudinal magnetic field. The external plasmaand mag-
netic field are also assumed to be uniform. An impor-
tant simplifying assumption is that of an infinitely thin
interface between the internal and external plasma; this
makesit possible to exclude from consideration theres-
onant effects occurring across the transition boundary
layer. Of course, it is also necessary to assume that the
total (gas-kinetic plus magnetic) pressure is the same
on both sides of the tube boundary; thisimposesrestric-
tions on the ratios between the plasma densities and
plasmatemperatures on both sides and also between the
strengths of the internal and external magnetic fields. It
should be noted that, according to high-resolution
observations of the solar atmosphere, the magnetic
fields usually manifest themselves in the form of an
ensemble of magnetic flux tubes, the most illustrative
example being the sunspot penumbra, which consists
entirely of long thin flux tubes.

The linear theory of MHD waves in magnetic flux
tubes was devel oped through the efforts of many scien-
tists[7-11]. It was found that, for certain parameters of
the plasmaand magnetic field inside and outside amag-
netic flux tube, the waves within the tube are com-

pletely reflected from its boundary; i.e, the tube
becomes a waveguide. The tube may be subject to four
kinds of oscillations, namely, it can guide fast and slow
magnetosonic waves and also can undergo bending and
twisting oscillations. The aim of the present paper isto
consider slow waves in a magnetic flux tube with a
fixed axis.

The theory of nonlinear waves in thin magnetic flux
tubes[8, 11, 12] began to be developed simultaneously
with the linear theory of waves in magnetic flux tubes.
The thin-tube approximation is an analogue of the shal-
low water approximation in hydrodynamics. Nonlinear
equations were derived that describe the propagation of
slow and bending nonlinear waves along thin tubes.
The thin-tube approximation for slow waves [12],
which was obtained by expanding the dependent vari-
ables in power series in the radius of the tube, is valid
in the limit kR, — 0, where R, is the tube radius and
k is the longitudinal wave vector. In this limit, slow
waves become so-called tube modes, which propagate

along the tube with the tube velocity C; = C,Cg/( Ci +

C2)05, Accounting for the next-order termsin the series

expansions of the dependent variablesin the tuberadius
yielded a two-mode approximation for fast and slow
waves [13, 14], which is valid for waves of arbitrary
wavelength in a sufficiently cold plasma. The two-
mode approximation, however, does not take into
account dispersion due to the response of the external
medium—an effect predominating in the long-wave-
length approximation [14].

In most cases, the theory of weakly nonlinear dis-
persive waves is based on the model equations whose
linear part is determined by converting the dispersion
relation into alinear differential (or an integrodifferen-

1063-780X/05/3109-0730$26.00 © 2005 Pleiades Publishing, Inc.
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tial) wave equation and whose nonlinear term is found
by expanding the nonlinear equations to second (or
third) order in the wave amplitude. For waves in mag-
netic flux tubes, the dispersion relation contains Bessel
functions and thus cannot generally be converted into a
wave equation. The conversion to a wave equation is
possible in the long-wavelength approximation, in
which the dispersion relation is substantially simpli-
fied. It is this circumstance that enabled Roberts [15—
17] to derive an equation for weakly nonlinear disper-
sive surface waves in magnetic flux tubes surrounded
by a plasma with no external magnetic field present.
Roberts deduced the nonlinear term in the thin tube
approximation, in which the set of three-dimensiona
MHD equations can be reduced to a set of one-dimen-
sional equations for long slow waves running along a
tube (these waves are often called tube waves). The
equation derived by Roberts for surface waves in mag-
netic flux tubes turned out to be identical to the Leibo-
vich eguation [18] for vortex filaments in fluids, and it
is now commonly referred to as the L eibovich—Roberts
(LR) equation. In [19, 20], the LR eguation was gener-
alized to the case of a magnetized surrounding plasma.
Another equation for this case was obtained by Molo-
tovshchikov and Ruderman [21]. The Molotovsh-
chikov—Ruderman (MR) eguation and the LR equation
differ from one another because they were derived for
different approximate dispersion relations. Pritchard
[22], who simplified the dispersion relation used by
Leibovich, obtained one more equation for the vortex
filaments by replacing the modified Bessel function in
dispersion relation with its asymptotic expansion. The
Pritchard equation is also valid for waves on the sur-
faces of magnetic flux tubes. These three equations are
asymptotically equivalent because, in the long-wave-
length limit, the difference between the wave disper-
sions determined by the corresponding dispersion rela-
tions asymptotically approaches zero. Nevertheless, the
nonlinear waves described by these equations possess
different properties. For instance, an exploration of the
LR equation [23, 24] revealed that the solitary waves
described by it occur for amplitudes smaller than a cer-
tain critical amplitude. On the other hand, Molotovsh-
chikov and Ruderman [21] showed that their equation
has solutions describing solitary waves of arbitrary
amplitude. Moreover, they asserted that the solitary
waves are solitons. That the solutions to the asymptoti-
cally equivalent equations have different properties
stems from the difference between the corresponding
dispersion relations beyond the long-wavelength limit.
The linearized LR equation implies that, as the wave-
number increases, the phase vel ocity decreasesto acer-
tain minimum value and then increases to its initial
value; thus, the phase velocities in the long- and short-
wavelength limits are the same. In accordance with the
linearized MR equation, the wave phase velocity
decreases monotonically as the wavenumber increases;
moreover, for short waves, the dependence of the phase
velocity on the wavenumber is linear. The linearized

PLASMA PHYSICS REPORTS  Vol. 31

No. 9 2005

731

Pritchard equation in turn implies that, as the wave-
number increases, the wave phase vel ocity decreasesto
its minimum value and then increases without bound,
becauseit isproportional to the logarithm of the dimen-
sionless wavenumber. None of the three behaviors
agrees with the actual dependence of the phase velocity
of the surface waves on the wavenumber, specifically,
the phase velocity, which isinitially equa to the tube
velocity, decreases monotonically with increasing
wavenumber and, in the short-wavelength limit,
approaches the phase velocity of the surface waves
propagating along the boundary of a very thick tube
(see Fig. 24). Accordingly, special care must be taken
when using the above three equations. In particular,
none of them helps to answer the question of whether
the amplitudes of the solitary waves can be arbitrary.
Therefore, there was no point to debating thisissue in
[21, 23, 24]. It should be noted that, in the case of vor-
tex filaments, the LR equation correctly describes the
phase velocity of the linear vortex waves in the short-
wavelength limit and thus can be used to analyze waves
of arbitrary wavelength. In the present paper, new
approximate dispersion relations for surface waves are
proposed that correctly describe both the long- and
short-wavelength limits. These dispersion relations
made it possible to derive new nonlinear wave equa
tions. It is these equations that should serve as a basis
for the exploration of the properties of nonlinear waves
in magnetic flux tubes.

A history of the study of nonlinear body waves
began with a confusion: Molotovshchikov and Ruder-
man [21] obtained an equation for the body waves
according to which weakly nonlinear dispersive body
waves cannot exist. Later, when the Korteweg—de Vries
(KdV) equation for body waves was derived in [25]
from a very rough dispersion relation, the question
arose of whether the conclusions of Molotovshchikov
and Ruderman were correct. More recently, in [19, 20],
it was proved that the LR equation, aswell as two other
versions of the equation for the surface waves, is valid
for body waves too, and it became apparent that the
conclusions of Molotovshchikov and Ruderman were
erroneous. A more detailed examination showed that
Molotovshchikov and Ruderman [21] considered an
isolated magnetic flux tube that is not affected by the
presence of a plasma around it, whereas all three ver-
sions of the LR equation were derived for waves in a
tube affected by the external plasma. The wavesin a
magnetic flux tube that is affected by the external
medium have properties very different from those of
waves in an isolated tube. All of the presently known
equations for body waves were derived from approxi-
mate dispersion relations that contradict the exact dis-
persion relation beyond the long-wavelength limit.
Hence, in solving the problem for body waves, the task
is the same as in the case of surface waves, namely, to
obtain approximate dispersion relations for waves of
arbitrary wavelength. Thisis the purpose of the present

paper.
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Fig. 1. (a) Exact dimensionless phase velocity of the body waves, Q = V,;,/Cr, calculated from Eq. (6) and expression (7), and
approximate phase velocities of the body waves, calculated from expressions (10), (11), and (15)—(18), as functions of the dimen-

sionless wavenumber x = kR, for 3 = 0.2, B, = 0.01, and Céelcg = 2. (b—d) Relative accuracy AQ =1 — VSﬁrx/V

exact

o =1-

QP /QEXact of the gpproximate dispersion relations (i.e., their accuracy relative to exact dispersion relation (6)) asafunction of x =
kRy. Curves I-8 correspond, respectively, to approximate dispersion relations (9)—(11), (13), and (15)—(18). Curve 9 corresponds

to dispersion relation (17), in which approximation (11) is replaced with solution (9) to the dispersion relation in the two-mode

approximation.

Waves in magnetic flux tubes and dabs were
explored in the ideal MHD approximation under the
assumption that the plasma is isotropic, and it is only
recently that the first papers on waves in an anisotropic
plasma[26, 27] have appeared.

The first step in developing the theory of weakly
nonlinear slow waves of arbitrary wavelength in mag-
netic flux tubes was made in my recent paper [28]. The
present work is a continuation of that study.

In what follows, an analysis will be made of nonlin-
ear slow waves beyond the long-wavelength limit. At
first glance, it might seem impossible to find approxi-
mate dispersion relations for waves of arbitrary wave-
length in magnetic flux tubes, because the exact disper-
sion relation, which contains Bessel functions, appears
to be very complicated. Up to now, only asymptotic
forms of the exact dispersion relation in the long-wave-

length limit have been used. We succeeded in finding
fairly exact and, at the same time, quite simple approx-
imate dispersion relations for body and surface waves.
These dispersion relations made it possible to derive a
new type of nonlinear evolutionary equations and even
to obtain exact analytic solutions to some of them.

The next step in developing the theory of nonlinear
waves will to be to study the breaking of nonlinear dis-
persive waves and the onset of shock waves. Until
recently, al that was hitherto known about shock waves
in magnetic flux tubes is the Hugoniot relations at the
shock front, which were obtained in the thin-tube
approximation [29, 30]. In what follows, an equation
will be obtained that generalizes the Korteweg—de
Vries—Burgers (KdVB) equation to waves of arbitrary
wavelength. Exact analytic solutions to this equation
PLASMA PHYSICS REPORTS  Vol. 31
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show that not only shock waves but also nonlinear
waves of the bore type can exist in magnetic flux tubes.

The purpose of this study is to elaborate approxi-
mate dispersion relations for waves of arbitrary wave-
length. Here, use will be made of the same nonlinear
term asin the entire theory of nonlinear waves in mag-
netic flux tubes. This term is evaluated in the long-
wavel ength approximation and thereforeisincapable of
taking into account nonlinear processes in the sur-
rounding plasma. The latter circumstance may be a
cause for concern, but it should be noted that the search
for an approximate dispersion relation for nonlinear
waves of arbitrary wavelength, aswell asthe allowance
for the effect of the surrounding plasma on the disper-
sion properties of nonlinear waves in the tube, is the
subject of a separate study.

No. 9
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2. DISPERSION OF SLOW WAVES
IN MAGNETIC FLUX TUBES

The basic equation for axisymmetric waves in mag-
netic flux tubesis usually written in the form proposed
by Edwin and Roberts[10]:

k2C2A mKl(meR())D O(nORO)
K’CZ, — Dlo(moRo)D
FNAK(meRy) 0 T1(N0R0) 5§ = o
D|1(moF\)o)D )
(@ -K'C)(w’ —K'CH)

2 2
me = —-ng =
(Cs+ CA)(k CT )
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2 _ (@ -KC) (@ ~K'Ch)
e
(Cse + Che) (K Cro — )

Here, Jare Bessdl functions, | and K are modified Bessel
functions, R, isthetube radius, and the subscript erefers
to the parameters of the external plasma. The condition
for the total (gas-kinetic plus magnetic) pressure to be
continuous at the tube boundary determines the ratio A
of the plasma densitiesin the regions outside and inside
the tube for given speeds of sound in these regions, Cq
and Cg,, and given Alfvén speeds, C, and Cp.:

0.

_ 2C5+YC, @
2 2
Po 2Cs +YChe

wherey = ¢,/c,. With the choice of the minus sign and
the Bessel function J,, EQ. (1) isthe dispersion relation
for body waves, and, with the choice of the plus sign
and the modified Bessel function 1, it isthe dispersion
relation for surface waves.

Equation (1) isso cumbersomethat it cannot be con-
verted into a wave equation and thereby cannot be
directly incorporated into the theory of nonlinear
waves. Up to now, use was made only of approximate
expansions of Eg. (1) in the long-wavelength limit. The
objective of this section is to describe a method for
deriving such approximate dispersion relations for
waves of arbitrary wavelength that can be transformed
to awave equation. This method was used to search for
approximate dispersion relations for slow waves in
magnetic flux tubes.

A:BO_E

2.1. Body Waves

When the effect of the external medium is ignored
and, accordingly, zero boundary conditions are
imposed, Eq. (1) smplifiesto

3(j) =0, j*=ngRs. 3)

The second of Egs. (3) is a biquadratic equation for
the frequency. Its solutions determine the frequencies
of the fast and slow body waves in terms of the plasma
parameters and the roots of thefirst of Egs. (3). Thefre-
guency of the slow body waves can be expressed as

iR [
2 777 2H
(CA+Co)(KRy+j )

In searching for the asymptotic expressions for the fre-
quency, this representation turned out to be the most
convenient. The frequencies of the sow waves are
found by substituting the roots j = j; , of the Bessel
function into formula (4), which then reads

0
W, = 2k2C$%1+J1— (4)

0 CACRE [
@ o= CrkEL + — X0

PN ®)
O 2(Ca+Cg)jy I
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In [19, 20], a method was proposed for reducing gen-
eral equation (1) to equationsof theform (3). To do this,
it issufficient to eliminate the frequency in Eq. (1) with
the help of formula (4). It turns out that substituting dif-
ferent solutions to biquadratic equation (3) into Eq. (1)
splits the latter into two separate equations for the slow
and for the fast waves. This procedure yields the fol-
lowing equation for the slow body wavesin amagnetic
flux tube embedded in a magnetized plasma:

myX Ca = Cp K1(MyX)

Jo(]) A ¢z —c2Ko(MyX)’
2 2\, 2 2 (6)
2 _ (Cse—Cp)(Cre—Cs) _
m, = 2 2 2 2 X T KRy,
(Cse + Cae)(Cre —Cy)
0 acix* O
Ch = 2CiO+ [l-—5———01 . ()
O (Cat+Co)(x"+ 7

Expression (7) for the phase velocity C, of the body
waves has been obtained from formula (4). It is this
expression for the phase velocity that was found to be
most optimal for numerical solution of Eq. (6). Substi-
tuting the roots of Eq. (6) into expressions (4) and (7)
gives, respectively, the frequencies and phase velocities
of the sow body waves. In contrast to the roots of
Egs. (3), therootsof Eq. (6) arefunctions of x=kR, and
of the plasma parameters outside and inside the tube,

j=j% Bi, Be 8), Where B o = Céso/Ch pe» and 3 =

C;/Cé The roots of Eg. (6) exhibit very different
behavior in the following two cases:

() If min(Cg, Cpe) < Cp < max(Cg,, Cpe) and 0 <
kR, < o, then the roots of Eq. (6) vary within the range
Joon<ln<lin

(i) If C, < Cqeand 0 £ kR, < o0, then the minimum
root of Eq. (6), which determines the frequency of the
first (n = 1) mode, varies within therange 0 < j, <. ,
whereas the roots of Eq. (6) that correspond to higher
(n> 1) modesvary withintherangesj,. ,_; <jn<jo.n+ 1,
wherej, ., aretheroots of the equation J; ,(j) = 0.

In the short-wavelength limit kR, —» oo, the phase

velacities of al the modes of the slow body waves
approach the speed of sound, C, —= Cg In this case,

the second of Egs. (3) reduces the equation (V,fh -

Cé)(vﬁh - Ci) = 0. The second solution to this equa-
tion, namely, Vy, = C,, refers to the fast waves. In the
long-wavelength limit x= kR, —= 0, the phase vel ocity
(7) of the body waves is approximately equal to

C?x2 U

[l
C,=C [+ . )
T i ohi
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Consequently, as the wavenumber increases from zero
to infinity, 0 < x = kR, < =, the phase velocities of all
the modes of the slow body waves increase monotoni-
cally from the tube velocity C; to the speed of sound Cg.

In contrast to surface waves, the main distinguishing
feature of body waves is often considered to be the
occurrence of the nodes of the radial wave function for
the longitudinal velocity inside the magnetic flux tube.
The presence of the nodes indicates, in particular, that
the waves do not propagate exactly along the tube but
instead undergo total internal reflection from the tube
boundary, as, for example, in waveguides with per-
fectly reflecting walls. There is one exception to this,
however. It turns out that, in the second of the above
cases of the existence of rea roots to Eq. (6), namely,
for V,;, < Cye, thefirst mode of the body waves does not
have nodes within the tube, because the wave function
for the longitudinal velocity is proportional to J,(jr/R,)
and theroot j to EQ. (6) is always less than thefirst root
of thefunction J,. It isthisfirst mode of the body waves
at V,;, < Cre that isthe subject of exploration in nonlin-
ear theory since only in this case are the eguations of
the problem dealing with a wave running along a mag-
netic flux tube, and thus they can be reduced to a one-
dimensional wave equation. This mode can exist
because the tube is an open waveguide, i.e., the field
lines emerge from the tube. A detailed analysis of the
first mode of the body waves is necessary in order to
eliminate the confusion created because, on the one
hand, this mode was not described in the fundamental
paper by Edwin and Roberts [10] and, on the other
hand, Molotovshchikov and Ruderman [21] asserted
that body waves rapidly become shock waves since
they run radially within a magnetic flux tube while
undergoing reflections from its wall.

Dispersion relation (6) with expression (7) is too
complicated to serve asthe basis for deriving the corre-
sponding one-dimensional wave equation for the first
mode of the body waves in the case C, < Cr. It can,
however, be ssimplified substantially by linearizing the
two-mode approximation for body waves [14]. The
resulting approximate dispersion relation

X w' = (4+x°)(C2+ CHK’W + (4+x*)CiCik = 0

coincides with the second of Egs. (3) with the substi-
tution j = 2, and the approximate expression for the
frequency of the slow body waves is found from for-
mula (4), which, after the same substitution, reads

!
0.0 4C2x° 0 [

W, = kCRO+ [1-—————T7 0. 9
0o (Ca+Co)(x +4)] [

This is typical geometric dispersion, which gives the
dependence of the wave frequency on the plasma
parameters within the tube and on x = kR, (i.e., on the
ratio of the wavelength to the tube diameter). In the
long-wavelength limit, dispersion relation (9) for the
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frequency of the body waves can be significantly sim-
plified:

Cr
8(C4 + C)
In[14], it was shown that the inaccuracy of this approx-
imate dispersion relation arises as a result of ignoring
the wave dispersion introduced by the external
medium. The geometric dispersion of body wavesisfar
greater than that due to the response of the externa
medium because the field of the body waves is concen-
trated mainly within the tube and isinsignificant in the
surrounding plasma. It is for this reason that the two-
mode approximation is quite exact almost over the
entire wavelength range. In [25], this simple approxi-
mate dispersion relation (10) made it possible to derive
the KdV equation for body waves in the long-wave-
length limit. Dispersion relation (9) for body waves of
arbitrary wavelength was obtained in the two-mode
approximation and thus cannot be transformed to a
wave equation with which to obtain an evolutionary
equation. A simple approximate dispersion relation for
body waves of arbitrary wavelength was proposed in
my recent paper [28]:

Wy =KCr (1 +AX), A = (10)

O - >0
o= ke + (Cs=COM T
|:| CS_CT+)\CTX

In that paper, it was found that this approximate disper-
sion relation, which was not derived rigorously but was
simply guessed intuitively, can easily be converted into
awave eguation. It turns out, however, that this approx-
imate dispersion relation for body waves, as well as
more exact dispersion relations of the form

(11)

0 on O
E (Cs—Cy) Z ApX E
W, = kCTE[l + 1N 0, (12)
|:| CS_CT + CT FH
D n= l

can be derived in afairly simple way. It is sufficient to
expand dispersion relation (9) and approximate disper-
sion relation (12) in powers of x and 1/x and to equate
the coefficients of the same powers of x and of 1/x up to
Nth power in the expansions. The resulting set of equa-

tions for the coefficients A and A turns out to be over-
determined, necessitating that the equation for 1/x>" be
discarded. A similar approximation can be obtained by

omitting the equation for x>". Thus, the resulting
approximate dispersion relation for N = 1 reads

4
oy=kC,F+ (Co=COMT
0 Cr+CAx’0O W)

. _ (CA=C)Cr

2C2
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Dispersion relations (11) and (13) differ from one
another in the accuracy with which they approximate
dispersion relation (9) in the long- and short-wave-
length ranges. Dispersion relation (11) approximates
dispersion relation (9) to within terms on the order of x*
inthe long-wavel ength range and to within termson the
order of 1/x? in the short-wavelength range. In contrast,
dispersion relation (13) yields a more accurate approx-
imation, on the order of 1/x*, in the short-wavelength
range and aless accurate approximation, on the order of
X2, in the long-wavelength range. In order to approxi-
mate dispersion relation (9) at least with fourth-order
accuracy over the entire wavelength range, it is neces-
sary to use one of the two possible approximate disper-
sionrelationswith N = 2.

The drawback of dispersion relation (11) is that it
does not take into account the wave dispersion intro-
duced by the external medium. An approximate relation
for the dispersion of body waves due to the response of
an external medium was obtained in [19, 20]:

AXK o(MX)

(14)
7 = (Cs=C)(Che=Cr)
(Che + C&)(Cre—Cr)

This dispersion relation is valid not only for body
waves but also for the surface waves (Cpe < Cys < Co),
which will be discussed in the next section. A particular
case of this dispersion relation for surface waves in a
magnetic flux tube surrounded by an unmagnetized
plasmawas derived by Roberts[16] in hisfirst paper on
nonlinear waves in magnetic flux tubes, and Molo-
tovshchikov and Ruderman [21] used dispersion rela
tion (14) to abtain an equation for the surface wavesin
the case of a magnetized surrounding plasma. In [19,
20], aswell asin[16], the LR equation was generalized
to this latter case with the help of the approximate dis-
persion relation

Wy o1 = KCr(1 + AXKo(MX)), (15)

which followsfrom relation (14) with allowance for the
fact that mxK,(mx) — 1 as x — 0. In accordance
with Pritchard's idea [22], replacing the modified
Bessel function with theleading-order logarithmicterm
of its asymptotic expansion reduces dispersion relation
(15) to

Wp, gt = kCT%l + 2XX2EI’I%( + %

_ ACH(Cr-Ch)
8mCi

where E is Euler's constant. It is precisely these three
dispersion relations (14)—(16) that underlie the above

(16)
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three asymptotically equivalent equations for the body
and surface waves in magnetic flux tubes, as was dis-
cussed in the Introduction.

The question now arises of which of the threerela-
tions (14)—(16) correctly describes the dispersion of
waves of arbitrary wavelength due to the response of
the external medium. Approximate dispersion rela-
tions (14) and (16) imply that the wave phase velocity
increases without bound with increasing tube thickness
or, equivalently, with decreasing wavelength. This pre-
diction contradictsthe fact that the phase vel ocity of the
body waves approaches the speed of sound asx — .
It has been pointed out above that, according to approx-
imate dispersion relation (15), the phase velocity in the
short-wavelength limit x — o approaches the tube
velocity C; and, consequently, the external plasma has
no effect in thislimit, as it ought to be. This means that
approximate dispersion relation (15) gives an adequate
description of the effect of the external plasma on the
body waves in magnetic flux tubes. Hence, we have
relation (11) for the geometric dispersion of waves of
arbitrary wavelength, which dominates for x > 1, and
relation (15) for the dispersion of waves of arbitrary
wavelength, which arises as a result of the response of
the external medium and dominatesfor x < 1. Sincethe
total dispersion is a superposition of these two disper-
sions, it is natural to combine the two dispersion rela-
tions asfollows:

0 _ 2
0  Cg—Cr+CrAX

O
5+ AXCKo(mx)D. (17)
O

This approximate dispersion relation turns out to be the
best of all known relations, in particular, in the long-
wavelength limit (see Fig. 1). In the long-wavelength
range, dispersion relation (17) can be simplified to the
relation

Wy = KCr(1+AXE + AX°Ko(MX)), (18)
which yields even greater accuracy in this limit but is
disadvantageous in that the phase velocity increases
without bound for large kR, values. It is important to
note that approximate dispersion relation (18) can be
immediately derived from Eqg. (6) and expression (7) in
the long-wavelength limit. This is an independent con-
firmation of the validity of summing the two disper-
sions, asisdone in relation (17). The approximate dis-
persion relations for al other body modes in the long-
wavelength limit are also obtained from exact disper-
sion relation (6) and expression (7):

Wy 0= KCr(1 + A X + AXKo(MX)),

_ a4\ - 41 n_1A

(TEIPR V) S PR )
for n>1.

An (19)
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Hence, the dispersion of all the modes of body waves
can be described as the sum of the dispersion dueto the
response of an external medium and the conventional
geometric dispersion, the former dominating in the
long-wavelength range and the latter dominating in the
remaining wavel ength range. For modes higher than the
first one, approximate dispersion relations similar to
relations (11) and (17) can be obtained through the
replacementsA — A,and A — A,.

A comparison of dispersion relations (18) and (19)
to dispersion relation (5) for waves in an isolated mag-
netic flux tube shows that the wave dispersions differ
not only because of the response of the externa
medium but also because of the differences in the geo-
metric dispersion properties of the body waves. This
explains why, as has already been pointed out in the
Introduction, the conclusion of Molotovshchikov and
Ruderman [21] that dispersive body waves do not exist
isvalid only for an isolated magnetic flux tube. In fact,
they derived their equation with alowance for only
geometric dispersion relation (5), which refers exclu-
sively to this case.

In order to compare different approximate disper-
sionrelations, Fig. 1apresentsthe results of calculating
the wave dispersion from exact equation (6) and from
approximate relations (9)—<11), (13), and (15)—(18) for
plasma parameters characteristic of the solar corona.
From Fig. 1b we can see that approximate dispersion
relation (11) is fairly exact over the entire wavelength
range, although, in the long-wavelength range, it isless
accurate than the known relations (15) and (16). Asfor
approximate dispersion relation (17), which takes into
account the geometric dispersion and the dispersion
due to the response of an external medium, it is seen to
be more accurate than al other known approximate
relations over the entire wavelength range. From
Fig. 1c we seethat dispersion relation (11) and the two-
mode approximation provide essentially the same accu-
racy. In the long-wavelength range, which isillustrated
in Fig. 1d, al of the approximate dispersion relations
can bedivided into three groups. First, in thisrange, the
accuracy of approximate dispersion relation (11), and,
accordingly, of its long-wavelength asymptotic (10), is
lowest. Second, high accuracy is provided by the
known approximate dispersion relations (15) and (16),
which essentially coincide in the long-wavelength
range. Finaly, the accuracy of the newly proposed
approximate dispersion relation (17) and its asymptotic
(18) is greatest. An unexpected result is that, in the
short-wavelength range, the second of the possible
approximate dispersion relations (12), namely, relation
(13) with N = 1, which is shown by curve 4 in Fig. 1b,
turns out to be less accurate than relation (11).

