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Abstract—The absolute values of the cross sections for the production of target fragments in the interac-
tion of copper with 7Li ions at an energy of 35 MeV per nucleon were measured. The measurements were
performed by recording the yields of radioactive nuclear residues with the aid of a semiconductor detector
from ultrapure germanium. The charge and isobaric distributions in the mass-number range 22–69 amu
were used to deduce the mass yield of reaction products and to calculate the total interaction cross section.
The results are presented that were derived from a comparison with data obtained for 12C + Cu reactions
and with estimates based on theoretical models. c© 2004 MAIK “Nauka/Interperiodica”.
INTRODUCTION

The mechanism of nucleus–nucleus interactions
is determined primarily by the energy of projectile
ions. At low energies (not higher than 10 MeV per
nucleon), the processes of fusion and deep-inelastic
scattering are governed by the effect of the mean nu-
clear field [1, 2]. Nucleon–nucleon collisions, whose
role becomes more important with increasing projec-
tile energy, become a dominant mechanism at high
energies (not less than 100 MeV per nucleon) [3]. In
the region of intermediate energies, various mecha-
nisms of nuclear collisions may be operative, leading
to the production of nuclear systems whose nucleonic
composition may be quite diverse. The majority of
experimental and theoretic investigations have been
devoted to the regions of low and high energies. As
to the region of intermediate energies, it has received
less adequate study.

The statistical model, which has been successfully
employed to describe the decay of compound nuclei
formed in fusion [4, 5], proves to be insufficiently
accurate even at energies in excess of 10MeV per nu-
cleon. This circumstance motivated the development
of additional theoretical concepts concerning both the
first stage of the interaction process and the decay of
an excited compound nucleus [6–8]. Investigation of
distributions of target-fragmentation products is one
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of the means for exploring the dynamics of nucleus–
nucleus collisions. Reactions induced by light nuclei
make it possible to analyze a simpler pattern of inter-
actions, where a target nucleus is the only source of
heavy products.

The energy dependence of some features of such
processes was investigated in reactions induced
by 12C ions in Fe, Cu, Nb, Ta, and Au nuclei at
projectile-nucleus energies up to 47 MeV per nu-
cleon [4, 9–11]. In the region of lighter projectiles,
the results published to date include those that
were obtained by measuring various distributions of
products originating from alpha-particle interaction
with 59Co and natCu targets [12, 13]. However, avail-
able experimental information is still insufficient for
systematizing data and for determining the effect of
the projectile-nucleus energy and type on the reaction
mechanism.

In the present article, we report on the measure-
ments of the yields of products originating from re-
actions proceeding in a natCu target irradiated with
7Li ions of energy 35 MeV per nucleon and present
the results of these measurements. Also, we compare
these results with data obtained previously in [9] for
12C + Cu reactions and with the results of model
calculations.

EXPERIMENTAL METHODS

The irradiation of the target used was performed
at the U-400M cyclotron of the Joint Institute for
Nuclear Research (Dubna, Russia). The yields of
radioactive reaction products were measured by a
2004 MAIK “Nauka/Interperiodica”
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spectrometer on the basis of a semiconductor detector
manufactured from ultrapure germanium, the resolu-
tion of the detector being 0.2% at an energy of about
1.0 MeV. The results of the measurements included
the yields of radioactive products that possessed nu-
clear features such that they could be recorded by the
induced-activity method.

The relevant gamma spectra were analyzed on the
basis of spectral and nuclear properties of reaction
products by using the DEIMOS code [14].
PH
The target was made in the form of self-sustaining

copper plates 20 µm thick. It was exposed to a 7Li

beam of intensity 30 nA (about 1010 nucl./s) for

30 minutes, and the spectra were measured for five

months. The yields of products originating from a

specific interaction channel—that is, independent

cross sections (I)—were calculated by the formula
σ =
Sλ

NnNpκεη(1 − exp(−λt1)) exp(−λt2)(1 − exp(−λt3))
, (1)
where S is the area under the photopeak, Np is the
beam intensity (1/s), Nn is the number of target
nuclei (1/cm2), t1 is the irradiation time, t2 is the
time of storage between the end of the irradiation
and the beginning of the measurements, t3 is the
time of the measurements, λ is the decay constant,
η is the relative intensity of gamma transitions, κ is
the coefficient of photon absorption in the target and
detector, and ε is the efficiency of the detection of
photons associated with nuclear transitions. In the
presence of contributions from neighboring isotopes
owing to β− or β+ decay, the cross sections were
calculated by a complicated formula that involved the
probability of the formation and decay of radioactive
forerunners of the measured product [15]. In the case
where it was impossible to measure the yields of par-
ent isotopes, the cross sections for the production of
nuclear fragments were determined as cumulant (C)
cross sections.

The results of the measurements in the form of
the absolute values of the cross sections for various
nuclear residues produced either independently or cu-
mulatively are given in Table 1.

ANALYSIS OF THE RESULTS

In terms of mass features, the reaction products
can be partitioned into three groups. These are resid-
ual nuclei in the region of masses above 60 amu,
nuclei from the mass-number range 34–60 amu, and
nuclei from the region of relatively light fragments
(not heavier than 34 amu).

Similar investigations of the yields from 12C + Cu
reactions in the energy range 20–46 MeV per nu-
cleon revealed [9] that the behavior of the excita-
tion functions depends on the mass region to which
reaction products belong: the cross sections for the
production of nuclei whose mass numbers are close
to the target-nucleus mass decrease with increasing
projectile-ion energy; the yields of products belonging
to the mass range 34–60 amu and appearing pre-
dominantly as evaporation residues depend on energy
only slightly; and the probability of the formation of
light nuclei (predominantly fragmentation products
or binary-fission products) grows with increasing re-
action energy.

We compared the yields in partial interaction
channels for identical total energies in reactions
induced by 7Li and 12C nuclei [9]. For products in
the mass range 34–60 amu, the (C+ Cu)/(Li + Cu)
reaction-cross-section ratio is on average 1.18± 0.11
(see Fig. 1). A significant distinction between the
values of the respective cross sections was observed
for reaction products of mass above 60 amu. In the
reactions induced by carbon nuclei, nuclei of mass
in this range are produced with a higher probability
at the same total reaction energy. It can be assumed
that the main contribution to the yields from these
reactions comes from interactions in the surface
region, which involve nucleons from the overlapping
regions of the projectile and target nuclei, rather
than from the statistical decay of equilibrium states.
Such nonequilibrium processes depend greatly on the
number of collisions and the number of nucleons in
the projectile nucleus [16].

CHARGE DISTRIBUTIONS

The induced-activity detection method makes it
possible to determine the probabilities for the forma-
tion of elements whose nuclear features are quanti-
ties accessible to measurements. In order to obtain
a complete pattern of the yields of residual nuclei,
it is necessary to estimate the yields of undetectable
products by using the well-known laws of charge and
mass distributions. For an approximating expression,
we used that which was proposed in [17] and which is
given by

σ(A,Z) = exp[α1 + α2A+ α3A
2 + α4A

3 (2)
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Table 1. Cross sections for the formation of products of 7Li + natCu reactions at an energy of 35 MeV per nucleon

Element Reaction type σ, mb Element Reaction type σ, mb
7Be I 5.54 ± 0.55 55Co C 2.20 ± 0.22

2.99 ± 0.17∗
22Na C 1.5 ± 0.16 56Mn C 3.00 ± 0.30

4.93 ± 0.40∗
24Na C 1.20 ± 0.12 56Co I 18.50 ± 1.90

1.13 ± 0.09∗ 25.70 ± 1.20∗
28Mg C 0.02 ± 0.01 56Ni I 0.068 ± 0.007

0.10 ± 0.02∗
34mCl I ≤0.25 57Co I 51.60 ± 5.20

89.30 ± 12.00∗
38S I ≤0.04 57Ni I 1.60 ± 0.16

2.28 ± 0.13∗
38Cl I ≤0.10 58(m+g)Co I 77.45 ± 7.80

116.00 ± 11.00∗
39Cl C ≤0.16 59Fe C 2.11 ± 0.21

2.23 ± 0.17∗
41Ar C ≤0.20 60(m+g)Co I 16.20 ± 1.70

22.80 ± 1.80∗
42K I 0.70 ± 0.09 60Cu C 3.60 ± 0.43

0.69 ± 0.12∗ 21.00 ± 3.90∗
43K C 0.17 ± 0.02 61Co C 4.56 ± 0.63

0.16 ± 0.02∗
43Sc C 1.20 ± 0.12 61Cu C 18.20 ± 2.00

74.60 ± 3.10∗
44Ar I ≤0.05 62Zn C 3.00 ± 0.30

12.40 ± 0.60∗
44K C ≤0.15 63Zn C 8.00 ± 0.88

74.30 ± 9.20∗
44gSc I 0.60 ± 0.06 64Cu I 32.00 ± 3.52

0.79 ± 0.10∗
44mSc I 1.60 ± 0.17 65Ni I ≤0.03

1.99 ± 0.14∗
45K C 0.03 ± 0.003 65Zn I 21.55 ± 2.20

97.20 ± 10.00∗
46(m+g)Sc I 2.83 ± 0.30 65Ga C 0.50 ± 0.05

2.67 ± 0.18∗
47Ca C 0.03 ± 0.003 66Ni I 2.00 ± 0.20
47Sc I 1.15 ± 0.12 66Cu ≤1.70

0.79 ± 0.10∗
48Sc I 0.26 ± 0.03 66Ga I 1.47 ± 0.15

0.17 ± 0.02∗ 26.20 ± 0.90∗
48V I 6.32 ± 0.70 66Ge C ≤0.40

6.12 ± 0.35∗
48Cr I 0.10 ± 0.01 67Cu C 0.25 ± 0.03

0.11 ± 0.01∗
49Cr C 0.60 ± 0.06 67Ga I 1.91 ± 0.20

1.83 ± 1.35∗ 20.00 ± 1.00∗
51Cr C 28.00 ± 2.80 67Ge C 0.40 ± 0.05

27.7 ± 2.80∗
52gMn C 11.33 ± 1.20 68Ga I ≤0.60

15.70 ± 0.60∗
52mMn I 1.40 ± 0.15 68Ge C ≤1.30

2.00 ± 0.13∗
52Fe I 0.08 ± 0.01 69mZn I 0.02 ± 0.003

0.08 ± 0.01∗
54Mn I 44.20 ± 4.42 69Ge C 0.13 ± 0.02

48.20 ± 4.60∗

∗ Data from [6].
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 1. Ratio (R) of the cross section for the formation of
products of 12C + natCu (20.5 MeV per nucleon [9]) and
7Li +nat Cu (35 MeV per nucleon) reactions.

+ (α5 + α6A+ α7A
2)|Zp − Z|α8 ],

where

Zp = α9A+ a10A
2. (3)

The first four free parameters (α1–α4) determine
the shape of the mass distribution of reaction yields.
The parameters α5–α7 are used to calculate thewidth
of the isobaric distribution. The parameter α8 charac-
terizes the shape of the isobaric distribution at a given
mass number, α8 = 2 corresponding to a Gaussian
distribution. Formula (3) makes it possible to cal-
culate the most probable charge (Zp) in the isobaric
distribution.

For a first approximation, the reaction yields cal-
culated by formula (1) (independent yields) were used
in fitting. After that, cumulative cross sections were
corrected with allowance for computed data on the
yields of parent isotopes, and the results obtained in
this way were employed at the next stage of fitting.
The procedure adopted here for calculating the pa-
rameters of the approximating function was imple-
mented in a few steps; the resulting parameter values
are given in Table 2. For the mass numbers of 48 and
56 amu, the charge distributions of reaction products
are given in Fig. 2. The positions of the maxima in
these distributions and their FWHM values proved to
be close to their counterparts obtained for 12C + Cu
reactions at the same total energy [9]. Thus, the char-
acter of the charge distribution of products originat-
ing from the decay of an excited nucleus is obviously
controlled by the nuclear properties of residual nuclei
and is weakly dependent on the projectile type.
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Fig. 2. Charge distributions of reaction products: (a)
46 ≤ A ≤ 49,Zp = 22.42 ± 0.05, and FWHM = 1.18±
0.12 and (b) 54 ≤ A ≤ 57, Zp = 26.15 ± 0.04, and
FWHM = 1.12 ± 0.11. The points represent our present
experimental data, while the curves correspond to the
calculations by formula (3).

An analysis of the N/Z distributions of residual
nuclei revealed that heavy nuclear residues are pro-
duced with a higher probability in the neutron-deficit
region adjacent to the nuclear-stability valley.

MASS DISTRIBUTION

For the picture of the mass distribution of residual
nuclei to be complete, the experimental data obtained
in the present investigation must be supplemented
by taking into account a significant contribution of
stable isotopes and nuclei that are formed in the reac-
tion being considered, but which cannot be detected
by means of the activation method. The probabilities
of the formation of such products are usually esti-
mated by employing the well-known Gaussian form
to approximate the charge distributions of nuclei. The
cross sections for the formation of missing reaction
products were determined here with the aid of ex-
pressions (2) and (3), which were proposed in [17].
The parameters appearing in these expressions (see
Table 2) were determined from a fit to experimental
data (on the basis of the χ2 criterion). From Fig. 2,
it can be seen that, for the measured yields of nu-
clear residues, these calculations lead to quite a re-
liable picture of the charge distribution (χ2 ∼ 0.6).
The mass distribution calculated by formula (2) is
displayed in Figs. 3 and 4, the fraction of themeasured
cross sections for the formation of reaction products
in the total isobaric yield being about 60% there.

Figure 3 shows that the proposed form of the
approximating function [see Eq. (2)] describes satis-
factorily the experimental data in the mass-number
range 30–60 amu. The agreement is poorer both for
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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the yields of products in the immediate vicinity of
the target nucleus and for the yields of light nuclei.
The point at which the curve representing the mass
distribution reaches a maximum corresponds to a
mean mass-number value of Ā = 58.65 ± 4.1 amu,
the width of the curve being ∆A = 5.35 ± 0.64 amu.
For 12C + Cu reactions at the same total energy of
12C ions (20.5 MeV per nucleon), the values pre-
sented in [9] for the the analogous parameters of
the mass distribution of reaction products are Ā =
59.3 amu and ∆A = 4.7 ± 0.7 amu.

A descending character of the mass curve in the
range 58–38 amu is described by an exponential
function. The energy dependence of the slope pa-
rameter of the mass curve for reactions initiated in
copper by various projectiles was investigated in [18,
19]. The universal curve obtained there was con-
sidered as a confirmation of the conjecture that the
deexcitation mechanism is determined by the energy
transfer, featuring no dependence on the projectile
sort. The slope parameter of the mass yield in the
present experiment, (0.31 ± 0.02)A−1, is consistent
with that which was obtained in [9] at the same total
energy in 12C+Cu reactions, (0.32± 0.08)A−1. This
agreement confirms the assumption that, in deter-
mining the mechanism of residual-nucleus formation
in the mass range being considered, the total reaction
energy plays a dominant role.

The result obtained for the total cross section of
7Li interaction with Cu by integrating the mass dis-
tribution (see Fig. 3) is 1.9 ± 0.28 b. The total cross
section calculated on the basis of the optical model
is 1.8 b. The use of a parametrization that takes into
account effects of nucleon–nucleon interaction leads
to a value of 2 b [6]. By and large, these estimates
agree with our present data within the errors of the
measurements.

The ratio of the total cross sections for the interac-
tion of 12C and 7Li nuclei with copper is 1.12 ± 0.17.
Since this value is consistent, within the accuracy to
which it was determined, with the ratio of the partial
cross sections, it can be assumed that the factor-
ization condition in the form σi = σtotΓi holds with
allowance for the projectile-sort independence of the
partial decay-channel width (Γi).

DISCUSSION OF THE RESULTS

The model of a compound nucleus formed in the
complete-fusion process is usually used to describe
the interaction of heavy ions with nuclei at low en-
ergies (less than 10 MeV per nucleon). An increase
in the probability of incomplete fusion with increasing
projectile energy leads to the formation of a set of
excited nuclear systems corresponding to the attach-
ment of various products of projectile decay to the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
Table 2. Fitted values of the parameters in expressions (2)
and (3)

Parameter Value

α1 19.00 ± 0.19

α2 −1.90 ± 0.02

α3 (5.24 ± 0.05)× 10−2

α4 −(4.16 ± 0.80)× 10−4

α5 −(4.56 ± 1.10)× 10−3

α6 −(8.10 ± 0.14)× 10−2

α7 (7.59 ± 0.23)× 10−4

α8 2.00 ± 0.02

α9 0.48 ± 0.0

α10 −(2.15 ± 0.03)× 10−4

target nucleus. In a number of studies, an incom-
plete fusion was taken into account by presetting
initial reaction states, which are intermediate nuclear
states characterized by a specific nucleonic composi-
tion and a specific value of the excitation energy [17].
In other models, the overlap region of interacting nu-
clei is introduced and is taken to be dependent on the
impact parameter and, accordingly, on the angular-
momentum transfer [20, 21]. In order to calculate the
production of final reaction products in the evapora-
tion process, use is usually made of the statistical-
decay model, which describes the sequential emission
of nucleons and light nuclei from excited nuclei [22].
A preequilibrium reaction stage is additionally intro-
duced in some models [1, 8, 17].

Figure 4 shows the results of the calculations per-
formed on the basis of the evaporation model under
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Fig. 3. Mass distribution of products originating from
the disintegration of natCu: (points) experimental data
obtained in the present study and (curve) mass yield
calculated by formula (2).
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Fig. 4. Results obtained by calculating the mass distri-
butions of products originating from natCu disintegration:
(histogram) results of the calculation performed in [9] on
the basis of the model proposed in [23]; (dashed curve)
approximation of experimental data by formula (2); and
(dashed and dash-dotted curves) results of the calcu-
lations on the basis of the evaporation model [17] for
4He+natCu and 6Li+natCu reactions, respectively.

the assumption of complete fusion (Li+Cu) or under
the assumption of a transfer of part of the nucleons
with an energy of 35 MeV per nucleon (for exam-
ple, He + Cu) with allowance for a preequilibrium
reaction stage [8, 17]. As can be seen from the dis-
played results of the calculations, the distribution of
evaporation products is concentrated in the narrow
mass range 45–65 amu and is in poor quantitative
agreement with the experimental data.

Thus, the assumption that residual nuclei are pro-
duced via the evaporation process does not lead to a
satisfactory pattern of the mass distribution.

In analyzing mass distributions of nuclear-reac-
tion products, some authors [9–11] relied on a mod-
ified version of the statistical binary model of hot-
nucleus decay [23]. Within this model approach, the
transfer of a specific number of nucleons from the
projectile to the target nucleus is calculated by in-
troducing a set of impact parameters [21] or by in-
voking the fireball model [24]. The deexcitation of a
compound nucleus is considered as a fast statistical-
binary-decay process that leads, in the final state,
to various configurations of charged fragments and
light evaporated particles [23], various decay modes
(evaporation, fission, multifragmentation, etc.) be-
ing taken into account in the calculations. The ul-
timate set of interaction products is determined by
the sum of distributions associated with each inter-
mediate compound nucleus. In simulating the decay
process, Charity et al. [25] used the GEMINI Monte
Carlo code. The results computed in this way for
the mass distributions of products originating from
12C + Cu reactions in the energy range 20–46 MeV
P

per nucleon were presented in [9]. Considering that
the features of the charge and mass distributions
of residual nuclei produced in reactions initiated in
copper by 12C and 7Li ions are similar, we employed
the calculated data from [9], which were preliminarily
normalized to the total cross section for interaction
in Li + Cu reactions (see Fig. 4). The formation
of a compound nucleus at the first reaction stage
was considered within the fireball model. As can be
seen, the region covering disintegration products is
described satisfactorily, this being so for the position
of the maximum of the mass-distribution curve, its
width, and the slope parameter inclusive. Disagree-
ment with computed data for products in the immedi-
ate vicinity of the target-nucleus mass may be due to
the contribution of nonstatistical processes. The ad-
ditional investigations in [9, 17] that were performed
to explore the features of recoil nuclei having masses
close to that of the target nucleus gave sufficient
grounds to assume that these products originate from
peripheral interactions.

CONCLUSION

The measurements reported in this article have
furnished new data on the cross sections for the pro-
duction of nuclear residues in a natCu target irradiated
with 7Li ions of energy 35 MeV per nucleon. On the
basis of well-known assumptions on the isobaric and
charge distributions of nuclear fragments, we have
calculated the mass yields of reaction products and
the total interaction cross section. A comparison of
these experimental data with theoretical estimates of
the total interaction cross section has revealed satis-
factory agreement of these results.

The use of a standard code for computing themass
yield on the basis of the evaporation model has failed
to provide a satisfactory pattern of the mass distribu-
tion. The experimental data in the region of medium-
mass and light reaction products are better described
within a model that assumes the fireball character of
the production of the initial excited nucleus and the
statistical mechanism of binary decay in the process
of deexcitation. Attempts at describing, within the
model concepts considered above, the production of
residual nuclei in the immediate vicinity of the target-
nucleus mass have proven to be inadequate, which
suggests the presence of nonstatistical processes.
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Photonuclear Experiment at the Siberia-2 Storage Ring
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Abstract—Results of an experiment performed to study 238U photofission with the aid of the initial section
of the GAMMA channel of the Siberia-2 storage ring at the Kurchatov Institute are presented. These
results are predominantly of a methodological value, because a photonuclear experiment was conducted for
the first time in this channel. However, the data obtained in this way allowed us to evaluate an upper limit
on the probability of the fast fission (fragmentation) of 238U nuclei that was induced by photons of energy
up to 2.5 GeV. This is pertinent to the problem of the deviations of the total photoabsorption cross sections
for actinide nuclei from a “universal curve.” c© 2004 MAIK “Nauka/Interperiodica”.
INTRODUCTION

It has been established by now that a “universal
behavior” is inherent in the total photoabsorption
cross sections for nuclei between lithium and lead
in the region of nucleon resonances [1]. This means
that the photoabsorption cross section normalized to
the number of intranuclear nucleons does not depend
on the atomic number of the target nucleus (A).
However, the total photoabsorption cross sections
for the heaviest actinide nuclei appeared to be 20%
above the “universal curve.” The first results in this
field were obtained for 241Am and 243Am nuclei by
using a bremsstrahlung beam in Kharkov [2]; later
on, they were corroborated for 238U and 237Np nuclei
exposed to a beam of inverse Compton photons in
Novosibirsk [3]. Recently, relevant results for 232Th,
235U, 238U, and 237Np were obtained in a beam of
tagged bremsstrahlung photons [4, 5]. All of these
results are consistent.

Total cross sections were estimated as the ratios
of measured photoabsorption cross sections to corre-
sponding fissilities, which were calculated within the
cascade–evaporation model [6]. In this case, the total
photoabsorption cross sections for all actinide nuclei
agree within the experimental uncertainties, which
do not exceed 3% in [4, 5] and are about 5% in [3].
Thus, the observed deviation of 20% is far beyond the
experimental uncertainties.

1)Russian Research Centre Kurchatov Institute, pl. Kurchato-
va 1, Moscow, 123182 Russia.

2)Institute for Nuclear Research, Russian Academy of
Sciences, pr. Shestidesyatiletiya Oktyabrya 7a, Moscow,
117312 Russia.
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Various models have been proposed in order to
explain this distinction between the photoabsorption
cross sections for actinide and other nuclei. The prob-
ability of the inelastic production of e+e− pairs on
heavy nuclei was estimated in [7] by analogy with
the Coulomb dissociation of relativistic ions, in which
case the interaction is long-range, so that collective
nuclear excitations causing fission arise at low energy
and momentum transfers without meson production.
According to the theoretical estimates presented in
[7], the probability of these photonuclear processes
proved to be at least two orders of magnitude less than
that which was observed experimentally in [2–5].
Moreover, it should be noted that the pair-production
cross section increases monotonically with increasing
photon energy, while the excess of the total cross
sections in the region of nucleon resonances is about
20% over the entire photon energy range studied in
[2–5].
Another explanation of the observed effect can be

based on the assumption of fast (prompt) nuclear
photofission, in which case the entire energy of the
incident photon is transferred to fission fragments
(without meson production as well), whereby the to-
tal photoabsorption cross section may be enhanced.
Such a fast process is usually referred to as frag-
mentation in order to distinguish it from slow nuclear
fission into two fragments. It was shown that, at pho-
ton energies below the meson production threshold,
the probability of such processes is less than 10−5 of
the probability of ordinary binary fission [8]. However,
there are no such data for photon energies in the
region of nucleon resonances. One of the objectives
of this study was to fill this gap.
In connection with the problem being discussed,

it would also be reasonable to recall that, in contrast
2004 MAIK “Nauka/Interperiodica”
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to what occurs in photon interaction with free nu-
cleons, pion photoproduction is possible on meson-
exchange currents [9]. If the probability of such a
process is proportional to the number of nucleon pairs
in a nucleus—it is equal to A(A− 1)/2—the effect
must be the most pronounced in the heaviest nuclei,
about 20% in actinide nuclei; in lighter nuclei, the
magnitude of the effect can be commensurate with
the experimental uncertainties. If the probability is
proportional to A, as follows indirectly from a weak
dependence of the nucleon binding energy on the
atomic number, the assumption that data on the total
photoabsorption cross section suggest the existence
of mesons in nuclei becomes less justified. In this
connection, we note that no direct indication of the
existence of mesons in nuclei has so far been obtained
experimentally.

EXPERIMENTAL PROCEDURE

Figure 1 shows the layout of the GAMMA chan-
nel, which is under construction in the Siberia-2
electron storage ring at the Russian Research Centre
Kurchatov Institute. Our experiment was performed
in the initial section of this channel, which permitted
extracting a bremsstrahlung beam of endpoint energy
2.5 GeV from the straight section of the storage ring,
the beam intensity being 105/s (radiation from the
residual gas). The exit flange used to let out hard
γ radiation was manufactured from stainless steel
1.0 mm thick.
The results of the simulation in [10] show that,

if use is made of lasers, two versions of photon-
beam formation are in sight, these two differing in
the beam-energy range and beam intensity. An ar-
gon laser would make it possible to have a beam
of energy between 100 and 500 MeV and intensity
up to 107/s; the energy resolution would be about
10 MeV if a tagging system is used. A limitation on
the intensity is due to a decrease in the beam lifetime
because of the removal of electrons from the storage-
ring orbit by the laser beam. Long-wavelength lasers
of CO2 type could provide a beam of energy between
1 and 20 MeV and intensity up to 109/s. There are
prospects for obtaining, in the future, a beam of higher
intensity (up to 1012/s) in the same energy range with
the aid of a free-electron laser.
At the first stage of the experiment, the beam pa-

rameters were measured with 238U targets and solid-
state tracking fission-fragment detectors, for which
we took polycarbonate films of theMacrofol-KG type.
These detectors record heavy charged particles hav-
ing masses above 16 amu and specific ionization en-
ergy losses above 4 MeV/(mg cm2) [11].
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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Fig. 1. Layout of the GAMMA photonuclear channel: (1)
system of photon-energy tagging in energy, (2) radiation
plug, (3) vacuum post, (4) mirror used to inject laser
radiation into the storage ring, (5) laser, (6) beam mon-
itor, (7) collimator involving a cleaning magnet, and (8)
photonuclear detector. [At present, the initial section of
the channel and some elements (3–8) have beenmounted
in the storage-ring hall].

Films of cross-sectional area 100 × 100 mm and
thickness 10 µm were assembled into a sandwich
together with uranium layers 1 mg/cm2 thick and
100 mm in diameter and a lead radiator 1 mm thick.
The resulting assemblies were placed on the beam
axis (its coordinates were determined by means of
geodetic measurements) in the storage-ring hall near
the radiation-shield wall (Fig. 1). Bremsstrahlung
having an endpoint energy of 2.5 GeV and coming
from the straight section of the accelerator succes-
sively traversed the radiator, the uranium layers, and
the films.
Photofission fragments produced within the ura-

nium layers generated tracks in the films; the coor-
dinate distribution of these tracks corresponded to
the γ-beam profile. After the exposure, the films were
etched for 80 min in a KOH solution at 60◦C, which
was maintained by a thermostat to a precision of
0.1◦C. The tracks were counted and visualized au-
tomatically by the electric-spark method described in
[12].
4
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Fig. 2. Photographs of tracking detectors from one of the irradiation runs for exposures characterized by doses of (top left) 135
and (bottom left) 54 mA/h and profiles of the bremsstrahlung-photon beam (on the right) corresponding to the photographs
on the left. The profiles were obtained at a distance of 6 m from the straight section of the storage ring (the distance from the
straight-section center to the detector was 10 m; therefore, 1 mrad corresponded to 1 cm).
A Dacron film covered with a thin aluminum
layer was used as one of the electrodes to obtain
an electric-spark breakdown. This made it possible
to magnify the image of the tracks and to match
thereby the coinciding tracks in the neighboring
films in searches for long-range fission fragments.
The coinciding tracks were monitored by means of
scanner- and computer-aided digital processing of
the track images.

RESULTS AND DISCUSSION

By way of example, the photographs of the films
located in direct contact with the uranium layers
(films no. 1) are shown in Fig. 2. The track-coordinate
distributions along the horizontal and vertical axes
were calculated on the basis of these data and are
also given in Fig. 2. These two films differed in their
exposure time (4.5 and 1 h). These displayed distri-
butions illustrate the distinction between a short and
a long exposure. The mean current of the storage ring
was 30 mA. Figure 2 shows that, in the case of the
short exposure, the beam is about 1 cm in height
and about 4 cm in diameter, which corresponds to
an angular divergence of 1 to 2 mrad. In the case of
the long exposure, the beam profile is larger in size,
about 3 cm in height and about 12 cm in diameter
(FWHM). This means that the position of the beam
is not quite stable in the long exposure, and that is
why we used 10-cm films. Nevertheless, our result
confirms the correctness of channel alignment and
permits performing the final stage of beam extraction
PH
through the radiation-shield wall. Here, additional
precautions are necessary for ensuring the stability of
the beam position in the orbit.
Among the advantages of the method used, we

can indicate a high photon-beam-energy thresh-
old (the fission threshold is 6 MeV) separating
bremsstrahlung from synchrotron radiation, a low
level of the background, and a rather high efficiency.
In order to test the assumption that uranium nu-

clei may undergo photon-induced fast fragmentation
in the region of nucleon resonances, measurements
of long-range fission fragments were performed with
a large number of films (up to 10) in an assembly
featuring uranium layers. An increase in the fragment
range can be associated with an energy–momentum
transfer of up to 2.5 GeV from an incident photon. In
this case, the fragment mass can be relatively small if,
for example, the possibility of ternary fission is taken
into account. It is assumed that, in this case, the
energy of an incident photon is transferred almost
entirely to a fission fragment without meson produc-
tion. In the case of ordinary binary fission, the range
in Macrofol-KG films is 22 µm [8] at the fragment
mean kinetic energy of about 100MeV. The presumed
increase in the fragment energy up to 500MeVwould
lead to a longer range of up to 50 µm [13].
Since a bremsstrahlung beam has a continuous

spectrum, the probability of the expected effect is
averaged over a broad energy range from the fission
threshold (about 6 MeV) to 2.5 GeV. The results of a
simulation show that, for 238U, the fraction of events
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Number of uranium-fission-fragment tracks with coordi-
nates coinciding in different films

Film
number

Maximum fragment
range, µm

Number of coinciding
tracks

2–3 30 5

3–4 40 0

4–5 50 3

5–6 60 3

6–7 70 2

7–8 80 0

8–9 90 0

9–10 100 0

3–4–5 50∗ 2

3–4–5–6 60∗ 1

Note: Asterisks label punchthrough tracks coinciding in three
or four films; the remaining tracks coincide only in two adjacent
films (see main body of the text).

where the energy transfer lies in the region between
the pion-production threshold (about 150 MeV) and
the endpoint energy of the spectrum is about 60%
with respect to the total yield of fission fragments.
The results of our measurements are summarized

in the table. Only one event is observed where the
tracks coincide in four films from the third film (the
films are numbered from the target). The probability
of this event is 10−4 with respect to the total yield of
fission fragments. However, there are 13 events (this
corresponds to the probability of their appearance at
a level of 10−3) where the tracks coincide in two
adjacent films (see table). The observed discontinuity
in the fragment range can be associated with an in-
sufficiently high density of ionization energy losses for
a high-energy fragment (above 10MeV per nucleon),
with the result that no spark breakdown necessary
for track visualization occurs after etching. In any
case, the probability of the appearance of long-range
fission fragments does not exceed 10−3 with respect
to the probability of ordinary fission. This means that
the fragmentation of actinide nuclei cannot lead to a
sizable increase (by 20%) in the total photoabsorp-
tion cross section. Thus, the problem of the deviation
of the total cross section for photoabsorption on the
actinide nuclei from the universal curve remains open.

CONCLUSION
The first photonuclear experiment has been per-

formed at the GAMMA setup, which is under con-
struction at the Kurchatov Center of Synchrotron
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
Radiation. In this experiment, an upper limit on the
probability of 238U fragmentation was determined to
be 10−3 with respect to the probability of ordinary
binary fission, this value being averaged over the en-
ergy range between the fission threshold and 2.5 GeV.
Thus, it has been shown that the observation in [1–
5] according to which there is a 20% excess of the
total cross section above the universal-curve values in
the region of nucleon resonances cannot be explained
by the prompt fragmentation of actinide nuclei. In
order to study this effect, it is necessary to complete
construction of the GAMMA setup.
Our experiment made it possible to obtain data on

the angular divergence and stability of the electron
beam inside the storage ring. Future measurements
along this line would permit obtaining more com-
prehensive information about the residual-gas pres-
sure in the straight section with allowance for the
accumulation of ions in the vicinity of the orbit and
would furnish other data that are important for op-
timizing the storage-ring operation and for increas-
ing the beam lifetime. For this purpose, as well as
for studying photonuclear reactions, it is necessary
to extract the photon beam from the storage-ring
hall and to finish the planned methodological work.
It should be recalled that there are similar setups
in all of the leading synchrotron-radiation centers
worldwide—for example, ESRF (France), Spring-8
(Japan), and NSLS (USA). Construction of the first
dedicated source of synchrotron radiation in Russia
on the basis of the Siberia-2 electron storage ring of-
fers favorable prospects for carrying out studies along
the lines indicated above.
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Abstract—The probability of the endothermic β− decay of nuclei that is stimulated by an electromagnetic
field of Planck frequency spectrum (photobeta decay) is calculated, the effect of the Coulomb field on a
relativistic electron and a virtual relativistic positron being exactly taken into account in this calculation.
It is shown that the inclusion of Coulomb effects is of paramount importance and that the results of the
calculations may differ by an order of magnitude from those that were obtained previously in the plane-wave
approximation, depending on the energy range being considered. A model for the synthesis of bypassed
elements in the interior of massive stars is proposed on the basis of the mechanism of the photobeta decay
of stable elements that originate from s and r processes. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

For the first time, the photobeta decay of a nucleus
was theoretically studied in [1]. This is an endother-
mic process where photon absorption by a beta-stable
nucleus stimulates its β− decay. It was shown in [1]
that, among all possible mechanisms of nuclear pho-
tobeta decay, that which is realized through the pro-
cess in which the production of an electron–positron
pair by a photon is followed by positron absorption
by the nucleus involved and antineutrino emission
is characterized by the highest probability. Since the
rate of such a process, which involves weak interac-
tion, is rather low for this reason, the authors of [2–
5] considered, as its possible realization, the astro-
physical application to the problem of the synthesis
of bypassed elements in the interior of massive stars
(in a number of those studies, direct positron capture
was examined as an alternative to photobeta decay).

This is one of the oldest problems in nuclear as-
trophysics. The term “bypassed nuclides” (which are
also known as p-nuclei) is applied to the most proton-
rich beta-stable nuclides whose charge numbers lie
in the range 34 ≤ Z ≤ 80 (in all, there are 35 of
them), their abundances being two to three orders
of magnitude less than those of neighboring stable
elements formed in neutron-capture processes. The
origin of p-nuclei is not explained by the standard
theory of nucleosynthesis [6, 7]. According to this
theory, medium-mass and heavy nuclei were formed
in the interior of massive stars upon slow (s pro-
cess) or fast (r process) neutron capture followed (or
accompanied) by the β− decay of product elements.

*e-mail: dayna@mail.ru
1063-7788/04/6708-1429$26.00 c©
The chain of these beta decays usually ends up in
the formation of a beta-stable nucleus [we denote it
by (A,Z), where A and Z are, respectively, the mass
number and the charge number], so that a further
transition to a bypassed stable nucleus [we denote it
by (A,Z + 2)] proves to be impossible because of the
energy threshold separating the (A,Z) and (A,Z +
1) nuclei (see Fig. 1), which has a height of 1 to
3 MeV. This is the reason why (A,Z + 2) nuclei are
bypassed in neutrino-capture processes.

Owing to the energy of an electromagnetic field in
the substance of a star, the physical mechanism of
the photobeta decay of an (A,Z) beta-stable nucleus
makes it possible to overcome the aforementioned
energy barrier and to implement thereby the (A,Z) →
(A,Z + 1) beta transition. Since (A,Z + 1) nuclei
are usually β−-active, their natural beta decay would
lead to the formation of (A,Z +2) p-nuclei. Thus, the
inclusion of photobeta decay in the chain of natural
beta decays at the stage of the synthesis of (A,Z) sta-
ble nuclides would permit completing this chain with
an (A,Z + 2) bypassed nuclide, whereby it would be
possible to solve this problem in principle. However,
the ultimate yield of p-nuclei would of course be
determined by the electromagnetic-radiation density
in a medium (that is, by the temperature of stellar
substance) and by the duration of that stage of the
evolution of a star which makes it possible to reach
the required temperatures. The analysis performed
in [2–5] revealed that the required temperatures must
lie in the range between 2× 109 and 3× 109 K and
that they can indeed take such values in the zone of
the hydrostatic combustion of oxygen in the phase
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Chain of beta transformations involving photobeta decay and leading to the formation of an (A, Z + 2) p-nucleus.
preceding the explosion of supernovae. Although no
detailed calculations of the abundances of p-nuclei
on the basis of the photobeta-decay phenomenon
were performed in [2–5], the authors of those studies
drew the conclusion that, by and large, this model
is insufficiently efficient; however, they did not rule
out the possibility that synthesis may proceed ac-
cording to this scheme in some cases. In drawing
this conclusion, those authors considered that beta-
decay nuclear matrix elements fluctuate widely from
one nucleus to another and that the curve of the
abundances of p-nuclei is rather smooth.

In considering specific (A,Z) → (A,Z + 1) →
(A,Z + 2) triplets with allowance for photobeta de-
cay and natural beta transitions, beta-decay matrix
elements would indeed fluctuate widely if, at each
stage, it were legitimate to examine beta transi-
tions only between the ground states of the nuclei
involved. In this case, one frequently has to deal
with beta transitions forbidden to different degrees,
with the result that the respective nuclear matrix
elements have different orders of magnitude. As was
indicated in [5], however, excited states will also be
populated in a medium where the temperature is
on the same order of magnitude as nuclear tem-
peratures (T ≈ 0.1−0.5 MeV). Therefore, one can
consider, for example, photobeta decay proceeding
from excited states of an (A,Z) nucleus rather than
from its ground state; it is only necessary in this
case to introduce corrections for the population of
excited states. As to the final states of a photobeta
decay transition, they may be arbitrary if the photon
energy is sufficiently high, and it is necessary to
perform summation over them in calculating the
total transition probability. In a similar way, one can
also consider the natural β− decay of an (A,Z + 1)
nucleus from excited states, taking into account their
population. From an analysis of all beta-decay chains
leading to (A, Z + 2) bypassed nuclei [that is, of
(A,Z) → (A,Z + 1) → (A,Z + 2) triplets], it was
deduced in [5] that, at all stages of beta decay, allowed
beta transitions can be found almost always. This
PH
circumstance reduces the structural fluctuations of
beta-decay nuclear matrix elements significantly and
removes the aforementioned objection that the model
including photobeta decay is insufficiently efficient.
In addition, we note that, if the effect of the nuclear
Coulomb field on the electron from the dilepton pair
involved had been taken into account in the formula
given in [1] for the total probability of photobeta
decay (this was not done), there would have arisen an
additional stabilizing factor similar to the so-called
integrated Fermi function f0 (it is well known that
the reduced lifetime f0t with respect to allowed beta
transitions fluctuates only slightly).

The Coulomb field of a nucleus was not taken
into account either in [1], where a formula was ob-
tained for the probability of photobeta decay in an
electromagnetic field of Planck frequency spectrum,
or in [5], where a model of the synthesis of p-nuclei
was developed on the basis of the photobeta-decay
phenomenon. In [1], the basic expression for the rate
of photobeta decay was derived by using the plane-
wave approximation both in describing electron and
antineutrino states and in constructing the positron
Green’s function. It seems that the use of this for-
mula in quantitatively calculating the abundances of
bypassed nuclei may lead to significant errors.

Since the production of an electron–positron
pair with the subsequent positron absorption by
the nucleus involved plays a dominant role in the
photobeta-decay process, as was shown in [1], it is
indeed of paramount importance to take into account
the Coulomb field of this nucleus. It is well known
that the production of a dilepton pair by a free photon
is forbidden by the kinematics of the process. But if, in
calculating the basic diagram for the pair-production
process, the plane-wave approximation is used at all
stages (that is, all of the participant particles are in
a free state), the transfer of an “extra” momentum
to the nucleus in pair production may only be due to
weak interaction, which is also involved in photobeta
decay. In an actual situation, however, there exists, a
nuclear electromagnetic field, which is much stronger
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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and which must obviously increase the probability
of the production of an electron–positron pair by a
photon, on one hand, and affect the process of virtual-
positron absorption, on the other hand, to say nothing
of its effect on the state of the emitted electron (for
example, this effect leads to the emergence of an
analog of the beta-decay Fermi function in the final
expressions for the probability of the process). In view
of the foregoing, the inclusion of the nuclear Coulomb
field may substantially change both the probability of
the photon-induced beta process (previously, it was
calculated in [1] in the plane-wave approximation)
and the quantitative results obtained by calculating
the abundances of p-nuclei on the basis of models
in which the photobeta decay of a stable nucleus
is included as the main physical mechanism for
overcoming the aforementioned energy threshold.

The objective of the present study is to calculate
the probability of the photobeta decay of a stable
nucleus within a procedure that would permit exactly
taking into account the effect of its Coulomb field
on all relativistic charged particles involved in the
photobeta-decay process and to formulate a model
that would describe the synthesis of bypassed nuclei
in the interior of massive stars. It will be based on
beta-decay processes stimulated by an electromag-
netic field of Planck frequency spectrum in stable
elements that originate from s and r processes. We
do not expect that this model will prove to be universal
or will make it possible to obtain the entire spectrum
of the abundances of p-nuclei. Our main task here
is to assess the degree to which the exact inclusion
of the Coulomb field in calculating the probability of
the photobeta-decay process would affect the con-
clusions drawn previously in [2–5] on the problem of
the synthesis of bypassed elements. At the same time,
the results obtained previously in [5] give every reason
to hope that the proposed model would enable us to
determine physical conditions that are necessary for
the synthesis of at least some of the bypassed p-nuclei
and to relate them to specific stages of the evolution
of a massive star.

In accordance with the objective pursued here, we
will not give an overview of all of the existing ap-
proaches to the problem of the synthesis of bypassed
elements, referring the interested reader to the review
article of Wallerstein et al. [7], which was devoted
to advances made in nuclear astrophysics over the
past 40 years since the appearance of the preceding
survey of this kind [6]. We would only like to note
that no comprehensive solution to this problem has
been found so far, albeit some steps have been made
toward it. In particular, the most spectacular success
was achieved by Rayet and his coauthors, who con-
sidered the synthesis of p-nuclei in (γ, n) reactions
on nuclei from s and r processes in the explosions
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
of type-II supernovae and who reported their results
in [8] (references to the preceding studies of those
authors can also be found there). For almost 60% of
the bypassed elements, the authors of [8] were able
to obtain abundances that differ from their observed
counterparts only by a factor of 2 to 3, although the
choice of some parameters used there in the calcu-
lations is questionable. Nonetheless, it was indicated
both in [8] and in the review article of Wallerstein
et al. [7] that models studying the synthesis of only
individual elements and trying to specify their position
in the spatial and time evolution of a massive star are
still of interest in the problem of bypassed nuclei.

2. PHOTOBETA-DECAY RATE

Suppose that the (A,Z) nucleus is β−-stable.
This means that the energy threshold ∆ =
(M(A,Z + 1)−M(A,Z) +me)c2 > 0 (see Fig. 1),
where M(A,Z) is the mass of the (A,Z) nucleus,
me is the electron mass, and c is the speed of light,

prevents the β− transition (A,Z)
β−
−→ (A,Z + 1). If

an (A, Z) nucleus absorbs a photon of energy εγ
sufficient for overcoming the threshold ∆, there can
occur photobeta decay—that is, the β− transition

(A,Z)
β,γ−→ (A,Z + 1) initiated by photon absorption

(it is assumed that relevant quantum selection rules
are satisfied). Thus, the photobeta decay of an (A,Z)
stable nucleus is the endothermic reaction

γ + (A,Z) → (A,Z + 1) + e− + ν̄e, (1)

which proceeds under the condition εγ > ∆. The
Feynman diagrams corresponding to this process are
displayed in Fig. 2. The diagram in Fig. 2a describes
the process in which the production of a virtual
electron–positron pair in the Coulomb field of the (A,
Z) nucleus involved is followed by positron absorption
and antineutrino emission, while the diagram in
Fig. 2b represents a virtual excitation of nuclear
states that is followed by their beta decay (“bypass”
nuclear transitions). The analysis performed in [1]
revealed that, in relation to the process in Fig. 2a,
a bypass process is suppressed in proportion to
(me/mp)2, where mp is the proton mass. For this
reason, we consider here only the diagram in Fig. 2a.

We assume that the photon state prior to the reac-
tion and the antineutrino state after the reaction are
described by plane waves characterized by momenta
k (for the photon) and q (for the antineutrino) and
by the respective polarization vectors e and σν . After
the reaction, the product electron is in a continuum
state and has an energy ε and a polarization vector
σe in the Coulomb field of an (A,Z + 1) nucleus. The
transition amplitude corresponding to the diagram in
4
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Fig. 2.Diagrams for the endothermic beta-decay process
induced by electromagnetic radiation.

Fig. 2a can be represented in the form (hereafter, we
use the system of units where � = c = me = 1)

A = e
∑
Kλµζ

(−1)K+µ

∫
dr1r

2
1

∫
dr2 (2)

×
{∫

dΩ′[ψ+
f (r

′)T µ
Kλζ(n

′)

× (gV − gAγ5)τ+ψi(r′)
]}∣∣∣∣∣

r′=r1

×
{∫

dΩ′′[ϕ+
e (r2)(A(r2) · γ)GE(r2, r′′)

× (1 + γ5)T
−µ
Kλζ(n

′′)ϕν(r′′)
]}∣∣∣∣∣

r′′=r1

,

where the tensor operator T µ
Kλζ(n) has the form [9]

T µ
Kλζ(n) =

∑
v

iλCKµ
λµ−vζv(σvγ5)

ζYλµ−v(n), (3)

ζ = 0, 1.

In expressions (2) and (3), we have used the following
notation: e is the electron charge; ψ and ϕ are,
respectively, the nuclear and lepton wave functions
(the subscripts i and f label, respectively, the ini-
tial and the final state, while e and ν refer to the
electron and the antineutrino); γ and γ5 are the
Dirac matrices in the standard representation [10];
σv are the cyclic components of the spin Pauli
matrices (v = −1, 0, 1); τ+ = (τ1 + iτ2)/2 and τi
are the isospin matrices; Cjm

j1m1j2m2
is a Clebsch–

Gordan coefficient; Yλm(n) is a spherical harmonic;
n ≡ r/r; A(r) =

√
2π/keeik·r is the vector potential

of the electromagnetic field; and GE(r1, r2) is the
relativistic Green’s function for the positron of energy
E = k − ε in the Coulomb field of the nucleus. In our
calculations, we will employ the Green’s function in
P

the form obtained in [11]. For an electron moving
in the field of a nucleus with a charge Z, it can be
represented in the form

GE(r1, r2) = − 2
a0νg

(4)

×
∑
JLM

Γ(λg − ηg)
Γ(2λg + 1)

Ψ(I)
JLM(r1)Ψ

(R)
JLM (r2), r1 > r2,

where a0 = α−1
e is the Bohr radius; αe = e2 is the

fine-structure constant;

νg =
αe

(1− E2)1/2
, (5)

λg = ((J + 1/2)2 − (αeZ)2)1/2, ηg = EZνg;

Γ(z) is the complete Euler gamma function;

Ψ(R)
JLM (r) = x−3/2

 f
(R)
+ (x)ΩJLM (n)

if
(R)
− (x)ΩJL′M (n)

 , (6)

Ψ(I)
JLM (r) = x−3/2

 f
(I)
+ (x)ΩJLM (n)

if
(I)
− (x)ΩJL′M (n)

 (7)

are solutions to the Dirac equation that are, respec-
tively, regular and irregular at the origin;

L′ = 2J − L, x =
2r

a0νg
,

f
(R)
± (x) = (1± E)1/2 (8)

×
[
(λg − ηg)Mηg− 1

2
,λg

(x)

± (Zνg − κg)Mηg+ 1
2
,λg

(x)
]
,

f
(I)
± (x) = (1± E)1/2 (9)

×
[
(Zνg + κg)Wηg− 1

2
,λg

(x)±Wηg+ 1
2
,λg

(x)
]
;

Mκ,η(x) and Wκ,η(x) are Whittaker functions [12];
and

κg = (J +
1
2
)(−1)J−1/2.

The spherical spinors appearing in expressions (6)
and (7) are defined in a standard way as

ΩJLM(n) =
∑
m

CJM
LM−m 1

2
m
YLM−m(n)χm, (10)

where χm is a spinor.
The required positron Green’s function is obtained

from the electron Green’s function by making the
substitution Z → −Z in Eqs. (4)–(9).
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Only Gamow–Teller beta transitions are of inter-
est for our purposes since they are the most intense.
In this case, only the term featuring the coupling
constant gA and the tensor operator T101 can be re-
tained in Eq. (2), this corresponding to the Gamow–
Teller matrix element gA

∫
σ in the Cartesian notation

(the Fermi nuclear matrix element gV
∫
1 does not

vanish only if very stringent selection rules hold; for
this reason, we will not consider it here). We take the
direction of the photon momentum k for the quan-
tization axis and represent the photon, antineutrino,
and electron wave functions in the form of expansions
in spherical harmonics [13]. For the vector potential
A(r), we have

A(r) =

√
2π
k

eeik·r (11)

= 2πs

√
2
k

∑
jγ lγ

ilγΠlγC
jγs
1slγ0jlγ (kr)Yjγ lγs(n).

Here and below, j and l stand for, respectively, the
angular and orbital angular momenta of the particles
involved; the index γ (in the following, the indices
ν and e on the angular momenta as well) refer to
the photon (antineutrino and electron, respectively);
Πlγ = (2lγ + 1)1/2,

Πl1l2...ln =

[
n∏

k=1

(2lk + 1)

]1/2

;

s is the photon polarization (s = ±1); and jlγ (x) is a
spherical Bessel function. Vector spherical harmonics
are defined in a standard way as

Yjlm(n) =
∑
µ

Cjm
lm−µ1µYlm−µ(n)ξµ, (12)

where the vectors ξµ(µ = 0,±1) form a three-dimen-
sional cyclic basis.

For the antineutrino wave function, we have

ϕν(r) =
√
4π

∑
jν lνmν

ΠlνC
jνσν

lν0 1
2
σν

Djν
mνσν

(nν) (13)

×

 flν (qr)Ωjν lνmν

−igl′ν (qr)Ωjνl′νmν

 ,

where nν is a unit vector in the direction of antineu-
trino emission; Dj

m1m2(n) is the rotation matrix; l′ν =
2jν − lν ; and

flν (qr) =
1√
2
jlν (qr), gl′ν (qr) =

1√
2
jl′ν (qr). (14)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
The expansion of the electron wave function has
the form

ϕe(r) =
√
4π
∑
jeleme

ΠleC
jeσe

le0 1
2
σe

(15)

× exp[i∆(le, je)]Dje
meσe

(ne)

×

 fle(r)Ωjeleme

(−1)
1+le−l′e

2 gle(r)Ωjel′eme

 ,

where ne is a unit vector in the direction of electron
emission; ∆(le, je) is the Coulomb phase,

∆(le, je) =
1
2
arg
[
−κe + iξe/ε

γe + iξe

]
− argΓ(ξe + iγe)

− 1
2
π(γe − |κe|)−

1
4
π

(
1 +

κe
|κe|

)
,

ξe =
αeZ

p
ε, p = (ε2 − 1)1/2, κe = ∓(je + 1/2)

for je = le ± 1/2, γe = (κ2
e − (αeZ)2)1/2;

l′e = 2je − le; and fle(r) and gle(r) are, respectively,
the large and the small component of the radial wave
function for the electron (the explicit expressions for
these components are given, for example, in [10]).

