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The Gell-Mann—Low function 3(g) in QED (g is the fine structure constant) is reconstructed. At large g, it
behaves as 3,,g” witha = 1 and f3,, = 1. © 2001 MAIK “ Nauka/| nterperiodica” .
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Recently [1, 2], | developed a method of summing
divergent perturbation series with arbitrary coupling
constants. With this method, information about all
terms of the series is obtained by the interpolation of
the known first terms exhibiting Lipatov asymptotic
behavior [3]. In this paper, this method will be used to
reconstruct the Gell-Mann-Low function in QED.

Lipatov’s method [3] is based on the saddle-point
calculation of path integrals near instanton configura-
tions and is being questioned because of the possible
renormalon contributions [4]. Formally, the asymptotic
behavior of perturbation theory is determined by the
singularity nearest to the origin in the Borel plane.
Whereas the presence of instanton singularities is
beyond question, the existence of renormalon singular-
ities has never been proved, which is acknowledged by
the most active advocates of this direction [5]. Having
been proved in [6], the absence of renormalon singular-
itiesin the ¢* theory casts some doubt on the renorma-
lon concept as a whole, although similar proofs are
lacking for other field theories. In such a situation, |
believe that it can be assumed that the renormalon sin-
gularities are absent.

1. The asymptotic form of perturbation theory for
QED was discussed in the late 1970s [7-9]; al funda-
mental problems were solved by Bogomolny and
Fateyev [8, 9], but they did not find specific values for
their calculations. Below, | partialy fill this gap.

The vertex with M photon and 2L electron freelines
is determined by the path integral

Ly = IDADED DWA(X) --- A W(Y) B(z) - .- Y(yL)

U _.arl 2
“$(z) expL-{d X 3(0.A ~0,A) "

+ m(lyvav —-m+ eyvAv)qu|

o4

Integration with respect to the fermion fields gives

Zy, = IDAA(xl)...A(xM)G(yl, 2)...G(y., )

x det(iyvav -m+ eyvAv) (2)

U1, 41
x expi-= fd'x(d, A, —-0,A)TI+ ...,
D4I " "o

where G(x, X)) is the Green’s function for the Dirac
operator

(iyy0, —m+ey,A)G(x, X) = d(x-x),  (3)

and the ellipsis stands for the terms with other pairings
of Y(y;) and Q(z) . Estimations show that the quantity

eA,(X) is large for the saddle-point configuration and
the asymptotic form of the determinant at e — ico can
be used, because the growth rate is maximal at imagi-
nary evalues[9]:

4
. e 4, 2,2
Indet(iy,0, —m+ey,A) = —[dXx(A) . 4

(iy VoAY) 12nZI A). @&

Thisresult is not gauge invariant and isonly valid for a
specifically chosen gauge; it can be obtained for slowly
varying fields or for configurations with a sufficiently
high symmetry [9]. Taking Eqg. (4) into account, a path
integral with effective action

= [dXCE0,A, —0,A) — 22(AD) T,
WA = [OGOASAT SR

2
e

g = an

appearsin Eq. (2); the asymptotic form of perturbation
theory for this action can be found by Lipatov’'s
method. Its structure is determined by the homogeneity
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properties of the action [10]; when g? is used as a cou-
pling constant, these properties are the same asin the ¢*
theory, and the general asymptotic term has the form

¢S (N + b)g?, where S, is the instanton action. In

actuality, the expansion isin arbitrary integer (not only

even) g powers, and the general term is ¢S,/ 2 I (N/2 +

b)g.2 Taking the val ue of instanton action into account,
one obtains for the Nth-order contribution to the vac-
uumintegra (M =0, L =0) [8]:

3/2 N/2
Zv(-0)" = cont o T, ©)

wherer = 11 is the number of zeroth modes including
four trandations, a scale transformation, and six four-
dimensional rotations (instanton corresponds in sym-
metry to arigid body of an irregular shape).

In the general case, the functional form of the result
can be found by structural calculations described in
[10] and reduced to dimensional analysis. It is easy to
show that e, ~ N4 and A(x) ~ N¥2 for the saddle-point
configuration. To find the dimension of G(x, x’), con-
sider the Dyson equation

G(x, X) = Gy(x—=X)
- jd“yeo(x— y) ey, A(Y) G(y, X)

whichfollowsfrom Eq. (3). In order to clarify the struc-
ture of the solution, let us consider the scalar analogue
of Eq. (7) and assume that the function A, (X) is strongly
localized near x = 0; one can then set G(y, X) = G(0, X)
intheintegral, after which the equation is easily solved:

G(x, X) = Gy(x—=X)
Go(—X) [d'YGo(x — Y)eV, Al() ®
L+ [dYGo(-y)ey, A)
Because €A, (X) ~ N¥* and Eq. (8) is finite in the limit
e — o, one has G(x, X) ~ NC. It is natural to expect
that thisresult is quite general and is not caused by the

above assumptions. The Nth-order contribution to the
integral in Eg. (1) hasthe form

cong B0 rENELEM - Mo )" )

S 0

for even M and, with the extra factor eNY4, for odd
M values.

(7)

3/2 N/2

1 The direct expansion of Eq. (2) in powers of the last term in
Eq. (5) is incorrect, because the functional integration will then
include the configurations for which result (5) isinvalid. The cal-
culation should be carried out by the saddle-point method, which
yields a continuous function of N; the fact that it must be taken at
the integer or half-integer pointsis an external condition.

SUSLOV

High-power coefficients in the expansion of the
Gell-Mann-Low function B(g) = $ Bn(=0)" coin-

cide, except for a constant factor, with the coefficients
for the invariant charge [3], which is determined in the
electrodynamics by the quantity gD, where D is the
photon propagator (M = 2, L = 0). The general asymp-
totic term is Dy(—g)N " ~ NZy(—g)N * * or NZy_,(—g)N ~
NY2Z,(—9)N, from whence it follows that

By = const x 4.886°™T EN?%, N—» oo,

(10)
The same result is obtained if the invariant charge is
determined through the triple vertex (M =1, L =1). In
this case, the dominant contribution to the asymptotic
expression comes from the elimination of the photon
line.

2. Thefollowing four terms of the 3-function expan-
sion in the MOM scheme are known [11]

Bo) = 397+ 40’ +[ 529 - 27

202
F (11)
+[ 186 + 2—561(3)—@«5)}9 ‘.

The series summation procedure should be somewhat
modified as compared to [1, 2], because Lipatov's
asymptotic expression has the form caI'(N/2 + b)
instead of caM'(N + b). The Borel transform B(2) is
defined as

B(g) = jdxe‘*xb"‘lB(agfx),
0 (12)
R - Bv
B(Z) - NZOBN( Z) ] BN aNr(N/2+bO)1

where b, isan arbitrary parameter. The conformal map-
ping z= u/(1-u) of the Bordl transform providesacon-
vergent seriesin u with the coefficients

Z Bk (-~ 1) CN 1(N>1) Uy = By, (13)
whose large-N behavior
Uy = UNTY U, = — B.. (14)
ar@)r(b,+al/2)

determinesthe parameters of the asymptotic expression
B(9) =B.g" at g —= .
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GELL-MANN-LOW FUNCTION IN QED

Theinterpolation is performed for the reduced coef-
ficient function

FN=&:AO+ Ay + Az +

BE N-N (N-N)*
B2 = a"Nr(N/2 + b—b),

(15

by cutting off the series and choosing the coefficients A¢
so that Eq. (15) coincides with the known Fy values.

Optimal parametrizationiscarried out for b=b-12=

5.5[2], while the parameter N isused for checking on
the stability of the results and for numerical optimiza-
tion. In contrast to the $# theory [1, 2], the general coef-
ficient (10) in the asymptotic expression is unknown.
Technically, this is not a problem because the
parameter Ay in Eq. (15) isnot considered as known but
isfound by interpolation. However, thisleadsto amuch
greater uncertainty in the function Fy; its first vaues (in
units of 10%) F, =63.1, F;=-7.02, F, =0.34, and F; =
1.23 exhibit only aweak tendency to become a constant,
and the predicted vaue Ag = ,\Ili m Fy changes by several

orders of magnitude with changing N. At first glance,
no reasonable results can be obtained in such a situa-
tion.

However, the algorithm used for determining the
asymptotic form of B(g) is, in a sense, “superstable’:
the addition of an arbitrary mth-order polynomial
P.(N) to By does not change the coefficients Uy at N 2
m+ 2 [2]. This property can be generalized for awide
class of smooth functions: achangein Uy, caused by the
replacement By, — By + f(N), where f(N) isan integer
function with rapidly decreasing Taylor-series coeffi-
cients, rapidly decreases with N. Thus, smooth errors
are immaterial even if they are large. In contrast, the
nonsmooth errors lead to a catastrophic effect, which
can be used to optimize interpolation: if the interpola-
tion procedure is unsuccessful, the behavior of Uy at
large N cannot be approximated by a power-law depen-
dence[2].

To check this argumentation, a test experiment was
carried out for the ¢ theory. The use of complete infor-
mation [i.e., coefficients B,—Bs and parameters A, and
A inEg. (15)] gavea =0.96+0.01and 3, =74+ 0.4
[2]; the same procedure without the use of Ay and A,
gave a = 1.02 £ 0.03 and 3., = 1.7 £ 0.3. Taking into
account that the uncertainty in the coefficient function
(estimated through varying N by ~1 near its optimal
value) amountsto few percent in thefirst case and more
than an order of magnitude in the second, one can con-
clude that such a stability of the resultsis quite satisfac-
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Fig. 2.

tory.2 Clearly, the results obtained below should only
be treated as a zero approximation.

Following [2], |et us approximate Uy, by the power-
law dependencefor afixed interval 20 < N < 40 and dif-

ferent b, and N values. The x? dependence on N

2 The difference in the B, values is beyond the estimated accuracy,
but this is quite explainable: the procedure proposed in [2] for
estimating errors is only justified in the vicinity of the exact
result, where all deviations can be linearized.
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(Fig. 1) enables one to select a set of interpolations

(-0.5= N = 1.0) for which the power-law behavior of
U, is probable. The typical dependences of x? and
effective values of U, and a on b, (Fig. 2) indicate that
a = 1.3 Indeed, the quantity U,, reverses its sign [see
Eq. (14)] at by = —0/2 = —0.5. At the same by, value, x?
has a minimum, which corresponds to the fact that the
leading contribution U,N®~* vanishes and the power-
law dependence Uy, ~ N~ prevails, where theindex o
corresponds to the next correction to the asymptotic
expression for B(g) (it is assumed that 3(g) = B..g" +

B.. g% + B g™ + ... at large g). The values of a4 at the

3 For technical reasons, Fig. 2 showsthe quantity Ow = Ul (bg+ 1).
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minimaof x2at by =—0'/2, —a"/2, ..., where the respec-
tive corrections to Eq. (14) vanish, are closest to the
exact value o = 1[2].4

Figure 3a shows different estimates for the a index

asafunction of N [2]: (1) from the value of o at the
X2 minima corresponding to a' and a"; (2) from the
position of the x2 minimum corresponding to b, =—a/2;
(3) from a change in sign of U,, when processing by
taking the logarithm of Uy (solid line in Fig. 2b); and
(4) the same but for processing with a fixed index
(dashed linein Fig. 2b). Figure 3b shows different esti-
mates obtained for B.,: (1) from the U,, value at the x?
minimacorrespondingto a’ and a" and (2) and (3) from
the slope of the linear portion of the U,,(b,) dependence
near the root (upper and lower estimates, respectively).
The discrepancy between different estimates gives a

measure of uncertainty of the results. For N <0.25, the
resultsfor a are consistent with avalue dightly smaller

than unity. For N > 0.25, there is a systematic increase
to 1.08, which isbeyond the error, but the x> minimaare
ill-defined and unstablein this case. Similar behavior is
observed for B,. With the most reliable values in the

middle of the chosen N interval, the following conser-
vative estimate can be given for the accuracy including
systematic changes:

a =10+£01, B, =10x03. (16)
It follows from above that even this estimate of error is
not reliable.

It iseasy to sum up the series for arbitrary g by cal-
culating the Uy coefficientsin Eq. (13) for N < 30 and
continuing them according to the asymptotic expres-
sion found for U,N -1, Figure 4 shows the results for

N =0.2 and by = 0. The one-loop law B,g> matches the
asymptotic dependence 3,,g% at g ~ 10. At g < 5, B(g)
differs only dightly from the one-loop result. Within
the accuracy adopted, the asymptotic expression for
B(g) coincides with the upper limit of inequality 0 <
B(g) < g, which was derived in [12] from spectral con-
siderations. For a =1 and 3, = 1, the fine structure con-
stant in pure electrodynamics increases at small dis-
tancesL asL™.

This work was supported by INTAS (grant no. 99-
1070) and the Russian Foundation for Basic Research
(project no. 00-02-17129).

41n the test examples, minima of x2 are usually observed only for
o and a' [2]. The appearance of additional minima is probably
specific to a small amount of information; it was observed in the
above-mentioned test experiment for the ¢* theory.
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The possibility of testing the QED CPT invariance of bound states is analyzed for muonium or antimuonium
produced in electron or positron scattering by nuclei. The number of muonium production events is estimated
for modern accelerators. The method of muonium detection by measuring oscillations appearing in the decay
curve owing to the interference of the muonium ground and excited states is discussed. © 2001 MAIK
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Test for CPT invariance of quantum field theory
(QFT), in particular QED, is one of the most important
problems of high energy physics, because locality and
relativistic invariance are the basic postulates of QFT
[1, 2]. As shown in [3], thisleadsto the C, P, and T
invariance of the QFT Lagrangian. The identity of the
particle and antiparticle masses is the simplest conse-
quence of CPT invariance and is presently fulfilled with
a high accuracy; e.g., one has for p* and p~ mesons,
muJ m. = 1.000024 + 0.000078 [4]. At the sametime,
the problem of CPT invariance of bound statesis much

less clear. Munger et al. [5] suggested that the Lamb
shift of the hydrogen 2S,,,—2P;, transition be compared

with that of the antihydrogen atoms =h produced in

pZ collisions. However, the current statistics are about
one-fortieth of those necessary for a reliable conclu-
sion.

In this paper, we consider the production of muo-
nium MO or antimuonium M° in the processes

e+Z—Z+M+ 0,
D

€+Z—Z+M +p",

where MO(M°) is a bound state of p*, e (4, €). The
dominant contribution to the amplitude of processes (1)
comes from the diagrams shown in Fig. 1. Before writ-
ing the amplitudes of processes (1) (theeZ —» ZMOu-
processistaken asan example), we consider the recom-
bination vertex e~ + p* —~ MO, e + i~ —» M°. This
vertex was obtained by solving the Bethe-Salpeter

equation with one-photon exchange kernel, whose dia-
grammatic representation is shown in Fig. 2 [6]. Let us
introduce the quantity

X(p.k=p) = G (k=p)F oG (p). 2

where G(p) = 1/(p -my and G - (k—p) = 1/(p —k —
m,) are the electron and muon propagators, respec-
tively, and [0 isthe recombination vertex e + P —
MC in the diagrams in Fig. 1. Then, the solution of the

Bethe—Salpeter equation for X (p, k — p) can be repre-
sented as [6]

)A((p,k—p) = @(1—\/4)\/5

(P°/2M, = Epoung) Y(P)
(Po—M,—p’/2m, +i0)(po—Ko + M, + p*/2m,—i0)’

©)

X

where m, and m, are the electron and muon masses,
respectively, and the Fourier transform of the wave
function of & in M© has the form

3
8

W(p) = : (h=c=1),
(1+p°ad)’ mea
2
_¢ 1
=T 137

Taking the diagrams in Fig. 1 into account and sub-
stituting vertex (3) into the amplitude, we obtain the

0021-3640/01/7404-0196$21.00 © 2001 MAIK “Nauka/Interperiodica’
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following expression for the amplitude of process (1)
with e

YRS CLLIRTTY - Jmy -
q me(w” —29k) (q" —20k)

x 0(py)Ysi 2(29k — ) [apyy, — Py, 4
+m,[(9° - 29K) (2py, — V,8)
— (00" —20K) (G, — 2k,) 1} u(py),

where o? = (p; + k)2 is the squared invariant mass of
the (M°, ) system, |, is the nuclear electromagnetic

current, and W(0) = 1/A/na§. The amplitude squared
includes the tensor

2

O
Ruv = 4%1: iz(qz) |:2 p2u p2v (p2uqv + p2vqp) 5 guvi|

+ F3(q°) [Zqzmigw + 0% (Pl + P2G)  (5)

2
0
- a0 + 20 - 207z, | 51

which describes the lower block in the diagrams in
Fig. 1 and involves the nuclear electromagnetic form
factors Fy, and F,,.

Let us introduce x = cosB, where 6 is the angle
between the momentum of M in the c.m.s. of the
(MO, u) system and the momentum of e in the c.m.s.
of the (e, 2) system. Using Egs. (4) and (5), one can
easily obtain the cross-section distribution over «? and
xintheform

2

do 4m am
= 4F%,(0)|W(O)*ra*— [1 -
Jordx 120)|w(0)? : 7
O D
< InS S’ 1 S—w’ ©)

wﬁ1+x 1-4mi/w’ Sw’

N 8m J1—4m /oo[(l x)Jl 4m %% +2XE
O o[1-x(1- 4m/oo)](1 XA/l — 4m/w)D

where F;,(0) = Z and the approximation corresponds to
the Weizsacker—Williams method. One can see from
this distribution that muonium is produced predomi-
nantly backwards in the (M°, u-) c.m.s. Integration of
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Fig. 1. Feynman diagrams making the dominant contribu-
tion to the amplitude of process (1).

n

Fig. 2. Diagrammatic representation of the Bethe-Salpeter
equation.

Eq. (6) with respect to x yields the cross-section distri-
bution over o’

0 s Os—

do 2 7[[714] 4mu
— =271 In
dw’ [‘“D/\/ w’ ‘

Erzco S

mT O

xBl 125% [45%{65% w} ™

1+A/1 4mi/w’ 0
A/1 4my, /oo 1-A/1 4m; /sz

It follows from Eq. (7) that the distribution maximum
occurs near the (M, p)-production threshold «? ~

4mﬁ . As o¥ increases, the quantity do/dwy decreases
noticeably and behaves as do/dw? ~ 1w,
Finaly, let us determine the total cross section for

processes (1). Introducing & = 4mf1 /¥ and integrating
Eq. (7) with respect to &, one obtains

QZ 7 1
= E9ME g,
016m;, O
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I, arb. units

t, arb. units

Fig. 3. The muonium decay curve with allowance made for
the excited state.

(© = I8 (®)
O memimp

X _1qg? _ _x2? (+y1-§
%(4 3E)JL1-E+E(4+2¢8 E)lnth—Jl_—E%'

Let us estimate the cross sections for processes (1)
for Tevatron-DIS (FNAL) [7], LHC[8], and Muon Col-
lider [9] (secondary-lepton beams are implied). Cross
section (8) is proportional to Z? and, therefore, can be
increased by using a gaseous target with large Z [5],
e.g., radon with spin 1/2. The cross sections, the differ-
ential luminosities, and the number of events expected
inayear are given in the table.