All of the above approximate dispersion relations
(11), (17), and (18) for body waves are simple enough
to be used to derive new nonlinear evolutionary equa-
tions.
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2.2. Surface Waves

Similar to body waves, dispersion relation (1) for
surface waves in magnetic flux tubesis rewritten as

Ca=Car  Ki(mx) . 1(j) _
cl.—c?  Ko(mx) " To()

i = mR,, e = (Cse=Cat)(Cre=Car)

- 0 ] s = ]
(Cée + Che)(Cre—Cir)

4Cfx2 D_l

2 2 2 .ZD !
(Ca+Co)(X =)

where C; is the phase velocity of the surface waves,
which is afunction of j, x, and of the plasma parame-
ters. Dispersion relation (20) has a solution only under
the condition Cpe < V,;, < Cs.. The only root of thisdis-
persion relation increases from zero to infinity, 0 < j <
as the dimensionless wavenumber changesin the range
0 < kR, < «. The frequency of the surface waves is
expressed through the root of dispersion relation (20)
and through the plasma parameters as

0,

(20)

2 ZD

-1

4C2x° O
2 2T 2 -ZD ' (21)
(CA+Co)(x =)0

Asthe wavenumber increases, the phase velocity of the
surface waves decreases monotonically from the tube
velocity C; to the phase velocity at the discontinuity,
C.., satisfying the equation

O
w5 = 2kZC$51+J1—

2 2
Va—Cig My +

2 2
VAe - Cintf M,

2 2 2 2
m2 _ (CSe,S_Cintf)(VAe,A_Cintf)
1,2 — 2 2 2 2 !
(Cse st Vae a)(Cre 1 —Cine)

which isthe limiting case of dispersion relation (20) in
the short-wavelength range because
K1(mex)1o(mpx)
Ko(mex)11(mgx)

A =0,
(22)

—1 at X—> o0,

As was mentioned above, the three dispersion rela-
tions (14)—(16) for long-wavelength body waves are
also valid for long-wavelength surface waves. For sur-
face waves of arbitrary wavelength, however, there
exists no approximation similar to the above two-mode
approximation, which helped to find the approximate
dispersion relation for body waves of arbitrary wave-
length. Nonetheless, we succeeded in finding a fairly
simple and, at the same time, quite exact approximate
dispersion relation for the surface waves:

(Cr—Ciur) AIX 0
Wy = KCEL + .
St T%L (C+—=Ciny) _ACT|X||:|

(23)
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Thisrelation yields a correct phase vel ocity for the sur-
face wavesin the long-wavelength limit: V,;, — C;as
x — 0 (Fig. 2a). Although, in the long-wavelength
range, approximate dispersion relation (23) is far less
accurate than relations (14)—16), it is valid for surface
waves of arbitrary wavelength and thereby makes it
possible to correctly handle the long-wavelength limit,
in contrast to approximate dispersion relations (14)—
(16), which yield incorrect phase velocities of the sur-
face waves in short-wavelength limit. According to
relations (14)—(16), the phase velocity of the surface
waves in the short-wavelength limit X — o
approaches either infinity or the tube velocity, rather
than the phase velocity at the discontinuity, C,., as it
ought to be.

The idea of approximate dispersion relation (23)
stems from the properties of approximate dispersion
relation (14) for short-wavel ength body waves. The point
is that the second term in parentheses in relation (14) is
approximately proportiona to the dimensionless wave-
number, AxK,(mx)/(mK,(mx)) = AJx|. It isnot surprising
that the accuracy of approximate dispersion relation (23)
inthelong-wavelength rangeislow, sinceit isbased on
approximate dispersion relation (14) for short-wave-
length waves. In order to increase the accuracy in the
long- and intermediate-wavel ength ranges, it is natural
to switch from relation (23) to the approximate disper-
sion relation

(‘)srf

~kC %I. + (C1 = Cipr) AXKp(mx) 0 (24)
TO" " (Cy = Cipr) MK, (Mx) — Cr AXK o (mx)’

which, for long-wavelength waves, coincides with dis-
persion relation (14). In the long-wavelength limit x <
0.1, al four approximate dispersion relations (14)—(16)
and (24) are asymptotically equivalent, but only rela-
tion (24) yields a correct short-wavelength limit.

All of the approximate dispersion relations that
were discussed above take into account only the wave
dispersion due to the response of an external medium.
This does not imply, however, that the surface waves
are not subject to geometric dispersion. It turns out that
asymptotic (18) of the dispersion relation in the long-
wavelength limit is valid not only for body but also for
surface waves, because it can be immediately derived
from exact dispersion relation (20). In contrast to the
case of body waves, the total dispersion of surface
waves is dominated by the response of the external
medium not merely in the long-wavelength limit but
over the entire wavelength range. In the short-wave-
length limit, the geometric dispersion is generaly
unimportant because a short-wavelength surface wave
isawave at acurved boundary between theinternal and
the external plasma.

In order to compare different approximate disper-
sion relations, Fig. 2a shows the results of calculating
the wave dispersion from exact relation (20) and from
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approximate relations (15), (16), (23), and (24) for
plasma parameters characteristic of the solar corona.
From Fig. 2b we can see that, in the long-wavelength
range, dispersion relation (23) for waves of arbitrary
wavelength is far less accurate than approximate dis-
persion relations (15), (16), and (24). The accuracy of
more complicated approximate dispersion relation (24)
for waves of arbitrary wavelength ishigh over theentire
wavelength range, but it is somewhat lower than that of
approximate dispersion relation (23) in the short-wave-
length limit. From Fig. 2c we see that, in the long-
wavelength range, dispersion relation (16) is far less
accurate than dispersion relations (24) and (15). This
indicates that replacing the modified Bessel function
with its asymptotic expansion resultsin aserious| oss of
accuracy. The dispersion of surface waves is amost
completely dominated by the response of the externa
medium, which is reflected in the dependence of the
parameter A in relation (15) on the parameters of the
surrounding plasma. For body waves, the parameter A
in relation (10) isindependent of the parameters of the
external medium, so, in order for the external response
to be taken into account, it was hecessary to add disper-
sion relation (15) to dispersion relation (11). For surface
waves, the simple approximate dispersion relation (23)
ought to be made more complicated. Nevertheless, as
will be clear later, both approximate dispersion rela-
tions (23) and (24) can be used in nonlinear theory.

3. NONLINEAR SLOW WAVES

All of the presently known nonlinear evolutionary
equations for slow waves in magnetic flux tubes were
obtained in the different long-wavelength approxima-
tions that have been mentioned above. The nonlinear
termsin these equations are the same. The objective of
this paper isto obtain evolutionary equations for waves
of arbitrary wavelength from the above approximate
dispersionrelations (11), (17), (18), and (23), which are
valid over the entire wavelength range.

3.1. Body Waves

The nonlinear evolutionary equation contains dis-
persion terms and a nonlinear term. The nonlinear term
for the surface waves was obtained by Roberts [16] in
the thin-tube approximation [12]. In [14], it was shown
that the thin-tube approximation isvalid not only for an
unmagnetized surrounding plasma (the case considered
by Roberts) but aso for a magnetized surrounding
plasma. Consequently, the nonlinear term for the body
waves coincides with the nonlinear term obtained by
Roberts for the surface waves. The nonlinear term eval-
uated in [25] in the two-mode approximation [13, 14]
also coincides with Roberts's nonlinear term. In what
follows, the expression for the nonlinear term that was
obtained in [25] will be used for both body and surface
waves.
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The wave equation can be obtained from dispersion
relation (11) for the body waves through the replace-

mentsg ~— iwand 56—2 ~— ik (see[31], p. 367). In

ot
this case, dispersion relation (11) should be rewritten as
)\CT
WprAL + H_Ack® = =0,
g Cs-CH 777 (25)
(.l)D = (O—kCT, )A\ = )\ROZ,

where wy, isthe frequency in aframe of reference mov-
ing with the velocity C; (thisreference frameisusually
used to derive nonlinear evolutionary equations for
waves in magnetic flux tubes). Dispersion relation (25)
leads to the evolutionary equation

3
——————————‘Z—@——)\CTG B_ B‘E = 0,

26
0t Cs—Crpr97 0z 0z (20

where A isto befound from dispersion relation (11) and
the coefficient e in front of the nonlinear term,

_ CA(BCe+(y+1)CCy
Bo 2cici+ci)

coincides exactly with the corresponding term in the
KdV equation derived in [25] for the surface waves. In
Eqg. (26), as well as in the KdV equation [25], the
dependent variable is the longitudinal magnetic field
perturbation B. In the long-wavelength limit, the sec-
ond term in EQ. (26) should be omitted and, hence,
Eq. (26) is reduced to the KdV equation. This corre-
spondence makes it possible to uniquely choose the
nonlinear term in Eq. (26). The nonlinear term that was
obtained for the KdV equation [14, 25] was used to
derive Eq. (26), which was thus obtained without using
the long-wavelength approximation for the wave dis-
persion.

Evolutionary equation (26) has two distinct exact
solutions for a solitary wave, which look like typical
soliton solutions. At first glance, the solution of thefirst
kind is similar to the solution to the KdV equation,

(27)

B = B,sech’((z+ V1)/L), B,>0, (28)
_ By | _ ., [ACx(3(Cs=Cr) +¢By)
R ZJ B(Co-Cy

The condition B, > 0 implies that the solitary waveisa
contraction of a magnetic flux tube because, under the
magnetic flux conservation condition, anincreasein the
longitudinal magnetic field, B, + B, ispossible only for
a smaller tube cross section. A wave of thiskind is a
contraction running along amagnetic flux tube. For suf-
ficiently small wave amplitudes such that B, < 3(C5—
Cy)/e, solution (28) is reduced to the solution to the
KdV equation derived in [25]. A digtinctive feature of

PLASMA PHYSICS REPORTS  Vol. 31

No. 9 2005

739

solution (28) (as compared to the solution to the KdV
equation) isthat thewidth L approachesafinitelimiting

valuelL = 2A/)A\CT/(CS— C;) asthe amplitude B, of the
solitary wave increases. In the laboratory frame of ref-
erence, the wave velocity isequal to C; - V. i.e, itis
always lower than the tube velocity.

The second exact solution to Eq. (26), namely,

B = -B,sech’((z—V1)/L), B,>0, (30)

V =

B | _, JCTMeBa—s(cs—cT)) an

3 €B,(Cs—Cy) '

also lookslike atypical soliton solution but, in contrast
to solution (28), it correspondsto a bulge running along
thetubewith thevelacity C; + Vinthelaboratory frame
of reference. This solution is possible only for suffi-
ciently large wave amplitudes B,, greater than the criti-

cal amplitude B{”,

By” _ 3(Cs—Cy)p=1 3p°
B,  €B y+1'

(32)

where 3 = Cé/ Ci . The characteristic width L of a soli-
tary wave equals zero for the critical wave amplitudes

B, = B! For wave amplitudes smaller than the criti-
cal amplitude B{™, this solution is singular because

L2 < 0. For B, = B{", the nonlinear correction to the
wave velocity is equal to Cs— Cy. Consequently, in the
laboratory frame, the velocity of a nonlinear solitary
bulge wave is aways higher than the speed of sound.
Hence, for wave amplitudes greater than the critical

amplitude B{™ , two types of nonlinear body waves can

exist, namely, contractions and bulges, both of which
run along the magnetic flux tube.

3.1.1. Canonical equation. To explore the general
properties of nonlinear equations that appear in differ-
ent physical problems, we reduce them by means of the
coordinate transformationsto what is usually called the
canonical form—the simplest form with the smallest
possible number of parameters[32]. Equation (26) isan
evolutionary equation for waves described by the dis-
persion relation

CAK
® = KCy £ —=——= :
A>0, C,=C,
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where C, and C, arethe wave phase velocitiesat k —= 0
and k —» oo, respectively. By an appropriate coordinate
transformation, the evolutionary equation correspond-
ing to dispersion relation (33) can be brought to the
canonical form

U; — QU £ Uy, — 66U, = 0, (34)
where a = C,/|C, — C,|. To the best of my knowledge,
evolutionary eguations like Eqg. (34) have not yet
appeared in the theory of nonlinear waves [32]. Equa-
tion (34) has two distinct nonsingular soliton solutions
for waves with a normal and an anomalous dispersion,
respectively,

3
u = +2B?secn? BX24B L (35)
J4aB® ¥ 1
— 3
u = F2B2sech’ BXF4B L (36)

J4aB®+1

One of the solutions (35) and (36) becomes singular at
4aB’*< 1.

Along with the solutions corresponding to solitary
waves, Eq. (34) has two distinct periodic solutions for
the so-called cnoidal waves. These solutions are
expressed in terms of Jacobi’s elliptic functions,

u= J_rZBzcn[K(m)/T[(kx +wt)|m],

V. = 4B (2m’ - 1)
ph = = m ’ (37)
K’K(m)® _ B’
™ 4aBZ(2m2—1) -m’

N

u = F2B cen[K(m)/Tti(kx + wt) |m],
_4B%(2m° —1)
A

K°K(m)® _ B
™ 4aBz(2m2—1) +m’

where K(m) is the complete elliptic integral of the first
kind. In the limit m — 1, these solutions pass over to
solutions (35) and (36) because kK(m)/m —»

B/+/4aB’ + 1. The cnoidal waves are running wavesin
the form of alternating contractions and bulges. The
difference between two periodic solutions (37) and (38)
lies in the relationship between the lengths of the con-
tractions and bulges. In one of the two possible kinds of
cnoidal waves, the contractions are longer than the
bulges, and vice versain the other type.

Equation (34) cannot be reduced to any of the
known evolutionary equations but it includes two
widely used evolutionary equations as particular cases.

\Y,

’ (38)
2
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For sufficiently small amplitudes (a — 0) such that
4aB’ < 1, Eqg. (34) is reduced to the KdV equation;
hence, only one of solutions (35) and (36) is nonsingu-
lar inthis case. Equation (34) in which theterm with the
third derivative is omitted and it is assumed that a =1
becomes the so-called long-wavelength equation, aris-
ing in the theory of waves on the surfaces of liquids
[33]. This long-wavelength equation, which is also
known as the Benjamin-Bona-Mahony (BBM) equa-
tion, correspondsto the dispersion relation w=k/(1 + k?).
Of course, the solutions to the KdV equation differ
from those to the BBM equation. Thisis due to the fact
that the KdV and BBM equations are particular cases of
Eqg. (34), which has two different kinds of solutions for
both solitary waves and cnoidal waves. Thisis a good
ground to assert that Eq. (34) belongs to a special class
of evolutionary equations.

Solutions (35) and (36) to Eq. (34) look like the
well-known solutions to the KdV equation and differ
from them only in the width of the solitons. The differ-

ence (1 — A/1—4aBZ)/B = 2aB between one of solu-
tions (35) and (36) and the solution to the KdV equation
tendsto zero asaB?* — 0, which nothing but the long-
wavelength limit. The same property holdsfor the solu-
tions to the KdV and BBM equations. The BBM equa-
tion does not belong to the class of completely integra-
ble equations [34]. The solitary waves described by this
equation change their amplitudes after the interaction
and acquire an oscillating tail. There is no doubt that
Eq. (34), too, does not belong to the class of completely
integrable equations, because it includes the BBM
equation as a particular case. Thus, solutions (35) and
(36) to Eq. (34) are not soliton solutions. However, in
order to analyze the question of whether the solutionis
asoliton or not, it isfirst of all necessary to determine
what isthe purpose of the analysis: to establish whether
the equation belongsto the class of completely integra-
ble equations or whether the properties of a solitary
wave that is actualy observed in nature are well
described by the equation. There are reasons to argue
that, in contrast to the commonly accepted view, a soli-
tary wave discovered in 1834 by J.S. Russell [35] ishot,
strictly speaking, a soliton, because the KdV equation
that has an exact soliton solution and is traditionally
mentioned in connection with the solitary wave discov-
ered by Russell is a model equation based on an
approximate dispersion relation. The model BBM
equation [33], which is based on a more exact disper-
sion relation than that underlying the KdV equation,
has a solution differing from the exact soliton solution,
as was mentioned above [34]. It is aso known that the
Boussinesq equation (see [31], Section 13.11) is based
on an even more exact dispersion relation for waves on
the surfaces of liquids. Moreover, an equation isknown
that is based on the exact dispersion relation (see [31],
Section 13.14). The solutions to the last two equations
are not solitons, although, in the long-wavelength limit,
they differ insignificantly from the soliton solution to
PLASMA PHYSICS REPORTS  Vol. 31
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the KdV equation. Consequently, J.S. Russell observed
not a soliton but rather a solitary wave with parameters
very closeto those of asoliton. It isnot always possible
to notice a dight difference between the widths of the
solitary wave observed by Russell and of the soliton
described by the exact solution to the KdV eguation.
Thisiswhy, in each specific case, the task isto find out
whether or not the observed wave is a soliton within the
accuracy of observations, measurements, or numerical
experiments. A comparison between the solutions to,
e.g., the Kdv, BBM, and Boussinesg equations is
aimed, in particular, at determining how much the
parameters of a solitary wave differ from those of an
ideal solitonin order to estimate the experimental accu-
racy required to reveal this difference. Based on what
was said above, it can be stated that solutions (35) and
(36) to Eq. (34) are very similar to solitons. Moreover,
in the long-wavelength limit, one of these solutions
approaches the solution to the KdV eguation. In order
to determine the extent to which solutions (35) and (36)
differ from the soliton solutions, it is necessary to carry
out explorations similar to those done for the BBM
equation [34].

3.1.2. Generalized equation. Equation (26) does not
take into account the effect of the external plasmaonthe
dispersion of body waves. This disadvantage was over-
come by using approximate dispersion relation (17).
Inthis case, the evolutionary equation contains addi-
tional integral dispersion terms inherent in the LR
equation:

) 3
0B, ACr 0B _)\CTa B_EBQE

ot Cs—CTaTaz2 0z’ 0z

. » (39)
Ca AC: o°0 B(Z, t)dz’

+ A O + — -—% =0,
Twze, Cs CTa I[G +(Z' 1/2

4[]
A = ég— - ﬁp%k CR,  (40)
0 cio
2 2 2 2
0(2 - mZRg — (CSe_C;')(CAe_CTZ) Rg (41)

(Che—Ca)(Cre—

Equation (39) is the most general of the presently
known nonlinear evolutionary equations for slow body
waves in magnetic flux tubes. This equation, which
includes the LR equation [16, 19, 20], the KdV equa
tion [25], and Eqg. (26) as particular cases, has no exact
analytic solution (like the LR eguation, which contains
similar integral terms). Thisiswhy the most interesting
question, in my opinion, is whether Eq. (39) has two
types of solutions, as does Eqg. (26), which is a particu-
lar case of Eq. (39). As may be seen from the numerical

Cr)
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results presented in Fig. 1d, the difference between
Egs. (39) and (26) that arises from different dispersion
termsin them islargest in thelong-wavelength limit. In
the long-wavel ength range, Eq. (39) simplifiesto

0B 5. °B_ 9B

at )\CTaZ 0z
® " B(z,t)dz “
, L _
+AT_3J- 2 2. 12 0.
0z 2 [a"+(Z-2)]

Equation (42) is based on approximate dispersion rela-
tion (18), which isthe most accurate of all approximate
dispersion relations for long-wavelength body waves
that have been obtained so far because it takes into
account both types of dispersion of the body waves (see
Fig. 1d). To the best of my knowledge, Eq. (42) has not
yet appeared in the theory of nonlinear waves[32]. The
KdV equation that was derived in [25] for slow waves
follows from Eg. (42) in which the integral term
describing the dispersion due to the response of the
external medium isignored. The LR eguation that was
obtained in [20] for body waves follows from Eq. (42)
in which the second term, describing the geometric dis-
persion, is discarded. The KdV equation has an exact
soliton solution corresponding to a solitary wave in the
form of a contraction running along a magnetic flux
tube[25]. Theclassical LR equation [16] for vortex fil-
aments and for surface waves in a magnetic flux tube
has a solution corresponding to a solitary wave [36] in
the form of a bulge running along the tube. The LR
equation for body waves [20] differs from the classical
LR equation in the sign of the dispersion term. Since
the dispersion terms have opposite signs, a solitary
body wave is a running contraction rather than a run-
ning bulge, as is the case with surface waves. Thus,
when two dispersion termsfrom Eq. (42)—the geomet-
ric dispersion and the dispersion due to the response of
the external medium—are considered separately in the
KdV and LR equations, they both lead to solutions in
the form of running contractions. Conseguently, it may
be stated that Eq. (42), aswell asmore general Eqg. (39),
has wave solutionsin the form of solitary contractions.
In the short-wavelength limit, the difference between
Egs. (26) and (39) isinsignificant becausethewave dis-
persion in this limit is essentially insensitive to the
response of the external medium (Figs. 1a, 1b, 1c). It
might then be supposed that Eq. (39), as well as
Eq. (26), has a second kind of solution in the form of
solitary bulges running along a magnetic flux tube.
Hence, it is possible to state that Eq. (39), like Eq. (26),
has two solutions, corresponding to solitary wavesin the
form of contractions and bulges running along the tube.

In the long-wavelength limit, Egs. (39) and (42) can
be used to determine the extent to which solitary body
waves are close in properties to solitons.
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3.2. Surface Waves

The sought-for evolutionary equation is derived by
rewriting dispersion relation (23) as

AC+IK
wD%HET———TEl:—l—DH\SCTkaI =0,

— Vint

(43)
Wp = (*)_kcintfv )\s = _AROv

where the notation A4 has been introduced for conve-
nience because, for surface waves, we have A< 0. This
dispersion relation yields the evol utionary equation

B \cH 1 0 o 8sn)
0T TG —Cogd10z | 5 oV

0B _
—EBE - 0,

where H(B) is the Hilbert transform operator,

(44)

H(B(z 1)) = i w.

—00

The Hilbert transform method for deriving evolu-
tionary wave equations from dispersion relations was
developed earlier in connection with the Benjamin—
Ono (BO) equation (see, e.g., [15]). The nonlinear term
added in Eq. (44) coincides with the nonlinear term in
the LR eguation, in which, as well as in Eq. (44), the
dependent variable is the longitudinal velocity. Unfor-
tunately, this nonlinear term does not take into account
nonlinear effects occurring outside the tube, although it
seems that they should be important in the case of sur-
face waves. This problem requires separate consider-
ation, which, however, goes beyond the scope of the
present study.

Equation (44) has two families of soliton solutions.
The solutions of one of the families describe solitary
waves in the form of bulges running along a magnetic
flux tube,

B
B = —a“ B,<0, (45)
1+(z-V1)/L
_ €B, _ ALC(4-€B/(Cr—Ciy))
V-7 L= B,  (49)

whose velocity in the laboratory frame of reference,
C; + V, ishigher than the tube vel ocity. These solutions
are nonsingular for any amplitude, and the characteris-
tic length of the bulge approaches the limiting value
L— AGC{/(Cr — C,) With increasing amplitude,
although the amplitude is restricted by the natural con-
straint B, + B, > 0. In the long-wavelength limit,
Eq. (44) is reduced to the BO equation, This is some-
what surprising in view of the fact that the BO equation
arises in the theory of slow surface waves in magnetic
dabs [15], while the surface waves in magnetic flux
tubes are described by the LR equation. The reason for
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thisisthat Eq. (44) was obtained from approximate dis-
persion relation (23), which, in the long-wavelength
limit, isless accurate than relation (15). The solutionsto
the LR equation and to Eqg. (44), however, do not quali-
tatively contradict each other in the long-wavelength
range because, in both cases, they describe solitary
waves in the form of bulges running along a magnetic
flux tube with a velocity higher than the tube velocity.
The solutions differ somewhat only in the velocity of the
bulges and in their characteristic widths and shapes.
Beyond the long-wavelength range, however, the dis-
crepancy remains large. Hence, the LR equation has a
soliton solution only for wave amplitudes smaller than a
certain critical amplitude, whereas EQ. (44) has asoliton
solution for arbitrary wave amplitudes. That the LR
equation has no soliton solutions in the form of solitary
wave with sufficiently large amplitudes [23, 24] follows
directly from the fact that, beyond the long-wavelength
range, the corresponding dispersion relation (15) cer-
tainly contradicts the exact dispersion relation (Fig. 2a).
Thus, we had to sacrifice some accuracy in the approxi-
mate dispersion relation in the long-wavelength limit in
order to obtain the evolutionary equation that has an
exact analytic solution over the entire wavelength range.

The second family of solutionsto Eq. (44) describes
solitary waves in the form of contractions running
along a magnetic flux tube,

B
B=—2—— B,>0, (47)
1+(z-V1)/L
_ €B; _ ACr(eB/(C1=Ciyt)) —4)
V=2 L= B, , (48)

whose velocity in the laboratory frame of reference,
C; +V, isaways less than the tube vel ocity. In contrast
to the case with body waves, the second family of solu-
tions exists for any values of the wave amplitude,
except for aspecial situation in which the characteristic

wavelength approaches zero at B = 4(C; — C,.,)/e.
The length of the contraction L, which is given by the
second of expressions (48), tends to zero as the ampli-

tude increases from zero to the critical amplitude B{™
and, for amplitudes greater than the critical amplitude,
it increases and approachesthelimiting value A;C/(C; -
C..e)- In actuality, however, because of the pressure
catastrophe, which will be considered in the next sec-
tion, the length of the contraction cannot be less than a
certain critical length at which the shock fronts begin to
develop within the contraction.

3.2.1. Canonical equation. Equation (44) is an
example of an evolutionary equation based on the dis-
persion relation

~ C,AKIK]
"T1+AKC/(C,—Cy) (49)
A>0, C,=C,
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where C, and C, arethe wave phase velocitiesat k —= 0
and k —» oo, respectively. By an appropriate coordinate
transformation, the evolutionary equation correspond-
ing to dispersion relation (49) can be brought to the
canonical form

u—aHu, + Huxx+2uu =0,

_ o)y (50)

(HH() = [y,
where a = C,/|C, — C,|. To the best of my knowledge,
evolutionary eguations like Eq. (50) have not yet
appeared in the theory of nonlinear waves [32]. With
a=0, Eq. (50) isthe classical BO equation.

Equation (50) has two distinct nonsingular soliton
solutions for waves with a normal and an anomalous
dispersion, respectively:

== . (51)
1+C°(x=Ct)/(aCx1)

T p—leF . (52)
1+C°(x+Ct)/(aCF1)

Regardless of the type of dispersion, Eq. (50) has two
families of solutions, which correspond to wavesin the
form of bulges or contractions running along a mag-
netic flux tube. Moreover, the length of the waves of
one type decreases monotonically with increasing
amplitude and approaches the limiting value L = a,
whereas the characteristic length of the waves of the
other type decreases to become zero (at C = 1/a) with
increasing amplitude and, at large amplitudes, it
increases and approaches the same limiting value.

Equation (50) also has simple solutions for periodic
nonlinear waves,

Ctanh, 53
T 1+ sech@,cos[C(x—Ct)/(aC+ 1)+ ]’ 3
B Ctanhq, (54)

1+ sech@,cos[C(x+ Ct)/(aCF 1) + Y]’

where @, and ), are constants. With a = 0, solution (53)
isthe known periodic solution to the BO equation [37].

3.2.2. Generalized equation. Recal that, in the
long-wavelength range, Eq. (44) is less accurate than
the LR equation. Dispersion relation (24) makesit pos-
sible to derive an evolutionary equation that isvalid for
waves of arbitrary wavelength and is free of this draw-
back. The desired partial differential wave equation is
obtained from the dispersion relation by the method
developed by Whitham [31], who showed that the dis-
persion relation V,;, = C(K) leads to the wave equation

% ¥ (%J'y(t, K(Z-2)dz =0, (55
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K(2) = %1 [ cte "ok (56)

The sought-for wave equation is derived by rewriting
dispersion relation (24) as

AC;
) K;(mx) — XK (mx
oK (MX) = =—E—=XKo(mX)

—AKCxKy(mx) = 0.

Thewave equation that is based on approximate disper-
sion relation (57) for surface waves can be reduced to

(57)

m v(z‘ t)dz' iy av
aTJ.[)\ +(z- 3/2 0z
AR,C;° 1 o’ O

2 CT—Cmnaraz%
. (58)
v(z,t)dZ
X =0,
_[,[ﬁ(z—z)z] .
CAl3Ce+(Y+1)CAl .2 _ 2.2
b = > ™) , AT=m RO!
2(Cs+Cy)

where v isthe longitudinal velocity. Thisis a generali-
zation of the LR equation [19, 20]. Like the LR equa-
tion, Eq. (58) has no exact analytic solutions. As for
numerical solutions to this equation, they can help to
refine the analytic solutions to Eq. (44). In the long-
wavelength limit, Eq. (58) is reduced to the LR equa
tion. To the best of my knowledge, Eq. (58) has not yet
been appeared in the theory of nonlinear waves [32].
This equation, like Eqg. (50), has two different families
of solutions, which describe waves in the form of con-
tractions or bulges running along a magnetic flux tube.
It is obvious that, in contrast to Eqg. (50), the solutions
of one of the families should be singular for sufficiently
small wave amplitudes because, in thelong-wavel ength
limit, all the three asymptotically equivalent equations
have only one solution, which describes waves in the
form of bulges. In other words, the existence of two
solutions to Eq. (50) over the entire range of possible
wave amplitudes is attributed to the fact that approxi-
mate dispersion relation (23) is not accurate enough in
the long-wavel ength range.