Substituting expressions (4), (13) and (15) into
(2) and using the ξ approximation [14], which is
known to be valid to a rather high degree of precision
in beta decay, we can factorize the amplitude A of the
process into the nuclear and the lepton part as

A = 3πe
∑
jeleme
jγ lγµ
jν lνmν
JLM

ilγ+1(−1)lγ+1+2J+me+µ (16)

× s

√
2
k

Πlνjν lejelγJ

ΠJf

exp (−i∆(le, je))Dje∗
meσe

(ne)

×Djν
mνσν

(nν)C
jνσν

lν0 1
2
σν

Cjeσe

le0 1
2
σe
C
jγs
1slγ0C

jγ−s
je−meJM

× C
JfMf

JiMi1µ
CJM
jνmν1−µN · Le.

Here, Ji (Jf ) is the nuclear spin in the initial (final)
state; N is the nuclear part of the amplitude,

N =
(νga0)2

R
3/2
nucl

{[
(−1)lν

(
f

(R)
+ (xnucl)

)∗
flν (Rnucl)δLlν

(17)

+(−1)l
′
ν+1/2

(
f

(R)
+ (xnucl)

)∗
gl′ν (Rnucl)δLl′ν

]
×W

(
1
2
jν

1
2
J ;L1

)
+
[
(−1)l

′
ν

(
f

(R)
− (xnucl)

)∗
gl′ν (Rnucl)δL′l′ν
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−(−1)lν+ 1
2

(
f

(R)
− (xnucl)

)∗
flν (Rnucl)δL′lν

]
×W

(
1
2
jν
1
2
J ;L′1

)}
gA

∫
σ,

where
∫

σ is the Gamow–Teller nuclear matrix ele-
ment for the beta transition |βi〉 → |βf 〉 (βi and βf
are the corresponding sets of quantum numbers for
these states), W (abcd; ef) is a Racah coefficient, and
xnucl = 2Rnucl(νga0)−1 is the value of x at the bound-
ary of the nucleus of radius Rnucl; and Le is the lepton
part of the amplitude,

Le =
Γ(λg − ηg)
Γ(2λg + 1)

(18)

×

(−1)le+ 3
2ΠleL′C

lγ0
le0L′0


le je 1/2

L′ J 1/2

lγ jγ 1

 I1

+(−1)
1+le+l′e

2 Πl′eLC
lγ0
l′e0L0


l′e je

1
2

L J 1
2

lγ jγ 1

 I2

 ,

where

I1 ≡
∞∫
0

dr
√
rfle(r)f

(I)
− (x)jlγ (kr), (19)

I2 ≡
∞∫
0

dr
√
rgle(r)f

(I)
+ (x)jlγ (kr).

In numerically calculating the radial integrals
in (19), it is necessary to consider that, for energies
of E < 1 in the Green’s function, they converge fast
(this follows from the fact that the asymptotic behav-
ior of the integrand is sin(r)/r1+α, where α > 0), but
that, forE > 1, these integrals converge rather slowly
[the asymptotic behavior of the integrand is sin(r)/r
in this region]. In the latter case, the evaluation of the
integrals with the aid of a computer, for example, by
the Gauss method leads to such large computational
errors that it becomes impossible to determine I1 and
I2. This problem can be solved by breaking down, for
the integral I1 (and for the integral I2 as well), the
interval of integration into two subintervals separated
by an intermediate point r0 that is rather far off the
origin of coordinates:

I1 =

r0∫
0

dr
√
rfle(r)f

(I)
− (x)jlγ (kr) (20)
PH
+

∞∫
r0

dr
√
rfle(r)f

(I)
− (x)jlγ (kr).

As a result, the first term can be calculated to
the required degree of precision by applying meth-
ods of numerical integration (the Gauss method or
any other fast method ensuring the accuracy of the
calculations), while the second term can be evaluated
analytically by using the аsymptotic expansions of the
integrands (see Appendix).

The differential probability of the transition

(A,Z)
β,γ−→ (A,Z + 1) can be obtained by averaging

the quantity AA∗ over the projections of the nuclear
spin in the initial state and by performing summation
in the resulting expression over the nuclear-spin
projections in the final state and over the polarizations
of the photon, electron, and antineutrino involved. In
order to derive the expression for the total probability
of the process, we must also perform integration with
respect to the energies of the electron and antineu-
trino and with respect to their emission angles, taking
into account the energy-conservation law, which, in
the expression for the differential transition probabil-
ity, leads to the emergence of the delta function

δ(k −∆+ 1− ε− q).

At a fixed energy k of the photon inducing photo-
beta decay from the state |βi〉 of an (A,Z) nucleus to
the state |βf 〉 of an (A,Z +1) nucleus, the rate of this
decay process is

P
(γ)
β,k (βi → βf ) (21)

= 12
αe
π2

∑
jγ lγjejν

Π2
jeΠ

4
jγ

(
W (lγ1je

1
2
; jγjν)

)2

×
k−∆+1∫

1

dε
(k + 1− ε−∆)2

k
(ε2 − 1)1/2ε|N |2|Le|2.

In an equilibrium medium of temperature T , the
energy of a photon that may initiate the photobeta-
decay reaction varies between ∆ and ∞ with a
probability specified by the Planck formula f(k) =
(exp(k/T )− 1)−1 (the temperature is defined in
terms of an energy scale). Upon integration in (21)
over the admissible range of energies of photons
having the Planck frequency spectrum, there arises
the following expression for the total probability of the

photobeta-decay transition (A,Z)
β,γ−→ (A,Z + 1):

P
(γ)
β (βi → βf ) (22)

=
1
π2

∞∫
∆

k2dk

exp(k/T )− 1
P

(γ)
β,k (βi → βf ).
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 3.Photobeta-decay rate as a function of temperature
at various values of ∆: (solid curve) results obtained by
exactly taking into account the nuclear Coulomb field
(P (γ)

β ) and (dashed curve) results in the plane-wave ap-

proximation (P̃ (γ)
β ).

3. RESULTS OF THE CALCULATION
OF THE PHOTOBETA-DECAY RATE

It was mentioned in the Introduction that an ana-
log of expression (22) in the plane-wave approxima-
tion was derived in [1] in the form

P̃
(γ)
β (βi → βf ) (23)

=
αe
2π4

∣∣∣∣gA ∫ σ

∣∣∣∣2
∞∫

∆

dk

k exp(k/T )− 1

×
k−∆+1∫

1

dε(k + 1− ε−∆)2
[
2(k − ε)(ε2 − 1)1/2

+ (k2 − 2kε+ 2ε2) ln(ε+ (ε2 − 1)1/2)
]
.

In order to assess the degree to which it is of
importance to take into account the nuclear Coulomb
field in the photobeta-decay process, we have cal-

culated the quantities P
(γ)
β (βi → βf ) [formula (22)]

and P̃
(γ)
β (βi → βf ) [formula (23)] versus the energy

threshold ∆, the temperature T of the medium, and
the charge number Z and compared the results,
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Fig. 4. Photobeta-decay rate as a function of the thresh-
old energy ∆ at temperatures of (1) T = 2 × 109 K and
(2) T = 3× 109 K. The notation for the curves is identical
to that in Fig. 3.

which are presented in Figs. 3–5 in units of the
nuclear matrix element gA

∫
σ.

For a model nucleus of charge number Z = 32,
Fig. 3 shows the photobeta-decay rate as a function
of temperature T at various values of the thresh-
old energy ∆. It can be seen that, in all cases, the
photobeta-decay rate grows with increasing tem-
perature, tending to saturation. This result is quite
understandable. The Planck spectrum is known to
peak at about 3T , the threshold energy ∆ cutting
off the region of energies that does not correspond
to the condition k > ∆. Naturally, the higher the
temperature T at a given threshold energy, the wider
the section of the Planck spectrum that is covered
by the integration in formulas (22) and (23). But if
the condition T � ∆ holds, the result of integration
in (22) is virtually independent of ∆, so that there
arises saturation.

The dependence of the photobeta-decay rate on
the threshold energy ∆ at a fixed temperature (see
Fig. 4) can be explained in a similar way: the greater
the parameter ∆, the narrower the section of the
Planck spectrum that contributes to the integrals
in (22) and (23). From a comparison of the curves
in Figs. 3 and 4, we can also deduce that the nu-
clear Coulomb field has a pronounced effect on the
respective results. Depending on the energy range
and on the values of the parameters ∆ and T , the
photobeta-decay rate calculated on the basis of the
procedure that takes exactly into account the nuclear
Coulomb field may differ from its counterpart in the
plane-wave approximation by more than one order
of magnitude, the inclusion of Coulomb effects lead-
ing to an increase in the probability of the thermal-
radiation-stimulated beta decay of stable nuclei.

The photobeta-decay rate calculated by formula
(22) is shown in Fig. 5 as a function of temperature at
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Fig. 5.Photobeta-decay rate as a function of temperature
at the charge-number values of Z = (1) 32 and (2) 68
(∆ = 1 MeV).

various values of the charge number Z {in the plane-
wave approximation, this rate is independent ofZ [see
formula (23)]}. It can be seen that, with increasing
charge number, the reaction yield grows sizably, the
shape of the respective curves being virtually identi-
cal.

On the basis of the results presented in Figs. 3–
5, we can conclude that the disregard of the nuclear
Coulomb field in calculating the diagram thatmakes a
dominant contribution to the probability of photobeta
decay leads to significant errors in the result, at least
in the temperature region T ≥ 1× 109 K.

4. TWO-STEP MODEL OF THE SYNTHESIS
OF p-NUCLEI

As was indicated in the Introduction, the photo-
beta decay of stable nuclei was used in a number of
studies as a basis for models aimed at explaining the
synthesis of bypassed elements in the interior of mas-
sive stars. The beta decay of (A,Z) stable nuclei that
is stimulated by thermal radiation from a star makes
it possible to overcome the energy threshold separat-
ing (A,Z) and (A,Z + 1) nuclei and to trigger the

chain of beta transitions (A,Z)
β,γ−→ (A,Z + 1)

β−→
(A,Z + 2) toward the bypassed element (A,Z + 2).
The calculation of the photobeta-decay rate in the
preceding section revealed that it is not overly small in
a medium of temperature in the region T ≥ (2−3)×
109 K, the corresponding mean energy of thermal
photons being k̄ ∼ 300−500 keV. Photons of such
energies are present in the matter of hot stars at some
stages of their evolution, so that the synthesis of p-
nuclei via the photobeta-decay process is possible in
P

principle. Of course, the result of the practical realiza-
tion of this mechanism depends both on the presence
of sufficient numbers of (A,Z) progenitor nuclei in
the matter of a star at the above temperatures and on
the time duration of the relevant stage of its evolution.

In this section, we will formulate a model in which
the photobeta decay of stable nuclei is the main phys-
ical mechanism responsible for the synthesis of p-
nuclei. On the basis of this model, we will try to
estimate the key parameters at which the yield of
bypassed elements is close to that which is observed
and to find out, in this way, whether the proposed
mechanism of the synthesis of bypassed elements is
realistic.

The most detailed calculations of the abundances
of p-nuclei on the basis of photobeta decay were
performed in [5]. However, the calculation of the
photobeta-decay rate in [5] relied on the expression
obtained in [1] in the plane-wave approximation. As
was shown above, this approximation is incorrect,
since, for the reaction rate, it leads to a value much
less than that which was obtained by exactly taking
into account the nuclear Coulomb field. Moreover,
only the β− transitions |βi〉 → |βf 〉 between the
ground states of the (A,Z) and (A,Z +1) nuclei were
considered in [5]. In a number of cases, however, such
a beta transition in the pair of (A,Z) and (A,Z + 1)
nuclei is not allowed by quantum selection rules,
while beta transitions from excited states of the (A,Z)
nucleus prove to be allowed.

In the present study, we retain the basic features of
the model from [5], modifying it with allowance for the

aforesaid. In the (A,Z)
β,γ−→ (A,Z + 1)

β−→ (A,Z +
2) scheme, the synthesis of p-nuclei, which involves
photobeta decay, is considered as a two-step process.
At the first step, the aforementioned mechanism of
the photobeta decay of an (A,Z) progenitor nucleus
is used to overcome the energy threshold ∆. At the

second step, the natural β− transition (A,Z + 1)
β−→

(A,Z +2) is assumed to occur, producing an (A,Z +
2) p-nucleus.

Let us examine the first step. We denote by

P
(γ)
β (βi → βf ) the rate of photobeta decay from the

state |βi〉 of an (A,Z) nucleus to the state |βf 〉 of an
(A,Z + 1) nucleus [see Eq. (22)]. In calculating this
quantity, we take into account, for photobeta decays,
only allowed beta transitions, since they are the
most intense. It was indicated above that, for some

(A,Z)
β,γ−→ (A,Z + 1) photobeta transformations,

the transition between the ground states of the nuclei
involved is not allowed. However, excited states will
also be populated in a medium of temperature about
nuclear temperatures (0.1 � T � 0.5 MeV). In this
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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case, one can consider photobeta decay from an
excited state of an (A,Z) nucleus (rather than from its
ground state), arriving at a situation where the beta
decay of this nucleus is allowed by quantum selection
rules. In accordance with the Boltzmann distribution,
the probability of the population of the excited state
|βi〉 of the (A,Z) progenitor nucleus is given by

Wβi
=

2Ji + 1
P (T )

exp
(
−ε(βi)

T

)
, (24)

where ε(βi) is the energy spacing between the state
|βi〉 of the progenitor nucleus and its ground state
(see Fig. 1), Ji is the spin of this state, and the nuclear
partition function P (T ) is given by

P (T ) =
∑
βi

(2Ji + 1) exp
(
−ε(βi)

T

)
. (25)

Since the main contribution to P (T ) comes from the
ground state, the partition function can be set, in this
case, to the statistical weight P (T ) ≈ 2J0 + 1 = 1 of
the ground state of the nucleus [here, it is considered
that the spin is J0 = 0 in the ground state of an even–
even nucleus—almost all of the (A,Z) nuclei belong
to this class].

The state |βf 〉 of the (A,Z +1) parent nucleus can
be arbitrary within the limits admitted by the energy
conditions. For a specific beta transition |βi〉 → |βf 〉,
the threshold energy ∆ can then be set to ∆if =
∆− ε(βi) + ε(βf ), where ε(βf ) is the energy spacing
between the state |βf 〉 of the (A,Z + 1) nucleus and
its ground state (see Fig. 1). An analysis reveals that,
for the (A,Z) and (A,Z + 1) nuclei, states between
which an allowed beta transition is possible can be
found almost always.

As a result, the total photobeta-decay rate that re-
ceives contributions from all of the transitions allowed
by quantum selection rules can be represented in the
form

P(γ)
β =

∑
βiβf

Wβi
P

(γ)
β (βi → βf ), (26)

where P
(γ)
β (βi → βf ) is the photobeta-decay rate as-

sociated with the beta transition |βi〉 → |βf 〉 and cal-
culated by formula (22).

Let us now consider the second step. It was
indicated above that, at this step, there naturally pro-
ceeds the β− decay of an (A,Z + 1) parent nucleus

according to the scheme (A,Z + 1)
β,γ−→ (A,Z + 2).

We denote by Wβ− [(A,Z + 1) → (A,Z + 2)] the
corresponding probability. In estimating it, we con-
sider that the lifetime of (A,Z + 1) unstable nuclei
is much shorter than the characteristic times of
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
nuclear-synthesis processes. Therefore, we can re-
gard the natural β− decay of these nuclei, which leads
to (A,Z + 2) p-nuclei, as an authentic event and
take into account only the corresponding branching
fraction Kβ− [(A,Z + 1) → (A,Z + 2)]. In the total
probability of the decay of an (A,Z + 1) nucleus,
it reflects the fraction of precisely β− decay rather
than that of electron capture or β+ decay [the last
two processes also usually occur, but they lead to the
(A,Z) progenitor nucleus]. In the majority of cases,
these branching fractions are known from experimen-
tal data (however, they were obtained under terrestrial
conditions and may change at high temperatures in
the matter of massive stars).

As a result, the ultimate expression for the prob-
ability of the production of a p-nucleus according to
the scheme outlined above has the form

P [(A,Z) → (A,Z + 2)] (27)

= P(γ)
β Kβ− [(A,Z + 1) → (A,Z + 2)].

The absolute values of the abundances of p-nuclei
[we denote them by N(A,Z + 2)] formed in accor-
dance with the proposed model can be calculated if
the concentration of (A,Z) progenitor nuclei in a star
[we denote it by N(A,Z)] and the time interval τ
within which the process in question is studied are
known. Specifically, we have

N(A,Z + 2) (28)

= N(A,Z)

τ∫
0

P [(A,Z) → (A,Z + 2)]T (t)dt,

where the time dependence of the probability
P [(A,Z) → (A,Z + 2)] (if this dependence is taken
into account) is determined by the function T (t) [see
expression (22)].

5. CALCULATION OF THE ABUNDANCES
OF p-NUCLEI IN THE UNIVERSE

According to present-day data, the evolution of
a massive star involves two stages within which
the temperature of matter in the star is (2−3)×
109 K [15]. These are the stage of a hydrostatic
combustion of oxygen (its duration is about six
months) and the stage of the explosion of a supernova
(the duration of this stage is about one second).
In our calculations, we assumed that the photobeta
decay of stable nuclei occurs in the interior of massive
stars within the quasi-steady-state stage of evolution
during the combustion of oxygen.

In calculating the probability of the production of
p-nuclei by formula (27), a direct evaluation of the
4
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Basic information about transitions that is used in calculating the abundances of p-nuclei

Progenitor
nucleus

Abundance of
progenitor nuclei Parent nucleus

Ji → Jf

transition
log f0t ∆if , MeV Branching

fraction
p-nucleus

1 2 3 4 5 6 7 8
74
32Ge 42.8 74

33As 0+ → 1+ 4.6 1.98 0.32 74
34Se

2+ → 1+ 1.384
80
34Se 33.4 80

35Br 0+ → 1+ 4.6 1.081 0.917 80
36Kr

2+ → 1+ 0.415
108
46Pd 0.347 108

47Ag 0+ → 1+ 4.8 1.132 0.977 108
48Cd

2+ → 1+ 0.698
112
48Cd 0.373 112

49In 0+ → 1+ 4.7 1.789 0.44 112
50Sn

2+ → 1+ 1.171
114
48Cd 0.447 114

49In 0+ → 1+ 4.8 0.655 0.981 114
50Sn

2+ → 1+ 0.096
152
62Sm 0.0641 152

63Eu 4+ → 4+ 4.5 0.811 0.27 152
64Gd

158
64Gd 0.104 158

65Tb 4+ → 5+ 4.5 1.085 0.18 158
66Dy

164
66Dy 0.104 164

67Ho 0+ → 1+ 4.6 1.029 0.42 164
68Er

168
68Er 0.0623 168

69Tm 2+ → 3+ 4.5 0.810 0.02 168
70Yb

Note: Data given in columns 2 and 4–7 were borrowed from [7] and [16], respectively.
nuclear matrix element
∫

σ [see Eq. (17)] presents a
nontrivial problem. This evaluation inevitably involves
specific model assumptions concerning the structure
of nuclear states between which the transition in
question proceeds. At the present time, there is no
reliable computational scheme or a universal nuclear
model that would make it possible to deduce realistic
wave functions for nuclear states in cases other than
the simplest ones (by no means do the beta transi-
tions under study belong to the class of those simplest
cases). For this reason, we did not perform a direct
calculation of nuclear matrix elements

∫
σ; instead,

we extracted their values either from typical values of
log f0t for unfavored beta transitions of the allowed
type or, when possible, from the experimental values
of log f0t. Considering that the values of log f0t lie
predominantly in the range 4.0−5.0, we took the value
of 4.5 in the former case. This minimizes errors that
stem from the ignorance of the actual structure of
nuclear states. Thus, we did not perform a direct
calculation of the matrix element

∫
σ in either case;

instead, we used the formula

g2
A

∣∣∣∣∫ σ

∣∣∣∣2 =
2π3 ln 2

f0t
, (29)

to obtain it from a typical or the experimental value
PH
of the reduced lifetime f0t with respect to the relevant
beta transition of the allowed type.

For the absolute values of the abundances of nine
p-nuclei, the results of the calculations on the basis
of the proposed model are given in Fig. 6. For the
model parameters, we used the following values: the
duration of the stage being considered was taken to be
τ = 1.6× 107 s; the concentrations of the progenitor
nuclei were set to their abundances in the solar sys-
tem (these abundances are given in the table, along
with other features of relevant beta transitions); and
the temperature T was assumed to be independent
of time and was taken to be 2.5× 109 K. In order to
assess the applicability of the model to calculating

the yields of p-nuclei, we selected (A,Z)
β,γ−→ (A,Z +

1)
β−→ (A,Z + 2) triplets such that nuclides enter-

ing into them had properties determined to a fairly
high precision. From Fig. 6, it can be seen that, in
some cases, the agreement with experimental data
is rather good, although the general trend is such
that the temperature of the medium should be some-
what increased for lighter and somewhat decreased
for heavier p-nuclei. Figure 7 gives specific temper-
ature values that the medium should have for the
yields of the p-nuclei indicated there to be coincident
with their experimental values, the values of all other
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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relevant quantities being the same. We note that, for
all other stages of the evolution, with the exception
of the explosive stage, values close to the observed
ones can in principle be obtained for the abundances
of some of the p-nuclei by simultaneously varying,
within some specific limits, the parameters T , τ , and
N(A,Z), as well as the branching fractions Kβ− ,
for which we have taken values determined under
terrestrial conditions.

6. CONCLUSIONS

Our present investigation has made it possible to
draw the following conclusions:

(i) The role of the nuclear Coulomb field is sig-
nificant in the photobeta-decay process, which was
previously studied in [1] in the plane-wave approxi-
mation. Therefore, model simulating the synthesis of
p-nuclei on the basis of the formulas derived in [1]
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
may lead to considerable errors in calculations and,
accordingly, in conclusions.

(ii) Under rather realistic physical conditions, the
proposed model of the synthesis of p-nuclei on the ba-
sis of the photobeta decay of stable nuclei originating
from s and r processes makes it possible, in principle,
to reproduce the observed concentrations for some of
the bypassed elements.

(iii) The proposed model does not provide a uni-
versal mechanism of the synthesis of bypassed ele-
ment. In particular, structural uncertainties for some

of the beta transitions in (A,Z)
β,γ−→ (A,Z + 1)

β−→
(A,Z + 2) triplets presently give no way, even if the
parameters T and τ are fixed, to extend the explored
range of p-nuclei. There are also uncertainties in
associating their production with a specific stage of
the evolution of a massive star and, accordingly, in
choosing values for the parameters T and τ .
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APPENDIX

Let us consider a method that makes it possible to
calculate integrals of the type in (19), which involve
quickly oscillating functions in the integrand. In the
integral I1 [formula (20)], the second term at energies
in the region E > 1 will be calculated by using the
asymptotic expansions of the factors in the integrand

F (r) ≡
√
rfle(r)f

(I)
− (x)jlγ (kr). (A.1)

For the large and the small component of the radial
electron wave function in the Coulomb field of a nu-
cleus, we have [10]

fle(r)

gle(r)

 =

√
2
ε
exp
(
πξe
2

)
(A.2)

× |Γ(γe + 1 + iξe)|
Γ(2γe + 1)

(2pr)γe

r

×


√
ε+ 1 · Im

√
ε− 1 · Re

 [ei(pr+ζe)1F1(γe

− iξe, 2γe + 1,−2ipr)],

where 1F1(a, c, x) is a confluent hypergeometric
function and

e−2iζe = (γe − iξe) / (κe − iξe/ε)

[the rest of the notation is given in the explanations to
formula (15)].
4
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The asymptotic expansion of the function
1F1(a, c, x) has the form [17]

1F1(a, c, x) =
Γ(c)

Γ(c− a)

(
e−iπ

x

)a
(A.3)

×
M∑
n=0

(a)n(a− c+ 1)n
n!

(−x)−n +O(|x|−a−M−1)

+
Γ(c)
Γ(a)

exxa−c
N∑
n=0

(c− a)n(1− a)n
n!

x−n

+O(|exxa−c−N−1|),
where (a)n = a(a+ 1)(a+ 2)...(a + n− 1) is the
Pochhammer symbol.

We can determine the asymptotic behavior of the

function f
(I)
− (x) [and the function f

(I)
+ (x) as well],

knowing the expression for the Whittaker function
W (x) at large values of the argument [17],

Wκ,µ(x) = e−x/2xµ+1/2
N∑
n=0

(−1)n (A.4)

×

(
1
2
− κ+ µ

)
n

(1/2 − κ− µ)n

n!
x−1/2+κ−µ−n

+O(|x|−1/2+κ−µ−N−1).

We also employ the well-known asymptotic expres-
sion for the spherical Bessel function jlγ (kr) at long
distances [18],

jlγ (kr) =
sin(kr − πlγ/2)

kr
. (A.5)

Substituting (A.2)–(A.5) into (A.1) and multiply-
ing those terms of the sums that involve identical
powers of the coordinate r, we obtain the asymptotic
expansion of the function F (r) in the form

F (r) =
N∑
n=1

an
eibnr

rαn
+O

(
r−Re(αn)−1

)
, (A.6)

where an and αn are complex-values coefficients and
bn are real-valued coefficients; they are obtained upon
the multiplication of those terms in the above sums
that involve identical powers of the arguments.

By way of example, we present the expression for
the first terms of the sum in (A.6). Retaining only the
r−1 terms in the series in (A.3) and (A.4), we obtain,
for F (r), the sum of four terms for which we have the
following:

n = 1, 2

a1,2 = (−1)n+1 2
i(ξg+ξe)−1

k

PH
×
(
(1− E)(1 + ε)P

ε

)1/2

× exp
[
i

(
δe + (−1)n

πlγ
2

+
π

4

)
− π

2
ξg

]
P iξgpiξe ,

b1,2 = −P + p− (−1)nk,
α1,2 = 1− i(ξg + ξe);

n = 3, 4

a3,4 = (−1)n
2i(ξg−ξe)−1

k

(
(1− E)(1 + ε)P

ε

)1/2

× exp
[
i

(
−δe + (−1)n

πlγ
2

+
π

4

)
− π

2
ξg

]
P iξgp−iξe ,

b3,4 = −P − p− (−1)nk,
α3,4 = 1− i(ξg − ξe),

where P = (E2 − 1)1/2, ξg = αeZE/P , and δe =
ζe − arg Γ(γe + 1 + iξe)− πγe/2.

Formula (A.6) makes it possible to calculate the
second term of the integral I1 by using the rela-
tion [18]

∞∫
r0

eix

xα
dx = i1−αΓ(1− α,−ir0), (A.7)

where Γ(1− α,−ir0) is the incomplete gamma func-
tion. Ultimately, we obtain

∞∫
r0

F (r)dr =
∑
n

an

(
i

bn

)1−αn

Γ(1− αn,−ibnr0).

(A.8)

Thus, the integral I1 assumes the form

I1 =

r0∫
0

dr
√
rfle(r)f

(I)
− (x)jlγ (kr) (A.9)

+
∑
n

an

(
i

bn

)1−αn

Γ(1− αn,−ibnr0).

In practice, the number of terms in (A.3) and (A.4)
[and, accordingly, in (A.9)] could be restricted. In-
deed, it was mentioned above that, in numerically
calculating the first term of the integral in (A.9),
the error of the calculation grew with increasing r0.
Therefore, it was necessary to choose, for r0, a value
at which the error of the calculation was within the
preset precision of the calculation. After that, the
number of terms retained in the series in (A.3) and
(A.4) should have been specified in such a way that
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004



EXACT INCLUSION OF THE COULOMB FIELD 1441
the asymptotic expression for the integrand in (A.1) at
the point r0 was matched with its precise value within
the admissible error. The calculations revealed that it
was sufficient to retain two terms in each of the sums
indicated above.
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Abstract—P-odd correlations in deuteron photodisintegration are considered. It is shown that, in the
case of unpolarized deuterons, π-meson exchanges do not contribute to these correlations. For polarized
deuterons, the contribution of π-meson exchanges to the P-odd correlation is about 0.3 × 10−8. The con-
tribution to P-odd effects from weak interactions at short distances substantially exceeds the contribution
from π-meson exchanges. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

In the past few years, parity nonconservation in
deuteron photodisintegration has been widely dis-
cussed in the literature. An analysis of the problem
became particularly interesting in view of advances
in experimental techniques, such as the creation of
intense beams of polarized photons, neutrons, and
electrons. In addition, theoretical investigations of
the deuteron are relatively reliable owing to its low
binding energy. The problem is especially interesting
because the measured anapole moment of 133Cs [1]
is in reasonable agreement with the theoretical pre-
dictions from [2, 3] if the so-called best values [4]
are chosen for the parameters of P-odd forces. It is
worth noting that the results of nuclear experiments
are indicative of a substantially lower constant for π-
meson exchange [5]. We can expect that the deuteron
experiments that are being discussed at the present
time would resolve the existing discrepancy.
Theoretical investigations of P-odd effects were

initiated in [6–10]; ed scattering was explored in [10–
12]. However, measurement of parity violation in
these processes was hindered by a strong background
from neutral currents. Numerical estimates for such
effects were given in [13–15]. Deuteron disintegration
by polarized photons was previously considered in a
number of studies (see, for example, [7, 8, 15–20]).
Despite a small magnitude of the effect, this process is
more interesting since it features no neutral currents.
Experiments aimed at implementing deuteron dis-

integration by polarized photons with the aim of mea-
suring the weak π-meson constant ḡ have been ex-
tensively discussed in recent years. As was shown
in [21], however, π-meson exchange does not con-
tribute to the asymmetry of the total cross section
1063-7788/04/6708-1442$26.00 c©
for unpolarized-deuteron disintegration by polarized
photons. In addition, the exchange of vector mesons
(contribution of short distances) is significant, having
a relative value of about 10−7 at the maximum. How-
ever, a typical range of ρ- and ω-meson exchange
is rV ∼ 1/mV ∼ 0.25 fm, which is substantially less
than the nucleon size of 0.8 fm. Since the respective
theoretical estimates are unreliable, this contribution
is not of significant interest. In view of the results
obtained in [21], there can arise the question of why
the π-meson contribution is canceled in the total
photodisintegration cross section. It is necessary to
find out whether this contribution vanishes upon in-
tegrating the differential cross section with respect
to angles or whether there is merely no correction
in the differential cross section. If the correction to
the differential cross section were nonzero in some
angular interval, it would be possible to measure it
precisely in this region. In this study, we show that
the correction to the differential cross section also
vanishes, so that it is impossible to measure the π-
meson constant by using polarized photons and un-
polarized deuterons. Therefore, we consider parity-
violation effects in polarized-deuteron disintegration
induced by unpolarized photons. It turns out that, in
this case, the weak correction to the differential cross
section from π-meson exchange is different from zero.
Although it is very difficult to measure this quantity,
the problem associated with it is interesting at least
theoretically.

We perform all calculations on the basis of the
potential model.

We use the deuteron wave function in the zero-
2004 MAIK “Nauka/Interperiodica”
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range approximation,

ψd =
√

κ

2π(1 − κrt)
e−κr

r
χσ, (1)

where χσ is the spin wave function.
This approximation provides a correct description

at distances longer than the effective radius of the
triplet state—that is, for r � rt. The matrix element
for the electric dipole transition does not depend on
the form of the wave function at short distances;
therefore, the use of the zero-range approximation is
quite legitimate here. However, the situation is less
favorable in the case of the matrix elements for the
magnetic dipole transition and the weak potential, be-
cause these quantities are sensitive to the behavior of
the wave function at short distances. The zero-range
wave function does not satisfy the normalization con-
dition; in order to perform calculations sensitive to
short distances, it is therefore necessary to modify the
deuteron wave function in such a way as to reduce
it to a normalized form. For this, it is sufficient to
discard the “correction” factor

√
1 − κrt [22].

As for final states, we need only s and p waves
in the continuous spectrum (see, for example, [11]).
We neglect a small admixture of the d wave in the
deuteron ground state.

2. CALCULATION OF THE AMPLITUDES
OF π-MESON EXCHANGE

We represent the operators of electric and mag-
netic dipole transitions in the form [22]

HE1 = −ie
√

2πωn · er
2
, (2)

HM1 = −i e
2m

√
2πω

×
(
µpσp + µnσn +

l
2

)
· k × e

k
,

where r/2,n, and l/2 are, respectively, the coordinate,
the unit radius vector, and the angular momentum of
the proton and e and k are the photon polarization
vector and momentum, respectively.
Let us calculate the amplitude for a typical electric

dipole transition in deuteron photodisintegration. The
deuteron wave function ψd appears to be the initial
state. The final state is obviously a p wave of the
continuous spectrum. Further, we can use a plane
wave instead of the p wave in the amplitude, because
the E1-transition operator automatically selects the
p-wave state in the plane wave.
The amplitude of the E1 transition then takes the

form

AE1 = −2e
√

2πω
√

2πκ
p · e√

1 − κrt(κ2 + p2)2
. (3)
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Owing to weak P-odd interaction, the deuteron
ground state acquires an admixture of the p wave,
while, in the pwave of the continuous spectrum in the
final state, there arises an admixture of the s wave.
Thus, intruderM1 transitions become possible.
The P-odd potential of π-meson exchange can be

represented in the form [23]

V = −i gḡ
4πm

(σp + σn) · ∇e−mπr

r
. (4)

Here, g and ḡ are the coupling constants for, respec-
tively, strong and weak P-odd πNN interaction.
The total transition amplitude is then given by

A = 〈p, σ′|HE1|ψd, σ〉 (5)

+
∑
n

〈p, σ′|HM1|n〉〈n|V |ψd, σ〉
Ed −En

+
∑
n

〈p, σ′|V |n〉〈n|HM1|ψd, σ〉
Ep − En

,

where the subscript n is used to denote summation
over all intermediate states and σ is the deuteron
spin. We further consider the second term in (5) and
calculate the matrix element of the weak potential for
the transition from the deuteron ground state to any
intermediate state, for which we can take the plane
wave ψ(p) = eip·r|χσ〉.
The matrix element is

〈p, σ′′|V |ψd〉 = −i gḡ
4πm

〈χσ′′ |(σp + σn)|χσ〉 (6)

×
√

κ

2π

∫
e−ik·r∇

(
e−mπr

r

)
e−κr

r
dr.

We will postpone the calculation of the spin part for
the time being. A simple integration in (6) leads to
the following expression for the matrix element of the
weak potential:√

κ

2π
gḡ

km
〈χσ′′ |p · (σp − σn)|χσ〉f(p). (7)

The function f(p) appearing in (7) is given by

f(p) =
1
2

[
mπ − κ

p
(8)

×
(

1 − mπ + κ

p
arctan

p

mπ + κ

)
+ arctan

p

mπ + κ

]
.

Thematrix element of theM1 transition in the second
term on the right-hand side of (5) is

〈p, χσ′ |HM1|k, χσ′′〉 = −i(2π)3
e

2m

√
2πω[nk × e]

(9)
4
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×
〈
σ′
∣∣∣∣ (µpσp + µnσn − i

p× ∇p

2

) ∣∣∣∣σ′′〉δ(k − p).

After simplification and summation over intermediate
states, the second term in (5) then assumes a rela-
tively simple form,

i
egḡf(p)

√
2πω

2pm(κ2 + p2)

√
κ

2π
[nk × e] (10)

×
〈
χσ′
∣∣∣∣ (µpσp + µnσn − i[p × ∇p]

2

)
× p · (σp + σn)

∣∣∣∣χσ

〉
.

Here, we have used the well-known completeness
relation

∑
σ |χσ〉〈χσ| = 1 to perform summation over

intermediate spin states.
Owing to the orthogonality of the radial parts of

the s-wave functions in the last (third) term of (5),
the intermediate state nmust be the deuteron ground
state. Therefore, the operator of the orbital angu-
lar momentum of the magnetic dipole transition is
not operative here. Upon cumbersome calculations
similar to those considered above, we arrive at the
following expression for the third term in (5):

−iegḡf(p)
√

2πω
2pm(κ2 + p2)

√
κ

2π
[nk × e] (11)

× 〈χσ′ |p · (σp + σn)(µpσp + µnσn)|χσ〉.
The total amplitude (5) then assumes the form

A = −2e
√

2πω
√

2πκ (12)

× p · e√
(1 − κrt)(κ2 + p2)2

δσσ′ + i
egḡf(p)

√
2πω

2pm(κ2 + p2)

×
√

κ

2π
[nk × e] 〈χσ′ |(µpσp + µnσn) · p

× (σp + σn) − p · (σp + σn)(µpσp + µnσn)|χσ〉

+
egḡf(p)

√
2πω

2pm(κ2 + p2)

√
κ

2π
[nk × e]

×
〈
χσ′
∣∣∣∣ [p× ∇p]

2
p · (σp + σn)

∣∣∣∣χσ

〉
.

3. DIFFERENTIAL AND TOTAL CROSS
SECTIONS

The differential cross section for the disintegration
of unpolarized deuterons has the form

dσ

dΩ
=

1
3

∑
σ

2e2κp(p · e)2

(1 − κrt)(κ2 + p2)3

− i

3

∑
σ

egḡκf(p)(p · e∗)[n × e]
2π

√
1 − κrtm(κ2 + p2)2
PH
× 〈χσ|2(µp + µn)(I(p · I) − (p · I)I) − i[p× I]|χσ〉,
where I is the deuteron spin. The term responsible for
magnetic moments is the commutator of the deuteron
spins; that is, it is expressed in terms of the deuteron
spin. Thus, the correction to the regular cross section
is proportional in the case being considered to the
mean spin of the primary (unpolarized) deuteron; that
is, it is identically equal to zero [21].
Let us now consider effects associated with polar-

ized deuterons and unpolarized photons. For this, we
average the last expression over photon polarizations.
Upon some simple algebra, we reduce the differ-

ential cross section to the form(
dσ

dΩ

)
tot

=
(
dσ

dΩ

)
E1

+ ∆
dσ

dΩ
, (13)

where (
dσ

dΩ

)
E1

= e2
κp(p2 − (p · n)2)

(1 − κrt)(κ2 + p2)3
(14)

is the ordinary expression for the electric dipole disin-
tegration of a deuteron and

∆
dσ

dΩ
= − e2gḡκp2f(p)

2πm
√

1 − κrt(κ2 + p2)2
(15)

×
(
µp + µn − 1

2

)(
n · I − I · pn · p

p2

)
is the P-odd correction to the differential cross sec-
tion from π-meson exchange.
Upon integration with respect to angles, we obtain

the total cross section

σ =
8πe2κp3

3(1 − κrt)(κ2 + p2)3
(16)

− 4e2gḡκp2f(p)
3m

√
1 − κrt(κ2 + p2)2

(
µp + µn − 1

2

)
n · I.

4. CONTRIBUTION OF SHORT DISTANCES

Unfortunately, the π-meson contribution to the
amplitude is not dominant. There are also two types
of contributions from weak interaction at short dis-
tances. The first is dominant near the threshold, while
the second has a structure similar to that of the
π-meson contribution. The contributions from short
distances defy all attempts at a reliable calculation,
but we will try to estimate it within the potential
model. It is important to do this for obtaining deeper
insight into the relation between the contributions
of π-meson exchange and the contribution of short
distances.
In order to obtainweak odd admixtures to the wave

functions owing to exchanges of vector mesons, we
introduce the Jastrow factor, which takes into ac-
count the repulsion of nucleons at short distances [21,
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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24]. Following [7], we represent the perturbed wave
functions in the form

δψd = −iλt(Σ · ∇)
√

κ

2π
e−κr

r
. (17)

The admixtures to the s and pwaves of the contin-
uous spectrum then assume the form

δψs = i
αs

1 + ipαs
λsΣ · ∇

(
eipr

r

)
, (18)

δψp = −λs
αs

1 + ipαs
Σ · pe

ipr

r
,

where αs is the triplet scattering length;Σ = σp −σn

is the spin difference; and λt and λs are the P-odd
constants given by [21]

λt = (0.032h0
ρ + 0.001h0

ω) × 10−7m−1
π , (19)

λs = (0.028h0
ρ − 0.023h2

ρ + 0.028h0
ω) × 10−7m−1

π .

Let us consider the regular E1 transition from the
deuteron to the continuous spectrum. Owing to parity
violation, anM1 amplitude appears here. Using (18)
and (19) to calculate this amplitude, we arrive at the
following expression for the total amplitude:

A = −2e
√

2πω
√

2πκ
p · e√

1 − κrt(κ2 + p2)2
δσ′σ

− i
e

2m

√
2πω

√
2πκ(µp − µn)

×
(

λt

κ2 + p2
〈χσ′ |Σ · [n × e]Σ · p|χσ〉

− αsλs

(1 − ipαs)(κ + ip)
〈χσ′ |Σ · pΣ · [n × e] |χσ〉

)
.

The short-distance correction to the differential cross
section for deuteron disintegration is given by

∆
dσ

dΩ
=

κe2(µp − µn)p3

m
√

1 − κrt(κ2 + p2)2
(20)

×
[(

λt + αs
κ+ p2αs

1 + p2α2
s

λs

)(
I · n− I · pn · p

p2

)
+ λs

αs

p

1 − καs

1 + p2α2
s

(p · I[n× p] · I

+ I · [n× p]p · I)
]
.

We averaged this correction over photon polariza-
tions. Upon integration with respect to angles, the
correction to the total cross section assumes the form

∆σ =
8πκe2(µp − µn)p3

3m
√

1 − κrt(κ2 + p2)2
(21)

×
(
λt + αs

κ+ p2αs

1 + p2α2
s

λs

)
I · n.
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5. CONTRIBUTION OF SHORT DISTANCES
NEAR THE THRESHOLD

Let us now consider the deuteron photodisinte-
gration at the threshold. This region is obviously
dominated by the magnetic dipole transition from the
deuteron to the singlet state (3S1 →1 S0). We can
see that the operator of this transition violates the
conservation of the total spin. However, the total spin
is conserved in the E1 transition; therefore, weak
interaction, which is responsible for the intruder E1
transition, must also violate the conservation of the
total spin. This property is due to that part of weak in-
teraction which corresponds to the exchange of vector
mesons.

All calculation are rather simple and lead to the
result

A = −i e
2m

√
2πω

√
2πκ(µp − µn) (22)

× 1 − καs

(1 − ipαs)(κ2 + p2)
Σ · [n × e]

+
e
√

2πω
√

2πκ
3

(λtIt + λsIs)Σ · e,

where It and Is are radial integrals,

It =
3κ2 + p2

(κ2 + p2)2
− αs(2κ+ ip)

(1 − ipαs)(κ + ip)2
, (23)

Is =
κ+ 2ip

(1 − ipαs)(κ+ ip)2
. (24)

Upon some simple algebraic transformations, we
obtain the differential cross section in the form

dσ

dΩ
=
κe2(µp − µn)2(1 − καs)2p
4m2(1 + p2α2

s)(κ2 + p2)
(I · n)2 (25)

+
κe2(µp − µn)(1 − καs)p

3m(1 + p2α2
s)

3κ2 + p2

(κ2 + p2)2

×
(
λt

(
1 − 2αsκ

3

3κ2 + p2

)
+ καsλs

κ2 + 3p2

3κ2 + p2

)
n · I.

Owing to spherical symmetry, the total cross sec-
tion is obtained by multiplying this expression by 4π.
We have

σ =
πκe2(µp − µn)2(1 − καs)2p
m2(1 + p2α2

s)(κ2 + p2)
(I · n)2 (26)

+
4πκe2(µp − µn)(1 − καs)p

3m(1 + p2α2
s)

3κ2 + p2

(κ2 + p2)2

×
(
λt

(
1 − 2αsκ

3

3κ2 + p2

)
+ καsλs

κ2 + 3p2

3κ2 + p2

)
n · I.
4
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Fig. 1. π-meson contribution to the correlation.

6. CONCLUSION

The resulting total cross section can be repre-
sented in the form

σ = σE1 + σM1 + ∆σπ + ∆σV 1 + ∆σV 2,

σE1 =
8πe2κp3

3(1 − κrt)(κ2 + p2)3
,

σM1 =
πκe2(µp − µn)2(1 − καs)2p
m2(1 + p2α2

s)(κ2 + p2)
(I · n)2,

∆σπ = − 4e2gḡκp2f(p)
3m

√
1 − κrt(κ2 + p2)2

×
(
µp + µn − 1

2

)
I · n,

∆σV 1 =
8πκe2(µp − µn)p3

3m
√

1 − κrt(κ2 + p2)2

×
(
λt + αs

κ+ p2αs

1 + p2α2
s

λs

)
I · n,

∆σV 2 =
4πκe2(µp − µn)(1 − καs)p

3m(1 + p2α2
s)

3κ2 + p2

(κ2 + p2)2

×
(
λt

(
1 − 2αsκ

3

3κ2 + p2

)
+ καsλs

κ2 + 3p2

3κ2 + p2

)
I · n.

As was indicated above, the P-odd corrections to
the total and differential cross sections from π-meson
exchange vanish in the case of unpolarized deuterons.
Therefore, it is impossible to measure the P-odd π-
meson constant ḡ in processes featuring only polar-
ized photons and unpolarized deuterons. This is the
main result of the present study since the numerical
estimates given below seem to dash any hope for
measuring this constant in processes with polarized
deuterons.
Let us now consider the magnitude of P violation

in the total cross section and the accuracy of the
results. As has already been mentioned, we adopt the
so-called best values of the weak constants (these
are confirmed by experimental data on the anapole
PH
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Fig. 2. Contribution from short distances to the correla-
tion: the regular E1 transition.
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Fig. 3. Contribution from short distances to the correla-
tion: the regularM1 transition.

moment of 133Cs [1]). The corresponding constant of
π-meson exchange is

ḡ = 3.3 × 10−7,

while the vector-meson exchange constants are [21]

λs = −0.16 × 10−7m−1
π ,

λt = −0.37 × 10−7m−1
π .

Figures 1–3 present the corrections to the total
cross sections (here, we assume that n · I = 1).
Far from the threshold, there are two types of con-

tributions in the region of a dominant E1 transition.
We consider the exchanges of π mesons (Fig. 1) and
vector mesons (Fig. 2) separately. Unfortunately, a
theoretical consideration of weak interactions at short
distances is unreliable; therefore, the accuracy in the
latter case is low (see above). The main error arises
in calculating the constants λt and λs. We employ
the constant values obtained in [21]. The accuracy
of the calculations can be estimated on the basis
of the difference of the results obtained with and
without the Jastrow factor, which takes into account
the repulsion of nucleons at short distances. The
coefficient characterizing the discrepancy of the two
results (it is less than 1.7) measures the accuracy;
that is, we can expect an error at a level of 40%, if
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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the so-called best values were determined precisely.
We can also estimate the π-meson contribution by
employing a trial function that behaves correctly at
the origin [21] and again introducing the Jastrow
factor. The distinction between the respective results
leads to an error at a level of 20%. The contribu-
tion of vector-meson exchange, which is dominant
in this region, exceeds the contribution of π-meson
exchange approximately by a factor of 2. However, the
two contributions are summed; therefore, the result
can be considered to be relatively reliable. The most
interesting correlation is that which is associated with
π-meson exchange, ∆σπ/σ, its typical value being
about 0.3 × 10−8, which is substantially less than
the maximum value of the corresponding contribution
from vector mesons.
The maximum correction corresponds to the

exchange of vector mesons in the threshold region
(Fig. 3); its relative value at the threshold, ∆σ/σ, is
about 4 × 10−8. The accuracy of this value is again
40%.
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Abstract—The α-cluster model involving dispersion is adapted to the case of the 9Be nucleus. Two
configurations of the ground state of this nucleus are employed in calculations: (i) a core (8Be nucleus) and
a complementary cluster (neutron), which oscillates with the highest probability about the center of mass
of the core, and (ii) an isosceles triangle formed by two alpha-particle clusters and a neutron. Polarization
observables of elastic proton scattering on 9Be nuclei are calculated on basis of this approach and the theory
of multiple diffractive scattering. The results of these calculations are in good agreement with available
experimental data. c© 2004 MAIK “Nauka/Interperiodica”.
Theα-cluster model involving dispersion has been
successfully employed to describe the elastic scatter-
ing of intermediate-energy electrons and hadrons on
12C, 16O, and 20Ne nuclei (see, for example, [1–4]).
It is of interest to examine particle scattering on 9Be
nuclei on the basis of this model.

The 9Be nucleus has a large quadrupole moment
(Q = 53 mb) and a rather small binding energy (ε =
1.57 MeV) with respect to disintegration into two
α particles and a neutron, this suggesting a high
degree of clustering in this nucleus. On the other
hand, its spin is 3/2, since it is determined by the
total angular momentum of the unpaired neutron in
the 1p3/2 shell. In view of this, four form factors (an
electric monopole, an electric quadrupole, a magnetic
dipole, and a magnetic octupole one) are required for
describing electron scattering on these nuclei. In the
case of small-angle scattering (q ≤ 2 fm−1), how-
ever, the main contribution to the electron-scattering
cross section comes from the monopole (charge) form
factor. If q ≥ 2 fm−1, the quadrupole form factor fills
the minimum of the cross section, this leading to a
smooth momentum-transfer dependence of the form
factor.

The features of the 9Be nucleus have been con-
sidered within various approaches. For example, the
processes of elastic and inelastic p9Be scattering
were described on the basis of the optical model,
the distorted-wave method, and the coupled-channel
method (see [5–8]). The differential cross sections
calculated for elastic p9Be scattering within these

1)Institute for Nuclear Research, National Academy of Sci-
ences of Ukraine, pr. Nauki 47, Kiev, 03680 Ukraine.
1063-7788/04/6708-1448$26.00 c©
approaches agree with available experimental data.
On the contrary, polarization (analyzing power) and
differential cross sections for inelastic scattering that
were calculated within the optical model exhibited
not quite adequate behavior and disagreed with
available experimental data. The same quantities cal-
culated within the coupled-channel method demon-
strated better agreement with experimental data, but
the choice of potential in fitting observables was
ambiguous—more specifically, the use of some po-
tentials improved agreement between the calculated
and measured values of the differential cross sections
for elastic scattering, simultaneously spoiling a fit to
the measured differential cross sections for inelastic
scattering and to the analyzing power for elastic
scattering, while the use of other potentials resulted in
a poorer fit to the measured differential cross sections
for elastic scattering and in better agreement for the
differential inelastic-scattering cross sections and for
the analyzing powers in elastic scattering.

In [9–11], the observables of elastic proton scat-
tering on 9Be nuclei were considered within the the-
ory of multiple diffractive scattering. The differential
cross sections calculated for p9Be scattering in [9]
with allowance for the quadrupole deformation of the
nucleus in question agreed well with experimental
data. In [10, 11], the differential cross sections and
analyzing powers for elastic proton scattering on 9Be
were studied within the theory of multiple diffractive
scattering by using the wave functions determined on
the basis of the 2αn model [12], the results being in
agreement with corresponding experimental data at
220 and 1000 MeV.

In the present study, the α-cluster model involving
dispersion is extended to the case of the 9Be nucleus,
2004 MAIK “Nauka/Interperiodica”
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which is assumed to be formed by two alpha-particle
clusters and a neutron. In calculations, we consid-
ered two possible configurations of the nucleus: (i)
a core (8Be nucleus) and a complementary cluster
(neutron), which oscillates with the highest proba-
bility about the center of mass of the core, and (ii)
two alpha-particle clusters and a neutron, which are
located with the highest probability at the vertices of
an isosceles triangle, the possibility of a displacement
of alpha-particle clusters and of a neutron from their
most probable equilibrium positions at the vertices
of the triangle being taken into account within this
approach.

Wewill first consider configuration (i). In this case,
the multiparticle density of the 9Be nucleus can be
represented in the form

ρ(ξ,η) = ρ∆(ξ)ρN (η), (1)

where ρ∆(ξ) is the density of the core (8Be nucleus),
ρN (η) is the density of the complementary neutron,
ξ is the Jacobi coordinate that characterizes the dis-
tance between the centers of mass of the alpha-
particle clusters belonging to the 8Be nucleus, and η
is the coordinate of the complementary neutron.

The core density can be written as

ρ∆(ξ) =
∫
d3ξ′ρ0(ξ′)Φ∆(ξ − ξ′), (2)

ρ0(ξ) =
1

4πd2
δ(ξ − d), (3)

Φ∆(ξ) =
1

(2π∆2)3/2
exp

(
− ξ2

2∆2

)
. (4)

In (2)–(4), the parameters d and ∆ characterize,
respectively, the distance between the alpha-particle
clusters, which form a rigid dumbbell in this ap-
proach, and the probability of their displacement from
the dumbbell vertices.