Consider the method for detecting muonium M° and

antimuonium M° , which are produced in processes (1)
in the ground and excited states:

W ,o(0) = C,Wy(0) + C,W¥,(0). 9)

Note that solution (3) of the Bethe-Salpeter equation
was obtained for the production of ground-state muo-
nium. The production of excited muonium through the
mechanismsfor which C, includes additional smallness
will be discussed below. Taking into account the muo-

Data on the cross sections for processes (1) and the number N
of events expected in ayear

Accelerator | ./S, Gev |0, fb| L, cm?s? N
FNAL 477 17 | 21x10% | 1.1 x 107
(Tevatron-DIS)

LHC 14000 28 | 10%-10* | 8.8 x 10%-
8.8 x 103
Muon Collider 350 | 16 103 50

KAZAKOV, CHOBAN

nium decay, the muonium wave function can be repre-
sented in the form

W 1) = (CWi() + CWy(t)) exp(-T , it/2#). (10)

Here, with 1 ,, ~ 1076 s being the muonium lifetime,
o = f/T, 0 isthedecay width and Wy(t) and W(t) are
determined as

W) = W exp %‘% El%!
_ (@D
Wy(t) = Woexp E—% Ez%

where E; and E, are the muonium energies in the
ground and excited states, respectively.

The wave function of M is normalized to the flux
density:

W00 = |Cyf* +|Cy|* +2|C,C;| cosd 2
= no = |0/VM0,

where |, isthe muonium initial flux density, v, isthe

muonium velocity, n, isthe muonium concentration M°
at t =0, and d isthe relative phase of the complex coef-
ficients C, and C,. Because the |, measurement can
start at an arbitrary time, one can set o = 0. The degree
of muonium excitation is defined as

I exit

e lof
IO |C1+C2|2

Expressing C, and C, with the help of Egs. (12) and
(13) and taking into account Egs. (10) and (11), onecan
easily abtain the flux density M, at arbitrary timet

(13)

_ g E—E
I(t) = |0%1—2ﬁ(1—ﬁ)[1—cosm—h %}D

5 (14
Mo
x exprr ﬁtE

It is seen that the decay curve I(t) shown in Fig. 3 dis-
plays oscillations. Let us estimate the spatial period of
oscillations, i.e., the distance corresponding to one
oscillation in the curvein Fig. 3. According to Eq. (14),
w=(E,—E)/% =21/T, giving T= 4 x 10% sfor E, —
E, =10.1 eV. Comparing T with T, o, one sees that the

time period of the oscillations is ten orders of magni-
tude shorter than T 05 i.e.,, many oscillations shown in

Fig. 3 fal within the M° lifetime.

Because the muonium is produced in process (1)
with E o > m ,c*(eg., E, o ~225GeV for Tevatron-
JETP LETTERS  Vol. 74
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DIS),onehas T4, =TE, o/m ,c?=10"?s. Inthistime,

muonium covers a distance coinciding with the spatial
oscillation period of about 300 um. Effects at these dis-
tances are quite measurable.

Let us estimate the quantity € that determines the
contribution of the wave function W, corresponding to
the production of excited muonium M% in Eqg. (10).
There are two mechanisms of M% production: creation
in the recombination vertex e + u* —= M% inthe dia-
gramsin Fig. 1 and theinteraction in thefinal statewith
inelastic rescattering of M° by - or the nucleus. Con-
sider the first mechanism. Let M®* be produced in the
2!, state. In this case, Eq. (3) includes W(p) of the
form

32,/2mad(1—4p®al)
(1+4p’ad)’

where g, is defined following Eq. (3) and the corre-

sponding W(0) = 1/ m This gives € = 1/256; i.e.,

the admixture of the excited W, state in Eq. (10) is on

the order of 10%. For the production of M in one of
the 2P states, the € value is of the same order of magni-
tude. The second mechanism makes a noticeably
smaller contribution.

Thus, acomparison of the decay curveswith several
oscillation periods for muonium and antimuonium will

W(p) = , (15)
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make it possible to establish whether the CPT invari-
ance is obeyed for the bound statesin QED.

We are grateful to V.G. Baryshevskii for his idea of
detecting muonium and antimuonium and to D. Rosh-
chin for discussion of the solution to the Bethe-Sal-
peter equation.
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The system of ordinary differential equations is derived for the self-consistent potential and pair radial distri-
bution function of asimple classical liquid, for which the pair potential energy of “bare” particlesisthe sum of
Yukawa potential s accounting for the repulsion at small distances and attraction at large distances. The number
of parameters in the interaction potential is large enough for the interatomic interaction to be approximated in
real fluids. The model suggested accountsfor the vapor—iquid phase transition at the condensation curve on the
temperature—concentration coordinates. © 2001 MAIK “ Nauka/Interperiodica” .

PACS numbers: 61.20.Ne

The pair correlation function (pair radial distribu-
tion function) is of fundamental importance in the
physics of simple classical liquids consisting of parti-
cleswith pair central interaction potential v (r) [1]. The
pair radial distribution function w(r) is defined as a
number of particles dN in elementary volume dV at a
distance r from a given particle in a liquid with mean
particle concentration ny:

dN = now(r)dV. (1)

Taking into account that dN/dV = n(r) is the particle
concentration at a distance r from a given particle, one
obtains

w(r) = 20 @
0

Knowing function w(r), it is easy to express the impor-

tant thermodynamic functions such as pressure p (equa-

tion of state) and internal energy per atom € asfunctions

of ny and temperature T [2]:

p = noT —gne[r St w(r)ar, ©
- §T+%nofv(r)w(r)dr. (4)

These thermodynamic functions suffice, e.g., for study-
ing shock wavesin liquids.

The pair central potential v(r) of simple liquids is
usually approximated by certain functions allowing for
the repul sion caused by the overlap of atomic orbitalsat
small r and the dispersion interaction leading to the
attraction at larger. A hard-sphere potential

(o, r<d
Vi = 5
hs EO, r>0 ()

is widely used. The absence of attraction is its draw-
back, but then the Percus-Yevik integral equation [3]
for the pair correlation function with this potential can
be solved exactly [4, 5]. This solution isused as abasis
in the perturbative treatment of the thermodynamic
properties of fluids [6-8]. The well-known Lennard-
Jones potential

o
(IO
includes the dipole—dipole attraction at large r in non-

polar liquids, but its repulsion term has a nonphysical
singularity at r — 0. The Kratzer potential

o0 ©)

Vip(r) = 4e oo

_ o [T _og

vi(r) = ZGEQDD —0 (7)
describes well the interaction in polar liquids at r —
oo, but it contains aterm that also hasanonphysical sin-
gularity a r — 0. Indeed, the interatomic potential
should behaveat r — QO as v (r) ~ 1/r. For example, the
interaction energy of two hydrogen atoms at distances
r < ag (ag isthe Bohr radius) can be written as

Vin(r) = €°Ir + Ege—2E, + O(r), (8)

where e is the electron charge and E,. = —78.9 eV and
E, =-13.6 eV are, respectively, the energies of helium
and hydrogen atoms in the ground state.

Inthiswork, the pair central potential of interatomic
interaction in liquid is chosen in the form

_ pe—aur _e—botr
v(r) = e—e, (©)
where the parameter o has dimension of reciprocal
length and e is the energy parameter; p, a, and b are
dimensionless numbers, witha> b and p> 1. Theinter-

0021-3640/01/7404-0200$21.00 © 2001 MAIK “Nauka/Interperiodica’
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action potentials of real atoms can be approximated by
the appropriate choice of parametersin Eq. (9), which
includes the asymptotic Coulomb repulsionat r — 0,
the exchange repulsion decreasing exponentially with
anincreaseinr, and the attraction at larger. By way of
example, let us consider the potential

v(r) = EZe—ZT—e (10)

Denote
vi(r) = €2r, vy(r) = e%/r, (11)

S0 that
v(r) = S(2va(r) = v,(r)). (12)

It is particularly important that v,(r) and v,(r) are the
Green's functions of equations

Av,(r)—40’v(r) = —-4nr), (13)
Avy(r) —a’vy(r) = —4nyr). (14)

Let usintroduce the functions
d.(r) = In(r')vl(r—r')dr‘, (15)
d,(r) = In(r')vz(r—r')dr'. (16)

It is convenient to introduce 1/a as alength unit, a/4mt
as anumber density unit, and o as a measurement unit
for the functions ¢, and ¢,. Taking into account that
v4(r) and v,(r) obey Egs. (13) and (14), one obtains for
$4(r) and (1)

A¢y(r) —4¢,(r) = —n(r), (17)
Ad,(r) —¢o(r) = —n(r), (18)

wheren(r) isthe particle number density at adistancer
from the particle chosen as the origin. For the classical
particles, n(r) obeys the Boltzmann distribution

o(r)/aT

n(r) = &nee™ (19)

where

€ €

=o(r) = =n(r)v(r—r’)dr

a aI 20)
= ~(204() = 92(1))

isthe self-consistent potential energy of a particle situ-
ated at a distance r from the origin. Let us choose € as
the temperature unit and replace the unit of measure-
41, 41,
3 a = 2
a a

ment of ¢4, ¢,, and ¢ by

. One findly

has the following units of measurement: 1/a for length;
a’/4mt for number density; 4rmy/a? for ¢,, ¢,, and ¢;
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and e for temperature. I n these units, the system of ordi-
nary differential equationsfor ¢, and ¢, iswritten as

A, -4, = —ge T, (21)
Do, -0, = ~Ee T, (22)
In these equations,
v = 41iny/a’T, (23)
where A is the radial part of the Laplace operator in

2
spherical coordinates, A = % :—zr . The parameter ¢ in
r

Egs. (21) and (22) isdetermined from the condition that
the particle concentration at r — o isequal to the par-
ticle mean number density ny; i.e.,

Ee_V(2¢1_¢2) =1 (24)
atr — oo. The functions ¢4(r) and ¢,(r) tend towards
the following limiting values:

1

by = 2 by = 1. (25)

Then,

E - eV(2¢1o—¢20) (26)

One finaly arrives at the following system of ordinary
differential equationsfor ¢, and ¢,:

—V/2
=e .

(9,—2¢,-1/2)

Dp, -4, = —€ , (27)
V(h,—2¢,-1/2)

A, -0, = —€ . (28)

Itisof interest to clarify how the functions ¢, and ¢,
behave at large r. Let us write ¢, = %1 + ¢, and ¢, =

1+ ¢, and then linearize the system of Egs. (27) and
(28) at small $, and ¢, . Introducing new functions

fa(r) = rdo(r), fa(r) = rdy(r), (29)

one obtains the system of equations
fi—(2v+4)fi+vf, = 0, (30)
fo—2vfi+(v-1)f, = 0, (31)

or, after expressing f, interms of f1, the following

linear equation for f:
Y _(v+5)fi—(2v-4) = 0.
The roots q of its characteristic equation are

(32)

@, = %(v +5+ J(v+5)7+42v—4)). (33)
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Fig. 1. The function u(r) for v = 6.

0 2 4 6 8§ 10
Fig. 2. The radia distribution function w(r) = e"u(’r
(v =6).
The discriminant (v + 5)? + 4(2v —4) =v?+ 18v + 9> 0

for all v > 0. However, whereas q; = %(V +5 +

Jv+5)2+4(2v—4)) > 0foral v, ¢ = %(v +5-

J(v +5)%+ 4(2v —4) )>0only forv <2, while, av > 2,
qg < 0. This signifies that the asymptotic behavior of

f1 and f, at large r can be represented at v < 2 as a
sum of two decaying exponentials, whereas for v > 2

one should add the oscillating solution C,sin( A/—qgr )+

C;cos( Jitﬁr ) to the exponentially decaying function
C,exp(—qyr). These solutions can naturally be attrib-
uted to the gaseous phase at v < 2 and to the condensed
phaseat v > 2; i.e., theliquid state is possible only for
v > 2. Therefore, one can conclude from the analytic
solution to the system of Egs. (27) and (28) that at large
r thismodel allows the phase transition to aliquid con-
densed phase. The equation for the condensation curve
on the temperature-concentration coordinates reads
v=2

To calculate the pair correlation function at an arbi-
trary r, it is necessary to solve the system of differential
Egs. (27) and (28). These equations should be comple-
mented by the boundary conditions at r — 0. The

PETROV, SHURYASHKINA

potential v, of aparticle placed at the origin (r =0) has
thefollowing formatr — O:

Vy = €2 r=1/r-2. (34)

To this potential must be added the potential ¢, created

at the point r = 0 by the remaining particles. It will be
calculated on the assumption that the concentration
nrHy=0ar<d(d<landn(r)=ngatr>d:

§:(0) = [(r)vy(nor = 4nn0e'2d%(1+2d). (35)

Similarly, onehasatr — 0

V20 = _1,

e
3 (36)

SR

$,(0) = In(r)vz(r)dr = 4mne (1+d). (37)
In the concentration units adopted in this work,

$.(0) = Z6™(1+24),

(38)
$2(0) = e'(1+d).
Denote §, (0) = ¢. Then ¢, (0) = ¢?/4, so that
0,(r) = Ur—2+c’/4, (39)

Po(r)=1/r-1+c.

ar—0.

To solvethe system of Egs. (27) and (28), let us pass
to the functions

fa(r) = roa(r),  far) = ry(r). (40)
The system of equations for f; and f, reads
n |:| -
fi—4f, = —rexpgvgiz—-%f—l—ﬁ, (42)
0 r
n D f _2f
fo_f, = —rexpgvgz—l—ﬁ. (42)
0 r
Atr — 0,
fi(r) = 1+ (c’/14=2)r,
1(r) (c )r 43)

fo(r)=1+(c=-21r.
Thefinal system of egquations can conveniently be writ-
ten using the function

u(r) = for) =2f,(r) ~3r. (44)

JETP LETTERS Vol. 74 No.4 2001
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Then, denoting u'(r) = g(r) and f,(r) = gy(r), one
arrives at the following system of ordinary differential
equations:

u=g, ¢g=4u-3f,+r(2+e""),
g' g —3t ( ¥ ) (45)
fo=0, g,= f,-re
with the boundary conditionsatr — 0
u(r) = -1+ E'é+c—C—ZDr g(r) = §+C—C—2
(p 2L 2 2’ (46)
fo(r) = 1+(c—1)r, go(r) =c-1.

The appropriate choice of parameter ¢ provides ¢, and
¢, approaching, respectively, ¢, and doat r — o
(this corresponds to the sinusoidal asymptotic behavior
of the function u). As an example, the function u(r) is
shown for v = 6in Fig. 1. One can see that the function
u(r) behaves at large r like a sinusoid with a period

equal to 217 A/—qg . The pair correlation function w(r) =

eV is depicted in Fig. 2. Starting, e.g., at the coordi-
nate of the second maximum, w(r) is nicely described
by its asymptotic expression at r — oo, which can be
written using the asymptotic form of u(r):

u(r) = u(ry) cos(/—g(r —r2)). (47)
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Therefore, instead of the integral equations that are
commonly used for calculating the correlation function
in fluids, we have derived a system of ordinary differ-
ential equations with boundary conditions, which can
be solved numerically by standard methods. Moreover,
we have obtained an analytical expression for the
asymptotic behavior of the pair radial distribution func-
tion for large distances between atoms.

Thiswork was supported by the Russian Foundation
for Basic Research and the program for the Support of
Leading Scientific Schools.
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The generalized Wiener—Hopf method was used to derive, on the basis of the microscopic BCS theory of super-
conductivity, the effective boundary conditions to the Ginzburg-Landau equations at the interface of two
(including uncommon) superconductors with different transition temperaturesin the absence of reflection from
the boundary. According to these conditions, the order parameter and its derivative undergo jumps at the inter-

face. © 2001 MAIK “ Nauka/Interperiodica” .
PACS numbers: 74.20.De; 74.20.Fg; 74.50.+r

The boundary conditions to the Ginzburg—Landau
(GL) equations for common superconductors were
deduced by de Gennes [1] and Zaitsev [2] on the basis
of microscopic theory of superconductivity. The condi-
tions at the boundary with vacuum (insulator) were
obtained for anisotropic superconductors (including
uncommon superconductorswith an order parameter of
d symmetry) by the author in [3, 4]. In recent years, a
number of works have been published inwhich the con-
ditions at the boundary of uncommon superconductors
with insulator and metal were considered without tak-
ing account of the electron—€lectron interaction in the
latter, i.e., with zero transition temperature [5-7]. In
this work, the effective boundary conditions to the GL
equations are derived for an arbitrary ratio between the
superconducting transition temperatures of contacting
metals, but in the absence of a potential barrier, allow-
ing the integral equation of the problem to be exactly
solved by the Wiener—Hopf (WH) method.

The effective boundary conditions to the GL equa-
tions are determined from the linearized equation for
the order parameter A* (p;, r) near the superconducting
transition temperature:

A*(p,r) = 5 V(p-p")
PLp" 1
xJ'dr‘A(p‘, r')TtTZ P, (r, pir', pY),

where p is the Fermi momentum defining the anisot-
ropy of the order parameter; the summation over p
implies the integration over the Fermi surface with
inclusion of the local density of states; V is the elec-
tron—electron interaction potential; w arethe Matsubara

frequencies; and the functions @, are defined through
the Green’s functions in the normal state:

Dy(r, pir', p)

= > Gu(p'+q'2,p+0/2) (2)

a.q
X G_o(—p'+Qq'/2,—p+q/2)expi(q'r'—qr).

The electron—electron interaction potential can be
decomposed into a set of mutually orthogonal normal-
ized functions at the Fermi surface:

V(p-p') = zh@x(p)%(p'), 3
A

where positive A’s correspond to the attraction. In the
weak-binding approximation, one can retain near the
transition temperature only the leading term with max-
imal A in this decomposition [8]; then the order param-
eter A*(p, r) = A>r) e\ (p)-

Let us assume that the interface is positioned at x =
0; in this case, al quantitiesin integral Eqg. (1) depend
only on the coordinate x, and the equation takes the
form

00

A(X) = )\(x)v(x)J’K(x, xX)A(X")dX, 4

wherev isthe density of states at the Fermi surface, and

K(x, x') = nTz d, (X% X). (5)

0021-3640/01/7404-0204%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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For a homogeneous superconductor, ®,, depends
only on the difference in coordinates,

ey = [ OR) o0 lellx =X
(Dw(x X) <|Vx(p)| pD |Vx(p)| |:|> (6)

where the angular brackets stand for the averaging over
the Fermi surface and v,(p) is the projection of the
Fermi velocity onto the x axis [3, 4].

In particular, for the isotropic Fermi surface one has

1
1
cDu)(X) = V_erXp
0

for the three-dimensional superconductor,

2lwx|dn
UvinUn’ )

2
o2 o 2N e’(8)
Pu(X) = nvffex L ; cos@ cosO @, ®)

for the two-dimensional superconductor, and

®u) = 5 epR ©

for the one-dimensional superconductor, where v; is
the Fermi velocity and () = 1, 2cos?20, and 2sin?20
for thes, dxz_yz and d,, pairing, respectively.

Assume that electrons are not reflected from the
interface and that the effective electron—electron cou-
pling constant is A, to the right of interface (x > 0) and
A, toitsleft (x < 0), withA; > A,. Then T, > T, and the
left metal isin the normal state at the temperature T =
T at hand.

L et usintroduce the Cooper-pair wave function that
relates to the anomaous Green’s function in the
Gor’ kov method as

f(r) = TZFw(r,r) = A*(r)/IA(r). (10)

Contrary to the usual order parameter, thisfunction can
be nonzero in the normal metal with A = 0 and account
for the penetration of Cooper pairs from the neighbor-
ing superconductor. Using this function, Eqg. (4) can be
written in the form of the generalized WH equation

[

f(x) = Ale’K(x—x‘)f(x')dx'
° (12)

0

+ )\ZVJ' K(x=x")f(x")dx'.