In the long-wavelength approximation, surface
waves seem to have much in common with solitons. In
the Introduction, it was pointed out that, based on the
results of numerical explorations of the MR equation
[21], Molotovshchikov [38] arrived at the conclusion
that nonlinear surface waves are solitons. In actuality,
however, the surface wave is not a perfect soliton and
the above conclusion is erroneous, because the MR
equation, as well as al the other known evolutionary
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wave equations, is based on an approximate dispersion
relation and thereby is nothing more than a model one.
In addition, it should not be thought that the numerical
solution carried out by Molatovshchikov [38] cannot be
said to furnish conclusive proof of the complete inte-
grability of the MR equation. What can give rise to
some doubt is the fact that, for sufficiently large wave
amplitudes or, equivalently, for sufficiently short wave-
lengths, the MR equation is reduced to the completely
integrable BO equation because, in this limit, the dis-
persion relation used by Molotovshchikov and Ruder-
man is reduced to arelation of the form w ~ k[k|. Con-
sequently, if the wave amplitudes chosen for numerical
simulations are not small enough for the solutions to
the MR equation to differ substantialy from the solu-
tions to the BO equation, the deviation of the solution
from being solitonic may pass unnoticed. Numerical
treatment of Eq. (58) can provide a more reliable
answer to the question about the extent to which non-
linear surface waves are close to solitons.

4. WEAKLY NONLINEAR WAVES
AND SHOCK FRONTS

Model equations for dispersive waves do not
describe the breaking of waves and the formation of
shock fronts when the wave amplitudes are sufficiently
large. An anaysis of many nonlinear physical prob-
lems, such as those about a hydraulic jump (or bore)
[31, 39], the flow of viscous liquid in an elastic tube
[40], the flow of bubbled liquid [41], and collisionless
shock waves, leads to the KdV B equation, which takes
into account not only dispersion and nonlinearities but
the damping as well. Since the KdV equation is a par-
ticular case of Eq. (26), it is natura to supplement it
with adissipative term that, in the case of space plasma,
describes the damping by viscosity and heat conduc-
tion. The generalized KdVB equation for body waves
of arbitrary wavelength that are described by dispersion
relation (11) reads

‘B_I?’__XCT _aSB —\C ag_B
ot C.-C 2 Ty3
S T6T622 0z (59)
_eBa_B+/\6_B O’
0 07

where the coefficient A depends on the viscosity and
thermal conductivity of the plasma. This equation has
two exact analytic solutions:

B = B,sech’((z—V1)/L)
—2B,(tanh((z=VT1)/L) + 1),

(60)
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_ (Cs=C)(2AC; +AL)
~ ((Cs=Cy)L+4ACy)e’
_ 2(Cs—Cy)(2AC; +AL)
© (Ce=CyLP+4AC,

Ba
(61)

Vv

_ BAC; % JACH(25AC; + 24A%(Cs—Cy))
B A

Solutions (60)—62) are ageneralization of the exact
analytic solution to the KdVB eguation that was
obtained quite recently as aresult of the joint efforts of
agroup of mathematicians (see [43] and the references
cited therein). For slow body waves in magnetic flux
tubes, the KdV B equation, which isaparticular case of
Eq. (59) in the long-wavelength limit, reads

3 2
9B _RcZB_g2Bin2B -
0t 0z 0z 0z

L

. (62)

(63)

and its unique solution, which coincides in structure
with solutions (60), depends on the parameters of the
equation as

5 o 3N’ _ 67 | _10AG
® 25ACre’ 25AC; A
Solutions (60) and (64) describe a smooth jump, which

differs from the function tanh(x) + 1 in a somewhat
larger width of the transition region.

Numerous studies of the KdV B equation by means of
its phase diagrams [42, 44, 45] showed that it has two
types of solutions that correspond to a shock wave and to
ahydraulic jump, which isaso called abore[39]. To the
best of my knowledge, there has been no discussion of the
physical meaning of the above exact solution to Eq. (63),
obtained by a combined effort of mathematicians,
athough it was mentioned that, in thelimit of small A val-
ues, the solution to Eq. (63) is not reduced to the solution
to the Burgers equation, which describes shock waves. In
fact, solution (64) implies that the characteristic width of
the shock front, L, should increase as /A decreases—a Sit-
uation diametrically opposite to that with a shock wave,
whose front should become narrower as A decreases. All
this indicates that solution (64) to Eq. (63) describes a
bore whose front, in contrast to the shock front, has a
finite width for any parameter values [39].

In order to compare solution (64) to Eq. (63) with
two solutions (60) to Eq. (59), wetake the limit of small
N\ vaues for these solutions:

. (64)

Hydraulic jump (bore) 00 B, = 3/\
5AC e
2 10AC (69
v=2N , L= Ly
25\C; A
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Cs-C
Shock wave [J B, = 526 I
12N\ (66)
V=Cs-C;, L=—F—=.
> 5(Cs-Cy)

It turnsout that, in thislimit, thefirst of two solutions (66)
coincides exactly with solution (64) to Eqg. (63) and,
therefore, describes abore. The second of solutions (66)
is alied in properties with a shock wave because, as
N\ — 0, the front width approaches zero, L — 0,
while the magnetic field jump B, and the wave vel ocity
remain constant. In the limit at hand, both of the waves
in the laboratory frame propagate with the speed of
sound. Hence, ashock waveis described by generalized
KdVB equation (59), which is valid for waves of arbi-
trary wavelength. This result is not surprising because
itisonly in an approximation valid for all wavelengths
that the narrow shock front can be described by taking
into account high-frequency modes. The higher the dis-
sipation, the lessthe difference between the shock wave
and the bore. In the limit of strong dissipation, the two
solutions (66) coincide,

NN S I - (o)
14€ AC; 7 AC,

(67)
L = +2,/6AC{/(Cs—Cy),

and, moreover, the front width of both of the wavesis
independent of the dissipation rate. Inthe limit of small
N values, however, the shock wave leads not to an
increase in the diameter of the tube, asimplied by the
Hugoniot conditions [29, 30] for shock waves in mag-
netic flux tubes, but rather to a decrease in the tube
diameter, which should be accompanied by a decrease
in entropy. This indicates that the shock wave is non-
evolutionary and thereby should break into severa dis-
continuities. For large A values, the shock waveis evo-
lutionary only under the condition A > AC(Cs— Cy),
i.e., whenitsvelocity inthelaboratory frameis positive,
C;+ V> 0. The exact condition for the wave to be evo-
lutionary can readily be found from expressions (61)
and (62). Hence, the shock wave is evolutionary only
when the dissipation is sufficiently strong, which
agrees completely with the theory of waves in disper-
sivemedia[42, 44, 45].

Solutions (60) and (64), which occupy a specia
position among al possible steady solutions to
Egs. (59) and (63), have two unusua properties. The
first is that they do not contain a free parameter and,
thus, the wave amplitude is not arbitrary but is deter-
mined by the parameters of the equation. This property
distinguishes solutions (60) and (64) from all of the
above solutionsfor solitary waves, into which the wave
amplitude enters as a free parameter. The second prop-
erty is that there are no oscillations behind the wave
front, although their presence in the limit of small A
valuesisimplied by all of the above-mentioned studies
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on nonlinear waves in dispersive media [42, 44, 45].
These two properties indicate that such waves can
occur only under some specific initial conditions. In
fact, it is known [39] that, under certain conditions,
oscillations behind the front of abore can bevery small.
Hence, exact analytic solutions to the KdVB equation
and to its analogue for waves of arbitrary wavelength
made it possible to determine the profiles of a shock
wave and a bore with nonoscillating fronts.

It should be emphasized, however, that specia care
must be taken when analyzing surface waves by means
of Eq. (59) because, in the limit of small A values, in
which the shock front becomes progressively narrower,
it turns out that the longitudina magnetic field and,
accordingly, the diameter of the magnetic flux tube
should changein ajumplike manner. The same assump-
tion was made in deriving the Hugoniot conditions[29,
30] for shock waves in magnetic flux tubes. In my ear-
lier paper [28], this problem was analyzed under the
assumption that a narrow shock front can occur in the
tube at a place where the derivative of the tube diame-

0R(2)
"0z
the tube surface. Thisisin direct analogy to the sharp-
ening of the crests of waves on the surface of aliquid,
but thereis one essentia difference. The wavesin mag-
netic flux tubes appear as bulges or contractions; hence,
the cusp can point outward from the tube or toward its
axis, respectively. In the latter case, the classical wave-
breaking mechani sm associated with the gradient catas-
trophe does not come into play; hence, the waves are
broken by the pressure catastrophe, occurring at the
necks of the contractions in accordance with Ber-
noulli’s law, which implies that the temperature and
density increase and the plasma is accelerated as the
magnetic flux tube narrows. This effect was first
pointed out in [46], where it was revealed in analyzing
the properties of solutionsto the KdV equationsfor the
body waves. The nonlinear wavebreaking mechanism
associated with the pressure catastrophe is possible
solely in amagnetic flux tube. The only mechanism that
always operatesin ahomogeneous plasmaisthe classi-
cal mechanism associated with the gradient catastro-
phe. On the other hand, the conditions for MHD waves
to be evolutionary cannot be reduced to the principle of
increase in entropy alone [47].

ter , isdiscontinuous, i.e., where a cusp arises at

Of particular interest is the possible onset of a bore
in a magnetic flux tube. Solutions (60) and (64)—(67)
imply that apronounced hydraulic jump in the bore can
occur only when the dissipation is sufficiently strong.
In the well-studied cases of a hydraulic jump [39] and
of collisionless shock waves [42], strong damping is
associated with the turbulence driven by the instability
of a multistream sheared flow within the wave front.
Turbulence can be generated in the event of the gradient
catastrophe in wavesin the form of bulges and pressure
catastrophe in waves in the form of contractions.
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5. CONCLUSIONS

Approximate dispersion relations for body and sur-
face waves of arbitrary wavelength made it possible to
derive a number of new evolutionary equations, in par-
ticular, those having exact anaytic solutions. These
equations exhibit unique properties because they have
two kinds of solutions corresponding to solitary waves.
To the best of my knowledge, such equations have not
yet been appeared in nonlinear physics. It was found
that the body and surface solitary waves can be in the
form of contractions or bulges of the magnetic flux
tube. Accordingly, the equations have two kinds of peri-
odic solutions. Some progress has also been achieved in
developing the theory of shock waves in magnetic flux
tubes, which is still in its infancy because all that was
hitherto known about this subject is the Hugoniot con-
ditions [29, 30]. Two analytic solutions to the general-
ized KdVB equation have been obtained that describe
the properties not only of shock waves but aso of non-
linear waves of the bore kind, which therefore can exist
in magnetic flux tubes too.

The main drawback of the present paper is like that
of the modern theory of slow waves in magnetic flux
tubes, specifically, the use of the same nonlinear coeffi-
cient that was evaluated in the thin-tube approximation.
In particular, the same coefficient is used to describe
both surface and body waves. But doing so is hardly
justified because the nonlinear coefficient for the sur-
face waves should depend on the parameters of the sur-
rounding plasma, while the coefficient used depends
only on the parameters of the plasma within the tube.
The nonlinear coefficient for waves of arbitrary wave-
length should also depend on the wavenumber; how-
ever, this is a subject of separate examination. In this
context, it should be stressed that the theory of nonlin-
ear slow waves of arbitrary wavelength in magnetic flux
tubes has reached nearly the same point of devel opment
as the theory of waves of arbitrary wavelength on the
surfaces of liquids. The BBM and Boussinesq equa-
tions are valid for waves of arbitrary wavelength
because they are based on the approximations to the
exact dispersion relation

o = gktanh(khy). (68)

These equations, however, contain the nonlinear
term that was obtained in the long-wavelength limit, as
is the case with the equations derived above for slow
waves of arbitrary wavelength in magnetic flux tubes.
The advantage of dispersion relation (68) over exact
dispersion relations (6) and (20) isthat the frequency in
it depends explicitly on the wavenumber. This made it
possible to derive an equation for waves of arbitrary
wavelength from the exact dispersion relation (see[31],
Section 13.14). The equation derived, however, is very
complicated and therefore was not explored in suffi-
cient detail. Moreover, al explorations dealt with the
eguation containing the nonlinear term obtained in the
long-wavelength limit (see [31], Section 13.14).
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Abstract—New types of beam-—plasma devices generating intense stochastic microwave radiation in the inter-
action of electron beamswith hybrid plasmawaveguides were devel oped and put into operation at the National
Science Center Kharkov Institute of Physics and Technology (Ukraine). The objective of the paper isto discuss
the results of theoretical and experimental studies and numerical simulations of the normal and oblique inci-
denceof linearly polarized el ectromagnetic waves on aninterface between avacuum and an overcritical plasma.
The main results of the reported investigations are as follows: (i) for the parameter values under analysis, the
transmission coefficient for microwaves with a stochastically jumping phase is one order of magnitude greater
than that for a broadband regular electromagnetic wave with the same spectral density; (ii) the electrons are
heated most efficiently by obliquely incident waves with a stochastically jumping phase and, in addition, the
electron distribution function has a high-energy tail; and (iii) necessary conditions for gas breakdown and for
the initiation of a microwave discharge in stochastic fields in a light source are determined. The anomalously
large transmi ssion coefficient for microwaves, the anomal ous character of the breakdown conditions, the anom-
alous behavior of microwave gas discharges, and the anomalous nature of collisionless electron heating, are

attributed to stochastic jumpsin the phase of microwave radiation. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

Litvak and Tokman [1] demonstrated that, because
of the classical analogue of the effect of el ectromagnet-
ically induced transparency in quantum systems, elec-
tromagnetic waves in a plasma can pass through the
region where they should be absorbed. Fainberg et al.
[2] showed that stochastic electric fields with a finite
phase correlation time can efficiently heat particlesin a
collisionless plasma, so physically the inverse correla-
tion time in the interaction between a particle and an
electromagnetic wave has in fact the meaning of an
effective collision frequency [2, 3].

The objective of the present paper is to determine
the conditions for the effective penetration of micro-
waves with a stochastically jumping phase into a high-
density plasma, to study the collisionless el ectron heat-
ing by it, and to utilize microwaves to initiate micro-
wave discharges in light sources. In Section 1, we dis-
cuss the results of theoretical investigations of the nor-
mal and oblique incidence of linearly polarized
electromagnetic waves on an interface between a vac-
uum and an overcritical plasma. The electron dynamics

T Deceased.

is described by the relativistic Vlasov eguation for the
electron distribution function together with Maxwell’s
equations for self-consistent electromagnetic fields
under the assumption that the ions are immobile. We
use the method [4] that not only provides a complete
nonlinear kinetic description of the electron dynamics
for a plasma of arbitrary density and for electromag-
netic waves of arbitrary intensity but also makes it pos-
sible to carry out numerical simulations by taking short
time steps in comparison to the electron plasma period.
We consider how an overcritical plasma is penetrated
by three types of waves, hamely, a microwave with a
stochastically jumping phase, a broadband regular
wave with the same spectral density, and a monochro-
matic wave.

The possible mechanisms whereby el ectromagnetic
waves penetrate through a wave barrier in aplasmaare
asfollows:

(i) linear and nonlinear conversion between differ-
ent types of waves,

(ii) linear and nonlinear echoes involving van
Kampen waves,

(iii) the linear induced transparency of a wave bar-
rier (“beam antennas’),

1063-780X/05/3109-0748%$26.00 © 2005 Pleiades Publishing, Inc.
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(b)

XRX

Fig. 1. Schematic representation of the computation region for the cases of (a) anormally and (b) an obliquely incident microwave.

(iv) collisional penetration of a wave into a wave
barrier, and

(V) penetration of awave into awave barrier due to
the jumps in its phase (this penetration mechanism is
associated with the fact that the transmission coefficient
is proportional to the time derivative of the wave phase,
which in turn is determined by the derivative of the
electric field)—an effect that is the subject of the
present study.

The known mechanisms whereby electromagnetic
waves can heat plasma particles are as follows:

(i) resonant absorption due to the synchronism
between a wave and a particle (the particle aways
oscillates in phase with the wave),

(ii) collisional absorption dueto theloss of synchro-
nism between a wave and a particle in collisions (as a
result, the absorption efficiency is proportional to the
ratio of the collision frequency to the wave frequency),

(i) linear and nonlinear absorption in anonuniform
wave, and

(iv) wave absorption due to the jumps in the phase
of the wave when it loses its synchronism with the par-
ticle—an effect that was investigated in [2] and is the
subject of the present study.

1. THEORETICAL STUDY OF THE NORMAL
AND OBLIQUE INCIDENCE
OF ELECTROMAGNETIC WAVES
ON AN INTERFACE BETWEEN A VACUUM
AND A HIGH-DENSITY PLASMA

1.1. Physical Model

Here, we describe the results of investigations of the
incidence of three types of eectromagnetic waves,
namely, amonochromatic wave, a stochastic wave with
a finite phase correlation time, and a broadband wave
with the same spectral density, from vacuum on a
plasma half-space. Numerical simulations were carried
out by means of two techniques: aparticle-in-cell (PIC)
method for solving the Vlasov eguation and a method
based on a grid splitting scheme (the SUR code). A
study of the transmission coefficientsfor different types
of waves showed that a monochromatic wave is
reflected from the plasma almost totally (except for its
front), whereas a stochastic wave is reflected only

PLASMA PHYSICS REPORTS  Vol. 31
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dlightly, due mainly to the penetration of the wave
pulses associated with stochastic jumps in the wave
phase. In turn, the transmission coefficient for a broad-
band regular wave having the same spectral density as
the wave with a stochastically jumping phase is much
less; thereason isthat, in this case, the plasmaslab sim-
ply actsas afilter that transmits waveswith the frequen-
cies w > w, (Where w, = (41€’n,/m)'” is the electron
Langmuir freguency, n, is the plasma density, e is an
elementary charge, and m is the mass of an electron)
and reflects others.

1.2. Formulation of the Problem

Numerical simulations were carried out for a com-
putation region x, < X < Xg that is shown schematically
in Fig. 1. Initially, a uniform electron plasma (n = n)
with a Maxwellian electron velocity distribution occu-
pies the half-space to the right of the point x = x,. The
background plasma ions are assumed to be immobile.
The electron plasmadensity n, isabovethecritical den-
sity (09, > o).

L et aplane-polarized electromagnetic wave with the
wave vector k = (k,, 0, 0) and with thefield components
E=(0,E,,0)andB = (0, 0, B, be normally incident on
the plasma from the left. In vacuum, in a cross section
x = X_that is sufficiently far from the plasma boundary,
the field components of a microwave with a stochasti-
cally jumping phase are given by the expressions

E (% t) = B (x1)
= Focos(wyt — kX + B (t)).

(1.1)

We consider a stationary Poisson process with the fre-
guency 1/t; specifically, we assume that, over a suffi-
ciently long timeinterval T, the phase ¢ undergoes, on
the average, T/t jumps. In each jump, the phase ran-
domly takes a value within the interval [-1t, 1) with
equal probability. The correlation coefficient for such a
stochastic process has the form (see, e.g., [3])

R(t) = exp%—@%cosooot,
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the spectral density being
1
(11" + (00— )’

We also consider a broadband wave with the same
spectral density but with time-independent phases ¢'
and time-independent amplitudes F'":

Ey(x 1) = By(x,t)

G(w) =

Ir Ir (1'2)
= Z Fo cos(wt—kx+¢ ).
|

Together with a wave undergoing stochastic phase
jumps and a broadband wave, we consider a regular
monochromatic wave with the electromagnetic field
components

mf mf
E =B
y (1) = B (x.1) 03
= Focos(wet —k X + ).
1.3. Basic Equations and Numerical Methods

The éectron dynamics is described by the Vlasov
equation for the electron distribution functionf(t, x, p,, p,):

of of V, 7 of
at T Vax~ e[EX s Bz}apx
Vy of _
—e[Ey—FBZ}a—py - O
In one-dimensional geometry, the longitudinal elec-
tric field E, can be determined from the Gauss formula,

(1.4)

B = Eulees, +47[ (O, (1.5)

In planar geometry, Maxwell’s eguations for the
electromagnetic field,

E(E’.F aBZ - 4t

cat ox ¢l
10B, 0E, _
cot L ax 0,

can be decoupled by introducing the auxiliary fields
*=E B,

Lo, 00+ _
oot~ o

where the charge density and the transverse current
density are given by the expressions

p e(no—jf(x, p)dp),
—eJ'Vy(x)f(x, p)dp.

4Tt.
Tl

(1.6)

1.7)

Iy

KARAS’ et al.

The boundary conditions for the longitudinal elec-
tric field and the transverse auxiliary fields have the
form

Eiy_x =0, F

X=X, +|X:XL = F(t),
(1.8)
—F|x=x = O,

where the function F(t) is given by expression (1.1),
(1.2), or (1.3).

The above equations were solved numerically using
the SUR code [4-6].

1.4. Smulation Results

Numerical simulations of a normally incident elec-
tromagnetic wave were carried out for the following
parameter values: V,~ = 3Vr, wy = 0.503, T=40/w,
and Xg — X_ = 20007, (here, V; is the electron thermal
velocity and A isthe Debyelength). Thetotal runtime
of the code is T = 5000/wy,. The numerical results are
illustrated in Figs. 2—4. The transmission coefficient for
a wave is defined as the ratio of the electromagnetic
wave energy at the point X = Xy (i.e., the energy that has
passed through the plasma) to the energy of theincident
wave at the point x = x, (with allowance for the corre-
sponding time shift).

The incident electromagnetic wave is mostly
reflected from the plasma slab, without having any sig-
nificant effect on the plasmaelectrons. Thelongitudinal
fields in the plasma are weak (two to four orders of
magnitude weaker than the transverse fields). During
the run time of the code (5000/w,), the longitudinal
energy of the electrons (as well as their temperature)
changes by no more than 1%. The electron distribution
function remains nearly Maxwellian, but a small frac-
tion of the electrons (about 10*) are accelerated in both
directions from the plasma boundary.

A monochromatic wave isreflected from the plasma
almost totally (except for its front). A stochastic wave
isreflected to alesser extent due mainly to the penetra-
tion of the wave pulses associated with stochastic
jumps in the wave phase. The transmission coefficient
for abroadband wave with the same spectral density as
that of awave undergoing stochastic phasejumpsisone
order of magnitude less because, in this case, the
plasma slab simply acts as afilter that transmits waves
with the frequencies w > w, and reflects others.

The oblique incidence of an electromagnetic wave
was simulated for the same parameter values as those
for the normal incidence, the only difference being in
thelength of thetimeinterval, T =2500/w,,. Inthiscase,
the electromagnetic wave incident on the plasma has a
strong impact on the electron dynamics, especially at
large angles of incidence. The longitudinal electric
fields in the plasma are close in strength to the trans-
verse fields. The longitudinal energy of the electrons
and their temperatureincrease severalfold. The electron
PLASMA PHYSICS REPORTS  Vol. 31
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Fig. 2. Spatial profiles of the amplitudes of theincident (F*) and reflected (F~) waves and of the components of the transmitted wave
(Ex, Ey, B for the case of amicrowave with a stochastically jumping phase. The plasma boundary is at x = 0.

distribution function becomes non-Maxwellian: it hasa
tail of accelerated electrons. The energy of the incident
transverse waveis partially converted into the energy of
the longitudina wave and partially into the electron
energy.

In order to illustrate the practical importance of the
situation under examination, we present characteristic
waveforms of stochastic signalsin actual beam—plasma
generators [7-9].

From Fig. 5 we can see that stochastic jumpsin the
phase of the signal occur very frequently (after each
two to three periods or even more often).

2. EXPERIMENTAL INVESTIGATION
OF THE PASSAGE OF STOCHASTIC
ELECTROMAGNETIC RADIATION
THROUGH A HIGH-DENSITY PLASMA

The passage of stochastic electromagnetic radiation
from a broadband generator [10] through a plasmawas
investigated experimentally on the device [11] whose
block diagram is illustrated in Fig. 6. The plasma in

PLASMA PHYSICS REPORTS  Vol. 31

No. 9 2005

cavity 2 was created by M-571 magnetron / with acon-
trolled output power (W < 2.5 kW), operating at afre-
guency of f =2.475 GHz.

The working gas (deuterium) was puffed into and
pumped out of cavity 2 through pipes 3 and 4. The mir-
ror magnetic field (whose longitudinal profileis shown
in Fig. 6a) was produced by solenoids 5, positioned at
the ends of cavity 2.

It should be noted that, although the experimental
investigations were carried out under conditions differ-
ent from those analyzed theoretically in Section 1 (the
experiments were performed with a short plasma cav-
ity, rather than with a semi-infinite plasma, and with a
nonzero external magnetic field), an important point, as
will be clear later, isthat they justified the main conclu-
sion of Section 1 that microwaves with a stochastically
jumping phase can penetrate far deeper into the plasma
than a broadband wave with the same spectral density.
Preliminary experimental results were reported in [12].

A signal from G4-76A generator 6 of regular waves
or from broadband generator 7 of microwaves with a
stochastically jumping phase was fed through coaxial
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Fig. 3. Spatial profiles of the intensities of the incident (F*) and reflected (F~) waves and of the electromagnetic field components
of the transmitted wave (E,, Ey, B,). The plasma boundary is at x/Ap = 1500. The wave phase undergoes regular jumps after each

timeinterval of length T = 40/,

T-connector 8 and E6-32 ferrite isolator 9 and then
through coaxial line 10 to emitting probe 11, placed at
the device axis. The signa that had passed through
plasma-filled cavity 2 was received by probe /2 and
was fed through E6-32 ferrite isolator /3 and coaxial
T-connector /4 to S4-60 spectrum analyzer /5 or to
S7-19 oscilloscope 16. Ferriteisolators 9 and 13 served
to suppress the signal from magnetron 1. The emitting
and receiving probes of length | = 100 mm and diameter
d = 1 mm were the end portions of the central conduc-
tors of an RK-2 coaxial cable. They were protected
from contact with the plasma by ceramic tubes with an
outer diameter of 4 mm. In experiments, the position of
the emitting probe was fixed, the distance between its
end and the end of the cavity being 45 mm. The cavity
was a stainless-steel cylindrical chamber with adiame-
ter of D =50 cm and length of L =50 cm. At both ends,
the main cavity was equipped with beyond-cutoff (for
the electromagnetic waves under investigation) auxil-
iary cavities.

The density of the plasma created in the cavity by
the magnetron could be varied from 10° to 10'° cm™3 by
varying the magnetron power. The dependence of the
plasma density on the magnetron current at a working
gas pressure of p=15 x 107 torr isshown in Fig. 7.

We aso investigated how the plasma density
depends on the working gas pressure and found that this
dependence was far weaker than that on the magnetron
current. Thisiswhy we varied the plasmadensity in the
cavity at a constant gas pressure only by varying the
magnetron current.

The signalsfrom aG4-76A generator or from agen-
erator of stochastic radiation (the amplitude—frequency
characteristics of these signalsare shown in Figs. 8-12)
were fed to the cavity through an emitting probe 7/
installed in afixed position. The signal that had passed
through the plasma was received by probe 72, which
could be installed in one of the four fixed positions
within the cavity, and then was fed to the spectrum ana-
lyzer. Since there was asmall number of eigenmodes of
PLASMA PHYSICS REPORTS  Vol. 31
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Fig. 4. Spatial profiles of the energy of the longitudinal field of the regular radiation (W, curve 1), stochastic radiation (Ws, curve 2),
and radiation whose phase undergoes regular jumps after each timeinterval of length t (W, curve 3).
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Fig. 5. Microwave signal with a stochastically jumping phase from a beam—plasma generator.

the plasma waveguide with frequencies below 1 GHz, positions of the probe that corresponded to the nodes or
it was expedient to identify them by choosing four such  antinodes of these eigenmodes.