Upon performing integration in (2), we arrive at

ρ∆(ξ) =
1

(2π∆2)3/2
exp

(
− ξ2

2∆2
− d2

2∆2

)
sinh(x)
x

,

(5)

where x = (ξd)/∆2.
The complementary-neutron density is taken in

the form

ρN (η) =
1

(λ
√
π)3

exp
(
−η

2

λ2

)
, (6)

where the parameter λ characterizes the most proba-
ble distance between the complementary neutron and
the center of mass of the core.

The parameters of the density ρ∆(ξ) can be de-
termined by fitting the calculated charge form factor
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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Fig. 1. Charge form factor for the 9Be nucleus as a func-
tion of momentum transfer. The displayed experimental
data were borrowed from [13, 14].

for the 9Be nucleus to its experimentally measured
counterpart. Considering that, in the region of low
momentum transfers, the neutron charge form factor
is negligible, we can represent the 9Be charge form
factor as

F (q) = exp
(
−1

6
q2〈r2〉α − 1

8
q2∆2

)
j0

(
qd

2

)
, (7)

where j0(x) = sin(x)/x is a spherical Bessel func-

tion, 〈r2〉1/2
α = 1.61 fm is the root-mean-square ra-

dius of the alpha particle, and q is the momentum
transfer.

The 9Be form factor calculated within this ap-
proach is presented in Fig. 1, along with experimental
data borrowed from [13, 14]. It can be seen that the
calculated form factor agrees well with these exper-
imental data in the momentum-transfer region q ≤
2 fm−1. The distinction between the calculated and
measured form factors at high momentum transfers
is likely to be due to the disregard of the quadrupole
charge form factor, whose contribution may prove to
be significant here.

Comparing the calculated and measured form fac-
tors for the 9Be nucleus, we obtained the values of
d = 2.081 fm and ∆ = 1.850 fm for the parameters of
the core density ρ∆(ξ).

Within this approach, the mean-square radius of
the 9Be nucleus has the form

〈r2〉 = 〈r2〉α +
1
4
d2 +

3
4
∆2. (8)

Using the values found for the core-density pa-
rameters d and ∆, we obtain 〈r2〉1/2 = 2.498 fm,
4
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which is close to the experimentally measured value

of 〈r2〉1/2
expt = 2.519 fm [15].

It should be noted that the parameter λ, which
characterizes the amplitude of neutron oscillations
about the center of mass of the core, can be deter-
mined from a fit of the calculated charge form factor
for the 9Be nucleus to its measured value. A similar
model (core plus complementary neutron) was em-
ployed in [3, 4, 16] to examine the features of the 20Ne,
13C, and 13N nuclei. In calculating the observables of
elastic p9Be scattering in the present study, we took
the value of λ = 1.23 fm, which is the mean value
of the analogous parameter obtained in [3, 4] for the
20Ne nucleus.

A somewhat different configuration (see above)
can also be considered in studying the ground-state
density of the 9Be nucleus within the α-cluster model
involving dispersion. Wemean here configuration (ii),
where the 9Be nucleus consists of two alpha-particle
clusters and a neutron, which are situated with the
highest probability at the vertices of an isosceles tri-
angle. This configuration is not typical of the nucleus
under consideration, but it is well known to exist, for
example, in the molecules of water (H2O) and ozone
(O3) [17].

In this case, the multiparticle density of the 9Be
nucleus can be written as

ρ(ζ,χ) =
∫
d3ζ ′d3χ′ρ0(ζ ′,χ′)Φ∆(ζ − ζ ′,χ − χ′),

(9)

where the density ρ0(ζ,χ) and the smearing function
Φ∆(ζ,χ) are given by

ρ0(ζ,χ) =
1

8π2d1d2
δ(ζ − d1)δ(χ − d2)δ(ζ · χ),

(10)

Φ∆(ζ, χ) =
1

(2π∆1∆2)3
exp

(
− ζ2

2∆2
1

− χ2

2∆2
2

)
.

(11)

In these formulas, ζ and χ are the Jacobi coor-
dinates of the clusters forming the 9Be nucleus; the
parameters d1 and d2 characterize, respectively, the
distance between the alpha-particle clusters and the
distance between the neutron and the center of mass
of the alpha-particle clusters; and ∆1 and ∆2 specify
the probabilities of the displacement of the alpha-
particle clusters and the neutron from the most prob-
able positions at the vertices of an isosceles triangle.

As above, we determine d1, d2, ∆1, and ∆2 from a
fit of the calculated form factors for the 9Be nucleus to
P

their measured values. The charge form factor for this
nucleus can be written as

F (q) = exp
(
−1

6
q2〈r2〉α

)
(12)

×
∫

exp
(
iq
(
−1

9
χ +

1
2
ζ

))
ρ(ζ,χ)d3ζd3χ.

In the momentum-transfer region q ≤ 2 fm−1, the
9Be charge form factor calculated within this ap-
proach shows virtually no distinctions from that
which is presented in Fig. 1. A fit of the calculated to
the measured form factor led to the following values
for the parameters of the density in (9): d1 = 2.0 fm,
∆1 = 1.892 fm, d2 = 1.232 fm, and ∆2 = 0.00012 fm.

In this case, the mean-square radius of the 9Be
nucleus can be represented in the form

〈r2〉 = 〈r2〉α +
1
4
d2
1 +

3
4
∆2

1 +
1
81
d2
2 +

1
27

∆2
2. (13)

This yields 〈r2〉1/2 = 2.509 fm, which is in good
agreement with experimental data from [15].

We now consider the elastic scattering of interme-
diate-energy protons on 9Be nuclei. According to the
theory of multiple diffractive scattering, the amplitude
FBe(q) of elastic p9Be scattering can written as

FBe(q) = A+E(σ0 · n) + F (σ1 · n) (14)

+B(σ0 · n)(σ1 · n) + C(σ0 · q)(σ1 · q)
+D(σ0 · p)(σ1 · p),

where the amplitudes A, B, C, D, E, and F are
expressed in terms of the elementary amplitudes of
nucleon–nucleon and pα scattering and in terms of
the model densities given above for the 9Be nucleus.

In the calculations, the central and spin–orbit
components of the pα-scattering amplitude were
chosen as the sum of two Gaussian functions of the
momentum transfer [2], while the nucleon–nucleon
amplitude fNN (q) was taken in the most general
form [18],

fNN (q) = f1(q) + qf2(q)(σ0 · n + σ1 · n) (15)

+ f3(q)(σ0 · σ1) + f4(q)(σ0 · q)(σ1 · q)
+ f5(q)(σ0 · p)(σ1 · p).

Here,σ0 andσ1 are the spin operators of, respectively,
the projectile proton and the complementary nucleon
of the target nucleus; n = [k× k′]/|[k × k′]|; q =
k − k′; and p = (k + k′)/(|k + k′|), k and k′ being
the wave vectors of the projectile and the scattered
proton, respectively. The vectors n, p, and −q/|q|
form a right-hand triplet of orthonormalized vectors.
Neglecting the isospin part of nucleon–nucleon in-
teraction, we take the amplitudes fi(q) in the form
of two Gaussian functions whose parameters were
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 2. Differential cross section σ(θ) ≡ dσ/dΩ, polarization P(θ), and analyzing powers A000N (θ) and A00NN (θ) for elastic
proton scattering on 9Be nuclei at an energy of 1000MeV versus the scattering angle θ. The displayed experimental data were
borrowed from [13, 23]. The description of the curves is given in the main body of the text.
found in [19] from a partial-wave analysis of nucleon–
nucleon scattering.

It is well known that measurement of 11 indepen-
dent observables is required for describing the elastic
scattering of spin-1/2 particles [19]. In the case of the
interaction of a spin-1/2 projectile particle (proton)
with a spin-3/2 nucleus (9Be), the number of ob-
servables necessary for completely describing elastic
scattering is still greater.

At the present time, the most comprehensive
set of experimental data on the elastic scattering of
intermediate-energy protons on odd nuclei is that
for p13C scattering at an energy value of 500 MeV
[20–22]. The quantities measured for this case as
functions on the scattering angle θ include the dif-
ferential cross section σ(θ) ≡ dσ/dΩ (mb/sr); the
polarization (asymmetry) P (θ); the depolarization
parameters DSL(θ), DSS(θ), and DNN (θ); and the
analyzing powers A000N (θ) and A00NN (θ). The rela-
tions between these observables and the amplitudes
A,B,C,D,E, and F (14) are given in [16].

Figures 2 and 3 present the calculated polariza-
tion observables for elastic p9Be scattering at an
energy value of 1000 MeV. The experimental data
displayed in Fig. 2 (points) were borrowed from [13,
23]. The solid curves correspond to configuration (ii)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
(see above). The dashed curves were calculated under
the assumption of configuration (i). From Fig. 2, one
can see that the results of the calculations are in good
agreement with the experimental data.

The polarization observables of elastic particle
scattering on nuclei having a nonzero spin are much
more sensitive to the choice of model density for a tar-
get nucleus and to the parameters of the elementary
amplitude used than the total cross section, the reac-
tion cross section, or the differential cross section.
For example, an appropriate choice of parameters
for the imaginary part of the spin–orbit nucleon–
nucleus interaction is of paramount importance for
correctly describing polarization (asymmetry) [24]. In
calculating the observables of elastic p9Be scattering
at 1000 MeV, we first use here the parameters of
nucleon–nucleon amplitude that were obtained in
[19] for 800 MeV (Figs. 2 and 3, dotted curves).

The dotted curves in Figs. 2 and 3 were cal-
culated with these parameter values under the as-
sumption of configuration (ii). It can be seen that
this leads only to qualitative agreement between the
calculated and measured polarization (asymmetry)
and to a somewhat inadequate behavior of the an-
alyzing power A00NN (θ) (Fig. 2). In order to im-
prove the description of elastic p9Be scattering, the
imaginary part of the spin–orbit nucleon–nucleon
4
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interaction was then somewhat changed to become
−4.51 (GeV/c)−3 in [19] and −10.51 (GeV/c)−3 in
the present study (solid and dashed curves in Figs. 2
and 3). As to the parameters of the pα amplitude,
they were determined from a fit of the calculated fea-
tures of p4He scattering to those measured in [25] at
1000 MeV.

Our calculations demonstrate that the proposed
approach makes it possible to describe available ex-
perimental data on elastic p9Be scattering at an en-
ergy of 1000 MeV. In the region of small scattering
angles, the calculated polarization observables proved
to be weakly sensitive to the choice of model density
for a target nucleus (see Figs. 2 and 3, solid and
dashed curves), but they are greatly dependent on the
parameters of the imaginary part of the spin–orbit
nucleon–nucleon interaction (Figs. 2 and 3, dotted
curves). In the region of high momentum transfers
(θ ≥ 15◦), however, the polarization observables cal-
culated under the assumption of configuration (ii)
(Figs. 2 and 3, solid curves) are in qualitatively bet-
ter agreement with the measured features of p13C
scattering [20–22] than those calculated under the
assumption of configuration (i) (Figs. 2 and 3, dashed
curves).

As was mentioned above, elastic p9Be scattering
was studied in [10, 11] within the theory of multiple
diffractive scattering by using the wave functions cal-
culated within the 2αn model; the differential cross
section and the analyzing power for elastic p9Be scat-
tering were calculated there in the region of moderate
momentum transfers (θ ∼ 15◦). However, the calcu-
lations performed in the present study demonstrate
that observables calculated with different wave func-
tions (densities) of target nuclei behave differently in
the region of high momentum transfers.

In addition, it should be emphasized that, in the
region of small scattering angles, the behavior of the
analyzing power and especially of the differential cross
section for the elastic scattering of intermediate-
energy particles on light nuclei is virtually inde-
pendent of the choice of target-nucleus model (see,
for example, [2]). Other polarization observables are
more sensitive to the choice of model density for
target nuclei and the choice of elementary-amplitude
parameters [2, 16]. For example, it was shown in
[2] that the agreement between the calculated and
the measured observables of elastic p16O scattering
is improved (in relation to what we have in the
model of independent nucleons) upon taking into
account α-cluster-type correlations in 16O nuclei.
Also, the spin-rotation functions calculated within
the α-cluster model involving dispersion and within
the independent-nucleon model were qualitatively
different. A similar effect is observed in calculating
PH
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the polarization observables of elastic p13C and p13N
scattering at intermediate energies.

In this connection, it is hardly possible to com-
pare the results of our present calculations with those
reported in [10, 11]. There is virtually no doubt that
the 2αn mode is dominant in the wave function for
the 9Be nucleus. Thus, further theoretical and ex-
perimental investigations of the interaction between
intermediate-energy particles and light nuclei involv-
ing one or a few unpaired nucleons would enable us
to obtain more detailed information about both the
structure of such nuclei and the special features of
nucleon–nucleon interaction.
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Abstract—Patterns typical of Fraunhofer and Fresnel diffractive scattering and of rainbow scattering are
considered for elastic nucleus–nucleus scattering in the region of intermediate energies. The interference
contributions to the respective differential cross section that are responsible for the formation of these
patterns are singled out on the basis of the S-matrix approach. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

In the interaction of intermediate-energy nuclei
with nuclei, the presence of strong absorption at mod-
erate orbital angular momenta, of the refraction of
scattered waves, and of Coulomb interaction between
colliding particles leads to a complicated angular de-
pendence of differential cross sections for scattering.
Therefore, investigation of the effect that these factors
exert on the pattern of scattering is a problem of
importance in scattering theory.

Different combinations of the aforementioned
factors may lead to different types of scattering—
Fraunhofer or Fresnel diffraction, as well as rainbow
scattering or Fraunhofer crossing. These patterns of
scattering are usually analyzed in terms of the optical
model, which employs a complex-valued interaction
potential, including absorptive (imaginary part) and
refractive (real part) potentials.

Along with this, there exists an alternative ap-
proach to analyzing scattering cross sections, that
which employs the scattering matrix. Within this ap-
proach, the contributions of absorption and nuclear
refraction are determined, respectively, by the mod-
ulus of the scattering matrix and by the real part of
the phase shift for nuclear scattering. In addition, it is
necessary to take into account the Coulomb interac-
tion of colliding particles. Therefore, it is convenient
to represent the scattering amplitude as the sum of a
few components that are responsible for absorption,
refraction, Coulomb interaction, and their interfer-
ence. Such partitions were constructed in different
ways (see, for example, [1–6]) with the aim of study-
ing refractive effects in the differential cross sections
for the scattering of light nuclei by nuclei at interme-
diate energies. In each of the cases being considered,
1063-7788/04/6708-1454$26.00 c©
however, an analysis of various special features of the
aforementioned patterns requires correctly isolating
relevant components in the scattering amplitude. In
the present study, we develop precisely such an ap-
proach on the basis of the scattering matrix.

2. PARTITION OF THE SCATTERING
AMPLITUDE INTO THE DIFFRACTIVE,

REFRACTIVE, AND COULOMB
COMPONENTS

The amplitude f(θ) for the elastic scattering of a
projectile particle by a nucleus is given by

f(θ) =
i

2k

∞∑
l=0

(2l + 1)(1 − Sl)Pl(cos θ), (1)

where θ is the scattering angle, k is the wave number
of the relative motion of colliding particles, Sl is the
scattering matrix in the orbital-angular-momentum
representation, and Pl(cos θ) is a Legendre polyno-
mial.

It is convenient to represent the scattering matrix
in the form

Sl = ηlexp(2iδl + 2iσl), (2)

where ηl is themodulus of the scattering matrix and δl
and σl are, respectively, the nuclear and the Coulomb
phase shift.

Formula (2) demonstrates that the scattering
amplitude (1) receives contributions from the com-
ponents associated with the quantities ηl, δl, and
σl, which characterize absorption, nuclear refraction,
and Coulomb interaction, respectively. In order to
2004 MAIK “Nauka/Interperiodica”
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determine these components, it is convenient to
represent the scattering matrix in the form

Sl = 1 − ωd
l − ωr

l − ωC
l − ∆ωl, (3)

where

∆ωl = ωd
l ω

r
l ω

C
l − ωd

l ω
r
l − ωd

l ω
C
l − ωr

l ω
C
l . (4)

Here, the diffraction (ωd
l ), refraction (ωr

l ), and Cou-
lomb (ωC

l ) profile functions are given by

ωd
l = 1 − ηl, (5)

ωr
l = 1 − exp(2iδl), (6)

ωC
l = 1 − exp(2iσl). (7)

Thus, the amplitude in (1) can be represented in
the form

f(θ) = fd(θ) + fr(θ) + fC(θ) + ∆f(θ), (8)

where the diffraction [fd(θ)], refraction [fr(θ)], and
Coulomb [fC(θ)] amplitudes are given by

fd(θ) =
i

2k

∞∑
l=0

(2l + 1)ωd
l Pl(cos θ), (9)

fr(θ) =
i

2k

∞∑
l=0

(2l + 1)ωr
l Pl(cos θ), (10)

fC(θ) =
i

2k

∞∑
l=0

(2l + 1)ωC
l Pl(cos θ), (11)

while the interference component of the amplitude,
∆f(θ), is written as

∆f(θ) =
i

2k

∞∑
l=0

(2l + 1)∆ωlPl(cos θ). (12)

We note that the amplitudes in (9)–(11) are
determined by absorption, nuclear refraction, and
Coulomb interaction exclusively—that is, they are
not distorted by any other factor. Various combina-
tions of the amplitudes in (9)–(11) and of the ampli-
tude components in (12) make it possible to derive
components of the elastic-scattering amplitude (1)
that are responsible for one combination of nuclear
refraction, absorption, and Coulomb interaction of
colliding particles or another.

The sum of expressions (9), (10), and (12) is the
nuclear amplitude component distorted by Coulomb
interaction. In the scattering of intermediate-energy
light ions by nuclei, in which case the Coulomb inter-
action is relatively weak, the effect of their Coulomb
fields on the behavior of this amplitude component is
insignificant (see, for example, [7, 8]). If the Coulomb
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
interaction of nuclei is strong, which is the case in
heavy-ion scattering onmedium-mass and heavy nu-
clei, nuclear and Coulomb interactions strongly inter-
fere.

Along with the differential cross section for elastic
scattering,

σ(θ) ≡ dσ(θ)
dΩ

= |f(θ)|2, (13)

we can introduce, in accordance with the partition of
the amplitude in (8), its diffraction [σd(θ)], refraction
[σr(θ)], and Coulomb [σC(θ)] components; that is,

σd(θ) ≡
dσd(θ)
dΩ

= |fd(θ)|2 , (14)

σr(θ) ≡
dσr(θ)
dΩ

= |fr(θ)|2 ,

σC(θ) ≡ dσC(θ)
dΩ

= |fC(θ)|2 .

In order to calculate the differential cross sec-
tion (13) and its components in (14) numerically, it is
necessary to specify the form of the scattering matrix
in orbital-angular-momentum space. In specifying
the scattering matrix, it is convenient to go over
from l to L = l + 1/2 and to introduce the notation
η(L) = ηl, δ(L) = δl, and σ(L) = σl. We parametrize
the modulus η(L) and the phase shift δ(L) as

η(L) = exp(−2δa(L)), (15)

2δa(L) = ξa[2L∆aG(L,La,∆a) (16)

+ ∆2
aG

2(L,La,∆a)]1/2g(L,La,∆a),

2δ(L) = ξr[2L∆rG(L,Lr,∆r) (17)

+ ∆2
rG

2(L,Lr,∆r)]1/2g2(L,Lr,∆r),

G(L,Lj ,∆j) = − ln[1 − g(L,Lj ,∆j)]
g(L,Lj ,∆j)

, j = a, r,

(18)

g(L,Lj ,∆j) =
[
1 + exp

(
L− Lj

∆j

)]−1

, (19)

where ξj is a parameter that characterizes the inten-
sity of absorption (j = a) or nuclear refraction (j =
r), while Lj and ∆j are parameters that characterize,
respectively, the linear dimensions and the smearing
of the region of absorption (j = a) or nuclear refrac-
tion (j = r).

For the Coulomb phase shift σ(L), we take the
semiclassical phase shift for the scattering of a point-
like charge on a uniformly charged sphere of radius
RC [9]. This can be done since we consider particle
scattering on nuclei at rather high energies.
4
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Fig. 1. Ratios of the differential cross sections for elastic (а) 3He–26Mg scattering at E(3He) = 33.67 MeV and (b) 9Be–
198Au scattering at E(9Be) = 158.30 MeV and of various components of these cross sections to the respective Rutherford
cross sections: (curves 1) results for the total differential cross sections; (curves 2, 3, 4) results for their diffraction, refraction,
and Coulomb components, respectively; and (points) experimental data from [10, 11].
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Fig. 2. As in Fig. 1, but for (a) 3He–12С scattering at E(3He) = 82.10 MeV and (b) 13С–12С scattering at E(13С) =
260.00 MeV. The displayed points represent experimental data from [12, 13].
By using expressions (1), (2), and (13), we have
calculated the differential cross sections for the elastic
scattering of 3He nuclei by 12С and 26Mg nuclei,
of 9Be nuclei by 198Au nuclei, and of 13C nuclei by
12C nuclei at projectile energies lying in the range
11–27 MeV per nucleon. The results of our calcu-
lations are displayed in Figs. 1 and 2. The values
found for the S-matrix parameters from the best fit
of the calculated cross sections to their measured
counterparts and used in our calculations are given
in the table, along with the resulting values of χ2.
PH
We note that the parameters of the calculations for
3He–12C scattering were borrowed from [14]. In all
of the cases considered here, the Coulomb radius
RC was set to the same value as in [15–17]. Along
with the differential cross sections, Figs. 1 and 2
also display their diffraction, refraction, and Coulomb
components, which were obtained with the aid of
expressions (9)–(11) and (14). Figures 1a and 1b
show characteristic patterns of Fraunhofer and Fres-
nel scattering, while Figs. 2a and 2b show char-
acteristic patterns of rainbow scattering. Figures 1
and 2 demonstrate that the interference between the
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Parameters used in calculating the differential cross sections for the elastic scattering of 3He, 9Be, and 13С nuclei by,
respectively, 26Mg, 198Au, and 12C nuclei

Parameter

Scattering Process
3He–26Mg

E = 33.67 MeV
9Be–198Au

E = 158.00MeV
3He–12C

E = 82.10MeV
13C–12C

E = 260.00MeV

La 7.059 59.969 11.003 31.244

Lr 13.304 43.099 8.740 23.600

∆a 1.427 6.083 1.941 3.637

∆r 1.948 14.972 3.079 7.747

ξa 2.6960 0.2558 0.2270 0.1925

ξr 0.053 0.731 1.197 1.064

RC, fm 4.147 7.899 3.205 4.409

χ2 1.2 0.8 3.3 3.5
different components of the amplitude in (8) plays
an important role for the cross section describing
elastic nucleus–nucleus scattering, since none of the
contributions in (14) is able to reproduce available
experimental data completely. By way of example, we
indicate that, in the case of 3He–26Mg scattering,
the diffraction contribution σd(θ) (Fig. 1a) for θ > 40◦
reproduces, by and large, the shape and the maxima
of Fraunhofer oscillations, but it fails to describe the
minima of these oscillations. For elastic 9Be–198Au
scattering (Fig. 1b), the Coulomb contribution σС(θ)
is responsible for the behavior of the differential cross
sections only at small angles (θ ≤ 12◦).

For the profile functions in (3) and (4), we discuss,
in the following, the choice of appropriate combi-
nations that would make it possible to explain the
complicated behavior of the differential cross sections
for nucleus–nucleus scattering of various types.

3. INTERFERENCE AMPLITUDES
FOR DESCRIBING DIFFRACTIVE,

REFRACTIVE, AND COULOMB EFFECTS
IN THE ELASTIC SCATTERING OF LIGHT

NUCLEI

In the present study, we propose determining
dominant contributions to the differential cross sec-
tion for elastic scattering on the basis of which
factor—absorption, nuclear refraction, or Coulomb
interaction—plays a dominant role in the formation of
the cross section in the scattering-angle region being
considered, this leading to different patterns of scat-
tering, as was indicated above. In accordance with
this, we will single out, in the scattering matrix [see
Eqs. (3), (4)], those groups of terms that correspond
to strong absorption, strong Coulomb interaction, or
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
strong nuclear refraction. Below, we consider each
such case individually.

If the Fraunhofer mode of scattering is realized, in
which case there is strong absorption over a rather
broad range of orbital angular momenta, it is ad-
visable to single out, in the profile function ω(L) =
1 − S(L), a group of terms involving ωd(L); that is,

∆ωa(L) = ωd(L) − ωd(L)ωr(L) (20)

− ωd(L)ωC(L) + ωd(L)ωr(L)ωC(L).

By grouping the remaining terms, which charac-
terize nuclear refraction and Coulomb interaction, we
arrive at

∆ωrC(L) = ωr(L) − ωr(L)ωC(L) + ωC(L). (21)

This partition of the profile function (scattering
matrix) leads to two interference amplitudes fa

int(θ)
and f rC

int (θ), which are given by

fa
int(θ) =

i

2k

∞∑
l=0

(2l + 1)∆ωa(L)Pl(cos θ), (22)

∆ωa(L) = (1 − η(L))exp(2iδ(L) + 2iσ(L)); (23)

f rC
int (θ) =

i

2k

∞∑
l=0

(2l + 1)∆ωrC(L)Pl(cos θ), (24)

∆ωrC(L) = 1 − exp(2iδ(L) + 2iσ(L)). (25)

The amplitude in (22) is determined by strong
absorption in the presence of nuclear and Coulomb
refraction, while the amplitude in (24) is controlled by
nuclear and Coulomb refraction exclusively.

We note that it is advisable to isolate the inter-
ference components (22) and (24) in the scattering
4
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Fig. 3. (a) Ratio of the differential cross section for elastic 3He–26Mg scattering at E(3He) = 33.67 MeV and of the
various components of this cross section to the respective Rutherford cross sections: (curve 1) results for the total differential
cross section; (curves 2, 3, 4) results for, respectively, the cross-section components σaC

int (θ), σr(θ), and σa
int(θ), which were

calculated by formulas (31), (14), and (26); and (points) experimental data from [10]. (b) Ratio of the differential cross section for
elastic 9Be–198Au scattering at E(9Be) = 158.30 MeV and of the various components of this cross section to the respective
Rutherford cross sections: (curves 1, 2, 3) results for, respectively, the total differential cross sections, the cross-section
component (34), and the cross-section component (36) and (points) experimental data from [11]. The parameter values used
in calculating the above cross sections are given in the table.
amplitude (1) if the nuclear refraction and Coulomb
interaction are weak.

The interference contributions to the differential
cross section for scattering that are due to the am-
plitudes in (22) and (24) are given by

σa
int(θ) = |fa

int(θ)|
2 , σrC

int (θ) =
∣∣∣f rC

int (θ)
∣∣∣2 . (26)

If the pattern of scattering exhibits features of a
diffractive behavior of the Fraunhofer type, its forma-
tion being significantly affected by theCoulomb inter-
action, this pattern will be analyzed here by using the
above profile function (20), together with the terms
in (21) that involve ωС(L),

∆ωaC(L) = ∆ωa(L) + ωC(L) − ωC(L)ωr(L). (27)

In this case, the elastic-scattering amplitude can
be represented in the form

f(θ) = faC
int (θ) + fr(θ), (28)

faC
int (θ) =

i

2k

∞∑
l=0

(2l + 1)∆ωaC(L)Pl(cos θ), (29)

∆ωaC(L) = [1 − η(L)exp(2iσ(L))]exp(2iδ(L)),
(30)

where fr(θ) is the refraction amplitude (10).
P

Taking into account relation (28), we introduce the
differential cross section

σaC
int (θ) =

∣∣∣faC
int (θ)

∣∣∣2 , (31)

which is controlled by the interference between the
Coulomb and nuclear interactions.

Figure 3a displays the results obtained by decom-
posing the differential cross section for elastic 3He–
26Mg scattering at E(3He) = 33.67 MeV into the
components given by (14), (26), and (31). This cross
section is typical of diffractive scattering in the case of
a weak Coulomb interaction. From Fig. 3a and from
the table, it can be seen that this example corresponds
to the case where the contribution of the form (31)
is dominant in the angular region being studied, the
interference contribution σa

int(θ) given by (26) being
responsible for the behavior of the cross section only
in the range 75◦ < θ < 105◦.

In describing the scattering pattern belonging to
the Fresnel type and arising in the case of a strong
Coulomb interaction of colliding particles, we will
use the following procedure to determine that con-
tribution to the differential cross section which is
responsible for the features peculiar to this pattern: we
break down the profile function ω(L) into two compo-
nents in such a way that one component involves all
terms containing ωС(L), while the other component
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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involves all of the remaining terms (those that do not
enter into the first one):

∆ωС(L) = ωC(L) − ωC(L)ωd(L) (32)

− ωC(L)ωr(L) + ωC(L)ωd(L)ωr(L),

∆ωrd(L) = ωr(L) − ωr(L)ωd(L) + ωd(L). (33)

We note that the profile function∆ωrd is controlled
both by a strong absorption and by nuclear refraction,
the latter being moderate in the case being consid-
ered.

Further, we find the components of the elastic-
scattering amplitude that correspond to the parti-
tion in (32) and (33) and the respective interference
contributions to the differential cross section for the
scattering process. We have

σCint(θ) =
∣∣∣fCint(θ)∣∣∣2 , (34)

fCint(θ) =
i

2k

∞∑
l=0

(2l + 1)∆ωC(L)Pl(cos θ),

∆ωC(L) = [1 − exp(2iσ(L))]η(L)exp(2iδ(L));
(35)

σrd
int(θ) =

∣∣∣f rd
int(θ)

∣∣∣2 , (36)

f rd
int(θ) =

i

2k

∞∑
l=0

(2l + 1)∆ωrd(L)Pl(cos θ),

∆ωrd(L) = 1 − η(L)exp(2iδ(L)). (37)

For the example of elastic 9Be–198Au scattering
at E(9Be) = 158.30 MeV, Fig. 3b displays the results
obtained by analyzing the Fresnel pattern of scatter-
ing with the aid of expressions (34)–(37). It can be
seen that the interference contribution computed with
the aid of expressions (34) is nearly coincident with
the differential cross section in the angular region be-
ing considered. This contribution is responsible for all
special features of the observed pattern of scattering,
the contribution given by (36) being small.

Let us now consider the emergence of the inter-
ference pattern associated with rainbow scattering or
Fraunhofer crossing, in which case there are a strong
nuclear refraction and a small transparency with re-
spect to partial waves of low orbital angular momenta.
We represent the profile function in the form

ω(L) = ∆ωr(L) + ∆ωdC(L), (38)

∆ωr(L) = ωr(L) − ωr(L)ωd(L) (39)

− ωr(L)ωC(L) + ωr(L)ωd(L)ωC(L),

∆ωdC(L) = ωd(L) − ωd(L)ωC(L) + ωC(L), (40)
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where the profile function ∆ωr(L) consists of terms
involving ωr(L), while the function ∆ωdC(L) takes
into account absorption and the Coulomb interaction
of colliding particles.

Using expressions (39) and (40), we now deter-
mine the interference amplitudes f r

int(θ) and f
dC
int (θ),

which show, in the case being considered, an absorp-
tive behavior and a diffractive behavior, respectively;
that is,

f r
int(θ) =

i

2k

∞∑
l=0

(2l + 1)∆ωr(L)Pl(cos θ), (41)

∆ωr(L) = [1 − exp(2iδ(L))]η(L)exp(2iσ(L));
(42)

fdC
int (θ) =

i

2k

∞∑
l=0

(2l + 1)∆ωdC(L)Pl(cos θ), (43)

∆ωdC(L) = 1 − η(L)exp(2iσ(L)). (44)

Indeed, the amplitude in (41) is determined by
nuclear refraction modified by the absorption and
Coulomb interaction, while the amplitude in (43)
is controlled exclusively by the absorption of scat-
tered particles, which is distorted by the Coulomb
interaction. By evaluating the square of the modulus
of the amplitude f r

int(θ) or fdC
int (θ), we obtain the

corresponding interference contribution σr
int(θ) or

σdC
int (θ) to the differential cross section σ(θ). We have

σr
int(θ) = |f r

int(θ)|
2 , (45)

σdC
int (θ) =

∣∣∣fdC
int (θ)

∣∣∣2 . (46)

Expressions (41)–(46) were used in [3–5] to de-
termine those contributions to the cross sections for
the elastic scattering of intermediate-energy stable
and radioactive light nuclei on nuclei that are domi-
nant in the diffraction region and in the region where
refractive (rainbow) effects manifest themselves.

Figure 4 shows the results obtained by calculat-
ing, on the basis of expressions (1), (13), and (41)–
(46), the interference contributions to the differen-
tial cross sections for elastic 3He–12С and 13С–12С
scattering. For the scattering of light ions 3He (see
Fig. 4a), the interference contribution σr

int(θ) exhibits
a rainbow-type behavior and faithfully reproduces the
differential cross section in question within the re-
gion where one observes a broad rainbow maximum
and an exponential decrease following this maximum.
Over the scattering-angle region being considered,
the interference contribution σdC

int (θ) displays regular
4
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Fig. 4. Ratios of the differential cross sections for elastic (a) 3He–12С scattering at E(3He) = 82.10 MeV and (b) 13С–12С
scattering at E(13С) = 260.00 MeV and of the various components of these cross sections to the respective Rutherford cross
sections: (curves 1, 2, 3) results for, respectively, the total differential cross section, the cross-section component (45), and the
cross-section component (46) and (points) experimental data from [12, 13]. The parameter values used in the calculations are
given in the table.
diffractive oscillations. This contribution to the dif-
ferential cross section for elastic 3He–12С scattering
proves to be dominant in the region of small angles
(θ ≤ 15◦).

In the scattering of the heavier nuclei 13С, in which
case the absorption in the region of moderately low
angular momenta is sizably greater than in the scat-
tering of light ions, the contribution σdC

int (θ), whose
behavior is diffractive, is dominant in the scattering-
angle region θ ≤ 20◦ (see Fig. 4b). In the region of
larger angles, the differential cross section for elastic
13С–12С scattering is determined primarily by the
contribution from the interference between the am-
plitudes in (41) and (43), while, for θ ≥ 50◦, the cross
section in question is faithfully reproduced by the
interference contribution σr

int(θ) alone, which shows
a refractive behavior.

4. CONCLUSION

None of those contributions to the differential
cross sections for the elastic scattering of intermedi-
ate-energy light nuclei by nuclei that are associated
with only one factor (absorption, nuclear refraction,
or Coulomb absorption) each is able to reproduce
the complicated angular dependence of these cross
sections over a broad range of scattering angles. In
the present study, we have proposed a method for
isolating, in the elastic-scattering cross sections,
various contributions that are responsible for the
formation of special features of these cross sections,
this making it possible to find out which specific
PH
combination of absorption, nuclear refraction, and
Coulomb interaction leads to the observed pattern of
scattering. According to this method, the scattering
matrix in orbital-angular-momentum space can be
represented as the sum of components involving the
diffraction, refraction, and Coulomb profile functions
and their combinations. The proposed method en-
ables one to pinpoint the profile functions whose
interference leads to the different types of behavior
of the differential cross section for elastic scattering.

A dominant contribution to the differential cross
section for scattering of the Fraunhofer type is deter-
mined by all scattering-matrix components involving
the diffraction profile function and, in view of the fact
that the Coulomb interaction of colliding particles
is modest in the case being considered, also by the
components involving the Coulomb profile function.

The elastic-scattering differential cross section
showing behavior of the Fresnel type is basically
reproduced by a contribution that can be found by
using the scattering-matrix components involving
the Coulomb profile function.

The formation of the differential cross section ex-
hibiting the pattern of rainbow scattering or Fraun-
hofer crossing can be conveniently represented in
terms of two contributions such that one is deter-
mined by the diffraction and Coulomb profile func-
tions and their products, while the other is controlled
by all scattering-matrix components involving the
refraction profile function. The former and the latter
are dominant in, respectively, the region of small scat-
tering angles and the region where one observes a
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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broad rainbowmaximum and an exponential decrease
that follows this maximum.

Thus, the use of the proposed method, which con-
sists in breaking down the differential cross sections
for the elastic scattering of intermediate-energy light
nuclei on nuclei into components that have clear
physical meaning, makes it possible to deduce im-
portant information about observed effects associated
with manifestations of strong absorption, nuclear re-
fraction, and the Coulomb interaction of colliding
particles.
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Abstract—The problem of a quantum-mechanical description of a near-barrier fusion of heavy nuclei
that occurs under the conditions of a strong coupling of their relative motion to the rotation of deformed
nuclei and to a dynamical deformation of their surfaces is studied. A new efficient method is proposed
for numerically solving coupled Schrödinger equations with boundary conditions corresponding to a total
absorption of the flux that has overcome a multidimensional Coulomb barrier. The new method involves no
limitations on the number of channels that are taken into account and makes it possible to calculate cross
sections for the fusion of very heavy nuclei that are used in the synthesis of superheavy elements. A global
analysis of the relief of the multidimensional potential surface and of the multichannel wave function in the
vicinity of the Coulomb barrier provides a clear interpretation of the dynamics of near-barrier nuclear fusion.
A comparison with experimental data and with the results produced by the semiempirical model for taking
into account the coupling of channels is performed. c© 2004 MAIK “Nauka/Interperiodica”.
INTRODUCTION

The near-barrier fusion of nuclei still attracts the
attention of theorists and experimentalists. The dy-
namics of low-energy fusion is governed by quantum
tunneling through a Coulomb barrier, this occurring
under conditions where relative motion is strongly
coupled to internal degrees of freedom—primarily,
to vibrations of nuclear surfaces, the rotation of de-
formed nuclei, and nucleon transfer [1]. We note that
this theoretical problem arises in many realms of
physics and chemistry. A considerable improvement
of experimental techniques that has been achieved
over the past few years in this field provides the pos-
sibility of performing precision measurements en-
abling one to study the details of the subbarrier-fusion
process and subtle effects accompanying it (see, for
example, [2, 3] and the review article of Dasgupta
et al. [4]). It is hardly possible to solve the respective
quantum-mechanical problem (or its semiclassical
analog) exactly. As a result, we still do not have an
unambiguous interpretation of experimental data in
some cases, despite a rather good understanding of
the physics of the process in general. The situation
is even worse in predicting subbarrier-fusion cross
sections for as-yet-unexplored combinations of heavy
nuclei, but such predictions are of paramount impor-
tance for planning and performing expensive experi-
ments on the synthesis of superheavy elements.

A few algorithms for numerically solving the set
of coupled Schrödinger equations that simulates the
coupling of channels in the near-barrier fusion of

*e-mail: valeri.zagrebaev@jinr.ru
1063-7788/04/6708-1462$26.00 c©
heavy nuclei have been proposed in recent years.
These algorithms rely either on employing some ap-
proximate method to diagonalize the coupling matrix
at the barrier [5] or on directly constructing a numer-
ical solution to the relevant differential equations [6].
As was shown in [7], colliding heavy nuclei develop
rather large dynamical deformations upon the inclu-
sion of realistic forces of nucleus–nucleus interac-
tions, and it is necessary to take into account a large
number of excited phonons in order to describe these
deformations. Following basically the same line of
reasoning as in [6], we developed a new algorithm for
solving a set of second-order differential equations.
This algorithm makes its possible to avoid imposing
any limitations on the number of channels that are
taken into account. The second distinctive feature of
our approach is that we consider boundary conditions
on the incident flux more accurately; that is, we en-
sure a complete absence of waves reflected from the
region behind the barrier. In addition to the barrier
penetrability, this makes it possible to calculate the
multidimensional wave function itself in the near-
barrier region. This function can be used to obtain, via
a detailed analysis, deeper insight into the dynamics
of multidimensional tunneling. In just the same way
as in [6], we do not resort to the linear approximation
in the coupling interaction, but, in contrast to [6], we
use an explicit (quadrature) method for calculating
the matrix elements of the interaction, this method
ensuring a preset accuracy independent of the num-
ber of channels that are taken into account. This
approach is used to analyze the fusion of statically
deformed and spherically deformed heavy nuclei. We
2004 MAIK “Nauka/Interperiodica”
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compare our results with experimental data and with
the results obtained on the basis of the semiempirical
model developed for taking into account the coupling
of channels in fusion processes.

1. INTERACTION OF DEFORMED NUCLEI
The shape of an axisymmetric deformed nucleus

can be described by the formula

R(β, θ) = R̃

1 +
∑
λ≥2

βλ

√
2λ+ 1
4π

Pλ(cos θ)

 ,
(1)

where β ≡ {βλ} are the dimensionless deformation
parameters of multipolarity λ = 2, 3, ...; Pλ are Leg-
endre polynomials;

R̃ = R0

[
1 +

3
4π

∑
λ

β2
λ (2)

+
1
4π

∑
λ,λ′,λ′′

√
(2λ′ + 1)(2λ′′ + 1)

4π(2λ + 1)

×(λ′0λ′′0|λ0)2βλβ
′
λβ

′′
λ

]−1/3

;

R0 is the radius of an equivalent sphere that has the
same volume as the deformed nucleus being con-
sidered; and (λ′0λ′′0|λ0) are Clebsch–Gordan coef-
ficients. The potential energy of the interaction of two
deformed nuclei can be written as the sum of the
Coulomb and nuclear energies and the deformation
energy in the harmonic approximation; that is,

V12(r;β1, θ1,β2, θ2) = VC(r;β1, θ1,β2, θ2) (3)

+ VN (r;β1, θ1,β2, θ2) +
1
2

2∑
i=1

∑
λ

Ciλ(βiλ − βg.s.
iλ )2.

Here and below, the index i = 1, 2 numbers inter-
acting nuclei; Ciλ are the stiffness parameters of the
nuclear surface; θ1,2 specify the orientations of the
symmetry axes of deformed nuclei (see Fig. 1); and
β
g.s.
iλ are the static deformations of the nuclei.
Disregarding multipole–multipole interactions

and retaining terms to second order in the defor-
mations inclusive, we can represent the Coulomb
interaction of deformed nuclei in the form

VC = Z1Z2e
2 (4)

×

F (0)(r) +
2∑

i=1

∑
λ≥2

F
(1)
iλ (r)βiλYλ0(θi)


+ Z1Z2e

2
2∑

i=1

∑
λ′

∑
λ′′

λ′+λ′′∑
λ=|λ′−λ′′|

F
(2)
iλ (r)
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Fig. 1. Relative disposition of two deformed nuclei rotat-
ing in the reaction plane (βi = {βiλ}).

×
min{λ′,λ′′}∑

µ=−min{λ′,λ′′}

∫
Y ∗

λ′µY
∗
λ′′−µYλ0dΩ

× βiλ′βiλ′′Yλ0(θi) + . . . ,

where F (n)
λ (r) are the interaction form factors. For

r > R1 +R2, we have

F (0) =
1
r
, F

(1)
iλ =

3
2λ+ 1

Rλ
i

rλ+1
,

F
(2)
iλ=2 =

6
5
R2

i

r3
, F

(2)
iλ=4 =

R4
i

r5
.

At smaller values of r, in which case the nuclear sur-
faces are overlap, the form factorsF (n)

λ (r) are given by
more complicated expressions [8], but this is insignif-
icant for fusion processes, because, here, the position
of the Coulomb barrier satisfies the condition RB

C >
R1 +R2. In describing the rotation of deformed nu-
clei, one usually takes into account their quadrupole
and (or) hexadecapole deformations. Since the strong
inequality β4 � 1 holds as a rule, only λ′ = λ′′ = 2
terms are retained in the third term, the values of 2
and 4 being taken for λ.

Short-range nuclear interaction depends on the
distance between the nuclear surfaces, which is
usually set to the distance along the axis con-
necting the centers of the nuclei involved, ξ = r −
R1(β1, θ1)−R2(β2, θ2), or to the minimum distance
between their surfaces (see Fig. 1). This interac-
tion is often approximated by the Woods–Saxon
potential VWS(ξ) = V0[1 + exp(ζ/aV )]−1, where ζ =
r−RV −∆R1 −∆R2,∆R1 = R1(β1, θ1)−R1, and
∆R2 = R2(β2, θ2)−R2. It should be recalled that,
for theWoods–Saxon potential, the interaction range

RV = rV0 (A1/3
1 +A1/3

2 ) usually does not coincide
with the sum of the radii of the nuclei themselves,
so that rV0 is an additional independent parameter.
As an alternative possibility, one can describe nuclear
4
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interaction in terms of the “proximity” potential [9]

Vprox(ξ) = 4πγbP−1
sphΦ(ξ/b), (5)

where Φ(ξ/b) is a universal dimensionless form
factor; b is a parameter that characterizes the surface-
layer thickness (about 1 fm); γ = γ0(1− 1.7826I2),
with γ0 = 0.95 MeV fm−2 being the surface-tension
coefficient and I being given by I = (N − Z)/A;
ξ = r −R1(β1, θ1)−R2(β2, θ2); and Psph = 1/R̄1 +
1/R̄2 with R̄i = Ri[1− (b/Ri)2]. This interaction
is the most sensitive to the choice of matter radii
for nuclei. The most realistic results are obtained if
use is made of r0 ≈ 1.16 fm for the radii of heavy
nuclei (A > 40) and of r0 ≈ 1.22 fm for the radii of
A ∼ 16 nuclei. The most important advantage of the
proximity potential is that it is universal in the sense
that this potential features no adjustable parameters
like V0, rV0 , or aV .

The attraction of two nuclear surfaces also de-
pends on their curvature [9, 10]—that is, on the area
of touching surfaces. Usually, this is taken into ac-
count by replacing the quantity Psph in (5) by the
expression

P (β1, θ1,β2, θ2) =
[
(k||1 + k||2 )(k

⊥
1 + k⊥2 )

]1/2
, (6)

where k||,⊥i are the principal parameters of the lo-
cal curvature of the surfaces of interacting nuclei

(see, for example, [11]). For spherical nuclei, k||,⊥i =
R−1

i and P = Psph. In the case of dynamical deforma-
tions along the axis connecting the centers of the two
nuclei (θ1 = θ2 = 0)—it is realized in slow collisions
of dynamically deformable nuclei—the local curvature
can be found explicitly (see Appendix 1), which yields

P (β1, θ1 = 0,β2, θ2 = 0) (7)

=
∑
i=1,2

1
R̃i

1 +
∑
λ≥2

√
2λ+ 1
4π

βiλ

−2

×

1 +
∑
λ≥2

(1 + η(λ))

√
2λ+ 1
4π

βiλ

 ,
where η(λ) = 3 · 4 · · · (λ+ 1)/(λ − 1)!. For rotating
deformed nuclei, it is necessary, in principle, to take
into account the difference of the shortest distance
ξS between the surfaces and the distance ξ calcu-
lated along the central line (see Fig. 1). For realistic
deformations, however, the resulting effect of taking
into account the inequality of ξS and ξ in calculating
the interaction potentials and fusion cross sections is
quite small in relation to the effect of the change in the
curvature (P �= Psph ) [12].
PH
Formally, expression (6) can vanish at some neg-
ative values of the deformation (the touching of two
planar surfaces). This unphysical effect arises be-
cause of the disregard of finite dimensions of the areas
of touching nuclear surfaces and indicates that it is
necessary to go over to a more precise approximation
at large negative deformations. The main contribu-
tion to the nucleus–nucleus potential comes from
the interactions of the most closely spaced nucleons,
whose number, albeit depending on the local curva-
ture of the surfaces, is always finite. Thus, we see
that, instead of merely substituting the quantity P for
Psph in (5), it would be more correct, for the short-
range nucleus–nucleus interaction, to employ the ex-
pression VN = G(β1, θ1,β2, θ2)V 0

N (r;β1, θ1,β2, θ2),
where V 0

N (r;β1,θ1,β2, θ2) is the interaction that was
calculated with allowance for the deformations of the
nuclei and their relative orientation but without tak-
ing into account the change in the curvature of the
surfaces, while G(β1, θ1,β2, θ2) is a geometric factor
that takes into account the change in the number of
interacting nucleons that occur in the closely spaced
layers of the two nuclei in relation to the case of spher-
ical surfaces. In Appendix 2, we present a derivation
of an approximate expression for the geometric factor
G(β1, θ1,β2, θ2), which plays a significant role at not
very small deformations.

The nuclear-surface-deformation stiffness Cλ can
be found from the experimental value of the proba-
bility B(Eλ) of an electromagnetic transition involv-
ing the excitation of one vibrational quantum [13].
Specifically, we have

Cλ = (2λ+ 1)
ελ

2〈β0
λ〉2
, (8)

where ελ = �ωλ is the energy of a vibrational quan-
tum and

〈β0
λ〉 =

4π
3ZRλ

0

[
B(Eλ)
e2

]1/2

is the root-mean-square value of the total deforma-
tion for zero-point vibrations. If there are no rele-
vant experimental data, the parameters of nuclear-
surface vibrations can be determined on the basis of
the liquid-drop model [13]; that is,

CLD
λ = γ0R

2
0(λ− 1)(λ+ 2)− 3

2π
Ze2

R0

(λ− 1)
(2λ+ 1)

,

(9a)

DLD
λ =

3
4π
AmNR

2
0

λ
, ελ = �

√
CLD

λ

DLD
λ

, (9b)

where DLD
λ is the mass parameter, A is the number

of nucleons in the nucleus being considered, andmN
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is the nucleon mass. We note that, in many cases
(especially for magic nuclei), the liquid-drop model
yields, for the parameters of surface vibrations, val-
ues that differ from their experimental counterparts
considerably. For the ensuing calculations (we also
bear in mind the possibility of parallel calculations
employing the equations of classical mechanics), it
is convenient to go over to the absolute values of
the nuclear deformation, sλ =

√
(2λ+ 1)/4πR0βλ.

In this case, the potential energy of a specific vibration
can be represented in the form cλs

2
λ/2, where

cλ = Cλ

(
2λ+ 1
4π

R2
0

)−1

=
�ωλ

2〈s0λ〉2

and

〈s0λ〉 =
R0√
4π

〈β0
λ〉,

while the mass parameter is determined from the rela-
tion ωλ =

√
cλ/dλ; within the liquid-drop model, we

have

dLDλ = DLD
λ

(
2λ+ 1
4π

R2
0

)−1

=
3

λ(2λ+ 1)
AmN .

The two-dimensional interaction potential (3) for
the spherical nucleus 16O and the deformed nucleus
154Sm (βg.s.

2 = 0.3, βg.s.
4 = 0.1) is displayed in Fig. 2a

versus the relative orientation of these two nuclei. The
potential of interaction of two spherical nuclei 40Ca
and 90Zr versus their dynamical quadrupole deforma-
tion is shown in Fig. 2b according to the calculations
with the parameters of the liquid-drop model (for the
sake of simplicity, it was assumed here that the de-
formation energy of the nuclei is proportional to their
masses; thus, only one parameter β = β1 + β2 was
used instead of two dynamical-deformation parame-
ters β1 and β2). In order to simulate the nuclear part of
the interaction, we used the Woods–Saxon potential
with parameters V0 = −105 MeV, rV0 = 1.12 fm, and
aV = 0.75 fm in the first case and the proximity po-
tential with parameter ri0 = 1.16 for the nuclear radii
in the second case. The figures clearly demonstrate
the multidimensional character of the potential of the
nucleus–nucleus interaction and of the potential bar-
rier itself, which, as is readily seen, cannot be charac-
terized by its heightB alone; it would be more correct
to consider some continuous distribution F (B) of
barriers (see below).

2. SET OF COUPLED EQUATIONS
AND BOUNDARY CONDITIONS

For two deformed nuclei rotating in the reaction
plane, theHamiltonian can be represented in the form

H = −�
2∇2

r

2µ
+ VC(r;β1, θ1,β2, θ2) (10)
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Fig. 2. (a) Interaction potential for the 16O and 154Sm
(βg.s.

2 = 0.3, βg.s.
4 = 0.1) nuclei versus the distance and

relative orientation. (b) Potential energy of the interaction
of the spherical nuclei 40Ca and 90Zr versus the distance
and their dynamical quadrupole deformation.

+ VN (r;β1, θ1,β2, θ2) +
∑
i=1,2

�
2Î2

i

2�i

+
∑
i=1,2

∑
λ≥2

(
− �

2

2diλ

∂2

∂s2iλ
+

1
2
ciλs

2
iλ

)
,

where µ is the reduced mass of these two nuclei
and Îi and �i are, respectively, the operator of the
angular momentum and the moment of inertia of the
ith nucleus. In the algorithm developed for solving the
4
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quantum set of coupled equations, we assumed the
independence of vibrations having different multipole
orders (not greater than two in each nucleus) and
also disregarded the coupling of rotations and vibra-
tions, considering them separately. It turned out that
the algorithm used here enabled one to solve, within
a reasonable time, a rather large number of cou-
pled equations (about 300 for each partial wave with
a computer having 128 Mbytes of random-access
memory), this providing the possibility of dispensing,
in the following, with approximations where different
excitations are considered to be independent. The
maximum number of channels whose coupling can
be taken into account in the code used is estimated
by the formula Nν ∼ 500

√
M/Nr, where Nr is the

number of nodes of the mesh in the radial direction
(r) and M is the computer random-access mem-
ory in megabytes. In solving the quantum problem
in question, we employ the so-called isocentrifugal
approximation [14], which consists in disregarding
the intrinsic spins of nuclei against the orbital angu-
lar momentum of relative motion, this orbital angu-
lar momentum being assumed to be identical in all
channels (conserved quantum number). This approx-
imation makes it possible to reduce severalfold the
dimensionality of the set of differential equations that
is to be solved.