Representing the Cooper-pair function as the sum of
two functionsf(x) = f*(x) + f=(x) which differ from zero
JETP LETTERS  Vol. 74
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to the right and left of the interface, respectively, and
applying the Fourier transform, one obtains

(1=AVK(K)) F7(K) + (L =A,vK (K) F(K) = 0. (12)

The functions f*(q) are analytic, respectively, in the
lower and upper half-plane of the complex plane g and,
simultaneously, analytic in a certain common strip
along the real axis, thereby satisfying the WH condi-
tions.

Let us first consider the simple case of A, = 0, for
which Eqg. (11) reduces to the usual WH equation. The
effective boundary conditions can be found from the
solution to thisequation at T, = T away from the inter-
face. It is related to the coupling constant by the BCS
equation

In(2y wp/TT) = 1/Av. (13)

The corresponding solution to the WH equation at x >
Oisf*(x) O b + x + terms decreasing exponentially at
distances on the order of &, = v;/21tT. The extrapolation
length b determines the effective boundary conditions;
itisgiven by the expr on

R(g)pdq

" gR(gqP2m (1)

I qu
Here, q = ik is the dimensionless momentum and
R(q) = 1 — AvK(q). This expression was obtained by
Zaitsev [2] for the particular case of an isotropic three-
dimensional superconductor. It will be derived below

by a simple method. For the above symmetries of the
order parameter, one finds, using Eq. (5):

R@) - 1 ,[(1/2+iq/2)
W - 2q"F(z=igrz) T Y2
for the three-dimensional superconductor,

2 - jcp ©)W(L12) 5

—Re(1/2 +iqcos6/2)]d0,
for the two-dimensional superconductor, and

R = y(1/2)-Rep(1/2+i9/2)

for the one-dimensional superconductor.

Using Eg. (14), one can determine the extrapolation
lengths for the superconductors of interest (in units of
&o): b/i€;=0.916, 0.754, 0.814, 0.696, and 0.620 for the

one-dimensional, two-dimensiona (s, dxz_yz, and d),

and three-dimensional superconductors, respectively.
Aninsignificant disparity with the Zaitsev result [2] for
the three-dimensional superconductors may be
explained by the vigorous development of computer
engineering in the past decades.
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blg,

0 0.2 0.4 0.6 0.8 1.0
T,/T

Fig. 1. Fractional extrapolation length b/gq as a function of

the ratio of transition temperatures of the contacting super-
conductors. The curves are for (from the top to down) the

one-dimensional, two-dimensional (dyy, s, and dxz_yz),

and three-dimensional superconductors.

Let us now consider the case A, # 0; i.e,, the metal
to theleft of the interface isa superconductor with tran-
sition temperature T, < T. One can show that the corre-
sponding expression for the extrapolation length given
by the solution to the generalized WH equation (11) is
similar to Eqg. (14):

R(q) , R(d)dg
aR(a) * qR,(q)2T

f Ehz (16)

where R,(q) = 1 —VA,K(q) = 1 - (1 — R(g))A,/A. Equa
tion (16) then takes the form

& Jlg  a MR an
1 dg
R(q)+AvIn(T/TC2)D}2 '

It was taken into account that

1A,y —=1/Av = In(TIT,). (18)

The dependences of the reduced extrapolation
lengths on T,/ T are shown in Fig. 1 for the supercon-
ductors of different symmetry considered in this work.
Onthewhole, they are quite similar. A comparison with
the results obtained above for A, = 0 shows that the
extrapolation length increases dramatically even at
smal T, < T, indicating that the electron—electron
interaction in the second metal must be taken into
account even at low T,. It follows from Eq. (17) that at

SHAPOVAL

T, < T the extrapolation length is b(T,/T) = b(0) +
b,/In(T/T,), where the coefficient b, is given by

R'(Q)dq
= f . (19)

&o 2mq
For the superconductors considered, this coefficient
equals 1.234, 0.785, 0.732, 0.837, and 0.671 for the

one-dimensional, two-dimensional (s, dxz_yz, and d,),
and three-dimensional superconductors, respectively.

The extrapolation length increasesas T, — T. The
penetration depth in the second superconductor
increases likewise. If the transition temperature T, of
the second superconductor is close to (but lower than)
the temperature T (0< T—-T,, < T), then, asit follows
from Eq. (17), the extrapolation length for the first
superconductor (x > 0) becomes analogous to the tem-
perature-dependent coherence length entering the GL
equations but defined here by the transition temperature
of the second superconductor,

| 7L(3) _
b= 2D(1- Tcz/T) = &(|t4),

where D is the system dimensionadlity. In the GL
approximation (i.e., at distances |x| > &), the same
guantity defines the penetration depth in the left super-
conductor at x < 0: f(x) O exp(x/b)+ terms decreasing
exponentially at distances on the order of &,

Let us now consider the case where both metals are
in the superconducting state and the GL equations
apply: 0<1y ,=1In(Ty ,/T) < 1. To solve WH Eq. (12),
it is convenient to represent the kernel K(q) in the form

(20)

N b "b, 1
K(q) = n;q_2+a§' K(0) = n;a—ﬁ = o (21)
Onehasfor A; , > A:
Ry 2(0) = 1-vA, ,K(q)
N-1
2, B(l,z)2
. n|:|1(q n ) 22
= (g -0y ) =f———,
[ +a0)
n=1

where B"? > 1 and o, , < 1. The functions R, ,(q)
can easily be factorized, giving

B

(q _al)l_l (z)f ( )

(23)
|Bff’
~(q" -« 2)|'| mf(q)Dl q.
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ON THE BOUNDARY CONDITIONS

As aresult, one obtains two linearly independent solu-
tions in the momentum representation, from which one
finds, after passing to the coordinate representation,
that, in particular, both solutions for the Cooper-pair
wave function f(x) = A(X)/A(X) are continuous at the
interface (x = 0), with thefirst solution [“odd,” because
it becomes odd for A, = A,] being f,(0) = 0 and the sec-
ond solution [“even,” f,(X) = 0f;(X)/0X] being nonzero at
x = 0. An analogous result was obtained by de Gennes
for “dirty” superconductors [1]. As to the clean super-
conductors considered in this work, the effective
boundary conditions for the GL equations are deter-
mined by the behavior of f(x) and A(X) at distances &, <
x<<&(M[1, 2], asisschematicaly illustrated in Fig. 2.

In the region where the terms corresponding to the
poles at +i B"? and decreasing exponentially at dis-

tances on the order of &, vanish, the solutionsto theWH
equation have the form

f1(x) = Dl_l

B(l) B(z) + al ) + |a1 Z(B(Z) B(l))D

B(l 2) D
exp(ia; ,X) g2t
1,2
x T +k.c = Dl_l (12)D[(1+O(0( )
Hi=1Bs (24)
sina;, ,x
x L2 +0(1,ZScosaL2x};
a2
IX| > & f3(x) = 1( X).

For simplicity, the coordinate X in Eq. (24) is expressed
in units of coherencelength &, sothat oy , = &/ (T4 5) =

JADT, ,/7¢(3), and

S= z EB(Z) B(l)D

(25)

_ R(q) 8D
| 2"[qR(q) 7&(3)q}

Thisresult was also used in estimating the coefficient of
sine in Eq. (24). The integral in Eq. (25) is equal to
0.030 for the one-dimensional superconductors; 0.056,
0.076, and 0.085 for the two-dimensiona dxz_yz ,S, and
d,, superconductors, respectively; and 0.126 for the
three-dimensional superconductors.

It follows from the definitions of R; ,(q) (22) and
Tl, 2 = 1/\))\ - 1/VA1’ 2 thaI

R(0) _ 1-A/A _ Aty _ af LR’ (26
Rz(o) 1—)\2/A )\2T2 agn 18(2)2.
= n
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Fig. 2. Solid lineisthe result of microscopic analysis of the
behavior of Cooper-pair wave function f(x) = 09f1(x)/0x
near the interface [|x| < &(T)] between two superconductors
with different transition temperatures. The dashed straight
lines correspond to the asymptotic behavior of the solid line
at [x| > &g it determines the effective boundary conditions

to the macroscopic GL equations.

ATi/o; 1

Aoty a; 2

Equation (27) is obtained using the second term in
the momentum expansion of K(q), which gives

7Z(3) 2
T2 = a;,—C 30

Then

B(l)
B(2)

M(1-CT1y)
A (1-Crty)

(3LL(5) o

55 Uy 2 (28)

where ¢ = 2/5, 3/4, 7/8, 5/8, and 2 for the one-dimen-
sional, two-dimensional (s, dxz_yz, and d,y), and three-

dimensional superconductors, respectively. This gives
C = 31(5)/49¢3(3)cD?2. Neglect of thisterm leads to
the trivial result: the order parameters and their deriva-
tives are equal on both sides of the interface, asif 1, =
T,. On the other hand, if the metals on both sides of the
boundary are different, then the unavoidable electron
reflection from the surface |eads to the boundary condi-
tions, for which the correction for the difference in the
transition temperatures proves to be negligible in many
cases.

Taking into account that the Cooper-pair wave func-
tion is related to the order parameter by Eq. (10), one
can formulate the desired boundary conditions to the
GL equations as follows:

(1-Cr1y)A; = (1-C1,)A,;

. . (29)

(1 - CTl)Al = (1 - CT2)A2
In amagnetic field, the second boundary condition can
be obtained in the usual way by substituting 0/0x —
n(d + 2ieA), where n isthe normal to the interface. It
follows from Eq. (29) that, even in the absence of
reflection from the interface, the effective order param-
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eter and its derivative undergo jumps proportional to
the difference in the transition temperatures:

A D, ,-T, Aj-A, T,-T,
= : - = = C

A+ A, 2 A+ A 2

The above boundary conditions are also valid for
T, < T < Ty, provided that the GL equations apply to
the second superconductor (|1 — T,/T| < 1); in this
case, however, T, is negative.

Theresults obtained in thiswork are consistent with
the continuity condition for a current passing through
the interface. In the general case, the boundary condi-

tions at the interface of two superconductors can be
written as

A; = My, + Mph,, A = My, + Mph,. (31)

If the metals on both sides are identical, except for their
transition temperatures, then the calculation of a cur-
rent passing though the interface shows that, for an
arbitrary transmission coefficient

1+Ct
MMy —Mp,My, = 1+CT2

to the terms on the order of T which are negligible in
other problems. At 1, = T, i.e., for the identical transi-
tion temperatures, thisresult reducesto the well-known
de Gennes result presented in [14].

(30)

(32)
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It is demonstrated that localized states of an open quasi-one-dimensional quantum dot can be charged by the
Coulomb blockade mechanism. A new effect—Coulomb oscillations of the ballistic conductance—is observed
because of the high sensitivity of the ballistic current to single-el ectron variations of the self-consistent potential
of the dot. The model proposed explains experimental results[C.-T. Liang, M.Y. Simmons, C. G. Smith, et al.,
Phys. Rev. Lett. 81, 3507 (1998)]. © 2001 MAIK “ Nauka/lInterperiodica” .
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It is known that a lateral quantum dot with a gate-
controlled inlet/outlet is the most suitable system for
studying the transition between the Coulomb blockade
[1-3] and quantum ballistic [4-6] regimes. Initialy, the
single-electron charging effects were observed in the
low-conductance limit (G < €/h) [3, 6], that is, in the
case of weak coupling between the dot and the electron
reservoirs, which corresponded to the orthodox Cou-
lomb blockade theory [1, 2]. The possibility of dot
charging in the open regime has been studied theoreti-
cally, and it has been predicted that the effect isweak or
iseven absent [ 7-9]. However, the case when scattering
between one-dimensional subbands is suppressed and
ballistic transport through the quantum dot is one-
dimensional has not been considered in these articles.
Inthiswork, wewill show that the charging of localized
states of a quasi-one-dimensional dot is possible even
when the background conductance comprises several
quanta € h. In this case, anew effect—Coulomb oscil-
lations of the ballistic conductance—can be observed
instead of sharp peaks of sequential tunneling current.
A simple modification of the Landauer formulaand the
Coulomb blockade theory is proposed for the descrip-
tion of the effect. The model proposed is used for inter-
preting experimental results. frequent oscillations of
the quantum dot conductance were observed in the
wide range 0 < G < 6e’/h in azero magnetic field [10].

A quasi-one-dimensional dot can be considered asa
section of a quantum wire with atwo-barrier potential

U(x y) =V(x) + % m* (w?y?), which allows separation of

variablesin the Schrodinger equation. Then, the motion

of electrons in one-dimensional subbands E;(x) =
V(X) + % + i%hwisindependent, and the quantization

with respect to x is found from the condition that the
potential V(x) in the central region of the dot has the

form % m* (Q2%?). In the case of ballistic transport, the

quasi-levels of this quantization are revealed as broad
resonances of the Fabry—Perot interference[11, 12]. In
addition, there are many localized states of the closed
subbands at the Fermi level of the reservoirs (Fig. 1).
These states are hardly revealed in resonance scatter-
ing, because their lifetime is large. However, these
states can trap an electron and release it back to the res-
ervoirs, changing the dot charge in a discrete way
because of tunneling through the effective barrier of the
residual intersubband mixing. The tunnel resistances of
such barriers are high (R, , > h/e?), and the quantum

charge fluctuations of localized states at G > 2e?/h are
suppressed. Thus, the quasi-one-dimensional nature of
the open dot provides the possibility of charging local-
ized states through the mechanism of Coulomb block-
ade of sequential tunneling [1]. In the case of sup-
pressed mixing of the current-carrying and localized
states, the charging current is small for the Coulomb
oscillations to be observed in it. However, charging
causes single-electron variations of the electrostatic
potential of the dot, and these variations, in accordance
with the Landauer formula, will result in a change in
ballistic conductance. That is, Coulomb oscillations
following the number of electrons in the quantum dot

0021-3640/01/7404-0209%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. Schematic diagram of a single-particle spectrum of
aquasi-one-dimensional dot. E, and E, are the energy com-

ponents along and across the dot. Columns correspond to
one-dimensional subbands. The range of the total energy E
corresponding to ballistic transport is singled out by dashed
lines. The boundary between the localized and delocalized
states is denoted by dots.

will appear against the background of the broad Fabry—
Perot resonances.

Actually, the system of localized states of the quan-
tum dot resides in one of the several states of electro-
static equilibrium between tunneling events. In the first
approximation, the localized states form one structure-
less Coulomb island. Let P, be the probability that an
island contains n electrons. The stationary distribu-
tions P, are found from the principle of detailed bal-
ance and the Fermi golden rule for the tunneling rate
through effective barriers[1]. In our case, for theresis-
tance of these barriers, R, = R, = R, itisonly known that
R > h/e?; however, under this assumption, the P, distri-
bution is determined amost unambiguously. The
charging current of localized statesis proportional to R,
but it is small in comparison with the ballistic current.
The description of the ballistic current requires that
averaging over the charge states be introduced into the
Landauer formula, because the potential of the dot
U, (X, y), which determines its penetrability, changes at
each sequential tunneling event

G = %‘?—ZZPHJ’ZTi(E,Un)F(E-EF)dE, 1)

where the function F(E) = (1/4kgT)sech?(E/2kgT) takes
into account the thermal spread in the energies E of the
incident particles. Because of the quasi-one-dimen-
sional nature of the system, al the contributions from
higher subbands are expressed through the transmis-
sion coefficient for the zero subband T, = Ty(E — ifiw,
U,). The states over which the averaging in Eq. (1) is
performed are characterized by the difference eV,
between the Fermi |levels of the Coulomb island and the
reservoirs

(C,+C,+ Cg)Vb = ne+ CyVy+qo, 2

TKACHENKO et al.

where C;, C,, and C, are the dot capacitance with
respect to the reservoirs and the gate, n isthe number of
electrons that belong to the localized states, Vj is the
gate voltage, and g, is the dot polarization charge,
which determinesthe phase of Coulomb oscillations. In
the Coulomb blockade theory [1], q, isconsidered to be
constant, and it describes the interaction of the closed
dot charge with uncontrolled charges and dipoles of the
surrounding insulator. In the case of an open system,
the Coulomb blockade theory should be modified,
because the charge g, becomes a variable parameter
and depends on the self-consistent variations of V,, and
the charge belonging to the del ocalized states of the dot
(Fabry—Perot resonances). For simplicity, let us define
0, as the charge of the open one-dimensional subbands
of the dot in the quasi-classical approximation

_ 2e AE;
% = 502 T-epAE/T) 3

where AE; is the position of the ith subband bottom at
the center of the barrier in reference to the Fermi level
of the reservoirs E-. The denominator takes into
account the possibility of athermally activated electron
transition to a subband when AE; < 0. The distance #Q
between the quasi-discrete levels of the longitudinal
motion in the dot is considered to be constant (Fig. 1),
and the maximal charge on a quasi-level equals 2e. In
order to calculate g, we will use the semiempirical
approximation of the dependence AE;(V,, V)

eV, (Vg—Vq0)/dVy—i
AE; = — +ﬁw°(Vg—Vgo)/AVg+ 1 4

2

The first term in this equation reflects the decrease of
eV,/2 in the potential at the center of the barrier under
the action of the voltage V,,. Thefactor Ay, corresponds
to the onset of the filling of the zero subband. The
numerator of the fraction takes into account the
assumption that the subbands are opened with an equal
step 8V, starting with Vo, which is acommon assump-
tion for quasi-one-dimensiona channels. The denomi-
nator reflects the fact that the distance between the one-
dimensional subbands 7w decreases by one-half in a
certaininterval AV, Itisimplied that V determinesthe
value of Aw and hardly affects the potential profile
along the dot [11]. Equations (3) and (4), introduced
above, close the description of quantum dot el ectrostat-
icsand allow oneto find P,,.

Several conclusions can be made from the proposed
model. Below the threshold of the zero subband open-
ing, the quantum dot is in the closed state, and its
charge is quantized with a step of e with respect to
CyV,. According to Eq. (2), this gives a saw-toothed

dependence eV, (C4Vy) with the amplitude in the limits
of the charging energy Eq = €%/2C;, C; = C, + C, + C,.
For states with N open subbands, which are separated
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Fig. 2. Modeling of single-electron charging and Coulomb oscillations of the ballistic conductance in a quasi-one-dimensional
quantum dot. Parameters of the model: C; = C, = 150 aF, Cy = 44 aF, Cypen = 1000 aF, fitwg = 0.5 meV, Vg = -640 mV, AV =
28V =170 mV. () Longitudinal potential U(x, y = 0) and the first three one-dimensional subbands E;(x) obtained at some gate
voltages by calculating the three-dimensional el ectrostatics. (b) Total transmission coefficient as afunction of the energy of incident
particles and the contributions from 0—4 subbands for the situation in (a). (c) Saw-toothed dependence of the dot—reservoirs voltage
on the gate voltage. (d) Calculated and measured conductance of the dot. Curves for different temperatures are displaced along the
vertical axis. The dotted lines show the conductance without allowance made for single-electron oscillations of the dot potential

(Vb = 0)

according to the gate voltage, the capacitances of the
open subband states Cg,e, = €/AQ are summed up
according to Eq. (3), and ¢y = —NV,,Cypen. Substituting
this equation into Eqg. (2) gives a stepwise renormaliza-
tion of the effective charging energy E, = €4/2(C; +

NCopen)- Thus, the oscillation amplitude eV, and the
critical temperature kgT, = Eo  (the temperature at

which the charge quantization of the localized states
disappears and the common Fermi level is settled in the
entire system) decrease with increasing N. The oscilla
tions of eV, in the open regime indicate that the Fermi
levels of the electrons delocalized and localized in the
dot differ from each other. In order to enhance the effect
and to create a ballistic single-electron transistor, the
longitudinal dimension of a quasi-one-dimensional dot
must be decreased, which will lead to anincreasein 2Q
and a decrease in the capacitance C,,e,. Note that the
highest sensitivity of T;(E) to variationsin the potential
relates to the instants of the opening of the subsequent
No. 4

JETP LETTERS Vol. 74 2001

one-dimensional subbands, when one should expect the
largest Coulomb oscillations of the ballistic conduc-
tance. Because these oscillations are the result of a con-
tinuous transformation of the saw and the smoothed

function Vy (V) according to Eq. (1), they will be more
diffuse in shape than the common sharp peaks of the
Coulomb blockade of the sequential tunneling current.
We believe that the charging of quantum dots[3, 6] is
not commonly observed in the open regime because of
the strong intermode mixing of one-dimensiona sub-
bands. Because of this mixing, the localized states with
energies higher than the barrier heights transform to the
decaying states. These states are reveaed in the trans-
mission coefficient as Fano resonances [11], and they
cannot be already assigned to particular subbands.