PLASMA PHYSICS REPORTS Vol. 31 No. 9 2005



754

1 1 1 1
250 500 750 1000 1250 L,cm

(b)

Pumping-out
B e

5 5

11 12

Fig. 6. (a) Longitudinal magnetic field profile in the exper-
imental setup for investigating the passage of stochastic
electromagnetic radiation through a plasma and (b) block
diagram of the experimental setup: (1) magnetron, (2) cav-
ity, (3) pumping-out, (4) gas puffing, (5) solenoids, (6) G4-
76A generator, (7) generator of broadband stochastic radia-
tion, (8, 14) T-connectors, (9, 13) ferrite isolators,
(20) coaxia line, (11) emitting probe, (12) receiving probe,
(15) $4-60 spectrum analyzer, and (16) S7-19 oscill oscope.
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Fig. 7. Plasmadensity vs. magnetron current.
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2.1. Results and Discussion

Let us analyze the structure of a stochastic signal
from a broadband generator after it has passed through
the plasma. The corresponding results obtained for a
low-density plasma (n, =5 x 10° cm) and a high den-
sity plasma(n, = 10'° cm) are presented in Figs. 9-11.
It can be seen that the signalsthat arrive at the receiving
probe at different positions have different amplitude—
frequency characteristics. Note that the conditions of
our experiments correspond to a magnetized plasma,
because the electron gyrofrequency wy,. exceeds the

electron Langmuir frequency, mﬁ,e > oof).

It is known that, in this case, the eigenmodes of the
system under discussion exist in two different fre-
guency ranges. These are the ranges of working fre-
guencies w above the cutoff frequency g, =

A/oo,f + czké (where k; = 2.4/R, with R being the cavity
radius) and below the electron Langmuir frequency .
The range of frequencies of up to 1 GHz, which was
investigated in our experiments, overlaps with both of
them. In this frequency range, the number of eigen-
modes of the plasma cavity is small. However, the
waveforms of the signals show the presence of many
unnatural waves that are attributed to the small cavity
length and the short distance between probes 7/ and 12
(the amplitude of the waves excited by probe /7 cannot
decrease substantially over such a short distance). The
maximum in the amplitude of the transmitted stochastic
signa in the high-frequency range at a frequency of
f,a = 800 MHz (Fig. 10a) corresponds to the first radial
harmonic with a longitudinal field structure such that
there are two minima at the cavity ends and one maxi-
mum at the center of the cavity. Notethat, in Fig. 10, the
signal amplitude at this frequency is somewhat lower
than its maximum val ue, because the receiving probeis
displaced from the center of the cavity (the case in
which the receiving probeis placed just at the center of
the cavity is presented in Fig. 11). The maximain the
amplitude of the stochastic signal in the high-frequency
range at afrequency of f,, = 950 MHz (Figs. 9a, 9c) cor-
respond to the first radial harmonic with alongitudinal
field structure such that the longitudinal wavelength is
equal to the cavity length, i.e., the field has a maximum
and a minimum within the cavity and vanishes at the
center of the cavity and at its ends. We can see from
Fig. 11 that the signal amplitude at this frequency is
minimum at the center of the cavity (that it is minimum
rather than zero stems from the fact that the probe is
extended rather than pointlike) because the amplitude
of the mode in question is maximum at distances from
the cavity ends that are equal to one-quarter of the cav-
ity length. The next eigenmode of the cavity corre-
sponds to the first radial harmonic with a longitudinal
field structure such that the cavity length is equa to
1.5 longitudina wavelengths, i.e., the field has three
extremes within the cavity and is zero at the cavity ends
PLASMA PHYSICS REPORTS  Vol. 31
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Fig. 8. Amplitude—frequency characteristics of the signals
from (a) the G4-76A generator and (b) the generator of sto-
chastic radiation.

and between the extreme points. However, even in the
absence of plasma, the frequency of this eigenmode is
higher than 1 GHz, i.e., is beyond the frequency range
under investigation. A further increasein the magnetron
current results in a corresponding increase in the
plasma density and, accordingly, in the frequencies f,
and f,, which thus turn out to be above the working
range of frequencies. Recall that, first, in the low-fre-
guency range, the eigenmodes of the cavity can propa-
gate within it only when it isfilled by a plasma of cor-
responding density, and, second, the existence of unnat-
ural waves is a consequence of the small geometric
dimensions of the cavity and the short distance between
the probes. These two remarks refer in full measure to
both stochastic and regular signals.

Let us analyze the passage of a regular signal
through the cavity, compare the results obtained with

A, arb. units
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those for microwaves with a stochastically jumping
phase, and examine the degree to which they agree with
the theoretical results presented in the first part of this
paper (see also [6]). Figure 12 shows the amplitude-
frequency characteristic of a regular signal that has
passed through the cavity (a) without aplasma, (b) with
alow-density plasma (n, = 5 x 10° cm™), and (c) with
a high-density plasma (n, = 10'° cmr). From Fig. 12a
we can see that, in the absence of plasma, regular sig-
nals at frequencies higher than 400 MHz pass through
the cavity; in this case, the cutoff frequency is equal to
478 MHz, which corresponds to the critical wavelength
(Ae = 2.62R) for the E;; mode. It is also seen that the
peaks corresponding to the eigenmodes of the cavity
are pronounced only dightly. In order for the transmit-
ted signals from an incident regular wave and from an
incident wave with a stochastically jumping phase to
have the same amplitude, the amplitude of the former
should be one to two orders of magnitude larger than
that of the latter. This provides evidence for alow effi-
ciency of the excitation of wavesin the cavity by areg-
ular signal, on the one hand, and for alack of selectivity
between eigenmodes and unnatural waves during the
passage of aregular signal, on the other hand.

2.2. Conclusions

Our experimental investigations of the excitation of
regular and stochastic electromagnetic waves in plas-
mas of different densities and their passage through a
cavity allow usto draw the following conclusions:

(i) A regular wave excites a cavity less efficiently
than does a wave with a stochastically jumping phase
(in order for the transmitted signals from an incident

400 600 800 1000
f, MHz

0 200

400 600 800
f, MHz

0 200 1000

Fig. 9. Frequency spectrum of astochastic signal that has passed through a plasma of density n, = (a, ¢) 5 x 10% and (b, d) 10" cm™.
The distance between the emitting and receiving probesis (g, b) 14.0 and (c, d) 33.5 cm.
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Fig. 10. Frequency spectrum of a stochastic signal that has
passed through a plasma of density n, = (a) 5 x 10° and

(b) 1010 cm3. The distance between the emitting and
receiving probesis 27.0 cm.

regular wave and from an incident wave with astochas-
tically jumping phase to have the same amplitude, the
amplitude of the former should be one to two orders of
magnitude larger than that of the latter).

(if) Asaregular monochromatic signal excitesacav-
ity and passes through it, selectivity between eigen-
modes and unnatural wavesis lacking.

Theresults of our experimental investigationsarein
satisfactory qualitative agreement with the theoretical
predictions.

3. MICROWAVE DISCHARGE INITIATED
BY WAVES WITH A STOCHASTICALLY
JUMPING PHASE AND ITS APPLICATION

In 1992, specidists from the Fusion System Corpo-
ration (Maryland) designed a highly efficient light
source operating in the quasi-solar spectral region and
based on an el ectrodel ess microwave gas dischargein a
sulfur-containing tube [13]. The continuous (molecu-
lar) spectrum of high-power optical radiation from a
sulfur-containing lamp resembles that of the Sun, but
with depressed levels of IR and UV radiation. In Octo-
ber 1994, the Fusion Lighting Company, Inc. (Wash-
ington, DC) demonstrated two efficient light systems,
which attracted the attention of experts and potential
consumers to new light sources, the development of
which was perceived as a very important technological
breakthrough immediately before the 21st century. The
first light sources based on a sulfur-containing tube
were pumped by two 1.7-kW magnetrons operating in
the frequency range from 915 to 2450 MHz. The best
results were achieved in 1996: the light flux from a
lamp was 480 kim, and the light-output efficiency was
95 Im/W.

KARAS’ et al.
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Fig. 11. Frequency spectrum of a stochastic signal that has
passed through a plasma of density n, = (a) 5 x 10° and

(b) 1019 cm 3. The distance between the emitting and
receiving probesis 20.6 cm.

The physical mechanism underlying the operation
of sulfur-based lamps is the emission of photons in
guantum transitions between the energy states of evap-
orated sulfur molecules that are excited or ionized by a

A, arb. units
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Fig. 12. Frequency spectrum of a regular signa that has
passed through a cavity () without a plasma (n, = 0) and

with aplasmaof density n, = (b) 5 x 10° and (c) 10%% cm™.
The distance between the emitting and receiving probes is
33.5cm.
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microwave discharge within a small volume bounded
by a spherical quartz shell.

The conversion of the microwave (pump) energy is
into optical radiation proceeds as follows: Just after the
amplitude of the electric component of the microwave
field in the cavity (in the region where the sulfur lamp
is placed) increases to a breakdown value, a microwave
discharge is initiated in a buffer gas (argon) saturated
with sulfur vapor (initially, sulfur isin asolid state). In
this stage, the lamp radiates not a continuous spectrum
but rather individual spectral lines corresponding to
typical energy transitions in argon and sulfur atoms,
including pronounced IR and UV lines. As the micro-
wave energy is absorbed by a low-pressure discharge
and as the number of ionization events increases, the
plasma density increases and the bombardment of the
inner shell surface (which has been coated with sulfur
in the course of previous discharges) by the charge par-
ticles (primarily, by the electrons, which are the most
mobile charge carriers) intensifies. During the bom-
bardment by the charge particles (which move mainly
along the microwave electric field), the shell is rapidly
heated, the sulfur is partially evaporated, and the pres-
sure increases. This process consists of two steps: the
melting of different polymorphic forms of sulfur (the
melting pointsbeing 112.8 and 119.3°C) and their com-
plete evaporation (the boiling point being T, =
444.6°C); as aresult, the concentration of sulfur mole-
cules within the shell becomes fairly high. In a stable
plasma operating mode (a high-power discharge), the
spectrum of the resulting optical light has a molecular
character: it reflects transitions between numerous
energy levels, including the rotational and vibrational
degrees of freedom of the molecules, and thereby is
guasi-continuous. The emission spectrum possesses
this property at different microwave powers and differ-
ent initial amounts of sulfur in alamp of agiven size.

The main problems associated with microwave
pumping are as follows (see, e.g., [14]):

(i) To choose the power of a microwave signal and
its shape (continuous or amplitude-modulated).

(i) To design amicrowave transmission line from a
microwave source (generator) to a load (electrodeless
lamp), to construct a transmitter (whose operating
regime should depend on the mode of microwave radi-
ation), and to provide an appropriate topography of the
microwave field in the region whereit interactswith the
working substance of the lamp (just after the generator
is switched on and in the plasma operating mode).

(iii) To maintain the stable operation of the micro-
wave generator loaded by the lamp, whose parameters
change substantially during the development of a
microwave discharge (from the switching on of the gen-
erator up to the beginning of the steady-state plasma
operating mode).

(iv) To prevent undesirable microwave emission at
the pump frequency f,, and its harmonics (2f,, ..., 5f,,
..., nf,) into the surrounding space (if only the optical
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Fig. 13. Thresholds for microwave breakdown of argon
(borrowed from [15]).

light is intended for use) and to ensure environmental
safety and electromagnetic compatibility, a closely
related task being to find compromise between the opti-
cal transparency of thewall of the microwave cavity (in
which microwave fields interact with the plasma) and
undesirable microwave emission.

The underlying problem is that of choosing the
microwave field frequency so as to satisfy the require-
ment that the input microwave power be minimum. In
order to determine the working microwave frequency, it
is hecessary to compare three parameters. the diameter
of the shell A (A =1-2 cm), the electron mean free path
[, and the electron oscillation amplitude A. Discharges
in argon that evaporate sulfur (which is an electronega-
tive element) can be initiated only when the electrons
oscillate within a quartz shell, i.e.,, when A < A/2. The
capture of electrons by sulfur molecules can only be
balanced by intense ionization. The amplitude of the
electron oscillations in amicrowave field is equal to

eE,

M./ & +vZ
where v, isthe collision frequency, E; isthe microwave
field amplitude, and w is the oscillation frequency. For
V. > w, the desired inequality is satisfied when
2eE,/(mvwA) < 1. Thisindicatesthat the boundary fre-
guency depends on the diameter of the quartz shell, the
pressure within it, and the microwave (or RF) field
intensity. It is known (see, e.g., [15]) that, for all gases,
the dependence of the threshold field for gas break-
down on the pressure has a minimum that separatestwo
branches (Fig. 13). Along the left branch, the threshold
field decreases with increasing pressure and the situa-
tionisasfollows: the higher the field frequency and the
smaller the discharge chamber, the stronger the thresh-
old field. Along the right branch, the threshold field
increases with increasing pressure and its dependence
on the size of the discharge chamber and on the micro-
wave field frequency becomes increasingly less pro-
nounced; in the limit of high pressures, this dependence

A= 3.1)
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is negligibly weak and the right branches at any size of
the discharge chamber and any microwave field fre-
quency asymptotically approach a single branch.

All these results can be qualitatively explained by
reference to an elementary analysis of the rate at which
an electron gains energy in an alternating electric field
and by using the criterion for breakdown. The ioniza-
tion rate is primarily determined by the time during
which the energy of an electron increases to a level
dlightly above the ionization energy of a gas (hereafter,
we are interested in argon), |,, = 15.76 eV. In order to
estimate the threshold for breakdown, we first consider
discharges in argon at low pressures. In this case, the
electron diffusion is very rapid and the diffusive elec-
tron losses are large. To balance them, it is necessary
that theionization rate be high, i.e., the electromagnetic
field be strong. In strong fields, however, elastic colli-
sions play an insignificant role in electron energy
losses. The electron energy does not exceed | ,, because
an electron with such a high energy immediately loses
it in ionization events. Consequently, only a limited
fraction of energy is transferred from an electron to an
atom per elastic collision, (Agg) . = QMYM)I .. Asfor
the amount of energy Ag; gained by an electron in col-
lisonsin an aternating electric field, it is proportional
to Eg; so, for the sufficiently strong fields required to
balance large diffusive losses, we have Agg > (A€,),x-
Ignoring the energy losses in elastic collisions and
assuming that the elastic collision frequency is much
lower than the electromagnetic field frequency (v, <<

w), we find that, in the limit of low pressures, the ion-
ization rate in argon is approximately equal to

rde 1 _ e2E§vp

(E.) = = =
VI( 0) [UtDEIAr mwzlArl

(3.2)

where v, is the transport collision frequency. In accor-
dance with the criterion for steady breakdown, we have
v;(Ey) = vp = D/A? (Where vy, isthe collision frequency
corresponding to the diffusion of electrons from a
region with acharacteristicsize A and D isthediffusion
coefficient). Consequently, for low pressures, the rms
threshold field is equal to

_ (Dmw’l A,Dllz
= U4 .
Oe'Av, U

For regular microwave radiation, the threshold field
just obtained is directly proportiona to the frequency
and is inversely proportiona to the gas density (pres-
sure) and the size of the discharge region, in complete
agreement with the known experimental data (see, e.g.,
[15]). For afield frequency of f = 1 GHz, the minimum
threshold field for breakdown, E, = 60 V/cm, corre-
sponds to an argon pressure of nearly 133 Pa. It should
be noted that the microwave range is preferable from

the standpoint of minimizing the breakdown field. It is,
however, inexpedient to further increase the field fre-

(3.3)

tr
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guency because the el ectron mean free path satisfiesthe
relationship Aw. Indeed, for low pressures, we have A [
1/wY, so the electron mean free path decreases with fre-
guency. It is clear that the discharge should be initiated
over the entire volume within the shell. This can be
done when the penetration depth o of the microwave
field into the plasmais comparableto the shell radiusA.
The depth to which microwaves penetrate into a con-

ducting plasmaisequal to 6 = ¢//2TTow = A\, where o
is the plasma conductivity.

An important task is to determine the power of a
microwave generator that is required to initiate a dis-
chargein abuffer gasand thento maintainitin aplasma
after the evaporation and ionization of sulfur.

Recall that, for microwave discharges in regular
electromagnetic fields, the threshold field is minimum
when the collision frequency is equal to the electro-
magnetic field frequency (see, e.g., [15]). Thus, at afre-
guency of f =3.0 GHz, the minimum threshold field for
breakdown of Ar at a pressure of about 650 Pa is
500 V/cm. Such field strengths can be achieved in a
cavity in which one of the walls is transparent to light.
In the situation under analysis, the electric field ampli-

tude E, isproportional to ~/100P(W)Q, where P(W) is
the generator power in watts and Q is the quality factor
of the cavity. It follows from this that, for Q = 100, the
microwave power should be 25 W. The effective ampli-
tude of the alternating electric field, E g, which should
exceed the threshold field Ey,, is smaller than E:

EO Vc

S ST
2N+ w
Hence, in order to excite a plasmaby regular micro-

waves, the power of the generator should be about
100 W.

In the present paper, we propose to initiate micro-
wave discharges in argon containing sulfur vapor by
microwaves with a stochastically jumping phase. The
advantages of this method are as follows:

(i) such microwaves are capable of initiating dis-
charges at lower gas pressures because the jumping
phase slows electron diffusion,

(ii) the jumps in the phase ensure that the collision-
less electron heating is not accompanied by energy
lossesin elastic and inelastic collisions, and

(iii) a uniform microwave discharge is easy to ini-
tiate because microwaves with astochastically jumping
phase can deeper penetrate into an overcritical plasma.

A discharge excited in argon heats the quartz shell,
leading to the evaporation of sulfur and producing a
sulfur-containing argon plasma. The luminescence of
argon is then followed by light emissions from the
polymorphous sulfur, whose spectral properties have
much in common with those of solar radiation. The
pressure of sulfur vapor is determined by the amount of

Ee (3.4)
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sulfur within the quartz shell. Usually, sulfur concen-
trations of about 2-5 mg/cm?® are sufficient.

The field required to maintain a discharge in a
plasma is far weaker than that needed for gas break-
down. The amplitude Ey of the maintaining field is
related to the plasma electron temperature by the rela-
tionships [15]

kBTe J IAr ] 2
eXp=/———— = const(pR
IAr pD(BTeE| (p )

= 1.27x 10'c2(pR)?,

m [3ksT
Ba = GV (@ V).

where Risthe radius of the discharge channel and M is
the atomic mass of the gas. The value of the constant ¢;
depends on the sort of gas; for instance, for argon, we
have c; =4 x 102. The channel radiusisR~ 1 cm; there-
fore, for a pressure of nearly 100 Pa, the electron tem-
perature (which decreases with increasing pressure) is
equal to T, =3 x 10* K. Let us substitute this value of
T, into the expression for Eg.

For v, < w, the maintaining field amplitude E; is
equal to

mw |3kgT 2rimc® [3kgT
S T e e O
Mc

For molecular sulfur (Mc? = 50 GeV), we have E4 ~
0.4 V/cm. The field Ey increases with v, and reaches a
level of 1-2 V/cm when v, becomes higher than w. It
should be taken into account, however, that the el ectron
temperature T, decreases with increasing v.. Note also
that formula (3.6) isvalid only for elastic collisions. To
maintain adischargein aplasmain which inelastic col-
lisions play an important role, the field E; should be
raised by approximately one order of magnitude.

Let usnow consider the conditionsfor breakdownin
argon by microwave radiation from the generator
described in [9]. The working frequency of this gener-
ator is 400 MHz, the mean rate of the phase jumps
being v;, = 2 x 10® s7'. It isimportant to keep in mind
that, when the electron energy increases from zero to
the ionization energy |,,, the cross section for elastic
collisions of electrons with argon atoms varies greatly
(by afactor of about 30), being at its maximum several
times larger than the ionization cross section corre-
sponding to electron energies of 15-20 eV. This makes
it possibleto initiate dischargesin argon by microwaves
with a stochastically jumping phase at pressures as low
as 4 Pa. In this case, the mean rate of phase jumpsis
equal to the maximum elastic collision frequency,
which correspondsto electron energies close to theion-
ization energy. Operation under such conditions is
advantageous in that, first, no energy is lost in elastic
collisions, and, second, due to the jumps in the phase,

(3.5)
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Fig. 14. Block diagram of a microwave-discharge-based
light source: (1) power supply unit, high-power microwave
generator, and matching system; (2) quartz shell filled with
an Ar=S gas mixture; (3) microwave cavity and light output
system; (4) lightguides; and (5) system for rotation and
forced cooling of the quartz shell.

the electron diffusion remains insignificant and the
electromagnetic energy is efficiently transferred to
electrons. Considering the effective rate of the phase
jumps as the transport collision frequency v, and sub-
stituting it into expression (3.3), wefind that, in the case
at hand, the required threshold field does not exceed
50 V/cm, which agrees well with the results of prelim-
inary experiments on determining the threshold electric
field of microwaveradiation with astochasticaly jump-
ing phase.

We thus have estimated the electric field required to
initiate and maintain a discharge in a shell containing
an Ar—S mixture.

Our numerical simulations and preliminary experi-
ments show that, in order to initiate a microwave dis-
charge at afrequency of 450 MHz in argon at apressure
of 4 Pa, the microwave eectric field strength should be
about 50 VV/cm, whereas sulfur vapor can be excited by
an electric field of 25 V/cm, which can easily be
achieved with an input power of several hundred watts,
even without using discharge chambers equipped with
microwave cavities. With the use of such chambers, itis
possible to substantialy reduce the generator power.
The block diagram of a microwave-discharge-based
source of visiblelight isshownin Fig. 14 (whichisbor-
rowed from [16]).

In a sulfur-based light system (SLS) demonstrated
by the Fusion Lighting Company, Inc., the shell is
placed within a chamber that is opaque to microwaves
but is transparent to visible light. The working micro-
wave frequency of this system, 450 £ 50 MHz, is con-
sistent with standards adopted for industrial, scientific,
and medical applications. With the version of the light
system proposed by the company, it becomes possible
to design compact low-power SLSs, in addition to the
already existing traditional SLSswith output powersin
the kilowatts range [13, 14, 16], which are usually
based on 2450 + 50-MHz magnetrons. The systems for
rotation and forced cooling of the shell ensure athermal
regime that does not destroy the quartz shell filled with
an Ar=S gas mixture. Inside the microwave chamber,
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the shell rotates at a rate of 600 rpm. Technologically,
the engineering design of the device in question should
ensure maximum light yields from a cavity utilizing
harmless microwave radiation consistent with the
adopted standards. Experts from the Fusion Lighting
Company, Inc., propose to fabricate cavities from grids
and additional mesh screens. An important role in the
system proposed by the company is played by a para-
bolic reflector and aprism lightguide. The practical role
of the parabolic reflector is to ensure that light is emit-
ted into a hollow prismatic lightguide. The shell is
inserted into the cavity positioned at the focus of the
parabolic reflector. A speciadly devised array of light-
guides serves as an efficient means to transmit light to
consumers. This technology makes it possible to use
lightguides whose surfaces partially reflect light and
partialy transmit it to form a required distribution of
the output light intensity. The parameters of the light-
guides are as follows:. they are acrylic, and their walls
are as thick as 3 mm, the outer diameter and length
being 250 mm and 28 m, respectively.

Such light sources makeit possible to obtain consid-
erable (multifold) energy saving, while simultaneously
increasing the level of illumination. They are demon-
strated in the American Museum of Astronauitics.

4. CONCLUSIONS

New types of beam—plasma generators of intense
stochastic microwave radiation were devel oped and put
into operation at the National Science Center Kharkov
Institute of Physics and Technology (Ukraine). In the
present paper, we have discussed the results of theoret-
ical and experimenta studies and numerical simula
tions of the normal and oblique incidence of linearly
polarized electromagnetic waves on an interface
between a vacuum and an overcritical plasma. The
main results of our investigations are as follows: (i) for
the parameter values under consideration, the transmis-
sion coefficient for microwaves with a stochastically
jumping phase is found to be one order of magnitude
greater than that for a broadband wave with the same
spectral density; (ii) the electrons are shown to be
heated most efficiently by obliquely incident waves
with a stochastically jumping phase and, in addition,
the electron distribution function has a high-energy tail;
and (iii) necessary conditions for gas breakdown and
for the maintenance of a microwave discharge in sto-
chastic fields in a light source have been determined.
The anomalously large transmission coefficient for
microwaves, the anomal ous character of the breakdown
conditions, the anomalous behavior of microwave gas
discharges, and the anomalous nature of collisionless
electron heating have been attributed to stochastic
jumps in the phase of microwave radiation.

ACKNOWLEDGMENTS

This work was supported in part by INTAS, grant
no. 01-233.

10.

11

12.

13.

14.

15.

16.

PLASMA PHYSICS REPORTS  Vol. 31

KARAS’ et al.

REFERENCES

A. G. Litvak and M. D. Tokman, Phys. Rev. Lett. 88,
095003 (2002).

Ya. B. Fainberg, F. G. Bass, and V. D. Shapiro, Zh. Eksp.
Teor. Fiz. 49, 329 (1965) [Sov. Phys. JETP 22, 230
(1965)].

S. A. Akhmanov, Yu. E. D’yakov, and A. S. Chirkin,
Introduction to Satistical Radiophysics and Optics
(Nauka, Moscow, 1981) [in Russian].

V. D. Levchenko andYu. S. Sigov, in Dynamics of Trans-
port in Fluids, Plasmas, and Charged Beams, Ed. by
G. Maino and A. Provenzale (World Scientific, Sin-
gapore, 1995), p. 121.

L. V. In'kov and V. D. Levchenko, Preprint No. 133
(Keldysh Ingtitute of Applied Mathematics, Russ. Acad.
Sci., Moscow, 1995).

V. |. Karas and V. D. Levshenko, in Proceedings of
V International Workshop on Strong Microwaves in
Plasmas, Nizhni Novgorod, 2002, Ed. by A. G. Litvak
(Institute of Applied Physics, Russ. Acad. Sci., Nizhni
Novgorod, 2003), Vol. 2, p. 550; V. I. Karas' and
V. D. Levshenko, Vopr. At. Nauki Tekh., Ser.: Plasm.
Elektron. Nov. Metody Uskoreniya, No. 4, 133 (2003).

A. N.Antonov, Yu. P. Bliokh, Yu. A. Degtyar’, et al., Fiz.
Plazmy 20, 777 (1994) [Plasma Phys. Rep. 20, 699
(1994)].

A. K. Berezin, Ya. B. Fainberg, A. M. Artamoshkin,
etal., Fiz. Plazmy 20, 782 (1994) [Plasma Phys. Rep.
20, 703 (1994)].

A. K. Berezin, Ya. B. Fainberg, Yu. M. Lyapkalo, et al.,
Fiz. Plazmy 20, 790 (1994) [Plasma Phys. Rep. 20, 710
(1994)].

A. Alisov, V. Antipov, A. Artamoshkin, et al., Interna-
tional School and Conference on Plasma Physics and
Controlled Fusion, Alushta, 2002, Book of Abstracts,
p. 140.

S. |. Solodovchenko, A. F. Shtan’, and N. I. Nazarov, in
Proceedings of |11 Interregional Meeting on Thin Films
in Electronics, Moscow—oshkar-Ola, 1992, p. 13 [in
Russian].

A. F. Alisov, A. M. Artamoshkin, I. A. Zagrebe’ nyi,
et al., Vopr. At. Nauki Tekh., Ser.: Plasm. Elektron. Nov.
Metody Uskoreniya, No. 4, 69 (2003).

J. T. Dolan, M. G. Ury, and D. A. MacL eean, in Proceed-
ings of VI International Symposium on Science and
Technology of Light Sources, Budapest, 1992, p. 301.

A. Kozlov, V. Perevodchikov, R. Umarhodzhaev, and
E. Shlifer, in Proceedings of 1V International Workshop
on Microwave Discharges: Fundamentals and Applica-
tions, Zvenigorod, 2000, Ed. by Yu. A. Lebedev (Yanus-K,
Moscow, 2001), p. 235.

Yu. P. Raizer, Fundamentals of Modern Gas-Discharge
Physics (Nauka, Moscow, 1980) [in Russian].