Expanding, in terms of partial waves, the total
wave function for the system being considered as

Ψk(r, ϑ,α) =
1
kr

∞∑
l=0

ileiσl(2l + 1)χl(r,α)Pl(cos ϑ)

(11)

and substituting this expansion into the Schrödinger
equation, we arrive at the following set of coupled
equations:

∂2

∂r2
χl(r,α) −

{
l(l + 1)
r2

+
2µ
�2

(12)

×
[
E − V (r,α) − Ĥint(α)

]}
χl(r,α) = 0.

Here, α stands for intrinsic variables (deformation
parameters or rotation angles), Ĥint(α) is the Hamil-
tonian corresponding to these variables, E is the
energy of colliding nuclei in the c.m. frame, and
V (r,α) = VC(r,α) + VN (r,α). At all values of r,
with the exception of those in the region where
the nuclei involved are in contact (see below), the
function χl(r,α) is expanded in the total set of
eigenfunctions of the Hamiltonian Ĥint(α),

χl(r,α) =
∑

ν

yl,ν(r)ϕν(α), (13)
P

while the radial channel wave functions yl,ν(r) satisfy
a set of second-order ordinary differential equations
that, in the following, is solved numerically,

y′′l,ν −
{
l(l + 1)
r2

+
2µ
�2

[Eν − Vνν(r)]
}
yl,ν (14)

−
∑
µ
=ν

2µ
�2
Vνµ(r)yl,µ = 0.

Here, Eν = E − εν , where εν is the excitation of the
nuclei in the channel ν, and Vνµ(r) = 〈ϕν |V (r,α)|ϕµ〉
is the channel-coupling matrix.

In a low-energy collision of not very heavy nuclei,
nuclei that have overcome the Coulomb barrier un-
dergo fusion (that is, form a compound nucleus) with
a probability close to unity as soon as their surfaces
come into contact. In this case, the fusion cross sec-
tion can be measured by examining the total yield of
evaporated residues and fragments originating from
compound-nucleus fission. In formulating boundary
conditions for Eqs. (14), it is therefore usually as-
sumed that the flux in the region behind the Coulomb
barrier is fully absorbed; that is, it does not undergo
reflection. For this purpose, we require that, for r <
Rfus, the functions χl(r,α) have the form of converg-
ing waves and not involve components corresponding
to waves reflected from the region 0 ≤ r ≤ Rfus. For
Rfus, Hagino et al. [6] took the point of minimum of
the potential

Veff(r) = V (r, 0) +
�

2

2µ
l(l + 1)
r2

,

which, for r ≤ Rfus, is replaced by the quantity
Veff(Rfus), the coupling of channels being switched
off at the point r = Rfus. The set of coupled Eqs. (14)
then decouples, and we can easily choose their solu-
tions corresponding to converging waves
(exp(−iqr)). However, an abrupt charge in the chan-
nel-coupling interaction, whose strength reaches
maximum values in this region, may in principle lead
to an additional unphysical reflection from the sphere
r = Rfus and, hence, to a significant distortion of the
total wave function in the barrier region.

In order to remove this effect, we will first modify
the phenomenological potential V (r,α) of nucleus–
nucleus interaction in the nuclear-surface-overlap
region r ≤ Rcont(α) ≤ R1(β1, θ1) +R2(β2, θ2), ren-
dering it independent of r in this region, V (r ≤
Rcont,α) = V (Rcont,α). For Rcont(α), we will take
the minimum of two distances from r = 0, that
to the point of minimum of the potential V (r,α)
and that to the point at which the nuclear sur-
faces touch each other. The boundary-value problem
for Eqs. (14) will be considered over the inter-
val (Rmin, Rmax), where Rmax � R1 +R2, Rmin ≤
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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min{Rcont(α)} in the case of rotations, and Rmin ≤
Rcont(−

√
M1〈β0

1〉,−
√
M2〈β0

2〉) in the case of vibra-
tions; here, M1 and M2 are the maximum numbers
of channels that are taken into account and 〈β0

1〉
and 〈β0

2〉 are the vectors of the root-mean-square
values of the deformation parameters. The centrifugal
potential is also replaced by the constant value

Ul =
�

2

2µ
l(l + 1)
R2

s

for r < Rs, where, for Rs > Rmin, we take the mini-
mum of two distances from r = 0, that to the point of
minimum of the effective potential for spherical nuclei,
Veff(r), and that to the point at which the spherical
nuclei touch each other. The choice of Rmin is rather
arbitrary. It is only of importance that it lie in the
region behind the Coulomb barrier: Rmin < RB(α).
The second item to be mentioned here is that, in for-
mulating boundary conditions at the point r = Rfus =
Rs ≤ Rcont, from which we begin integrating the set
of differential Eqs. (14), we will make use of an exact
solution to these equations in the region r ≤ Rfus.
This solution can easily be found if all coefficients in
these equations are constant.

For r ≤ Rfus, we will further perform the linear
transformation

yl,ν(r) =
∑
n

Yl,n(r)An,ν , (15)

which diagonalizes the matrix Wνµ = Vνµ(Rfus) +
ενδνµ, so that {A−1WA}nm = W̃nnδnm. The new
functions Yl,n(r) satisfy the independent equations

Y ′′
l,n +K2

l,nYl,n = 0, K2
l,n =

2µ
�2

[E − W̃nn − Ul].

(16)

In open channels, the particular solutions
Yl,n(r) = Nl,nexp(−iKl,nr) satisfying these equa-
tions and the conditions Y ′

l,n(r) = −iKl,nYl,n(r)
correspond to a flux toward the interior of the nu-
cleus. From the linear transformation (15), we obtain
boundary conditions for the sought channel wave
functions yl,ν(r) at r ≤ Rfus; that is,

y′l,ν(r) =
∑

n

Y ′
l,n(r)An,ν =

∑
µ

Cνµyl,µ(r), (17)

where

Cνµ = −i
∑
n

An,νKl,n(A−1)n,µ.

The values W̃nn are the eigenvalues of the matrix
Wνµ, while the matrix Anν is composed of its nor-
malized eigenvectors. They can be found explicitly by
applying the so-called QR method [15].
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
At large distances, the wave function satisfies
standard boundary conditions in the form of an
incident and a diverging wave in the elastic channel
ν = 0 and in the form of diverging waves in all
other channels. For partial wave functions in open
channels, this corresponds to the condition

yl,ν(r → ∞) (18)

=
i

2

[
h

(−)
l (ην , kνr)δν0

−
(
k0

kν

)1/2

Sl
ν0h

(+)
l (ην , kνr)

]
,

where k2
ν = (2µ/�2)Eν , ην = kνZ1Z2e

2/(2Eν) is

the Sommerfeld parameter, h(±)
l (ην , kνr) are the

Coulomb partial wave functions whose asymptotic
behavior is exp(±ixl,ν), xl,ν = kνr − ην ln 2kνr +
σl,ν − lπ/2, σl,ν = arg Γ(l + 1 + iην) is the Coulomb
phase shift, and Sl

ν0 is the partial-wave scattering
matrix. Eliminating the unknown quantities Sl

ν0
in (18), we obtain, at large distances, boundary
conditions of the third kind,[

yl,ν
dh

(+)
l

dr
− dyl,ν

dr
h

(+)
l

]
r=Rmax

= k0δν0, (19)

which, together with the conditions in (17), are
sufficient for numerically solving the set of coupled
second-order differential Eqs. (14). For closed chan-
nels (Eν < 0), there arise similar expressions involv-
ing Coulomb functions of an imaginary argument.

In specific calculations, the boundary condi-
tions (18) are actually employed at some finite radius,
Rmax ∼ 30–40 fm. For very heavy nuclei, which are
characterized by large values of Z, the presence
of the weakly decreasing (∼r−3) channel-coupling
Coulomb interaction (4) results in that, at r = Rmax,
the nuclei involved are already in an excited state,
so that it is illegitimate to use the boundary con-
ditions (19) at this point. The physical meaning of
more correct boundary conditions is quite obvious.
The Coulomb repulsion leads to negative dynamical
deformations (oblate nuclei) and to a preferable side-
to-side orientation of rotating quadrupolly deformed
nuclei. There exist two methods for quantitatively
solving this problem. In the region r ≥ Rmax, one
can consider a smaller number of coupled channels
and solve the problem numerically within the interval
Rmax ≤ r ≤ RMAX by using, for example, the approx-
imation of weak channel coupling. Taking RMAX to
be about 300 fm and imposing the “reflection-free”
boundary conditions for r ≤ Rmax, we can find the
values of all channel wave functions at this point
and employ thereupon these values instead of the
boundary conditions (19) in numerically solving the
4
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full set of Eqs. (14) within the interval Rfus ≤ r ≤
Rmax. An alternativemethod for derivingmore correct
boundary conditions at the point r = Rmax is that
of constructing an analytic solution to the problem
under study in the adiabatic approximation, which
assumes that, with the highest probability, the system
in question moves along the bottom of the multidi-
mensional potential surface. In this case, we can find
the ground state of the system for the Hamiltonian
Hint(α) + V (Rmaxα) and expand thereupon this
state in the functions ϕν(α). The resulting expansion
coefficients will yield the amplitudes of converging
waves for r ≤ Rmax in all channels, not only in the
ν = 0 channel, as is indicated in relation (18). The re-
sults of our analysis of effects of long-range Coulomb
excitation in processes of near-barrier nuclear fusion
will be reported in a dedicated publication.

The channel-coupling interaction V (r,α) can be
broken down into the slowly decreasing Coulomb
component (4) and the fast decreasing nuclear com-
ponent; accordingly, the channel-coupling matrix has
the form Vνµ(r) = V C

νµ(r) + V
N
νµ(r). The Coulomb

component of the channel-coupling matrix is known
in an explicit form (see, for example, [6]). In order
to take explicitly into account nonlinear effects of
nuclear interaction, methods of matrix algebra were
applied in [6] in calculating the matrix elements of
V N

νµ(r). As amatter of fact, this approach is equivalent
to expanding the function V N (r,α) in a series in
powers of α to the M th order inclusive, where M is
the maximum number of excited states that are taken
into account. In the present study, the quantities
V N

νµ(r) at each value of r are calculated explicitly
with the aid of the Gauss (for rotations) and Gauss–
Hermite (for vibrations) quadrature formulas of or-
der N . If, in the expansion of the function V N (r,α)
in powers of α, one retains terms to the kth order
inclusive, it is sufficient, for obtaining precise values
of the matrix elements, to use an order N ≥M +
(k + 1)/2 in each degree of freedom. Our experience
has revealed that the choice of N =M + 10 for
rotations and N =M + 6 for vibrations is sufficient
for obtaining quite an accurate result if use is made of
realistic nucleus–nucleus interactions.

The fusion cross section is determined by the ratio
of the absorbed to the incident flux; that is,

σfus(E) =
π

k2
0

∞∑
l=0

(2l + 1)Tl(E), (20)

where

Tl(E) =
∑

ν

jl,ν
j0

(21)
PH
are the partial-wave barrier-penetrability coefficients.
Here,

jl,ν = −i �

2µ

(
yl,ν

dy∗l,ν
dr

− y∗l,ν
dyl,ν

dr

)∣∣∣∣
r≤Rfus

is the partial-wave flux in the channel ν and j0 =
�k0/µ. In the fusion of heavier nuclei (especially for
symmetric combinations), the probability that a com-
pound nucleus is formed after the surfaces of colliding
nuclei have come into contact is less than unity be-
cause of quasifission processes [16]. It is very difficult
to calculate this probability [17], and this presents a
problem in itself, which is beyond the scope of the al-
gorithm considered here. For such systems, the cross
section calculated by formula (20) will correspond to
the so-called capture cross section, which is equal to
the sum of the fusion cross section and the quasifis-
sion cross section.

3. CONSTRUCTING A NUMERICAL
SOLUTION TO OUR SET OF COUPLED

EQUATIONS

For a finite number of channel functions, the set
of ordinary differential Eqs. (14) supplemented with
the boundary conditions (17) and (19) forms a mixed
boundary-value problem. In order to solve it numeri-
cally, we introduce a mesh and specify mesh functions
at its nodes as

rj = r0 + jh, yj
l,ν = yl,ν(rj), (22)

j = 0, 1, . . . , J, r0 = Rfus − 2h.

The boundary conditions involving the first deriva-
tive are approximated in terms of a two-point differ-
ence scheme. For open channels, the condition in (19)
leads to the relation

yl,ν(rJ) = τyl,ν(rJ−1)− ζ, (23)

τ =
2 + hγ
2− hγ , ζ =

2hkνδν0

(2− hγ)h(+)
l (ην , kνrJ−1/2)

,

γ =
dh

(+)
l (ην , kνrJ−1/2)/dr

h
(+)
l (ην , kνrJ−1/2)

.

Similar formulas are obtained for closed channels
as well. The boundary condition (17) yields the matrix
relation

yl,ν(r0) =
∑
µ

Θνµyl,µ(r1), Θ = D−1F, (24)

Dνµ = δνµ +
h

2
Cνµ, Fνµ = δνµ − h

2
Cνµ.

In order to approximate differential equations by
finite-difference equations, use is usuallymade of Nu-
merov’s method, which has been successfully tested
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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many times (see, for example, [18]) and which is based
on a three-point approximation of the second deriva-
tive. As amatter of fact, thismethod ensures anO(h4)
approximation at one step in solving the Schrödinger
equation along the mesh. Numerov’s method was
used in [6] as well. The finite-difference equations
obtained by writing the differential Eqs. (14) at in-
ternal nodes of the mesh and taken together with
the boundary conditions (23) and (24) for the pair of
extreme nodes form a set of linear equations whose
matrix is banded. In order to reduce the number of
nonzero matrix elements in approximating the second
derivative, we employ, instead of Numerov’s method,
the three-point finite-difference scheme

y′′(rj) = h−2(yj−1 − 2yj + yj+1) +O(h2), (25)

the half-width of the resulting matrix appearing to
be one-half as great as that in Numerov’s method.
Although the finite-difference scheme (25) ensures
an O(h2) approximation in solving the Schrödinger
equation, this is quite sufficient for deriving a solution
to a high precision. It should be noted that the error in
numerically solving the boundary-value problem (14)
arises and is accumulated not only because of a finite-
difference approximation of the derivatives involved
but also in solving the set of linear equations. For
h→ 0, the first component of this error decreases,
while the second increases because of an increase in
the number of equations and in the number of required
computational operations. As a result, the total error
first decreases and then begins to increase as the step
is reduced. The testing of the two algorithms revealed
that the accuracy of Numerov’s scheme itself is, as a
rule, excessive and that, if use is made of amultisweep
algorithm in solving the boundary-value problem, its
resulting error may exceed the error of the method
based on the scheme in (25).

Since modern computers make it possible to save
the matrix in random-access memory entirely, we will
use the Gauss reduction method to solve our set of
linear equations directly and to determine the values
of yl,ν(rj) at the nodes of the mesh. The main advan-
tage of the approach based on the Gauss reduction
method is its high stability in calculations involving a
finite number of digital places. A scheme consisting of
one direct and one inverse sweep seems preferable to
a scheme involving a few sweeps in one direction that
are followed by solving a set of linear equations for
determining arbitrary constants. In the latter case, the
error can increase because of the loss of the required
accuracy of the decreasing solution in the classically
inaccessible region, this being especially important in
solving problems where there are two turning points.
The use of the Gauss reduction method in order to
solve the set of linear equations directly enabled us
to increase, in relation to the possibility presently
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 20
realized in the CCFULL code [6], the number of
channels that are taken into account almost by an
order of magnitude. This is especially important in
the case where a few degrees of freedom are excited
in both nuclei and for avoiding unphysical nuclear-
deexcitation effects associated with stringent con-
straints on the number of coupled channels that are
taken into account. Owing to the storage of all values
of yl,ν(rj) in computer memory, one can also easily
reconstruct the multichannel wave functions (11) and
(13) themselves and, hence, obtain deeper and clearer
insights into the dynamics of penetration through a
multidimensional potential barrier (see below).

4. DISTRIBUTION WITH RESPECT
TO BARRIERS AND SEMIEMPIRICAL

MODEL OF NUCLEAR FUSION

Precision experiments performed in recent years to
measure the energy dependence of the cross section
for near-barrier fusion make it possible to estimate
quite accurately the second derivative of Eσfus(E)
with respect to energy. In the classical limit, this
derivative can be identified with the distribution with
respect to barriers [19],

D(B) =
1

πR2
B

d2(Eσfus)/dE2|E=B. (26)

The discovery of a rather complicated structure
of the function D(B) in the near-barrier region of
energies [2–4] (this structure is different for different
combinations of nuclei) was the main net result of
such measurements. This is indicative of a nontrivial
dynamics of passage through the potential barrier
under conditions of strong channel coupling.

In the absence of channel coupling (this corre-
sponds to the disregard of all degrees of freedom,
with the exception of that which is associated with
the relative motion of spherical nuclei), the effective
interaction potential

Veff(r) = V (r) +
�

2

2µ
l(l + 1)
r2

can be approximated near its maximum by an “in-
verted” parabola,

Veff(r) ≈ B(l) + 1/2V ′′(r)|r=RB
[r −RB(l)]2.

In this case, the barrier penetrability is determined by
the well-known Hill–Wheeler formula [20]

T (l, E) =
[
1 + exp

(
2π

�ωB
[B(l)− E]

)]−1

, (27)

whereB(l) andRB(l) are the barrier height and posi-
tion, respectively, and ωB(l) =

√
−V ′′(RB)/µ is the

oscillator frequency, which characterizes the barrier
04
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width andwhich, in general, depends on the energyE.
If we now assume that the effective-barrier position
RB(l) changes only slightly in response to a change
in l, the barrier height is given by

B(l) = B +
�

2

2µR2
B

l(l + 1),

where B and RB are, respectively, the barrier height
and position at l = 0. In this case, the barrier pene-
trability T (l, E) does not depend onB and l indepen-
dently, but it is a function of the combination

x = B +
�

2

2µR2
B

l(l + 1)−E;

that is, T (l, E) = f(x). By using expression (20) for
the fusion cross section, we arrive at

d(Eσfus)
dE

=
π�

2

2µ

∞∑
l=0

(2l + 1)
dT (l, E)
dE

. (28)

Since

dT

dE
= −dT

dx
= −dT

dl

(
dx

dl

)−1

= −dT
dl

2µR2
B

�2

1
2l + 1

,

we have

d(Eσfus)
dE

= −πR2
B

∞∑
l=0

dT (l, E)
dl

.

In a collision of heavy nuclei, in which case the cross
section receives large contributions frommany partial
waves, T (l, E) is a smooth function of l, so that
the sum in (28) can be replaced by an integral with
respect to l. This integral can be readily evaluated.
The result is d(Eσfus)/dE = πR2

BT (l = 0, E) or

D(E) =
1

πR2
B

d2(Eσfus)
dE2

=
dT (l = 0, E)

dE
. (29)

In the classical case, T (E) = 1 for E > B and
T (E) = 0 for E < B; that is, D(E) = δ(E −B).
In the quantum case, the penetrability of a one-
dimensional barrier has the form (27) and the func-
tion D(E) has one maximum at E = B, its width
being ∆B = �ωB ln(17 + 12

√
2)/2π ≈ 0.56�ωB (for

a parabolic barrier).
In a realistic case, the potential of nucleus–

nucleus interaction is a multidimensional function
(see Fig. 2), so that the incident flux overcomes
the Coulomb barrier at different points—that is, at
different values of B [this corresponds to different
values of the dynamical deformation or (and) different
orientations of the nuclei]. In order to obtain a simple
estimate of the penetrability of such a multidimen-
sional barrier, a semiempirical formula was proposed
in [17] on the basis of a parametrized distribution with
P

respect to barriers. Within this approach, the total
penetrability is averaged over the barrier height B.
Instead of (27), we then have

T (l, E) =
∫
F (B)

[
1 + exp

(
2π

�ωB
(30)

×
[
B +

�
2

2µR2
B(l)

l(l + 1)− E
])]−1

dB,

where the function F (B) satisfies the normalization
condition

∫
F (B)dB = 1. It can be approximated by

a symmetric Gaussian function having the center
at B0 = (B1 +B2)/2 and the width ∆B = (B2 −
B1)/2. For statically deformed nuclei, the quanti-
ties B1 and B2 are defined as the barriers of the
“nose-to-nose” and “side-to-side” configurations
(see Fig. 2a), which are two limiting configurations.
In this case, one can also employ a direct averaging
over nuclear orientations, determining the actual
barrier B(β1, θ1;β2, θ2). For nuclei of zero static
deformation, B1 corresponds to the minimum height
of the multidimensional barrier with allowance for
a dynamical deformation (saddle point in Fig. 2b),
while B2 corresponds to the barrier in the case of
the interaction of spherical nuclei. Our experience
showed that, in order to describe more accurately
the cross section for the fusion of heavy nuclei,
in which case the difference (B2 −B1) is great, it
would be better to approximate the function F (B)
by a slightly asymmetric Gaussian function having a
smaller “intrinsic” half-width (at smaller values ofB)
[17].

5. FUSION CROSS SECTIONS
IN THE PRESENCE OF STRONG CHANNEL

COUPLING

In order to compare the results of our calculations
for the nuclear-fusion cross sections not only with
experimental data but also with the results of the
calculations based on the CCFULL code [6], we em-
ploy here the Woods–Saxon potential for nucleus–
nucleus interaction since the CCFULL code is un-
able to operate with the proximity potential.

In calculating the cross section for the fusion of a
16O nucleus with a deformed nucleus 154Sm, we set
the parameters involved to the following values: V0 =
−105MeV, rV0 = 1.12 fm, aV = 0.75 fm (see Fig. 2a),
r10 = 1.2 fm, and r20 = 1.06 fm; also, we took the
values of β2 = 0.3 and β4 = 0.1 for the parameters of,
respectively, the static quadrupole and the static hex-
adecapole deformation of the 154Sm nucleus and the
value of E2+ = 0.084 MeV for the energy of the first
excited rotational level; in addition, we used the values
of Rmax = 24 fm and h = 0.05 fm. The fusion cross
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 3. (a) Cross section for the fusion of oxygen nuclei
with a deformed nucleus 154Sm and (b) distribution with
respect to barriers. The dotted curves correspond to the
fusion of spherical nuclei. The dashed and solid curves
represent the results of the calculations by, respectively,
the CCFULL code [6] and our code with allowance for
five rotational states of the 154Sm nucleus. The dash-
dotted curve for the cross section was obtained by a mere
averaging over the orientations of the deformed nucleus.
The displayed experimental data were borrowed from [21].
The arrows indicate the positions of the Coulomb barriers
for spherical nuclei and for two limiting orientations of the
deformed target nucleus.

sections calculated with allowance for the excitation
of five rotational states by using our code and the
CCFULL code are displayed in Fig. 3a along with ex-
perimental data borrowed from [21]. Figure 3b shows
the distribution with respect to barriers,
d2(Eσfus)/dE2, which makes it possible to visualize
in greater detail the “fine structure” and the compli-
cated character of barrier penetrability. As can be seen
from Fig. 3, the two codes in question lead to nearly
identical values for the reaction being considered.
It should be noted that, for the fusion of deformed
nuclei, a correct choice of internuclear interaction
potential in combination with a mere averaging
of one-dimensional barrier penetrabilities over the
orientations of the nuclei involved (as a matter of
fact, over barrier heights—see Fig. 2a) leads to quite
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that disregards dynamical deformations. The dashed and
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respectively, the CCFULL code [6] and our code with al-
lowance for the excitation of four phonons associatedwith
octupole vibrations of the surface of the 90Zr nucleus. The
dash-dotted curve for the cross section was calculated on
the basis of an empirical model for taking into account
dynamical deformations (see main body of the text). The
displayed experimental data were borrowed from [22].

satisfactory agreement with experimental data both
in what is concerned with the magnitude of the fusion
cross sections in the subbarrier region and in what
is concerned with the shape of the distribution with
respect to barriers.

The cross sections for the fusion of spherical nuclei
36S and 90Zr are shown in Fig. 4a according to cal-
culations that take into account four phonons associ-
ated with octupole vibrations of the surface of the 90Zr
nucleus (λ = 3, �ωλ = 2.75 MeV, 〈β0

λ〉 = 0.22). The
corresponding distributions with respect to barriers
are given in Fig. 4b. The displayed experimental data
were borrowed from [22]. For this case, the nucleus–
nucleus interaction of spherical nuclei was also cho-
4
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sen in the form of the Woods–Saxon potential, its
depth, range, and diffuseness parameter being set to
V0 = −77.5MeV, rV0 = 1.15 fm, and aV = 0.8 fm, re-
spectively. This potential leads to the Coulomb barrier
height of B0 = 78.3 MeV (right arrow in Fig. 4a).
Upon taking into account the octupole vibrations of
the target nucleus, the fusion cross section becomes
much larger in the subbarrier region, the two codes
in question (CCFULL [6] and our code) yielding very
close results.

An increase in the fusion cross section in the sub-
barrier region E < B0 can easily be explained with
the aid of the data in Fig. 2b. For the case of a pro-
late configuration (positive values of βλ), a dynamical
deformation of the surface leads to the lowering of
the Coulomb barrier. As the deformation increases
further, the potential energy increases again because
of a nonzero stiffness Cλ of the nuclear surface. Thus,
we see that, in the total nucleus–nucleus potential,
we can single out the saddle point (rsd, βsd) corre-
sponding to the minimum heightBsd of the Coulomb
barrier in the (r, β) space (see Fig. 2b). Using the
experimental value of the energy of the photon as-
sociated with octupole vibrations of the 90Zr nucleus
(�ωλ=3 = 2.75 MeV), calculating the stiffness of the
corresponding oscillator (see Section 1), and con-
structing the two-dimensional surface of nucleus–
nucleus interaction (similar to that which is shown
in Fig. 2b), we can easily determine, for this case,
the height of the Coulomb barrier at the saddle point,
Bsd = 75.6 MeV (right arrow in Fig. 4a). Assuming
that the incident flux, moving in the (r, β) space, tra-
verses the two-dimensional barrier at various values
of the dynamical deformation in the range 0 ≤ β <
βsd, we can approximate the distribution with respect
to barriers by a Gaussian function having a center
at the point (B0 +Bsd)/2 and the half-width (B0 −
Bsd)/2 and calculate thereupon the total fusion cross
section. The cross section obtained on the basis of
this semiempirical approach is in rather satisfactory
agreement both with experimental data and with the
results of our precise calculations (see dash-dotted
curves in Fig. 4), furnishing, at the same time, quite
a clear explanation for an increase in the subbarier
penetrability and in the width of the distribution with
respect to barriers.

The data in Fig. 5, which shows the squared mod-
ulus of the two-dimensional wave function describing
the relative motion of 36S and 90Zr nuclei in (r, sλ=3)
space, where sλ=3 =

√
(2λ+ 1)/4πR0βλ=3 is the

absolute value of the octupole deformation of the 90Zr
nucleus, provides an additional piece of evidence in
support of this qualitative pattern. It can be seen that,
at large distances, the multichannel wave function
is concentrated in the region of small deformations,
PH
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β3 ≈ 0, this reflecting the dominance of zero-point
vibrations of the nuclear ground state ϕν=0(β) in
the expansion given by (13). At low energies (slow
collisions), the nuclei involved undergo considerable
deformations at the instant of coming into contact,
the Coulomb barrier being overcome predominantly
at positive values of the deformation (the stretching
of the nuclei toward each other), which lead to the
lowering of this barrier (see Fig. 2a and the landscape
of the potential energy in Fig. 5). That the modulus
of the wave function oscillates at large distances is
due to the interference between the incident and the
reflected wave.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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6. SYNTHESIS OF SUPERHEAVY NUCLEI
In the fusion of very heavy nuclei, which are used,

in particular, in the synthesis of superheavy elements,
the coupling of channels plays an even more sig-
nificant role. For this region of nuclei, available ex-
perimental data on fusion cross sections are much
scarcer; moreover, no experimental data for nuclear
combinations close to symmetric ones can be ob-
tained in principle because it is impossible, in this
case, to separate products originating from processes
of deep-inelastic scattering, on one hand, and from
the fission of a compound nucleus, on the other hand.
In view of this, theoretical calculations and predic-
tions are of paramount importance in this region of
nuclei. The reliability of such predictions is not very
high at the present time not only because of problems
encountered in taking into account the coupling of
several degrees of freedom in the process of near-
barrier fusion but also because of inaccuracies in
determining the nucleus–nucleus interaction. Until
recently, there has been no possibility for perform-
ing quantum calculations of the fusion of very heavy
nuclei within the coupled-channel method, because
the operation of the existing algorithms (including
the CCFULL code) is highly unstable in this case. It
turned out that our new algorithm for solving a set of
a large number of coupled equations makes it possible
to perform such calculations.

Figure 6 shows the experimental and theoretical
cross sections for the fusion of 48Ca and 238U nuclei.
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The displayed experimental data, which were taken
from [23], correspond to all products of fission (both
ordinary fission and prompt fission proceeding with-
out the formation of a compound nucleus); therefore,
it is more correct, in this case, to refer to this quantity
as the capture cross section (see the comment at
the end of Section 2). For the nuclear interaction,
we again took the Woods–Saxon potential with pa-
rameters V0 = −160 MeV, rV0 = 1.14 fm, and aV =
0.65 fm, which ensure the Coulomb barrier height
of B = 194 MeV, predicted by the Bass model [24]
for these nuclei. The static quadrupole deformation
of β2 = 0.215 [25], which is realized for the 238U nu-
cleus, leads to the barrier heights ofB1 = 185.4MeV
and B2 = 199.2 MeV for two limiting orientations
of the nuclei. Employing the semiempirical model of
nuclear fusion and approximating the function F (B)
in (30) by an asymmetric Gaussian function whose
width is ∆1

B = (B2 −B1)/2 ≈ 7 MeV for the right
branch (large values of B) and ∆2

B = 5 MeV for the
left branch (as a matter of fact, this is an adjustable
parameter here), we have also obtained quite satisfac-
tory agreement with experimental data (dash-dotted
curve in Fig. 6).

The squared modulus of the two-dimensional
wave function describing the relative motion of 48Ca
and 238U nuclei is shown in Fig. 7 versus the distance
r and the angle θ of rotation of the deformed uranium
nucleus. For the interaction of these two nuclei, Fig. 7
also displays the potential-energy landscape, which
is similar to that in Fig. 2a. The value chosen for
the collision energy, Еc.m. = 194 MeV, is above the
4
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Coulomb barrier height at θ = 0◦ (about 185 MeV)
and below this barrier at θ = π/2 (about 200 MeV).
As can be seen from the figure, the incident wave
therefore overcomes the barrier almost freely only
at small θ (in the nose-to-nose configuration), but
it is almost completely reflected from the barrier at
θ ∼ π/2. At large distances, this leads to a strong
interference between the incident and the reflected
wave at θ ∼ π/2 and to an almost complete absence
of interference at small θ.

In conclusion, we note that the algorithms devel-
oped by us for calculating the cross sections for the
near-barrier fusion of heavy nuclei (coupled-channel
method and semiempirical model) and used in the
present study can be found, together with the code
for computing multidimensional potential surfaces,
on the freely accessible Web server quoted in [26].
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APPENDIX 1

Local Curvature of the Surface of a Deformed
Nucleus and Geometric Factor

In terms of polar coordinates, the local curvature
of a curve in a plane can be represented as [11, for-
mula (17.1-9)]

k =

[
ρ2 + 2

(
dρ

dϕ

)2

− ρ d
2ρ

dϕ2

][
ρ2 +

(
dρ

dϕ

)2
]−3/2

.

(A.1)

In the case of dynamical deformations along the
common symmetry axis of the nuclei (nose-to-nose
orientation), any curve lying on the surface of a nu-
cleus in a plane containing the symmetry axis is given
by (1); that is, ρ(ϕ) ≡ R(θ). At small angles (θ � 1),
we can use an approximate expression for Legendre
polynomials,

Pλ(cos θ) ≈ 1− η(λ)(1 − cos θ), θ � 1,

where η(λ) = 3 · 4 · · · (λ+ 1)/(λ − 1)!, whereupon
the equation of the surface takes the form

R(θ) = a+ b cos θ, (A.2)

a = R̃

1 +∑
λ≥2

βλ (1− η(λ))
√

2λ+ 1
4π

 ,

P

b = R̃

1 +∑
λ≥2

βλη(λ)

√
2λ+ 1
4π

 .
At θ = 0, the substitution of (A.2) into (A.1) yields

k⊥ = k|| = k =
a+ 2b
(a+ b)2

, (A.3)

k = R̃−1

1 +
∑
λ≥2

√
2λ+ 1
4π

βλ

−2

(A.4)

×

1 +
∑
λ≥2

(1 + η(λ))

√
2λ+ 1
4π

βλ

 ,
whence we obtain formula (7).

In the case of statically deformed nuclei rotating in
the reaction plane, a calculation of a local curvature
for an arbitrary orientation of the symmetry axes of
the nuclei leads to more cumbersome formulas. A
simple expression is obtained for the limiting case of
θ = π/2 (side-to-side configuration). Since a static
quadrupole deformation is the most peculiar to nuclei,
we consider here only the case of λ = 2. Using the ex-
pression (3 cos 2θ+ 1)/4 for the Legendre polynomial
P2(cos θ), we obtain

R(θ) = a′ + b′ cos 2θ, (A.5)

where

a′ = R̃

[
1 +

1
4
β2

√
5
4π

]
, b′ =

3
4
R̃β2

√
5
4π
.

The substitution of (A.5) into (A.1) at θ = π/2 yields

k|| =
a′ − 5b′

(a′ − b′)2 =
RA

R2
B

, k⊥ =
1
RB

(A.6)

where

RA = R̃

[
1− 7

2
β2

√
5
4π

]
,

RB = R(θ = π/2) = R̃

[
1− 1

2
β2

√
5
4π

]
.

A further calculation of the local geometric factor
Gloc = Psph/P is performed with the aid of for-
mula (6), which, as was mentioned above, leads to
a singularity when two planar surfaces touch each

other [k⊥1 + k⊥2 = 0 or (and) k||1 + k||2 = 0].
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004



NEAR-BARRIER FUSION OF HEAVY NUCLEI: COUPLING OF CHANNELS 1475

 

(
 

a
 

) (
 

b
 

)
 

R

 

1
0

 

(

 

b

 

)

 

∆

 

V

 

1

 

a

R

 

2

 

C

 

(

 

b

 

)

 

θ

 

0
2

 

a

 

∆

 

V

 

2

 

θ

 

0
2

 

R

 

2
0

 

(

 

b

 

)

Fig. 8. Schematic representation of two deformed nuclei in the nose-to-nose configuration (the horizontal dashed line is the
symmetry axis): (a) positive deformations and (b) negative deformations. More darkly shaded segments are regions that make
a dominant contribution to nucleus–nucleus interaction.
APPENDIX 2

Geometric Factor with Allowance for the Finiteness
of the Range of Nuclear Forces and Dimensions

of Deformed Nuclei

In principle, a precise value of the geometric fac-
tor can be obtained by using the folding procedure
for calculating the potential for the nucleus–nucleus
interaction. In this case, the finiteness of nuclear
sizes and of the range of nucleon–nucleon interaction
guarantees the absence of singularities even in the
case of zero local curvature at the point where the
nuclear surfaces touch each other. In specific applica-
tions (especially in dynamical calculations), however,
it is more convenient to use, instead of folding po-
tentials, some analytic expression (like the Woods–
Saxon potential or the proximity potential) that would
represent the nucleus–nucleus interaction and which
would take into account the change in the curvature
of nuclear surfaces at large deformations. An approx-
imate value of the geometric factor can be obtained
with the aid of the expression

G =
∆V1(β1, θ1; a1) + ∆V2(β2, θ2; a2)

∆V 0
1 (a1) + ∆V 0

2 (a2)
, (A.7)

where ∆Vi(βi, θi; ai) are the volumes of the most
closely spaced small segments of the nuclei being
considered (see Fig. 8), ∆V 0

i (ai) = (π/3)a2
i (3R −

ai) are the volumes of the segments of the corre-
sponding spherical nuclei, a1/a2 = (R2− a/2)/(R1−
a/2), and a ≈ 1 fm. We will first consider the defor-
mation along the common symmetry axis of the nuclei
(Fig. 8a). In this case, the volume of the nose segment
is given by

∆Vi =
2π
3
R̃3

i

1∫
ti0

[
1 +

∑
λ

βiλ

√
2λ+ 1
4π

Pλ(t)

]3

dt

(A.8)
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− π

3
(R0

i − ai)3(1/ti
2

0 − 1),

where R0
i = Ri(βi, θ = 0) and ti0 is found from the

equation (t ≡ cos θ)

R(t)t = R0
i − ai. (A.9)

This equation can be solved explicitly if a parabolic
approximation of Legendre polynomials is used in the
range 0 < t ≤ 1; that is,

Pλ(t) ≈ −pλ + αλ(t− τλ)2, (A.10)

where pλ = {1/2,
√

1/5, 3/7}, τλ = {0,
√

1/5,√
3/7}, and αλ = (1 + pλ)/(1 − τλ)2 at λ = 2, 3,

and 4, respectively. In this case, Eq. (A.9) is a cubic
equation, and we must take the positive root of
this equation for ti0. Integration in (A.8) can also
be performed explicitly. For the volume of the nose
segment of a deformed nucleus, this yields a rather
cumbersome expression, but it is readily calculable.
Obviously, the geometric factor (A.7) does not have
singularities, remaining finite at any deformations.

At large negative deformations, the nuclear sur-
face at the point θ = 0 first becomes flat and then
assumes a concave shape (see Fig. 8b). In this case,
the “interacting-layer” thickness amust be reckoned
not from the point R0

i = Ri(βi, θ = 0), which lies on
the symmetry axis, but from the point that lies on
the surface and which is the most remote from the
center of the nucleus along the axis connecting the
centers of the nuclei—that is, from the point RC

i ≡
Ri(tiC)t

i
C in Fig. 8b, which is found from the condition

d[R(t)t]/dt|tC = 0. In this case, the quantity ti0 ≡
cos θi

0 is as before determined from Eq. (A.9), where
R0

i is replaced by RC
i . In Fig. 9, the geometric factor

calculated by formula (A.7) is contrasted against the
local approximation Gloc = Psph/P . It can be seen
that, in the region of positive and small negative de-
formations, the approximation of “finite segments” is
4
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Fig. 9. Geometric factor calculated for the case of iden-
tical dynamical quadrupole deformations (β1,2 = β2,2 =

β2) of the interacting nuclei 36S and 90Zr. The dashed
curve corresponds to the local approximation Gloc =
Psph/P . The solid and the dotted curve were calculated
by formula (A.7) at a = 1 and 2 fm, respectively. The
arrow indicates the “critical” deformation at which the
local curvature of the surface featuring a quadrupole de-
formation vanishes (contiguity of two flat surfaces).

weakly dependent on a and is virtually coincident with
the local approximation.

For rotating deformed nuclei, the volumes of the
“interacting segments,” ∆Vi(βi, θi; ai), depend on
the orientation of the symmetry axes of the nuclei. As
was indicated above, a static quadrupole deformation
is the most peculiar to nuclei—that is, βg.s.

3,4 � β
g.s.
2 .

In addition, we note that, at a ≈ 1 fm, the deviation of
the volumes ∆Vi(βi, θi; ai) from the spherical ones is
much less for higher multipole orders than for λ = 2.
In calculating the angular dependence of the geomet-
ric factor, one can therefore take into account only
static quadrupole deformations of interacting nuclei.
In order to calculate the volume of the side segment
of a nucleus (side-to-side orientation of nuclei—that
is, θi = π/2), we can again use formula (A.9) to
find the angle θi

0 (ti0 ≡ cos θi
0) of the corresponding

cone. In this formula, however, we must replaceR0
i =

Ri(βi, θ = 0) by RB
i = Ri(βi, θ = π/2). In this case,

the base of the segment is an ellipse whose semiaxes

areA =
√

2RB
i ai − a2

i andB = (RB
i − ai)/tanθi

0, its

volume being approximately

∆Vi =
π

2
a2

i

√
2RB

i − ai(RB
i − ai)/tanθi

0. (A.11)

Knowing the volumes of the surface segments for
the two limiting orientations—∆V N

i calculated by
formula (A.8) at θi = 0 and ∆V S

i calculated by for-
mula (A.11) at θi = π/2—one can approximate the
PH
volume of the segment of an arbitrarily rotated nu-
cleus by the simple expression∆Vi(θi) = 0.5(∆V S

i +
∆V N

i )− 0.5(∆V S
i −∆V N

i ) cos 2θi and then use for-
mula (A.7) to calculate the geometric factor in the
potential of the interaction of two deformed nuclei
arbitrarily rotated in the reaction plane.
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Abstract—Scattering and electron–positron pair production by a one-dimensional electric barrier is
considered in the framework of the S-matrix formalism. The solutions of the Dirac equation are classified
according to frequency sign. The Bogolyubov transformations relating the in- and out-states are given.
We show that the norm of a solution to the wave equation is determined by the largest amplitude of
its asymptotic form when x3 → ±∞. For the Sauter-type potential, we give the explicit expressions
for the complete in- and out-sets of orthonormalized wave functions. We note that, in principle, virtual
vacuum processes in an external field influence the phase of the wave function of the scattered particle.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Scattering and pair production by an external field
can be treated either by the Feynman propagator
method [1, 2] or in the framework of S-matrix formal-
ism [3–5]. In the latter method, the Bogolyubov coef-
ficients, relating the in- and out-states, determine the
probabilities of all processes in an external field. So,
at first, we have to determine the in- and out-states.
Surprisingly enough, there is a controversy on how to
choose these states among the stationary solutions
of a wave equation with one-dimensional static po-
tential Aµ(x3). The choice made in [6] and accepted
in [7, 8] disagrees with the one made in [4, 9–11]. For
a detailed justification of our choice, see [9–11].

In this paper, we give the in- and out-sets of
solutions of the Dirac equation with barrier (elec-
tric) potential and the Bogolyubov transformations.
We express the normalization of a stationary one-
dimensional solution via the largest amplitude of its
asymptotic form when x3 → ±∞. For the Sauter-
type potential and step potential, we give the explicit
solutions to the Dirac equation and also the Bo-
golyubov coefficients. In contrast to [6, 7], we do not
assume that the transverse (to the field) momentum of
an electron is zero. The treatment of the spinor case
in this paper is similar to that of the scalar case in [9].

2. THE CHOICE OF IN- AND OUT-STATES

We consider the one-dimensional potential
A0(x3) = −aF (kx3) and assume that the corre-
sponding electrical field E3 = −∂A0/∂x3 =

∗This article was submitted by the author in English.
**e-mail: nikishov@lpi.ru
1063-7788/04/6708-1478$26.00 c©
akF ′(kx3) disappears when x3 → ±∞. We use the
metric ηµν = diag(−1, 1, 1, 1) and introduce the ki-
netic energy π0(x3) and kinetic momentum π3(x3) of
a classical particle defined by the expressions

π0(x3) = p0 − eA0(x3), (1)

π3(x3) =
√
π2

0(x3) −m2
⊥,

m2
⊥ = m2 + p2

1 + p2
2.

We also use the notation

π0(x3)
∣∣
x3→±∞ = π0(±), (2)

π3(x3)|x3→±∞ = π3(±) =
√
π2

0(±) −m2
⊥,

π±(x3) = π0(x3) ± π3(x3).

The electron charge is denoted as e = −|e|. We as-
sume for definiteness that E3 > 0 and consider two
regions: electron scattering (π0(±) > m⊥) and Klein
region

π0(−) > m⊥, π0(+) < −m⊥. (3)

In the Klein region, the large positivex3 are accessible
only to positrons.

For reasons of brevity, we often write only the wave
function factor depending on x3 (i.e., we drop the fac-
tor exp{i[p1x1 + p2x2 − p0t]}). We denote solutions
of the Dirac equation as fn(x3), where n = (p, r)
and p = (p0, p1, p2, 0) are the eigenvalues of operators
i∂0,−i∂1,−i∂2; r = 1, 2 indicate spin state. fn can
be expressed via solutions Qp(x3,±λ) of the squared
Dirac equation

[Π2 +m2 ± ieE3(x3)]Qp(x3,±λ)eipx = 0. (4)
2004 MAIK “Nauka/Interperiodica”
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Here,

Πµ = −i∂µ − eAµ, A = 0, λ =
ea

k
,

and ±1 are the eigenvalues of the Pauli matrix σ3. It
follows from (4) that (ϕ = kx3)[

d2

dϕ2
+

2eap0

k2
F (ϕ) + λ2F 2(ϕ) (5)

+
p2
0 −m2

⊥
k2

− iλF ′(ϕ)

]
Qp(x3, λ) = 0.

We consider solutions with the boundary condi-
tions

±Qp|x3→−∞ = exp[±iπ3(−)x3], (6)
±Qp

∣∣
x3→+∞ = exp[±iπ3(+)x3],

independently of the sign in front of λ. The corre-
sponding fn solutions of the Dirac equation are [12]

±fn = [4|π3(−)π∓(−)|]−1/2 (7)

× [ur±Qp(x3, λ) + π∓(−)u′r±Qp(x3,−λ)],

±fn = [4|π3(+)π∓(+)|]−1/2

× [ur
±Qp(x3, λ) + π∓(+)u′r

±Qp(x3,−λ)].

In the standard representation of γ matrices we have

u1 =


p1 − ip2

m

p1 − ip2

−m

 , u2 =


m

−p1 − ip2

m

p1 + ip2

 , (8)

u′1 =


0

1

0

1

 , u′2 =


1

0

−1

0

 .

All these spinors are orthogonal:

u∗1u2 = u∗1u
′
2 = u∗1u

′
1 = . . . = 0,

so that f∗rpfr′p ∝ δr′r. This means that states with
r �= r′ are orthogonal. The normalization factors in
(7) are chosen in such a way that the current density
along the third axis is equal to unity up to a sign. The
4-vector transition current is conserved. For p0 = p′0,
this means that the 3-current is independent of x3 and
can be evaluated using the asymptotic forms of fn. It
is easy to find that (α3 is the Dirac matrix)

j3(fn′ , fn) = f∗n′α3fn, (9)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
j3(εfr,p,
ε′fr′,p) = δεε′δrr′

 ε1, π0(+) > m⊥,

−ε1, π0(+) < −m⊥,

ε, ε′ = ±;

j3(εfr,p, ε′fr′,p) (10)

= δεε′δrr′

 ε1, π0(−) > m⊥,

−ε1, π0(−) < −m⊥.

To obtain the relation between ±fn and ±fn, we
first write

+Qp(x3, λ) = a(λ)+Qp(x3, λ) + b(λ)−Qp(x3, λ).
(11)

a(λ) and b(λ) are defined by this equation. From here,
by complex conjugation and substitutions p→ −p,
e→ −e, we get

−Qp(x3, λ) = a∗(−λ)−Qp(x3, λ) (12)

+ b∗(−λ)+Qp(x3, λ).

Now it can be shown [12] that

+fn = c′1n
+fn + c′2n

−fn, (13)

−fn = ±c′∗2n
+fn ± c′∗1n

−fn, ±|c′1n|2 ∓ |c′2n|2 = 1,

or equivalently
+fn = ±c′∗1n+fn − c′2n−fn, (14)

−fn = ∓c′∗2n+fn + c′1n−fn.

Here,

c′1n =
(
π3(+)|π−(+)|
π3(−)|π−(−)|

)1/2

a(λ), (15)

c′2n =
(
π3(+)|π+(+)|
π3(−)|π−(−)|

)1/2

b(λ)

are independent of spin states r = 1, 2. The upper
sign in front of c′1n, c

′
2n (and their complex conju-

gates) corresponds to the scattering region (π0(±) >
m⊥ for an electron or π0(±) < −m⊥ for a positron),
while the lower sign corresponds to the Klein region
(π0(−) > m⊥, π

0(+) < −m⊥).
The consistency of Eqs. (13) and (14) can be

checked by calculating j3(+fn,
+fn) in two different

ways:

j3(+fn,
+fn) = ±c′∗1nj3(+fn,+fn) (16)

= c′∗1nj3(
+fn,

+fn).

In the first equation here, use has been made of the
first equation in (14) and Eq. (10). The last term in
4
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(16) was obtained similarly. The last equality in (16)
is consistent (valid) due to (9).

Now we have to classify the solutions as in- and
out-states. For the Klein region, we have [4, 9]

−ψn ≡ −ψn out = Nn+fn, (17)

+ψn ≡ +ψn out = Nn
c′2n

∗

c′2n

+fn,

−ψn ≡ −ψn in = Nn−fn,

+ψn ≡ +ψn in = Nn
−fn.

Here, the subscripts and superscripts ± in front of
ψ functions indicate the sign of frequencies, i.e., the
sign of π0 of the largest wave. −ψn is the out-wave
because in this state only one current goes out of the
barrier (two other currents go to the barrier). Similar
arguments hold for other states. The normalization
factor Nn will be determined later [see Eq. (49) and
the text below it]. In terms of theseψ functions in (17),
relations (13) and (14) take on the form required for
application in the S-matrix theory (see [3, 4]),

+ψn = c1n
+ψn + c2n

−ψn, (18)

−ψn = −c∗2n
+ψn + c∗1n

−ψn;

+ψn = c∗1n+ψn − c2n−ψn,

−ψn = c∗2n+ψn + c1n−ψn;

|c1n|2 + |c2n|2 = 1, c1n = −c
′
1n

c′∗2n

, c2n =
1
c′2n

.

(19)

The sign of frequency is not conserved in the Klein
region. We note also that the first equation in (19)
follows from the last equation in (13) with the lower
signs.

The corresponding Bogolyubov transformations
for the creation operators a†n (b†n) and destruction
operators an (bn) for a particle (antiparticle) are ob-
tainable from the definition of the field operator

Ψ =
∑
n

(an in+ψn + b†n in−ψn) (20)

=
∑
n

(an out
+ψn + b†n out

−ψn).

It follows from here and (18), (19) that

an out = c1nan in − c∗2nb
†
n in, (21)

b†n out = c2nan in + c∗1nb
†
n in

or

an in = c∗1nan out + c∗2nb
†
n out, (22)
P

b†n in = −c2nan out + c1nb
†
n out.

In the scattering region π0(±) > m⊥, the sign of
frequency is conserved, but the sign of kinetic mo-
mentum is not. We define

+ψn(x3|+) =
c′∗1n

c′1n

Nn+fn,
+ψn(x3|−) = Nn

−fn,

(23)

+ψn(x3|+) = Nn
+fn, +ψn(x3|−) = Nn−fn.

(The sign in parentheses coincides with the sub-
script or superscript of the corresponding f function.)
+ψn(x3|±) are functions with two ingoing waves in
the past and one outgoing wave in the future. Simi-
larly, +ψn(x3|±) are functions with one ingoing wave
in the past and two outgoing waves in the future.
In terms of these ψ functions, relations (13), (14)
become

+ψn(x3|+) = e1n
+ψn(x3|+) + e2n

+ψn(x3|−),
(24)

+ψn(x3|−) = −e∗2n
+ψn(x3|+) + e∗1n

+ψn(x3|−),

+ψn(x3|+) = e∗1n+ψn(x3|+) − e2n+ψn(x3|−),

+ψn(x3|−) = e∗2n+ψn(x3|+) + e1n+ψn(x3|−);

e1n =
1
c′∗1n

, e2n = − c′2n

c′1n,

, |e1n|2 + |e2n|2 = 1.

(25)

The last equation in (25) is equivalent to the last
equation in (13) with upper signs. Proceeding as
usual, from these relations and definition (20)

an in(+)+ψn(x3|+) + an in(−)+ψn(x3|−) (26)

= an out(+)+ψn(x3|+) + an out(−)+ψn(x3|−),

we get

an out(+) = e1nan in(+) − e∗2nan in(−), (27)

an out(−) = e2nan in(+) + e∗1nan in(−).

[See also definitions (23), (6), and (7).] Solving (27)
for an in(±), we obtain

an in(+) = e∗1nan out(+) + e∗2nan out(−), (28)

an in(−) = −e2nan out(+) + e1nan out(−).