Let us use the proposed approach for modeling the
conductance of anew type of quantum dot created by a
two-layer system of metallic gates in an ultraclean
channel of a GaAs/AlGaAs heterojunction [10]. The
split gate lying on the semiconductor surface forms a
one-dimensional channel, and three narrow continuous
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finger gates separated from the lower gate by a resist
(PMMA) layer and aligned across the channel create
barriers between the quantum dot and the reservairs.
Continuous periodic oscillations on the gate voltage
were observed in this device upon variations of the
background conductancein therange 0 < G < 6e?/h (the
lower part of Fig. 2). Based on calculating a three-
dimensional electrostatic potential and solving the
problem of two-dimensional scattering [11], we have
found that the main distinction of this device from the
others is its quasi-one-dimensionality, that is, the sup-
pression of mixing of one-dimensiona subbands
(Figs. 2a, 2b). By determining the dot capacitance with
respect to the gates and reservoirs with a two-dimen-
sional electron gas, we have confirmed that the period
of oscillations corresponds to one el ectron added to the
dot. Below, when modeling the conductance, we will
use the values of C,, C,, and Cq capacitances and also
7Q and #w quanta calculated in [11] for the quantum
dot discussed here.

Figures 2c and 2d present the dependences of the

average dot—reservoirs voltage Vy, (Vg) and the conduc-
tance G(V,) for various temperatures. It is evident that

the entire working range of split-gate voltages at T =
0.05 K is filled with single-electron oscillations of
Vb (Vg) and G(V,). The amplitude of Vy(V,) oscilla-
tions decreases in a stepwise manner with the opening
of new one-dimensional subbands (Fig. 2c). The dis-
tance fw between one-dimensional subbands in this
device (Fig. 2a) is comparable with the charging energy
fiw=Eqy=0.2 meV. Therefore, the variations of V, that
accompany the events of electron tunneling through
localized states of the closed subbands must produce
drastic changesin the transmission coefficient (Fig. 2d).
Asaresult, Coulomb oscillations of the ballistic current
appear, which are especially pronounced in the vicinity
of large-scale singularities of resonance transmission.
In order to simplify calculations by Eqg. (1), we used the
approximation T,(E, U,) = To(E — AE;) and took the
numerical dependence obtained at a certain characteris-
tic U(x, y) as To(E) (Fig. 2b). The presence of factors
providing the nonthermal smoothing of saw teeth in
Vb (Vy), narrow resonance singularities in G(Vg, V, =
0), and Coulomb oscillations of the ballistic conduc-
tance was taken into account by additional uniform
smoothing of thefinal curveswith respect to the running
average. The resulting overal picture is close to that
observed experimentally (the lower part of Fig. 2d).
The calculation reproduces the essential features of the
actual behavior of the background and oscillations upon
variations of the gate voltage V, and temperature T. It is

necessary to emphasize that, even at G < €%/h, oscilla-
tions are reveadled in the ballistic conductance rather
than the sequential tunneling current, which has been
taken into account in the calculations, but small. Note
that asimilar effect was already observed in asystem of

TKACHENKO et al.

aguantum dot and a one-dimensional channel arranged
in parallel and coupled by only electrostatic interaction
[13]. The one-dimensional channel at G < e//hwas used
as a detector measuring variations of the electrostatic
potential caused by the single-electron charging pro-
cessesin the quantum dot. In thiscase, it turned out that
the detector signal continued to demonstrate single-
electron oscillations even when the conventional Cou-
lomb peaks of the sequential tunneling current through
the quantum dot became too small for measurements.

In conclusion, we have shown that Coulomb oscilla-
tions of the ballistic conductance can be observed in a
guasi-one-dimensional quantum dot, which are pre-
dicted by a simple modification of the Coulomb block-
ade theory and the Landauer formula. The reason for
oscillations is the response of the transmission coeffi-
cient of ballistic electrons to variations of the electro-
static potential of the dot caused by the single-electron
charging of localized states. It has been found that the
oscillations of thistype can embrace the range from the
threshold to several conductance quanta with a step-
wise decrease in the critical temperature on the opening
of new subbands.

The authors are grateful to Z.D. Kvon for discus-
sion. Thiswork was supported by the program “ Physics
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Submicron-sized cylindrical structures were obtained at the surface of silicon single crystal exposed to a com-
pression plasma flow. A periodic structure formed by channels oriented normally to the surface was observed
inside the modified surface layer. The period of the structure corresponded to the spacing of the surface forma-

tions. © 2001 MAIK “ Nauka/Interperiodica” .
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Introduction. At present, the formation of submi-
cron- and nano-sized structures of various compounds
isbeing intensively studied, because their use can open
up a qualitatively new stage in the development of
microelectronics [1-4]. The formation of such struc-
turesin silicon is of prime interest because of its wide-
spread use in microelectronics. However, despite the
great diversity of the existing (chemical, laser, and
plasma) methods, the cylindrical structuresfailed to be
formed in silicon so far [4].

This work reports the results of studying the struc-
tural modification of a silicon surface under the action
of a quasistationary compression plasma flow. Such
flows are obtained using quasi stationary plasma accel-
erators of the magnetoplasma compressor (MPC) type
[5]. The advantages of the MPC over the other acceler-
ator types are high stability of the generated compres-
sion flow, the possibility of controlling flow composi-
tion, plasma size and plasma parameters, and a long
discharge time sufficient for practical use [6-9].

Experimental methodology. Compression plasma
flows were obtained using a compact gas-discharge
MPC whose energy storage system consisted of a
capacitor bank with a capacity of 1200 pF at an initial
voltage changing from 3 to 5 kV [7]. The MPC oper-
ated in the residual-gas regime wherein the accel erator
chamber was preliminary pumped out after which it
was filled with nitrogen to a preset pressure (100—
1300 Pa). Under these conditions, a compression
plasma flow 6-10 cm in length and with a diameter of
1 cm in the maximum compression zone was formed at
the output of the MPC discharge device. Plasmaflow in

the MPC is compressed due to the interaction between
the longitudinal component of adischarge current flow-
ing out from the discharge device and the self-magnetic
azimuthal field. The presence of a“flow-out” currentin
the plasmaflow is caused by the magnetic field freezing
in plasma.

The plasma velocity in acompression flow isin the
range of (4-7) x 10° cm/s, depending on the initial
parameters of the MPC. The concentration of charged
particles in the maximum compression zone is as high
as (5-10) x 10 cm3, and the temperature is 1-3 eV
[6-8]. The compression flow is stable for about 80 s,
after which it starts to decay.

Samples of (111)-oriented 280-um-thick silicon
single crystalswith an areaof 10 x 10 mm? were placed
perpendicularly to the compression flow at distances
6-16 cm from the cut of the MPC discharge device and
exposed to the compression plasma flow. The incident
compression flow gives rise to a shock-compressed
plasma layer near the sample surface. Note that the
deceleration of acompression plasmaflow with thefro-
zen-in magnetic field is accompanied by the formation
of current loops (vortices) [10, 11].

The plasma density in the zone of interaction with
the sample changed from 10 cm (in the maximum
compression region) to 10% cm™ (in the region of
strong flow divergence). Caorimetric measurements
showed that the energy absorbed by the sample
decreased, accordingly, from 25 to 5 J, which corre-
sponded to a change of (3-0.5) x 10° W/cm? in the
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Fig. 1. Surface morphology of silicon exposed to a com-
pression plasma flow.

Fig. 2. Structure of the near-surface region of silicon.

plasma flow power density under the conditions of our
experiments.

The surface microrelief and the slices of silicon sin-
gle-crystal samples were photographed using high-res-
olution scanning electron microscopy on a Hitachi
S806 microscope.

Results. Under the action of the compression
plasmaflow on the sample, silicon meltsand its surface
is modified to a depth of 6 um. A periodic structure

UGLOV et al.

formed by the cylindrically shaped fragmentsis clearly
seen in the microphotographs of the surface layer
(Fig. 1). Thelength of these fragments exceeds 50 pm,
and their diameter is 0.7—1.0 um. The spacing between
the fragments at the sample surface is in the range of
1-2 um, and their density is (2-6) x 10° cm™. The pres-
ence of the offshoots between the cylindrical fragments
of the structure gives evidence for the influence of the
external force factors on the process of structural phase
transformation.

Periodic structures formed by the channels oriented
normally to the surface are observed inside the modi-
fied layer (Fig. 2). The channels are ~6-12 um in
length, their diameter is ~0.1-0.2 pm, and spacing
(1-2 um) corresponds to the spacing of the cylindrical
surface formations.

The formation of observed structures is primarily
caused by the energetic action of the compression flow
on the surface, leading to itsfast heating, melting of the
surface layer, development of thermoelastic stresses,
and plasma spreading over the surface under the action
of the dynamic pressure (on the order of several atmo-
spheres) of compression flow and the gradient of
plasma parameters in the shock-compressed plasma
layer. Thesilicon crystallization is characterized by fast
cooling and high temperature gradients. These pro-
cesses occur in the presence of magnetic fields induced
by the “flow-out” currentsin the incident plasma flow.

Theinteraction of the compression plasmaflow with
the surface is accompanied by the appearance of ther-
moelastic stressesin the silicon lattice; the correspond-
ing stress gradient field generates dislocations through
well-known mechanisms. At a certain concentration of
dislocations, they form periodic aggregates. As is
known, crystallizing melt inherits structural imperfec-
tions of the substrate and brings them out at the surface.
The moving crystallization front represents a solidify-
ing array of stepswhich, inturn, may becomethe nuclei
of cylindrical formationsin the presence of developing
instability.

The instability arises due to the plasma flow pres-
sure (on the order of several atmospheres) onthesilicon
melt. Under the pressure of the compression flow, light
surface layers are pressed through the heavier melt lay-
ers, giving rise to Rayleigh-Taylor instability. Plasma
pressure may also induce Benard convective instability
in the molten silicon layer. In this case, pressure favors
the convective mixing of layers heated to different tem-
peratures, leading to the self-organization manifesting
itself as structural formations [12]. Kelvin-Helmholtz
instability arises at the interface of two fluids or gases
with different densities upon their dliding relative to
each other. This type of instability is typical for wave
swinging in windy weather [13]. In our case, it arises
due to spreading of the shock-compressed plasmalayer
over thesilicon surface. In this case, two flowswith dif-
ferent velocities run in the same direction. Since the
flows are coulombic systems, the wave disturbance
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scale must diminish. In our case, the character of the
disturbances, whose wavelength corresponds to a fre-
quency on the order of 10'* Hz, correlates with theion
plasma oscillations in the ionized surface layer.

In addition, the silicon plate undergoes sign-variable
bending under the action (and during the lifetime) of
thermoelastic stress, as a result of which the molten
substance crystallizes at the substrate of a variable
shape. In conjunction with the surface tension effects,
this leads to a complex surface morphology and gives
rise to formations of the offshoot type between the cyl-
inders.

Conclusions. As a result of our studies, the submi-
cron-sized cylindrical structures have been formed at
the silicon surface under the action of a compression
plasmaflow. A periodic array of channels oriented nor-
mally to the surface were observed inside the modified
silicon layer, with the period corresponding to the spac-
ing of the cylindrical formations. The structural phase
transformations of the silicon surface state may be
associated with fast crystallization of the molten layer
on the background of various instabilities that develop
in the presence of the induced magnetic field.
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The interface evolution during the evaporation of aliquid from a saturated layer of porous medium (paper) was
experimentally studied using spectral analysis of intensity fluctuations of alaser radiation scattered by the layer.
The data obtai ned were compared with the results of modeling the irreversible growth in three-dimensional lat-
tices. The dependences of the spectral halfwidth of intensity fluctuations on the drying time demonstrate the
characteristic features of drying front evolution, which proved to be similar to those found in the modeling of
irreversible growth front. A comparison of the maximal halfwidths for two different saturating liquids suggests
that the motion of local interfaces during the liquid evaporation from alayer of porous medium is close to the
“classical” diffusion. © 2001 MAIK “ Nauka/Interperiodica” .

PACS numbers: 68.03.Fg; 78.35.+C

The study of transport processes in the disordered
systems is an intensively progressing direction in con-
densed matter physics. Mass transfer in porous media
during the evaporation of aliquid or its propagation in
a pore system under the action of capillary forcesis a
typical example of such processes. They are accompa-
nied by an intriguing physical phenomena(e.g., thefor-
mation of fractal growth boundaries [1, 2]), which are
universal in nature and have been the subject of theoret-
ical and experimental investigations over the past two
decades. The elaboration of experimental methods for
analyzing mass transfer dynamics in heterogeneous
multiphase systems is an important aspect of these
studies. In this work, the possibility of using dynamic
coherent light scattering in studying the evolution of the
interface between the gaseous and liquid phases during
the evaporation of a liquid from a layer of a porous
medium is considered. In thissystem, theintensity fluc-
tuations of scattered light at the observation point are
caused by the scattering of probe radiation from mov-
ing local interfaces in the pore system. Figure 1 is the
illustration of amodel of multiple scattering in the dry-
ing zone; the scatter of the velocities and motion direc-
tions of local boundaries, which thus form an ensemble
of nonstationary scatterers, givesrise, as aresult of the
interference between the partial field components with
different scattering multiplicities, to a speckle pattern,
for which the spectral width of intensity fluctuationsis
determined by the average mobility of the local bound-
aries and their bulk concentration in the drying zone.
The propagation of probe radiation inregions 1, 1', and
3, where the system of scatterersis stationary, does not
lead to frequency modulation for the partial compo-
nents. At the same time, the Doppler shifts caused by
the scattering of partial components from the moving

local interfacesin the drying zones (2, 2') giverise, asa
result of multiple scattering, to a nonstationary speckle
pattern in the observation plane. It wasfound in [3] that
the drying fronts of fluids in porous media can be
treated asfractal growth boundarieswith clustersof lig-
uid-filled pores located nearby. The evolution of such
structures during the drying process should influence
the bulk concentration of scattering centers in the dry-
ing zone and, hence, lead to tangible changes in the
spectrum of scattered intensity fluctuations.

Figure 2 presents the scheme of experimental setup
for studying spectral characteristics of the scattered
intensity fluctuations during the course of liquid evapo-
ration from an originaly saturated layer of porous
medium. A single-mode He-Ne laser (A = 632.8 nm,
output 0.5 mW) was used as a radiation source. The
laser beam was focused to a=200 pum-diameter spot at
the surface of alayer which was placed in the horizontal
plane. Paper samples differing in the degree of porosity
and in thickness were used aslayers of porous medium.
The intensity fluctuations were detected in the trans-
mission geometry using acomputer image-locking sys-
tem with alendess EDC-1000L (Electrim Corp., USA)
CCD chamber. The number of pixels was 484 x 753
with apixel size of 9.5 x 10 um?. The distance between
the sample and the CCD chamber was 60 cm; the cham-
ber was placed on the beam axis; the average speckle
size in the image detection plane was =500 um. The
images of dynamic speckles were recorded in the wrap
mode, for which the intensity fluctuations at fixed
points were mapped as brightness distributions over
image columns written in the bit-map format; the frag-
ments of these images are shownintheinsetsin Fig. 3.
Theimagewriting time varied from 40 to 120 s depend-
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Fig. 1. Model of coherent radiation multiple scattering by alayer of porous medium during the evaporation of aliquid. The detected

nonstationary speckle patterns are formed as a result of the interference between partia scattered-field components ( Ei , Eg ) )

propagating in the periaxial zone of the illuminating beam. The frequency of partial components is modul ated due to the scattering
by the nonstationary scatterers (moving local interfaces) with @;,, AF;,, () # 0. Theinterface between the liquid and gaseous phases

inthe layer isafracta surface[2, 3].

ing on the line exposure time Tg; the Nyquist frequency
[4] corresponding to the separation between pixels
along a column changed from 2 to 6 Hz. To minimize
the effects (in particular, the frequency overlap or
masking effect [4]) caused by the finite fetch time and
finite Tg-controlled digitizing rate of intensity distribu-
tion over columns on the results of spectral analysis of
the narrow-band random process of intensity fluctua-
tions, the line exposure time for each image was cho-
sen, after preliminary experiments, in such a way that
the sampling rate exceeded the halfwidth of the fluctu-
ation spectrum by no less than a factor of ten for the
image fragment having maximal spectral width. Fur-
ther analysis consisted in the cal culation of the modulus
of the Fourier-transform |F;(v)| of the intensity fluctua-
tions by applying the discrete Fourier transform to the
sets of column data for the image areas obtained by
breaking images into partially overlapping fragments
of size W; x W, = 100 x 753 pixels. The values of the
modulus of the Fourier transform were averaged over
the columns for each fragment; the halfwidthsv, s were
estimated for the average spectra. Checking for the
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influence of the recording and image processing
regimes (line exposure time T and size W, of the frag-
ment chosen) showed that the estimates of v, s were sta
ble to the variations of Tz and W, if Tz < (10vy5)* and
W, = 80-120; in particular, a change in vgy5 for the
image fragments characterized by the maximal spectral
width of intensity fluctuations did not exceed 8% upon
adecreasein T¢ from 150 to 100 msand an increase in
the pixel number from 80 to 120. Typical frequency
dependences obtained for the normalized average spec-
trum |F, (V)| after processing the experimental dynamic
speckle images are shown in theinset in Fig. 2.

Experiments were performed at room temperature
[(20+ 1)°C]; ethyl acohol C,H;OH and acetone C;HO

were used as saturating liquids. The thickness H, the
porosity @, and the characteristic removal timet, corre-
sponding to the e-fold drop in the weight of the liquid
phase were preliminarily determined for each sample.
Thevalues of gandt, werefound by weighing the orig-
inally saturated samples on an electronic balance with
sampling of thedataat 1 s. Typical experimental depen-
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Fig. 2. Scheme of experimental setup. (1) Single-mode He—
Ne laser; (2) turning prism; (3) focusing lens; (4) sample;
and (5) CCD chamber. Inset: typical frequency depen-
dences of the normalized intensity fluctuation spectra
obtained by averaging over the set of columns for image
fragments of size 100 x 753 pixels; ethyl alcohol istaken as

asaturating liquid; sample parameters: H=71+3 pum and
@ =068t 004 (a) tg, = 23 sand vy = 0.14 Hz and

(b) ty =150 sand Vg.s = 0.26 Hz. Digitizing rate 6.7 Hz.

dences of the halfwidth vy on the drying time t,, are
presented in Fig. 3. The following characteristic fea
tures of the vy 5(ty) curves are noteworthy:

(1) The frequency of scattered intensity fluctuations
drastically increases and achieves a maximum at a cer-
tain stage of the drying process, the relationship
between thetimety, . COrresponding to the maximal v 5
and thetimet, can be approximated by thelinear depen-
dence (Fig. 4);

(2) A decreasein the characteristic removal timet, is
accompanied by the decrease in the maximal value of
Vos (Fig. 2; the t, values for C3HO are 46 times
shorter than for C,H;OH, and the corresponding v,z
values are shorter by afactor of 1.2 to 2);

(3) The vy 5(ty) dependence is pronouncedly asym-
metric for small t,; at the final stage of the drying pro-
Cess, Vg 5 decreases jumpwise at some freguencies; the
Vo 5(ty) curves become more symmetric with increasing
t,, and the jumpwise changes in v, are greatly sup-
pressed at large t,, times.