A. Didenko, B. Zverev, A. Koljashkin, and A. Proko-
penko, in Proceedings of 1V International Workshop on
Microwave Discharges. Fundamentals and Applica-
tions, Zvenigorod, 2000, Ed. by Yu. A. Lebedev (Yanus-
K, Moscow, 2001), p. 205.

Trandated by G.V. Shepekina

No. 9 2005



Plasma Physics Reports, Vol. 31, No. 9, 2005, pp. 761-765. Translated from Fizika Plazmy, \Vol. 31, No. 9, 2005, pp. 823-827.

Original Russian Text Copyright © 2005 by Balakirev, Borodkin, Onishchenko.
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IN PLASMA

Nonlinear Dynamics of the I nteraction
of a Modulated Electron Beam with a Plasma
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Abstract—The excitation of plasma waves during the injection of an unmodulated and a density-modulated
electron beam into a semi-infinite cold plasmais investigated. It is shown that the Langmuir oscillation energy
accumulated in the plasmaincreases substantially near the plasmaboundary and that the dimension of the region
where the Langmuir oscillation energy islocalized decreases with time. © 2005 Pleiades Publishing, Inc.

1. INTRODUCTION

Modulated relativistic electron beams provide an
effective tool for the excitation of regular waves in a
plasma. Intense Langmuir waves can be used to accel-
erate charged particles [1, 2] and can serve as pump
waves in free-electron plasmalasers [3, 4].

The dynamics of the excitation of wake plasma
waves by atrain of afinite number of relativistic elec-
tron bunches was investigated in [5]. In this case, the
wake fields generated by individual bunches add
together coherently, thereby substantially increasing
the amplitude of the resulting wake plasma wave
behind the train of bunches. The nonlinear excitation of
a regular plasma wave by a modulated electron beam
injected steadily into a semi-infinite plasma was con-
sidered in [6, 7]. In such a system, the steady state is
ensured by the finite value of the wave group velocity
with which the field energy is carried into the plasma,
so the maximum wave amplitude turns out to be lim-
ited. Note that the relaxation of an unmodulated beam
interacting with a plasma waveguide to a steady state
was studied in [8].

In the present paper, we investigate the nonlinear
dynamics of the excitation of plasma oscillations by a
monoenergetic electron beam injected into a cold
plasma (with a zero electron temperature, T, = 0) in the
absence of an external magnetic field. We consider a
situation in which the group velocity of the excited
plasma oscillations is zero, so the effects of accumula-
tion of plasma oscillations in the beam injection region
play an important role in the beam relaxation. The
influence of the accumulation effects on the quasilinear
relaxation of abeam in aplasmawas studied in[9], and
the influence of the accumulation of plasmaoscillations
in asemi-infinite plasmaon the relaxation of an unmod-
ulated beam in the linear stage of the beam—plasma
instability and dissipative instability was considered in
[10] (in which the maximum energy density of the
excited oscillations was also estimated). In what fol-

lows, we will investigate the effect of accumulation of
the plasma oscillation energy by numerically analyzing
a set of nonlinear equations describing the interaction
of a monoenergetic electron beam with a semi-infinite
plasma. The influence of the finite transverse plasma
dimension on the nonlinear dynamics of the beam—
plasmainteraction was studied in [11, 12].

2. FORMULATION OF THE PROBLEM
AND BASIC EQUATIONS

We consider a semi-infinite (z > 0) homogeneous
cold plasma into which a one-dimensional monoener-
getic electron beam, generally with a modulated den-
sity, is continuously injected. Since we will be inter-
ested in the excitation of the electron Langmuir plasma
oscillations, we assume that the ions areimmobile. The
beam electron density in the injection plane (z = 0)
changes periodically according to the law

Ny = Nyo[ 1 +hcos(wyt)], (1

where h is the modulation depth of the beam density
and wy, is the modul ation frequency.

The set of dimensionless equations describing the
dynamics of the excitation of a plasmawave by amod-
ulated electron beam contains the equation for the com-
plex wave amplitude and the equation of motion of the
beam electrons:

%_S _ _%T-re'i¢(1+ hcosdo)ddo, )
2 .
%E% = Re(Ce"), &)
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where C = -

is the dimensionless wave ampli-
mv,0

tude, & = (Whowy) Vo, K= Wn/Vy, V, is the initial

2 12
, TN o€
velocity of the beam electrons, wy, = D4 n:O E is

the Langmuir frequency of the plasma electrons, N IS

the plasma density, e and m are the charge and mass of

D!thberDl/2
20
O my0 O

an electron, w, = is the Langmuir fre-
guency of the beam electrons, y, istheinitial relativistic
factor of the beam electrons, § =0z, ¢ = (vt — 2), 1, is
the time at which abeam electron arrives at the point z,
and T = &(v,t — 2). In Eq. (2), the integration is carried
out over the phases of the beam electrons in the injec-
tion plane. Equations (2) and (3) have been obtained
under the resonance condition wy, = wy,, Which implies
that the electron beam density is modulated at the fre-
guency of plasma oscillations.

The set of Egs. (2) and (3) was solved numerically
for the following boundary and initial conditions:

do(€ =0) _

PE=0) = po T =0

2
c(r=0) = 0

ED,

h=0
hz0.

(4b)

In the case of a modulated beam, initially there are no
Langmuir oscillations within the plasma volume.

3. LINEAR THEORY OF THE EXCITATION
OF LANGMUIR OSCILLATIONS

For small amplitudes of the excited wave, we can
linearize the set of Egs. (2) and (3) to abtain the follow-
ing linear equation for the wave amplitude:

I 3

J ' " "
= éJo'dz ‘!'da C(8", 1) —h/2. (5)

The solution to Eq. (5) can be found by the Laplace-
transform method:

_ 1 G'Hmdp )\p
T 2m p 8:

g—io

ZTFECOS%)\ [ g
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where A = %(TEQ)IB. For large A values, the integral in

solution (6) can be estimated by the saddle point
method:

hTe D ane®
4T[I [ B: ) @)

Estimate (7) shows that, in the case of a modulated
beam, the plasma wave is excited even at a zero initia
amplitude. Interms of thevariables& and t , where t =
dv,tisthe dimensionlesstime (T = t — &), the absolute

value of the plasmawave amplitudeis equal in order of
magnitude to [13]

o
Il O expez [(E-)E]T -
U U

Atthepaint ¢, = éf , the absol ute value of the plasma
wave amplitude reaches its maximum value
V30

|C|max = exp %4/3 |:|

Hence, in the initia stage of instability, a nonuni-
form field distribution forms such that its maximum
amplitude |C|,.. IS @ the point &,,,,. The position of the
maximum is then displaced into the plasma with a
velocity equal to 2/3v,, and the maximum field ampli-
tude increases at arate equal to the growth rate of the

beam—plasma instability. In theregion t > &, the field
grows at afar slower rate,

bk
ICl=expz Ve (8)
0 0

For a modulated beam (h # 0), the plasma wave is
excited even at a zero initial amplitude. This follows
immediately from formula (7). The electron beam
entering the plasma has the shape of atrain of aready
formed bunches. In the initial stage of the excitation of
a plasmawave, its amplitude is small, so the displace-
ment of the bunches and their deformation can be
ignored. In this approximation, the beam can be
regarded as agiven current modulated so asto beinres-
onance with plasma waves. The amplitude of the
plasma wave grows according to the law

t-g), t>
IC| = 55( ) )

o, f<e
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We see that the wave amplitude equals zero at the lead-

ing edge of the beam (§ = t) and increases linearly
from the beam’s leading edge toward the plasma
boundary. The linear increasein the amplitudeisdueto
the coherent addition of the wake fields generated by
individual bunches, asin the case of atrain of afinite
number of bunches[5, 14].

4. RESULTS OF NUMERICAL CALCULATIONS
4.1. The Case of an Unmodul ated Beam

The nonlinear stage of instability was investigated
by numerically solving the set of Egs. (2) and (3) with
initial conditions (4). We begin by analyzing the results
obtained for an unmodulated beam. Figure 1 shows the
gpatial profiles of the plasmawave amplitudes at differ-
ent times. We see that, in the initial stage of instability,
anonuniform plasmawaveis excited. The amplitude of
the wave field has one maximum, in agreement with the
predictions of linear theory. The maximum propagates
into the plasmawith avelocity equal to 2/3v,, and then
it stops propagating and starts moving in the opposite
direction, i.e., toward the plasma boundary. After the
first maximum, new maxima in the profile of the wave
field amplitude are produced, each being lower than the
previous one. The Langmuir wave amplitude at thefirst
maximum increases continuously and, by the time

t =30, it becomes greater than the maximum field
amplitudein aspatially periodic problem [15] by afac-
tor of 5.

The spatia field structure propagates toward the
plasma boundary at a progressively decreasing rate.
The maximum field amplitude, too, increases at a pro-
gressively slower rate. No steady state is established,
however. An analysis of the phase plane (v = % ,9)in
Fig. 2 showsthat acompact el ectron bunch formsin the
region of the first maximum of the wave field ampli-
tude, whichisfollowed by apartial demodulation of the
beam. At the point & = 5.2, where the field amplitudeis
minimum, the dimension of the bunch in the phase
planeislargest. Asthe field amplitude increases further
in space, the bunch is compressed once again. In this
case, however, the total number of electrons in the
bunch decreases because of a partial phase mixing of
the electrons in the beam. This is why the second max-
imum in the wave field amplitude is lower than the first
one, and so on.

4.2. Nonlinear Dynamics of the Excitation
of a Plasma Wave by a Modulated Beam

Let us now consider the nonlinear dynamics of the
excitation of a Langmuir wave by a density-modulated
electron beam in a homogeneous plasma. Numerical
calculations were carried out for a beam with a modu-
lation depth equal to h = 0.5 and 1. Figures 3 and 4
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Fig. 1. Field amplitude |C| vs. £ at different times t for h=0.
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Fig. 2. Phase planes of an electron beam at thetime t = 30
for & = (a) 3.5, (b) 5.2, and (c) = 6.0.

show that, in the initial stage of the process (when the

beam current can be treated as given), the wave ampli-

tude increases linearly from the leading edge of the

electron beam toward the plasma boundary. At the

plasma boundary (§ = 0), through which a given beam

current is continuously injected, the amplitude aways
ht

increases according to a linear law, |C| = > As the

plasmawave amplitude increases, the approximationin
which the beam current can be treated as given is vio-
lated. For h = 0.5 (Fig. 3), the inverse effect of thefield
on the beam leads to compression of the bunches (i.e.,
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Fig. 3. Field amplitude [C| vs. & at different times t for h =
0.5.

IC| _
- - t=4
14r —_7=10
R R t=20
127 _____ =25
10k — =30
8,
6,
\~
4+
2\.

o 1 2 3 4

Fig. 4. Field amplitude [C| vs. & at different times t for h =
1.0.

to anincrease in the modul ation depth). Accordingly, at
the point where the modulation depth is maximum, the
field growsfaster than at the plasmaboundary (at which
the modulated beam current can always be treated as
given). Asaresult, amaximum in the profile of thefield
amplitude forms near the boundary. The maximum
wave amplitude increases continuously, and the posi-
tion of the maximum is displaced toward the plasma
boundary. As time progresses, new maxima in the pro-
file of the field amplitude are produced after the first
maximum, each being lower than the previous one. The
spatial scales of the field maxima are shorter than those
in the case of an unmodulated beam, whereas the field
amplitude at the first maximum is larger (by the time

t =27, it becomes aslarge as 11).

BALAKIREYV et al.

In the case of a deeply modulated electron beam
(h = 1.0, which corresponds to atrain of bunches), the
spatial field distribution is radically different. From
Fig. 4 we can see that the field amplitude at the plasma
boundary always increases to the greatest extent. The
reason is that, in this case, the bunches are not subject
to the phase focusing.

5. CONCLUSIONS

The main feature of the excitation of waves by a
monoenergetic electron beam in a cold (T, = 0) plasma
is that no steady state is established. The wave energy
is accumulated in a plasma layer whose dimension
decreases with time. In the case of an unmodulated
electron beam, a spatially localized maximum appears
in the profile of the field amplitude of plasmawaves; in
the nonlinear stage, it is displaced toward the injection
plane. After this first maximum, new maxima in the
profile of the field amplitude are produced, each being
lower than the previous one.

The process of the excitation of plasma waves by a
density-modulated electron beam depends substan-
tially on the beam modulation depth. For a dlightly
modulated beam, the maximum amplitude of the
plasma wave inside the plasma increases faster than at
its boundary, at which the modulated beam current can
always be treated as given and the plasma wave grows
linearly. The spatial scale of the region where the
energy of the plasmawavesislocalized is shorter than
that in the case of an unmodulated beam, and the spatial
period of the wave field structure is shorter. In the case
of adeeply modulated beam (h = 1.0), the phase focus-
ing effect is absent, and the amplitude increases to the
greatest extent at the plasma boundary.

There are anumber of factors that limit the increase
in the amplitude of the plasmawaves. In the case of an
unmodulated beam, these are the electron thermal
motion and, accordingly, the finite value of the group
velocity [8]. In this case, the steady state is established

on atime scale of about try~ L,,/vy = LyVo/V e, where
L. is the dimension of the field localization region and
v is the electron thermal velocity. When the beam
pulse duration t, islessthan t; no steady state is estab-
lished. In the case of a density-modulated beam, the
increase in the wave amplitude can also be limited
when the resonance condition wy, = w, failsto hold due
to the relativistic frequency shift [12].
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Abstract—The effect of the magnitude and direction of an external electric field on the plasmaflowing through
amagnetic barrier is studied by numerically solving two-fluid MHD equations. The drift velocity of the plasma
flow and the distribution of the flow electrons over transverse velocities are found to depend on the magnitude
and direction of the electric field. It is shown that the direction of theinduced longitudinal electric field is deter-
mined by the direction of the external field and that the electric current generated by the plasma flow signifi-
cantly disturbs the barrier field. © 2005 Pleiades Publishing, Inc.

1. Transverse (with respect to the magnetic field)
plasma flows caused by the polarization electric field
and E x H drift were studied theoretically in [1-3] and
those caused by an external electric field were studied
in [4]. The problem of the plasma flowing through a
magnetic barrier in an external electric field was stud-
ied experimentally in [5, 6]. To solve this problem ana-
Iytically, one has to introduce some simplifications.
Thus, in [4], it was assumed that perturbations caused
by the flow were small and, therefore, the constant el ec-
tric (E,) and magnetic (H,) fields were considered to be
given. Conditions were a so defined under which these
assumptionswerevalid. Theelectric field caused by the
transverse polarization of the plasma flow wasignored,
and only the longitudinal polarization of the flow was
taken into account. In [6], an attempt was made to bal-
ance the transverse polarization field (or at least to par-
tially neutralize it) by applying an external electric
field. The experiments showed that, in this case, the
plasma flow filling the magnetic trap was quieter and
the plasma was better confined in the trap.

The aim of the present study was to theoretically
investigate plasma flows propagating across amagnetic
field in the presence of both the polarization electric
field and a constant external electric field perpendicular
to the plasma flow under conditions such that the field
perturbations caused by the flow are not small. The
propagation of a plasma jet across a magnetic field is
accompanied by the shift of the plasma flow electrons
with respect to the ions; this leads to the generation of
charged polarization layers on the jet surface. The
polarization field E,,, together with the barrier mag-
netic field H,,, causes the plasma between these layers

to drift with the velocity v, = c—Eﬁﬂl . By properly

choosing the parameters of the problem, one can pro-
vide conditions under which the plasma flow velocity
V4 in the barrier is close to the velocity v, of the inci-
dent flow. The main parameters determining the polar-

ization electric field are the incident flow velocity v,
and the barrier magnetic field H,. By shorting the drift
gap through an external resistance, one can partialy
discharge the polarization layers and reduce the polar-
ization field, thereby affecting the jet propagation [7].
However, thisfield is bounded from above by the value

B
%). The external electric field can be arbitrarily var-

ied both in magnitude and direction, thus providing an
efficient means for controlling the plasma flow. This
effect can play an important role in various high-volt-
age magnetic devices. in plasma accel erators operating
in a quasi-steady regime [8], in magneticaly insulated
ion diodes [9], and during the injection of plasmainto
magneto-electrostatic traps [10]. In this study, we con-
sider a plasma jet that, while moving through a mag-
netic barrier, passes a region with a constant external
electric field that can considerably exceed the polariza-
tion field. Before entering this region, the flow velocity
is v = v4 However, within thisregion, the flow velocity
changes because the plasma movesin both the polariza-
tion and external electric fields: E, = E, + E,. Note
that, when considering the change in the flow velocity,
it should be taken into account that the external electric
field also affects the polarization field and that the
induced electric current can disturb the barrier mag-
netic field.

2. In the present paper, plasma motion is studied by
numerically solving two-fluid MHD equations [11]. In
our calculations, we use the model developed in [1, 2,
7]. The MHD equations are solved together with the
equations for electric and magnetic fields. We do not
usethe quasineutrality condition n, = n; and assume that
the electron and ion densities vary independently of one
another.

It is assumed that all the quantities depend only on
the longitudinal coordinate x (in the direction of the
plasmaflow). Since the flow isbounded in the direction
perpendicular to the magnetic field, the uniformity

1063-780X/05/3109-0766$26.00 © 2005 Pleiades Publishing, Inc.
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breaks down at the flow boundaries. This can be taken
into account by impaosing proper boundary conditions.
In what follows, a plasma consisting of electrons and
hydrogen ions is considered.

Thefinal set of egquations can be written as

d . d _
&(neve) - O, dx(nivi) - 0’

= —en % yeBD
dp. TdT
Tax Yotk B dx’
~ - en% + y'aj
dp dT,
~ T 0ot t aply +BET&.
dv,. _ V veBr
MNV e = —ene%y— N
dT,
—OgUy + 0 Uy BETdX
dv,, VB M
— Xi
Mn; v, —= X enaiy— c O
dT,
+ 0 oUy — O Uy + B == T
T,
3/2n,v d +n.T Ve

Xedx ¢ dx

_ E uT g Tu _i edld]
= — 5 (Bu) — T (BT',) - o kg

mne
- (Ru,+ Ruy) —3==(T.—T),
( Yy y) M.l.e( e )

dT, dv,
3/2[’], in—d‘)z + niTi—d_)‘(—
— d dT||:|
_de(D axa " (T — T,
2
49 - _sre(n—ny, 2 4"e(n V- ngvo).
dx dx
Here, u, = v, — v, and u, = v, — v,; are the com-

ponents of the relative velocity and R = —0lpUy— Ol Uy —

dT
BET ax’ R, = —apuy, + opuy, — BET

nents of the friction force. At x = 0, we set Vo=V =

£ are the compo-
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dT. dT,;

Vo, Vye= Vi =0, To=Ty =T, dxe i =0, =0, and

B=0.

In the equations of mation, we took into account
both the ion and electron inertia. Besides the electro-
magnetic forces, the pressure gradient and the friction
force caused by collisions between the plasma particles
were al so taken into account. The energy balance equa-
tions for electrons and ions incorporated the electron
and ion thermal conductivities. In our case, it was suf-
ficient to take into account only the transverse (with
respect to the magnetic field) components of the fric-
tion force and the heat flux. The coefficients ap, ap,

BT, BT, BLY, K&, and K, which determine the fric-

tion force and the heat flux and are functions of the
parameter wt,, were taken from [11].

Set of Egs. (1) wasreduced to adimensionlessform.
The spatial coordinates were normalized to L = c/w,

4me’n
(where oy, = T Mo

, Ny is the unperturbed plasma

density, and mis the electron mass), the temperatures
were normalized to the initial plasma temperature TU,
M vo
2e
The dimensionless parameters of the problem are as

and the electric potential was normalized to ¢, =

Va . : .
follows: a, = J%f is a quantity proportional to the
0

. . : B
ratio of the Alfvén velocity v, = % to theveloc-
[ATIM N,
: I To .
ity of the incident flow v,; o, = — is the squared
Vo

ratio of the ion therma velocity to the plasma flow
3

T2
(Where 1, = %) , with ¢ being
0

velocity; a; =

ploVo
a constant) is a quantity inversely proportiona to the
magnetic Reynolds number R,; the parameter k =

2
2mc

2
Mv,

characterizes the plasma quasineutrality; wt. is

nyVv,L

the Hall parameter; and the coefficients a, =
O

nyV,L . .
-9~ characterize the electron and ion ther-

andas =
|
mal conductivities, respectively.

Thus, we consider a plasma flow of density n, mov-
ing along the x axis with a velocity v,,. The magnetic
fieldisdirected along the zaxis. Theflow isbounded in
they direction: 0 <y<d. Itisassumed that the flow size
along the magnetic field is sufficiently large, so the



768

ye

0.8

0.4

-0.4

-0.8

-1.2

-1.6

Fig. 1. Profiles of the transverse electron velocity at a, =

25x107°, 053 = 15, and wt, = 1.4 for different directions of
the external electricfield: Ey = (1) -8 and (2) 8. The vertical

arrow shows the front boundary of the region to which the
external electric field is applied.

boundary effects can be ignored. The plasma flow
passes through aregion occupied by the magnetic field,
whose profile is described by the formula

[0, x<O0
0
é‘%)-(, 0<x<b
B=[B, b<x<b+a Q)
O
EE[(anZb)—X], a+b<x<a+2b
0
0, x>a+2b,

where a and b are the sizes of the regions with a con-
stant and linearly varying magnetic field, respectively.
In our calculations, these parameters were varied in the

rangesb ~ (1-5)—= and a ~ (10-20)— , provided that
(.Op Q)p
the condition (a + 2b) < R was satisfied. The presence
of the polarization layer was taken into account by
specifying the normal component of the electricfield E,
at the flow boundary. The field E, can be defined asthe
product of the charge density n.in the polarization layer
by the layer width Ay (see[1]), which is determined by
the difference between the positions of the electrons

BELIKOV

. Vye—Vyi .
andions: Ay=y,-y, 0 I ——yi\T—ﬂ dx. Sincethe electron
i

and ion velocities perpendicular to the flow are calcu-
lated while solving the above equations, the quantity Ay
can be calculated at any cross section of the magnetic
barrier. There is also an alternative way of calculating
E,. Experiments show that, even while movingin auni-
form magnetic field, the flow velocity decreases
because of adecreasein the polarization field dueto the
loss of a fraction of the polarization charge [3]. In the
problem as formulated, it is rather difficult to take into
account all the channels for charge losses. For this rea-
son, we assume that the flow motion is accompanied by
the generation of a low current that is closed, eg.,
through the cold ambient plasma. Here, such asituation
ismodeled by introducing the equivalent circuit with an
external resistance R, whose value determines this cur-
rent [1, 7]. The generated current is generally low;
hence, the resistance should be taken sufficiently high.
The electric field E, can be found using Ohm’s law,
which, in our case, takes the form

. E,+ E
Jy = 0( Y wCeTel 2x) , (3)
1+ (wceTei)

or, in the dimensionless form, E, = a5[l + (u)r)z]jy +
BTE,
18360,

3. We performed calculations under conditions such
that, in the absence of an externa electric field, the
plasma flow velocity changed only dlightly after pass-
ing through the barrier. When the flow approached the
region to which the external electric field was applied,
the polarization electric field E, had already been estab-
lished and the flow moved with the drift velocity v.
Within this region (the maximum field value E, = E,

was reached at ~0.2 w_c_ ), the transverse electron veloc-

p
ity v significantly increased. Figure 1 shows the pro-
files of the transverse components of the electron vel oc-
ity inthe magnetic barrier for different directions of the
external electric field. It can be seen that the change in
the electric field direction isaccompanied the changein
the velocity direction. For ions, the increase in the
transverse velocity is much less pronounced than for
electrons; thus, the current is mainly determined by the
electron component. The increase in the current and,
accordingly, in the magnetic field generated by it can
significantly affect the magnetic barrier field. Figure 2
shows the profiles of the unperturbed barrier field and
the magnetic field perturbed by the plasmaflow for dif-
ferent directions of the external electric field. It can be
seen that the magnetic field appreciably changes and
even reversesits direction within acertain region of the
barrier. The external electric field al so affects the polar-
ization electric field. In this case, the flow motion is
PLASMA PHYSICS REPORTS  Vol. 31
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Fig. 2. Magnetic field profiles in the plasma flow for differ-
ent external electric fields: Ey = (1) -8, (2) 8, and (3) 0 (an
unperturbed barrier).

governed by the combined action of the resulting bar-
rier magnetic field and the total electric field E,; + E,.
Asaresult, after passing the magnetic barrier, the flow
velocity is established that is equal to the drift velocity
inthisregion. The current density in thisregion greatly
decreases. The profiles of the flow velocity after pass-
ing the barrier region to which the external electricfield
is applied are shown in Figs. 3 and 4. When the direc-
tion of the external electric field coincides with the
direction of the polarization field, thisvelocity is some-
what higher than the velocity of the incident flow (see
Fig. 4). Such an increase in the velocity takes place up
to the end of the magnetic barrier. Within the region
with the external electric field, the electric potential
decreased along the plasma flow. In our calculations,
the maximum drop in the electric potential was (0.1-
0.2)¢,. Thedirection of thelongitudina electricfieldin
the flow was such that the ion component was accel er-
ated. The larger the potential drop, the larger the
increase in the flow velocity. When the direction of the
external electric field was opposite to the direction of
the polarization field (E, < 0), the plasma flow usualy
slowed down to the thermal velocity. In this case, the
electric potential sharply increased along the flow. The
potential drop was positive and was on the order of the
ion energy in the flow. Figure 5 shows the relevant pro-
files of the electron velocity. It can be seen that the lon-
gitudinal flow velocity decreases significantly, whereas
the transverse el ectron velocity increases. The electron
component is somewhat decelerated only when enter-
2005
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Fig. 3. Relaxation of theflow drift velocity after applying an
external electric field for a3 = 3, wie= 1.4, Ey = 20, a= 10,
and b = 5: (1) unperturbed barrier field By, (2) longitudinal
ion velocity vy, (3) longitudinal electron velocity v, and
(4) drift velocity vg.

ing the region to which the external electric field is
applied. Further on, the flow velocity decreases, while
the plasma is amost quasineutral. The effect of the
external dectric field E, is reduced to the generation of
the electric potential that decel eratesthe flow. The mag-

BO’ q)’ Var Vies Vi

Fig. 4. Relaxation of theflow drift vel ocity after applying an
external electric field for (a3 = 15, wTe= 1.4, and E; = 8
(1) longitudinal ion velocity v, (2) longitudinal electron
velocity vy, (3) electric potential ¢, (4) unperturbed barrier
field By, and (5) drift velocity vy. The vertical arrow shows
the front boundary of the region to which the external field
isapplied.
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Fig. 5. Profiles of the (1) longitudinal ion velocity vy,
(2) longitudinal electron velocity vy, (3) transverse elec-
tron velocity Vye, and (4) electric potential ¢ in the plasma
flow for a3 = 15, wte = 1.4, and E, = -20.
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Fig. 6. Profiles of the electron temperature T, in the plasma
flow for different Reynolds numbers: a3 = (1) 5 and (2) 10.

nitude and profile of this potential depend on both the
magnitude of the external electric field and the flow
parameters. Within our model, cal culations can be per-
formed only up to the instant at which the flow comes
to astop. To calculate the further evolution of the flow,
it is necessary to solve a two-dimension problem.

In the absence of an external electric field, both the
electron and ion temperatures decrease as the plasma

BELIKOV

flow propagates across the magnetic field. The decrease
in the temperature depends on the electron and ion ther-
mal conductivities (in our calculations the parameters
a, and a5 were varied within the range 102-107%). The
electron component is heated while passing the barrier
region to which the external electric field is applied; as
a result, the plasma temperature in the flow increases
significantly. The higher the magnetic Reynolds num-
ber and the Hall parameter, the larger theincreasein the
electron temperature. Anincrease in the Hall parameter
leads to a decrease in the heat removal, whereas an
increase in the magnetic Reynolds number results in
higher current density and stronger heating (see Fig. 6).
The electron temperature increases by one order of
magnitude with respect to theinitial level, whereas the
ion temperature changes insignificantly.