3. MATRIX ELEMENTS
AND PROBABILITIES

We denote |0n in〉 the in-vacuum state in the cell
with quantum numbers n and similarly for the out-
vacuum. To find 〈0n out|0n in〉, we rewrite Bogolyubov
transformations (21) in the form

an out = B−1
n an inBn, b†n out = B−1

n b†n inBn, (29)
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004



SCATTERING AND PAIR PRODUCTION 1481
where [3]

Bn = c∗1n + (1 − c∗1n)[a†n inan in + b†n inbn in] (30)

− c∗2na
†
n inb

†
n in − c2nan inbn in

+ (c1n + c∗1n − 2)a†n inan inb
†
n inbn in.

Equations (29) imply 〈0n out| = 〈0n in|Bn and, hence,

〈0n out|0n in〉 = c∗1n. (31)

We note now that the unitary operatorB is defined
by (29) and (21) only up to a phase factor and we set
it equal to unity. This is a natural choice. It leads to
(31), from which the correct vacuum–vacuum am-
plitude for a constant electromagnetic field can be
obtained [13].

Now we can write the matrix elements. We start
with the Klein region. From the second equation in
(22), we have

bn in = −c∗2na
†
n out + c∗1nbn out. (32)

Using this relation, we find

bn out|0n in〉 = c∗2nc
∗−1
1n a†n out|0n in〉. (33)

From here, for the pair creation amplitude, we find

〈0n out|an outbn out|0n in〉 (34)

= c∗2nc
∗−1
1n 〈0n out|0n in〉 = c∗2n.

The sum of all probabilities in the cell n initially in the
vacuum state is

|〈0n out|0n in〉|2 + |〈0n out|an outbn out|0n in〉|2 = 1
(35)

[see (31), (34), and the first equation in (19)]. Simi-
larly, we get the following expression for the scatter-
ing amplitude in the Klein region:

〈0n out|an outa
†
n in|0n in〉 = c∗−1

1n 〈0n out|0n in〉 = 1.
(36)

We see that the information on processes in an ex-
ternal field is contained in the solutions of the wave
equation, but it has to be decoded. In particular, if the
initial state with quantum numbers n is occupied, we
know that the electron cannot penetrate deep into the
barrier. It is suggested in [14, 15] that the accessible
region is defined by the condition π0(x3) > 0.

Now we go to the scattering region, extending its
definition to all energies outside the Klein region. In
this case, c2n = 0 and c1nc

∗
1n = 1 in (18), (19), and

(21). Hence,
+ψn = c∗1n+ψn, an out = an inc1n (37)

and similarly for the other quantities.We first consider
the scattering region, where the reflection is complete.
Then π3(+) is imaginary (namely, π3(+) = i|π3(+)|
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or π3(+) = −i|π3(+)|) and |c′1n| = |c′2n| due to cur-
rent conservation. The solutions ±fn in (13) must
be discarded as containing exponentially growing
terms when x3 → ∞ [cf. Eq. (72) below]. Instead of
two solutions ±fn, we are left with only one since
there is only one boundary condition when x3 →
∞ [see the second equation in (6)]: Qp|x3→+∞ =
exp[−|π3(+)|x3]. The reflection amplitude is

〈0nout|an out(−)a†n in(+)|0n in〉 = c1n〈0n out|0n in〉 = 1
(38)

[see the second equation in (37), Eq. (31), and the
condition c1nc

∗
1n = 1].

The final state +ψn in (37) differs from the ini-
tial state +ψn only by the phase factor given by the
(renormalized) value of 〈0n out|0n in〉 [see (31)], i.e.,
by 〈0n out|0n in〉ren ≡ eiφn [13]. In principle, this factor
can be observed in the interference pattern of the
incident and reflected waves. Then there will be a way
to find φn experimentally.

We note here that the considered region of com-
plete reflection can be reached from the Klein region
by raising the value of p0. At the top of the Klein
region, c2n is very small and the reflected wave resem-
bles the one at the bottom of the complete reflection
region; the corresponding c1n just above and below
the boundary between two regions must be almost
equal.

By raising p0 still further, we enter into the scat-
tering region where π0(±) > m⊥. For the initial state
+ψn(x3|+), using (27), we find for the reflection and
transmission amplitudes

〈0n out|an out(−)a†n in(+)|0n in〉 = e2n〈0n out|0n in〉,
(39)

〈0n out|an out(+)a†n in(+)|0n in〉 = e1n〈0n out|0n in〉.
(40)

Alternatively, we may say that our solutions
+ψn(x3|±) are relative ones and the absolute solu-
tions are obtained from them by multiplying by eiφn .
Then the factor 〈0n out|0n in〉 on the right-hand side of
(39) and (40) disappears.

The propagator method gives the same results. In
the Klein region, we start from +ψn. The Feynman
propagator evolves this state to the relative function
c∗−1
1n

+ψn [4]. So the absolute final function is +ψn. In
the scattering region, the relative final wave function
is the same as the initial one and the absolute final
function is eiφn

+ψn. It is a happy occasion when c∗ren1n

gives eiφn ≡ 〈0n out|0n in〉ren. In general, eiφn have
to be found by other means (see [13]). In quantum
mechanics for the state +ψn(x3|+), the amplitudes
4
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of reflection and transmission are obtained directly
from the first equation in (24), which says that the
reflection (transmission) amplitude is e2n (e1n). In the
considered scattering region, eiφn is a phase factor.
We see that vacuum virtual processes lead to the
appearance of an additional phase shift in the reflected
and transmitted waves.

In conclusion of this section, we note that, in the
scattering region, instead of (30) and (29), we have
(again with natural choice of phase factor)

An = 1 + (e1n − 1)a†n in(+)an in(+) (41)

+ (e∗1n − 1)a†n in(−)an in(−) + e2na
†
n in(−)an in(+)

− e∗2na
†
n in(+)an in(−)

+ [2 − (e1n + e∗1n)]a†n in(+)an in(+)a†n in(−)an in(−),

A−1
n an in(±)An = an out(±), 〈0n in| = 〈0n in|An

(42)

(see Appendix 5 in [16]).

4. NORMALIZATION OF WAVE FUNCTIONS

For our stationary states, the (transition) current
conservation gives

i(p′0 − p0)j0(fn′ , fn|x3) = − ∂

∂x3
j3(fn′ , fn|x3).

(43)

(We recall that, in our metric, j3 = j3.) Thus,
Lu∫

−Ld

dx3j
0(fn′ , fn|x3) (44)

=
i

p′0 − p0
[j3(fn′ , fn|Lu) − j3(fn′ , fn| − Ld)].

First, we consider fn′ = +fn′ , fn = +fn, where n′ =
(p′0, p1, p2, r) and n = (p0, p1, p2, r), r = 1, 2. For
x3 → −∞, we can easily calculate j3(+fn′ ,+fn| −
Ld) because +fn′ , +fn are known in this limit [see
Eqs. (6) and (7)]. The result is

−j3(+fn′ ,+fn| − Ld) (45)

→ −e−i[π3(−)−π′
3(−)]Ld = −e−iAd(p0−p′0),

Ad =
π0(−) + π′0(−)
π3(−) + π′3(−)

Ld.

Here, π′0(−) and π′3(−) are defined in (1) and (2)
with p0 replaced by p′0. The arrow means that we
set π′3(−) = π3(−), π′−(−) = π−(−) everywhere ex-
cept in the exponent. This is permissible because,
when Ld → ∞, the effectively nonzero result will be
PH
achieved only when π′ is close to π. In the last equa-
tion in (45), we have used the relation

π2
3 − π′23 = (π0)2 − (π′0)2 = (π0 + π′0)(p0 − p′0)

(46)

[see Eqs. (1) and (2)].

The contribution from j3(+fn′,+fn|Lu) is treated
in the same manner. Using the first equation in (13),
we have

j3(+fn′,+fn) = c′∗1n′c′1nj3(
+fn′ ,+fn) (47)

+ c′∗2n′c′2nj3(
−fn′ ,−fn) + c′∗1n′c′2nj3(

+fn′ ,−fn)

+ c′∗2n′c′1nj3(
−fn′ ,+fn) → |c′1n|2j3(+fn′ ,+fn)

+ |c′2n|2j3(−fn′,−fn).

In the Klein region, this can be written as follows:

j3(+fn′ ,+fn|Lu) → −|c′1n|2ei[π3(+)−π′
3(+)]Lu (48)

+ |c′2n|2e−i[π3(+)−π′
3(+)]Lu

= −|c′1n|2e−iAu(p0−p′0) + |c′2n|2eiAu(p0−p′0),

Au =
−π0(+) − π′0(+)
π3(+) + π′3(+)

Lu.

Noting that Ad and Au are of the same sign, we
fix the relation between them: Ad = Au. Using also
|c′2n|2 = |c′1n|2 + 1 [see the last relation (13) with the
lower signs], we finally obtain from (44) and (45)

∞∫
−∞

dx3j
0(+fn′,+fn) = 2π|c′2n|2δ(p0 − p′0) (49)

in the Klein region, where the amplitude of the largest
wave is c′2n. Thus, choosing Nn = |c′2n|−1, we nor-
malize ψ functions in (17) on 2πδ(p0 − p′0).

In the scattering region, |c′1n|2 = |c′2n|2 + 1. So,
the amplitude of the largest wave is c′1n and we must
substitute c′2n → c′1n on the right-hand side of (49).
This can be seen as follows. Relation (45) remains
unchanged. Instead of (48), we have

j3(+fn′ ,+fn|Lu) (50)

→ |c′1n|2e−iAu(p0−p′0) − |c′2n|2eiAu(p0−p′0).

In addition, nowAu = −|Au| and |c′1n|2 = |c′2n|2 + 1.
So, the conditionAd = |Au| leads to the stated result.
In other words, Nn = |c′1n|−1 in (23) for normaliza-
tion on 2πδ(p0 − p′0). We note here that the condition

π0(−) + π′0(−)
π3(−) + π′3(−)

Ld =
π0(+) + π′0(+)
π3(+) + π′3(+)

Lu (51)

is a generalization of the usual free field condition
Ld = Lu to the scattering region. In the case of a
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004



SCATTERING AND PAIR PRODUCTION 1483
complete reflection, we have |c′1n| = |c′2n| and (49)
remains valid.

Going back to the Klein region, we can show that
+ψn′ and −ψn [see (17)] are orthogonal. As +ψn ∝
+fn and −ψn ∝ +fn, we write

j3(+fn′ ,+fn) = −c′1n′j3(+fn′,+fn) (52)

− c′∗2n′j3(−fn′ ,+fn),

where use has been made of the first equation in (14)
with lower sign. Arguing as above, we have

j3(+fn′,+fn| − Ld) → −c′1ne
i[π3(−)−π′

3(−)](−Ld)

= −c′1ne
−iAd(p0−p′0). (53)

Similarly,

j3(+fn′ ,+fn|Lu) → −c′1ne
−iAu(p0−p′0). (54)

For Ad = Au, the difference of the last two expres-
sions is zero. So +ψn′ and −ψn are orthogonal. The
same is true for +ψn′ and −ψn.

In the same manner, it is easy to show that, in
the scattering region, +ψn′(x3|+) and +ψn(x3|−)
are orthogonal; the same is true for +ψn′(x3|+) and
+ψn(x3|−).

Thus, the orthogonal pairs of functions in the
Klein region are (+fn′ ,+fn) and (−fn′ ,−fn) and in
the scattering region are (+fn′ ,−fn) and (−fn′ ,+fn).
This assertion must be true for particles of any spin.

For the step potential, considered in Section 6
below, the results of this section were checked by
a straightforward calculation of the left-hand side
of (44) with j0(fn′ , fn) = f∗n′fn and Ld, Lu equal to
infinity.

5. SOLVABLE POTENTIAL

For the potential

A0(x3) = −atanh(kx3), (55)

the solution +Qp(x3, λ) of the squared Dirac equation
has the form

+Qp(x3, λ) = (−z)iµ(1 − z)iλF (α, β; γ; z), (56)

where

−z = e2kx3, λ =
ea

k
, (57)

π0(±) = p0 ± ea, 2kν = π3(+),
2kµ = π3(−), α = iµ+ iν + iλ,

β = iµ− iν + iλ, γ = 1 + 2iµ.

We assume at first that π3(±) are real. The solution
−Qp(x3, λ) can be obtained from (56) either by the
substitution µ→ −µ or by complex conjugation and
the substitutions e→ −e, p0 → −p0.
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The solution +Qp(x3, λ) is obtainable from
+Qp(x3, λ) by complex conjugation and the substi-
tutions e→ −e, x3 → −x3 [these operations do not
change Eq. (5) with F (−ϕ) = −F (ϕ)]:

+Qp(x3, λ) = (−z−1)−iν(1 − z−1)iλ (58)

× F (−iµ− iν + iλ, iµ− iν + iλ; 1 − 2iν; z−1).

−Qp(x3, λ) is obtainable from (58) by the substitution
ν → −ν. Now, Eq. (11) takes the form

+Qp(x3, λ) (59)

=
Γ(1 + 2iµ)Γ(2iν)

Γ(iµ+ iν + iλ)Γ(1 + iµ+ iν − iλ)

× +Qp(x3, λ)

+
Γ(1 + 2iµ)Γ(−2iν)

Γ(iµ− iν + iλ)Γ(1 + iµ− iν − iλ)
−Qp(x3, λ).

From here, by complex conjugation and the substitu-
tions e→ −e and x3 → −x3, we find

+Qp(x3, λ) (60)

=
Γ(−2iµ)Γ(1 − 2iν)

Γ(−iµ− iν + iλ)Γ(1 − iµ− iν − iλ)
× +Qp(x3, λ)

+
Γ(1 − 2iν)Γ(−2iµ)

Γ(iµ− iν + iλ)Γ(1 + iµ− iν − iλ)−
Qp(x3, λ).

Neglecting λ = ea/(kc�) (where we have restored �

and c, assumed to be equal to unity throughout the
paper), we get the nonrelativistic limit (see Problem 3
in § 25 in [17], where the potential U differs from our
eA0 only by an additive constant).

Now we can rewrite Eq. (15) in the form

c′1n =
(
±π−(+)
π−(−)

π3(+)
π3(−)

)1/2

a(λ), (61)

c′2n =
(
±π+(+)
π−(−)

π3(+)
π3(−)

)1/2

b(λ).

The sign + (−) in front of π−(+) and π+(+) refers to
the scattering (Klein) region.

We note now that, in the Klein region,

π0(−) − π0(+) = −2ea = 2|ea| (62)

is the total energy of the e+e− pair. Hence, 2|ea| >
π3(−) + π3(+); i.e.,−λ− µ− ν > 0 and all the more
so −λ± µ∓ ν > 0.

In the scattering region, π+(+)/π−(−) > 0, and
from here we shall obtain

µ− ν + λ > 0. (63)
04
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To this end, we use the relation [4]

π+(+)
π−(−)

=
π+(−)
π−(+)

=
µ− ν − λ

µ− ν + λ
(64)

=
π3(−) − π3(+) − 2ea
π3(−) − π3(+) + 2ea

.

In the scattering region, π0(−) = π0(+) + 2|ea| [see
(62)]; i.e., π0(−) > π0(+). Hence, π3(−) > π3(+)
and all the more so π3(−) − π3(+) + 2|ea| > 0. The
numerator on the right-hand side of (64) is positive,
and so must be the denominator because the left-
hand side of the expression is positive.

We note also another useful relation, obtainable
from (64) by the substitution π3(+) → −π3(+),

π−(+)
π−(−)

=
π+(−)
π+(+)

=
µ+ ν − λ

µ+ ν + λ
. (65)

With the help of these relations, we find more
symmetric expressions for c′1n and c′2n:

c′1n = 2
√

µν

±(µ+ ν + λ)(µ+ ν − λ)
(66)

× Γ(2iµ)Γ(2iν)
Γ(iµ+ iν + iλ)Γ(iµ+ iν − iλ)

,

c′2n = 2
√

µν

±(µ− ν + λ)(µ− ν − λ)

× Γ(2iµ)Γ(−2iν)
Γ(iµ− iν + iλ)Γ(iµ− iν − iλ)

.

Here and below, the upper sign refers to the scattering
region, and the lower one to the Klein region. We see
that

c′1n(µ, ν, λ) = c′1n(ν, µ, λ), (67)

c′2n(µ, ν, λ) = c′∗2n(ν, µ, λ).

It is still assumed that µ, ν, and λ are real.
When we approach the complete scattering region

from the Klein region, π3(+) → 0, and c′1n and c′2n
become unlimited. Then c2n → 0 and c1n becomes a
phase factor [see Eq. (19)].

When k → 0, a→ ∞, and ak = E in Eq. (55), we
get the potential of a constant electric field. This case
was studied earlier (see [4, 11, 13]). When k → ∞,
we have a step potential. This case is instructive be-
cause of its simplicity. In particular, we can verify the
orthogonality and normalization in the set of solutions
by straightforward calculations.

6. STEP POTENTIAL

From (61), (59), and (57), we find when k → ∞

c′1n =
1
2

(
±π−(+)
π−(−)

π3(+)
π3(−)

)1/2

(68)
PH
×
(

1 +
π3(−) + 2ea

π3(+)

)
,

c′2n =
1
2

(
±π+(+)
π−(−)

π3(+)
π3(−)

)1/2

×
(

1 − π3(−) + 2ea
π3(+)

)
.

The notation ± (or ∓) means that the upper sign
refers to the scattering region and the lower sign to
the Klein region.

Due to relations (64) and (65), there are several
other useful forms for c′1n and c′2n. We note these,

c′1n = ±1
2

(
±{[π3(−) + π3(+)]2 − (2ea)2}

π3(−)π3(+)

)1/2

,

(69)

c′2n = ∓1
2

(
±{[π3(−) − π3(+)]2 − (2ea)2}

π3(−)π3(+)

)1/2

,

and these,

c′1n = ±1
2

(
π−(−)
±π−(+)

π3(−)
π3(+)

)1/2

(70)

×
(

1 +
π3(+) − 2ea

π3(−)

)
,

c′2n = −1
2

(
π+(−)
±π−(+)

π3(−)
π3(+)

)1/2

×
(

1 − π3(+) − 2ea
π3(−)

)
.

From (69) and (19), we find (in both regions)

c1n = − c′1n

c′∗2n

=
(

(2ea)2 − [π3(−) + π3(+)]2

(2ea)2 − [π3(−) − π3(+)]2

)1/2

.

(71)

We see that c1n → 1 when π3(+) → 0 and probably
in this limit eiφn = 1.

As mentioned at the end of Section 4, the results
of that section were verified using the step potential.
Expressions (68) and (70) turn out to be most handy
(cf. examples of much less cumbersome calculations
for a scalar particle in the first reference in [9]).

The function +f1p in the first equation in (7) takes
the form
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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+f1p =
1√

4π3(−)π−(−)


p1 − ip2

π−(−) +m

p1 − ip2

π−(−) −m

 e
iπ3(−)x3θ(−x3) (72)

+ θ(x3)


c′1n√

4π3(+)|π−(+)|


p1 − ip2

π−(+) +m

p1 − ip2

π−(+) −m

 e
iπ3(+)x3 +

c′2n√
4π3(+)|π+(+)|

×


p1 − ip2

π+(+) +m

p1 − ip2

π+(+) −m

 e
−iπ3(+)x3


,

θ(x) =

 1, x > 0

0, x < 0.
Similar expressions can be obtained for other fn.
In space, where the potential is zero, our spinors

vr = ur + p−u′r [see (8)] are related to the spinors ṽr

in [6, 7] as follows:

v1 = b1ṽ1 + b2ṽ2, v2 = b2ṽ1 − b∗1ṽ2,

b1 =
p1 − ip2

p0 +m
, b2 =

p− +m

p0 +m
,

ṽ1 =


p0 +m

0

p3

p1 + ip2

 , ṽ2 =


0

p0 +m

p1 − ip2

−p3

 . (73)

In our classification, +fn is a negative-frequency
outgoing state [see (17)]. In the classification of [6,
7], it is a positive-frequency ingoing state. In general,
both classifications are related by the substitutions

in ↔ out, negative frequency ↔ positive frequency.
(74)

The classification of [6, 7] does not satisfy the limit
of negligibly small pair creation. On the contrary,
our classification holds continuously throughout all
regions. On the other hand, the substitutions (74)
into (18) do not change the meaning of |c′1n|2, |c′2n|2.
Hence, the probabilities of creation of zero or one
pair are the same in both classifications [see (31),
(34), and (35)]. Yet, roughly speaking, the substi-
tutions (74) change the sign of time. Thus, using
the wrong classification will lead to problems with
causality, wave packet movement, construction of the
propagator via wave functions ψn, and so on.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
7. CONCLUSION

In general, the S-matrix approach gives the same
results as the propagator method. Yet, the former ap-
proach gives naturally the expression for 〈0n out|0n in〉.
Its renormalized value provides the factor distin-
guishing absolute and relative wave functions. The
contribution from (virtual) pair production to any
given final wave function must be observable in
principle. If the theory is correct, it suggests that
particle clock ticking depends upon the field.
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Abstract—Results are presented that were obtained by measuring single-spin asymmetry in the inclusive
production of neutral pions in the reaction p+ p ↑→ π0 +X at xF ≈ 0. A beam of 70-GeV protons was
extracted directly from the vacuum chamber of the accelerator by means of a bent single crystal. For trans-
verse momenta in the range 1.0 < pT < 3.0GeV/c, the single-spin asymmetry independently measured by
two detectors is zero within the errors. This result is in agreement with Fermilab data obtained at 200 GeV,
but it is at odds with CERN data measured at 24 GeV. c© 2004 MAIK “Nauka/Interperiodica”.
INTRODUCTION

Investigation of spin physical observables makes
it possible to test theoretical models at a much more
profound level than measurement of spin-averaged
quantities. Among observables associated with po-
larizations, transverse single-spin asymmetries in
high-energy processes involving nucleons are the
most puzzling and interesting. Within perturbative
QCD, single-spin effects in inclusive reactions must
tend to zero in the limit of high energies and high
transverse momenta.

A number of experiments devoted to measuring
the asymmetry in inclusive neutral-pion production
were performed over a period between the 1970s and
the 1990s. A CERN experiment in the central region
at a Feynman variable value of xF ∼ 0 revealed sig-
nificant effects at an energy of 24 GeV in p+ p↑ →
π0 +X reactions [1]. However, statistical uncertain-
ties were large in that experiment, so that the result
could only be treated as an indication of a possibly
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large asymmetry in hard processes. An experiment
performed at the Institute for High Energy Physics
(IHEP, Protvino, Russia) exhibited a large asymme-
try in the inclusive production of neutral pions and
eta mesons in the scattering of 40-GeV/c negatively
charged pions on a polarized target [2, 3]. According
to measurements performed at Fermilab, the asym-
metry AN in the production of neutral pions at a
polarized-beam energy of 200 GeV is zero [4].

Taken together, these three results may imply the
following: either the asymmetry in the central re-
gion decreases with increasing energy, or the effect in
question depends on the sort of interacting quarks.

The objective of the PROZA-M experiment was
to measure the asymmetry AN in the inclusive pro-
duction of neutral pions in the reaction

p+ p↑ → π0 +X (1)

at an angle of 90◦ in the c.m. frame, with the proton-
beam energy being 70 GeV, which is an energy value
intermediate between the energies of the experiments
at CERN and Fermilab.

In this article, we present the results obtained by
processing data of an experiment performed at the
IHEP accelerator in March 1996.
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Layout of the PROZA-M facility: (S1–S3) scin-
tillation counters of the total flux, (H1, H2) hodoscopes,
(EMC1, EMC2) electromagnetic calorimeters, and (PT)
polarized target.

1. DESCRIPTION OF THE EXPERIMENT

Our investigations were performed with the aid
of the PROZA-M facility, which was described in
detail elsewhere [5]. The layout of this facility is shown
in Fig. 1. Protons of momentum 70 GeV/с were
scattered on a polarized frozen-type hydrogen tar-
get, where propanediol (C3H8O2) was employed as
a working substance [6]. The mean polarization of
the target and its relaxation time were, respectively,
80% and about 1000 h. The pumping of polarization,
together with its reversal, took about four hours. On
average, it was performed once every two days.

1.1. Beam Equipment and Generation
of a 70-GeV/c Proton Beam

The investigations in question were performed in
beamline 14 of the U-70 accelerator complex. For the
first time in the world, a bent single crystal was used
for a hard-focusing accelerator to extract a 70-GeV
proton beam owing to the channeling effect [7]. A
crystal deflector in the form of a silicon single crystal
bent at angle of 80 mrad was installed within the
vacuum chamber of the accelerator.

The number of particles incident on the target was
determined by the coincidence of signals from three
scintillation counters (S1–S3). Two hodoscopes,
H1 (with a step of 5 mm) and H2 (with a step
of 2 mm), arranged in front of the polarized target
at distances of 8.7 and 3.2 m, respectively, served
for determining the coordinates of charged particles
incident on the target. The dimensions of the beam
were σx = 4 mm in the horizontal direction and σy =
3 mm in the vertical direction. The respective angular
divergences of the beam were 2 and 1 mrad. The
momentum spread of the beam was ∆p/p ∼ 10−3. A
description of the procedure for extracting the proton
beam to the zone of beamline 14 can be found in [7, 8].

1.2. Electromagnetic Calorimeters

Photons from neutral-pion decays were recorded
by two electromagnetic calorimeters (EMC1,
EMC2). The mean multiplicity of photons per event
P

was about 2.3. In seeking neutral pions, we selected
photons of energy in the range between 1 and 20 GeV.

The calorimeters were arranged at angle of 9.3◦
with respect to the direction to the target center
in the horizontal plane, this corresponding to an
angle of 90◦ in the c.m. frame at a beam momen-
tum of 70 GeV/c. If viewed from the polarized-
target center, they covered the same solid angle.
The distances to the calorimeters from the target
center were 6.9 m for EMC1 and 2.8 m for EMC2.
Total-absorption Cherenkov counters manufactured
from TF1-00 lead glass were employed for photon
detectors [9]. The EMC1 calorimeter consisted of
480 counters grouped into 24 columns containing
20 counters each and forming a rectangular matrix,
while the EMC2 calorimeter comprised 144 counters
(12 columns of 12 counters). In order to reduce
the systematic error in measuring the asymmetry in
question, the calorimeters were placed on different
sides of the beam axis. An external view of the EMC1
calorimeter and a detailed description of the two
calorimeters can be found in [5, 10].

The calibration of the calorimeters was performed
by using an electron beam of momentum 26.6 GeV/c.
It consisted in determining the coefficients that made
it possible to go over from the signal of each counter
Aij to the energy Eij [11]. Upon subtracting the
beam-momentum spread of 2%, the energy resolution
proved to be σ(E)/E ≈ 2.5%, which is characteristic
of lead-glass electromagnetic calorimeters at the en-
ergy value being considered.

The energy scale of the calorimeters was addi-
tionally matched with the neutral-pion mass. The
calibration accuracy reached within five hours of the
measurements was 0.1% for EMC1 and 0.15% for
EMC2.

1.3. Electronic Equipment
and Transverse-Momentum Trigger

The electronic equipment used consisted of mod-
ules performed within the SUMMA standard [12].
Beam electronics included hodoscope registers and
the rescaling instruments of themonitoring system. A
zero-level trigger for an incident particle was formed
within a 60-ns gate. A level-1 trigger (formed within a
350-ns gate), which was independent for each detec-
tor, ensured a selection of events where the transverse
momentum was in excess of 1 GeV/c. A detailed
description of the trigger was given in [5, 10]. The
electronic equipment for a pulse-height analysis was
based on P-267 12-bit analog-to-digital convert-
ers [13]. Data were read out by anSM-1420 computer
and were logged on magnetic tapes. The electronic
equipment used for data readout was described else-
where [14].
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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With allowance for the efficiency of data-acquisi-
tion-system operation, about 350 events were recor-
ded per accelerator spill, 250 and 100 of these coming
fromEMC1 and EMC2, respectively. In all, 20 million
events were recorded over a 10-day run with a polar-
ized target.

2. DATA ANALYSIS AND RESULTS

Preliminary data were reported in [15]. The re-
sulting asymmetry was close to zero over the entire
range considered there. Yet, neutral pions were recon-
structed only for the EMC1 calorimeter at transverse
momenta above 2.35 GeV/c. In order to reconstruct
neutral pions at high energies, we modified the algo-
rithm for reconstructing showers. Our main objective
was to improve the separation of overlapping showers
in EMC2, where the spacing between photons at
transverse momenta in excess of 2 GeV/c became
small because of the proximity of EMC2 to the target.

2.1. Reconstruction of Electromagnetic Showers

The algorithm for reconstructing photons is based
on isolating an electromagnetic shower by the known
shape. First, we found clusters containing at least
three cells and satisfying the condition that there is an
excess above the threshold of 300 MeV for a counter
where the energy deposition is maximal. Upon se-
lecting individual clusters, each of them was treated
with the aid of the shower-reconstruction procedure
involving the algorithm described in [16]:

(i) A cell where the energy deposition wasmaximal
was found. The primary shower was considered in the
region of a 3 × 3 cell in the vicinity of the maximum.

(ii) It was found out whether a given cluster con-
sists of one or two photons. For this, the MINUIT
code [17] was applied to a given shower (in the region
of the 3 × 3 cell) with the aim of constructing, at a
fixed energy E0, a two-parameter fit (in terms of the
coordinates X and Y ) that minimizes the functional
χ2,

χ2 =
∑

i

(Ei − Fi(X,Y ))2/σ2
i , (2)

where Ei and Fi(X,Y ) are, respectively, the mea-
sured and the theoretical (from the shape of a shower)
value of the energy in each cell and

σ2
i = cEi(1 − Ei/E0) + q. (3)

Here, c is a parameter that describes fluctuations of
a shower and which is directly related to the res-
olution of lead-glass calorimeters (

√
c ∼ σ(E)/

√
E,

c = 30MeV), q = 1MeV2 takes into account noise in
the electronic equipment used, andE0 =

∑
iEi is the
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total measured energy of the shower over the region
of the 3 × 3 cell. The initial values of the parameters
were determined as the coordinates of the shower
center of gravity. If a value in the region χ2/N < 3,
where N is the number of degrees of freedom, was
obtained as the result of fitting, the cluster being
considered was treated as a single shower, its energy
being corrected for a leakage beyond the region of
shower-shape summation in the 3 × 3 cell.

(iii) Otherwise, we considered the hypothesis that
the cluster consists of two overlapping showers and
that, in the region of a 5× 5 cell around themaximum,
there was a counter where the energy deposition was
the closest to its maximum value. In seeking two
showers, we had to determine six parameters, the
energies and the coordinates of each photon. The
total energy and the coordinates Xc and Yc of the
cluster center of gravity (in all, three quantities) are
fixed. Therefore, the functional χ2 was minimized
with respect to three parameters—the asymmetry
Zg = |E1 − E2|/(E1 + E2) of the energy between
two showers, ∆X = X1 −X2, and ∆Y = Y1 − Y2—
in the regions of a 3 × 3 cell around each maximum.
The initial values of ∆X and ∆Y were calculated
on the basis of the second central moments Mxx,
Myy , and Mxy. The initial value of the asymmetry
of the energy between the showers is Zg = (Emax1 −
Emax2)/(Emax1 + Emax2), where Emax1 and Emax2
are the energy values in two counters of the cluster
that are characterized by the two largest values of
the energy deposition. The condition that χ2

2γ/N is
less than unity or is less than χ2

1γ/N by five was
used as the criterion for terminating the operation
of the algorithm and for concluding that there were
two photons in the cluster being considered. If this
condition was not satisfied, the cluster was treated as
a discrete unit. After that, a single shower was fitted
anew, but, this time, over the region of a 5 × 5 cell.

(iv) After applying the above procedure, signals in
the cells that were used for fitting were discarded, and
a new shower was sought over the entire area of the
calorimeter.

The shower shape, which is necessary for fit-
ting, was obtained experimentally with the aid of a
26.6-GeV electron beam and is described in terms of
an analytic function [16].

The algorithm described above made it possible
to separate overlapping showers even in the case
where the spacing between them did not exceed that
which corresponded to one counter. A Monte Carlo
simulation was performed to test the algorithm. The
efficiency of the algorithm is given in Table 1 for the
photon-pair energy of E2γ = 15 GeV.

In analyzing our experimental data, we used only
those showers for which χ2/N < 3, the asymmetry
4
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Table 1.Efficiency of the algorithm for separating overlap-
ping showers at the photon-pair energy of E2γ = 15 GeV
versus the spacing between photons

Spacing (in the size of a cell) Efficiency (%)

1.5 91

1.2 88

1.0 71

Zg of energy was less than 0.8, and the primary pho-
ton was at distance not less than half the counter size
from the edge of the detector.

Figure 2 shows the mass spectra for the two
calorimeters used. Distinct peaks associated with
neutral pions can be seen there at all values of the
transverse momentum pT in the region being studied.
The mass resolution for the neutral pion is 10 MeV
for the far calorimeter EMC1 and 12 to 17 MeV for
the near calorimeter EMC2 at different values of the
neutral-pion energy.

The algorithm ensured an efficient reconstruc-
tion of neutral pions in the EMC2 calorimeter for
transverse-momentum values up to pT = 3 GeV/c.
The distribution of photon pairs with respect to
kinematical variables is displayed in Fig. 3a for
the neutral-pion-mass region. The distribution is
virtually symmetric in xF, the mean value of xF being
zero.
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Fig. 2.Mass spectra obtained for proton pairs with (upper
plots) EMC1 and (lower plots) EMC2 for various inter-
vals of the transverse momentum pT (in GeV/c).
PH
In order to test the quality of data, we also
determined the transverse-momentum dependence
of the number of neutral pions that is normalized
to the flux of beam particles that traversed the
target (see Fig. 3b). The result proved to be in
good agreement with data obtained with the aid
of the FODS facility (Protvino) on the invariant
cross sections for the inclusive production of charged
pions for pT > 1.8 GeV/c at 70 GeV [18], where the
exponent in these cross sections was −5.68 ± 0.02
[N/(GeV/c)]−1 for positively charged pions and
−5.88 ± 0.02 [N/(GeV/c)]−1 for negatively charged
pions.

2.2. Calculation of the Single-Spin Asymmetry
For the EMC1 calorimeter, which is positioned to

the left of the beam axis, the single-spin asymmetry
AN is defined as

AN (xF, pT ) (4)

=
1

Ptarg

1
〈cosφ〉

σH↑ (xF, pT ) − σH↓ (xF, pT )

σH↑ (xF, pT ) + σH↓ (xF, pT )
,

where Ptarg is the polarization of the target, cosφ is
the cosine of the azimuthal angle between the tar-
get polarization vector and the normal to the plane
spanned by the beam axis and the momentum of the
outgoing neutral pion, and σH↑ and σH↓ are the invari-
ant differential cross sections for neutral-pion pro-
duction on hydrogen for opposite target-polarization
directions. In our experiment, the azimuthal angle at
which neutral pions were detected was in the range
0◦ ± 15◦; therefore, cosφ was set to unity over the
entire range in question.

For a detector positioned to the left of the beam
axis, the raw asymmetry Araw

N actually measured in
the experiment is related to AN by the equation

AN =
D

Ptarg
Araw

N =
D

Ptarg

n↑ − n↓
n↑ + n↓

, (5)

where D is the target-dilution factor and n↑ and
n↓ are the normalized (to the monitor) numbers of
recorded neutral pions for opposite directions of the
target polarization vector. For the EMC2 calorimeter,
which is arranged to the right of the beam axis, the
asymmetry is taken with the opposite sign.

Inmeasurements of the asymmetry, there can arise
an additional instrumental asymmetry associated
with a trigger-electronics jitter, failures of the monitor
counters, or some other reasons. In view of this,
the measured asymmetry is the sum of the actual
and the instrumental asymmetry. In [10], a method
was developed that makes it possible to remove
this systematic bias under the assumption that the
asymmetry of the background (that is, of photons off
the neutral-pion-mass peak) is zero.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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2.3. Analysis of a Spurious Asymmetry

A spurious asymmetry is determined predomi-
nantly by the drift of the calorimeter energy scale, this
leading to an inaccurate reconstruction of the kine-
matical parameters of the photon pair. The instability
of the calorimeter energy scale was less than 0.1%
for the EMC1 calorimeter and less than 0.15% for
the EMC2 calorimeter. Accordingly, the contribution
to the spurious asymmetry from the instability of
the energy scale was less than 0.2 and 0.3% for,
respectively, the former and the latter calorimeter
(with allowance for the dilution factor and the target
polarization,D/Ptarg ∼ 10, this yields values below 2
and 3% for the spurious contribution to the sought
quantity).

In order to estimate the spurious asymmetry, we
broke down the total data sample for the same direc-
tion of the target polarization vector into two equal
subsamples of events and determined the asymmetry
for these two subsamples.

The result obtained by calculating the spurious
asymmetry for the two calorimeters is presented in
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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Fig. 4. The spurious asymmetry proved to be zero
within the errors.

In order to verify the consistency of data on the
asymmetryAraw

N , we compared the results of the mea-
surements for the two detectors (see Fig. 5). For the
two calorimeters, the asymmetry takes values that are
compatible with each other within the errors over the
entire transverse-momentum range, this being also
indicative of a small spurious asymmetry.

2.4. Determination of the Dilution Factor

In order to obtain the ultimate value of the asym-
metry according to Eq. (5), it is necessary to de-
termine the target-dilution factor. The procedure for
calculating the target-dilution factorD was described
in detail elsewhere [10]. In order to test the respective
calculations, we used the experimental results for the
dilution factor from [2]. A compendium of the data on
the dilution factor is given in Table 2.

In the range 1.2 < pT < 2.0 GeV/c, the dilution
factor is 8.1 ± 0.5, its value increasing to 10.1 ± 2.5
4
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Table 2. Target-dilution factor versus the transverse mo-
mentum

pT , GeV/c D from [2] D for the calculation

1.2–1.4 8.0 ± 1.0 8.1

1.4–1.6 8.1 ± 1.2 8.1

1.6–1.8 8.1 ± 0.7 8.1

1.8–2.0 8.2 ± 0.9 8.3

2.0–2.2 8.8 ± 1.3 8.7

2.2–2.4 9.2 ± 1.6 9.1

2.4–2.6 9.5 ± 2.0 9.5

2.6–3.2 10.1 ± 2.5 10.2

for pT > 2.6 GeV/c. In the run of 1996, we tested
the dilution factor on the basis of scarcer statistics.
It complies well with the results of previous dedicated
measurements and with calculated values. By way of
example, we indicate that the dilution factor is D =
8.4 ± 1.2 at pT ∼ 1.8 GeV/с and D = 9.2 ± 1.5 at
pT ∼ 2.1 GeV/с.

In assessing the asymmetry, we used the calcu-
lated values of the dilution factor from Table 2 without
allowance for errors.

2.5. Results
The asymmetry summed over the two calorimeters

is given in Fig. 6a and in Table 3. Over the entire
range of the measurements, the resulting asymmetry
is compatible with zero.

3. DISCUSSION OF THE RESULTS
3.1. Comparison with Other Results

The asymmetry AN in the inclusive production
of neutral pions in the central region of pp interac-
tion was previously measured in two experiments (at
24 GeV in [1] and at 200 GeV in [4]), the results
of those experiments being displayed in Fig. 6b. The
asymmetry AN that we measured in the reaction p+
p↑ → π0 +X is zero within the errors over the entire
range under study. Comparing our results at 70 GeV
with the data for the same reaction at 24 GeV, we
therefore arrive at the conclusion that it is advisable
to perform measurements aimed at searches for the
asymmetry at beam energies between 24 and 70 GeV.

At the same time, the measurements in the
PROZA-М experiment (Protvino) for the reaction
π− + p↑ → π0 +X at 40 GeV yielded, for the asym-
metry of neutral-pion production, a value of−30% for
pT > 2.5 GeV/c [3], this being indicative of the de-
pendence of the asymmetry on the type of interacting
particles.
PH
Table 3. Asymmetry versus the transverse momentum

〈pT 〉, GeV/c Asum
N , % 〈pT 〉, GeV/c Asum

N , %

1.05 −1.0 ± 3.2 1.75 1.7 ± 4.1

1.15 −0.8 ± 3.2 1.85 −0.8 ± 5.0

1.25 1.5 ± 3.1 1.95 4.7 ± 6.6

1.35 0.2 ± 3.0 2.08 −3.1 ± 7.4

1.45 1.3 ± 3.0 2.28 1.7 ± 13.4

1.55 −1.1 ± 3.0 2.48 19.5 ± 23.6

1.65 −5.4 ± 3.5 2.74 −4.7 ± 35.4

3.2. Predictions of Theoretical Models

Owing primarily to the results obtained in the
PROZA-M and E-704 experiments (see [2, 3] and
[4], respectively), models have been developed over
the past decade that explain large single-spin asym-
metries in terms of various mechanisms.

These are
(i) the mechanism assuming the presence of an

additional quark transverse momentum kT in a po-
larized nucleon—the asymmetry of the quark-density
distribution for opposite proton-polarization direc-
tions in the initial state (Sivers mechanism) [19–
21] or the asymmetry of the fragmentation functions
for opposite quark-polarization directions in the final
state (Collins mechanism) [22];

(ii) the contribution of higher twists [23–28];
(iii) the effect of the orbital angular momentum

of valence quarks (Berlin model) [29, 30] or current
quarks within a constituent quark (U-matrix quark
model) [31];

(iv) the interaction of the quark magnetic moment
with a chromomagnetic field [32, 33];

(v) the formation of resonances or of excited
states [34].

An overview of these models is given [30, 35, 36].
For the central region of the reaction p↑ + p→

π0 +X, almost all of these models predict an asym-
metry of small magnitude. By way of example, Fig. 6b
shows the results of Anselmino’s calculations for the
Е704 experiment in the central region [37]. The be-
havior of the asymmetry within the Collins and Sivers
models at an energy of 70 GeV is expected to differ
only slightly in what is concerned with predictions for
the Е704 experiment [38].

The fact that, in the central region of the reaction
being considered, a neutral pion is produced predom-
inantly from gluons is thought to be the main reason
for a small asymmetry in this reaction: since the con-
tribution of the gluon component to the transverse
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 6. (a) Total (for the two calorimeters) asymmetry AN as a function of transverse momentum (the results of the present
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proton spin is small in these models, the asymme-
try is not expected to exceed a few percent. In this
case, there must not be any difference between pp↑
and π−p↑ interactions; yet, a significant asymmetry
(up to −30%) was discovered in the latter case at
40 GeV [3].

Therefore, we have to assume either that a con-
siderable contribution to neutral-pion production at
an angle of 90◦ in the c.m. frame comes from quarks
or that interaction dynamics changes strongly in re-
sponse to the increase in energy from 40 to 70 GeV.
In the case of the contribution to the asymmetry from
quark interactions, the asymmetry is canceled in pp↑
interaction because of opposite-sign polarizations of
u and d quarks in the proton and because of the mix-
ing of channels from a polarized and an unpolarized
proton. But in π−p↑ interaction, a large asymmetry
may arise in neutral-pion production from a valence
u antiquark of the incident negatively charged pion
and a valence u quark of a polarized proton, the con-
tribution of the valence d quark of the proton being
substantially suppressed in this case.

CONCLUSIONS

The basic results of the present study are the fol-
lowing:

(i) The asymmetry in the reaction p+ p↑ → π0 +
X at 70 GeV in the region 1 < pT < 3 GeV/c is
zero within the errors. This result is in good agree-
ment with the E704 data at 200 GeV, but it is at
odds with the results obtained for 24 GeV at CERN,
where a significant asymmetry was discovered. Thus,
the asymmetry in the energy range between 70 and
200 GeV is indeed small and is independent of energy.
If the asymmetry depends on energy, this takes place
as the beam energy changes from 24 to 70 GeV.
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(ii) Comparing the results presented here with
those that were obtained by measuring the asym-
metry over the same kinematical region at 40 GeV,
but in a beam of negatively charged pions, we can
conclude that the asymmetry depends on the sort of
interacting particles; otherwise, we have to assume
that the dynamics of interaction undergoes consider-
able changes as the beam energy grows from 40 to
70 GeV.

(iii) The predictions of the theoretical models con-
sidered above are compatible with the data reported
here.
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26. A. Schäfer, L. Mankiewicz, P. Gornicki, and
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Abstract—Data on the single-spin asymmetry (AN ) of inclusive π0 production in 40-GeV pion inter-
actions with a polarized target, π− + p↑ → π0 +X , are presented for the target-fragmentation region.
The result is AN = (−13.8 ± 3.8)% for−0.8 < xF < −0.4 and 1 < pT < 2GeV/c and is compatible with
zero for −0.4 < xF < −0.1 and 0.5 < pT < 1.5 GeV/c. At a π0 momentum of about 1.7 GeV/c in the
c.m. frame, the asymmetry becomes nonzero both in the central and in the target-fragmentation region.
The behavior of the asymmetry is similar to that observed in the beam-fragmentation region of the E-
704 (FNAL, 200 GeV) and STAR (BNL, 20 TeV) experiments, which employed a polarized proton beam.
c© 2004 MAIK “Nauka/Interperiodica”.
INTRODUCTION

The spin is one of the fundamental properties of
elementary particles. Since the advent of polarized
targets and polarized beams, investigation into spin
effects has become one of the most important fields in
high-energy physics.

Within perturbative QCD (pQCD), transverse
single-spin effects tend to zero in the limit of high
energies and high momentum transfers. However,
even the first experiments with polarized targets
yielded results contradicting these expectations. A
significant asymmetry was revealed in elastic and
charge-exchange reactions. Experiments in the re-
gion of polarized-beam fragmentation at the Argonne
National Laboratory (ANL) disclosed considerable
effects in p↑ + p→ π± +X reactions at beam en-
ergies of 6 and about 12 GeV [1, 2]. In 1990, a
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demicheskaya 1, Kharkov, 61108 Ukraine.
*e-mail: mochalov@mx.ihep.su
1063-7788/04/6708-1495$26.00 c©
detailed study of the asymmetry was performed by
the E-704 experiment in a 200-GeV beam at the
Fermi National Accelerator Laboratory (FNAL). The
E-704 Collaboration reported a substantial value of
the π-meson asymmetry in the beam-fragmentation
region [3]. The absolute value of the asymmetry of
inclusive charged-pion production was 40% in the
E-925 experiment performed in a 22-GeV polarized-
proton beam at the Brookhaven National Laboratory
(BNL) in the late 1990s [4].

The main purpose of the PROZA-2 experiment
[5] was to measure the asymmetry in question in
the region of polarized-target fragmentation. No ex-
periments were performed in this kinematical region
previously. A feature peculiar to the PROZA-2 ex-
periment is that, in contrast to all previous experi-
ments, which sought the asymmetry of inclusive π0-
meson production either in the fragmentation region
at high longitudinal momenta (xF � xT , where xF ≈
2pL/

√
s is the Feynman variable and xT = 2pT /

√
s,

pL and pT being, respectively, the longitudinal and the
transverse secondary-particle momentum) or in the
central region (xF ≈ 0), the contributions of both the
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Layout of the PROZA-2 experimental setup: (S1–S3) scintillation counters of the total flux, (H1, H2) hodoscopes,
(PT) polarized target, and (EMC-720) electromagnetic calorimeter placed at an angle of 40◦ or 30◦ with respect to the beam
axis.
longitudinal and the transverse momentum compo-
nents are significant here.

1. EXPERIMENTAL SETUP

Our experiment was conducted with the aid of
the PROZA-2 setup installed in the beamline 14 of
the U-70 accelerator complex. In a 40-GeV beam,
we measured the asymmetry of inclusive π0-meson
production in the reaction

π− + p↑ → π0 +X. (1)

The setup consisted of beam detectors, a polarized
target, and an electromagnetic calorimeter. Figure 1
shows the layout of the experimental setup, which
was described in detail elsewhere [6].

1.1. Beam Formation and Beam Detectors

The beam of negatively charged particles produced
in the internal target was deflected into beamline 14
by the magnetic field of the accelerator. The system of
three magnets and eight lenses permitted us to select
particles of specific energy and to focus the resulting
beam onto the polarized target of the setup. The
beam formed in this way contained π− mesons, K−

mesons, and antiprotons (about 98, 1.8, and 0.3%,
respectively), the beam intensity being 106 particles
per spill. The spread in particle momenta was about
2% and was determined by the acceptance of a pulsed
collimator.
The beam foci in the horizontal and vertical planes

were close to the target center. The beam dimen-
sions at the target were σx � σy � 3.5 mm. More
than 97% of beam particles hit the target, which was
18 mm in diameter.
The number of particles incident on the target was

determined by three scintillation counters, S1–S3;
the first two of them were 10 cm in diameter, while
the last one, located near the target, was 1.8 cm in
diameter.
The coordinates of beam particles incident on the

target were determined by two hodoscopes, H1 and
H2, placed at distances of, respectively, 8.7 and 3.2 m
P

from the target center. The hodoscope H1 comprised
two planes, each containing 16 counters of size 5 ×
5 × 85 mm; the hodoscope H2 had two planes with
12 counters per plane, each of them being of size
2× 5× 40mm (the 2-mm side was oriented along the
direction transverse to the beam).

1.1.1. Polarized target

A frozen polarized-proton target based on propa-
nediol (C3H8O2) was used in the experiment [7]. The
mean polarization of hydrogen nuclei there was 80%
during the accumulation of data. The pumping of
the polarization, with its simultaneous reverse, took
about four hours. On average, it was performed once
every 48 hours. A special compact magnet ensuring a
field of high uniformity (up to 10−4) was designed for
the polarized target at the Institute for High Energy
Physics (IHEP, Protvino) [8].
A thin-walled horizontal cryostat was used in

the target. Low-energy secondary particles could be
recorded owing to thin side walls of the cryostat. This
property was of special importance for measurements
of the asymmetry in the target-fragmentation region.
We note that the mass of hydrogen nuclei was

about 1/10 of the entire target material. In calculating
the asymmetry, it is therefore necessary to take into
account the target-dilution factorD, which is defined
as the ratio of the total number of beam interactions
with the target to the number of interactions with
hydrogen nuclei.

1.1.2. Electromagnetic calorimeter

Photons from π0-meson decay were recorded
by a total-absorption electromagnetic calorimeter.
The calorimeter comprised 720 counters (EMC-
720) from TF1-00 lead glass [9]. It was shaped as
a rectangular matrix containing 30 column of 24
counters. The calorimeter was placed at a distance of
about 2.3 m from the target. The counters were of size
38 × 38 × 450 mm (18 radiation-length units); they
were wrapped with an aluminized Mylar film 20 µm
thick. Cherenkov light produced by electromagnetic
showers in the glass was recorded by a 12-dynode
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 2. Energy fraction recorded by the calorimeter (left panel) and efficiency of electromagnetic-shower reconstruction in the
detector (right panel) versus the true photon energy in a simulation.
photomultiplier tube (PMT-84/3), the photocathode
being 34 mm in diameter.
The coefficients used to convert the pulse from

each detector cell to the energy deposited inside this
cell were determined by means of a detector cali-
bration with a 26.6-GeV electron beam [10]. The
calorimeter design permitted moving the detector in
the horizontal and vertical directions orthogonal to
the beam in such a way that the electron beam could
irradiate all of the calorimeter cells. The calorimeter
resolution was σ(E)/E = 2.5% at the energy value
used (the beam-momentum spread of 2% was sub-
tracted).
A monitoring system based on photodiodes [11]

was used to test the calorimeter stability with time.
The energy scale was monitored by means of an ad-
ditional calibration against the π0-meson mass to a
precision of 0.1% in the course of five-hour measure-
ments.
The EMC-720 central counters were arranged in

the horizontal plane at a viewing angle of 30◦ with
respect to the target center in the run of 1999 for
measurements in the range−0.4 < xF < −0.1 and at
an angle of 40◦ in two runs of 2000 for measurements
in the range −0.8 < xF < −0.3.

1.2. Electronic System and Transverse-Energy
Trigger

The electronic system consisted of unified nano-
second-electronics modules, circuits of pulse-height
converters, rescaling circuits, registers, and other ad-
ditional systems manufactured in the SUMMA stan-
dard [12].
The coincidence of signals from three scintilla-

tion counters S1–S3 was a zero-level trigger for an
incident particle. In addition, a response from each
plane of the hodoscopes was required. The trigger was
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
formed within a 60-ns gate if another particle did not
pass within this time gate.

A level-1 trigger within a 350-ns gate was devel-
oped on the basis of an analysis of the total trans-
verse energy deposition in the calorimeter. A frac-
tion of the pulse from each counter (about 5%) was
fed into an analogous adder, the angle at which this
counter was viewed from the target being taken into
account. To introduce angular corrections, use was
made of shunting resistors whose resistances were
proportional to sin θ, where θ was the mean angle
corresponding to a given column. Thus, the total sig-
nal was proportional to the transverse energy ET =
E sin θ recorded by the detector. The detector trigger
was adjusted at a level of 1.1 GeV in the run of 1999
and at a level of 1.4 GeV in the runs of 2000.