The study of the heating effect caused by the absorp-
tion of the laser prabe radiation on the drying process
showed that atwofold increase in the spot diameter and
the corresponding decrease in the probe radiation flux
density (by afactor of four) after displacing the samples
from the focal plane of lens 3 along the beam axis and,
hence, beam defocusing (Fig. 2) did not affect the mea-

ZIMNYAKOV et al.

sured ty, o Values to within the experimental accuracy
(£5%). Likewise, a change in the beam power with the
help of attenuators (neutral filters) also did not change
noticeably ty ma- Thiswas so because of the low probe
radiation power (<0.5 mW with allowance madefor the
additional losses in optical elements 2 and 3) and the
small absorption coefficient of the layers (the absorp-
tion coefficients of paper in the visible region are typi-
caly 0.005-0.03 mm™ [5]). Therefore, the heating
effect of the probe radiation on the evaporation of alig-
uid from the layer can be ignored under the experimen-
tal conditions used in this work.

To interpret the experimental results, we invoke the
approach used in [6] for the description of the time cor-
relation function for the fluctuations of coherent light
undergoing multiple scattering in a nonstationary sys-
tem of statistically independent scatterers. For a fixed
point, this function can be written as

G,(T) = [E(t)E* (t + T)I0exp(=j wT)
X § exp{iTmf; (t)}%
i|:| P{iTimfim i
o uj
x@izuexp{lqimrim(m)} 5>.

where the summation over i goes over the contributions
from the partial scattered components with different
optical paths to the complex field amplitude at the
observation point; the multiplication index m corre-
sponds to the phase incursion for each partial compo-
nent after it goes through a series of scattering events at
the moving local interfaces; q;,,, isachangeinthewave

vector of theith partial component in the mth scattering
event at the boundary whose position is specified by the
radius vector T;,,; and w is the probe beam frequency.
Averaging is done over the ensemble of possible con-
figurations of the moving scattering centers. Assuming
that the scattering events are statistically independent,
onearrives at the following expression for the time cor-
relation function G, (1) = It + t) — OG{1(t) — 00 Cat
alarge number of scattering events:

Gy(1) = |Gy(1))?
2 )

g

<z exp{ = itqzmmrzmm>

where =; is the number of scattering events for the ith

partial component and Arz(r) is the scatterer displace-
ment variance at time T.

The fluctuation dynamics of the scattered intensity
depends on the effective value of =, which is deter-
mined by the number of moving local interfaces in the
beam scattering region (Fig. 1). Anincreasein = results
No. 4
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Fig. 3. Spectral hafwidths vg 5 of the scattered intensity fluctuations vs. drying time ty, for the paper samples of thickness H =
88 + 3 pm and porosity ¢ = 0.56 + 0.03; saturating liquid: (@) acetone (C3HgO) and (O) ethyl alcohol (CoH5OH).

in shortening the correlation time and broadening the
fluctuation spectrum of scattered intensity. Thus, the
development of the drying zone should manifest itself
in the dependence of the width of fluctuation spectrum
on the time of liquid evaporation from the layer. To
write G,(1) intheanalytic form, the =; statistics must be
known for the scattering system; in particular, for a
moving scattering layer of thickness A illuminated by a
plane wave with wavenumber k, G,(1) for the forward-
scattered radiation can be written as G,(n) ~ exp(-2n),

where n = (AMI1*) /K’ [AF(T)0 and |* is the transport
mean free path of the scattering layer [7, 8]. For the
generalized Brownian dynamics of the scattering cen-

ters [2], one has A7 (T)= KT°, where 0 < 9 < 2 and
K characterizesthe scatterer mobility, so that the fluctu-
ation correlation time can be defined as

.= (I*44KK2AY " Ovgk. )
Note that the dependence of 1, and v, 5 on the radiation
wavelength A isdue not only to the dependence on k but
aso, implicitly, to the dependence on the transport
mean free path 1*, because I* = [o(A)c{1 — g(\)}]™*
[7, 8], where c is the bulk concentration of the nonsta-
tionary scatterers (moving local interfaces) in the dry-
ing zone and o(A) and g(A) are, respectively, the wave-
length-dependent effective values of the scattering
cross section and the scatterer anisotropy parameter.

Assuming that the exponent 8 does not depend on
the properties of the saturating fluid and setting A ~ A\,

JETP LETTERS Vol. 74 No.4 2001

where A isthewidth of the drying zone, onefinds, with
the scattering model adopted (Fig. 1), that, when prob-
ing a a fixed wavelength, the following relationship
should take place between the maximal v, 5 values for

tdr max (S)

100

0.01 1,
trl(s 1y

Fig. 4. Relationship between the parameters ty, o and t;
for the paper samples; (1) H =135+3 pum, =0.84+0.04
(filter paper), and acetone (C3HgO) as a saturating liquid;
(2) the same for ethyl alcohol (C,Hs0H); (3) H=71%
3 um, @ = 0.68 + 0.04, and acetone; (4) the same for ethyl
acohol; (5) H =88+ 3 um, ¢ = 0.56 + 0.03, and acetone;
(6) the same for ethyl alcohol; (7) H=73+3 um, @ =
0.52 + 0.03, and ethyl alcohol; (8) H =77 £ 3 um, @ =

0.63 £ 0.03, and ethyl alcohol; and (9) H=72+3 pm, @ =
0.39 £+ 0.02, and ethyl alcohol.
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Fig. 5. Plots of N; as functions of the irreversible growth

time (number of modeling steps) for a100 x 100 x 30 lattice
with © = 6; the dashed curveisfor P = 0.3, and the dotted
line is for P = 0.1 (results of statistical modeling). Inset:

P dependence of the surface concentration 20,y of occu-
pied sites at the growth front for n = ny,,, (obtained for the
100 x 100 x 30 lattice with © = 6).

two different saturating fluids with close refraction
indices (and, hence, with o, = 0,, g, = g,, and I7 /15 =
c,/cy):

/9

: ©)

~ 1
(V0.5)1 max __ g(l/\max 1szax ]*%
(Vos) 2 max EKZ/\ﬁqax 2CZmax P

where Amax and ¢4 Correspond to the maximal devel-
opment of the drying zone (for ty = ty mad)- It iSWorth
noting that, if the scattering geometry is changed (in
particular, if the layer is illuminated by a localized
source rather than by the plane wave), the dependence
of the time correlation function on the dimensionless
parameter nj will be other than G,(n)exp(-2n). At the
same time, according to the similarity principle, 1, ~
(1*2/Kk2A?)V? | and relationship (3) should also hold in
the case.

Of interest was to estimate the exponent 9 for the
system of nonstationary scatterers. With the aim of ana-
lyzing the drying zone evolution in a liquid-saturated
layer of a porous medium, the irreversible growth pro-
cess was statistically modeled for three-dimensional
| attices of finite size; the model used was amodification
of the Eden model [9]. The process of escaping from
the occupied sites starting at the surface was considered
for the lattices of sizeL x L x H (L > H) with avaried
number @ of bonds between the neighboring sites and
varied escape probability P. The irreversible growth
was characterized by the number of sites N; that were
left at each time step. It was assumed that each escape
event was statistically independent and occurred with
the probability P if there was at least one bond with a
vacant site.

ZIMNYAKOV et al.

Plots of typica dependences of N; on the dimension-
less time (number n of modeling steps) for the vacant
region growing from the surface of theL x L x H lattice
areshowninFig. 5. For P < P.= 0.7, the curves display
maxima corresponding to the maximal number of sites
that are left in the “active” zone of the growth front of

— 05 ~
thickness a,(n) = ({h(x,y)-ht 2) ~ N, where
h(x, y) isthefront “height” in the propagation direction.
For P > P, the maximal value of N; occursat n=0, and
Nmax dependson P as

N P, (4)

where a is close to unity and shows little dependence
on ©, L, and H. The occurrence of amaximum in a cer-
tain range a is caused by the competition of two pro-
cesses: development of the active growth zone, i.e., an
increasein g;, and in the average concentration y of the
occupied sites in the active zone, and a decrease in the
volume of the active zone because of an increasing
number of vacant sites: d{ (a — h (n))?c,(n)y (n)} = 0.
Another feature of the N; (n) dependenceintheirre-
versible growth is that dN;/dn changes near-jumpwise
a the final stages of the process, because the filled
region breaks into separate clusters[seedots3and 4 in
Fig. 3]. The changes in the form of the N;(n) depen-
dences with a decrease in P are qualitatively similar to
those observed experimentally for the v 5(ty) depen-
denceswith an increaseint, (Fig. 3): the asymmetry is
smoothed out and a portion corresponding to the clus-
tering stage becomes less pronounced (dotted line in
Fig. 5). The sections of the filled region at the initial
stage of irreversible growth, at the instant of time cor-
responding to the maximal development of the growth
active zone, and at the clustering instant n_ are givenin
Fig. 5. In the quasi-one-dimensional front-propagation
regime (for the irreversible growth in a layer with
L — o), N; monotonically increases and tends towards
saturation [because of the saturation of o,(n)y ()] at a
level corresponding to clustering. In this case, therela-
tionship between n,,,,, and P is aso given by Eq. (4).
The parameter 20,(Nm.)VY (Nmex) Characterizing the
effective surface concentration of occupied sites at the
front at n = n,,, isshown asafunction of P in the inset
in Fig. 5. It was found by modeling that for the models
with different ©, L, and H, the relationship between
Nmax @Nd N, corresponding to the e-fold drop in the num-
ber of occupied sites can be approximated by the linear

dependence of the form n, ~ nr %% for 0.01< P <

0.5 (Fig. 6); this is consistent with the experimentally
obtained relationship between t, o and t, (Fig. 4).

The analogy between the experimentally measured
Vos(ty) and ty max(t,) dependences and the N;(n) and
Nma(N,) dependences obtained in the irreversible
growth model allows the use of this model in interpret-
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Fig. 6. Relationship between the parameters 4, and n, for
the irreversible growth in three-dimensiona lattices with
different probabilities of escaping from the occupied sites
(modeling results); 0.01<P<0.5; (1) L =100, H = 30, and
©=4;(2)L =100, H =50, and © = 4; (3) L = 100, H = 30,
and©® =8; (4) L =100, H =50, and © = 8; (5) L = 100, H =
30,and © = 14; (6) L = 100, H =50, and © = 14; (7) L =
150, H = 20, and © = 14; and (8) L = 400, H = 50, and © = 6.

ing the experimental results on the basis of the corre-
spondence between y and c. With this approach, the
following relationship may be considered: a,,(n)y (n) ~

C(ty )\ (ty). For two saturating liquids with essentially
different times t, (t,; > t.,), we assume, based on the
modeling results (inset in  Fig. 5), that
N1 maxCi max! N2 maxComax = 3 for the maximal intensity
fluctuation frequency at ty =ty mox-

When estimating K, /K,, we assume therelation K ~
tr_B between K and t, , with parameter 3 depending on 9.

In particular, one has K ~ t,‘2 for 8 = 2, which can be
interpreted as a directed motion of local interfaces with

root-mean-square Vvelocity ©200° = K. One can
readily show that the experimentally observed ratio
(Vo5)1max/(Vos)2 max = 1 does not hold for the measured
valuest,/t,, = 4.5-6. Inthe case of & = 1, correspond-
ing to the classical Brownian motion of local scatterers,
the parameter K/6 has a meaning of the diffusivity of
scattering centers, and the 3 value can be obtained by
analyzing the well-known relation between the concen-
tration gradient of diffusing particles and the respective
mass flow J in the form K(gradc), = —J, where zis the
propagation direction of the diffusion front. For the
irreversible growth model adopted in thiswork, the use
of the approximate relationship (gradc), ~ y/g;, in the

growth zone gave K ~ nr"3 in the course of modeling,
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with 3 = 0.70-1.00 (depending on the model parame-
ters). In this case, the estimate of the ratio
(Vos)1 max/(Vos)2 max USING EQ. (3) gives a value of the
order 0.4-0.7 for t,; /t,, = 4.5-6, which isin satisfactory
agreement with the experiment. On the other hand, the
estimate of parameter O with the use of the results of
statistical modeling and the experimentally measured
ratios (Vos)1ma/(Vos)2max Yi€lds values ranging from
0.83t0 1.17 for the six samples studied.

Thus, with the assumptions adopted in thiswork, the
motion of local interfaces in the drying zone can be
interpreted as a generalized Brownian motion with
parameter 9 closeto unity, i.e., closeto the valueinher-
ent in classical Brownian motion. The local boundary
dynamics observed in the experiment on dynamic
coherent radiation scattering can be caused by aconsid-
erable scatter of the directions and velocities of bound-
ary motion, as well as by the finite lifetimes of loca
boundariesin individual pores.

Thiswork was supported by the Russian Foundation
for Basic Research and the Belarussian Foundation for
Basic Research (project no. 00-02-81014), the Russian
Foundation for Basic Research (project no. 01-02-17493),
the AFGIR (grant no. REC-006), and the program
“Fundamental Research in Natural and Humanitarian Sci-
ences. Russan Universities’ [project no. 015.01.01.20
(990632)].
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Crystal Structure and Optical Activity
of LasNb,;Ga;:0,, and Sr;Ga,Ge,0,, Single Crystals
of the Langasite Family
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Precision X-ray structural studies of the LagNbg sGag 5014 and Sr3Ga,Ge, 044 Single crystals were carried out.
The space group P321 was confirmed. The anomalous X-ray scattering was taken into account to establish the
absolute structures (chirality) of the crystals; they proved to be of different sign. The structural features respon-
siblefor the optical activity of crystals were revea ed, and the dependence of the magnitude and sign of specific
rotation on the structural parameters of these compounds were determined. © 2001 MAIK “ Nauka/ I nterperi-

odica’.
PACS numbers; 61.66.Fn; 61.10.Eq; 78.20.Ek

Ca gallogermanate Ca;Ga,Ge,0,, was the parent of
arich family of trigonal acentric crystals [1, 2]. More
recently, the members of this family were named lan-
gasites, a shorthand for the chemical composition of
La;GasSiO;4[3, 4]. One of thelatest reviews devoted to
the materials of this family was published in the Pro-
ceedings of Frequency Control Symposium [5]. The
growing interest in langasites is caused by the unique
physical properties of their pure samples and samples
activated with transition ions. piezoelectricity, elastic
properties, luminescence, lasing, and, especially, com-
position-controlled optical properties [6-8]. The pur-
pose of this work was to refine atomic structures of the
LagNbysGas 0,4 and Sr;Ga,Ge,0,4 Single crystals
using X-ray diffraction analysis. Of interest was also to
determine the chirality of the samples; to reveal struc-
tural origins of their optical activity and the substantial
difference in specific rotations, which, according to the
datain [8], are, respectively, 16.8 and 4.42 deg/mm at
A = 0.55 pm; and to refine the distribution of cations
over the voids of anionic packing. Single crystals of
LagNb,ysGas s0,, and Sr;Ga,Ge,0,, were grown by the
Czochralski method.

Samples of LagNb, sGas ;0,, and Sr;Ga,Ge,044 Sin-
gle crystals chosen for X-ray structural analysis were
shaped into a sphere by rolling. Sphere diameters were,
respectively, 0.22(1) and 0.27(1) mm. Integrated inten-
sities of X-ray reflections were measured on an Enraf-
Nonius CAD-4F diffractometer (MoK, radiation,
graphite monochromator, w/28 scan mode in the full
range of reflections for sin6/A < 0.9 A-1). A total of
7571 and 7527 reflections, respectively, were mea-
sured. After averaging symmetry-related reflections,
working arrays of 1184 and 1149 unique reflections

with | > 3o(l) wereformed. The discrepancy factorsfor
the averaging of equivalent structure amplitudes were
1.88 and 1.39%. Bievout pairs of reflections with indi-

ces hkl and hkl were not averaged, because only their
differences carry information about crystal chirality in
the presence of anomalous scattering. With allowance
made for the anomalous components f' and ", the
atomic scattering factors havetheform f =f, + ' +if".
For the MoK, radiation with A = 0.7107 A, thereal and
imaginary corrections for anomalous X-ray scattering
aref'=-0.2871 and f" = 2.4523 for the La atom, f' =
-2.0727 and f" = 0.6215 for Nb, f' =0.231 and f" =
1.608 for Ga, f' = —1.5307 and f" = 3.2498 for Sr, and
f'=0.1547 and f" = 1.8001 for Ge; for the O atoms, the
corrections are negligible: f' = 0.0106 and f" =
0.0060 [9].

Analysis of the full arrays of experimenta data did
not reveal any deviations from space group P321.
When converting intensities into moduli of structure
amplitudes, the data were corrected, apart from absorp-
tion, for the kinematic and polarization effects. All cal-
culationswere performed using the SDS program pack-
age [10]. Structure parameters were refined by the full-
matrix least-squares method. In the experiments and
calculations, the right-handed coordinate system was
used. Crystal chirality was calculated for the full (not
averaged) arrays of structure amplitudes, allowing the
anisotropic extinction to be taken into account for the
samples. Maximal corrections for the anomalous scat-
tering of X-raysused in thiswork were observed for the
Sr atoms. For this reason, the chirality of the
Sr;Ga,Ge,0,, sample was determined more reliably
than for the La compound.
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Refinement of the original crystal structure of the Sr
compound converged to the discrepancies (unweighed)
R = 5.65% and (weighed) R, = 6.51% between the
experimental and model structure amplitudes. The
weighing scheme used in al refinements was w =
1/(oF)>?. Refinement of the inverted model converged to
the smaller discrepancy factors: R = 1.75% and R, =
1.98%. Thus, the absolute structure of the crystal dif-
fers from the origina structure [7] in chirality sign, so
that the coordinates of the basis atoms in the right-
handed coordinate system (table) correspond to the
absolute atomic model of this crystal.

Anaogous calculations for the LasNby;Gass044
structure gave R= 2.57% and R,, = 3.27% for the orig-
inal model [11] and R= 3.38% and R, = 4.23% for the
inverted model. In this case, the absol ute structure cor-
responds to the original model.

Crystals of the langasite family have layered struc-
ture. The alternating layers of two types are perpendic-
ular to the threefold axis. The cations at z= 0 are posi-
tioned in the two types of polyhedra: octahedra and the
larger polyhedra shaped like distorted Thomson cubes.
The second layer consists of two types of crystalo-
graphically independent tetrahedra. The z coordinate of
cationsin the tetrahedra of one of thesetypesis exactly
equal to 0.5, and it is close to this value in the second
type (Fig. 1). Theionic radii of the largest cations La*
and Srz* are 1.16 and 1.26 A, respectively, and they
occupy the Thomson cubes. The remaining (smaller)
cations are distributed among the tetrahedra and octa-
hedrain a certain way.
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Fig. 1. Model of atomic structure of langasite. Layers of two
types aternate perpendicularly to the crystal ¢ axis; one is
composed of the separate octahedra and large cations’ and
the other is composed of the crystallographically indepen-
dent tetrahedra of two types.