Anincreasein the external eectric field isaccompa-
nied by the generation of electron density pulsations
(rarefaction and compression regions along the flow).
An increase in the magnetic Reynolds number also
leads to the onset of density perturbations. The pulsa
tions of the electron velocity and density are initialy
small and become pronounced only when the flow
enters the region to which the external electric field is
applied. When the Hall parameter is w1, ~ 1-2, the pul-
sations are smoothed as the flow propagates further
(Fig. 3). The profiles of the other quantities that depend
onthe electron density (the current density and the elec-
tric field Ey) also display pulsations. However, as the
Hall parameter increases to 4-5, the amplitude of the
pulsations increases greatly. This can lead to the gener-
ation of discontinuities related to the passage through
the characteristic velocity (the thermal electron veloc-
ity vyo). In this study, we did not analyze such flows.

4. Within the parameter range under study, the effect
of an external electric field on a plasmajet propagating
acrossamagnetic field can be described asfollows: The
transverse plasma velocity (primarily, the electron
velocity) increases significantly in the barrier region to
which the electric field is applied; this leads to an
increase in the electric current. The magnetic field of
this current can considerably affect the barrier magnetic
field. The external electric field changes the polariza-
tion electric field, so the further plasma motion is gov-
erned by the combined action of these fields. In the
region with established electric and magnetic fields, the
plasma moves with avelocity that differs from the drift
velocity in that part of the barrier where the external
electric field is absent. When the external electric field
is directed oppositely to the polarization field (E, < 0),
the plasmaflow can be decelerated down to the thermal
velocity. The reason is that the external electric field
induces a retarding electric potential. The decrease in
the flow velocity depends on the magnitude and profile
of this potential: under certain conditions, the plasma
flow is decelerated down to the thermal velocity. The
external electricfieldleadsto anincreaseinthe electron
temperature in the plasma flow and gives rise to the
PLASMA PHYSICS REPORTS  Vol. 31
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Abstract—The formation of the ion flow to a dust grain and the distribution of the electric potential in alow-
pressure dusty plasma are investigated theoretically with allowance for ionization in the intergrain space. Pois-
son’s equation similar to the Langmuir plasma—sheath equation is solved numerically with the use of partial
analytic solutions at the boundary of the Seitz—Wigner cell and in thin layersin the intergrain space. The charge
and potential of adust grain are found as functions of the grain radius and cell size. The grain potential and the
total cell potential energy as functions of the cell size display weak minima, whose positions correspond to the
observed intergrain distance in dusty crystals. © 2005 Pleiades Publishing, Inc.

Theformation of crystal structuresinadusty plasma
isgoverned mainly by the charge of adust grain and the
potential distribution in its vicinity. The charge and
potential of adust grainin plasmaare usually described
by using the orbit motion limited (OML) model, radial
drift (RD) model, and hydrodynamic diffusion limited
(DL) model [1]. The OML model, which has been pre-
viously applied to the probe theory, assumes that the
total energy and momentum of ions arriving frominfin-
ity are conserved (collisions areignored) and that there
are no potential barriers throughout the ion path:

mV

T+e¢ = const, rmvsin® = const.
In this model, the electron and ion current densities are
. €eN., |8KT
o= % A/ epdD )
_ en,m e|¢a|D
- / P+ 170 )

Here, n,, and n,, are the electron and ion densities at
infinity, T, and T, are the electron and ion temperatures,
mand M arethe electron and ion masses, ¢, isthegrain
potential, and 6 is the angle between the radius-vector
and velocity of anion. In asteady state, the equality of
these currents determines the grain charge and poten-
tial. Recently, the applicability of the OML model has
been called in question. In [2], it was shown that, when
the ion distribution at infinity is Maxwellian, there are
always potential barriers for the ions, even if the grain
radius is very small. In [3, 4], it was pointed out that
even very rare ion—neutral collisions substantially dis-
turb theion orbital motion and, thus, significantly affect

the ion current. At low pressures, volume ionization
also plays an important role because, in this case, the
ion current to agrain is completely balanced by ioniza-
tion in the intergrain space; as aresult, the actual mean
free path of theionsis shorter than one-half of theinter-
grain distance. When the OML model fails to hold
(especialy at low ion temperatures), the RD model can
be employed [5]. In this model, the ion current to a
grain forms at infinity and remains unchanged up to the
grain surface. The ions move radially with velocities
determined by the local potential and the energy con-

servation law (M vr2 = 2ed(r)). In this case, Poisson’s
equation takes the form

g,0%0 = enewexpg% \J/' (3)

Note that the RD model, as applied to the ion velocity,
isaparticular case of the hydrodynamic approximation

MV%\—r/ = —eaq) MVV; ., 4)

in which the collisional term isignored (here, v;,,isthe
frequency of the ion—neutral collisions). In the hydro-
dynamic approximation, the introduction of the ioniza-
tion term in the continuity equation alows one to
describe the formation of the ion flow: C(n,v;) = ngZ,
where z is the ionization frequency. At high pressures,
it is also necessary to take into account recombination
[6]. At low pressures, when the ionization frequency
exceeds the ion—neutral collision frequency, the colli-
sional frequency in Eq. (4) should be replaced by the
ionization frequency, because the origin of new ions
withazeroinitia velocity also leadsto the decel eration
of theion flow. In experiments [9] on low-pressure dis-
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charges without dust, the ionization frequency was
determined from the ion current to the wall and the
plasma electron density was determined from the bal-
ance of charged particles in the positive column. For a
dischargein heliumat p=2 x 10~ torr, R=1 cm, and
a current of | = 0.3 A, the ionization frequency was
foundtobez=1.5 x 10° s, whereas, according to [10],
theion—neutral collision frequency wasv;,=6 x 10° s,
For adischarge in mercury vapor at p=2.2 x 10~ torr,
R=1.6 cm, and acurrent of | = 3 A, theionization fre-
quency and the ion—neutral collision frequency were
z=8.4 x 10* st and v;,, = 8.8 x 10° s, respectively.
Note that these frequencies are closeto those calcul ated
using the Langmuir theory [7, 9]. In[11], the ionization
frequency was also introduced in Eq. (4) when describ-
ing theion current to a probe at low and moderate pres-
sures. In the presence of dust, the ionization frequency
should be higher because of the loss of charged parti-
cleson dust grains.

In the present paper, we consider the formation of
the ion flow to a dust grain due to the ionization in a
low-pressure plasmain the intergrain space. The prob-
lem is solved using two models. free-flight and hydro-
dynamic ones. The spatial dust structure in plasmais
assumed to be in a steady state. The plasma volume
around agrainisinversely proportional tothedust grain
density. Theion flow to the grain forms due to the elec-
tron-impact ionization of the working gas in such an
elementary volume (cell). For T; < T,, the initia ion
velocity can be ignored and the newly born ions can be
assumed to move toward the grain along the electric
field lines. Preliminary estimates show that, for T, /T, ~
0.01-0.05, thisisindeed the case. Exact solution of the
equation of motion for the ions with nonzero initia
velocities is rather complicated and requires separate
consideration. We assume that no ions enter agiven ele-
mentary cell from the outside because the cdll is sur-
rounded by other cells, in which the ions flow to their
own dust grains. We also assume that there is no
directed ion flow across the entire dust structure (such
aflow can exigt, e.g., in electrode sheaths) because the
effect of such a flow on the inner plasma structure
seems to be of minor importance. In contrast to theion
component, the electron component is common for al
the cells because the electron thermal velocity is much
higher than the el ectron drift velocity toward the grains.
Since the grain’s field is repulsive for electrons, we
assume that they obey a Boltzmann distribution; hence,
the electron current to a grain can be calculated by for-
mula (1). The shape of an actual cell is determined by
the spatial dust structure and is close to cubic. To sim-
plify calculations, we will consider a one-dimensional
problem in which the cell is assumed to be a sphere of
radius ry= (41mny/3)"'2. This is the so-called Seitz—
Wigner cell that was used in [6] to calculate the poten-
tial distribution in a dust structure formed in a high-
pressure plasma. For spherical grains and large ratios
between theradii of the cell and the grain, such amodel
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is expected to adequately describe the charge of the
grain and the potential distribution near it.

Let us consider the formation of theion flow inside
the cell. The flux density of the ions produced within
the layer of radiusr' and thickness dr' through a spher-
ical surface of radius r is r’ngr')zdr'/r?, and the flow

velocity of these ions is ./2e(¢(r')—¢(r))/M. By
dividing the ion flux density by the velocity, we obtain
the density of theseions at the radiusr:

r'zzner'dr‘
r2/2e(0 () — o ()M

Integration of the contributionsfrom all thelayersfrom
r tory yields the total ion density

rnrzdr

" = _J EIGEIG] o)

The ion current to the sphere of radiusr is the sum of
the differential currents,

&)

Ta

li(r) = eI4T[r'2ne(r')zdr'. (6)

The electron density is assumed to obey a Boltzmann
distribution,

n(r) = nep RS ™)

where ny isthe electron density at the cell boundary. In
this case, Poisson’s equation takes the form

19 Q20¢0
p2ortl orQ
0 wopE02ga @
D eop) 2 eXpEkTeDr dr @)
D
0

R R

Since the neighboring cells are similar to one
another, we assume that both the electric potential and
its gradient are zero at the cell boundary. We aso
assume that the electron density at the boundary is
given and equal to ny. Since dust grains are charged
negatively, theion density must be higher than the elec-
tron density. The ion density is determined by the ion-
ization frequency in accordance with expression (5) in
its limiting form a r — ry. Similar boundary condi-
tions for the potential were used in [6]. The surface
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potential of adust grain is determined by choosing the
ionization frequency z at which the ion current to the
grain (see Eqg. (6)) is equal to the electron current
defined by Eq. (1).

A similar plasma—sheath equation was derived by
Langmuir [7] for a gas-discharge positive column.
However, in that paper, the boundary conditions were
opposite: the potential and its gradient were assumed to
be zero at the plasma center, whereas the wall potential
was established automatically. It is rather difficult to
solve this equation numerically because of the uncer-
tainty that arises on the right-hand side of the equation
when the denominator is close to zero. The perturbed
zone is often divided into two regions: the quasineutral
plasmaregion, in which the left-hand side of the equa-
tioniszero, and the sheath region, in which the electron
density can beignored and theion flux is assumed to be
constant. In our case, the sheath length is comparable to
the total size of the cell and, therefore, such an approx-
imationisinapplicable. Let usintroduce the dimension-
lessvariables:

X = _r_ = ; U = ﬂ
Ag A/sOkTe/nedez KTe
Ne; = —, V = , A= = —,
TN KT, kTv - @
M

where w, istheion plasmafregquency. Inthese variables,
Eq. (8) takesthe form

aU 26U . .
9% TXox - e M

(89

where the €l ectron and ion densities are

Xd

_ A Xexp(U)dx

"=l e -ue

We begin to numerically solve the equation starting
from the cell boundary, where the problem can be
reduced to a one-dimensiona problem for athin plane
layer (AX <€ X4) and where one can obtain asimple ana

lytic solution. Let us assume that n, = 1 and n; =
const > 1. Integrating Eq. (8'), we obtain

n, = exp(U),

°U .U
axz v aX

= (1-n)x,

000 = (@-m%.

(10)
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where x is counted from the cell boundary. After substi-
tuting this solution into the formulafor the ion density,
we have

dx’

A ,
{J(l—ni)(x'z—xz)

ni(x) =

1 1
o1y = ardXX) AT pue
or ni(n—1) AIA/iz > B
oA 1—(X/X)
The root of the cubic equation ni'z(ni' —1)=Bisequal

to

(11)

Thus, by specifying the parameter A, we can calculate
the initial ion density and the behavior of the potential
near the cell boundary. To ensure the stability of the
numerical scheme, we used a three-point parabolic
interpolation of the potential:

(h— x)(2h x)U +x(2h x)U
2h’ h’
_x(h—x)U

on? 7

where h is the spatial step and x is counted from the
point x,. We also used the following approximate ana-
Iytic solution for the density at each step:

U(x) =

j=N-1

A +X+
n(x) = = Z BNty E
=k
h
(12)
eXp%pJ-'-UJHDJ- dx

/ah—+bh+c

Whel’ea= Uj—ZUj+1 + Uj+2, b:—SUJ +4Uj+l_
and c=2U; - 2Uk, with
csin (2ax + b)

J-A/ax +bx+c J_el (b*—4ac) "

This approximation matches well to analytic solution
(20) for the external layer. The parameter A is propor-
tional to the ionization frequency and is determined by
the grain radius so that ion current (6) is egqual to the
electron current:

Uj+2’

2ned 8kT |§¢ dj

Ie=4na7 EkTD

PLASMA PHYSICS REPORTS Vol. 31  No. 9 2005



INVESTIGATION OF THE CHARGE AND POTENTIAL OF A DUST GRAIN

-0.2

-04

-0.6

-0.8

-1.0

-1.2

-0.5F

-1.5F

-2.0r

-2.5F

-3.0r

-3.5

Fig. 1. Radial profiles of the electric potential in the cell.

In the dimensionless form, this condition looks like
Xg

AJ’xzexp(U)dx =X M
0

a mexp(ua)

(13)
The values of x4 and A were given, and the grain radius
X, Was determined in the course of calculations, assum-
ing that condition (13) is satisfied. Simultaneously, we
calculated the total electron and ion charges in the cell
(both reduced to the charge of the Debye sphere), the
dust grain charge determined from the gradient of the
potential on the grain surface, and thetotal electric field
energy W'in the cell:

l4

% 4TtJ'ne(r)r2dr
Q. = 3fn(X)xox = —4———,  (14)
4 .3
Xi én}\dned
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2
Td
€
EOJ’E24T[r2dr (16)
= Ea_UDZXZdX [ - S
Lox 3k 4 .3
é Tenedén)\d

The electric field energy is normalized to the total ther-
mal (kinetic) energy of electrons in the Debye sphere.
The results of numerical simulations for neon are pre-
sented in Fig. 1 and Table 1. The points at the ends of
the curves show the radius and potential of the dust
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Table 1. Resultsfrom numerical calculations of the dust grain potential, the total electron and ion chargein the cell, and the

SYSUN et al.

ion density at the cell boundary in the free-flight approximation for ions

A ax 10%Ag Ua Nig Qe Q
Xq/Ag=0.5

0.2 14 -0.59 1.084 0.129 0.156

0.5 25 -0.84 1.342 0.129 0.201

1 38 -1.03 1.779 0.126 0.267

2 57 -1.16 2535 0.126 0.381

5 93 -1.25 4.314 0.120 0.633

Xg/Ag=1

0.2 52 -1.19 1.084 0.99 12

0.5 98 -1.54 1.342 0.96 153

1 151 -1.74 1.779 0.93 201

2 220 -1.86 2535 0.87 2.79

5 333 -1.87 4.314 0.81 441

A ax 10°/\q Ua Mig Qe Qi
Xq/Ag=5

0.12 103 —2.93 1.0333 1104 127.8

0.15 119 -3.04 1.0503 106.8 128.4

0.2 141 -3.19 1.084 101.1 129.6

0.5 221 -3.36 1.342 80.1 140.4

1 277 -3.35 1.779 65.1 159.3
Xg/Ag = 10

0.11 357 -3.69 1.0282 759 885

0.15 435 =3.77 1.0503 687 852

0.2 490 -3.82 1.084 621 822

0.5 644 -3.83 1.342 429 783

grain. In all the cases, the potential near the cell bound-
2

da_ 0

ary behaves as " 1D .

For grainswith alarge size x,, thisdependence holds
almost up to the grain surface. For x, < 1 (small
grains), the potential near the grain increases more gen-
tly, according to the law U ~ 1/x,. The grain charge
determined from the gradient of the electric potential at
the grain surfaceis equal to the difference between the
total ion and electron chargesin the cell. This confirms
the validity of the above procedure for solving Pois-
son’s equation. At the same time, because of the signif-
icant contribution from the plasmaion component, the
grain potential is less negative than the potential of an
isolated grain with the same charge but without a sur-
rounding plasma. Because of the nonuniformity and
inequality of the electron and ion distributions within
the cell, the difference between the electron and ion
densities at the cell boundary is not equal to the density
of the plasma particles multiplied by their charge.

Table 2 presents the results of numerical calcula-
tions of the potential and charge distributions in a
Seitz—Wigner cell in a hydrodynamic approximation
with allowance for volume ionization. In this approxi-
mation, the individual ion velocities are replaced with
the velocities averaged over the ensemble. The equation
of ion motion then takes the form

ov, _  0¢ on; Ne 0
MVi or a _ear _kTinial‘ - Mvi%ni +VinE| (17)
or n,

Ignoring the pressure gradient and ion—neutral colli-
sions, we obtain

2 i

Vi — Ne
M > = ed —J’MViznidr.
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Table 2. Resultsfrom numerical calculations carried out in the hydrodynamic approximation

777

A ax 10%Aq Ua Nig Qe Q
Xd/)\d =05
0.15 11 —0.55 1.041 0.126 0.144
0.5 24 -0.85 1.297 0.123 0.192
1 38 —0.99 1.696 0.123 0.255
2 56 -1.14 2.360 0.120 0.360
5 92 -1.21 4.05 0.117 0.600
Xd/)\d =1
0.2 52 -1.17 1.07 0.99 1.2
0.5 97 -1.5 1.297 0.96 153
1 149 -1.7 1.696 0.93 1.98
2 217 -1.82 2.36 0.9 2.73
5 330 -1.82 4.05 0.81 4.29
A ax 102/)\(1 U, Nig Qe Q
xd/)\d =5
0.15 118 =3 1.041 109.2 130.5
0.5 219 -3.28 1.297 83.1 142.8
1 275 -3.27 1.696 68.1 161.4
2 324 =31 2.36 55.5 190.5
10 407 —2.43 6.2 33.9 298.2
Xd/)\d =10
0.15 432 =37 1.041 708 870
1 729 -3.6 1.696 342 840
5 864 2.9 4.05 189 1134
In the dimensionless variables, we have where B2 = ,/2A, instead of the previous formula
Xg B!”2= A2 for the free-flight approximation. Such a
QU502 g replacement, however, only dlightly affectstheion den-
. I sity. A comparison between Tables 2 and 1 shows that
no= - A X (18) thedataobtained for thesetwo casesare very similar to
vl X Xg | one another. This allows one to use the hydrodynamic
2 —u—A \ﬁ U0 gy approximation not only at high pressures but also at
I n; moderate and even low pressures.
X

Though n; in formula (18) is determined via the
same unknown quantity n; on the right-hand side, the
problem can be solved by iterations. Near the cell
boundary, the analytic solution is applicable. Assuming

that n, = 1 and n; =const = 1 and using a one-dimen-
sional planar approximation, we have

2 ]
U= (1-m)%, V= /'Tx.

For the density n;, we obtain the equation
n’(n—-1) = 2A% = B,

PLASMA PHYSICS REPORTS Vol. 31 No. 9 2005

Using the results of calculations performed in the
free-flight approximation, we found the charge and
potential of adust grain and the potential energy of the
eectric field in a Seitz—Wigner cell as functions of the
cell radius at afixed grain size. The results obtained for
neon (solid curves) and argon (dashed curves) plasmas
are shown in Fig. 2. The grain charge depends slightly
on the cell radius and rapidly increases with grain
radius. For ry/A4 < 1, the grain potential decreases with
decreasing cell radius. For a/A4 < 0.05, both the grain
potential and the cell potential energy display weak
minima at normalized cell radii of ry/Ay ~ 0.5-0.8,
which are close to one-half of the experimentally
observed intergrain distance. In an actual crystal struc-
ture, these minima can be significantly deepened dueto



778 SYSUN et al.

“17r (a)
—15F 22}
13+
~1.7}
11t
N —09 B
> 1.2}
—0.7+
—05F -0.7F
03+
—0.1}F -0.2}
0 02 04 06 08 10 12 0 02 04 06 08 10 12 14 16
b <L
0.25 O g 0000 ) s
Rl
e a/h;=0.05
0.20 4r
'_‘0.___0__.-0----0 ........ O vmmnnnnn [ o
0.15F 3k a/A;=03 o—0—o0—o0—o0—0o—
)
010 i 2 _ O'__o..-.o...o...o.--o—-o-o-.__o---o ............. o
02 & —o—o—o—o—0—o—0
0eer0ee0-0.0000 (.02
0.05F 0l o 1r
1 1 1 1 1 1 1 1 1 1 1 1 1
0 02 04 06 08 1.0 12 0 02 04 06 08 10 12 14
i (©)
351
0.15+ 0 0.0:070 T 0 3.0+
. o
. a/\;=0.05 55l
5 0.0 20F
1.5+
0.05 | 1.0F
peeni0m 07010000 0.5r
;;::3::::§;5gg%q§>-o 0.013 | | | . | | | | |
0 02 04 06 08 1.0 12 0 02 04 06 08 10 12 14
ralhg ralhg

Fig. 2. (a) Potential of adust grain of fixed size, (b) dust grain charge, and (c) electric field energy in the Seitz—Wigner cell as func-
tions of the cell size.
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the angular shift of charges of different polarities asthe
grains approach one another, i.e., dueto the violation of
the adopted spherical symmetry. This must be taken
into account when estimating the intergrain distance in
an actual crystal structure. Nevertheless, calculations
performed with the use of aspherical Seitz—Wigner cell
give quite correct estimates of the potential and charge
of a dust grain and demonstrate the possibility of the
formation of a plasma crystal due to the presence of
minimain the electric potential and in the cell potential
energy without invoking additional effects (the so-
called shadow effects, collective interaction, etc. [8]).
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Abstract—A study ismade of the nonlinear mechanism for the excitation of Langmuir wavesin adense plasma
by anintense laser pulse with the frequency w= wy,/2 (where wy, isthe electron plasmafrequency). © 2005 Ple-

iades Publishing, Inc.

1. INTRODUCTION

The study of physical mechanismsfor the excitation
of Langmuir waves in plasma by laser radiation is of
interest for a number of applications, first of al, for the
acceleration of electronsand ionsin plasma (the current
state of this acceleration problem is reflected in papers
[1-7] and the literature cited therein). In the present
paper, we investigate the nonlinear mechanism for the
excitation of a Langmuir wave by a laser pulse with a
frequency equal to half the plasma frequency. On the
one hand, such apulseis subject to the skin effect inthe
plasma; on the other hand, the currents and charges
induced in the plasma at the second harmonic of the
laser frequency are in resonance with the Langmuir
oscillations.

2. FORMULATION OF THE PROBLEM
AND BASIC EQUATIONS

Let a laser pulse with a given intensity profile be
normally incident from vacuum onto a semi-infinite
homogeneous plasma. The laser pulse frequency w is
assumed to be half the plasma frequency, w = w,/2,
where w, isthe electron plasmafrequency. Such apulse
can penetrate into the plasma over a distance equal to

the skin depth A, = 2¢/( J@wp ). The pulse with thisfre-

guency gives rise to a nonlinear plasma current at the
plasma frequency; in turn, the current resonantly
excites a Langmuir wave that propagates from the skin
layer into the plasma.

The basic set of equations contains the equation of
motion of the electron plasma component

m%—‘t’+(v W) = —eE - (v H)—vier-l]Vn, 1)

T Deceased.

the continuity equation
on

T +V[nv) =0, ?2)

and Maxwell’s equations for the electromagnetic field
_ _1oH - _4n 10E

VxE__cat’ VxH = Cenv+cat, 3)

V[E = -4ne(n-n,), VIH =0, @)

where n, is the ion background density and v+, is the
electron thermal velocity.

We seek the solution to Egs. (1)—(4) in the form

E=FE+ %Et(z, e’ +c.c.,
&)

—i wt

H = %Ht(z, t)e " +c.c,

wt
+C.c.,

V=, +%vt(z, t)e" n=ny+n, (6
where the subscripts t and | refer, respectively, to the
transverse laser wave and the longitudinal Langmuir
wave. We substitute relationships (5) and (6) into
Egs. (1)—(4) and perform the corresponding averaging
procedure to obtain the following set of coupled equa
tions for the longitudinal and transverse perturbations:

ov
ma—tI = —eE|—v$en—10VnI +FyL, (7

)
a—rt" +ngV Oy, = 0, )
V [E, = —4men,, )

ad U

Fu. = = Z0m(v, IF)v,+ S(v, x H)ge ™ + c.c
O ¢ 0

"(10)

1063-780X/05/3109-0780%$26.00 © 2005 Pleiades Publishing, Inc.
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imwv, = ek, (11)

In ;@
VxH, = —-Z:—enovt cE" (12)
VxE, = i%)Ht, (13)
VIE, = 0. (14)

Using Egs. (11) and (13) and keeping the terms of the
second order in the field amplitude, we convert expres-
sion (10) for the nonlinear force into the form

2 _—2iwt

Fae =

+c.c.).
4Amw

Equations (7)—9) for longitudinal perturbations are
equivalent to the following equation for the longitudi-
nal electric field of the Langmuir wave:

o°E) + WoE) — VTAE,
ot° (15)
= %1 r_néc_(Va 67" +c.c.),
22
wherea = ———.
mc

Under the conditions adopted here, laser radiationin
the plasmais damped according to the law

a’ = agF(t/tL)exp(—ZKz), (16)

2

w; .
—L isthe

where K = (i)A/—s(oo = “/—éﬁ’ ande=1-
c 2 c e

plasma dielectric function. The function F(t/t)
describes the laser pulse profile, and t, isthe character-
istic pulse duration. With allowance for relationship
(16), Eqg. (15) for the Langmuir wave field can be writ-
ten in the form

0°E
a EI + szI - V12'e—?I
ot’ a17)

= —wzm—C—KaoF(t/tL)cos(w t)e .

For further analysis, it is convenient to switch to the
dimensionless variables

T =wet, ¢=2zwy/vy, U = E/Es,
3 mcw,
E* = £Ema§, Em = _p
e
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In these variables, Eq. (17) takes the form

2
9 llJ+L|J o llJ = —F(t/1 )coste ™, (18)
ot ac

where T, = tyt, and o = /3 vr/c.

Hence, the excitation of a Langmuir wave is
described by the Klein—-Gordon equation whose right-
hand side contains the ponderomotive force at the sec-
ond harmonic of laser radiation. The frequency of the
second harmonic is equal to the plasma frequency.

Let usfirst consider the interaction of a laser pulse
with acold plasma (v, = 0). In this case, the excitation
of Langmuir oscillations is described by the following
inhomogeneous oscillator equation:

2
Z—q: + = —F(T/TL)COSTe_E,
T

where & = Jéwpﬂ ¢ isthe dimensionless coordinate in

units of the skin depth. The solution to this equation
that satisfies the condition Y(t — —0) —= 0 has the
form

T

—tUJ .

g = %GEDCOSTJ'F(T/TL)SIHZTdT
D —00

T

—sintJ’ F(t/t)(1+ cosZr)drEx
0

We assume for simplicity that the laser pulse profileis
symmetric, F(t/1)) = F(—t/1)). After the pulse has inter-
acted with the plasma (t — o), the field structure of
the excited Langmuir oscillations has the form

= —%e_EA(rL)sinr,

where

00

A(t) = J’F(r/TL)(1+c0321)dT (19)

isthe function of the laser pulse duration. From expres-
sion (19), we see that the plasma oscillations are con-
centrated within the skin layer. For a Gaussian laser
pulse,

F(1/1) = exp(—t/1Y);

the function A(t,) is given by the expression

A = Jrn(1+en).

For short (t, < 1) and long (t, > 1) laser pulses, the
values of the function A(t)) differ by a factor of 2. In
theselimiting cases, the function A(t, ) dependslinearly
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on the pulse duration. For a laser pulse with the model
profile

F(t/t) = COS%TLE, T,.2T2-T,
L

we have

21, COS2T []

A(TL) = ? +WTD (20)

The oscillating term on the right-hand side of expres-
sion (20) describes the interference between the Lang-
muir waves excited by the leading and trailing edges of
the laser pulse.