For electronics of the pulse-height analysis, we
used 12-bit analog-to-digital converters (P-267)
[13]. The data were read out by a computer based on
the MC68030 processor and controlled by the OS-9
real-time operating system and were then transferred
by a local network to an individual computer in order
to perform on-line processing and to log them on
a magnetic tape. With allowance for the efficiency
of the data-acquisition system, about 300 events
were recorded per accelerator cycle. In all, about 100
million events were obtained over 30 days of data
accumulation.

2. DATA ANALYSIS AND RESULTS

Analyzing our experimental data, we selected,
among all of the recorded photons, those whose
energy ranged between 0.5 and 3.5 GeV. The mean
multiplicity of recorded photons was about 1.3.
4
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Fig. 3. Mass distribution of photon pairs recorded in the
EMC-720 electromagnetic calorimeter. The distribution
is approximated by a Gaussian and a polynomial of third
degree (solid curve). The dotted curve represents the
background in the region of the π0-meson mass peak,
while the shaded area corresponds to the Gaussian func-
tion describing the π0 mass distribution.

2.1. Simulation of an Electromagnetic Shower
in the Calorimeter

To test the algorithm for reconstructing photons
and π0 mesons, the development of electromagnetic
showers in lead glass was simulated on the basis
of the GEANT 3.21 code [14]. In the simulation of
Cherenkov light, we took into account the effects
caused by its propagation through matter and its
reflection from the surface of the crystal wrapped
with a Mylar film, as well as the quantum properties
of PMT-84/3 photomultiplier tubes. The number of
photoelectrons was about 1000 GeV−1, which corre-
sponds to experimental data obtained for this type of
glass [15].
The simulation revealed that a substantial fraction

of energy (up to 20%) was lost in recording low-
energy photons mainly because of the detection
threshold of the electronics. Figure 2 shows the
ratio of the recorded energy to the true energy. It
can also be seen from this figure that the efficiency
of electromagnetic-shower reconstruction in the
calorimeter without the background is close to 100%
for energies above 0.8 GeV and exceeds 80% at an
energy of 0.5 GeV.

2.2. Properties of Reconstructed Neutral Pions

Corrections to the shower energy that were ob-
tained in the simulation permitted us to take into ac-
count the energy losses and to reconstruct the energy
PH
and the mass of π0 mesons correctly. Figure 3 shows
the mass distribution of a photon pair, its width σm

being about 15 MeV/c2.

The chosen geometry and trigger made it possible
to record π0 mesons in the target-fragmentation re-
gion for transverse momenta in excess of 0.5 GeV/c.
Figure 4 shows the distribution of photon pairs in the
region of the π0-meson mass versus some kinemat-
ical variables. The correlation between pT and xF is
clearly seen in this figure.

2.3. Algorithm for Calculating Single-Spin
Asymmetry

The single-spin asymmetry AN observed physi-
cally is defined as

AN (xF, pT ) (2)

=
1

Ptarg

1
〈cosφ〉

σH↑ (xF, pT ) − σH↓ (xF, pT )

σH↑ (xF, pT ) + σH↓ (xF, pT )
,

where Ptarg is the target polarization, cosφ is the
cosine of the azimuthal angle between the target-
polarization vector and the normal to the plane
spanned by the beam axis and the momentum of the
outgoing π0 meson, and σH↑ and σH↓ are the cross

sections for π0-meson production on hydrogen for
opposite directions of the target polarization. In our
case, π0 mesons were recorded at an azimuthal angle
in the range 180◦ ± 15◦; therefore, cosφ was set to
−1.
The raw asymmetry ArawN actually measured in our

experiment for the detector placed to the right of the
beam axis is related to AN by the equation

AN =
D

Ptarg
ArawN =

D

Ptarg

n↓ − n↑
n↓ + n↑

, (3)

where D is the target-dilution factor and n↓ and n↑
are the normalized (to the monitor) numbers of π0

mesons produced on the propanediol target for oppo-
site directions of the polarization vector.

The number of particles that traversed the setup
target was used as a monitor with allowance for
the efficiency of the hodoscopes—that is, with al-
lowance for the number of triggers T0 formed upon
a simultaneous actuation of the telescope consisting
of three scintillation counters and each plane of the
hodoscopes.

In measuring the asymmetry, there can arise
an additional instrumental asymmetry caused by
trigger-electronics jitter, failures of themonitor coun-
ters, and other reasons. As a consequence, the
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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measured asymmetry is a sum of the real and the
instrumental asymmetry (Abackgr); that is,

Ameas2γ = kArealπ0 +Abackgr, (4)

where k is the relative number of π0 mesons, which
depends on the photon-pair mass. In order to remove
this systematic bias of the asymmetry, we developed a
method based on the assumption that the background
asymmetry is zero. By the background asymmetry
Abackgr, we mean the asymmetry of photon pairs off
the region of the π0-meson mass peak. This assump-
tion is based on the results of the PROZA-M and
E-704 experiments performed previously. The asym-
metry AN for photon pairs off the π0-meson mass
region was AN = (−1.0 ± 0.8)% in the E704 exper-
iment [16] and (0.04 ± 0.4)% in the raw data of the
PROZA-M experiment, where it was averaged over
the range 1.8 < pT < 3.2 GeV/c. In our calculation,
we set the background asymmetry to zero, disregard-
ing the uncertainty in the measurements.
In order to suppress systematic uncertainties as-

sociated with the instability of electronics operation,
the data from counters that were actuated much more
often, on average, than neighboring ones at least in
one of the event sets (hot counters) were excluded
from the analysis of the whole statistics. Hot coun-
ters were tested over three-hour intervals. In all, two
groups of 16 counters, each corresponding to two
analog-to-digital converters and nine separate coun-
ters were discarded. It should also be noted that we
selected only clusters described by an electromag-
netic shower of shape known from the experimental
data.
Figure 5 shows an example illustrating the cal-

culation of the asymmetry Arawπ0 . The asymmetry is
derived as the ratio of the difference of the normalized
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
numbers of photon pairs as a function of their mass
for two opposite directions of the target polarization

vector to the sum of these numbers,
n↓ − n↑
n↓ + n↑

. The

background asymmetry Abackgr is fitted off the region
of the mass peak. The resulting value is subtracted,
at each point, from the measured asymmetry Ameas2γ .
In this way, we obtained the raw asymmetry ArawN (2γ)
as a function of mass. The resulting distribution was
fitted with allowance for the weight factor k for π0

mesons at each point of the mass spectrum.
The systematic error of this method is determined

primarily by the statistics of photon pairs off the re-
gion of the π0-meson mass and, for different intervals
of xF, is 50 to 100% of the statistical uncertainty in
assessing the number of π0 mesons. In the results
presented in this article, we took into account both
the statistical and the systematic uncertainty.

2.4. Analysis of the Spurious Asymmetry

The spurious asymmetry is caused by a drift of the
calorimeter-energy scale and by the respective inac-
curacy in reconstructing the kinematical parameters
of the photon pair. The cross section for the inclu-
sive production of π0 mesons depends greatly on pT .
Therefore, a 1% difference in the energy scale of the
detector between the data for positive and negative
target polarizations leads to a spurious raw asymme-
try on the order of 2%—that is, to a spurious asym-
metry of 20% upon taking into account the dilution
factor. In our case, the instability of the calorimeter
energy scale was below 0.1%. Thus, the spurious
asymmetry caused by the instability of the energy
scale was below 0.2% for the raw asymmetry and
4
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Table 1.Dilution factor versus the transverse momentum

pT [GeV/c] 1.3 1.5 1.7 1.9 2.1 2.3 2.5 2.8

D from [17] 8.0 ± 1.0 8.1 ± 1.2 8.1 ± 0.7 8.2 ± 0.9 8.8 ± 1.3 9.2 ± 1.6 9.5 ± 2.0 10.1 ± 2.5
2% for the quantity under study (the dilution factor
and target polarizationD/Ptarg ∼ 10 were taken into
account).
In order to estimate the spurious asymmetry, the

total data set obtained for the same direction of the
target polarization vector was broken down into two
equal subsets, and the asymmetry for these subsets
was determined (opposite signs of target polarization
were arbitrarily assigned to these subsets). Figure 6
shows the result calculated for the spurious asymme-
try in one of the three experimental runs. The spurious
asymmetry is zero within the errors. The same result
was obtained for the other experimental runs as well;
however, the uncertainties are rather large. In order
to be sure that the data obtained in the different
measurements are consistent, we compared the re-
sults on the asymmetry from the three experimental
runs performed in different periods. The results are in
agreement within the errors.

2.5. Determination of the Dilution Factor

In order to calculate the physically observed asym-
metry AN on the basis of Eq. (3), it is necessary
to determine the target-dilution factor. For this, we
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PH
must know the composition of the target material (in
percent). Interactions can also occur on the target
iron walls 0.3 mm thick. The cross section for the
production of charged π mesons is proportional to
Aα, with α lying in the range between 0.85 and 1.2
for pT > 1GeV/c [18]. According to our calculations,
the dilution-factor value must range between about 8
and about 10.5 if the transverse momentum pT varies
between 1 and 3 GeV/c. To test the calculations,
we used the results of dedicated measurements from
previous runs [17] with an empty target and with
a carbon equivalent of our target. The effect for an
unpolarized propanediol target was determined as the
mean effect for two orientations of the target polariza-
tion vector. Table 1 summarizes the data from these
measurements. It should be noted that our study is
performed with the same polarized target from the
same material. In 1996, we also measured the di-
lution factor, but on the basis of scarcer statistics.
The results wereD = 8.4 ± 1.2 andD = 9.2 ± 1.5 at
pT ∼ 1.8 GeV/c and pT ∼ 2.1 GeV/c, respectively,
these values being in agreement with previous results.
We adopted the value ofD = 8.1 for our calculations.

2.6. Measurements of the Asymmetry

Figure 7 and Table 2 display the ultimate results
with allowance for the dilution factor and the target
polarization. In the calculation of the physically ob-
served asymmetry AN , the uncertainties in the di-
lution factor D and in the target polarization (about
10%) were disregarded.
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Fig. 6. Spurious asymmetry as a function of xF in the
spring run of 2000.
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Fig. 7. Asymmetry AN of π0-meson production in the target-fragmentation region as a function of xF. The resolution in xF
varies from 0.03 for −0.3 < xF < −0.1 to 0.07 for −0.8 < xF < −0.6. The solid curve represents the prediction obtained in
[23] on the basis of the Collins model; the dotted and dashed curves are the predictions of the U-matrix quark model at various
values of 〈L{q̄q}〉 (〈L{q̄q}〉 is the mean angular momentum of current quarks inside the constituent quark) [30].
The asymmetry proves to be AN = (−13.8 ±
3.8)% in the range −0.8 < xF < −0.4 and is close
to zero in the range −0.4 < xF < −0.1.

3. DISCUSSION

3.1. Comparison with Other Experimental Data

The asymmetry of inclusive π0 production in
the polarized-particle-fragmentation region was also
measured in experiments at FNAL (E-704) and BNL
[19] at, respectively, 200 GeV and 20 TeV in the
target rest frame (the latter energy value was rescaled
from the c.m. energy of two 100-GeV beams of the
RHIC collider to the beam energy in the laboratory
frame). Table 3 summarizes the results of the three
experiments in the polarized-particle-fragmentation
region.

In all of the experiments, the absolute value of
the asymmetry grows with increasing |xF|, reaching

Table 2. Asymmetry in the reaction π− + p↑ → π0 +X at
a beam momentum of 40 GeV/c versus xF

〈xF〉 〈pT 〉, GeV/c AN , %

–0.133 0.8 0.4 ± 1.4

–0.258 1.1 −3.3 ± 2.4

–0.353 1.3 −1.0 ± 3.9

–0.446 1.5 −12.7 ± 4.8

–0.54 1.65 −14.4 ± 7.2

–0.69 1.8 −18.3 ± 11.9
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a value of 10 to 15% at high values of |xF|. There-
fore, we can conclude that the asymmetry of inclu-
sive π0-meson production in the polarized-proton-
fragmentation region is virtually independent of en-
ergy in the range 40–20 000 GeV in the laboratory
frame. The measured analyzing power is rather high
in the reaction being studied (10–15%), and the cross
section for π0 production is quite large. Thus, this
reaction can be used to measure the polarization of
proton beams.

The asymmetry AN in the central π0-production
region of the reaction π− + p↑ → π0 +X was pre-
viously measured with the PROZA-M setup at
40 GeV/c [17]. In that case, the asymmetry grew
in magnitude with increasing pT , reaching a value
of −30%. If the asymmetry was approximated by a
linear function, it intersected the abscissa at p0

T =
1.67 ± 0.09GeV/c. In order to compare our new data
with the results from [17], we plotted the asymmetry
versus the π0-meson energy in the c.m. frame, E.
The asymmetry begins to grow in magnitude at p0 =
1.75 ± 0.2GeV/c (Fig. 8). The measurements in [17]
were carried out at an angle of 90◦ in the c.m. frame;
therefore, the transverse momentum pT there was

Table 3.Data fromdifferent experiments on the asymmetry
AN measured in the polarized-proton-fragmentation re-
gion for 1 < pT < 2GeV/c

Experiment |AN |, %
E-704, FNAL [3] 12.4 ± 1.4

STAR, BNL [19] 14 ± 4

Present experiment 13.8 ± 3.8
4
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Fig. 8. Asymmetry AN of π0-meson production in the reaction π− + p↑ → π0 + X as a function of the π0-meson energy in
the c.m. frame (E) for the target-fragmentation region (�, our experiment) and for the central region (�, data from [17].
virtually coincident with the π0-meson momentum
in the c.m. frame. Thus, we can see that, in the two
kinematical regions, the asymmetry begins growing
in magnitude at the same π0-meson energy in the
c.m. frame.

3.2. Mechanism of Asymmetry Generation
within Various Theoretical Models

The pQCDmodel predicts zero asymmetry. In or-
der to explain the observed high single-spin asymme-
try, Sivers [20, 21] introduced an additional internal
transverse momentum kT of quarks in the parton dis-
tributions within polarized nucleons. Collins [22] as-
sumed that an additional transverse momentum ap-
pears in the fragmentation functions Dπ/c. Thus, the
single-spin asymmetry appears because of the spin
dependence of initial-state interaction in the Sivers
model and because of the spin dependence of final-
state interaction in the Collins model. Figure 7 shows
Anselmino’s predictions for the single-spin asym-
metry AN in the reaction π− + p↑ → π0 +X within
the Collins model [23] (solid curve). His predictions
within the Sivers model deviate only slightly from this
curve.
Efremov and Teryaev [24, 25] proposed taking

into account the contribution of higher twists or
the quark–gluon correlation, which reflects quark
interaction with a hadron color field [26, 27]. The
predictions of Qiu and Sterman [28] within this model
also adequately describe the experimental data in the
polarized-particle-fragmentation region.
A high-asymmetry generation can also be associ-

ated with the orbital angular momentum of quarks.
Troshin and Tyurin [29] formulated a quark model
PH
within the U-matrix approach where the main con-
tribution to the asymmetry comes from the orbital
angular momentum of current quarks inside a con-
stituent quark. For the reaction being studied, Fig. 7
shows the asymmetry values predicted within the U-
matrix quark model [30] (dotted and dashed curves).

Ryskin [31] proposed a model where the asymme-
try arises owing to the interaction of the quark chro-
momagnetic moment with a chromomagnetic field.
Using Ryskin’s basic idea, Abramov [32] put forward
his ownmodel, which also describes the data in ques-
tion quite well.

The basic models are reviewed in [33–35].

The results on the asymmetry in inclusive π-
meson production that were obtained in the PROZA
(IHEP) [17] and E-704 (FNAL) [3] experiments
gave impetus to the development of these models.
The parameters of the models were chosen in such
a way as to describe well the results of the E-704
experiment. Since the data presented in this article
are similar to those obtained in the E-704 experiment,
they are in good agreement with the predictions of the
theoretical models.
We also note that the gluon component makes a

large contribution to the cross section in the region
of small |xF|; therefore, the asymmetry must be small
in the region |xF| < 0.4 because the transverse gluon
functions depend only slightly on the proton polariza-
tion.

4. CONCLUSIONS

The basic results of our study are the following.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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(i) The asymmetry in inclusive π0 production has
been measured for the first time in the polarized-
target-fragmentation region. The asymmetry mea-
sured in the reaction π− + p↑ → π0 +X is AN =
(−13.8 ± 3.8)% in the range −0.8 < xF < −0.4 for
pT values ranging between 1 and 2 GeV/c.

(ii) The asymmetry is close to zero in the range
−0.4 < xF < −0.1 for pT values between 0.5 and
1.5 GeV/c.

(iii)Within the uncertainties, the asymmetry mea-
sured in our experiment for |xF| > 0.4 is consistent
with the results of the measurements performed at
FNAL (E-704, 200 GeV) and BNL (20 TeV in
the rest-target frame) in the polarized-proton-beam
fragmentation region at the same values of |xF|.
Therefore, it has been established in a fixed-target ex-
periment that the asymmetry arises in the polarized-
proton-fragmentation region and is independent of
whether this proton is a beam or a target particle.

(iv) Inclusive π0-meson production in the polari-
zed-proton-fragmentation region is a new reaction
for polarimetry, the experimentally established ana-
lyzing power being about 10 to 15%.

(v) From a comparison with the asymmetry mea-
sured at an angle of 90◦ in the c.m. frame, it follows
that the absolute value of the asymmetry in the re-
action π− + p↑ → π0 +X at 40 GeV begins growing
at the same value of the π0-meson momentum in the
c.m. frame for two different kinematical regions, this
value being p0 ≈ 1.7GeV/c.

(vi) The existing theoretical models describe well
the experimental data in question.
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Abstract—The cross sections for the production of excited nuclei were measured in the reaction
28Si(p, xpyn)A∗ followed by a gamma transition to a state of lower excitation energy or to the ground
state. The experiment was performed in an extracted proton beam from the accelerator of the Institute
of Theoretical and Experimental Physics (ITEP, Moscow). The reaction in question was identified by
a Ge(Li)–NaI(Tl) anticoincidence spectrometer that recorded prompt gamma radiation emitted by the
excited final nucleus. The sensitivity of the experiment was 1.5 mb. The cross-section values were obtained
for 24 gamma transitions in 17 nuclear products. The cross sections for spallation reactions were estimated.
A comparison was performed with known experimental data and with the results of calculations by a
semiempirical formula, as well as with the results obtained by simulating hadron interactions on the basis
of the GEANT and INUCL codes. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Measurement of cross sections for the yield of
nuclear products originating from the spallation of
nuclei that is induced by protons of energy about a few
GeV is necessary both for testing various theoretical
models of nuclear reactions and for solving applied
problems associated with the conversion of nuclear
wastes.

Such measurements have been performed in vari-
ous laboratories worldwide, and their results are in-
cluded both in monographs, such as that which is
cited in [1], and in modern databases (see, for exam-
ple, [2]). In what is concerned with theoretical models
that describe the spallation of nuclei, we would like
to mention the semiempirical dependences presented
in [3–5], cascade–evaporation models and their real-
ization in the form of Monte Carlo codes for comput-
ers (see, for example, [6–8]), and models developed at
the present time on the basis of quantum molecular
dynamics [9–11].

In the overwhelming majority of the experiments
performed in this energy region, use is made of the
method where the products of nuclear spallation are
accumulated during the irradiation of targets with
proton beams. The amount of radioactive isotopes ac-
cumulated in this way is determined by the intensity
of so-called delayed emission that is radiated in the
1063-7788/04/6708-1505$26.00 c©
process of radioactive decay. Mass spectrometers are
used to separate some stable isotopes of inert gases—
for example, helium and neon. One of the recent arti-
cles devoted to this subject presents results obtained
by applying this method to measuring cross sections
for the yield of nuclear products originating from the
interaction of 0.8- to 2.6-GeV protons with various
nuclei (7 < Z < 30) [12]. The yields of radioactive
nuclides were measured in [13–15] for a wider range
of elements (6 < Z < 92).

With the aid of the accumulation method, it is
impossible to measure the yields of stable nuclei not
belonging to the class of inert gases and the yields of
radioactive nuclei having a short half-life, these cases
constituting a considerable fraction of spallation re-
actions. The problem of measuring cross sections for
reactions involving the production of such nuclei can
be solved by recording prompt gamma radiation that
is emitted in transitions of excited nuclei to states
of lower excitation energy or to the ground state.
A feature peculiar to this method is that one mea-
sures partial cross sections for transitions primarily
from the first excited state to the ground-state level
rather than the total yields of nuclei (it is virtually
impossible to record all gamma transitions). It is well
known [16, 17], however, that, in the case of even–
even nuclei, more than 90% of cascade transitions
proceed through the first excited state at the last
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Layout of the Ge(Li)–NaI(Tl) gamma spectrometer used.
stage. In this case, the gamma-transition cross sec-
tion can therefore be considered to be close to the
cross section for the yield of the respective nucleus; for
nuclei belonging to a different type, it is only possible
to estimate the yields. Semiconductor (germanium or
silicon) spectrometers are used to measure the energy
of prompt gamma radiation. However, their applica-
tion in accelerator experiments at proton energies in
excess of 500 MeV, in which case background condi-
tions deteriorate, requires taking additional measures
for separating a useful signal.

The method of gamma spectroscopy in a beam
was applied in [17]. This made it possible to measure
the cross sections for the yields of stable nuclei and
radioactive nuclei of short half-life. These data were
obtained there for Al and Fe targets at a proton energy
of 0.8 GeV.

In the present experiments, we measured cross
sections for gamma transitions in excited nuclei orig-
inating from the interaction of 1.1-GeV protons with
28Si nuclei.

In order to identify the reaction being considered,
prompt gamma radiation emitted by an excited final
nucleus was recorded by a Ge(Li)–NaI(Tl) anticoin-
cidence spectrometer. In [18], we reported our prelim-
inary results on the cross sections for the formation of
nuclear products in the spallation of Mg, Al, and Si
nuclei that was induced by 1.1- to 2.5-GeV protons.

2. DESCRIPTION OF THE EXPERIMENT

Our experiment was performed in a proton beam
extracted from the U-10 accelerator of the Insti-
tute of Theoretical and Experimental Physics (ITEP,
PH
Moscow). A Ge(Li)–NaI(Tl) gamma spectrometer
was used to record photons and measure their en-
ergy, this spectrometer being part of the MAG facil-
ity [19, 20]. The layout of our experiment is displayed
in Fig. 1. A beam of protons with a momentum of
1.81 ± 0.02 GeV/c was focused onto the target used
by means of a system of magnets and lenses. Coinci-
dences of the S1 ×S2 ×S3 counters served as a beam
monitor, their dimensions being 4 × 4 cm2 for S3 and
10 × 10 cm2 for S1 and S2. The beam intensity was
maintained at a level of 5 × 105 protons per accelera-
tor spill, the spill duration being approximately 0.5 s.
For a target, we used crystalline silicon of natural
isotopic composition (92.2% 28Si, 4.7% 29Si, and
3.1% 30Si) in the form of a cylinder 8 cm in diameter
and 2.7 cm in height. The beam was directed to the
center of the cylinder along its generatrix, so that the
amount of substance that the beam traversed was
6.0 g/cm2. We performed three runs of measurements
in the beam. A detailed description of experimental
conditions in the runs can be found in [21]. The
number of protons that hit the target over the time
of the measurements was N0 = 5.6 × 1010, while the
number of “triggers” transferred to a computer was
NТ = 1.18 × 106.

2.1. Gamma Spectrometer

The Ge(Li)–NaI(Tl) spectrometer was arranged
in the direction orthogonal to the beam axis below the
target (Fig. 1). The detecting part of the spectrometer
was a Ge(Li) crystal of volume 100 cm3 placed in a
cryostat of special configuration. The distance from
the center of the crystal to the target was 35.7 cm.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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In order to reduce the gamma-ray and neutron back-
ground associated with the operation of the acceler-
ator, the gamma detector was protected by a passive
shield from lead and was placed within a six-section
NaI(Tl) assembly in the form of a well having a height
of 30 cm and an external diameter of 45 cm, the
diameter of the inner hole being 10 cm. A signal from
six NaI crystals was required to be in anticoincidence
with a signal from a germanium detector, whereby the
continuous background component was suppressed
by a factor of 20 to 30 [19].

The scintillation counter S4 used in the anticoinci-
dence mode prevented the actuation of the spectrom-
eter from charged particles finding their way to the de-
tector. The trigger for the readout of information by a
computer was formed by an S1S2S3S4S5GeNaI sig-
nal. The S5 counter, placed in the beam at a distance
greater than 5 m from the target, was used in the
anticoincidence mode in order suppress signals from
particles that traversed the target without undergoing
interaction. The S5 counter recorded beam protons
with an efficiency of 80%. An analogous signal from
the germanium detector was recast into digital infor-
mation Ag.d by an analog-to-digital converter with
a step of 0.9 keV. The energy interval of recorded
photons was 150–3400 keV. The on-line monitoring
of spectrometer operation was accomplished with the
aid of a 4096-channel analyzer of the NOKIA type.

2.2. Efficiency of the Gamma Spectrometer

The gamma-spectrometer efficiency Ωeff(Eγ) is
determined as the product of two factors, Ωeff(Eγ) =
Ωg(Eγ)η(Eγ), where Ωg describes the geometric
component of the efficiency [that is, this factor takes
into account the probability that a photon finds its
way to the detector and the probability of its loss via
the escape of part of the respective electromagnetic
shower from the Ge(Li) crystal], while η(Eγ) charac-
terizes the efficiency of triggering-signal formation.

The dependence Ωg(Eγ) was determined experi-
mentally in detecting, with the spectrometer, gamma
radiation from four reference spectrometric gamma-
radiation sources (60Co, 88Y,137Cs, and 228Th) having
well-known intensities. The gamma lines of these
sources covered the energy range under study. For
the conditions of photon detection to be as close as
possible to the conditions of the measurements, the
sources were placed at the position of the target being
investigated.

The factor η(Eγ) reflects the decrease in the effi-
ciency because of restricting the time gate δt within
which the arrival of a signal from the Ge(Li) detector
to the coincidence circuit involving beam counters
was allowed. In our measurements, this time gate was
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
δt = 50 ns. Because of a large scatter of the duration
of the leading edge of pulses from the Ge(Li) detector,
the gating at a level of δt = 50 ns restricted the effi-
ciency of the spectrometer. The function η(Eγ) was
determined experimentally by comparing the spectra
of gamma radiation from the target that were col-
lected for δt = 50 ns and δt = 250 ns.

The photon-detection efficiency decreases with in-
creasing photon energy. It is 2.3 × 10−4 at an energy
of 200 keV, falling to 0.77 × 10−4 at 1000 keV and to
0.51 × 10−4 at 1800 keV.

It should be emphasized that the inaccuracy in
the efficiency is one of the main sources of errors in
measuring cross sections and that, while the geo-
metric efficiency Ωg can be determined to within a
few percent, η(Eγ) is known to a lower degree of
precision, this leading to systematic errors that may
be as great as ±10%.

The gate δt for the time of delay of a recorded
pulse from the Ge(Li) detector sets an upper limit
on the half-lives T1/2 of levels that can be observed
in our experiment. In all probability, the intensities
of levels characterized by T1/2 ≤ 10–20 ns can be
measured without distortions; however, corrections
for the fraction of undetected decays must be intro-
duced for more long-lived states. A lower bound on
the recorded lifetimes is determined by the distortion
of the gamma-line shape owing to the Doppler ef-
fect [22]. Our calculations performed by the Monte
Carlo method revealed that distortions can be consid-
ered to be insignificant for times longer than 100 fs.

2.3. Energy Calibration

The energy scale of the germanium detector was
calibrated on the basis of 14 known gamma lines
of a 226Ra source in the range between 180 and
3100 keV. Up to an energy of 1200 GeV, the shape
of the recorded gamma line—the spectrometer reso-
lution is affected by this shape—is well described by
the Gaussian distribution

f(x) =
a

s
exp

[
−
(
x− µ

s

)2/
2

]
, (1)

where a is a normalization factor, µ is the position
of the line, and s is the root-mean-square deviation.
At high energies, the gamma-line shape becomes
asymmetric, more extended toward smaller values of
the argument. Up to an energy of 3100 keV, it is
approximated by the empirical distribution

f(x) =
a

s
exp

[
x− µ

s

]
− exp

[
x− µ

s

]
, (2)

which is similar to the distribution of extreme values
in [23]. In this expression, s is the shape parameter,
4
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Fig. 2. (a) Spectrum recorded by the gamma spectrom-
eter in the irradiation with a 226Ra source. (b) Gamma-
spectrometer resolution as a function of the photon en-
ergy for gamma lines of a 226Ra source (crosses) (the
curve represents an approximation by a polynomial of
second degree) and for gamma lines excited in the inter-
action of protons with a silicon target (closed circles).

which is related to the variance of the distribution
by the equation D = 1.645 s2, while µ = 〈x〉 − 0.58,
where 〈x〉 is the mean value.

In the vicinity of each of the 14 lines, the distri-
butions of experimental events over channel number
of the analog-to-digital converter in the calibration
run were described by the sum of a linear background
and the resolution function f(x). The relationship
between the photon energy (tabulated values) and
the number of that channel of the analog-to-digital
converter which corresponds to the parameter µ of the
function f was approximated by the power-law func-
tion Eg [keV] = b(Ag.d − c)d, where the coefficients
b, c, and d were determined by the method of least
squares.

The calibration dependence approximated well
the relationship between the photon energy and the
amplitude—the maximum difference between the
tabulated values of the energies of photons from the
226Ra source and their counterparts calculated by the
respective formula did not exceed ±1.0 keV. A slight
drift of the calibration dependence was observed in the
case of a long-term operation of the spectrometer. In
order to ensure the required accuracy, measurements
with the 226Ra source were performed every day. Fig-
ure 2a displays an example of the spectrum obtained
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Fig. 3. Spectrum of photons originating from the in-
teraction of 1.1-GeV protons with silicon nuclei. The
background peaks are indicated.

in the calibration run. Figure 2b shows the spec-
trometer resolution (root-mean-square deviation) as
a function of the photon energy: crosses represent
the FWHM values for 226Ra gamma lines (these
data were approximated by a polynomial of second
degree). It should be noted that the resolution of
the detector in accelerator experiments is somewhat
lower than its standard resolution. This is because
the adaptation of the detector to conditions of a heavy
background from accidental photons and neutrons
requires applying special electronic circuits for pulse
formation [20], which shorten the analogous pulse
in time and distort its shape. In Fig. 2b, the circles
represent the widths of the distributions for lines that
are observed in the measurements with the 28Si target
in the beam. Because of line broadening caused by the
Doppler effect and because of the admixture of other
gamma transitions, experimental points lie, as a rule,
above the calibration dependence.

2.4. Calculation of Cross Sections

The gamma spectrum obtained in a proton beam
with a silicon target is given in Fig. 3. The continuous
component of the spectrum (continuum) is formed
predominantly by photons whose energy was not
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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completely recorded (because of the escape of shower
particles from the detector), by Compton scattering,
and by gamma radiation of a background origin. The
maxima in the spectrum are due to gamma transitions
in nuclei formed in proton-induced reactions from
excited states to the ground state or to a state of lower
excitation energy.

In the vicinity of each maximum, the spectra were
approximated by the function f , which specifies the
line shape, and a linear function extrapolating the
continuum. In order to describe spectral regions con-
taining a few gamma lines, several functions f were
included in the approximating function. The position
µ of the maximum, the shape parameter s, and the
parameter a related to the amplitude of a function f
were found for each of them as the result of fitting.
The values found for µ served for identifying gamma
transitions on the basis of tables known from [2, 16].

The identification of transitions is complicated by
the fact that, among the recorded maxima, there are
those that are caused by the interaction of the accel-
erator neutron background with nuclei of structural
material occurring near the detector—in particular,
aluminum, iron, and lead nuclei. There can proceed
both (n, γ) reactions and (n, n′) reactions accompa-
nied by the excitation of the nucleus involved. There is
also background gamma radiation caused by neutron
absorption within the detector itself. The energies
of background gamma lines are known, and their
presence was taken into account in processing the
measured spectra. The background maxima are in-
dicated in Fig. 3. The parameters s and a were used
to calculate the area of the spectrum under the curve
representing the function f , and the cross section
for the corresponding gamma transition was deter-
mined on the basis of this area. That some regions
of the spectrum contained several gamma transitions
in different excited nuclei of close energies presented
a serious difficulty. The error in measuring transition
probabilities in such regions increased considerably.

In order to rescale the number N of events
recorded in the photon spectrum at an energy Eγ into
the cross section, we employed the formula

σ[cm2] =
4πAN

NAvxΩeff(Eγ)k(Eγ)mξNо
, (3)

where N is the area under the peak in terms of the
number of events, А = 28 is the atomic number of
the target nucleus, NAv is Avogadro’s number, x =
6.0 g/cm2 is the target thickness, Ωeff(Eγ) is the
germanium-detector efficiency in steradians, k(Eγ) is
a coefficient that takes into account photon absorp-
tion in the target and in the S4 counter, the coefficient
m = 0.95 takes into account the correction for the
detector dead time, ξ introduces a correction for the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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angular distribution of photons in nuclear transitions
(ξ = 1.05 for 2+

(1) → 0+
(g.s.) transitions [24], and ξ =

1.0 for all other transitions), and N0 = 5.6 × 1010 is
the number of beam particles that hit the target over
the time of the measurements.

The coefficient of photon absorption in matter as a
function of the photon energy, k(Eγ), was calculated
by the Monte Carlo method. Its value changes from
0.35 at an energy of 200 keV to 0.7 at an energy of
2500 keV.

An example of a fit to the spectrum in the energy
range 400–470 keV is given in Fig. 4. We can see two
distinct peaks, which are identified as the 416.8-keV
transition from the second level of the 26Al nucleus
to its ground-state level and the 440.7-keV transition
from the first level of the 23Na nucleus to its ground-
state level. Between these two large peaks, there is a
modest maximum, which is introduced to improve the
approximation and which is probably a manifestation
of the 429.1-keV transition from the first level of the
7Be nucleus to its ground-state level. In addition, a
peak at 451 keV, which can be identified in terms of
the transition from the first level of the 23

12Mg or the
25
13Al nucleus to the respective ground-state level, is
taken into account in this fit.

Table 1 presents the results obtained by measuring
the cross sections for gamma transitions occurring
upon the interaction of 1.1-GeV protons with sili-
con nuclei. Data are arranged in order of decreasing
atomic number of nuclear products formed in the re-
spective reaction. Presented in this table are the value
obtained in our experiment for the transition energy,
its tabular value (taken from the NNDC database [2]),
a product nucleus and emitted particles, the quantum
numbers of a transition, and the cross section in
millibarns. The quoted errors in the cross sections
are purely statistical and are determined by the errors
4



1510 VASENKO et al.
Table 1.Gamma transitions in nuclei upon the spallation of 28Si nuclei bombarded with 1.1-GeV protons and respective
cross sections

E(expt.), keV E(NNDC), keV Product nucleus Emitted particles Transition Cross section, mb

1780.3 ± 0.2 1779.0 28Si 2+
(1) → 0+

(g.s.) 35.9 ± 1.8

782.7 ± 0.3 780.8 27Si n 1/2+
(1) → 5/2+

(g.s.) 5.0 ± 0.9

960.3 ± 0.7 957.3 3/2+
(2) → 5/2+

(g.s.) 2.5 ± 0.8

1796.0 ± 0.9 1795.8 26Si 2n 2+
(1) → 0+

(g.s.) 1.4 ± 0.9

841.5 ± 0.1 843.7 27Al p 1/2+
(1) → 5/2+

(g.s.) 11.3 ± 1.5

1015.0 ± 0.4 1014.4 3/2+
(2) → 5/2+

(g.s.) 11.0 ± 8.0

2214.1 ± 2.0 2211.0 7/3+
(2) → 5/2+

(g.s.) 6.7 ± 1.4

418.2 ± 0.1 416.8 26Al pn 3+
(2) → 5+

(g.s.) 19.7 ± 0.9

831.4 ± 0.8 829.4 1+
(3) → 5+

(1) 4.6 ± 1.5

451.5 ± 0.4 451.5 25Al p2n 1/2+
(1) → 5/2+

(g.s.) 3.9 ± 1.1

1810.3 ± 0.4 1808.7 26Mg 2p 2+
(1) → 0+

(g.s.) 10.9 ± 1.1

1129.8 ± 0.6 1129.7 2+
(2) → 2+

(1) 5.4 ± 0.8

585.8 ± 0.2 585.0 25Mg 2pn 1/2+
(1) → 5/2+

(g.s.) 8.2 ± 1.2

978.1 ± 0.6 974.7 3/2+
(2) → 5/2+

(g.s.) 2.2 ± 1.0

1369.8 ± 0.3 1368.6 24Mg 2p2n 2+
(1) → 0+

(g.s.) 29.0 ± 1.6

441.2 ± 0.1 440.0 23Na 3p2n 5/2+
(1) → 3/2+

(g.s.) 27.5 ± 1.5

892.1 ± 0.7 890.9 22Na 3p3n 4+
(3) → 3+

(g.s.) 4.0 ± 1.5

1530.8 ± 1.4 1528.0 5+
(4) → 3+

(g.s.) 2.7 ± 1.0

1276.0 ± 0.3 1274.5 22Ne 4p2n 2+
(1) → 0+

(g.s.) 6.9 ± 1.3

351.7 ± 0.2 350.7 21Ne 4p3n 5/2+
(1) → 3/2+

(g.s.) 10.6 ± 1.1

1634.9 ± 0.4 1633.7 20Ne 4p4n 2+
(1) → 0+

(g.s.) 14.4 ± 1.9

659.2 ± 0.6 656.0 20F 5p3n 3+
(1) → 2+

(g.s.) 4.1 ± 0.9

936.7 ± 1.2 937.2 18F 5p5n 3+
(1) → 1+

(g.s.) 3.5 ± 1.0

719.2 ± 0.4 718.3 10B 9p9n 1+
(1) → 3+

(g.s.) 10.1 ± 1.0
with which the parameters were determined from a fit
to the peaks. In addition, there are errors associated
with choosing the boundaries of fitting and intervals
of the background, with misidentifying peaks, and
with including nearby peaks in the fitting procedure.
The inaccuracy stemming from these errors can be
estimated at 2% for intense peaks (for example, those
at 1780, 418, 1369, 441, and 1276 keV) and at 5%
for the remaining peaks. A systematic error in deter-
mining the efficiency of the spectrometer and in beam
monitoring is also possible—it is approximately 10%.

In calculating the transition cross section, we in-
troduced a correction of 1/0.9223 = 1.084 for the iso-
topic composition of 28Si. Also, we estimated the cor-
rection for the content of the 29Si and 30Si isotopes—
PH
it proved to be less than 1 mb. Presented immediately
below are some comments to Table 1:

(i) We have estimated the correction for the con-
tribution of closely lying transitions from different re-
actions. A sizable contribution (3.1 ± 0.6 mb) comes
only from the 1780.0-keV transition occurring from
the third level of the 26Mg nucleus to its first level. In
deriving this estimate, we used our experimental data
on the cross sections for the transition from the first
level of the 26Mg nucleus to its ground-state level and
the transition from its second to its first level.

(ii) For the 27Al nucleus, the energy of the transi-
tion from the first to the ground-state level
(843.7 keV) is very close to the energy of the back-
ground peak from the (n, nγ) reaction on a 56Fe
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Table 2. Our data along with data from other experiments and results of theoretical calculations (cross-section values
are given in millibarns)

Nucleus
Experiment Calculation

Our study Michel et al. [12] Webber et al. [25] ST UNUCL GHEISHA FLUKA
27Si 7.5 ± 0.9 31.2 ± 0.5 7.8 25.0 38.3 0.4
26Si 1.4 ± 0.9 1.4 ± 0.1 1.4
27Al 29.0 ± 8.3 51.8 ± 0.8 21.5 22.9 24.6 0.3
26Al 24.3 ± 1.7 20.3 ± 1.7(c) 30.3 ± 0.5 18.5 36.5 84.4 1.0
26Mg 10.9 ± 1.1 15.9 ± 0.3 9.1 6.8 21.8 0.4
25Mg 10.4 ± 1.5 27.2 ± 0.4 17.8
24Mg 29.0 ± 1.6 33.0 ± 0.4 16.4
23Na 27.5 ± 1.5 18.9 ± 0.3 14.7 13.3 34.9 3.2
22Na 6.7 ± 1.8 19.3 ± 1.4(c) 11.4 ± 0.3 17.4
22Ne 6.9 ± 1.3 9.2 ± 1.2 7.8 ± 0.2 5.4 1.7 3.3 2.7
21Ne 10.6 ± 1.1 24.2 ± 1.0(c) 12.3 ± 0.2 9.7 10.3 16.1 4.7
20Ne 14.4 ± 1.9 26.5 ± 1.6(c) 13.3 ± 0.2 12.7 11.7 17.5 6.1
20F 4.1 ± 0.9 4.1
nucleus (846.8 keV). The presence of the respective
peak in exposures where carbon was used for a
target proves that the peak in question receives a
contribution from the above background reaction. An
(n, n′γ) reaction can also proceed on aluminum. In
order to test the effect of the neutron background, we
implemented exposures where the detector was cov-
ered with an additional shield from neutrons. In that
case, the 843.7- and 1014.4-keV peaks became less
intense, at least by 30%. A large error in determining
the cross section for the peak at 1014.4 keV stems
from the fact that, in constructing a fit, we took into
account the 1017.0-keV transition from the first level
of the 23Ne nucleus to its ground-state level.

(iii) The first excited state of the 26Al nucleus
decays, emitting a positron, the respective half-
life being 6.3 s. The transition from the second
level of this nucleus to its ground-state level is
clearly seen. The peak corresponding to the (830.9 ±
1.2)-keV transition from the third to the first level lies
at the edge of a large background peak, so that its
cross section is determined with large errors.

(iv) The peak at 451.2 ± 0.2 keV can be identified
in two ways, as a transition from the first to the
ground-state level either for the 25Al or for the 23Mg
nucleus.

(v) The peak associated with the transition from
the first level of the 25Mg nucleus to its ground-state
level lies at the edge of a large background peak.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
(vi) For the 22Na nucleus, the 583.0-keV transi-
tion from the first to the ground-state level is charac-
terized by the half-life value of 244 ns and cannot be
recorded by our spectrometer. The transition from the
second to the first level cannot be recorded either be-
cause of a low transition energy. Only the transitions
from the third and the fourth level to the ground-state
level are recorded.

(vii) The main contribution to the peak at
1634.9 keV comes from the transition proceeding in
the 20Ne nucleus from the first excited to the ground-
state level. However, the 1636.0-keV transition from
the second to the first level of the 23Na nucleus can
be superimposed on it. The spectra were processed
with allowance for two closely lying transitions, the
1611.7-keV transition in the 25Mg nucleus from the
third to the ground-state level and the 1651.9-keV
transition in the 26Al nucleus from the sixth to the
second level. This can lead to an additional error in
the respective cross section.

(viii) The peak at 719.4 keV lies at the edge of
a large background peak. The contribution from the
background (n, n′γ) reaction on a 10B nucleus is
possible here.

In Table 2, our data are contrasted against data
from other experiments and the results of theoretical
calculations. Only the most reliably determined cross
sections are quoted there. The second column gives
lower limits on the cross sections for the production
4
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of a given nucleus, while the third column displays
the results of Michel et al. [12]. The procedure applied
by those authors to determine cross sections does not
rule out, in the cases labeled with the symbol (с), the
contribution from radioactive forerunners and yields,
as a rule, an upper limit on reaction cross sections.

Presented in the next column of the table are data
obtained by Webber et al. [25] in an experiment where
28Si nuclei accelerated to an energy of 600 MeV
per nucleon interacted with a proton at rest. The
product nuclei were separated there by the mass-
spectrometry method. The results of that experiment
are close to our results for 26Si, 24Mg, 22Ne, 21Ne,
and 20Ne nuclei.

In the columns that follow, one can find the re-
sult of our calculations based on the semiempirical
formula of Silberberg and Tsao (ST) [26, 4] and the
result of Monte Carlo simulations performed with the
aid of the GEANT 3.21 (FLUKA, GHEISHA) and
INUCL codes (see [6] and [7], respectively).

The results of the calculation by the Silberberg–
Tsao formula proved to be the closest to the experi-
mental data for neon isotopes, but they show signifi-
cant deviations for 25Mg, 24Mg, and 23Na nuclei.

The INUCL code employs the cascade–evapora-
tion model. From Table 2, one can see that the
INUCL code does not always provide a satisfactory
description of spallation cross section, but, for some
nuclei (for example, 27Al, 21Ne, and 20Ne), the results
of the INUCL calculations are close to the experi-
mental values. As to the calculations based on the
GEANT package, they lead to cross-section values
deviating dramatically from the experimental data.

3. CONCLUSIONS

(i) By recording gamma radiation emitted upon
the interaction of 1-GeV protons with 28Si nuclei, we
have measured cross sections for 24 gamma transi-
tions in 17 excited nuclei.

(ii) The results are compared with experimental
data available from other studies and with the results
of theoretical calculations.
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Abstract—The features of the associated production of φ mesons with Λ0 hyperons in neutron–carbon
interactions were investigated. The experiment was performedwith the aid of the EXCHARMspectrometer
at the Serpukhov accelerator in a neutron beam of energy in the interval 20–70 GeV. The differential cross
section for inclusive associated φΛ0 production was measured. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Within the quark model of broken SU(3) sym-
metry, the φ meson can be represented as a particle
entering into the vector-meson nonet, consisting of
ss̄ valence quarks, and involving a small admixture of
qq̄ nonstrange quark pairs; it is the first member of
the family of vector mesons featuring hidden flavors
(φ, J/ψ, Υ).

The dynamics of the interaction of systems com-
posed of quarks manifests itself in the Okubo–
Zweig–Iizuka rule [1]. According to this rule, dis-
connected quark diagrams are forbidden in strong
interactions; as a consequence, the production and
annihilation of quark–antiquark pairs fully belonging
to the same hadron are also forbidden. This means,
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among other things, that, if the φ meson were a pure
ss̄ state, it could not be produced in the interactions
of hadrons not containing strange quarks in the initial
state or without the emergence of additional strange
particles in the final state.

Investigation of the features of φ production can
be of use for obtaining deeper insight into the mech-
anisms of the production of heavier vector mesons
featuring hidden flavors (J/ψ and Υ) and for deter-
mining those regularities in hadron processes that are
associated with the flavors of the quarks entering into
the hadron involved.

In this article, we present the results obtained by
studying the associated production of φ mesons with
Λ0 hyperons in neutron–carbon interactions detected
at neutron energies in the range 20–70 GeV by the
EXCHARM spectrometer. Events of the associated
production φmesons with Λ0 hyperons were selected
among about 172 × 106 original neutron–carbon in-
teractions recorded by the spectrometer in one of the
exposures of the EXCHARM facility.

2. EXCHARM EXPERIMENT

The EXCHARM spectrometer is situated in the
5N neutron channel of the U-70 Serpukhov accelera-
tor. A beam of neutrons is produced upon the interac-
tion of 70-GeV protons circulating in the accelerator
ring with the internal beryllium target and is formed
by a system of collimators arranged along the axis
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Energy spectrum of beam neutrons. Here and in
the figures that follow,N is the number of combinations.

that is nearly parallel to the momentum of incident
protons. Figure 1 shows the energy spectrum of beam
neutrons that was obtained in [2] by measuring neu-
tron energies with the aid of the hadronic calorimeter
entering into the composition of the spectrometer.
The energy spectrum of the beam has a maximum in
the vicinity of 58 GeV and a width of about 12 GeV.

In order to reduce the admixture of photons, a lead
filter of variable thickness (from 0 to 20 cm, depend-
ing on the position along the beam) was installed
in a beam. The admixture of charged particles was
removed by the deflecting magnets of the accelerator
and the SP-129 magnet, which was arranged in the
nose part of the experimental zone.

The intensity of the beam during an accelerator
spill was about 6× 106 neutrons per 5× 1011 protons
dumped onto the internal target.

The arrangement of basic units of the operating
EXCHARM spectrometer is displayed in Fig. 2. The
spectrometer includes the following elements:

(i) a carbon target Т of thickness 1.3 g/cm2 along
the beam,

(ii) an analyzing magnet SP-40A having an aper-
ture of 274 × 49 cm2 and generating a magnetic field
of maximum strength 0.79 T (the system of the mag-
net power supply provides the possibility of a fast
reversal of its polarity);

(iii) a system of 11 multiwire proportional cham-
bers PC [3, 4] (25 signal planes) positioned upstream

Table 1. Thresholds for charged-particle detection

Counter Gas Detection thresholds, GeV/c

µ π K p

MTGCC-14 Freon-12 2.3 3.1 10.8 20.5

MTGCC-32 Air 4.5 6.0 21.2 40.3
P

(PC 1–8) and downstream (PC А–С) of the mag-
net (the maximum dimensions of the chambers were
100 × 60 cm2 upstream and 200 × 100 cm2 down-
stream of the magnet);

(iv) hodoscopes H1 and H2 of scintillation coun-
ters (these hodoscopes are used to develop a signal
triggering the facility);

(v) neutron-beam monitor Mn;
(vi) a hadronic calorimeter HC, which is used to

measure the energy spectrum of beam neutrons;
(vii) a 14-channel (MTGCC-14) and a 32-channel

(MTGCC-32) threshold gas Cherenkov counter [5,
6], which are used to identify charged particles.

The MTGCC-14 and MTGCC-32 counters are
filled with, respectively, Freon-12 and air at at-
mospheric pressure. The calculated thresholds for
charged-particle detection are given in Table 1.

The spectrometer is described in terms of a right-
hand coordinate frame specified in such a way that
its z and y axes are directed, respectively, along the
neutron-beam axis and upward along the main com-
ponent of the magnetic field, the origin of coordinates
being coincident with the center of the SP-40Amag-
net.

The facility is triggered by pulses formed by a
majority scheme of coincidence from two hodoscopic
planes of proportional chambers upstream of the
magnet, one such plane downstream of the magnet,
and two hodoscopes of scintillation counters. The
system of triggering the spectrometer requires that
not less than four charged particles traverse the main
units of the facility.

The EXCHARM spectrometer is described in
greater detail elsewhere [7].

Associated φΛ0 production was investigated by
two independent methods. In calculating the cross
section for associated φΛ0 production, different mod-
els of the production of this pair of particles were used
within these two methods.

3. EVENT SELECTION

Events involving the associated production of φ
mesons and Λ0 hyperons were selected in the reaction

n+N −→ φ+ Λ0 +X. (1)

We identified Λ0 hyperons by their decays to a
proton and a pion:

Λ0 −→ pπ−. (2)

Neutral-vee (V 0) topology corresponds to the de-
cay process in (2). For V 0, we took a pair of unlikely
charged particles whose trajectories were spaced by a
distance not less than 0.5 cm, this corresponding to
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 2. Layout of the EXCHARM spectrometer.
the tripled experimental resolution in this parameter.
In addition, it was required that the decay vertex occur
within the decay volume beginning at a distance of
10 cm from the target edge along the z axis. This
made it possible to suppress a major part of the
background from interactions within the target. As a
result, we selected V 0 vees that were identified with
K0, Λ0, and Λ̄0 strange particles. For a V 0 vee cor-
responding to Λ0, the effective mass of the pπ− sys-
tem was required to be within ± 4.5 MeV/c2 around
the tabular value of the Λ0 mass, this approximately
corresponding to the tripled value of the experimental
resolution in this quantity (about 1.5 MeV/c2).

In order to separate φmesons, we considered their
decay to two charged kaons:

φ −→ K+K−. (3)

In order to reduce the background from misidentified
kaons in the final state being investigated, we em-
ployed information from MTGCC-14 and MTGCC-
32. For each charged particle, we calculated the
relative probabilities of its identification as a specific
hadron (so-called weight), W (i), where i = π±,
K±, or p/p̄. For this, the recorded pulses from
both Cherenkov counters were compared with their
computed counterparts that were obtained under the
assumption that the charged particles in question
correspond to the above presumed types. The values
found forW (i) are normalized in such a way that, for
each charged particle, we have

W (π±) +W (K±) +W (p/p̄) = 3.

The value of W (i) = 3 then implies a 100% identifi-
cation of a particle with the type i, while the value of
W (i) = 1 corresponds to a complete indeterminacy
in the type of particle. The cuts on the Cherenkov
weights W (K±) in the selection procedure were
TOMIC NUCLEI Vol. 67 No. 8 200
specified on the basis of the following requirements:
on one hand, it was necessary to achieve a maximum
suppression of the background from misidentified
particles; on the other hand, it was desirable to
minimize losses of combinations involvingK+K−.

As a criterion for identifyingK± in the final states
of φ-meson decay, we choose the condition

W (K±) ≥ 1.3, (4)

in which case the number of background combina-
tions decreases by about 90%, while the losses of the
signal do not exceed 10%.