In the original structure of LagNb,sGags0,4, nio-

bium and gallium (ionic radii of Nb> and Ga®* are,
respectively, 0.64 and 0.62 A) randomly occupy octa-
hedra (next-in-size polyhedra). The remaining gallium
ions are positioned in the two types of tetrahedra. This
model was proved by the least-squares refinement of
the structure. The octahedron occupancy was found to
be (Nby5,Gay50). This was reliably established by the
X-ray method, because the difference in the number of

Coordinates (in the right-handed system), point symmetries (S), site multiplicities (n), and equivalent thermal parameters (B)
of the basis atoms in the LagNb, sGag 5014 and Sr3Ga,Ge, 044 structures

Atoms S n xla yla Zlc B
LagNbg 5Ga5 5014
La 2 3 0.42459(2) 0 0 0.678(3)
(Nbg, 50Gag 50) 32 1 0 0 0 0.687(8)
Ga2 3 2 13 2/3 0.53124(7) 0.605(6)
Ga3 2 3 0.76176(4) 0 12 0.790(7)
01 3 2 13 2/3 0.1784(5) 0.92(4)
02 1 6 0.4563(3) 0.3088(3) 0.3054(3) 1.14(5)
03 1 6 0.2188(3) 0.0773(3) 0.0727(3) 1.16(5)
Sr;Ga,Ge, Oy
Sr 2 3 0.57683(2) 0 0 0.719(3)
(Gep:Gag.13) 32 1 0 0 0 0.650(4)
Ge 3 2 2/3 13 0.47974(4) 0.553(3)
(Gey25Gan62) 2 3 0.23643 0 12 0.634(3)
o1 3 2 2/3 13 0.8187(3) 0.86(2)
02 1 6 0.5408(1) 0.6994(1) 0.6687(2) 1.03(2)
03 1 6 0.7874(1) 0.9132(2) 0.2301(2) 1.14(2)
JETP LETTERS Vol. 74 No. 4 2001



224

R%
0.92

0.90
0.88
0.86

0.84
0.82

02 04 06 0.8 1.0 ¥

<

Fig. 2. Structure of Sr3GayGeyO44. Least-squares refine-

ment of occupancy factors for Ga and Ge in tetrahedra and
octahedra with scan step x = 0.1. The minimum of the dis-
crepancy factor R corresponds to the occupancy factor x =
0.87 for Gein (Gey g7Gag 13) octahedron and the occupancy

(Geg 35Gag 6p) for each of the three tetrahedra.

electrons in these atoms Z(Ga) = 31 and Z(Nb) =41 is
large, while the X-ray scattering intensity is propor-
tional to the square of this number. Next, a possible
positional splitting (small difference in coordinates)
was checked for the Gaand Nb atomsin octahedra, the
only polyhedrain this structure that are randomly occu-
pied by the atoms of two sorts. An analysis of the dif-
ference electron density map did not reveal any traces
of splitting.

The identification of the Ga and Ge atoms in the
Sr;Ga,Ge,0,, structure is hampered because of their
neighborhood in the periodic table: Z(Ga) = 31 and
Z(Ge) = 32. The ionic radii of these elements are

v

i

\\\}
W%

H
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ro(Ga) = 0.62 A and ry(Ge) = 0.53 A in the octahedral
oxygen environment and r,(Ga) = 0.47 A and r,(Ge) =
0.39 A inthetetrahedra. The challenge wasto distribute
two Ga and two Ge atoms among one octahedron and
threetetrahedra arranged on the twofold axes. The mul-
tiplicity valuesfor Gaand Geinthetetrahedraand octa-
hedra were determined by least-squares refinement
with a step-by-step scan [12]. The stoichiometric compo-
stion of the Sr;Ga,Ge,O,, crystal with 100% occupan-
ciesof all crystallographic siteswastaken asabasisfor
occupancy refinement. The parameter x was scanned
with step Ax = 0.1 in the range from 0 to 1.0. At each
fixed x, al remaining structural parameters were
refined by the least-squares method. Theresidual Rasa
function of occupancy factor (x) for Ge in the octahe-
dral site is shown in Fig. 2. The discrepancy between
the experimental and cal culated structure amplitudesis
minimal at x=0.87(9). Therefore, the octahedron occu-
pancy is (Ge,5;Gay 13), and the occupancies of each of
the three tetrahedra are (Ge, 33Gay6,). The final refine-
ment of the structural modelsfor the averaged arrays of
experimental data containing, respectively, 1184 and
1149 independent structure amplitudes was performed
by the least-sguares method with the anisotropic ther-
mal parameters in harmonic approximation and con-
verged to residual R = 1.32% and R, = 1.59% for
LagNbysGas 50,4 and R = 0.83% and R, = 0.99% for
Sr;Ga,Ge,0,,. The total number of refined parameters
was 37 for each structure. The final fractional atomic
coordinates of the basis atoms, their equivalent isotro-
pic thermal parameters B, and the symmetry and multi-
plicity of atomic positions are given in the table.

Fig. 3. Structure of (a) alayer of the (Nbg 50Gag 50) octahedraand La polyhedrain the LagNbg sGag 5014 structure and (b) alayer
of the (Gey g7Gag 13) octahedraand Sr polyhedrain the Sr3Gay,Ge,044 structure. The triangular octahedron faces perpendicular to
the crystal ¢ axis are turned (a) counterclockwise and (b) clockwise through different angles.
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The space group P321 does not contain screw axes.
The optical activity of langasites is caused by the spe-
cial features of their atomic structure, namely, by the
geometric configurations of octahedra and Thomson
cubes. The structure of a layer composed of the
(Nby 5,Gay 50) Octahedra and La polyhedra (Thomson
cubes) in the LagNb,sGas 50,4 structure is shown in
Fig. 3a. The analogous layer of the (Ge, g;Ga, 13) OCta:
hedraand Si polyhedrain the Sr;Ga,Ge,O,, structureis
shown in Fig. 3b. In aregular centrosymmetric octahe-
dron, the opposing faces (regular triangles) are turned
through 60° relative to each other. One can see from
Figs. 3aand 3b that the upper regular triangular face of
the octahedron in the structure with lanthanum isturned
counterclockwise through 19.3° from its position in a
regular  centrosymmetric  octahedron. In  the
Sr;Ga,Ge, 0,4 structure, the analogous turn in the layer
is clockwise and equals 12.1°. The absolute values of
specific rotation for the wavelength A = 0.55 pm are
equal inthese crystalsto 16.8 and 4.42 deg/mm, respec-
tively [8]. Thus, the specific rotation of the crystals
studied correlates with the degree of deviation from the
centrosymmetric configuration of an octahedron struc-
ture.

We are deeply indebted to B.V. Mill for growing and
kindly providing us with high-quality LasNbysGas 5044
and Sr;Ga,Ge, 0O, crystals. We are also grateful to him
for active and fruitful discussion of the results. This
work was supported by the Russian Foundation for
Basic Research (project no. 99-02-17242) and the
Leading Scientific School (project no. 00-15-96633).
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A sharp peak of magnetic susceptibility has been observed in the ferromagnetic resonance spectra of uniaxial
magnetic films placed in aplanar field directed orthogonal to the easy magnetization axis, along which apump-
ing high-frequency magnetic field has been oriented. The peak width is considerably narrower than the line
width of the uniform ferromagnetic resonance, and its position in afield equal to the film anisotropy field does
not depend on the pumping frequency. The nature of the peak is associated with a drastic increase in the static
transverse susceptibility of the film in the vicinity of the anisotropy field. It is shown phenomenologically that
the peak can be observed only for quality samples with small angular and amplitude dispersion of the uniaxial

anisotropy. © 2001 MAIK “ Nauka/Interperiodica’
PACS numbers: 75.70.Ak; 76.50.+g; 75.30.Cr

It is known that one or two resonance peaks,
depending on the pumping frequency, are observed in
the ferromagnetic resonance (FMR) spectrum of mag-
netic filmsin the single-domain state possessing uniax-
ial magnetic in-plane anisotropy when a planar mag-
netic field is swept perpendicular to the easy magneti-
zation axis (EMA) [1].The magnitude of the resonance
fields for these peaks can be determined from the equa-
tions

[Hk
D,,D - O R, D
D2 = (H-H)(4TtM, + H)),

(4n|v| +H), H<H,

1)
HzH,,

Oy

where wisthe circular frequency of the pumping mag-
neticfield, yisthe gyromagneticratio, Hy isthe uniaxial
magnetic anisotropy field, H isthe FMR field, and Mg is
the saturation magnetization.

We found another sharp peak in the FM R spectra of
magnetic Co-Ni—P films. Itsline width was an order of
magnitude smaller than the line width of the uniform
ferromagnetic resonance. The spectra were measured
from local areas of samples on an automated scanning
FMR spectrometer [2]. The locality of measurements
was determined by the diameter of the measuring hole

in the microstrip resonator of the detector with an area
of =1 mm?2.

Magnetic films 0.05—-1.0 um thick were obtained by
chemical deposition from a solution [3] at a tempera-
ture of 96-97°C on substrates 10 x 10 mm? in size.
Glasses, fused quartz, and single-crystal GaAs wafers
were used as substrate materials, and the structure of
the films was X-ray amorphous, regardless of the sub-
strate material. Microstructural studies of films were
performed on a PREM-200 electron transmission
microscope. These studies showed that afilm consisted
of microcrystallites 20-60 A in size. The film composi-
tion was measured in the range Cogs_75—Nizs_»7P5 5 Wt
% and was controlled by X-ray fluorescence analysis
[4]. A planar uniaxial magnetic anisotropy field H, =
25-30 Oewasinduced by auniform magneticfieldH =
3 kOe applied in the substrate plane during film depo-
sition. Measurements of magnetic properties in loca
areas of samples[5] showed their high uniformity inthe
central part ~6 x 6 mm? in size. For example, the effec-
tive saturation magnetization for a sample 0.3 um thick
varied from point to point within the range as small as
M, = 1100 + 20. The deviation of the directions of the
easy magnetization axes in local areas of the film did
not exceed +0.4°, and the deviation of the anisotropy
field from the average H, = 28 Oe was less than 0.5 Oe.
Ferromagnetic resonance spectra measured for this
sample at three pumping frequenciesin its central area

0021-3640/01/7404-0226$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. Ferromagnetic resonance spectraat various pumping
frequencies.

are presented in Fig. 1. The magnetic field in the exper-
iment was oriented strictly perpendicular to the easy
magnetization axis. Regardless of the pumping fre-
guency, an intense sharp peak is observed in al spectra
at the same magnetic field equal to the uniaxial mag-
netic anisotropy field H, = 28 Oe. Itswidth is consider-
ably smaller than the line width of the uniform mag-
netic resonance. The dependences of the resonance fre-
guency of the uniform ferromagnetic resonance for the
sample area under study calculated by the formulas in
Eqg. (1) are shown in Fig. 2. Points present the results of
measurements. The vertical dashed line connects the
points corresponding to the maximal susceptibility of
the new peak found in the FMR spectrum. It should be
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Fig. 2. Dependence of the resonance frequencies on the
FMR field.

noted that the amplitude of this peak drops rapidly with
decreasing pumping frequency below 1 GHz because
of its suppression by the uniform ferromagnetic reso-
nance peaks moving closer together. As a result, this
peak ishardly observed at afrequency of 0.2 GHz. With
increasing pumping frequency above 2.6 GHz, the peak
amplitude drops monotonically; this, evidently, can be
explained by the manifestation of the skin effect. It is
also important to note that the peak found in our work
virtually disappearsif the easy magnetization axis devi-
ates from the orthogonality to the field H in one or
another direction by only 1° (Fig. 3).

Thereveaed regularitiesin the behavior of the peak
found in this work allow the suggestion that its nature
is associated with the static susceptibility of the mag-
netic film. Actually, akink is observed in the curve of
film magnetization perpendicular to the EMA at amag-
netic field equa to the anisotropy field of the sample
[1]. This kink demonstrates instahility of the magnetic
moment at this point. Therefore, it is reasonable to
expect here an increase in the transverse magnetic sus-
ceptibility.

Consider amodé of an infinite magnetic film in the
x=y plane, in which an external magnetic field H is
directed at an angle 6, to the x axis, and the easy mag-
netization axis of uniaxial magnetic anisotropy is
directed at an angle 6, to x. In this case, the equilibrium
angle 8,, that characterizes the slope of the magnetiza-
tion vector M, to the x axisis determined from the equa-
tion

Hsin(eH—eM)+%Hksin2(6n—eM) 0.
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Fig. 3. FMR spectra for various orientation angles of the
easy magnetization axis.

Equation (2) is obtained from the minimum condition
for the free energy density of the film

F = ~(MH)+5(M INIM) - 52(M Th)~. (3)

Here, M is the magnetic moment vector, n is the unit

vector that coincides with the EMA direction, and N is
the tensor of demagnetization coefficients. This tensor
is determined by the shape of the sample, and it has
only one component N,, = 41tin the case of amagnetic
film.

The static magnetic susceptibility of the film
X = m/h, (4)

BELYAEV et al.

X
2000

1500

1000

500

H (Oe)

Fig. 4. Field dependences of magnetic susceptibility calcu-
lated numerically: (1) without anisotropy dispersion,
(2) only amplitude dispersion of 1 Oe, and (3) only angular
dispersion of 1°; dashed line designates that both angular
and amplitude dispersions are present; and dots mean that
dispersion is absent, but the EMA deviates by 1° from the
initia direction.

where m is the deviation of the magnetization vector
from an equilibrium under the action of atest magnetic
field h. It can be calculated from the solution of the
equation

[MxHgl =0, ()
where Hg = dF/dM. This equation is reduced to an
equation of the third degree in the quantity Y = nVM,.
In the general case, this equation takes the form

3, hcos(8,-6,,) + HksinZ(GH—GM)qu
H,sin’(8, -8,
Hcos(6, —8,,) + H,cos2(6,—6,,) —hsin(8, —6,,)

H,sin’(8, - 6) ®)
hcos(6,—06y)
H,sin’(0,—8,,)

+2

XLIJ:Z

The dependence of the transverse magnetic suscep-
tibility of the film on the external magnetic field
(curve 1) obtained by numerically solving Eq. (6) is
presented in Fig. 4 for thecase 8, =172 and 6,,=0. The
following parameters of the film area, the experimental
results for which are presented in Figs. 1-3, were used
in the calculations. saturation magnetization Mg =
1100 G, anisotropy field H, = 28 Oe, test field h =
0.1 Oe. It is evident that the calculated curves, as well
as the experimental data, exhibit a pronounced sharp
peak of susceptibility at a magnetic field equal to the
anisotropy field. Moreover, aswell asin the experimen-
tal results, the calculation indicates that the peak of sus-
ceptibility amost disappears if the easy axis deviates
2001
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by only one degree (8,, = £1°) from the initial direction
(6, = 0) (see the dotted line in Fig. 4.) Our investiga-
tions also showed that the susceptibility monotonically
grows as the anisotropy field decreases. It follows from
these facts that both the angular and amplitude disper-
sions of uniaxial magnetic anisotropy must affect the
susceptibility peak [6]. These dispersions may be sig-
nificant in real samples because of imperfectionsin the
technology of their preparation.

In order to estimate the anisotropy dispersion effect
on the peak of magnetic susceptibility, we will use a
Gaussian distribution for both the anisotropy field H,
and the direction of the easy magnetization angle 6, [7].
The dependences of the transverse magnetic suscepti-
bility on the external magnetic field also obtained by
numerical calculations are shown in Fig. 4 for the cases
when only the amplitude anisotropy dispersion 4, =
1 Oe (curve 2), only the angular anisotropy dispersion
Ag = 1° (curve 3), and both the angular and amplitude
dispersions of the same values (dashed line) are present
inthefilm. It isevident that, if even asmall angular dis-
persion of the uniaxial magnetic anisotropy occurs in
the sample, the susceptibility peak under study almost
disappears. This proves the fact that the effect found in
thiswork can be observed only in high-quality samples.
It should also be noted that a dispersion of anisotropy
shifts the film susceptibility maximum toward the
region of higher fields.

Note that, under the condition that |[H —H,| > h, the
terms of the second order of smallness can be neglected
when Eq. (5) is solved for the case when 6, = 102 and
8,, = 0in the absence of the dispersion of uniaxial mag-
netic anisotropy.

Finally, we obtain

X~HE—H2’ H<H,, @)
M

X=o—7, H>H 8)
H—H,

It is seen from Egs. (7) and (8) that the dependence
X(H) in the region of “weak” fieldsis stronger than the
same dependence in the region of “high” fields. This
explains the asymmetry of the right and left slopes
observed in the field dependence of the susceptibility
numerically calculated without approximations (see
Fig. 4). It isinteresting that the occurrence of an ampli-
tude dispersion in the magnetic anisotropy of the film
decreases the asymmetry of the dlopes of the x(H)
curve.
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Inthe casewhenH =H,, Eq. (6), under the condition
that 8, = 1v2 and 6,, = 0O, takes the smple form
s, h 2>__,h
Taking into account that Y = m/M, and h/H, < 1, we
obtain the equation for the maximal susceptibility

_ | 2
Xmax = Ms3 Khz

Approximate Eg. (10) indicates that the maximal mag-
netic susceptibility decreases as (h)2 with increasing
test field, and it decreases as (H,)™® with increasing
uniaxial magnetic anisotropy field. These regularities
were confirmed sufficiently well by numerical calcula-
tions carried out without approximations.

Thus, atheoretical analysis showed that the narrow
susceptibility peak found in the FMR spectrum is due
to a dragtic increase in the static transverse magnetic
susceptibility of thefilm at the point of theinstability of
the magnetic moment observed in the field H = H,. In
thisfield, akink is observed in the magnetization curve
[1], which is leveled off with increasing angular and
amplitude dispersion of anisotropy. The calculation
also showed that the susceptibility peak almost disap-
pears when the angular dispersion of the anisotropy
field =1°. Therefore, in spite of the high quality of the
obtained films, the effect is revealed only in the local
areas of samples where the dispersion of anisotropy is
sufficiently small. A signal dueto static susceptibility is
also seen in Permalloy films with uniaxial magnetic
anisotropy that were obtained by vacuum sputtering in
amagnetic field. However, its amplitude is almost two
orders of magnitude smaller than the amplitude of the
uniform ferromagnetic resonance signal. This is
explained by the relatively high angular dispersion of
anisotropy in these films.

It is important to note that the effect of an increase
in static susceptibility in the field H = H, found in this
work can be observed only at relatively high frequen-
cies in the microwave range when the resonance fields
of the uniform ferromagnetic resonance peaks are suf-
ficiently distant from H, (see Fig. 2). As the pumping
frequency decreases, the uniform ferromagnetic reso-
nance approaches the static susceptibility peak and sup-
pressesit.

In our opinion, the static susceptibility peak studied
in this work provides an explanation for the sharp
increase in amplitude of the nuclear magnetic reso-
nance signal observed in anisotropic cobalt films|[8, 9].
This effect was also observed in the field equal to the
anisotropy field when a film was magnetized perpen-
dicular to the easy magnetization axis. In this case, the
signal virtually disappeared when the magnetic field
deviated from the orthogonal direction by only 1°.