Let us now take into account the thermal motion of
the plasma electrons. In this case, the electrons carry
the oscillation energy from a narrow skin layer into the
plasma. The solution to the Klein—-Gordon equation that
describes this effect was derived using a Green's func-
tion approach. The Green'sfunction G(¢— ¢, T—T1') that
satisfies the equation

06, 698 - 5t—1)3(c-0),
a¢

o1’

and the boundary condition
G(¢=0,¢,t1-1) =0 21)
has the form

G(¢ g, 1-T1)
22
= G(¢—¢, T-T)-Gy(¢+ ¢, 1-T). 22
Here,

Gi(g-¢,T-T)
= 28(r-1)8(r -7 - o DILT -1 - (- ),

Gy(¢+ ¢, 1-T)
= 20(1-1)8(T ~T ~ ¢ + <) Jo(/(1 -1’

—(c+ <)),

where 8(x) isthe Heaviside step function of unit height
and Jy(X) is the Bessel function. Boundary condition
(21) is obtained from the condition for the electron
velocity to vanish at the plasma boundary. The first
term on the right-hand side of expression (22) is the
Green’'sfunction for aspatially infinite plasma, and the
second term isthe Green’s function for the wave pertur-
bation reflected from the plasma boundary. Accord-

BALAKIREV et al.

ingly, the solution to the inhomogeneous Klein-Gor-
don equation can be written as

(T, Q) = ——Idrjdce(T T—|¢—¢l)

% N A A (N '
Jo(J(T=T')* = (- ¢)?)e *“F(T'/1, ) cost )

T 00

+%Idt'jdc'6(T—r‘—lc+ q))

(¢+ ¢)?)e* F(t'/1,) cosT'.

x Jo(/(1-T)° -
In the first term on the right-hand side of expression
(23) for the Langmuir wave field, it is convenient to
switch to the new variables 1; =1-1t' and ¢; =¢—¢.
The second term can be conveniently treated in terms of
the variables 1; =1-T1'. and ¢; = ¢+ ¢. Inthese vari-
ables, we have

0
(T, Q) = —%Idr' [ dee(r —[cl)
0 —oo

x Jo(JT7 =D e OF EFT;LTECOS(T ~T')
(24)

[ 00

+3 Idf Idc'e(f ~I¢l)

xJ(A/i'Z)_“(Q O

For simplicity, we have dropped the subscript 1 from
the integration variables in the integrands in this
expron With a specified explicit form of the func-

TEcos(T -1').

-
tion FD D’

can becal cuI ated numerically from expression (24).

Inthelimit T, > 1, EqQ. (18) can be simplified asfol-
lows: We seek the solution to inhomogeneous Klein—
Gordon equation (18) in the form

the field of the excited Langmuir wave

S %Cb(c, e +coc,

where ®(¢, T) isatime-dependent, slowly varying (over
the interval from O to 2m) function representing the
complex amplitude of the Langmuir oscillations. By
averaging over time, we reduce Klein—-Gordon equation
(18) to the inhomogeneous parabolic equation

0P 6 CD —aT Ot
—t =
2i It aq F[_t o (25)
PLASMA PHYSICS REPORTS Vol. 31 No.9 2005



EXCITATION OF LANGMUIR OSCILLATIONS BY A LASER PULSE

783

25

50
3

Fig. 1. Spatiotemporal distribution of the electric field of a Langmuir wave excited by a short laser pulse.

The Green’s function of the parabolic equation

2‘?_G+"_G = 5(1-1)8(¢ C),
o0t ac

that satisfies boundary condition (21) has the form

G(c-¢,1-1)=—

| B(-T) _ [i(c=¢)’ T
2meXp[2(r—T') H

1 80-1) gpfifcra)y T
2. 2m(t-T) 2(t-1v) 4

The solution to inhomogeneous parabolic equation (23)

can be written as

o(c 1) = ——e_'"MJ'd (/1) /T,_)

(26)
s (0P 6= _ o] - anpl162€) e
{dcg&xp[z“_r,) ac] exp[z(T_T,) acE.

Let us consider the behavior of the Langmuir wave
amplitude on time scales that are much longer than the
pulse duration, T > T'. In this case, expression (26) for

PLASMA PHYSICS REPORTS  Vol. 31

No. 9 2005

the Langmuir wave amplitude can be substantially sim-
plified to become

qJ(ca T) = -

A 8TTT

@7

J'dC Eexp[|(c TC) CIC'}—GX

where

00

U= IdsF(s).

For long time scales such that T > (2a?)2, ¢/a, theinte-
gral in expression (27) can be evaluated approximately:

2

1. UC <0
20

® = P ¢

We see that the amplitude of plasma oscillations
decreases as 2.
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Fig. 2. Time evolution of the spatial profile of the electric field of a Langmuir wave excited by a short laser pulse for 1, = 12 and
a =0.433.
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Fig. 3. Waveforms of the electric field of the excited Langmuir wave at different spatial pointsfor 1, = 12 and a = 0.433.
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3. NUMERICAL RESULTS

In order to examine the nonlinear excitation of
Langmuir waves by a laser pulse in a dense plasmain
more detail, the electric field of the excited Langmuir
wave was calculated numerically from expression (23)
for thefollowing dimensionless parameters: T, = 12 and
o = 0.433. The laser pulse profile was modeled by the
function

= cos 10
F(t/t) COSEQ'[LD'

For alaser pulse with the wavelength A = 1.05 pm,
the above dimensionless parameters correspond to the
following values of the physical quantities: the plasma
density isn, = 4.5 x 10*! cm, the plasmafrequency is

=3.77 x 10" 57!, and the plasma €l ectron tempera-
tureis T, =32 keV. The genera pattern of the excitation
of a Langmuir wave is illustrated in Fig. 1, and the
details of this pattern are shownin Figs. 2 and 3. Figure 2
presents the spatial profiles of the electric field strength
of the Langmuir wave in the plasma at different times.
We can see that the Langmuir wave perturbation prop-
agates into the plasma. The field in the plasmais oscil-
latory in character: in the direction from the leading
edge of the wave perturbation toward the plasma
boundary, the field amplitude first increases, reaching a
maximum value, and then decreases to zero at the
boundary. At each spatial point behind the leading edge
of the propagating wave perturbation, the field oscil-
lates at the plasma frequency (Fig. 3). Because of the
dispersive spreading of the Langmuir wave packet, the
maximum amplitude of the Langmuir wave perturba
tions decreases with time. In dimensiona units, the
strength of thelongitudinal electric field isdescribed by
the expression

E, [V/Om] = w%e’aéﬁo. (28)

4. CONCLUSIONS

We have investigated the nonlinear mechanism for
the excitation of a Langmuir wave by an intense laser
pulse in a dense plasma. The laser pulse has the fre-
quency w = w,/2 (Where w, isthe electron plasma fre-
guency) and is normally incident from vacuum onto a
semi-infinite plasma. Such a pulse penetrates into the
plasma over a characteristic distance equal to A=
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2¢/(A/3wy). The pulse with the indicated frequency

gives rise to a nonlinear plasma current at the plasma
frequency, which resonantly excites a Langmuir wave
in the skin layer. It is shown that this wave propagates
from the skin layer into the plasma. The wave field in
the plasma is oscillatory in character: in the direction
from the leading edge of the wave perturbation toward
the plasmaboundary, the field amplitude first increases,
reaching a maximum value, and then decreases to zero
at the boundary. At each spatial point behind the lead-
ing edge of the propagating wave perturbation, thefield
oscillates at the plasma frequency. Because of the dis-
persive spreading of the Langmuir wave packet, the
maximum amplitude of the Langmuir wave perturba
tions decreases with time. In dimensional units, the
strength of the longitudinal electric field is given by
expression (28).

It is important to note that, in a recent paper by
Baton et al. [3], direct experimental evidence was
found for the formation of accelerated el ectron bunches
separated by the half-period of laser radiation during
irradiation of athick solid target by a relativistic laser
beam.
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Abstract—A one-dimensional model of an RF discharge in CO-containing gas mixtures is developed. The
model takes into account the effect of the degree of vibrational excitation of CO molecules on the structure of
the discharge and on its parameters. Experimental data are presented from measurements of the voltage—power
characteristics of RF dischargesin gas mixtureswith different CO contentsin the pressure range of 10-100torr.
The model devel oped is used to cal cul ate the dependence of the root-mean-square discharge voltage on the spe-
cific power deposition in an RF discharge under our experimental conditions. The experimental data are com-
pared to the results of numerical simulations. For working gas pressures of about 100 torr, which are typical of
the operation of dab CO lasers, the calculated voltage—power characteristics of an RF discharge agree satisfac-
torily with those obtained experimentally. The theoretical model predicts that the vibrational excitation of CO
molecules leads to aredistribution of the RF field in the discharge gap and to an increase in the laser efficiency.

© 2005 Pleiades Publishing, Inc.

1. INTRODUCTION

Considerable progress made in devel oping capillary
and slab CO, and CO lasers during the past decade
resulted from the proposal to excite laser media by
capacitive transverse RF discharges in the frequency
range of 1-200 MHz. The heat from the gas mixtureis
usually removed by cooling the electrodes (see, e.g.,
[1-3]). An RF discharge has a humber of advantages
over a dc glow discharge. The current in a glow dis-
charge can be oriented across or along a narrow gap. In
the first case, the cathode dark space—a region in
which the excitation of molecular vibrations is very
inefficient—occupies a fairly large part of the gap. In
the second casg, it is necessary to apply a high voltage.
In addition, in both cases, the discharge current breaks
into filaments asthe gas pressureisincreased. Asfor an
RF discharge, its stability makesit possible to use low-
voltage power sources; this simplifies the modulation
of the RF pump power and makes the laser output
power easier to control. In an RF discharge, each of the
electrodes alternately operates asacathode or an anode,
and vice versa, depending on the phase of the RF field,
and the conduction current near the electrode that isthe
cathode at a given time is closed by the displacement
current. The electrode sheaths in an RF discharge are
markedly smaller in sizethan thosein aglow discharge,
so the RF discharge is more efficient energeticaly. An
RF discharge also makes it possible to excite fairly
large volumes of active media (in planar geometry)
without using external ionization sources.

Thereislittle experimental information on the prop-
erties of RF dischargesin slab CO lasers [4, 5], al the
relevant data being obtained from discharge chambers
devised to generate laser radiation. The boundary
effects in such chambers, as well as plasmainhomoge-
neities along the optical axis, introduce errors in mea:
surements; this may lead to disagreements between
experiment and theory. Investigations of the properties
of RF discharges in CO,-containing mixtures on spe-
cialy designed devices [6, 7] made it possible to mea-
sure the RF discharge parameters required to make
comparisons with numerical results. In particular, the
voltage—power (VP) characteristics of an RF discharge
that were measured in [6, 7] agree satisfactorily with
the results of numerical smulations [8].

The discharge plasmas in CO-containing mixtures
and in mixtures typical of CO, lasers differ in proper-
ties because, in the first case, the degree of vibrational
excitation is far greater than that in the second case.
Thus, in the active medium of a CO laser, the distribu-
tion of CO moleculesover thevibrational levelsischar-
acterized by the vibrational temperature of the low-
lying levels of about 3000 K and also by an extended
plateau at vibrational levels higher than the so-called
Treanor vibrational level [9]. The vibrational excitation
of molecules changes the electron energy distribution
function (EEDF) and givesriseto new ionization mech-
anisms associated with the elementary processes at the
high-lying vibrational levels. For a plasma of the posi-
tive column of glow discharges in CO-containing mix-
tures, such processes were discussed earlier in [10].

1063-780X/05/3109-0786$26.00 © 2005 Pleiades Publishing, Inc.
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In the present paper, we develop a one-dimensional
model of an RF discharge that takes into account the
effect of the degree of vibrational excitation of CO mol-
ecules on the discharge properties. We present the data
of measuring the VP characteristics of RF dischargesin
gas mixtures with different CO contents at different
pressures in a specially designed device and compare
the calculated results to the experimental data. We also
theoretically investigate how the mechanisms whereby
the ionization rate increases with the rate of vibrational
excitation of CO molecules affects the spatial structure
of the RF discharge and its parameters.

2. EXPERIMENTAL SETUP
AND MEASUREMENT TECHNIQUE

In order to thoroughly investigate the properties of
RF discharges in CO-containing gas mixtures, we
designed a special RF discharge chamber (see Fig. 1)
[11]. The electrode system of the discharge chamber (1)
consisted of two diffusively cooled 10-mm-diameter
cylindrical electrodes (2), placed coaxialy at adistance
of 1.9 mm from one another. The volume of the RF dis-
chargeregion (3) was0.15 cm?. The voltage to the elec-
trode system was supplied from an 81.36-MHz RF gen-
erator (4) through a detector of theratio of the reflected
to the transmitted RF power (5) and through a circuit
(6) for matching the total load impedance to the output
impedance (50 Q) of the RF generator. The electrodes
were cooled using containers (8) filled with room-tem-
perature water (7).

The VP characteristics of the discharge were mea-
sured by aV3-53/1 RF voltmeter (9) and a thermocou-
ple calorimeter. One junction (10) of acopper—constan-
tan thermocouple was placed at one of the RF elec-
trodes and the other junction (11) was kept at room
temperaturein one of thewater containers (8). Thether-
mal emf was measured by a microvoltmeter (12). The
thermometric system was calibrated by measuring the
temperatures of the electrodes heated by dc discharges
with the known parameters. The measurement schemes
and techniques, as well as the calibration procedure,
were described in detail in [11].

3. THEORETICAL MODEL

In our model of an RF discharge, only one species
of positive ions was taken into account and the concen-
tration of negative ions was ignored because of the
rapid decomposition of O~ ions in collisions with CO
molecules. The one-dimensional time-dependent conti-
nuity equations for the fluxes of electrons and positive
ions were solved together with Poisson’s equation. The
continuity equations accounted for the drift of charged
particles and their diffusion. The gas temperature was
found from the time-averaged heat conduction equa-
tion.

The thermal conductivity of the gas mixture was
determined from the thermal conductivities of the indi-
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Fig. 1. Schematic of the experimental setup for measuring
the VP characteristics of an RF discharge: (/) discharge
chamber, (2) electrodes, (3) discharge region, (4) RF gener-
ator, (5) detector of the reflected RF power, (6) matching
circuit, (7, 8) cooling system, (9) RF voltmeter, (10, 11)
thermocouples, and (72) microvoltmeter.

vidual plasma components by means of the procedure
described in [12]. The values of the thermal conductiv-
ities of the plasma components, as well as their depen-
dence on temperature, were taken from [13].

In order to correctly take into account the effects
responsible for the non-steady-state and nonlocal
nature of the electron kinetic coefficients, it is neces-
sary to solve the Boltzmann equation over space and
time, which is a rather difficult task (for pure He, this
problem was solved in [14]). Although the EEDF is
non-Maxwellian, it is possible to introduce the mean
electron energy as its main parameter and to assume
that all the coefficients depend only on this mean
energy (as was done in [15]). In this case, the mean
electron energy is described by atime-dependent equa-
tion and can be found by solving it with allowance for
electron heat conduction. In such an approach, the
mean el ectron energy at each point within theinterelec-
trode gap is a function of time. The transport coeffi-
cientsin the equations for the mean energy and density
of the electrons, as well as the ionization and attach-
ment rate constants, were determined by numerically
solving a homogeneous time-independent Boltzmann
equation for the EEDF. In simulations, the mean elec-
tron energy was varied by varying the parameter E/N,
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Fig. 2. Typica form of the distribution function of CO mol-
ecules over vibrational levels, calculated from analytic for-
mulas.

where E is the dectric field strength and N is the gas
density. The effect of vibrational excitation on the mean
electron energy and transport coefficients was ignored.
This assumption was proved by a special series of test
calculations carried out for the typical discharge condi-
tions under investigation.

In [16], it was shown that the rate constants of the
processes with energy thresholds far above the mean
electron energy are well approximated by the formula

K(2)71_ Cz
9 %0)) = Ty W

Here, K is the rate constant of the corresponding pro-
cess, z = exp(-hw/Ty), with Zw being a vibrational
quantum energy; and Ty, is the vibrational temperature.
The constant C was found by processing the results of
numerically solving the Boltzmann equation for the
EEDF with allowance for collisions of electrons with
vibrationally excited molecules. It was found that, for
CO molecules, this constant has the same value for all
high-threshold electronic processes [17]. In our work,
the constant C in formula (1) was calculated numeri-
cally for each particular mixture. Hence, although the
rate constants K(0) are functions of the mean electron
energy, their dependence on the vibrational temperature
of the low-lying levels was calculated as a function of
the local value of the reduced electric field E/N.

For each spatial cell of the numerical mesh, the
vibrational temperature T,, of the low-lying levels of a
CO molecule was calculated by matching the molecu-
lar distribution function over the vibrationa levels in

_C
V+1
e.g., [9]). Here, V isthe number of the vibrational level,

the Treanor region and the function f,, = (see,

IONIN et al.

the parameter in the numerator is given by the expres-
sion ¢ = (W/V)?>, w is the excitation rate of the vibra-

. _ WV |:| .
tiona levels E/v Noohad ) W, is the averaged (over
the RF field period) power expended on the excitation
of the vibrational levels of CO molecules, and v is the
effective V-V exchange frequency (which depends on
the temperature and gas pressure). The expression for
the V-V exchange frequency was taken from [18]. The
typical shape of the molecular distribution function
over vibrational levelsis shown in Fig. 2. The approxi-
mation just described makes it possible to account for
the dependence of the vibrational temperature of the
low-lying levels on the excitation power and the trans-
lational gas temperature. Since the V-V exchange fre-
quency is much lower than the pump frequency, it was
calculated from the excitation power W, averaged over
the RF field period.

In [10], it was shown that, under the conditions typ-
ical of electric-discharge CO lasers, an important role
may be played by the associative ionization reaction in
collisions between the vibrationally and electronically
excited molecules:

CO(V = 15) + CO(I'S") —= C,0; +e. 2)

This ionization channel was taken into account by
supplementing the RF discharge model with the equa-
tions describing the kinetics of excited moleculesin the
CO(1'%) state. The main mechanism for populating the
CO(I'Y) state is the electron-impact excitation of CO
molecules from the ground state. Asin [10], the cross
section for this excitation process was taken from [19].
The rate of quenching of the CO(I'X") state is equal to
the electron-impact excitation rate, on the one hand,
and to the sum of the quenching ratesin collisions with
CO molecules in the ground states and in reaction (2),
on the other hand. In [10], the ratio of the effective rate
constant of reaction (2) to the quenching rate constant
in collisions with CO molecules in the lowest vibra-
tiona state was estimated by comparing the results of
model calculations to the experimental data and was
found to be equal to 2 + 0.5. This estimate was used in
our kinetic model of an RF discharge. The scheme of
the vibrational levels involved in the additional ioniza-
tion channels is shown in Fig. 3, and the processes
accounted for inthekinetic model arelistedinthetable.
In calculating the rate constant for the excitation of the
CO(I'Y) state, as well as the rate constant for ioniza-
tion from the ground state, the effect of the vibrational
temperature was taken into account by means of for-
mula (1). Under our experimental conditions, the
quenching rate of the CO(I'X") level fals within the
range 10°-10° Hz, which is below the pump field fre-
guency (81.36 MHz). Thisiswhy, in the balance equa-
tion for the CO(1'X") level, the rate of its excitation was
averaged over the RF field period. The populations of
high vibrational levels of a CO molecule (V = 15),
PLASMA PHYSICS REPORTS  Vol. 31
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which are required to calculate the rates of associative
ionization reaction (2), were determined from the
above analytic formulas. The high rate of conversion of

CO* ions into C,0, ions (see table, reaction no. 7)

allowed us to assume that the C,0, ions are the domi-
nant ion species.

The above equations were supplemented with the
obvious boundary and initial conditions. The voltage
across the discharge was determined from a given RF
field power. The simulations were carried out using the
finite-difference scheme proposed in [21, 22].

This difference scheme was implemented on a non-
uniform spatial mesh that was made finer toward the
electrodes. For atypical run of the code, the number of
gpatial stepswas about 100. The scheme converged to a
steady solution after several thousand periods of the RF
field.

4. RESULTS AND DISCUSSION

When modeling RF discharges, we assumed that the
temperature of the discharge chamber wall and of the
electrodes was independent of the power deposited in
the discharge and was equal to 293 K (our measure-
ments at the highest excitation powers showed that the
wall temperature increased by no more than ~5-10 K).
In [8], the VP characteristics of CO,-containing gas
mixtures were calculated numericaly for the experi-
mental conditions of [7]. A nonlocal model of RF dis-
charges that was similar to the model developed here
provided a good description of the experimental data
from [7] at pressures above 40 torr.

In order to test our experimental method for deter-
mining the VP characteristic of the discharge, we car-
ried out a series of measurements of this characteristic
for discharges in the same CO,-containing mixtures
that were used in [ 7] and under nearly the same experi-
mental conditions. Figure 4 shows the VP discharge
characteristics measured in [ 7] (closed symbols) and in

Processes accounted for in the kinetic model
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Fig. 3. Scheme of the levels of the CO molecules involved
in the additional ionization channels.

the present paper (open symbols) and also presents the
results of numerical simulations carried out for the con-
ditions of these two experimental works (solid curves).
In our experiments, the pump frequency (81.36 MHz)
was somewhat lower than that in [7] (125 MHZz), and
theinterel ectrode distance (0.19 cm) waslarger as com-
pared to that in[7] (0.175 cm). For low excitation pow-
ers, the results obtained using our model agree well
with the data from both experiments. The higher the
excitation power, the worse the agreement between the
model and our experiment; at the same time, the agree-
ment with the experiment of [7] remains quite satisfac-
tory. Presumably, thisis because the pump frequency in
the experiments of [7] is 1.5 times higher than that in
our experiments. Aswas pointed out in [23], the normal
current density in thea form of an RF dischargeiscom-
parable to that in a glow discharge. As the excitation
power increases, the discharge extends over the entire
gap surfaces of the electrodes and then begins to slip

No. Process K, cm¥/s, cmb/s References

1 CO(v) +e=—=CO(V) +e EEDF

2 CO+e=—=CO(Iz) +e EEDF

3 CO+e—~CO*+e+e EEDF

4 C,0, +e— CO+CO EEDF

5 CO(v) + CO(v') == CO(v +1) + CO(v' - 1) Analytic model [9, 18]

6 CO(v)+M =—=CO(v-1)+M Analytic model [9]

7 CO*+CO+M —» C,0, +M M =CO, He 1.4 x 10728 [20]

8 CO(215) + CO(I's") —= C,0, +e kg/kg=2.0+05 [10]

9 CO(I13) + CO —» CO** + CO ke/ko=2.0+05 [10]

PLASMA PHYSICS REPORTS Vol. 31 No. 9 2005
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Fig. 4. Root-mean-square voltage across the discharge gap
filledwithaCO,: N, : He: Xe=19:19:57: 5 gasmixture
vs. input power density. The solid curves and symbols show
the numerical and experimental results, respectively,
obtained at pressures of P = (1, A) 70, (2, m) 40, (3, O) 60,
and (4, ¢) 30torr. The closed symbols show the experimen-
tal resultsobtainedin[7] for f = 125 MHz and d = 0.175 cm,
and the open symbols show the results obtained in the
present study for f = 81.36 MHz and d = 0.19 cm.

over their outer surfaces. The normal current density
increases with the pump frequency; as a consequence,
in our experiments, the discharge went out of the gap at
excitation powers lower than those in the experiments

of [7].
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Fig. 5. Root-mean-square voltage across the discharge gap
vs. input power density. The curves and symbols show the
numerical and experimental results, respectively, for P =
100torr, f=81.36 MHz, d = 0.19 cm, and different gas-mix-
ture compositions: CO : He = 1 : 5 (dashed-and-dotted
curve, circles), CO : He=1: 10 (dashed curve, diamonds),
and CO: He=1: 20 (solid curve, triangles).

IONIN et al.

Figure 5 compares the calculated and experimental
VP characteristics of RF discharges in CO : He mix-
tures with different contents of CO molecules at a pres-
sure of 100 torr. We can see that, on the whole, the the-
ory agrees satisfactorily with the experiment. The sim-
ulations reproduce the effect that was observed
experimentally at low pressures, namely, theincreasein
the root-mean-square (rms) voltage across the dis-
charge as the concentration of the molecular compo-
nent in the gas mixturewas increased (Fig. 5). Asinthe
case of CO,-containing mixtures, the agreement
becomes somewhat worse at higher excitation powers.

Figure 6 illustrates the effect of the pressure on the
rms voltage across the discharge gap filled witha CO :
He=1:10 gas mixture. In the experiment, the rmsvolt-
age at a fixed excitation power was found to be essen-
tially independent of pressure, while the theoretical
model predicts that, at an excitation power of
35 W/cm?, the rms voltage across the discharge should
increase by afactor of morethan 2 asthe pressure of the
working gas mixture decreases from 100 to 30 torr. The
reasons for this discrepancy still remain unclear. In par-
ticular, as was mentioned above, it may well be that a
low-pressure discharge in the interelectrode gap is dif-
ficult to initiate because of the low values of the param-
eter pd; in this case, breakdown can occur in the gas
mixture within the ballast volume of the discharge
chamber. Notethat, according to [24], the optimal pres-
suresin the gas mixture that provide the maximum radi-
ation power from a CO laser lie in the range 80—
100 torr.

The discharge power associated with theion current
is amost instantaneously converted into heat, so the

Urms V

300
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100

1 1
0 10 20 30 40 50
W, Wiem?

Fig. 6. Root-mean-square voltage across the discharge gap
filled with a CO : He = 1 : 10 gas mixture vs. input power
density. The curves and symbols show the numerical and
experimental results, respectively, for f = 81.36 MHz, d =
0.19 cm, and different gas pressures. P = (1, ¢) = 100,
(2, n) 60, (3, 0) 30, and (4, O) 10 torr.
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Fig. 7. Ratio of the power density Wp, associated with the

positive ion current, to the total power density vs. total
power density for f = 81.36 MHz, d = 0.19 cm, and aCO :
He: Xe: 0, =50:500:15: 2 gasmixtureat different pres-

sures: P = (1) 100, (2) 60, and (3) 30 torr.

laser efficiency decreases. Within the discharge vol-
ume, the ion current is, as a rule, low, but its contribu-
tion to the discharge current may be substantial near the
electrodes. The effect of gas heating by the ion current
isillustrated in Fig. 7, which shows how theratio of the
power density dissipated by the ions to the total power
density depends on the latter at different pressures of
the gas mixture. We can see that the rel ative value of the
ion current increases with increasing excitation power
and with decreasing gas pressure. It can be seen that, at
a pressure of 30 torr and excitation powers of higher
than 40 W/cm?, about 40% of the RF discharge power
goes directly into gas heating. In this case, efficient
operation of the laser isimpossible.

The mechanism for creating population inversion in
a CO laser can come into play only when the degree of
vibrational excitation is sufficiently high. In [25], the
spectral and energy parameters of an RF-discharge-
excited CO laser were calculated under the assumption
that the vibrational excitation of CO molecules has no
effect on the structure and characteristics of the dis-
charge. Thisiswhy it is important to understand how
this assumption manifests itself in the calculated
parameters of an RF discharge and aCO laser. Figure 8
shows the profiles of the rms reduced electric field
along the discharge gap that were calculated from the
complete model and in the approximation in which the
effect of the ionization of the vibrationally excited CO
molecules on the processes under investigation was
ignored. The profiles of the period-averaged rate con-
stants y of direct ionization (see table, reaction no. 1)
and associativeionization (reaction no. 8) along thedis-
charge gap are shown in Fig. 9. The central region of
the discharge gap is dominated by associative ioniza-
tion, whose intensity increases with increasing excita-
tion power (Fig. 9, curves 2). The effect of the addi-
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Fig. 8. Calculated profiles of the root-mean-square reduced
electric field (E/N)gy s along the discharge gap filled with a

CO: He=1":10 gas mixture. The solid curves were calcu-
lated from the complete model, and the dashed curves were
obtained without allowance for the effect of the vibrational
temperature of CO molecules. The calculations were car-
ried out for P = 100 torr, f = 81.36 MHz, d = 0.19 cm, and

W= (@) 15 and (b) 50 W/cm®.

tional ionization channels associated with the vibra-
tionally excited CO molecules weakens the reduced
electric field (E/N)gys @t the center of the discharge gap
by 10-20%. An analysis shows that associative ioniza-
tion reaction (2) decreases the parameter (E/N)gusto a
greater extent than does the effect of the vibrational
excitation on ionization rate constants (see formula
(1)). At afixed discharge power, adecrease in (E/N)gus
at the center of the discharge gap leadsto anincreasein
(E/N)gus near the electrodes. This occurs because the
conduction current at the discharge center increases. In
order for the conduction current to be closed near the
cathode, the displacement current should grow at the
expense of an increase in the field near the electrodes.
Because of such behavior of the reduced electric field
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! Fig. 10. Calculated dependence of the root-mean-square
4 %107 F voltage across the discharge gap filled with a CO : He =
1:10 gas mixture on the total input power density. The
solid curves were calculated from the complete model, and
v the dashed curves were obtained without allowance for the
effect of the vibrational temperature of CO molecules. The
2 caculations were carried out for f = 81.36 MHz, d =
1 %107 0.19 cm, and P = () 30 and (b) 100 torr.
tional levelsof CO moleculesdecreaseswith increasing
, , reduced electric field. Since the additional ionization
0 0.05 0.10 0.15 channels, namely, those related to the excitation of the
X, cm high-lying vibrational levels of CO molecules, weaken

Fig. 9. Calculated profiles of the period-averaged rate con-
stants of (1) direct ionization and (2) associative ionization
aong the discharge gap filled withaCO : He=1: 10 gas
mixture. The calculations were carried out for P = 100 torr,
f = 8136 MHz, d = 0.19 cm, and W = (& 15 and

(b) 50 W/cm?®.