In order to select events of the reaction in (1), we
have also imposed the following constraints:

(i) The minimum distance between the recon-
structed trajectories of φ and Λ0 particles must not
exceed 0.5 cm.

(ii) In the event being considered, the vertex com-
posed of the reconstructed φ and Λ0 particles must be
within ±5 cm from the target surface along the beam
axis (the spectrometer resolution in the coordinate z
is about 1 cm).

Figures 3a and 3b show, respectively, the
M(K+K−) and the M(pπ−) distribution for events
selected with allowance for the cuts listed above.
The presence of a clear-cut structure in each of the
distributions makes it possible to study their features.

4. BASIC FEATURES OF THE SIGNALS
BEING STUDIED

The parameters of the structure in theM(K+K−)
spectrum were determined by means of approximat-
ing this spectrum by a superposition of the con-
volution of a Breit–Wigner (BW ) function with a
Gaussian (G) resolution function and a function that
4
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Fig. 3. Effective-mass spectra of the (a) K+K− and (b) pπ− systems. The curves represent fits to these spectra.
describes the background (BG). This superposition
can be taken in the form

F (M) = B̃W (M) +BG(M), (5)

where

B̃W (M) =
∫
BW (m)G(m−M)dm. (6)

The Breit–Wigner and Gaussian functions were
parametrized as

BW (m) =
1
π

mM0Γ
(m2 −M2

0 )2 +M2
0 Γ2

, (7)

G(m) =
1√

2πδ2
exp

(
−m

2

2δ2

)
, (8)

where Γ is the width of a structure, M0 is the mean
value of the effective massM(K+K−) for this struc-
ture, and δ is the mass resolution of the spectrometer
in the φ-meson region (its value obtained by the
Monte Carlo method is 1.7 ± 0.3 MeV/c2).

The background was approximated by the func-
tion

BG(m) = A+B
√

(m2 −M2
th) + Cm, (9)

m > Mth,

whereMth = M(K+) +M(K−) andA,B, andC are
free parameters.
P

The solid curve in Fig. 3a represents the result
obtained by approximating the spectrum of the effec-
tive masses M(K+K−) by the function in (5). The
background function describes well the M(K+K−)
spectra off the region of the structure.

This approximation made it possible to determine
the features of the structure. The measured values of
the φ-meson mass and width are given in Table 2.

The effective-mass spectrum of the pπ− system is
displayed in Fig. 3b. In the region around the tabular
value of the Λ0-hyperon mass, there is a structure,
which was approximated by a Gaussian function, the
background being approximated by a linear function.
As a result, we determined the Λ0 mass (Table 2).

Within the errors, the resulting features of φ and
Λ0 agree well with their counterparts in the Particle
Data Group tables [8].

5. ESTIMATING THE NUMBER OF EVENTS
OF THE ASSOCIATED PRODUCTION OF φ

AND Λ0 PARTICLES

We have considered the two-dimensional effec-
tive-mass distribution of K+K− and pπ− combina-
tions (Fig. 4).

The number of events involving the associated
production of φ andΛ0 particles was estimated by two
methods:
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Table 2. Features of the φmeson and Λ hyperon (in MeV/c2)

M(φ) Γ(φ) M(Λ0)

Our study 1019.6± 0.9 4.4 ± 0.3 1115.8± 0.2

Particle Data Group [8] 1019.456± 0.020 4.26 ± 0.05 1115.683± 0.006
(i) The number of combinations in the structure
generated by a φ meson (Nφ) was calculated in suc-
cessive intervals of the effective mass M(pπ−) with
a step of 2 MeV/c2, and the one-dimensional distri-
bution of the M(pπ−) dependence of Nφ was con-
structed on this basis. The latter made it possible to
estimate the number of φ and Λ0 particles emerging
from their associated production.

(ii) The number of combinations in the structure
associated with a Λ0 hyperon (NΛ) was calculated for
successive intervals of the effective massM(K+K−)
with a step of 4 MeV/c2, and the total number of
events featuring φ and Λ0 was determined thereupon.

Figure 5a displays the numberNφ of combinations
as a function of the effective mass M(pπ−). The ap-
proximation of this dependence by a superposition of
a Gaussian function and a linear function (solid curve
in the figure) made it possible to calculate the struc-
ture associated with φΛ0 (dashed curve); it involved
2885 ± 208 φΛ0 events.
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Figure 5b shows the number NΛ of combinations
as a function of the effective mass M(K+K−). The
approximation of this dependence by the function
in (5) (solid curve) made it possible to evaluate the
structure associated with φΛ0 (dashed curve), and it
proved to involve 2818 ± 160 φΛ0 events.

The results obtained by calculating the numbers of
combinations by the above two methods agree within
the errors.

TheM (pπ−) distributions have a symmetric shape
and involve a smooth modest background, while the
M (K+K−) distributions look like a complicated
superposition of functions describing a structure
against a heavy background [a superposition of the
form in (5)]. Therefore, it is preferable to begin
determining the parameters of the structure due to
associated production by deriving the number of com-
binations in the structure generated by Λ0 (NΛ) in

 

0
1.11

 
N

 

φ

 

1.12 1.131.10

400

800

1200

(

 

a

 

)

 

M

 

(

 

p

 

π

 

–

 

), GeV/

 

Ò

 

2

 

M

 

(

 

K

 

+

 

K

 

–

 

), GeV/

 

Ò

 

2

 

0
1.025

 
N

 

Λ

 

1.050 1.0751.000

500

1000

1500

(

 

b

 

)

2000

Fig. 5. (a) Number of φmesons in various intervals of the
effective massM (pπ−) and (b) number ofΛ0 hyperons in
various intervals of the effective mass M(K+K−): (solid
curves) results of fitting, (dashed curves) structures, and
(dotted curves) background.
4



1518 ALEEV et al.

 

1.105

1.00

 
M
 

(
 

p
 

π
 

–
 

), GeV/
 

c
 

2
 

M

 

(

 

K

 

+

 

K

 

–

 

), GeV/

 

c

 

2

 

1.01 1.02 1.03 1.04

1.110

1.115

1.120

1.125

1.130

 

1 3 1

2 2

1 3 1

 

250

200

150

100

50

Fig. 6. Distribution of the effective mass M(pπ−) versus
the effective mass M(K+K−). The notation for the re-
gions is explained in the main body of the text.

various intervals of the effective mass M(K+K−)—
that is, to employ the second method for determining
the number of combinations, since, even in the case
of scarce statistics in these intervals, the spectra in
question can be correctly approximated by a super-
position of a Gaussian function and a linear function.

Thus, the number of events in which φΛ0 pairs
originate from associated production is 2818 ± 160.
In the region of the structure, the combinatorial back-
ground is small.

6. ANALYSIS OF MOMENTUM SPECTRA
AND OF DISTRIBUTIONS WITH RESPECT

TO THE MULTIPLICITY OF TRACKS
IN EVENTS

In order to subtract the background in the spec-
tra corresponding to associated φΛ0 production,
we analyzed respective combinations in eight two-
dimensional mass regions situated around the struc-
ture and displayed in Fig. 6. We considered three
sources of the background:

(1) noncorrelated background (F0) from events
where K+K− and pπ− pairs do not originate from,
respectively, φ-meson and Λ0-hyperon decay (it is
determined by averaging the numbers of combina-
tions in four intervals off the region of the φ-meson
and Λ0-hyperon masses);

(2) correlated background (F1) from events of Λ0-
hyperon production accompanied by random K+K−
P

pairs [it is determined as the averaged number of
combinations in two regions around the Λ0 mass
and off the region of the φ mass (the number of
combinations in these mass intervals corresponds to
F0 + F1)];

(3) correlated background (F2) from events of φ-
meson production accompanied by random pπ− pairs
that are not products of Λ0 decay [it is determined as
the result of averaging the number of combinations in
two intervals off the region of the Λ0-hyperon mass
and in the region of the φ-meson mass (the number
of combinations in these mass intervals corresponds
to F0 + F2)].

Each two-dimensional mass region around the
structure in the distribution of the effective mass
M(pπ−) versus the effective mass M(K+K−) is la-
beled in Fig. 6 with a figure corresponding to the
aforementioned sources of the background.

Upon subtracting the background (F0 +F1 +F2),
we obtained the longitudinal-momentum (Pl) and
transverse-momentum (P 2

t ) spectra of φ and Λ0

particles from associated production (histograms in
Fig. 7) and the distribution of events with respect
to the multiplicity of charged particles (histogram in
Fig. 8).

7. DETERMINING THE EFFICIENCY
OF THE DETECTION OF ASSOCIATED φΛ0

PRODUCTION

In order to calculate the efficiency of the detection
of φΛ0 production, we performed a simulation by two
methods, on the basis of a corrected FRITIOF gen-
erator and on the basis of the so-called compound-
particle model, which considers a two-body decay of a
variable-particle mass and employs a parametrization
of the differential cross section for its production with
respect to the Feynman variable xF and the square of
the transverse momentum, (P 2

t ).

7.1. Corrected FRITIOFModel

In simulating the reaction

n+N −→ φ+ Λ0 +X,

we first employed the FRITIOF generator [9], where-
upon, in accordance with experimental distributions,
we corrected the momentum spectra of φ and Λ0

particles from the associated-production process by
assigning, to the events being studied, a weight func-
tion depending on the momenta of the particles in
question. Specifically, the weight function (WF ) was
taken in the form

WF = (1 − |xF|)k exp(−bP 2
t )Pn, (10)
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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where k and b are free parameters and Pn is a func-
tion that depends on the beam-neutron momentum
Pl(n) and on the momentum Pl of the corresponding
particle.

We used the values of k = 3.25, b = −0.41, and
Pn = 1 for the φ meson and the values of k = 1.00,
b = −1.08, and Pn = 3.35 − 17.64p + 41.59p2 −
33.28p3 with p = Pl(Λ0)/Pl(n) for the Λ0 hyperon.

As a result, we attained (see Figs. 7, 8) good
agreement between the experimental and simu-
lated results for the longitudinal- and transverse-
momentum (Pl and P 2

t , respectively) spectra of φΛ0

pairs from the associated-production process and for
the spectra of charged-particle multiplicity (Ntrk).
The simulated spectra were normalized to the number
of experimental events.

7.2. Compound-Particle Model

Within this model, it was assumed that φ and
Λ0 particles are generated via the process in which
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
the production of a compound particle B of variable
invariant mass,

n+N −→ B +K0 +N +X, (11)

is followed by its decay

B −→ φ+ Λ0. (12)

In (11), X stands for additional particles whose pro-
duction was simulated within the JETSET model
[10].

At the first step, the momentum of the B particle
was generated in the reference frame comoving with
the center of mass of the incident neutron and a
target nucleon (a proton or a neutron with an identical
probability), the constraints imposed by conservation
laws being taken into account. The differential cross
section forB production was parametrized in the form

d2σ

dxFdP
2
t

∝ (1 − |xF|)k exp (−bP 2
t ), (13)

where k and b are free parameters of the model
(see [11]) that characterize the production of the
corresponding particle. For the reaction in (11), we
4
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of charged particles. In our experiment, the mean value
〈Ntrk〉 was 5.211 (the root-mean-square deviation was
RMS = 0.969); the respective results of the simulations
were 〈Ntrk〉 = 5.154 (RMS= 0.949) within the corrected
FRITIOF model and 〈Ntrk〉 = 5.296 (RMS = 0.998)
within the compound-particle model.

selected the following values for the parameters of
compound-particle production: k = 2.3 and b = 2.0.

Further, we corrected themomentum spectra ofB,
φ, and Λ0 particles and the spectrum of the effective
masses M(B) in accordance with the experimental
distributions by selecting probabilities for the rejec-
tion of simulated events. In doing this, we minimized
the χ2 functional by fitting each simulated distribu-
tion to its experimental counterpart.

In Fig. 7, the simulated spectra of longitudinal
momenta (Pl) and the squares of transverse momen-
ta (P 2

t ) of φ and Λ0 particles from the associated-
production process are contrasted against their ex-
perimental counterparts. The spectra of the longitu-
dinal and transverse momenta of a compound par-
ticle are displayed in Fig. 9, along with the spec-
trum of the effective masses M(K+K−pπ−). The
simulated spectra were normalized to the number of
experimental events. Good agreement between the
experimental and simulated spectra was attained. In

Table 3. Detection efficiencies

ε, %

Corrected
FRITIOFModel

0.097 ± 0.002(stat.) ± 0.010(syst.)

Compound-particle
model

0.100 ± 0.004(stat.) ± 0.020(syst.)
P

order to improve the agreement for the distribution
of events with respect to the multiplicity of charged
particles, we fitted the probabilities for the rejection of
simulated events, and this made it possible to match
the mean values of the experimental and simulated
multiplicities of charged particles (Fig. 8).

7.3. Calculation of the Efficiency
of the Detection of φΛ0

In order to determine the cross section for the
inclusive production of particle pairs under study, we
have calculated the efficiency of their detection, ε.

In employing the corrected FRITIOF model, the
systematic error in the detection efficiency was de-
termined by varying the probabilities for the rejection
of simulated events. They were varied in such a way
that, in comparing the experimental and simulated
distributions, χ2 changed by not more than the value
of 1.07, which was determined by a 70% confidence
level [12]. This led to variations of 10% in the detection
efficiency.

In employing the compound-particle model, the
main contribution to the systematic error came from
the sensitivity of the result to the multiplicity of
charged particles in events. From an additional analy-
sis that made it possible to attain good agreement be-
tween the experimental and simulated multiplicities
of charged particles (see Subsection 7.2), we found a
change of 19% in the detection efficiency.

For both models, the values obtained for the effi-
ciency of the detection of φΛ0 pairs with allowance for
the aforesaid are given in Table 3.

The good agreement of independent results em-
phasizes their stability to the criteria used in the
analysis. For the ultimate value of the cross section
for inclusive φΛ0 production, we took the result ob-
tained by using the corrected FRITIOFmodel, since,
in this model, better agreement between the exper-
imental and simulated results was attained for the
momentum spectra and for the multiplicity distribu-
tion of charged particles. The distinction between the
detection-efficiency values obtained within the differ-
ent models was taken into account in the systematic
error in the final result. Ultimately, the efficiency of the
detection of φΛ0 pairs was

ε = (0.097 ± 0.002(stat.) ± 0.010(syst.))%.

8. DETERMINATION
OF THE DIFFERENTIAL CROSS SECTION

FOR INCLUSIVE ASSOCIATED φΛ0

PRODUCTION
The differential cross section for inclusive associ-

ated φΛ0 production was calculated by the formula

σ =
NA

MnTNАεBr1Br2
, (14)
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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where N = 2818 ± 160 is the number of events
of associated φΛ0 production, A = 12.011 is the
atomic weight of the target nucleus,Mn = (2.311 ±
0.084)× 1011 is the number of neutrons that traversed
the target over the exposure time, T = 1.3 g/cm2 is
the target thickness, NА is Avogadro’s number, ε is
the detection efficiency, Br1 = (49.1 ± 0.8)% is the
branching fraction of the decay φ −→ K+K−, and
Br2 = (63.9 ± 0.5)% is the branching fraction of the
decay Λ0 −→ pπ−.

The statistical error in the cross section was de-
termined from the error in the result calculated in
Section 5 for the number of events of associated φΛ0

production.
The systematic error in determining the cross sec-

tion receives contributions from the error in the effi-
ciency of the detection of φ and Λ0 particles emerging
from the associated-production process, the error in
determining the number of neutrons that traversed
the whole facility over the exposure time, and the
uncertainty in the measured branching fractions of
the decays φ→ K+K− and Λ0 → pπ−.

Upon substituting all relevant quantities into (14)
and taking into account the aforementioned uncer-
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tainties, we eventually obtained

σ(φΛ0X) = 614 ± 35(stat.) (15)

± 67(syst.) µb/nucleus.

9. CONCLUSION

By studying in detail associated φΛ0 production
in neutron–carbon interactions with the aid of the
EXCHARM facility at the Serpukhov accelerator, we
have determined the cross section for inclusive as-
sociated φΛ0 production to the highest precision at
present:

σ(φΛ0X) = 614 ± 35(stat.) ± 67(syst.) µb/nucleus.

The only estimate of the inclusive cross section for
associated φΛ0 production in hadron interactions was
obtained in the BIS-2 experiment [13], which was
performed at the Serpukhov accelerator. The con-
tribution of associated φΛ0 production in neutron–
proton interactions at neutron-beam energies in the
range 30–70GeV to the inclusive cross section for φ-
meson production was (20 ± 4)%. By using the value
presented in [13] for the cross section characterizing
4
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inclusive φ production and assuming its linear depen-
dence on the atomic number of the target, we can
estimate the cross section for associated φΛ0 pro-
duction at 528 ± 216 µb/nucleus. Within the errors,
the result of our present study agrees with the value
extracted from the BIS-2 data reported in [13], but
the former has a much higher accuracy.
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Two-Proton Correlations in 4Heppp Interactions
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Abstract—Correlations of secondary protons in 4Hep interactions are investigated in an exclusive ex-
periment with the aid of a 2-m liquid-hydrogen bubble chamber exposed to an alpha-particle beam of
momentum 5 GeV/с (the kinetic energy of primary protons in the rest frame of the nucleus is Tp =
620MeV). By using data obtained in 4π geometry for six basic channels of 4Hep interaction that lead to the
production of two protons, the total correlation function for the pp system is determined, along with two-
proton correlation functions for individual channels. Experimental results are comparedwith the predictions
of the modified Lednicky–Lyuboshitz model. The value of R = 1.6 ± 0.3 fm is obtained for the root-mean-
square spacetime radius of pp emission in 4Hep interactions. The dependence of the correlation function
on the total momentum of two emitted protons and on the momentum-transfer direction is investigated.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

In contemporary nuclear physics, two-particle in-
terferometry based on an analysis of the correlation
function for two emitted identical particles of momen-
ta p1 and p2,

C(p1,p2) =
d2N/dp1dp2

(dN/dp1)(dN/dp2)
, (1)

where dN/dp1(2) and d2N/dp1dp2 are, respectively,
the inclusive single- and the two-particle distribution
of emitted particles, is an efficient tool for determining
the spacetime size of the particle-emission region in
nuclear reactions [1–9]. Data on nuclear reactions
involving 4Не, which is the most compact nucleus,
are of particular interest from the point of view of
studying the above correlations. However, there are
virtually no such data in the literature. We are aware
only of the study reported in [4], where, on the basis of
experimental data obtained by exposing, to an alpha-
particle beam of momentum taking values of 8.6 and
13.6 GeV/c, a 1-m liquid-hydrogen bubble chamber
installed at the Joint Institute for Nuclear Research
(JINR, Dubna), the authors determined the corre-
lation functions for two protons and the spacetime
dimensions of the region of their emission in 4Hep

*e-mail: blinov@itep.ru
**e-mail: turov@itep.ru

***e-mail: marina.chadeyeva@itep.ru
1063-7788/04/6708-1523$26.00 c©
interactions,
4Hep → (pp)X, (2)

whereX is the system comprising secondary particles
and nuclear fragments.

In the present study, a similar experimental sche-
me (where a liquid-hydrogen bubble chamber is ex-
posed to 4He nuclei) is employed to examine two-
proton correlations in reaction (2) at a momentum of
5 GeV/с (the kinetic energy of primary protons in the
rest frame of the nucleus is Tp = 620 MeV). It should
be noted that, at this primary momentum, secondary
protons and pions can be identified almost over the
entire phase space.

In correlation experiments, the quantity C in the
form (1) usually cannot be studied as a function of all
six variables (p1,p2) because of insufficient statistics.
In the present experiment, the two-proton correlation
function Cpp is determined in a standard way as a
function of the modulus of half the difference of the
proton momenta in the rest frame of the pair, qinv ≡
k∗ =

1
2
|p∗

1 − p∗
2|; that is,

Cpp = K
Nc

Nnc
, (3)

where Nc and Nnc are the numbers of events of
reaction (2) that feature a given value of qinv and
which correspond to, respectively, the experimentally
observed (correlated) and the background (uncor-
related) distribution, the latter being generated by
2004 MAIK “Nauka/Interperiodica”



1524 BLINOV et al.

 

2

0 0.04 0.08 0.12 0.16

4

6

8

 

1.4 fm

0.8 fm

 

q

 

inv

 

, GeV/

 

Ò

ë
 

LL
pp

 

0
1 2 3

2

4

6

8

 

r

 

0

 

, 

 

fm

 

1 fm

1.2 fm

 

Ä

 

(

 

C

 

LL
pp

 

)

Fig. 1. Two-proton correlation function CLL
pp (qinv) calcu-

lated within the theoretical model used here (see main
body of the text) for the values of r0 that are indicated
in the figure. The inset shows the correlation-function
amplitude A(CLL

pp ) versus r0 for (solid curve) the model
used here and (dotted curve) the “traditional” Lednicki–
Lyuboshitz model.

mixing the momenta of protons from different events,
and K is a normalization constant defined in such a
way that Cpp → 1 in the limit of large qinv, for which
there are no correlations.

We note that the determination of Cpp in the
form (3) by the so-called mixing method, which is
used in the majority of experimental studies devoted
to the subject [4–9], and the determination in the
form (1) by the method of inclusive single-particle
distributions are equivalent (see, for example, [7]).

It is of great interest to study the correlation func-
tion in question versus the momenta of secondary
protons. It is well known (see, for example, [6, 8]) that,
even for collisions of heavy nuclei, the dependence of
the two-proton correlation function on the modulus
of the total momentum of the pair in the rest frame
of the nucleus, Ptot = |p1 + p2|, is significant. In the
case of 4Hep interaction, it is natural to expect the
enhancement of this dependence.

It is also of interest to study the behavior of the
correlation function versus the direction of the relative
momentum q = p1 −p2 in the pair of emitted protons
with respect to the primary-proton momentum pin
in the rest frame of the nucleus—such data make it
possible to obtain information about the shape of the
emission region [3].

In correlation experiments employing electronics,
where a beam is directed to a target nucleus, there
is usually a natural limitation on the magnitude of
P

the momenta of secondaries in the rest frame of the
nucleus; that is,

plab > pmin, (4)

where pmin ∼ 0.3 GeV/с [5]. In the present exper-
iment, where a beam of nuclei bombards a target
proton and where the efficiency of the detection of
nuclear-fragmentation products (which are slow in
the rest frame of the nucleus) is maximal, the Ptot
dependence of the correlation function can be studied
in detail over a broad range ofmomenta and directions
of q. Moreover, there appears a unique possibility
for determining the correlation function for so-called
evaporated protons, which are characterized by rela-
tively low values of Ptot.

2. THEORETICAL MODEL

A theoretical calculation of correlations of two
nonrelativistic protons having low relative momenta
that takes into account final-state interaction was
performed for the first time by Koonin [1], who relied
on numerically solving the Schrödinger equation with
the Reid nucleon–nucleon potential and theCoulomb
potential. In a later study [2], Lednicky and Luboshitz
proposed a model that took into account both the
Coulomb interaction and an S-wave short-range nu-
clear interaction and which made it possible to obtain
an analytic expression for the two-proton correlation
function depending on the spacetime parameters r0
and τ0 of the particle-emission region (those authors
assumed that nucleon-generation points are inde-
pendent and that their distribution is of a Gaussian
character), the root-mean-square radius of the gen-
eration region being R =

√
3r0. The expressions ob-

tained in [2] enable one, at r0 ≥ 1.5 fm, to reproduce
the two-proton correlation function adequately with-
out knowing an explicit solution ψ to the Schrödinger
equation [ψ = exp(−ik∗ · r) + φk∗(r)] within the re-
gion where nuclear forces are operative. In the region
r0 ≤ 1 fm (which can play a significant role in the
emission of protons in 4Hep interactions), however,
some formulas from [2] [in particular, expression (21)
there] become inapplicable. In this case, the result is
entirely determined by the behavior of the function φ
in the region of action of the short-range potential
and is sensitive to the form of the potential (see [2]).
In the present study, we analyze our data on the
basis of the simplest modification of the Lednicky–
Lyuboshitz model, taking, for ψ, an exact solution
to the Schrödinger equation with a potential of the
square-well form (the explicit expression for the func-
tion φ can be found in the Appendix to [2]). We
also relied on the usual assumption of equal emission
times in the c.m. frame of particles (τ0 = 0).
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Figure 1 displays the two-proton correlation func-
tion CLL

pp (qinv) calculated on the basis of our the-
oretical model for various values of r0. The inset
shows the r0 dependence of the correlation-function
amplitude (that is, the maximum value of the cor-
relation function) A(CLL

pp ) for (solid curve) the the-
oretical model proposed here and (dotted curve) the
traditional Lednicky–Lyuboshitz model [2]. It can be
seen that, for r0 ≥ 1.5 fm, the two curves are nearly
coincident, but that, for r0 ≤ 1 fm, the results are
sizably different. We note that a detailed theoretical
analysis of the behavior of the correlation function at
small r0 on the basis of calculations employing re-
alistic nucleon–nucleon potentials would be of great
interest, but such an analysis is beyond the scope of
our experimental study.

3. DESCRIPTION OF THE EXPERIMENT
The 2-m liquid-hydrogen bubble chamber in-

stalled at the Institute of Theoretical and Experimen-
tal Physics (ITEP, Moscow) was exposed to a sepa-
rated beam of 4He nuclei accelerated to a momentum
of 5 GeV/c. The chamber was placed in a magnetic
field of strength 0.92 T. Background particles in the
primary beam (predominantly deuterons) were reli-
ably separated by track ionization.We obtained about
120 000 photographs at a mean load of about five to
eight particles per chamber development. In all, we
measured 18 736 interactions. The total cross section
for 4Hep interaction was determined in a standard
way [10] by counting the number of interactions over
the chosen volume of the chamber and proved to be
121.5 ± 2.9 mb (the quoted error is purely statistical).
The systematic error in the absolute normalization of
the cross sections was about 3%. In order to identify
particles in αp interactions, we used the standard (for
bubble-chamber experiments) procedure of selecting
mass hypotheses with allowance for data on the
visible ionization of secondary-particle tracks. The
procedure adopted in the present experiment and
procedure for data processing are described in greater
detail elsewhere [10, 11]. We would like to emphasize
that our experimental procedure makes it possible to
analyze data under conditions of 4π geometry.

At the energy being considered, there are six basic
channels of reaction (2), which are listed in the table,
along with statistics accumulated for each of them
in the present experiment. In the case of the channel
4Hep → pppnn(π0), which involves the production of
three protons, two spectator protons, which are the
slowest in the rest frame of the nucleus, were selected
for our analysis. For the subsequent correlation anal-
ysis, we select events of reaction (2) that satisfy the
condition

qinv < qmax, (5)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
Basic reaction channels involving the production of two
protons in 4Неp interaction at a momentum of 5 GeV/с
(Tp = 620 MeV)

Reaction channel Number
of events

Number of events
satisfying the selection

qinv < 0.4 GeV/c

4Hep → dppn 2567 1084
4Hep → pppnn(π0) 1394 1331
4Hep → tpp 1952 59
4Hep → ppnnnπ+ 79 75
4Hep → dppnπ0 93 87
4Hep → tppπ0 117 106
4Hep → (pp)X 6202 2742

where qmax is determined by the primary momen-
tum. At the primary momenta used in this study,
we set qmax = 0.4 GeV/c (the number of events in
each channel for this selection is given in the table).
These restrictions have no effect on the distribution
of Nc [see expression (3)] at rather low values of qinv,
but they are of importance for correctly taking into
account the background of Nnc in this kinematical
region. In all probability, the significant discrepancies
between the theoretical and experimental results at
qinv = 0 in [4] are due to incorrectly taking into ac-
count the background in this region—more specifi-
cally, to including, in the analysis, all possible combi-
nations without selections and cuts.

4. RESULTS AND CONCLUSIONS

4.1. Two-Proton Correlation Functions

Figure 2 shows the two-proton correlation func-
tion Cpp in 4Hep interactions versus qinv. The closed
circles represent the results of an imaginable “elec-
tronic” experiment where data for all six basic chan-
nels leading to the production of two protons are ana-
lyzed, while the open and closed triangles correspond
to the results for, respectively, the reaction 4Hep →
pppnn(π0) and the reaction 4Hep → dppn [the corre-
lation functions were determined by formula (3)].

In determining the spacetime size of the proton-
emission region, the data were approximated by
a theoretical curve obtained within the modified
Lednicky–Lyuboshitz model (see Section 2). In
fitting the data, the resolution of the facility used was
taken into account with the aid of the expression

C̃LL
pp (qinv) =

1
(2π)1/2

∫
CLL

pp (q′inv)
σ(q′inv)

(6)
4
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Fig. 2. Two-proton correlation function Cpp for 4Hep
interaction versus qinv: (closed circles) data on six basic
channels leading to the production of two protons; (open
triangles) results for the reaction 4Hep → pppnn(π0);
(closed triangles) results for the reaction 4Hep → dppn;
(solid and dashed curves) predictions of the modified
Lednicky–Lyuboshitzmodel, respectively,with and with-
out allowance for the errors of the measurements; and
(dotted curve) conjectured contributionof the kinematical
background.

× exp
(
−(qinv − q′inv)

2

2σ2(q′inv)

)
dq′inv,

where C̃LL
pp and CLL

pp are the model predictions, re-
spectively, with and without allowance for the errors of
the measurements, while σ(qinv) is the experimental
error in determining qinv. In the calculations, we used
a linear parametrization of σ(qinv) in the form

σ(qinv) = 0.01 + 0.032qinv [GeV/c]. (7)

For the root-mean-square spacetime radius of pp
emission, the best fit of a theoretical curve to the data
on all channels for qinv < 0.1 GeV/с yieldsR = 1.6 ±
0.3 fm. The curves in Fig. 2 represent the predictions
of the modified Lednicky–Lyuboshitz model with al-
lowance for the presumed kinematical-background
contribution (dotted curve) and correspond to the
calculation that either takes into account the errors
of the measurements in the form (6) (solid curve) or
disregards these errors (dashed curve). The curves in
this figure were plotted for the case where the parame-
ter corresponding to the root-mean-square spacetime
radius of pp emission is R = 1.6 fm. We note that
the approximation of the experimental data within the
model without taking into account the errors yields a
close result, R = 1.65 ± 0.4 fm. For the kinematical-
background contribution, we employed the simplest
parametrization in the form

KB = aq2
inv, (8)

where the coefficient equal to a = 10.0± 1.2 (GeV/c2)
was determined by fitting the quantity Cpp − 1 (for all
channels) in the region qinv > 0.1 GeV/с.
PH
From the analysis of the distributions displayed in
Fig. 2, we can draw the following conclusions.

(i) Within the errors of the measurements, the
two-proton correlation functions for all six chan-
nels and for the reactions 4Hep → pppnn(π0) and
4Hep → dppn are consistent. We note that, in the
present experiment, the accuracy in measuring the
proton momenta proved to be sufficient for exper-
imentally observing the characteristic decrease in
the correlation function for qinv → 0 because of the
interference between the Coulomb and the nuclear
component of Cpp.

(ii) The agreement between the theoretical and
experimental results is improved by taking into ac-
count the errors of the measurements (especially in
the region of the interference maximum), but this does
not have a significant effect on the result that the best
fit to the experimental data yields for the spacetime
radius of pp emission. This justifies the use of the
model without allowance for the errors in deriving
rough estimates of this parameter in the analysis of
the dependence of Cpp on various kinematical param-
eters (in particular, on the modulus of the sum of the
proton momenta, Ptot).

(iii) The root-mean-square spacetime radius of pp
emission in 4Hep interactions proves to be close to the
root-mean-square charge radius of the 4He nucleus,
Rch

4He = 1.67 fm [12], and to the root-mean-square
radius of the density distribution in this nucleus,
R4He = 1.53−1.66 fm. The latter was used in [10, 13]
to analyze data on proton scattering by 4He nuclei at
intermediate energies. We note that R4He =

√
3/2a0

for the parametrization of the ground-state nuclear
density in the Gaussian form ρ(r) ∼ exp(−r2/a2

0).
Thus, our results confirm the main conclusion of
Gałazka-Friedman et al. [4] that the spacetime ra-
dius of pp emission is close to the radius of the nucleus
involved. Moreover, a comparison of Cpp at primary
projectile momenta of 5 GeV/с (our data) and at 8.6
and 13.6 GeV/с (data from [4]) suggests that there is
a trend toward an increase in the size of the proton-
emission region with increasing primary momentum
(the value of R = 1.7 ± 0.3 fm was obtained in [4]).

4.2. Dependence of the Correlation Function on Ptot

For events of the six basic channels leading to
the production of two protons, the inset in Fig. 3
shows the distribution with respect to the modulus
of the sum of the momenta of two protons, Ptot, the
constraint in (5) being imposed. It is obvious that, at
a primary momentum of 5 GeV/с, there is a consid-
erable fraction (∼40%) of events featuring relatively
low momenta of Ptot < 0.6 GeV/с (unshaded part
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 3. Two-proton correlation function Cpp in 4Неp
interactions for events of six basic channels versus the
momentum transfer qinv (closed triangles) for the kine-
matical cut Ptot < 0.6 GeV/с, (open triangles) for the
kinematical cut Ptot > 0.6 GeV/с, and (closed curcles)
without any cuts on Ptot. The inset shows the distribution
with respect to Ptot. The curves represent the predictions
of the modified Lednicky–Lyuboshitz model for the r0

values corresponding to the R values of (dotted curve)
2.55, (solid curve) 1.65, and (dash-dotted curve) 0.8 fm.

of the histogram in the inset in Fig. 3). The two-
proton correlation function in 4Неp interactions for
the six basic channels is displayed in Fig. 3 versus the
momentum transfer qinv for the kinematical cut Ptot <
0.6 GeV/с (closed triangles), for the kinematical cut
Ptot > 0.6 GeV/с (open triangles), and without any
cuts on Ptot (closed circles). The curves in Fig. 3
represent the predictions of the modified Lednicky–
Lyuboshitz model without allowance for the errors
of the measurements at the values of the param-
eter r0 that correspond to the values of R = 2.55
(∼1.5R4He), 1.65 (∼R4He), and 0.8 fm (∼Rp, where
Rp = 0.8 fm is the root-mean-square radius of the
proton) for the root-mean-square spacetime radius
of pp emission, this corresponding to the best fit to
the data for qinv < 0.1 GeV/с. The added kinematical
background is taken here in the form (8). A very
strong dependence of Cpp on the cut on Ptot is ob-
served. Moreover, it follows from a formal compari-
son of our theoretical and experimental results that
emitted proton pairs characterized by relatively high
momenta Ptot originate from a region of size about
the proton radius and that the pairs of evaporated
protons, for which Ptot is relatively low, seem as if they
come from a region off the nucleus or from a region
inside the nucleus but within different time intervals,
this being equivalent from the point of view of the
spacetime particle-emission pattern discussed here.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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modified Lednicky–Lyuboshitz model.

4.3. Dependence of the Correlation Function
on the Direction of q

For events of the six basic channels leading to
the production of two protons, the inset in Fig. 4
shows the distribution with respect |cos θ|, where θ is
the angle between the vectors q and pin (the latter
is the primary-proton momentum in the rest frame
of the nucleus), the constraint in (5) being imposed.
The distribution proves to be nearly isotropic. For
events of the same six channels, Fig. 4 displays the
two-proton correlation function in 4Неp interactions
versus themomentum transfer qinv for the kinematical
cut |cos θ| < 0.4 (open triangles), for the kinematical
cut |cos θ| > 0.6 (closed triangles), and without any
cuts on |cos θ| (closed circles). The curve represents
the predictions of the modified Lednicky–Lyuboshitz
model without allowance for the errors of the mea-
surements, the parameter r0 corresponding here to
R = 1.65 fm. Within the errors of the measurements,
all distributions in Fig. 4 are consistent. This sug-
gests that the region of proton-pair emission in 4Неp
interactions has a spherically symmetric shape.

5. CONCLUSION

With the aid of a 2-m liquid-hydrogen bubble
chamber exposed to a beam of alpha particles accel-
erated to a momentum of 5 GeV/с, we have stud-
ied the correlations of secondary protons in 4Hep
interactions—specifically, we have determined the to-
tal correlation function for the pp system and the two-
proton correlation functions for individual channels.
For the root-mean-square spacetime radius of pp
emission in 4Hep interactions, we have obtained the
value of R = 1.6 ± 0.3 fm. We have examined the
4
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dependence of the correlation function in question on
the modulus of the total momentum of an emitted
proton pair and on the direction of the momentum
transfer. We have determined the correlation function
for pairs of evaporated protons, which have relatively
low momenta in the rest frame of the nucleus. An
analysis of the dependence of the correlation function
on the direction of the momentum transfer gives every
reason to assume that the region of proton-pair emis-
sion in 4Неp interactions is spherically symmetric. A
trend toward an increase in the size of the proton-
emission region with increasing primary projectile
momentum—this is revealed in comparing the results
of the present study with the results reported in [4]—
can be attributed to the growth of multiplicity (see the
discussion of this issue in the review article of Boal
et al. [3]).

We note that the experimental procedure used in
the present study also makes it possible to obtain
correlation functions for pairs of various secondary
particles and nuclear fragments in 4Неp interaction
that have isospin values of Tz = ±1 (3Неp, 3Нn) and
Tz = 0 (3Неn, 3Нp, dd). We are planning to do this in
a dedicated investigation.
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Abstract—We show on gauge invariance grounds that a new threshold phenomenon has been discovered
in the radiative decays φ→ γa0 → γπ0η and φ→ γf0 → γπ0π0. This enables us to conclude that produc-
tion of the light scalar mesons a0(980) and f0(980) in these decays is caused by the four-quark transitions,
resulting in strong restrictions on the large-Nc expansions of the decay amplitudes. The analysis shows
that these constraints give new evidence in favor of the four-quark nature of a0(980) and f0(980) mesons.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The light scalar mesons a0(980) and f0(980), dis-
covered more than thirty years ago, became a hard
problem for the naive quark–antiquark (qq̄) model
from the outset. Really, on the one hand, the almost
exact degeneration of the masses of the isovector
a0(980) and isoscalar f0(980) states seemingly re-
vealed a structure similar to the structure of the vector
ρ and ω mesons, and, on the other hand, the strong
coupling of f0(980) with the KK̄ channel pointed
unambiguously to a considerable part of the strange-
quark pair ss̄ in the wave function of f0(980).

In 1977, Jaffe [1] noted that, in the MIT-bag
model, which incorporates confinement phenomeno-
logically, there are light four-quark scalar states.
He suggested also that a0(980) and f0(980) might
be these states with symbolic structures a0

0(980) =
(usūs̄− dsd̄s̄)/

√
2 and f0(980) = (usūs̄+

dsd̄s̄)/
√

2. From that time, the a0(980) and f0(980)
resonances became beloved children of light-quark
spectroscopy (see, for example, [2–4]).

Ten years later, we showed [5] that the study of
the radiative decays φ→ γa0 → γπη and φ→ γf0 →
γππ can shed light on the problem of a0(980) and
f0(980) mesons. Over the next ten years before ex-
periments (1998), the question was considered from
different points of view [6–10].

Now these decays have been studied not only the-
oretically but also experimentally.

The first measurements have been reported by the
SND [11, 12] and CMD-2 [13] collaborations, which
obtained the following branching ratios:

BR(φ→ γπ0η) = (0.88 ± 0.14 ± 0.09) × 10−4 [11],

∗This article was submitted by the author in English.
**e-mail: achasov@math.nsc.ru
1063-7788/04/6708-1529$26.00 c©
BR(φ→ γπ0π0) = (1.221 ± 0.098 ± 0.061)

× 10−4 [12],

BR(φ→ γπ0η) = (0.9 ± 0.24 ± 0.1) × 10−4 [13],

BR(φ→ γπ0π0) = (0.92 ± 0.08 ± 0.06)×10−4 [13].

More recently, the KLOE Collaboration has mea-
sured [14, 15]

BR(φ→ γπ0η) = (0.851 ± 0.051 ± 0.057) × 10−4

in η → γγ [14],

BR(φ→ γπ0η) = (0.796 ± 0.060 ± 0.040) × 10−4

in η → π+π−π0 [14],

BR(φ→ γπ0π0) = (1.09 ± 0.03 ± 0.05)×10−4 [15],

in agreement with the Novosibirsk data [11–13], but
with a considerably smaller error.

Note that the isovector a0(980)meson is produced
in radiative φ-meson decay as intensively as the well-
studied η′(958)meson, which contains≈ 66% ss̄, re-
sponsible for the decay (φ ≈ ss̄→ γss̄→ γη′(958)).
It is a clear qualitative argument for the presence of
the ss̄ pair in the isovector a0(980) state, i.e., for its
four-quark nature.

Since the one-loop model φ→ K+K− → γa0

and φ→ K+K− → γf0 (see Fig. 1), suggested on
the basis of the experimental investigations [5], is
used in the data treatment [11–15], the question on
the mechanism of the scalar-meson production in φ
radiative decays is put into the shade.

We show in Section 2 that the present data give
conclusive arguments in favor of the K+K−-loop
transition as the principal mechanism of a0(980)- and
f0(980)-meson production in φ radiative decays. In
Section 3, we show that knowledge of this mech-
anism allows us to conclude that the production of
2004 MAIK “Nauka/Interperiodica”
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Fig. 1.Diagrams of theK+K− loop model.

a0(980) and f0(980) in φ radiative decays is caused by
the four-quark transitions. This constrains the large-
Nc expansions of the decay amplitudes and gives new
impressive evidence in favor of the four-quark nature
of a0(980) and f0(980) [1, 3–5, 7, 16–18]. Section 4
contains concluding remarks.

2. THE MECHANISM OF a0(980)
AND f0(980) PRODUCTION IN φ RADIATIVE

DECAYS

In Figs. 2 and 3 are shown the KLOE data on
φ→ γπ0η [14] and the SND data on φ→ γπ0π0 [12]
(2000), respectively. The excitations of the a0(980)
resonance, similar to the one in Fig. 2, are also ob-
served by the SND [11] and CMD-2 [13] collab-
orations. The excitations of the f0(980) resonance,
similar to the one in Fig. 3, are also observed by the
CMD-2 [13] and KLOE [15] collaborations. The data
are described in the model φ→ (γa0 + π0ρ) → γπ0η
and φ→ (γf0 + π0ρ) → γπ0π0 (see details in [18]).

As Figs. 2 [19] and 3 suggest, the φ→ γa0 →
γπ0η process dominates everywhere over the region
of the π0η invariant mass mπ0η = m, and the φ→
γf0 → γπ0π0 process dominates in the resonance
region of the π0π0 system, the π0π0 invariant mass
mπ0π0 = m > 780MeV.1)

The resonance mass spectrum is of the form2)

SR(m) = dΓ(φ→ γR→ γab,m)/dm (1)

=
2
π

m2Γ(φ→ γR,m)Γ(R → ab,m)
|DR(m)|2

=
4|gR(m)|2ω(m)pab(m)

3(4π)3m2
φ

∣∣∣∣ gRab

DR(m)

∣∣∣∣2 ,
where R = a0 or f0 and ab = π0η or π0π0, respec-
tively; ω(m) = (m2

φ −m2)/2mφ is the photon energy
in the φ-meson rest frame; pab(m) is the modulus

1)A.V. Kiselev noted kindly that in [18] the solid curve at m <
780 MeV is drawn incorrectly. He also kindly prepared the
correct figure.

2)Notice that in [18] we took into account the mixing of the
f0(980)meson with another scalar–isoscalar resonance (see
also [7]), but such a complication is not essential for the
present investigation.
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Fig. 2. Fitting of dBR(φ → γπ0η)/dm with the back-
ground (solid curve). The signal contribution and in-
terference contributions are shown by the dashed and
dotted curves, respectively. The data are from the KLOE
detector.

of the a- or b-particle momentum in the a and b
mass-center frame; gRab is the coupling constant;
gf0π0π0 = gf0π+π−/

√
2; DR(m) is the R-resonance

propagator, the form of which everywhere over the
m region can be found in [5, 20, 21]; and gR(m) is
the invariant amplitude that describes the vertex of
the φ(p) → γ(k)R(q) transition with q2 = m2. This
is precisely the function which is the subject of our
investigation.

By gauge invariance, the transition amplitude is
proportional to the electromagnetic-field strength
tensor Fµν (in our case to the electric field in the φ-
meson rest frame):

A [φ(p) → γ(k)R(q)] (2)

= GR(m) [pµeν(φ) − pνeµ(φ)] [kµeν(γ) − kνeµ(γ)] ,

where e(φ) and e(γ) are the φ-meson and γ-quantum
polarization four-vectors, and GR(m) is the invariant
amplitude, free from kinematical singularities. Since
there are no charged particles or particles with mag-
netic moments in the process, there is no pole in
GR(m). Consequently, the function

gR(m) = −2(pk)GR(m) = −2ω(m)mφGR(m) (3)

is proportional to ω(m) (at least!) in the soft-photon
region.

To describe the experimental spectra similar to
the ones in Figs. 2 and 3,3) the function |gR(m)|2
should be smooth (almost constant) in the range
m ≤ 0.99 GeV [see Eq. (1)]. Stopping the function
(ω(m))2 at ω(990 MeV) = 29 MeV with the help
of the form factor 1/

[
1 + (Rω(m))2

]
requires R ≈

3)Note that SR(m) = ΓφdBR(φ → γR → γab, m)/dm.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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100 GeV−1. It seems to be incredible to explain the
formation of such a huge radius in hadron physics.
Based on the large, by hadron physics’ standards,
R ≈ 10GeV−1, one can obtain an effective maximum
of the mass spectrum under discussion only near
900MeV. To exemplify this trouble, let us consider the
contribution of the isolated R resonance: gR(m) =
−2ω(m)mφGR (mR). Let also the mass and the
width of the R resonance equal 980 and 60 MeV,
then SR(920 MeV) : SR(950 MeV) : SR(970 MeV) :
SR(980 MeV) = 3 : 2.7 : 1.8 : 1.

So stopping the gR(m) function is the crucial point
in understanding the mechanism of the production of
a0(980) and f0(980) resonances in φ radiative decays.

The K+K− loop model φ→ K+K− → γR [5]
solves this problem in an elegant way: the fine thresh-
old phenomenon is discovered (see Fig. 4), where
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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the universalK+K−-loop-model function |g(m)|2 =
|gR(m)/gRK+K−|2 is shown.4)

To demonstrate the threshold character of this ef-
fect, we present Figs. 5 and 6, in which the function
|g(m)|2 is shown in the case where the K+-meson
mass is 25 and 50 MeV less than that in reality.

One can see from Figs. 5 and 6 that the function
|g(m)|2 is suppressed by the (ω(m))2 law in the re-
gion 950–1020 and 900–1020 MeV, respectively.

In the mass spectrum, this suppression is in-
creased by one more power of ω(m) [see Eq. (1)],

4)The forms of gR(m) and g(m) = gR(m)/gRK+K− every-
where over them region are in [5] and [19, 21], respectively.
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Fig. 7. The large-Nc expansion of some well-known
decay amplitudes.

so that we cannot see the resonance in the region
980–995 MeV.5) The maximum in the spectrum is
effectively shifted to the region 935–950 MeV and
880–900 MeV, respectively.

In truth, this means that the a0(980) and f0(980)
resonances are seen in the radiative decays of the
φ meson owing to the K+K− intermediate state,
otherwise the maxima in the spectra would be shifted
to 900 MeV.

Thus, the mechanism of production of a0(980) and
f0(980) mesons in φ radiative decays is established.

3. THE LARGE-Nc EXPANSION
OF THE φ→ γa0 AND φ→ γf0 AMPLITUDES

Both real and imaginary parts of the φ→ γR am-
plitude are caused by the K+K− intermediate state.
The imaginary part is caused by the realK+K− inter-
mediate state, while the real part is caused by the vir-
tual compact K+K− intermediate state; i.e., we are
dealing here with the four-quark transition.6) Need-
less to say, radiative four-quark transitions can occur
between two qq̄ states as well as between qq̄ and q2q̄2
states, but their intensities depend strongly on the

5)The actual absence of a background at a soft photon energy
region ω(m) < 112 MeV (m > 900 MeV) is due to gauge
invariance also.

6)It will be recalled that the imaginary part of every hadronic
amplitude describes a multiquark transition.
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dd̄)/
√

2.

type of transitions. A radiative four-quark transition
between two qq̄ states requires creation and annihi-
lation of an additional qq̄ pair [i.e., such a transition
is forbidden according to the Okubo–Zweig–Iizuka
(OZI) rule], while a radiative four-quark transition
between qq̄ and q2q̄2 states requires only creation of
an additional qq̄ pair (i.e., such a transition is allowed
according to the OZI rule).

Let us consider this problem from the large-Nc

expansion standpoint, using the G. ’t Hooft rules [22]:
g2
sNc → const at Nc → ∞ and a gluon is equivalent
to a quark–antiquark pair (Ai

j ∼ qiq̄j).

Figure 7 reminds us of the large-Nc expansion of
some well-known decay amplitudes.7)

Let us begin our consideration with the qq̄ model.

In the two-quark model a0
0(980) = (uū− dd̄)/

√
2,

the large-Nc expansion of the φ ≈ ss̄→ γa0(980)
amplitude starts with the OZI-forbidden transition of
the 1/Nc order: ss̄ annihilation and uū, dd̄ creation
(see Fig. 8). But its weight is bound to be small,
because this term does not contain the K+K− in-
termediate state, which emerges only in the next-
to-leading term of the (1/Nc)2 (!) order for creation
and annihilation of additional qq̄ pairs (see Fig. 8).
Note that the φ ≈ ss̄→ γss̄→ γη′(958) transition
(as intensive experimentally as φ→ γa0(980)) does
not require creation of an additional qq̄ pair at all
(the OZI-superallowed transition) and has the (Nc)

0

order (see Fig. 7).

In the two-quark model f0(980) = (uū+ dd̄)/
√

2,
which involves a0–f0 mass degeneration, the large-
Nc expansion of the φ ≈ ss̄→ γf0(980) amplitude
also starts with the OZI-forbidden transition of

7)In Figs. 7–11, the graphs are understood with the obvious
permutations of the gamma quantum. In addition, not shown
in Figs. 7–11 are exchanges by planar gluons which do not
change the large-Nc behavior.
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the 1/Nc order: ss̄ annihilation and uū, dd̄ cre-
ation (see Fig. 9), whose weight also is bound to
be small, because this term does not contain the
K+K− intermediate state, which emerges only in
the next-to-leading term of the (1/Nc)

2 order (see
Fig. 9).

In the two-quark model f0(980) ≈ ss̄, which has
serious trouble with the a0−f0 mass degeneration,
the (Nc)

0-order transition without creation of an
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0(980) = (us̄sū − ds̄sd̄)/

√
2 and f0(980) = (us̄sū +

ds̄sd̄)/
√

2.

additional qq̄ pair φ ≈ ss̄→ γss̄→ γf0(980)8) (see
Fig. 10) is bound to have a small weight in the large-
Nc expansion of the φ ≈ ss̄→ γf0(980) amplitude,
because this term does not contain the K+K−

intermediate state, which emerges only in the next-
to-leading term of the 1/Nc order, i.e., in the OZI-
forbidden transition (see Fig. 10). We emphasize that

8)In this regard, the (Nc)
0-order mechanism is similar to

the principal mechanism of the φ ≈ ss̄ → γss̄ → γη′(958)
decay (see Fig. 7).
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the mechanism without creation and annihilation of
the additional uū pair cannot explain the Sf0(m)
spectrum because such a mechanism does not in-
clude theK+K− intermediate state!

But if a0
0(980) and f0(980) mesons are com-

pact KK̄ states a0
0(980) = (us̄sū− ds̄sd̄)/

√
2 and

f0(980) = (us̄sū+ ds̄sd̄)/
√

2, respectively, i.e., four-
quark states similar to states of theMIT-bagmodel,9)

the large-Nc expansions of the φ ≈ ss̄→ γa0(980)
and φ ≈ ss̄→ γf0(980) amplitudes start with the

OZI-allowed transitions of the (1/Nc)1/2 order,
which require only creation of an additional uū pair
for the K+K− intermediate state (see Fig. 11). It
will be recalled that an OZI-allowed hadronic decay
amplitude, for example, the ρ→ ππ amplitude, has
the (1/Nc)

1/2 order, as well as the ω → πρ one (see
Fig. 7).