The authors are grateful to V.A. Ignatchenko for a
fruitful discussion of the results of thiswork.

(10)
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The conductivity of two-dimensional electron systemswith low carrier concentration is considered on the basis
of the previously suggested model (Fermi liquid with a soft mode) under the assumption that the equilibrium
in each of the (fermion and boson) subsystems is established faster than the impurity relaxation and the rel ax-
ation between the subsystems (hydrodynamic approximation). The conductivity of the system depends on three
characteristic times: 1,(T,) is determined by the fermion (boson) impurity scattering and 1, is determined by
the friction between the subsystems; the respective temperature dependences are obtained. The conductivity is

related to the relaxation time T in the usual way, and T obeys the relationship T2 = 1" + (T, + T4,) L It follows
from the results obtained that the resistivity of pure samples should increase with temperature and tend towards

saturation. © 2001 MAIK “ Nauka/Interperiodica” .
PACS numbers; 71.27.+a; 71.30.+h

In recent years, experimental and theoretical studies
have emerged which are devoted to the two-dimen-
sional low-density electron systems undergoing metal—
insulator transition upon lowering the concentration of
charge carriers. Various explanations were offered for
this phenomenon and for the temperature, concentra-
tion, and magnetic-field dependences of conductivity
(see review [1]). In many works, an important role of
Coulomb interaction between carriers is emphasized;
estimates suggest that this interaction may become
stronger than the Fermi energy, and this fact isused, in
one way or ancther, by many authors (see paper [2],
whichisnot cited in review [1]).

In such a system, the correlation effects are a forti-
ori strong, and one can assert that, asin aWigner crys-
tal, there is a short-range order in the carrier arrange-
ment, so that this system can be referred to as aWigner
liquid. It is natural to expect that this fact should mani-
fest itself in the spectrum of elementary excitations, and
the question iswhat these manifestationsare. In[3], the
idea is proposed that a new elementary excitation
branch, a so-called “soft mode,” may appear in such a
system, so that, in addition to the Fermi-type excita-
tions (fermions) that are inherent in Fermi liquids, low-
energy Bose-type excitations with finite momenta may
appear. The number of new excitations (bosons) and,
hence, their contribution to the resistance depend on
temperature, as was demonstrated in [3] for the sim-
plest model of the system.

To gain more insight into the influence of bosons on
the kinetic and other properties of the system, one
should realize how the problem can be formulated in
more general form than that in [3]. The corresponding

phenomenological model was suggested in [4], where
the temperature dependences of the equilibrium quasi-
particle spectrawere calculated. The results obtained in
[4] are used in thiswork with the object of determining
the temperature dependence of resistance in the metal-
lic state.

Equations of motion. The problem is not only that
there are two subsystems whose properties depend on
temperature but also that the quasiparticle energy
changes when the system moves, as contrasted to an
ideal gas. Thisoccursin every system whereinteraction
plays an important role. For example, in the Landau
theory of Fermi liquid, the fermion energy for the mov-
ing system transforms as

& & = &+ (PWH-TE, (1)

where ¢, isthefermion energy inthesystem at rest, u is
theliquid velocity, mis the mass of bare fermions, and
m* isthe fermion effective massthat differsfrom mdue
to the interaction between particles. The energy refers
to therest (laboratory) frame.

In the soft-mode model, the above relationship is
maodified because of the influence of bosons, for which
this effect should also be taken into account. This prob-
lemis solved by introducing the terms allowing for the
motion of different subsystems, which is specified by
the sum of operators H; and H, defined in [4], namely,

Hy+Hy— 5 5 an(p) Ellpp,
p.q

0021-3640/01/7404-0231$21.00 © 2001 MAIK “Nauka/Interperiodica’
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1 . q) s The relationship between the momentum density P,
+ \—/Z [Bq'BqD(qTq)Bqu, () in amagnon subsystem and the velocity u, is taken in
a.q the form

p = mn, n = KpiaTm

(the constant term isomitted). Thefollowing notationis
used in Eqg. (2): dn(p) isthe difference between the fer-
mion distribution function and the equilibrium func-
tion; B; (Bq) isthe boson creation (annihilation) opera-
tor; the symbol .. denotes averaging over the system
state; n is the carrier concentration; pg is the Fermi
momentum; and V is the volume (area) of the system.
The summation over momenta includes also the sum-
mation over the fermion spin and the valley number (in
themultivalley case), and the multiplier K in the expres-
sion for n corresponds to the multiplicity of level
degeneracy {k = 4 for the (100) Si MOSFET surface:
two spin projections and two valleys[1]}. It isassumed
that the fermion distribution function is independent of
spin (the magnetic field is absent) and of valley number
Expressions (2) are in excess of what isinherent in the
ordinary Fermi liquid and leads to Eq. (1).

Using EQ. (2) and the Fermi liquid correction of
type (1), one obtains the following expressions, instead
of the equilibrium fermion &, and boson w, energies:

Ep = Ep_

pU; = Py,

(puy) +(pu), g = W, +(qu);
- A3)
pu=P, p;=-=p.

Here, P is the density (i.e., per unit area) of the total
momentum and P, is the momentum density in the fer-
mion subsystem. These results depend only on the cited
characteristics and not on the particular form of correc-
tions to the distribution functions.

Let us simplify the problem. One of the possible
waysisto assume that the fermion n, and boson N, dis-
tribution functions are known. We specify them as

Ny = [expg”“ = D—lr,

where the fermion energy ¢, is measured from the
Fermi energy (a change in the chemica potentia is
quadratic in velocity u, and, hence, can be ignored).
Equations (4) are valid in the hydrodynamic approxi-
mation, which implies that the equilibrium in each of
the subsystems (fermion and boson) is established
faster than the impurity relaxation and the relaxation
between the subsystems. However, the results obtained
for the conductivity prove to be correct in the low- and
high-temperature limits, irrespective of whether this
approximation isvalid or not.

P, = P=P; = pyu,, (5)

where the quantity p, could be called the boson normal
component if the system was superfluid.

Let us now write the equations of motion. One of
them has the following general form:

B%IE + nekE, (6)

whereeisthechargeand E istheelectric field. Thefirst
term on the right-hand side stands for a change in
momentum due to the quasiparticle collisions with
impurities. Let usfirst consider this contribution for fer-
mions. For the equilibrium distribution function with

energy &, given by Eq. (3), this contribution is zero. In
actuality, the fermion distribution function is different
[see Eq. (4)], so that the desired term is proportional to
the difference in momenta corresponding to these two
distributions. The result can conveniently be written as

P
5*’6;5 - -Lpu @)

Analogous considerations for bosons give

0P _ 1
Dﬁmi - _.[_zp(u +U2). (8)

In deriving these rel ationships, the vel ocity dependence
was written in the explicit form, and the rest of the
expression was written so that the possible temperature
dependencesare contained only intherelaxation timesT;
and 1,, which will further enter the expression for con-
ductivity.

After EQ. (6) is specified, we can write the equation
for the boson momentum. In doing so, one should take
into account that bosons are subject only to the friction
forces (dueto the interaction with impurities and fermi-
ons) and not to the electric field. The corresponding
equationis

aPZ BaPZD DaPZD (9)
ot ~ UoatU DmD’

where the second term on the right-hand side corre-
sponds to the friction with fermions. To determine the
form of this contribution, note that it vanishes at u, = 0
from the general considerations, as also follows from
the energy conservation law in collisions of fermions
and bosons with energies (3). For this reason, this con-
tribution is proportional to u,, and, similar to Egs. (7)
and (8), it can be written as

9Py _ 1
Ot 0, lepuz- (10)
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Collecting together Egs. (6)—(10) and passing from
momenta to velocities using Egs. (3) and (5), one
arrives at the following equations in the homogeneous
case:

au [jl 1o ., 1 e
te—+t U+ —u = =E,
Lyt ?
(11)
pzauz |jl 0, l - 0
p at 1p 2t '

It is straightforward to obtain expressions for the cur-
rent density (j = neu) and the conductivity o; in the sta-
tionary case,

= —+ .
T, Tr+Tp

ne't % 1 1 (12)

An unusua combination of two times (T, + T4,) in this
expression is noteworthy. Nevertheless, it must be so,
because if one of these times tends towards infinity,
then the boson characteristics must not affect conduc-
tivity. The fact that this condition is met in Eq. (12)
gives evidence for the validity of the result. If one of
these times tends towards zero, one also obtains the
expected result.

Itisseen from Egs. (11) that the expression for con-
ductivity o(v) in an aternating field with frequency v
can be obtained upon substituting in EQ. (12)

\Y, —.
Ty Ty T T p

Temperature dependences. Let us start with the
boson relaxation time T,. This quantity was considered
in[3], where the expression for 1,,, was obtained for the
bare boson spectrum Q.. In the case at hand, this
expression is also valid, though for the renormalized
spectrum [4], i.e., upon substituting Q, — . This
givesfor 1,

1_
.[2 2(0)[eXp(u)0/T) 1
(13)
1 _n QO
TZ(O) nmm’

Here, n; isthe impurity concentration and w, and ¢, are
the parameters of the renormalized boson spectrum,

W, = AJWh+ ve(a—0p).
Theexpression for 1, deduced in [3] isvalidif theinter-
action with impurities is strong enough (but the impu-
rity concentrationislow to provide high mobility); such
asituation likely occurs for two-dimensional electrons
in metal—nsulator—semiconductor structures (e.g., Si
MOSFET [1]), but the general case will not be dis-
cussed in this work.
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Let us turn to the fermion relaxation time T,.
Assume that it is known at zero temperature, T1,(0).
Then the temperature dependence of T, appears due to
the effective mass m*, which differsfrom the zero-tem-

perature effective mass my [4] and enters the expres-

sion for the fermion relaxation time quadratically.
Thus, one has

_ 1
~ gD 1, (0)°

The effective mass squared appears for the following
reasons. Equation (7) for the fermion distribution func-
tion (4) can be deduced if the momentum relaxation
caused by impurity scattering obeys the Fermi “golden
rule” (as, e.q., it was assumed for bosons in [3]). The
corresponding expression includes a double sum over
the fermion (initial and final) momenta, so that the
square of effective mass appears after passing to the
integration with respect to energies.

Let us now turn to T4,. To calculate a change in the
boson momentum owing to the interaction with fermi-
ons [Eq. (10)], it is convenient to apply the Fermi
golden rule. The corresponding expression is

Py _ 21k
i, - v 2
pra=p+q

X (1= N ) Ng(1+ N )3(Ep + 60q — &y —

where the multiplier k allows for the spin and valley
degeneracy [see Eg. (2)]. Sincethe boson momentumis
larger than 2pg, only the scattering processes are possi-
ble and not the boson emission or absorption. The
matrix element M is

(14)

IMI*(q'~q)
(15)

W),

ol W

VV Wq Wy
Here, the dependence on the boson energy iswritten in
the explicit form, while the possible angular depen-
dence of Wis of no importance.
Anaysisof Eq. (15) yields the following expression
for 1,5

1

_ 1 7 .
= ——=—= J(X);
T le(O)Eh\éD (%)

J(Xo) = J’A/x —xo'[

X—y
smh[(x y)/2] sinh(x/2)sinh(y/2)’

This expression determines the desired temperature
dependence. The phenomenological parameter 1,,(0) is
a certain temperature-independent characteristic of the
substance.

(16)

Xo = Wo/T.
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To obtain the ultimate answer to the question of tem-
perature dependence of relaxation times, one should
supplement Egs. (13), (14), and (16) with the expres-
sions for the spectra obtained in [4], namely,

*—2
0ot + wlF (%),

L

A? =
m*
m—i = 1+YF(Xp);

° (17)
_ dx 1

Wy = JQ5+A°

(Q is the gap in the boson spectrum at zero tempera-
ture). The dimensionless constants a and y are related
by therelationship a = y?/k?; the estimate (asin [4], but
taking into account the multivalley character of the
spectra) suggests that, probably, y ~ 1; w, is a certain
constant of energy dimension (it is determined by the
interaction of bosons).

In the high-temperature limit T > wy, EQ. (17) gives

m* _ Gy _ 2-\1/3
- =y W= (MW T) .
It is assumed that both temperature and w, are small
compared to the degeneracy temperature. The assumed
smallness of w, can be justified by the following spec-
ulation: if thisis not so, then the boson-boson interac-
tion is anomalously strong, which would be unreason-
able.

If w, is proportiona to Q,, then the temperature
behavior of the equilibrium quantities (wy/Qq, M*/mg )
isgoverned by theratio T/Q, and described by auniver-
sal function, which seems to be reasonable. However,

this is scarcely true for the resistance, because it
depends on the other parameters.

The following general conclusions can be drawn
about the resistance. Thetime 1,,(0) in Eq. (16) charac-
terizesthe substance and isinsensitive to impurities. By
contrast, T,(0) and 1,(0) depend on the interaction with
impurities. The following inequality should be fulfilled
in a sufficiently pure sample:

112(0) <14(0), T1,(0).

The experimental dependences are usually mea-
sured for the resistivity p = 1/0. Below, two limiting
cases are considered, pp at T=0and p, a T > . In
the first case, only 1, = 1,(0) isfinite, while in the sec-

(18)

BATYEV

ond case only T,, is retained, because 1, increases with
temperature, T, decreases, whereas 1,, tends towards a
constant value which can be determined by the approx-
imate evaluation of the integralsin Egs. (16) and (17).
Therefore, the resitivities in the above limiting cases
are

m2_ 1
ne’y?T12(0)

m 1

Bo = REENTOR P = (19

One can see from Egs. (18) and (19) that the inequality
P > Po iSpossible, and thisisjust what is observed in
the experiment. The inequality should strengthen with
anincreasein mobility, becausethelimiting resistivity .,

does not depend on the sample purity (it is determined
by the fermion scattering from immobile bosons),

while p, is determined by the fermion scattering from
impurities and decreases for more pure samples.

Further conclusions can be drawn only after calcu-
lations with particular values of the phenomenological
parameters involved in the problem; thisis beyond the
scope of thiswork. It should merely be pointed out that
both monotonic and nonmonotonic behaviors of resis-
tivity between limiting values (19) are possible.

Note in conclusion that the temperature depen-
dences were obtained in thiswork in the hydrodynamic
approximation. One can show, using the genera
expression for the corrections to the distribution func-
tion, instead of those following from Eg. (4), that the
results obtained for the high-temperature conductivity
areaso valid in the general case (thisisevident for the
low-temperature limit, where the contribution from
bosons can be neglected). Thisissue, aswell asacom-
parison with the experiment, will be discussed else-
where in more detail.

| am grateful toA.V. Chaplik and M.V. Entin for dis-
cussion. This work was supported in part by the Rus-
sian Foundation for Basic Research (project no. 00-15-
96800) and the State Program of the Russian Federa-
tion, “Physics of Solid-State Nanostructures.”
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We present quantum graphs with remarkably regular spectral characteristics. We call them regular quantum
graphs. Although regular quantum graphs are strongly chaotic in the classical limit, their quantum spectra are
explicitly solvable in terms of periodic orbits. We present analytical solutions for the spectrum of regular quan-
tum graphsin the form of explicit and exact periodic orbit expansions for each individual energy level. © 2001

MAIK “ Nauka/Interperiodica” .
PACS numbers: 05.45.Mt; 03.65.5q

Consider apoint particle moving along anetwork of
bonds and vertices. Schematically, the network is rep-
resented by a graph I (see Fig. 1 for an example),
which consists of Ng bonds and Ny, vertices. The verti-
ces are denoted by V;; abond connecting verticesi and
j is denoted by B;;. The set of bonds and vertices of I
definesits geometry. We define a set of the bond poten-
tials, Uij(k, X), where x and k are, correspondingly, the
coordinate and the momentum of the particle on the
bond B;. The vertices of ' may be equipped with &
sources among others. The geometry of I' does not
uniquely define the dynamics of aparticleonT . In fact,
since for any given geometry the graph may be
“dressed” with arbitrary bond and vertex potentials,
there exist infinitely many “dynamical realizations’ of
. We call the set of bond and vertex potentials the
“dynamical dressing” of the graph. Previoudly [1-5],
mainly the “bare-bond” graphs were studied, where the
particle moves freely on the bonds.

In this paper, we focus on cases that have no turning
points on the bonds; i.e., the energy of the particle is
larger than al of the bond potentials, E > U;;(x, K), X [
Bj. A simple way to implement this condition is to
require that the system is scaling [6—10]. This implies
Ui(x, K = A;(x)k? where the functions A;(x) are
bounded for al x. Inthis paper, we consider only simple
cases where the functions A;(x) are x independent con-
stants,

U (x k) = Ak (1)

L This article was submitted by the authorsin English.

Thisisvery similar to moving on afree graph except for
substituting the bond lengths with the action lengths

Soj = BijLij1 (2
whereL;; isthelength of thebond By, and 3; = ,/1—A;;.

ij1
Scaling assumption (1) is not an oversimplification of
the problem. Plenty of room is left for very interesting
phenomena. Moreover, scaling quantum systems of this
kind are the analogues of certain electromagnetic ray-
splitting systems which have aready been investigated
experimentally in the laboratory [7-9].

For al but the most trivial graphs, i.e., linear or cir-
cular graphs with vanishing bond and vertex potentials,
the classical motion on a graph, independently of any
particular dressing, is fully chaotic with positive topo-
logical entropy [11]. This means that the number of
possible periodic orbits traced by the particle increases
exponentially with their lengths. If no dynamical turn-
ing points are present, the topologica entropy isinde-
pendent of the dynamical dressing and depends only on
the geometry of the graph. Since at any vertex different
from a “dead-end” vertex the classical particle has to
choose randomly between several possihilities (reflec-
tion, transmission, branching), the particle’s dynamical
evolution resembles a stochastic Markovian process.

Given their classical chaoticity, it is surprising that
the density of states of quantum graphs can be obtained
exactly in terms of periodic orbit expansion series
[1, 3-5]. Furthermore, quantum graphs are consider-
ably “more integrable” than all the previously known
exactly solvable quantum systems. For example, we
will show below that for a certain class of quantum
graphs—we call them regular quantum graphs—there
exists an explicit and exact periodic orbit expansion for
every guantum energy level. In other words, although

0021-3640/01/7404-0235%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. A generic (quantum) graph with six vertices and ten
bonds.

Fig. 2. (a) Simple step potentia, a basic problem in one-
dimensional quantum mechanics. Also shown are examples
of Newtonian N and non-Newtonian (NN) periodic orbits
used in the periodic orbit expansion of its energy eigenval-
ues (see text). (b) Three-vertex hydra graph corresponding
to the step potential above.

the classical limit of regular quantum graphsis chaotic,
each individual level of their spectra can be obtained
exactly and explicitly viaan analytical formulacontain-
ing an explicit sum over the periodic orbits of the graph.

DABAGHIAN et al.

To the authors' knowledge, thisis thefirst time that the
spectrum of a quantum chaotic system is obtained both
exactly and explicitly.

The formal definition of regular quantum graphs is
based on the properties of the spectral equation [3-5]

det[1-SK)] = 0, ©)

where §K) isthe scattering matrix of the graph [3]. The
modulus of complex function (3) is a trigonometric
polynomial of the form

cos(Sk —Try,) — P(k) = 0, (4)
where
d(k) = Zai cos(Sk—T1ty) (5)
and
%2 J’ (9 dx ©6)

isthetotal reduced action Iength of thegraph ", and the
constant frequencies § < S, naturally emerge as combi-
nations of reduced classical actions (2). Under the scal-
ing assumption, the coefficients a;, y,, and y; are con-
stants.