(E/N)rms @ong the discharge gap, the vibrational exci-
tation of the CO molecules has only avery minor influ-
ence on the VP characteristic of the discharge. This
effect is demonstrated in Fig. 10, which shows the VP
characteristics of discharges at different gas pressures.
On the whole, the increase in the ionization rate due to
the vibrational excitation of CO molecules lowers the
voltage across the discharge gap. An analysis of the
results of numerical simulations shows that the higher
the pressure and the lower the excitation power, the
larger the extent to which the discharge voltage
decreases. At lower pressures, the voltage is not
affected by the additional ionization mechanisms (see
Fig. 10, inwhichtwo curves I, calculated for a pressure
of 30 torr, are virtualy indistinguishable from one
another). For a self-sustaining discharge, the values of
the reduced electric field E/N at which the discharge is
sustained correspond to the range in which the fraction
of power that isexpended on the excitation of the vibra-

the reduced electric field (E/N)gys in the discharge
plasma, the fraction of power that is expended on the
excitation of the vibrational levels increases (Fig. 11).
From the standpoint of power generation, thisis a pos-
itive effect because it increases the laser efficiency.

When being supplemented with the additional ion-
ization mechanisms, the model predicts that the RF
power density is somehow redistributed over the dis-
charge gap. Estimates show that, in calculating the gas
heating rate, one can ignore the energy transfer due to
the diffusion of the excited molecules, i.e., the differ-
ence between the power density that goesinto gas heat-
ing and the local discharge power density. In this case,
for afixed total power, the change in the gas tempera-
ture at the center of the discharge gap is determined by
the power density profile. When the additional ioniza-
tion mechanisms are taken into account, the model pre-
dicts a decrease in the parameter (E/N)gys and in the
central power density and an increase in the power den-
sity in the electrode sheaths. This redistribution of the
power density is accompanied by adecrease in the cen-
tral temperature. An increasein the pressure leadsto an
insignificant decrease in the parameter (E/N)gys and to
an increase in the temperature of the gas mixture at the
center of the discharge. This last effect stems from the
fact that the fraction of power dissipated within the
sheaths decreases with increasing pressure (see Fig. 7).
PLASMA PHYSICS REPORTS  Vol. 31
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Fig. 11. Fraction of power that is expended on the excitation
of thevibrational levels of CO moleculesin adischarge gap
filled with a CO : He = 1: 10 gas mixture vs. input power
density. The solid curveswere cal culated from the complete
model, and the dashed curves were obtained without allow-
ancefor the effect of the vibrational temperature of CO mol-
ecules. The calculationswere carried out for f = 81.36 MHz,
d=0.19cm, and P = (a) 30 and (b) 100 torr.

5. CONCLUSIONS

With a specia chamber designed to investigate the
properties of RF discharges by measuring their VP
characteristics, it became possible to experimentally
determine how the root-mean-square voltage across the
discharge gap depends on the power deposited in the
discharges in different CO-containing gas mixtures at
different pressures. This special chamber provided
more exact measurements than can be done in a laser
chamber [5]. The VP characteristics and other parame-
ters of RF dischargesin our experiments have been cal-
culated numerically using a one-dimensional model.
For working gas pressures of about 100 torr, which are
optimal for the operation of dlab CO lasers, the calcu-
lated VP characteristics of an RF discharge agree with
those obtained experimentally. For a gas mixture at a
pressure of 30 torr, the calculated root-mean-square
voltage across the discharge gap was found to be mark-
edly higher than the experimental one. In order to clar-
ify the reasons for this discrepancy, additional investi-
gations are required.

Numerical simulations performed with the use of
our one-dimensional model have shown that, when the
additional ionization mechanisms associated with the
vibrational excitation of CO molecules are taken into
account, the déectric field turns out to be somewhat
weaker at the center of the discharge gap and stronger
near the eectrodes. This leads to an increase in the
power expended on the excitation of the vibrational lev-
els of CO molecules and, accordingly, in the efficiency
of aCO laser.
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Abstract—A discharge produced by afocused microwave beam in a supersonic gas flow has been investigated
experimentally. It is shown that the degree of ionization and the gas temperature in the discharge arefairly high
and that the main properties of the discharge plasma are only dightly affected by the supersonic air flow.
Discharges produced by focused microwave beams can find application in supersonic plasma aerodynamics.

© 2005 Pleiades Publishing, Inc.

1. INTRODUCTION

In recent years, a new direction of plasma physics
research—supersonic plasma aerodynamics—has been
actively developed. It was proposed that the gas flow
parameters near an aircraft be controlled and the air-
craft aerodynamic characteristics be improved by pro-
ducing plasmain front of the aircraft and at its planes.
Various types of gas discharge (dc discharges, repeti-
tive pulsed discharges, microwave discharges, etc.) can
be used for this purpose (see [1-2]). It was suggested
that low-temperature gas-discharge plasma can be uti-
lized to ignite supersonic fuel flows in ramjet engines
and to intensify the fuel combustion in them. Here, we
propose that a freely localized (electrodeless) micro-
wave discharge produced in a given spatial region by a
focused high-power microwave beam be used for this
purpose. This type of discharge in still air was previ-
ously studied in many laboratories (see, e.g., [3-12]
and the literature cited therein).

It iswell known that, if the electric field strength in
the focal region of a focused microwave radiation
exceeds a certain threshold value, gas breakdown
occursthere. The plasma produced beginsto efficiently
absorb microwave energy. Thisleadsto efficient ioniza-
tion, dissociation, and excitation of the gas in this
region. The absorbed energy isredistributed among dif-
ferent components and degrees of freedom of the
molecular gas. A microwave discharge produced by a
dlightly converging microwave beam tends to propa-
gate toward the microwave source, the propagation
velocity being a function of the microwave intensity.
Therefore, the propagation velocity and other charac-
teristics of the discharge can be controlled by varying
the microwaveintensity [ 7]. Studies of the properties of
a microwave discharge generated far from the walls of
the discharge chamber and from the radiation source
areimportant both for solving anumber of fundamental
problems of plasma physics and for implementing this

type of discharge. This method of delivering power is
best suited, e.g., for producing plasma near an aircraft
moving with a supersonic velocity in a dense atmo-
sphere. The method allows one to control the air flow
near the aircraft and to decrease its drag coefficient. A
freely localized microwave discharge can also be used
to initiate and optimize the combustion of the gaseous
fuel in supersonic ramjet engines.

The aim of this study was to investigate the main
properties of afreely localized discharge produced by a
focused microwave beamin still air, aswell asin super-
sonic air and air—propane flows.

2. EXPERIMENTAL SETUP

The experimental setup consists of a discharge
chamber, a magnetron generator, a power supply sys-
tem, a system for producing a supersonic gas flow, and
adiagnostic facility (see Fig. 1).

The microwave sourceis a pulsed magnetron genera-
tor operating in the centimeter wavelength range. The
parameters of the magnetron generator are as follows:
the wavelength is A = 2.4 cm, the pulsed microwave
power isW < 300 kW, the pulsedurationist = 1-300 s,
and the period-to-pulse duration ratio is Q = 1000. The
magnetron is powered from a pulsed modulator with a
partial discharge of the capacitive storage. Microwave
power was delivered to the discharge chamber through
a 9.5 x 19-mm rectangular waveguide. The input
microwave power was measured with the help of a
directional coupler installed in the waveguide so that a
fraction of microwave power was directed to the mea-
suring arm containing an attenuator and a section with
acrystal detector. The microwave pulse envelop at the
detector output was recorded using a digital oscillo-
scope. The pulse envelop was nearly flat-top. The same
signal was fed to a pulsed digital voltmeter measuring
the pulse amplitude. The voltmeter was preliminarily

1063-780X/05/3109-0795$26.00 © 2005 Pleiades Publishing, Inc.
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Fig. 1. A block diagram of the experimental setup: (/) mag-
netron, (2) discharge chamber, (3) system for producing
supersonic flows, (4) diagnostic facility, (5) pump out,
(6) synchronization unit, (7) aerodynamic channel,
(8) Laval nozzle, (9) horn antenna, (/0) metal mirror, and
(11) microwave discharge.

calibrated with the help of a calorimetric power meter
connected to the output of the main arm of the direc-
tiona coupler. All the components of the microwave
transmission line were sealed. To avoid electric break-
downs inside the waveguide, it was filled with an insu-
lating gas (SF;) at apressure of 4 atm. The vacuum sys-
tem allowed usto carry out experiments at air pressures
of p=1-760 torr.

We used two schemes for producing freely localized
microwave discharges. In the first scheme, the micro-
wave beam was focused by a 0.6-m-diameter dielectric
lens with a focal length of 0.8 m. A freely localized
microwave discharge was produced in the standing-
wave operating mode. The focused microwave beam
was directed onto a spherical metal mirror placed in
front of the lens and was additionally focused by this
mirror. However, to ignite fuels in actual engines, it
seems more expedient to use another scheme for pro-
ducing microwave discharges (Fig. 1). In this scheme,
ahorn antenna and a metal short-focus mirror are used
instead of the lens. The microwave power is input into
the discharge chamber through a rectangular
waveguide, which is sealed in the chamber flange. The
waveguide terminates with a rectangular horn inserted
into the discharge chamber. The horn forms a micro-
wave beam incident onto a spherical mirror with afocal
length of 16 cm. Thismirror ispositioned in front of the
horn at a distance of 30 cm from it. A microwave dis-
charge in a supersonic flow is produced in a quartz
cylindrical channel located between the horn and the
mirror, in the focal plane of the mirror. In this series of
experiments, we used a smooth 3-cm-diameter cylin-
drical aerodynamic channel without a stagnation zone.

The evacuated metal cylindrical discharge chamber
is the basic component of the experimental setup. Its

SHIBKOV et al.

functions are to provide the required pressure in exper-
iments with freely localized microwave discharges in
still gases and supersonic gas flows. It also serves as a
reservoir for exhaust gases. The inner diameter of the
discharge chamber is 1 m, and its length is 3 m. The
chamber consists of a mgjor and a minor section. The
major section is mounted on a car and is equipped with
a specia lock unit; it can be detached from the minor
section and be moved aside on rails. This alows us to
easily access the chamber interior for the accommoda:
tion of the necessary experimental objects and for other
purposes. The cylindrical wall of the chamber has more
than twenty diagnostic windows of different diameter
(d=10-50 cm) and anumber of sealed electric connec-
tors, so it is possible to observe the processes occurring
inside the chamber and to feed the required electric
voltages and other control and auxiliary signalsinto the
chamber without deteriorating vacuum in it.

A supersonic flow was produced by filling the dis-
charge chamber with air through a specially profiled
Laval nozzle mounted on the outlet tube of the electro-
mechanical valve. In our experiments, we used a cylin-
drical nozzle designed for a Mach number of M = 2.
The nozzle was made of a dielectric in order avoid its
influence on the distribution of the electric field in the
foca region of the microwave beam. The electrome-
chanical valve was mounted on the chamber flange so
as to produce a supersonic air flow along the vertical
diameter of the chamber. To synchronize the operation
of the electromechanical valve with the microwave dis-
charge, we used a specia circuit that provided the
required time delay between the generation of the dis-
charge and the opening of the valve. The electrome-
chanical valve remained open over 2 s. A freely local-
ized microwave discharge was produced within this
timeinterval. The supersonic flow was perpendicular to
the propagation direction of the microwave beam.

3. DIAGNOSTIC TECHNIQUES

In our experiments, we measured the integral emis-
sion spectrum from the discharge plasma, the time
behavior of the intensities of various molecular bands
and atomic lines at the outlet from the aerodynamic
channel, and the trandational and vibrational gas tem-
peratures. The general view of afreely localized micro-
wave discharge was recorded by aphotographic camera
and adigital video camera.

During the combustion of a supersonic air—propane
flow in the aerodynamic channel, we observed the CH,
CN, C,, and OH molecular bands, as well as intense
lines of atomic hydrogen and oxygen. For example, in
a discharge excited in an air—propane mixture, the
intensities of CN bands were three to five times higher
than those in a discharge in air. However, even severa
centimeters downstream from the discharge, the inten-
sities of CN bands dropped sharply, whereas the inten-
sities of CH bands remained almost the same. There-
fore, to confirm that the supersonic hydrocarbon fuel
PLASMA PHYSICS REPORTS  Vol. 31
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flow in the aerodynamic channel wasignited by afreely
localized discharge, we used, as an indicator, emission
from the excited CH* radicals. Thetime behavior of the
intensity of the 431.5-nm molecular band of the excited
CH* radicals (the (0; 0) band of the A’A — X°1ttran-
sition) was measured in different regions of the aerody-
namic channel, at different distances downstream from
the focal region of the microwave beam.

The tranglational gas temperature in a microwave
discharge in air was determined by a spectroscopic
method based on measuring the distribution of the line
intensities in the rotational structure of the (0; 2) band
of the second positive system of molecular nitrogen
(A = 380.5 nm) [7]. The vibrationa temperature was
determined from the relative intensities of the bands of
the second positive system of molecular nitrogen [13]
and molecular bands of cyanogen [14].

When determining the translational and vibrational
gas temperatures, the emission spectra from a micro-
wave discharge were recorded with the help of an STE-1
spectrograph (with adispersion of 0.3-1.0 nm/mm) and
a DFS-12 and an MDR-23 monochromator (with dis-
persions of 0.5 and 1.3 nm/mm, respectively). As a
detector, we used either a photomultiplier or a CCD
array (aphotodiode unit consisting of alarge number of
light-sensitive elements arranged in a line) positioned
behind the exit dit of the monochromator. The spatial
resolution of the recording system depends on the size
and number of light-sensitive elements. In our experi-
ments, we used a CCD array consisting of 3650 ele-
ments, each 8 x 8 um in size; this ensured spatial reso-
lution of no worse than 0.4 mm. Video signals from the
recording system, which were proportional to the emis-
sion intensity measured in the 300- to 900-nm spectral
range, were encoded by an analog-to-digital converter
and then stored in a PC. The discharge spectrum could
then be displayed on a monitor or printed out with the
use of a specially designed software.

4. RESULTS AND DISCUSSION

Microwave discharges in a focused microwave
beam were produced both in still air and in supersonic
gas flows with a Mach number of M = 2. When operat-
ing with gas flows, microwave discharges could be pro-
duced either in a free gas flow or upstream of a body
flowed around by a supersonic flow.

4.1. Microwave Discharge in Stll Air

The magnetron parameters allowed us to produce
electrodel ess discharges in a focused microwave beam
at air pressures below 100 torr. When studying the spa-
tiotemporal characteristics of microwave discharges at
pressures higher than 100 torr, it was necessary to ini-
tiate the discharge externally because, in subcritical
electric fields, the discharge cannot develop without a
preliminary breakdown. It is known [5] that, after
breakdown, the discharge can be maintained over a

PLASMA PHYSICS REPORTS  Vol. 31

No. 9 2005

797

long time by a subcritical field. The discharge can be
initiated, e.g., by an intense laser pulse or by introduc-
ing aninitiator (ametal needle or aspecial target) inthe
focal region of the microwave beam. In our experi-
ments, we used a specially designed initiator consisting
of two copper wires inserted in ceramic pipes. Theini-
tiator was placed in the focal region of the microwave
beam, and its position was adjusted so that the wire
endslay at adistance of 5-20 mm from one another and
were oriented along the electric field. A high voltage
pulse (T = 1 us) applied to the initiator resulted in gas
breakdown across the initiator gap. The microwave
pulse was switched on 40 us after the initiating voltage
pulse. The electrons surviving after the recombination
of the preliminary plasma efficiently absorbed micro-
wave energy, thereby stimulating the development of a
microwave discharge. With such aninitiator, discharges
in focused microwave beams could be produced over a
wide range of air pressures and microwave intensities.

Figure 2 showsthe general view of afreely localized
microwave discharge at different air pressures. It can be
seen that, at low pressures, the freely localized micro-
wave discharge looks like a chain of plasmoids sepa-
rated by a distance of about 1 cm. The transverse size
of the plasmoids is one to severa centimeters. At the
threshold input power, the total length of the discharge
decreases with increasing pressure. At high pressures
(by high pressures, we mean pressures at which theine-
quality vy > w holds, where v is the effective elec-
tron—molecule collision frequency and w is the micro-
wave circular frequency), the microwave discharge is
highly nonuniform and consists of several bright
plasma channels, which are less that 1 mm in diameter
and are extended along the microwave electric field.

We measured the trandational and vibrational gas
temperaturesin microwave discharges produced in still
air at different pressures and incident powers. Figure 3
shows the trandational and vibrational gas tempera-
tures as functions of the air pressure for the threshold
incident power. It can be seen that the gas temperature
increases monotonically from 500 K to 1800 K as the
air pressure increases from 10 to 100 torr. The increase
in the temperature can be explained as follows. At the
threshold microwave power, the breakdown field
increasesin proportion to the air density n. In this case,
as the pressure increases, the reduced electric field E/n
remains constant, whereas the electron density
increases [7]. This leads to an increase in the energy
deposited in the gas and, accordingly, to anincreasein
the gas temperature. At the same time, the vibrational
temperature varies nonmonotonically with pressure and
passes through a minimum at p ~ 30 torr. This pressure
corresponds to the minimum in the Paschen curve for
the given microwave wavelength; i.e., the power
required for initiating afreely localized microwave dis-
charge is minimum at this pressure [7].

Figure 4 shows the translational and vibrational gas
temperatures asfunctions of theincident power at an air
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Fig. 2. Genera view of a freely localized microwave dis-
charge produced in still air at a pulse duration of T =20 us;
repetition rate of f = 10 Hz; and pressures of p = (1) 40,
(2) 80, (3) 300, and (4) 500 torr. The microwave beam prop-
agates from | eft to right.

pressure of p = 60 torr. It can be seen that, as the micro-
wave power increases, the gas temperature first
increases and then decreases, whereas the vibrational
temperature decreases monotonically. In a self-sus-
tained discharge produced by a focused microwave
beam, the electron density at low incident powers is
close to the critical density [10]. The propagation
velocity of the discharge front is low, the region occu-
pied by the discharge plasmais no longer than 1-2 cm,
and the microwave field penetrates freely into the
plasma during the entire microwave pulse. In this case,
the electronic states of molecules are efficiently
excited, the gas is heated during the entire microwave
pulse, and the gas temperature in the foca region
increases with increasing microwave power. As the
microwave power increases further, the propagation
velocity of the dischargeincreases and the el ectron den-
sity reaches its critical value at the discharge front. As
a result, the electric field in the focal region of the
microwave beam decreases due to the skin effect and
the gas heating rate decreases.

SHIBKOV et al.
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Fig. 3. Trandational (1) and vibrational (2) gas tempera-
tures in the plasma of a freely localized microwave dis-
charge as functions of the air pressure at the threshold
microwave power.

It was shown in [15] that the reduced electric field in
the plasma produced by a focused microwave beam is
fairly high. For thisreason, in theinitial phase of adis-
charge, excited and charged particles are efficiently
produced and the gas temperature grows rapidly at a
rate of 100 K/us or more [16-18]. Rapid gas heating
was also observed experimentally when studying dis-
charges in air, nitrogen, and air-nitrogen mixtures [7,
11, 16-18]. It was shown that the gas was heated dueto
the deexitation of the electronic states of molecules,
which were efficiently excited by electronimpact at high
values of the reduced electric field (E/n = 10V cm?).

4.2. Microwave Discharge in a Supersonic Flow

Most gas discharges are produced with the use of
single- or multielectrode energy supply systems. From
the practical standpoint, such systems are poorly suited
to remotely control plasma production in a certain spa-
tia region, e.g., ahead of a body moving with a super-
sonic velocity in the dense atmosphere (rather than at
its surface). Electrodeless systems in which freely
localized discharges are produced using focused micro-
wave beams are best suited for this purpose.

In a freely localized discharge, the electric field is
localized in the waist region of a focused microwave
beam. Microwave beams can be focused in both still
gases and gas flows. Gas breakdown in a microwave
discharge occurs over a time that is shorter than the
time during which the gas propagates through the dis-
charge; therefore, the discharge is not blown off by the
supersonic flow. In contrast, in a transverse electrode
discharge, the current frozen in the moving plasmais
carried away from the electrode gap and forms an
unsteady current loop [19]. Hence, the plasma of a
freely localized discharge can exist in aspecified region
PLASMA PHYSICS REPORTS  Vol. 31
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of space during the entire microwave pulse. It was dem-
onstrated experimentally (see Fig. 5) that the discharge
was not blown off by a supersonic flow from the focal
region of afocused microwave beam. The experiments
also showed that the power required for producing a
microwave discharge depended only dlightly of the
flow velocity. Thus, there was amost no difference
between the situation inwhich afreely localized micro-
wave discharge was initially excited in still air and then
a supersonic flow was switched on and the opposite sit-
uation in which asupersonic flow wasinitialy switched
on and then amicrowave discharge was produced in the
flow. Note that, under our experimental conditions, the
gas flow velocity was much lower than the discharge
propagation velocity and the supersonic air flow with a
Mach number of M = 2 only dlightly affected gas
heating.

To confirm the hypothesis that plasma may be pro-
duced ahead of abody moving with a supersonic veloc-
ity in the dense atmosphere, we carried out experiments
in which amicrowave discharge was produced ahead of
a model of the aircraft forepart flowed around by a
supersonic air flow at pressures of p = 50-500 torr. Fig-
ure 6 shows the general view of microwave discharges
a air pressures of 60 and 300 torr and a microwave
pulse duration of T = 30 ps. It can be seen that the gen-
eration of a discharge in a focused microwave beam is
areliable method for remotely controlling the produc-
tion of plasmain a specified spatial region ahead of an
aircraft moving with a supersonic velocity in the dense
atmosphere.

The possibility of controlling the ignition and com-
bustion of the fuel in a hypersonic ramjet engine is an
important condition for its practical use. When study-
ing the combustion kinetics of hydrocarbon fuels in
their mixtures with oxygen and air, attention has been
mainly focused on the mechanismsfor igniting gaseous
fuels. For the most part, mechanisms determining the
induction time of the mixture during its thermal self-
ignition have been investigated. Only recently, publica
tions appeared (see [1, 2]) in which the influence of a
low-temperature gas-discharge plasma on the combus-
tion kinetics was considered. In order to solve this
problem, which largely determines progress in hyper-
sonic aviation, it was proposed to use various types of
plasma generators.

In our experiments, we studied the influence of a
nonequilibrium plasma on the combustion kinetics of a
gaseous hydrocarbon fuel using the ignition of a super-
sonic air—propane flow with a Mach number of M = 2
as an example. For ignition, we used a freely localized
microwave discharge. A microwave discharge was
excited in gtill air inside the aerodynamic channel; the
plasma 1-2 cm in size was produced near the initiator
(Fig. 7a). The discharge dimensions were found to
increase with increasing power and duration of the
microwave pulse. Figure 7b shows photographs of
freely localized microwave dischargesin supersonic air
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Fig. 4. (1) Trandational and (2) vibrational gas tempera-
tures in the plasma of a freely localized microwave dis-
chargein air asfunctions of the microwave power (W, isthe
threshold power for gas breakdown at a pressure of p =
60 torr).

Fig. 5. The genera view of a freely localized microwave
discharge produced in a supersonic air flow (M =2) at a
pressure of p = 350 torr, pulse duration T = 300 s, and rep-
etition rate of f = 10 Hz. The microwave beam propagates
from left to right. The arrow shows the direction of the
supersonic flow. The arrow width is equal to the exit diam-
eter of the Laval nozzle.

and air—propane flows in the aerodynamic channel. It
turned out that the supersonic flow of a gaseous hydro-
carbon fuel was easy to ignite by a microwave dis-
charge. In our experiments, the combustion of a super-
sonic air—propane flow was successfully initiated by
microwave beamswith aduration as short ast = 25 s.
It should be noted that a repetitive transverse electrode
discharge ensures the ignition of a supersonic air—pro-
pane flow only at pulse durations of no less than 100—
150 ps, whereas the microwave pul se duration required
for ignition is much shorter. This indicates that the
number of active particles produced in a microwave



800

Fig. 6. The genera view of a microwave discharge pro-
duced ahead of a body flowed around by a supersonic air
flowat M=2,1=30ps, f=100Hz, and astatic air pressure
inthe chamber of p=(1) 60 and (2) 300 torr. The microwave
beam propagates from left to right, and the supersonic flow
propagates from top to bottom.

(a) (b)

Fig. 7. The genera view of a freely localized microwave
discharge produced in still air at a microwave power of W=
100 kW (plot (8)) and in supersonic (M = 2) air and air—pro-
pane flows at W = 200 kW (plots (b) and (c), respectively).
The static air pressure in the chamber is p = 60 torr, and the
microwave pulse duration ist = 100 ps.

dischargeis much larger than that in adc electrode dis-
charge.

Besides photographing the general view of a dis-
charge in the aerodynamic channel, we recorded the
emission spectra from the combustion products of an
air—propane mixture in different regions of the aerody-
namic channel. Thus, in the case of a microwave dis-
charge in a supersonic air flow, the emission spectrum
measured at adistance of z=7 cm downstream from the
beam focus did not contain any atomic lines and molec-
ular bands. In contrast, in the emission spectrum from a
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discharge in a supersonic air—propane flow, we
observed intense radiation from the excited CH* radi-
cals, the molecular bands of C, and CN, and the spec-
tral lines of atomic oxygen and hydrogen. In this case,
the radiation pulse lasted over ~1 ms, whereas the dura-
tion of the microwave pulse initiating combustion was
T=100ps.

It was shown in [20] that, at high values of the
reduced electric field (E/n = 10 V cm?), a significant
fraction (more than 50%) of the energy deposited in the
discharge is spent on the excitation, dissociation, and
ionization of molecules by electron impact with the
subsequent generation of chemically active radicals.
Since a self-sustained microwave discharge exists at
high values of the reduced electric field [ 7], the number
of active particles produced in such adischargeislarger
than that in an el ectrode discharge. This should strongly
affect the kinetics of the processes with the participa
tion of active radicals and should result in a shorter
induction time. Our experiments indicate that, at high
values of the reduced electric field, the gasin a micro-
wave dischargeisrapidly heated (dT,/dt ~ 10® K/s) and
the degree of molecular dissociation is high (up to & ~
50%); this promotes rapid fuel ignition. It should be
noted that, since the reduced electric field in a micro-
wave dischargeishigh, the plasmaisasource of intense
UV radiation, which may substantially affect the pro-
duction of active radicals via photoionization, photo-
dissociation, and photoexcitation. Thisisalso favorable
for reducing the induction time. For this reason, we
believe that it is necessary to more thoroughly examine
the role of charged and active particles, which are very
rapidly produced in a microwave discharge, and the
influence of UV radiation on both the reduction of the
induction time and the increase in the combustion effi-
ciency of hydrocarbon mixtures.

5. CONCLUSIONS

The properties of freely localized microwave dis-
chargesin air and in supersonic air—propane flows have
been investigated experimentally. It has been shown
that the microwave discharge is areliable and efficient
tool for initiating the combustion of supersonic flows of
hydrocarbon fuels. This method for initiating fuel com-
bustion can find application in ramjet engines.
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