We now define regular quantum graphs. They sat-

isfy
a = z laj] < 1.

The motivation for this definition is the following: it
allows us to solve Eq. (4) formally for the momentum
eigenvaluesk,,

(7)

o = gIn+u+vd
®)

1Darccos(d>(kn)) for n+p even
Sogrr arccos( dk,)),

where 1 isafixed integer chosen such that k; isthefirst
non-negative solution of Eq. (4). Because of Eq. (7), the
second term in Eqg. (8) assumes only values between u
and VS, —u, whereO<u = arccos(a) /S, < 172S,. Thus,
for regular graphs, the points

for n+u odd,

n=12,.., 9)
are guaranteed not to be roots of Eq. (3) and serve as
separators between root numbers n and n + 1. Obvi-
ously, function (9) reflects the average behavior of the
levels of the momentum. It is simply the inverted aver-

age staircase, ky = N(k)_l. Geometrically, points (9)
are the intersection points between the staircase func-

T
kn = =(n+vy), =u+
s(n*v) Y=HR+Yo

JETP LETTERS Vol. 74 No.4 2001



ONE-DIMENSIONAL QUANTUM CHAOS

tion N(k) =

N(K), resulting in the crossing condition

zne(k—kn) and the average staircase

N(ko) = N(k) = n. (10)

Crossing condition (10) isillustrated in Fig. 3.

The existence of separating points (9) implies that
roots (8) are confined to the “root zones,” or “root inter-
vas' 1,=[kn-1, kn],n=1,2, ....1f a <C<1holds
(C constant), Eq. (8) implies the existence of finite-
width root-free “forbidden zones’ R, = (kn — U, kn + U)
surrounding every separating point k,, where no roots
of Eq. (3) can be found. The roots of Eq. (3) can only
be found in the “allowed zones’ Z, = [Ka_1 + U, Ky —
u], which are subsets of the root intervas I, =

[Kn_1, kn]. For C — 1, the width of the forbidden

regions shrinks, u — 0, and the allowed zones occupy
thewholeinterval, Z, — I,.

Since S is the largest action in Egs. (4) and (5), it
can be shown [12] that k,, is the only root in Z,,. There-
fore, there is exactly one root k, inside of Z, O |,,, and
this root is bounded away from the separating points

kn_1 and k, by afiniteinterval of length 2u.

The existence of separating points (9) and the root-
free zones R, are the key for obtaining an explicit and
exact periodic orbit expansion for every root of Eq. (3).
The starting point for obtaining the explicit expressions
is the exact periodic orbit expansion for the density of
states, p(k) = ZJ _,9(k—k;).Asshownin[1, 3-5], it

can be written explicitly as

v |vS°k

p(K) = p(k) + = Rezsf’z Ale (11)

Here, p(k) isthe average density of states, v isthe rep-
etition index, and S‘; and A, are, correspondingly, the
reduced action and the weight factor of the prime peri-
odic orbit labeled by p. In the scaling case, S'»; and A,
are k-independent constants [12]. Multiplying the den-
sity of states by k and integrating from kn_1 to ki

yields the value of the root contained between these
Separating points,

kn Rn 0
[ plkdk = [ 5 slk—kpkdk = k. (12)
Rn—l I7(n—1j =1
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Fig. 3. The staircase function NN and the average staircase
N(K) . For the regular graphs, the average staircase inter-
sects every “stair” of the N(k) graph, with separation (9)
showing as the intersection points N(k,) = N(k,) .

Performing the same procedure using series expansion
representation (11) and crossing condition (10), we
obtain

kn=§n)n

z S% z E’T\)m%sin(nvmpn),

(13)

where w, = Sgls) and the A;'s are assumed to be real
(no vertex potentials).

Since al of the quantities on the right-hand side of
Eqg. (13) are known, this formula provides an explicit
representation of therootsk,, of spectral EqQ. (3) interms
of the geometric and dynamical characteristics of the
graph. To our knowledge, this is the first time that the
energy levels of achaotic system are expressed explic-
itly in terms of a periodic orbit expansion. Previougly,
explicit formulas for individual energy levels were
known only for integrable systems. In the context of
periodic orbit theory, the energy levels of integrable
systems are given by the Einstein—Brillouin—Keller
(EBK) formula[11]. However, apart from afew excep-
tional cases[13], EBK quantizationisonly of semiclas-
sical accuracy.

The difference between formulas (11) and (13) is
profound. Density of states (11) allowsthe computation
of spectral points only indirectly as the singularities of
Eqg. (11). Formula (13), on the other hand, alows the
computation of every quantum level individually,
explicitly, and exactly in terms of classical parameters.

In order to demonstrate that the class of regular
guantum graphs is not empty, we present an explicit
example: the one-dimensional scaled step potential
with V, = AE. A sketch of this potential is shown in
Fig. 3. Physically, this potential is realized, e.g., by a
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Fig. 4. Relative error €$]q) =

(see text) by including periodic orbits up to length g. The
three curves shown correspond to Ky, Kqg, and kqqq, asindi-
cated in the figure.

KD k& k™ of (13)

rectangular microwave cavity partially loaded with a
dielectric substance [ 7-9]. The scaling step potentia is
equivalent to the scaling three-vertex linear graph
shown in Fig. 2b. It hastwo bonds L, = band L, =
B(1 - b); the single scaling constant 3 [see EQ. (2)] is

givenby B = J/1—A. The spectral equation is given by
|det[1—S(K)]| = sin(Lk) —rsin[(L, —L,)k] =0, (14)

whereL =L, +L,andr =(1-)/(1 + B) isthereflection
coefficient at the vertex V, between the two bonds. It
defines the eigenvalues k,, only implicitly and is usually
solved by graphical or numerical methods. Application
of Eq. (13), however, solves Eq. (14) explicitly interms
of periodic orbits such as the ones shown in Fig. 2. In
order to apply Eq. (14), we need the coefficients A,
They are given by [10, 12]
o 2,1(p)/2
A, = (=1 Pro®P 1%, (15)
wherer isthe reflection coefficient at the middle vertex
and o(p) and 1(p) are, correspondingly, the number of
the reflections and the transmissions through it. Since
the reflection coefficient may be positive or negative,
depending on whether the particle scatters from the
right or from the left, the factor (-1)*® is needed to
keep track of how many times it appears with a minus
sign, including the sign changes due to the wall (x =0
and x = 1) reflections.

In order to illustrate the convergence of series (13),
we computed k;, k;o, and k;qo Of the scaling step poten-
tia including periodic orbits of increasing binary
length g. For the parameters of the potential, we chose
b=0.3(seeFig. 2) and A = 1/2. Figure 4 showsthe rel-

ative error €@ = |K@ —KkZ|/kE* for n = 1, 10, and
100 and g ranging from 1 to 150. We see that even for

small g the relative error is very small, decreasing fur-
ther for large q as a power-law in g. The power of con-

DABAGHIAN et al.

vergence appears to be the same for al three k and is
close to —2. The convergence with q is an important
result. It indicates that, although series (13) isonly con-
ditionally convergent, it (i) converges to the correct
result and (ii) is not just asymptotically convergent but
keeps converging when more and more periodic orbits
areincluded.

Additional examples of regular quantum graphs are
provided by all linear and circular quantum graphswith
at most two bonds per vertex, independently of the
number of vertices. In other words, for any simply con-
nected quantum graph and any dynamical dressing
there always exists aset of scaling constants A;; of finite
measure such that regularity condition (7) is fulfilled.
Well-known particular cases of these simply connected
guantum graphs are the “Manhattan potentials,” which
are obvious generalizations of the simple step potential,
shownin Fig. 2a, to arbitrarily many stepsinside of the
well and linear chain graphs with scaling & function
potentials at the vertices.

It should be emphasized that “inverse staircase
expansion” (13) is not just a curious finding, valid for
some simple 1D systems such as quantum graphs. Sim-
ilar explicit series may be obtained for more compli-
cated higher dimensional systems when the following
two key ingredients are available. Thefirst ingredient is
the exact series expansion of density of states (11),
which has aready been established for other classically
chaotic systems such as, e.g., quantum billiards [14].
The second ingredient is a (piercing) average staircase

function N(k) or the inverted staircase function k,
which intersects every stair of the staircase, N(k,) =

N(kn)=n,n=1, 2, ... . Theintersection points k, then
serve as the separators for the possible root locations,
and the procedure outlined in the text can be used to
find the periodic orbit expansionsfor individual roots of
the system at hand. In most cases, of courseg, itishighly
nontrivial to obtain these two necessary ingredients.
The quantum graphs themselves are an excellent illus-
tration of this point. While expansion (11) is valid for
all quantum graphs, it is crossing condition (10) that is
violated when inequality (7) breaks down. The regular
graphs are precisely those for which the line N(k) =
Skim+ ysatisfies Eq. (10) and allows the application of
the analytical procedure that resulted in explicit for-
mula (13) for the representation and computation of
individual eigenvaluesk.

Y.D. and R.B. gratefully acknowledge financial sup-
port by the NSF, grant nos. PHY-9900730 and PHY-
9984075; Y.D. and R.J by the NSF, grant no. PHY-
9900746.
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The method of ultrahigh-spatial-resolution field-emission projection imaging of nonconducting tipsis imple-
mented experimentally. An image of a glass microcapillary tip was obtained for the first time by the nonscan-
ning method with spatial resolution no worse than 20 nm. © 2001 MAIK “ Nauka/Interperiodica” .

PACS numbers: 68.37.Vj; 79.70.+q

The methods of field-emission and field-ion micros-
copy make possible the imaging of metallic and semi-
conducting tips with an ultrahigh spatial resolution
(afew nanometers for field-emission version and ang-
stroms, “routine single-atomic resolution,” for field-ion
version), thus providing unique opportunities for
research in surface physics, nanotechnology, etc. (see,
e.g., [1]). These methods are based on the fact that a
radial electric field occurring in the vicinity of tips
directs (projects) emitted electrons or ions onto a detec-
tor. Accordingly, the microscope magnification M is
determined by theratio of the tip-to-detector distance L
to the radius of curvature r of thetip,

M = L/xr, Q)

it can be as high as several millions for submicron tips
(x isanumerical factor caused by the deviation of the
microscope geometry from anideal spherical capacitor;
for real instruments, it ranges from 1.5to 2 [1]).

It was long recognized that high conductivity of tips
is not crucial for the physical implementation of the
projection imaging principle. The equilibrium distribu-
tion of surface charges in insulating tips coincides with
or, at least, is closeto the distribution typical of conduc-
tors. In this case, the radial projecting electric field can
also arise, and, hence, field-emission imaging with high
spatial resolution is possible if the ultrahigh sensitivity
allowing the operation with exceedingly weak field-
emission currents is achieved and if the emitted charge
isreplenished within areasonably short time. Neverthe-
less, inspite of the theoretical premises and the possibil-
ity of observing (thermal) field emission from semicon-
ductors with very low conductivity and insulators (see,
e.g., [2-4]), data on the observation of field-emission
images of insulating tips with high spatial resolution
arelacking intheliterature, so the question of obtaining
such images remains open. Thisletter reports the obser-
vation of field-emission images of insulating tipswith a
high spatial resolution no worse than 20 nm.

Standard World Precision Instruments (Germany)
microcapillaries (quartz glass with resistivity p =
10%6-10' Q c¢m [5]) with 2-um- and 100-nm-diameter
holes for fluid gjection and analogous 2-pm-diameter
microcapillaries made from Pyrex-type glass (p 02 x
10* Q cm [5]) at the Institute of Cell Biophysics, Rus-
sian Academy of Sciences (Pushchino), were used as
samples for investigation. Such a choice was dictated
not only by theinterest in imaging the structure of these
samples but also by the fact that these microcapillaries
are used as active elements (probes) in rapidly pro-
gressing scanning near-field optical microscopy (see,
e.g., [6]), where they are considered as the most suit-
able probes for the implementation of the recently sug-
gested method of near-field optical microscopy based
on the resonance dipol e—dipol e fluorescence excitation
or quenching in the sample (see our works [7, 8]). The
microcapillarieswere glued with silver pasteto an elec-
trode, to which voltage U was applied, and placed into
the chamber of alaser projection field-emission micro-
scope, which was described in detail in [9]. The micro-
capillaries were oriented perpendicular to the detector
surface (microchannel plate + phosphorus screen,
working zone 28 mm in diameter; madein Russia); the
image at the detector output was photographed by a
high-sensitivity TV cameraand processed on a special-
ized Argus-50 processor (Hamamatsu Photonics C.C.,
Japan). A distance L from the tip to detector was
reduced, as compared to our previous works, from
10-12 to 6 cm, in order to diminish the microscope
magnification and observe the entire image of the
microcapillary tip at the detector.

A series of images successively obtained at a volt-
age U = —4 kV for the tip of a microcapillary with a
2-um-diameter hole is shown in Fig. 1 (immediately
prior to recording images, the samplewas held at avolt-
age of +5 kV for approximately 1 h). One can see that,
first, the hole is clearly seen in all images and, second,
the magnification factor of the microscope increases
with alarge time constant t [1500-1500 s. The dynam-

0021-3640/01/7404-0240%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. Field-emission images of thetip of aquartz glass microcapillary with a 2-um-diameter channel. The images were obtained
within indicated time intervals after switching the potential. The typical time of recording one image was 5 min. Image sizeas a
function of time is shown in the graph on the logarithmic scale. In some images, a bright field-emission area is seen in the hole
center. These areaswere observed occasionally (especially oftenimmediately after establishing the working potential) and arelikely
due to the sporadic gjection of electrons and other charged particles from the capillaries.

ics of thisincrease isillustrated by the graph in Fig. 1.
Note that the last (“quasistationary”) image is close to
that which would be expected for the standard (for con-
ducting tips) magnification of a field-emission micro-
scope [see Eq. (1)] and the screen size.

This dynamics can be interpreted as follows. After
prolonged holding at a positive voltage, charge distribu-
tion in the system becomes close to the electrostatically
equilibrium one. A change in the potential disturbsthis
equilibrium, after which the system startsto evolveto a
new equilibrium. During this process, a weak electric
current flows through the system, and the external elec-
tron emission also occurs and produces an image of the
microcapillary tip at the detector. The features of this
image (primarily the magnification factor) are deter-
mined by the transient (nonstationary) potential distri-
bution, and, as the equilibrium is approached, one ulti-
2001
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mately obtains the image that is close to the standard
“metallic” image with ultrahigh spatial resolution.

The magjority of insulating samples have a small
“residual” bulk resistivity p < 10'° Q cm, whichis, nev-
ertheless, sufficient for establishing charge distribution
within a reasonably short time and provides the
required bias on the tip, as we have demonstrated ear-
lier in studying the laser projection photoelectron and
photoion images of LiF- and glass-made tips [9, 10].
The resistance of a cone-shaped sample with angle &
and radius of curvature r of thetip apex is given by the
formula

R = p/mrtand, ()]

while the equilibration time can be estimated using the
Maxwellian relaxation timet,, Clpee,. For p =10 Q cm
one hast,, = 500 s; note that a good agreement between
the experimentally measured time of establishing sur-
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Fig. 2. (a) Field-emission image obtained at a voltage U =
-4 kV for the tip of a quartz glass microcapillary with a
100-nm-radius hole. (b) Field-emission image of the same
tip coated with a gold layer of thickness 5 nm by ion sput-
tering.

face potentia (1.5 min) and the Maxwellian time
(1.7 min) was observed precisely for the Pyrex-type
glass [11]. Although a considerable portion AU of a
bias of severa kilovolts U applied to the tip can be
expended on maintaining the current through the sam-
ple, thebiasonthetip U —AU isstill sufficient to induce
afield emission and create aradia projecting field. For
the typical AU = 1 kV and a current of ~300 electrons
per second (which is more than sufficient to produce
images), one has~3 x 10 Q for the maximum possible
resistance, in accordance with the above-mentioned

estimate p < 10® Q cmforr =1 pmand tand ~0.1[9].

MIRONOV ¢t al.

The magnification factor M of the microscope
depends on the voltage drop on the sample (i.e., on the
ratio of AU to U —AU). Thisfact (i.e., that the magnifi-
cation factor M for the nonideally conducting samples
islower than for the metallic tips and that it depends on
the potentia distribution over the sample) was already
observed in the practice of field-emission microscopy
(see, e.g., the discussion of the influence of the sample
voltage and field penetration depth on the size of field-
emission images of semiconducting tips[12]). In[13],
a new method of calculating electric fields was sug-
gested for the systems with nonzero voltage drop on the
sample, and it was demonstrated by direct calculation
that the factor M rapidly increases as AU decreases, i.e.,
as the charge distribution approaches the form typical
of metals. This allows the qualitative explanation of the
dynamics of field-emission images shownin Fig. 1: the
magnification factor increases as the system
approaches charge equilibrium.

The possihility of observing photoelectron images
of even better insulators, for which the bulk conductiv-
ity cannot provide observable charge-equilibration
times and explain the presence of arather large bias on
the tip (e.g., for quartz glass), is due, in our opinion, to
the surface conduction processes. It is known that the
surface conductivity of very good insulators is, as a
rule, higher than the bulk conductivity (see, e.g., [11,
14-16]), and the dynamics of establishing surface
potential is much more complex (and, as arule, much
faster) than follows from the simple models of bulk
conductivity (see, e.g., [11, 14, 17] and references
therein). For example, these times differ by more than
an order of magnitude for PMMA: 15 min and 2.6 h,
respectively [11]. Asfor quartz and glass, it was shown
in early atomic-force micrascopy studies of the charge-
dissipation dynamics at the insulator surfaces that the
redistribution time for a localized charge at the quartz
surface is as short as a few minutes and even seconds,
despite the very low conductivity [18]. Note also that
the processes of surface conduction are particularly
important for the sharpest samples, because the net
resistance of such samples weakly (logarithmically)
depends on the radius of curvature of the tip apex:

_ _Ps
R = Z—HtanﬁlnRO/r' 3

Here, psisthe surfaceresistivity (in ohms) and R, isthe
radius of the sample at the site of its fastening to the
metallic electrode. It follows from the above estimates
that the surface resistance of ~2 x 108 Q, typical of
many insulators [11, 14-16], is sufficient to observe
field-emission images.

Theinteraction of the tip surfaces with atoms (ions)
of residual gas and the modification of conductivity in
strong electric fields may also play a certain role. We
are currently performing additional experimentsto elu-
cidate these issues.

2001
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In summary, the method of field-emission imaging
of nonconducting tips with ultrahigh spatial resolution
is experimentally implemented. The method is based
on successive registration and analyzing of the field-
emission images recorded as the system approaches
charge equilibrium. The spatial resolution of the
method is determined by the same factors asin the con-
ventional field-emission studies of conducting samples
(the broad energy distribution of emitted electrons) [1]
and is approximately the same.

The efficiency of the method is best illustrated in
Fig. 2a, where the field-emission image of the tip of a
guartz glass microcapillary with a 100-nm-diameter
hole is shown. Such objects can be analyzed neither
with the standard optical microscope nor (without
metal deposition, which makes the capillary unsuitable
for the method of near-field optical microscopy devel-
opedin[7, 8] and for some other applications) with the
electron microscope. For comparison, a field-emission
image of the same tip, though coated with a 5-nm-thick
gold layer by ion sputtering, is al'so shown in Fig. 2b.
One can see that the quality and magnification of both
images are comparable.
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