4. CONCLUSIONS

In summary, the fine threshold phenomenon has
been discovered, which is to say that the K+K−-
loop mechanism of the a0(980)- and f0(980)-scalar-
meson production in φ radiative decays has been es-
tablished at a physical level of proof. The case is the
rarest in hadron physics. This production mechanism
is the four-quark transition that constrains the large-
Nc expansion of the φ→ γa0(980) and φ→ γf0(980)
amplitudes and gives new strong (if not crucial) evi-
dence in favor of the four-quark nature of a0(980) and
f0(980) mesons.
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9)In the case of the KK̄ bound states with the binding energy
close to 20 MeV, i.e., in the extended molecule case, the
contribution of the virtual intermediateK+K− states in the
K+K− loop is suppressed by the momentum distribution
in the molecule, and the real part of the loop amplitude is
negligible [8]. It leads to branching ratios [8] much less than
the experimental ones. In addition, the SR(m) spectra in the
KK̄ molecule case are much narrower than the experimental
ones (see the behavior of the imaginary part contribution in
Fig. 4).
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Abstract—A covariant field-theory formulation of the recently developed dibaryon model of nuclear
forces is given. The model involves an intermediate dibaryon dressed with π, σ, ρ, and other fields;
the corresponding mesons can be in various orbitally excited states with respect to a six-quark bag;
and scalar, pseudoscalar, vector, and axial-vector fields are taken into account for the dressed dibaryon.
Particular attention is given to nucleon–nucleon interaction in even partial waves. A relativistically
covariant nucleon–nucleon potential is derived. It is shown that a simple generalization of the single-
channel model makes it possible to take into account coupling to other baryon channels of the N∆, ∆∆,
NN∗(1535), etc., types, this in turn leading to a description of the production of various mesons within
this approach. The model also enables one to describe, in a natural way, 2π production in nucleon–nucleon
collisions in the isoscalar and in the isovector channel and provides a new formulation of the theory of
meson-exchange currents in the physics of electromagnetic interactions. The possible applications of the
developed approach in the physics of hadron interactions and in nuclear physics on the whole are discussed.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION: QUALITATIVE
CONSIDERATION OF THE DIBARYON

MODEL OF NUCLEAR FORCES

On the basis of the traditional one-boson-ex-
change (OBE) model of nuclear forces, considerable
advances have recently been made in explaining the
properties of few-nucleon and light nuclei. Despite
this, the model has run into rather serious and hardly
removable difficulties both at the fundamental level
and in various applications [1–4]. The main difficulty
arises here in describing any processes (of strong,
weak, and electromagnetic interactions) accompa-
nied by a high momentum (and energy) transfer, in
which case one has to specify form factors for the cou-
pling ofmeson and nucleon degrees of freedom—such
as FπNN and FπN∆. Data from numerous experi-
ments with extremely light and light nuclei show that
the probability of finding, in nuclei, high-momentum
components of wave functions is quite significant (in
terms of an alternative description, the probability
that a high projectile momentum is distributed among
the remaining intranuclear nucleons is sizable); at the
same time, rather “soft” meson–nucleon form factors
required both by experiments and by all fundamental
theories (featuring cutoff-parameter values in the
ranges Λ ∼ 0.5−0.7 GeV/с) [1, 2, 5] give no way
to distribute, with the required probability, a high

1)Joint Institute for Nuclear Research, Dubna, Moscow
oblast, 141980 Russia;
e-mail: shehalev@phys.vsu.ru

*e-mail: kukulin@nucl-th.sinp.msu.ru
1063-7788/04/6708-1536$26.00 c©
projectile momentum among the other intranuclear
nucleons [6, 7]. For the same reason, a significant
deficit of high-momentum components is observed
in nuclei [2-4, 6–8].2) This fundamental flaw in one-
boson-exchange theories becomes noticeable even
at A = 2—that is, from the deuteron [4, 6, 10]. The
discovery and subsequent detailed investigation of
cumulative processes [11–14], which are kinemati-
cally forbidden on a single nucleon, was one of the
most spectacular manifestations of such a deficit.
As a result, it became clear that, in nuclei, there
are rather tight two- and three-nucleon correlations,
which are completely disregarded in the one-boson-
exchange scheme. In order to adapt the meson-
exchange model, in one way or another, to describing
a large number of such experiments (to begin from
elastic nucleon–nucleon scattering at energies in the
region E > 200 MeV), the cutoff parameters Λ in all
meson–nucleon form factors are increased by hand
by a factor of 2 to 3 (that is, ΛπNN ∼ 1.5−1.7 GeV/с
is usually taken instead of ΛπNN ∼ 0.6 GeV/с), this
making it possible to increase the hardness of nuclear
wave functions. A similar ad hoc increase in the cutoff
parameters Λ by a factor of 2 to 3 is introduced for the
operators of all meson-exchange currents (MEC),
whereby one is able to distribute a high projectile

2)It is interesting to note that the first indications of such
a deficit of high-momentum components in nuclear wave
functions were obtained as far back as the early 1960s in
studying the emission of fast nucleons from nuclei [9].
2004 MAIK “Nauka/Interperiodica”
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momentum (of a virtual photon, for example) among
the other intranuclear nucleons. In addition to the
aforementioned inconsistencies with all fundamental
theories of meson–nucleon interaction, the following
clearly demonstrates that the above ad hoc enhance-
ment of themeson–nucleon form factors is unnatural:

(i) The description of π±-meson production in
inelastic proton–proton collisions and the descrip-
tion of elastic nucleon–nucleon scattering require
radically different values of the cutoff parameters Λ
(ΛπNN ≈ ΛρNN ∼ 0.6−0.7 GeV/с versus ΛπNN ∼
1.5 GeV/с), and the threshold production of neutral
pions can hardly be described within a consistent
one-boson-exchange model.

(ii) As to the currently adopted models of three-
particle forces (all of them are based on the two-
boson-exchange mechanism), they require inter-
mediate values of the cutoff parameters (ΛπNN ∼
0.8 GeV/с).

Thus, we can state that, in order to describe
processes of four independent types (that is, elastic
nucleon–nucleon scattering, the production of π±

and π0 mesons, and the contribution of three-nucleon
forces to the properties of the 3H and 3,4He nuclei),
one needs three drastically different values of the
same quantity ΛπNN (this also concerns other cutoff
parameters, such as ΛπN∆ and ΛρNN ).

This obviously indicates that the force model in
question is not adequate. In order to improve the situ-
ation in one way or another, especially the description
of processes involving a high momentum transfer,
quark models on the basis of quark bags of various
types (MIT [15], QCB [16], and others) have been
widely used since the mid-1970s. A feature common
to these hybrid models was that quark bags (6q, 9q,
or 12q) did not include meson degrees of freedom
explicitly, and this gave no way to develop a smooth
interpolation between the low-momentum-transfer
region (dominated by nucleon currents) and the high-
momentum-transfer region (dominated by quark cur-
rents). At the same time, it is well known that, even
in deuteron photodisintegration, which is the sim-
plest electromagnetic nuclear process, meson cur-
rents make a dominant contribution from an energy
of Eγ > 100 MeV [17]. Moreover, it is generally rec-
ognized that the meson cloud of a nucleon (that is, of
a 3q cluster) plays an important role in a great number
of strong-, weak-, and electromagnetic-interaction
processes, including those that are responsible for the
origin of the nucleon spin [18]. But it would then
be necessary to recognize that the meson cloud of
a six-quark cluster (the integrated coupling of this
cloud to the six-quark core must be stronger than
that for nucleons) must play a role that is at least
as significant as that in the nucleon (if fact, the role
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
of the meson cloud in the six-quark system is much
more pronounced than in the nucleon because of the
emergence of a strong scalar sigma field).

Such a model of a dressed six-quark bag was
proposed by our group in the late 1990s [19]; it was
based on previous studies devoted to constructing
theMoscow nucleon–nucleon potential [20–22]. The
model relied on the following three ideas:

(i) A clustered nucleon–nucleon channel must be
dominated by the mixed spatial symmetry of the six-
quark wave function |s4p2[42];L = 0, 2, ST 〉; at the
same time, the second allowed symmetry |s6[6];L =
0, ST 〉 is associated with the six-quark-bag com-
ponent and is naturally orthogonal to the nucleon–
nucleon channel.

(ii) In the space of quark channels, the compo-
nents having the mixed symmetry |s4p2[42];LST 〉
and corresponding to the nucleon–nucleon channel
involve two excitation quanta; therefore, the transi-
tion becomes possible that proceeds to a nonexcited
state of symmetry |s6〉 and which involves the emis-
sion of two s-wave pions,

|s4p2[42]〉 −→ |s6[6] + (ππ)l=0〉,

which can form a scalar sigma meson in the field of
the six-quark core.

(iii) Owing to the scalar character of the sigma-
meson cloud formed in this way and owing to the
purely s-wave structure of the six-quark core, this
cloud will “contract” quarks to a bag of smaller ra-
dius, whereby there will arise a large gain in energy
(see, for example, a similar pattern for a “small” chiral
bag in [23]). Because of the high density of quarks,
the sigma-meson mass, as well as the sigma-meson
width, must decrease sizably in such a bag, this
corresponding to a partial restoration of chiral sym-
metry in the six-quark bag. This partial restoration
of chiral symmetry in dense nuclear matter due to
the reduction of the sigma-meson mass (and of the
constituent-quark mass as well) was investigated in
detail and was well confirmed in a number of recent
studies (see [24–26]). The total effect of such a phase
transition will manifest itself as a strong attraction of
nucleons in the nucleon channel.

In traditional one-boson-exchange models, this
attraction (which is dominant at intermediate dis-
tances) is described by t-channel sigma-meson ex-
change [27]. In recent years, however, it was shown
that the t-channel exchange of a correlated 2π pair
(in the Lππ = 0, T = 0 channel) is unable to yield an
attraction of the required strength in the nucleon–
nucleon channel, leading either to a nucleon–nucleon
4
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repulsion or to a weak attraction.3) Thus, the in-
troduction of an s-channel dressed dibaryon in the
nucleon–nucleon interaction makes it possible to fill
this obvious gap in the one-boson-exchange pattern
of nuclear interaction.

In recent studies of our group, the model of a
dressed six-quark bag [referred to as the dressed-
bag intermediate state (DBS) or the dressed-bag
model (DBM)] was improved to such an extent
as to provide a realistic nucleon–nucleon potential
that made it possible to describe quite accurately
nucleon–nucleon phase shifts (in the lowest partial
waves) from 0 to 1000 MeV [28–30]. Moreover, the
constructed nucleon–nucleon potential was tested in
a three-body problem, and it was found in [31] that the
respective description of the main static properties of
the 3H and 3He nuclei, including the 3He Coulomb
energy, which could not have been explained before
within traditional one-boson-exchange models, is
excellent.

Yet, the DBS model constructed in previous stud-
ies of our group to describe nucleon–nucleon forces
had some significant drawbacks. First, the entire pat-
tern was by and large nonrelativistic, but our main
interest lies in the energy region EN > 500 MeV,
where relativistic effects are expected to be quite sig-
nificant. Second, the wholemodel heavily relied on the
microscopic content of the quark shell model (see, for
example, [29]), and this complicated its generalization
to high partial waves and high energies. Difficulties
associated with the inclusion of odd nucleon–nucleon
partial waves are an indirect corollary of this.

But the most important point here is the follow-
ing. In the region of low energies (EN < 200 MeV),
the development at present is predominantly pro-
ceeding along the lines of chiral perturbation theory
(ChPT) [32–35] and the formulation of nucleon–
nucleon interaction in terms of effective field the-
ory [36], this providing a universal approach to various
processes in the realms of hadron physics. However,
chiral perturbation theory is inapplicable in the region
EN > 200−300 MeV, since the expansion parame-
ter p/ΛQCD is on the order of unity in this region,
and there are presently no workable approaches of
this type that would make it possible to advance to-
ward the energy region E ∼ 1−3 GeV. In the present
study, we therefore made an attempt to give a consis-
tent covariant field-theory description of the dibaryon
model of nuclear forces, which permits reaching the
intermediate-energy region (1−3 GeV), which is in-
accessible to chiral perturbation theory. This, more
advanced, approach immediately led to an important

3)This contradiction is yet another problem of importance in
one-boson-exchange models of nuclear forces.
P

modification of this model: there arises a consis-
tent scheme for dressing a six-quark bag in terms
of an effective field theory (see below). In this case,
an additional inclusion of π- or ρ-meson degrees of
freedom or both of them simultaneously within the
DBS model merely amounts to supplementing the
total dibaryon polarization operator Π(P 2) with the
corresponding loops; previously, it was necessary for
this to change completely the vertex functions in the
transition NN → D + m (where m = σ, π, ρ, . . .).

Such a field-theory pattern naturally admits the
matching of the low- and the high-energy region,
since each of these is already described in similar
field-theory terms. It should be recalled that, within
chiral perturbation theory at low energies, the short-
range nucleon–nucleon interaction, in which we
are interested, is assumed to be pointlike and is
parametrized in terms of a constant [which is fitted
(rather than calculated) to experimental data in the
spirit of the interaction constants in Landau–Migdal
theory], while the peripheral part of the nucleon–
nucleon interaction is treated on the basis of a con-
vergent perturbation theory in the multiplicity of the
πN interaction. But in our approach, the external part
of the interaction is described in terms of t-channel π
and 2π exchanges, while the main, internal, part of
the nucleon–nucleon interaction is represented as an
expansion in the number of quanta of the excitation
of a color string that simulates a dressed dibaryon.
Therefore, it is quite clear that, taking a superposition
of two field Lagrangians for the external and the
internal component of the interaction, we arrive, in a
natural way, at a unified field-theory model of nuclear
forces (although the problem of explicitly unifying the
two patterns in question can be quite nontrivial).

2. DESCRIPTION OF NUCLEON–NUCLEON
INTERACTION AT INTERMEDIATE

AND SHORT DISTANCES

We begin by specifying what we mean here by
a CC state. Any nonconfined state—a nucleon–
nucleon or a delta–delta state—can be represented
as a combination of two three-quark clusters, the
quarks in each of these clusters being connected by
a color string (Fig. 1а). Further, we consider the
interaction of two quarks belonging to different quark
clusters and exchanging color; this can lead to the
formation of either a nonconfined six-quark state
(Fig. 1b) (in which case such an interaction is in
principle analogous in action to meson exchange) or
a confined six-quark state (Fig. 1c), which has zero
projection onto any nonconfined state. This closed
CC configuration can be illustratively represented
in the form of three diquarks connected by a double
string.
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Here, we will briefly touch upon the distinctions
between the dressed-dibaryon pattern, which was
considered in previous studies of our group [28–
30], and the new pattern proposed in the present
study. Here, two nucleons form, at the first stage, a
rather extended color string (of length about 1 fm)
with 3q(C) clusters at its ends [or two strings with
diquarks at its ends (see Fig. 1c)] rather than a
spherically symmetric (or weakly deformed) six-
quark bag, as in the preceding version. In the present
case, the nonexcited states of this color string (in
terms of the six-quark shell model—here, it is not
quite accurate—these are |s6;L = 0〉 or |s5p;L = 1〉
configurations) lie rather high on the energy scale
and make but a small contribution to the nucleon–
nucleon attraction induced by the string interaction.
Recent microscopic calculations within the six-quark
resonating-groupmethod [37, 38] revealed that, if one
takes into account the one-gluon-exchange or the
one-pion-exchange interaction between quarks (plus
the confining interaction), the resulting nucleon–
nucleon interaction leads to a strong repulsion in
the states of |s6[6]〉 or |s5p[51]〉 six-quark symmetry.
This nonlocal short-range repulsion is not directly
related to the dibarion pattern discussed in the present
study and is simulated in the approach used here by a
nonlocal (separable) repulsive potential λ|φ〉〈φ|.

Excited states of the string can (because of cou-
pling to meson degrees of freedom) emit mesons—in
particular, a scalar sigma meson—this strongly shift-
ing highly excited states downward along the energy
scale. Concurrently, there arises a nonexcited dressed
spherically symmetric bag of structure |s6 + σ〉 or
weakly deformed dressed bag of structure |s5p + σ〉
in, respectively, even or odd partial waves.

Thus, we can see that, to a good approximation,
the whole process of nucleon–nucleon interaction
can be broken down into three stages correspond-
ing to long, intermediate, and short nucleon–nucleon
distances:

(i) the region of classical one- and two-pion ex-
changes, rNN > 1 fm;

(ii) the intermediate region of an excited color
string, 0.5 ≤ rNN ≤ 1 fm;

(iii) the region of a spherical or weakly deformed
six-quark bag dressed with meson fields (mainly π, σ,
ρ, and ω fields), rNN < 0.5 fm.

In the first region, the interaction is described by
traditional meson-exchange models and is not con-
sidered here (see, for example, the review article of
Machleidt [27]). We focus here on the dynamics of
nucleon–nucleon interaction in the second and the
third region.

In order to derive the amplitude correspond-
ing to the process NN → D(CC) → NN , we use
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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Fig. 1.Graphs illustrating various states of the 6q system:
(а, b) nucleon–nucleon and delta–delta states, respec-
tively, and (c) confined CC state. The symbols r (red), b
(blue), and g (green) stand for the color of a quark.

the Stückelberg–Feynman pattern, which inter-
prets an antiparticle as a particle having a nega-
tive energy and moving in the opposite direction
in spacetime. First, we consider the structure of
the vertices for the NN → D transition. In the
case of pointlike (structureless) nucleons and a
pointlike (structureless) dibaryon, we can com-
pose five local nucleon currents JN (x) associated
with the corresponding dibaryon fields: scalar ÑN ,
pseudoscalar Ñγ5N , vector ÑγµN , axially vector
Ñγ5γµN , and tensor ÑσµνN currents. Here, Ñ ≡
NTC−1γ5iτ2 has the same transformation properties
as the Dirac-conjugate nucleon-field operator N̄ =
N †γ0 in the Lorentz and isospin groups,C = iγ2γ0 is
the charge-conjugation operator, τ2 is a Pauli matrix,
and NT stands for a transposed matrix. These cur-
rents can easily be derived from conventional chiral
Lagrangians describing a contact nucleon–nucleon
interaction of the (N̄N)2 type if they are reduced
to the form (N̄N)(NTC−1CN̄T ) and if the Fierz
transformation is performed. For the Lagrangian
describing theNN → D transition, we then have (for
example, in the state of isospin I = 0)4)

LNND = Ñ(x){α0
SS(x) + α0

P γ5P (x) (1)

+ α0
V γµVµ(x) + α0

Aγ5γ
µAµ(x)

+ α0
Tσ

µνVµν(x)}N(x),

where αI
i (I labels an isospin state) are coupling con-

stants; S,P , Vµ, andAµ stand for, respectively, scalar,

4)As usual, we mean that the summation is performed over the
dummy Greek indices.
4
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pseudoscalar, vector, and axially vector dibaryon
fields; σµν = i[γµ, γν ]/2; and Vµν = ∂µVν − ∂νVµ.

In our model, a dibaryon is produced upon color
exchange between two quarks belonging to different
nucleons. Since this interaction can occur not only
in the interior of nucleons but also at their periphery,
the dimensions of the product dibaryon appear to
be commensurate with the dimensions of the NN-
interaction range of interest (that is, ≤1.0 fm); there-
PH
fore, the dibaryon is not a pointlike particle. It follows
that the nucleon current JN and, hence, the interac-
tion Lagrangian LNND become nonlocal functions of
coordinates. As a result, the required amplitude for
the NN → D(CC) → NN transition can be repre-
sented as the amplitude describing the scattering of
a nucleon on an antinucleon moving in the opposite
direction in Minkowski space; that is,
Mfi =
i

2!
(2)

×
∑
S,I,P

∫
d4x1d

4x2d
4x3d

4x4〈4, 3|T[J (SI)P †
N (x3, x4)Ψ

(SI)P

DB (x3, x4)Ψ
(SI)P

DB (x1, x2)J
(SI)P

N (x1, x2)]|2, 1〉,
where T is the symbol of chronological ordering in the
respective product; the operator

J
(SI)P

N (x1, x2) = Ñ(x1)Γ(S,T )P
N(x2)

corresponds to a nonlocal nucleon current; Γ(S,I)P

is the vertex operator transforming a nonconfined
nucleon–nucleon state into a confined dibaryon state

D; Ψ(SI)P

DB (x1, x2) is the operator of the field that
corresponds to the deformed six-quark bag (excited
string) in the state specified by the spin S, the isospin
I, and the parity P ; and summation is performed over
all possible values of S, I, and P .

The only result of an individual chronological
ordering with respect to the coordinates x3, x4 and
x1, x2 is that, in integration, the time components of
the relative coordinates x = x1 − x2 and x′ = x3 − x4
can take both positive and negative values. A mixed
chronological ordering—for example, with respect
to the coordinates x1, x3 and x2, x4—leads to the
appearance of two types of exchange interaction that
are shown in Fig. 2. The first type of interaction
(first diagram in Fig. 2)—this is s-channel dibaryon
exchange—is resonant, and the terms proportional
to θ(x0

1 − x0
3)θ(x

0
2 − x0

4) and θ(x0
3 − x0

1)θ(x
0
4 − x0

2)
[where θ(x) is a theta function] correspond to it in
the matrix element (2). The second type of interac-
tion is nonresonant, and t- and u-channel dibaryon
exchanges generate it. In the following, we will
disregard this interaction.5)

As a result, the matrix element assumes the form
Mfi =
1
2!

(3)

×
∑
S,I,P

∫
d4x1d

4x2d
4x3d

4x4〈4, 3|N̄ (x4)(Γ(SI)P
)† ¯̃N(x3)G(SI)P

(x3, x4;x1, x2)Ñ(x1)Γ(SI)P
N(x2)|2, 1〉,
where

G(SI)P
(x3, x4;x1, x2)

= i〈0|TX,X′ [Ψ(SI)P

DB (x3, x4)Ψ
(SI)P

DB (x1, x2)]|0〉

is an exact dibaryon Green’s function that takes
into account the dressing of a dibaryon with me-
son fields and where the chronological ordering is
performed with respect to the coordinates X and
X ′ of the dibaryon center of mass. The dressed-
dibaryon Green’s function is found by solving the
Dyson equation

G(SI)P
(x3, x4;x1, x2) = G(SI)P

(x3, x4;x1, x2) (4)
+
∫

d4x′
1d4x

′
2d

4x′
3d

4x′
4G

(SI)P
(x3, x4;x′

3, x
′
4)

× Π(SI)P
(x′

3, x
′
4;x

′
1, x

′
2)G(SI)P

(x′
1, x

′
2;x1, x2),

where Π stands for a polarization operator.
Since we neglect here color tensor interaction be-

tween quarks, which, as is well known, is rather weak,
the total spin of the system is conserved in theNN →
D transition. Therefore, (0, 1)+ or (1, 0)+ and (0, 0)−

5)This six-quark state corresponds to a heavy exotic N̄N
meson rather than to a dibaryon, since it is produced in
the s channel of the cross-symmetric reaction of nucleon–
antinucleon scattering.
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or (1, 1)− states are the possible (S, I)P states of a
dibaryon in, respectively, even and odd partial waves.
In this case, summation in the matrix element (3) will
be performed over precisely these allowed states.

The zeroth-order Green’s function G(SI)P
is de-

fined as the vacuum expectation value over the bare
dibaryon state. Since a dibaryon is a free particle,
its Green’s function depends only on the difference
of the coordinates of its center of mass rather than
on these coordinates individually (the same is valid
for the polarization operator Π(SI)P

). In the (S, I)P =
(0, 1)+ channel, we have6)

G(0,1)+(x, x′,X −X ′) = i
∑

Ne=even

fNe(x;P ) (5)

× 〈0|TX,X′ [SNe(X)S†
Ne

(X ′)]|0〉fNe(x
′;P )

=
∑

Ne=even

fNe(x;P )fNe(x
′;P )GNe(X −X ′),

where fNe(x;P ) is the wave function describing
the relative motion of two 3q(C) clusters and Ne

is the number of string-excitation quanta. For the
(S, I)P = (1, 0)+ state, we similarly have

G(1,0)+

µν (x, x′,X −X ′) = i
∑

Ne=even

fNe(x;P ) (6)

× 〈0|TX,X′ [ANe,µ(X)A†
Ne,ν(X

′)]|0〉fNe(x
′;P )

=
∑

Ne=even

fNe(x;P )fNe(x
′;P )GNe,µν(X −X ′).

The Green’s functions GNe and GNe,µν are ordinary
propagators for scalar and vector particles; that is,

1
P 2 −M2

Ne
+ i0

=
∫

eiP ξGNe(ξ)d
4ξ,

−gµν + PµPν/M
2
Ne

P 2 −M2
Ne

+ i0
=
∫

eiP ξGNe,µν(ξ)d4ξ,

where gµν is the metric tensor andMNe is the mass of
a bare dibaryon in a state where the number of string-
excitation quanta is Ne. Similar considerations hold
for the Green’s functions in odd partial waves. Ac-
cordingly, we have

G(0,0)−(x, x′,X −X ′) = i
∑

Ne=odd

fNe(x;P ) (7)

× 〈0|TX,X′ [SNe(X)S†
Ne

(X ′)]|0〉fNe(x
′;P )

6)For the sake of simplicity, we will henceforth consider
dibaryon states of total angular momentum J = 0, 1 and
orbital angularmomentumL = 0, 1. The spinwave-function
components corresponding to higher values of J are rank-
J tensors in Lorentz indices and are contracted with the
corresponding components of the orbital parts of the wave
functions.
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Fig. 2. Diagrams representing the amplitude in (2).
The first diagram corresponds to s-channel dibaryon ex-
change, while the second diagram describes the u- or
the t-channel exchange of a heavy N̄N meson having an
exotic 3q̄3q structure.

=
∑

Ne=odd

fNe(x;P )fNe(x
′;P )GNe(X −X ′),

G(1,1)−
µν (x, x′,X −X ′) = i

∑
Ne=odd

fNe(x;P ) (8)

× 〈0|TX,X′ [ANe,µ(X)A†
Ne,ν(X

′)]|0〉fNe(x
′;P )

=
∑

Ne=odd

fNe(x;P )fNe(x
′;P )GNe,µν(X −X ′).

In Eqs. (5)–(8), summation is performed over all
eigenstates of the string. The spin wave functions
S and Aµ corresponding to scalar and pseudovec-
tor fields, respectively, are rank-2 tensors in spinor
space and are constructed from combinations of two
spinor functions for a positive definite value of en-
ergy. Here, we have disregarded the possible states of
the pseudoscalar and vector types, since they have a
relativistic nature caused by the mixing of positive-
and negative-energy spinors and correspond to the t-
or u-channel (rather than the s-channel) dibaryon-
exchange mechanism (see Fig. 2, the second dia-
gram).

Upon the substitution of expression (5) into
Eq. (4), the exact Green’s function in the (S, I)P =
(0, 1)+ channel can be represented in the form

G(0,1)+(x, x′,X −X ′) (9)

=
∑

Ne,N ′
e=even

fNe(x;P )G(0,1)+

NeN ′
e
(X −X ′)fN ′

e
(x′;P ),

where G(0,1)+

NeN ′
e

satisfies the modified Dyson equation

G(0,1)+

NeN ′
e
(X −X ′) = GNe(X −X ′)δNeN ′

e
(10)

+
∑
N ′′

e

∫
d4x′′d4x′′′d4X ′′d4X ′′′GNe(X −X ′′)

× fNe(x
′′;P )Π(0,1)+(x′′, x′′′,X ′′ −X ′′′)

× fN ′′
e
(x′′′;P )G(0,1)+

N ′′
e N ′

e
(X ′′′ −X ′).
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Further, we determine the polarization operator pro-
jected onto the space of functions fNe(x;P ),

Π̃(SI)P

NeN ′
e
(X ′′ −X ′′′) =

∫
d4x′′d4x′′′fNe(x

′′;P ) (11)

× Π(SI)P
(x′′, x′′′,X ′′ −X ′′′)fN ′

e
(x′′′;P ),

and go over to the momentum representation. As a

result, we obtain, for the matrix operator G(0,1)+

NeN ′
e
, the

set of coupled algebraic equations

G(0,1)+

NeN ′
e
(P 2) =

δNeN ′
e

P 2 −M2
Ne

+ i0
(12)

+
∑
N ′′

e

Π̃(0,1)+

NeN ′′
e
(P 2)

P 2 −M2
Ne

+ i0
G(0,1)+

N ′′
e N ′

e
(P 2).

A similar argument is applicable to the exact prop-
agator in the (1, 0)+ state. This yields

G(1,0)+
µν (x, x′,X −X ′) (13)

=
∑

Ne,N ′
e=even

fNe(x;P )G(1,0)+

NeN ′
e,µν(X −X ′)fN ′

e
(x′;P ),

where the function G(1,0)+

NeN ′
e,µν in the momentum repre-

sentation satisfies the set of equations7)

G(1,0)+ ,µν
NeN ′

e
(P ) = Gµν

Ne
(P )δNeN ′

e
(14)

+
∑
N ′′

e

Gµα
Ne

(P )Π̃(1,0)+

NeN ′′
e ,αβ(P )G(1,0)+ ,βν

N ′′
e N ′

e
(P ).

The projected operator Π̃(1,0)+

NeN ′′
e ,αβ(P ) is defined in the

same way as that in (11), but, now, the polariza-
tion operator Π(SI)P

is a rank-2 tensor in 4-vector

indices. The functions Gµν
Ne

(P ), Π̃(S,I)P

NeN ′
e,µν(P ), and

G(SI)P ,µν
NeN ′

e
(P ) depend only on the 4-vector P , which

is the dibaryon 4-momentum. In terms of this 4-
vector, one can construct two independent rank-2
tensors P0

µν = PµPν/P
2 and P1

µν = gµν − PµPν/P
2,

which have the meaning of the operators of projec-
tion onto spin-0 and spin-1 states, respectively. With
allowance for this, the tensor structure of the above
functions can be represented in the form

Gµν
Ne

(P ) = − P1,µν

P 2 −M2
Ne

+ i0
+

P0,µν

M2
Ne

, (15)

Π̃µν(P ) = −Π̃(1)(P
2)P1

µν + Π̃(0)(P
2)P0

µν , (16)

7)For the sake of convenience, we will henceforth use sub-
scripts or superscripts on 4-vectors and 4-tensors without
implying multiplication by the metric tensor.
PH
Gµν(P ) = −G(1)(P
2)P1,µν + G(0)(P

2)P0,µν (17)

(for the sake of simplicity, we have suppressed the
remaining indices on Π̃ and G). Instead of the set of
Eqs. (14), we then have the following decoupled set of
equations for the individual components G(1) and G(0)

of the resolvent matrix; that is,

G(1,0)+

(1),NeN ′
e
(P 2) =

δNeN ′
e

P 2 −M2
Ne

+ i0
(18)

+
∑
N ′′

e

Π̃(1,0)+

(1),NeN ′′
e
(P 2)

P 2 −M2
Ne

+ i0
G(1,0)+

(1),N ′′
e N ′

e
(P 2),

G(1,0)+

(0),NeN ′
e
(P 2) =

δNeN ′
e

M2
Ne

(19)

+
∑
N ′′

e

Π̃(1,0)+

(0),NeN ′′
e
(P 2)

M2
Ne

G(1,0)+

(0),N ′′
e N ′

e
(P 2).

Since the functions Π̃(SI)P

(i),NeN ′′
e
(P 2) are analytic,

the pole singularity can appear only in that part of
the dibaryon propagator which corresponds to spin-

1 states [that is, G(1,0)+

(1),NeN ′
e
(P 2)]. This also applies to

the propagator in the (0, 1)+ channel [it is determined
by the set of Eqs. (12)]. Because of the dressing of
the dibaryon with a meson cloud, the pole position
appears to be shifted from the real axis to the plane
of complex values of P 2 and corresponds to a reso-
nance state of the dressed six-quark bag. As for the
contribution to the nucleon–nucleon potential from
unphysical states of spin zero, which are developed
for an off-shell vector particle and which are inherent
in a field-theory description of particles having higher
spins, it is of order 1/M2

Ne
and is therefore disregarded

in the following.

The dibaryon Green’s functions in the (S, I)P =

(0, 0)− and (1, 1)− odd channels, G(0,0)−

NeNe
′ and

G(1,1)−

(1),NeN ′
e
, are also determined by relations that are

similar to (12) and (18), but which involve an odd
number Ne of string-excitation quanta.

In order to determine the wave functions
fNe(x;P ), we will use the covariant-harmonic-
oscillator formalism [39, 40]. Although there is pre-
sently no direct connection between this formal-
ism and QCD, its application appeared to be quite
successful in describing the baryon spectra and the
systematics of q̄q meson states; in addition, it leads
to hadron form factors whose behavior agrees well
with experimental data. For its microscopic basis,
one can employ the formalism of a Dirac harmonic
oscillator [41, 42], where the Dirac equation with
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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a linear vector potential corresponding to a string-
type interaction reduces to an equation of the Klein–
Gordon type with a conventional quadratic oscillator
potential (see also [43]).

In the covariant-harmonic-oscillator formalism,
spin wave functions satisfy the standard Klein–
Gordon equation(

∂2/∂X2
µ −M2

Ne

)
SNe(X;P ) = 0, (20)

and the identical equation holds for Aµ, the relation
PµAµ = 0 being valid.

The relative-motion wave function fNe(x;P ) is a
rank-Ne tensor in the O(3, 1)Lorentz space and satis-
fies the equation [44]

M2(xµ, ∂/∂xµ)fNe(x;P ) = M2
Ne

fNe(x;P ). (21)

The square of the mass operator is given by

M2 ≡ d

(
− 1

2µ
∂2

∂x2
µ

+ U(x)
)

, (22)

d = 2(m1 + m2), µ = m1m2/(m1 + m2),

where mi are the kinematical masses of the 3q(C)
clusters forming the dibaryon D. The potential U(x)
can be represented as the sum

U = Uconf + Upert.QCD, (23)

where the first term corresponds to confinement,
while the second term takes into account various
perturbative effects—in particular, one-gluon ex-
change. In the present study, the potential Uconf is
determined by the potential energy of the string and a
nonperturbative interaction of the instanton type; that
is,

U(x) = (1/2)Kx2
µ + C. (24)

As to the perturbative term Upert.QCD, whose effect
reduces to deviating the Regge trajectory from a linear
dependence and to somewhat modifying the oscillator
wave function at small x, it is disregarded here. With
allowance for (21), (22), and (24), we then have

f0(x;P ) ≡ 〈x|G(P )〉 (25)

=
β

π
exp

[
β

2

(
x2 − 2

(Px)2

P 2

)]
,

fNe(x;P ) = 〈x|a†νNe
. . . a†ν1

|G(P )〉, (26)

M2
Ne

= dC + (Ne + 1)Ω = M2
0 + NeΩ, (27)

where a†ν = (βxν + ∂/∂xν)/(2β)1/2 is the operator of
oscillator-quantum creation, β−1 = (µK)−1/2 is the
square of the oscillator radius, and Ω = d(K/µ)1/2 is
the oscillator frequency. For the mass spectrum, we
thus obtain a linear Regge trajectory. The operators
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a†ν are defined in such a way that a physical state
satisfies the condition,

P νa†ν |phys〉 = 0,

which rules out the appearance of an unphysical
spectrum with respect to the time coordinate.

For example, the function corresponding to a
single-quantum excitation of the oscillator can be
represented in the form

fµ(x;P ) =
√

2β
(
xµ − (Px)Pµ

P 2

)
f0(x;P ).

This function is normalized by the condition

Nµν ≡
∫

fµ(x;P )fν(x;P )d4x = −gµν +
PµPν

P 2
.

In the case of a two-quantum excitation, two oscilla-
tor states are possible,

fµν(x;P ) =
[
gµν − PµPν

P 2

+ 2β
(
xµ − (Px)Pµ

P 2

)(
xν − (Px)Pν

P 2

)]
f0(x),

fµµ(x;P ) =
(

3 + 2βx2 − 2β
(Px)2

P 2

)
f0(x;P ),

which are normalized as follows:

Nµν,αβ ≡
∫

fµν(x)fαβ(x)d4x

=
(
gµα − PµPα

P 2

)(
gνβ − PνPβ

P 2

)
+
(
gµβ − PµPβ

P 2

)(
gνα − PνPα

P 2

)
.

We now return to expression (3) for the reac-
tion amplitude. The vertex operators Γ(SI)P

are de-
termined by the Lorentz-invariant structure of the
Lagrangian LNND and, in various (S, I)P channels,
have the form

Γ(1,0)+
µ = α0

Aγ5γµ, Γ(0,1)+
a = α1

Sτa,

Γ(0,0)− = α0
S , Γ(1,1)−

µ,a = α1
Aγ5γµτa,

where a is the isospin index and the constants α
correspond to theNN → D Lagrangian (1). Further,
we use the relationship between the bispinors corre-
sponding to positive- and negative-energy states (the
notation here was borrowed from [45]),

v(p, s) = CūT (p, s), (28)

v̄(p, s) = −uT (p, s)C−1,

and go over to the relative coordinates and the coor-
dinates of the nucleon center of mass. For the matrix
4
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elements in the (S, I)P = (0, 1)+, (1, 0)+, (0, 0)− ,
and (1, 1)− channels, we then obtain the expressions

M
(0,1)+

fi = −2(α1
S)2[ū(p4, s4)γ5v(p3, s3)] (29)

× [v̄(p1, s1)γ5u(p2, s2)]I1F
(0,1)+

× δ4(p1 + p2 − p3 − p4),

M
(1,0)+

fi = −2(α0
A)2[ū(p4, s4)γµv(p3, s3)] (30)

× [v̄(p1, s1)γνu(p2, s2)]P1
µνI0F

(1,0)+

× δ4(p1 + p2 − p3 − p4),

M
(0,0)−

fi = −2(α0
S)2[ū(p4, s4)γ5v(p3, s3)] (31)

× [v̄(p1, s1)γ5u(p2, s2)]I0F
(0,0)−

× δ4(p1 + p2 − p3 − p4),

M
(1,1)−

fi = −2(α1
A)2[ū(p4, s4)γµv(p3, s3)] (32)

× [v̄(p1, s1)γνu(p2, s2)]P1
µνI1F

(1,1)−

× δ4(p1 + p2 − p3 − p4),

where the factor of 2 arises in the amplitude because
of antisymmetrization with respect to the nucleon
variables. In contrast to the t-channel interaction
mechanism, where antisymmetrization occurs at the
level of Feynman diagrams, it is achieved here even at
the level of vertices, with the result that the amplitude
Mfi appears to be automatically antisymmetrized.

In the I = 1 channels, the isospin factor is given
by

I1 = (χ†
4ττ2χ3)(χ

†
1τ2τχ2) (33)

=

{
1 for pn scattering

2 for pp scattering,

while, in the I = 0 channels, it is

I0 = (χ†
4τ2χ3)(χ

†
1τ2χ2) = 1, (34)

where χi is the isospin part of the ith-nucleon wave
function. It should be mentioned here that, owing
to the isospin factor, the proton–proton potential is
two times greater than the proton–neutron poten-
tial. However, it should be borne in mind that the
resulting proton–proton potential appears to be anti-
symmetrized. In calculating the proton–proton phase
shifts, it must therefore be divided by a factor of 2
(whereupon we obtain isotopic invariance). But in
subsequently calculating the cross sections or other
features, we must again multiply by a factor of 2 the
final amplitude derived with this potential.

The form factors F in expressions (29)–(32) play
the role of invariant amplitudes (that is, the amplitude
P

obtained upon the separation of the spin and isospin
variables) and ensure the necessary splitting of the
nucleon–nucleon potential in the orbital angular mo-
mentum.

Let us demonstrate how there occurs the reduction
of the transition matrix elements M

(SI)P

fi . Taking into
account the results for the dibaryon Green’s func-
tions (9) and (13), we can represent the form factors
F (SI)P

as

F (0,1)+ (35)

=
∑

Ne,N ′
e=even

fNe(q
′, P )G(0,1)+

NeN ′
e
(P 2)fN ′

e
(q, P ),

F (1,0)+ (36)

=
∑

Ne,N ′
e=even

fNe(q
′, P )G(1,0)+

(1),NeN ′
e
(P 2)fN ′

e
(q, P ),

F (0,0)− (37)

=
∑

Ne,N ′
e=odd

fNe(q
′, P )G(0,0)−

NeN ′
e

(P 2)fN ′
e
(q, P ),

F (1,1)− (38)

=
∑

Ne,N ′
e=odd

fNe(q
′, P )G(1,1)−

(1),NeN ′
e
(P 2)fN ′

e
(q, P ),

where q′ = (p3 − p4)/2 and q = (p1 − p2)/2 are, re-
spectively, the final and the initial relative 4-momen-
tum of nucleons and

fNe(q, P ) =
∫

d4xeiqxfNe(x;P ) (39)

is the Fourier component of the dibaryon wave
function for a state where the number of excitation
quanta is Ne. The propagators for the spin-0 and
spin-1 dibaryons of positive parity are determined by
Eqs. (12) and (18).

In principle, summation in (35)–(38) is performed
over all possible values of Ne. However, the Ne = 0
and Ne = 1 terms, which correspond to the cou-
pling of the nucleon–nucleon channel to the closed
dibaryon state D(CC) occurring in the maximally
symmetric six-quark configurations |s6〉 or |s5p〉,
yield, at low energies (E < 1 GeV), only a weak
attraction in the nucleon–nucleon system against the
background of a strong nucleon–nucleon repulsion
in these six-quark configurations that is induced
by the one-gluon-exchange and one-pion-exchange
mechanisms that describe the interaction between
quarks and which take into account the effects of
antisymmetrization with respect to the quark vari-
ables [37, 38]. On the other hand, the effects of anti-
symmetrization in deformed six-quark configurations
play an insignificant role, the effective masses of these
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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states being strongly shifted toward the low-energy
region because of the strong coupling of the excited
string to meson fields. As a result, the coupling to
low-lying excited dibaryon states featuring Ne = 2
and Ne = 3 string-excitation quanta (these values
of Ne corresponds to the six-quark configurations
|s4p2[42]〉 and |s3p3[33]〉, respectively8)) leads to a
strong attraction in the nucleon–nucleon system
even at rather low interaction energies. In this model,
the attraction in question plays the same role as the
t-channel exchange of a sigma meson and also as
coupling to theN∆ and ∆∆ channels in the standard
one-boson-exchange model.9)

From expressions (29)–(32), it can be seen that
the potentials in the (S, I)P = (0, 1)+ and (0, 0)−
states have identical spinor components, and so do
the potentials in the (1, 0)+ and (1, 1)− states. In the
above form, their structure is more appropriate for
describing the cross-symmetry reaction of nucleon–
antinucleon scattering. In order to accomplish a tran-
sition to the nucleon–nucleon channel, it is necessary
to use the Fierz transformation

[ψ̄Γiφ][φ̄Γjψ] =
1
16

16∑
k,l=1

Tr(ΓiΓkΓjΓl)[ψ̄Γkψ][φ̄Γlφ],

(40)

where Γi corresponds to one of the 16 Dirac matrices
{1, γ5, γµ, γ5γµ, σµν} forming a basis in the space of
4× 4matrices and ψ and φ stand for spinor functions.
By using relation (28) and the fact that the Dirac
matrices satisfy the relations γT

µ = −C−1γµC and
[C, γ5] = 0, we then obtain in the c.m. frame (p1 = q,
p2 = −q, p3 = q′, and p4 = −q′)

[ū(−q′)γ5v(q′)][v̄(q)γ5u(−q)] (41)

= −1
4
[ū(q′)u(q)][ū(−q′)u(−q)]

− 1
4
[ū(q′)γµu(q)][ū(−q′)γµu(−q)]

+
1
8
[ū(q′)σµνu(q)][ū(−q′)σµνu(−q)]

− 1
4
[ū(q′)γ5γµu(q)][ū(−q′)γ5γ

µu(−q)]

− 1
4
[ū(q′)γ5u(q)][ū(−q′)γ5u(−q)],

8)These six-quark configurations appear to be basic ones if the
motion of the collective center of mass is taken into account
within the microscopic model.

9)It should be noted, however, that, in order to achieve the
required strength of the attractive force, the cutoff parame-
ters ΛσNN and ΛπN∆ in one-boson-exchange models are
increased by hand in relation to the values obtained from
meson–nucleon dynamics and from numerous theoretical
calculations.
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[ū(−q′)γµv(q′)][v̄(q)γνu(−q)]P1
µν (42)

= −[ū(−q′)γv(q′)][v̄(q)γu(−q)]

= −3
4
[ū(q′)u(q)][ū(−q′)u(−q)]

− 1
2
[ū(q′)γ0u(q)][ū(−q′)γ0u(−q)]

− 1
4
[ū(q′)γµu(q)][ū(−q′)γµu(−q)]

− 1
8
[ū(q′)σµνu(q)][ū(−q′)σµνu(−q)]

+
1
2
[ū(q′)σ0µu(q)][ū(−q′)σ0µu(−q)]

+
1
4
[ū(q′)γ5γµu(q)][ū(−q′)γ5γ

µu(−q)]

+
1
2
[ū(q′)γ5γ0u(q)][ū(−q′)γ5γ0u(−q)]

+
3
4
[ū(q′)γ5u(q)][ū(−q′)γ5u(−q)].

By using the expressions presented in the Appendix
for the matrix elements of bispinors, we finally arrive
at

[ū(−q′)γ5v(q′)][v̄(q)γ5u(−q)] (43)

= −(1 − σ1 · σ2)
2

W

(
1 +

q′2

(Eq′ + mN )2

)
×
(

1 +
q2

(Eq + mN )2

)
,

[ū(−q′)γµv(q′)][v̄(q)γνu(−q)]P1
µν (44)

= −(3 + σ1 · σ2)
2

W

(
1 +

q′2 + S12(q′)
3(Eq′ + mN )2

)
×
(

1 +
q2 + S12(q)
3(Eq + mN )2

)
.

Here, the factor W is given by the expression W =
(Eq′ + mN )(Eq + mN )/(4m2

N ), where Eq = (q2 +
m2

N )1/2 and mN is the nucleon mass; the Pauli
matrices σ1 and σ2 are defined in such a way that the
operator S = (σ1 + σ2)/2 corresponds to the total
spin of the nucleon–nucleon system; and S12(q) =
3(σ1 · q)(σ2 · q) − q2(σ1 · σ2) stands for the tensor-
interaction operator. For the expectation values in the
spin-0 and spin-1 states, we have

〈S = 0|(1 − σ1 · σ2)/2|S = 0〉 = 2,
〈S = 1|(1 − σ1 · σ2)/2|S = 1〉 = 0,
〈S = 0|(3 + σ1 · σ2)/2|S = 0〉 = 0,
〈S = 1|(3 + σ1 · σ2)/2|S = 1〉 = 2.
4
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Fig. 3. Example of diagrams for (S, T ) → (S′, T ′) transitions within traditional one-boson-exchange models of the nucleon–
nucleon interaction.
3. DERIVATION OF THE COVARIANT
NUCLEON–NUCLEON POTENTIAL IN EVEN

PARTIAL WAVES

In order that the complicated NN-interaction op-
erator obtained within the formalism developed in
the preceding section could be used in specific cal-
culations, it is necessary to specify expressions for
the form factors F (SI)P

explicitly. For this, we must
determine the particular structure of the polarization
operators Π(x, x′,X −X ′). We investigate this issue
by considering the example of even partial waves.

In principle, the dibaryon polarization operator is
predominantly determined by the Dσ and Dπ loops,
while its imaginary part is determined by the NN
loop and is responsible for dibaryon decay to two real
nucleons, which is followed by their fusion back into
a dibaryon. In this case, however, we must exclude
coupling to an intermediate nucleon–nucleon state,
since, in the equation for nucleon–nucleon scatter-
ing, this channel is automatically taken into account
by virtue of the requirement that the scattering am-
plitude satisfy two-particle unitarity. Therefore, the
main contribution to the polarization operator comes
from the dressing of the dibaryon D with meson
clouds—namely, from pion- or sigma-meson-cloud-
formation-induced transition of this dibaryon (featur-
ing Ne ≥ 2 string-excitation quanta) to the ground
state |s6〉 at low energies. At the same time, the in-
teraction with rho and omega mesons makes a much
smaller contribution both because of their rather large
mass and because of the fact that these mesons can
exist only in odd partial waves with respect to the
dibaryon |s6〉 or in even partial waves with respect to
the excited configuration |s5p〉, which has one excita-
tion quantum Ω with respect to the excited configu-
ration |s6〉.

In view of parity and total-isospin conservation,
transitions between the following (S, I)P states are
possible:

(0, 1)+ −→ (0, 1)+|s6〉 + σ(L = even),

(0, 1)+ −→ (1, 0)+|s6〉 + π(L = odd),

(1, 0)+ −→ (1, 0)+|s6〉 + σ(L = even),

(1, 0)+ −→ (0, 1)+|s6〉 + π(L = odd),
PH
(1, 0)+ −→ (2, 1)+|s6〉 + π(L = odd).

Here, we emphasize an important fact that directly
follows from the above quantum numbers for the
allowed transitions NN −→ 6q + m, where m = σ
or π. The s-channel transitions forming the inter-
mediate states of the dressed dibaryon are fully in
accord with ordinary t-channel transitions (see, for
example, Fig. 3). It is precisely for this reason that
the s-channel mechanisms considered here make
those contributions to various high-momentum-
transfer processes that were missing in the traditional
one-boson-exchange approach. Within the present
model, this important conclusion becomes clear even
without specific calculations.

We would also like to indicate that a (2, 1)+
dibaryon state may be formed owing to the dressing
of the dibaryon with a pion cloud. It was mentioned
above that, since the instanton-induced interaction
of the tensor type between quarks is rather weak, this
state does not decay directly through the nucleon–
nucleon channel, but it has a strong coupling to the
N∆ channel. It is well known that the behavior of
the 1D2 phase shift for nucleon–nucleon scattering is
indicative of the presence of a strong N∆ correlation,
which is sizable even at energies of about 400 MeV
in the laboratory frame. In contrast to one-boson-
exchange models, however, where the formation of
this state is due to t-channel pion exchange and
requires the use of hard pion form factors,10) our
model proposes a totally new mechanism that is
responsible for the formation of a N∆ state at short
and intermediate distances and which is caused by
the dressing of the dibaryon with the pion field; that
is,

(0, 1)+ −→ (1, 0)+|s6〉 + π(L = odd)

−→ (2, 1)+ −→ N∆(LN∆ = 0, S = 2, I = 1).

10)In particular, there are quite reliable indications in the lit-
erature that the cutoff parameter ΛπN∆ must be at least
100MeV less than ΛπNN —that is, the πN∆ transition form
factor must be rather soft (ΛπN∆ ∼ 400−500 MeV/с)—
this being in sharp contrast with the values of ΛπN∆ that
appear in the traditional one-boson-exchange model of the
nucleon–nucleon interaction.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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The elementary Lagrangians that correspond to
the above transitions and which are responsible for
dressing a bare intermediate dibaryon have the form

L(0,1)+(0,1)+σ = h
(0)
Dσσ(S · S), (45)

L(1,0)+(1,0)+σ = h
(1)
Dσσ(AµA

µ),

L(0,1)+(1,0)+π =
hDπ

mπ
(S · ∂µπ)Aµ,

L(1,0)+(2,1)+π =
h

(1)
Dπ

mπ
(Tµν · ∂µπ)Aν ,

where S, Aµ, and Tµν are the operators of, respec-
tively, the scalar, the axial-vector, and the tensor
dibaryon fields; π and σ are the operators of, re-
spectively, the isovector pion field and the isoscalar
sigma-meson field; and mπ is the pion mass. The
parameters hDπ and hDσ correspond to the couplings
of the respective mesons to the dibaryon. However,
this structure of the Lagrangians implies the locality
(pointlike character) of the interaction and, strictly
speaking, is valid only for structureless particles. The
inclusion of the internal structure—that is, the pres-
ence of the radial component of the wave function
fNe(x;P )—results in that the Lagrangians become
nonlocal functions of the particle coordinates. Hence,
additional factors, which are form factors in the inter-
action vertices, can arise.

We begin by considering the polarization operator
in the (0, 1)+ state and restrict ourselves to the one-
channel approximation for the time being; that is,

Π(0,1)+ = Π(0,1)+
σ + Π(0,1)+

π ,

where the first and the second term correspond to,
respectively, the interaction with the sigma-meson
field and the interaction with the pion field. Taking into

account (45), we then find, for example, for Π(0,1)+
σ

that

Π(0,1)+
σ (x, x′,X −X ′) (46)

= i

2∑
i, j = 1
i �= j

Γ†
if0(x)G(0,1)+

00 (X −X ′)

×Gσ(xi − x′
j)f0(x′)Γj.

Here, f0(x) is the oscillator wave function (25),

G(0,1)+

00 is the exact propagator for the |s6;L = 0〉
dibaryon with Ne = 0, and Gσ(x) is the propagator
for the sigmameson in the six-quark bag. Introducing
the sigma-meson Green’s function in the momentum
representation, Gσ(k2), through the relation

Gσ(xi − x′
j) =

∫
d4k

(2π)4
e−ik(xi−x′

j)Gσ(k2)
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Fig. 4. Example of the diagrams determining the pro-
jected polarization operator. The sum also includes three
analogous diagrams differing only in the permutation of
the 3q(C) clusters.

and going over from the coordinates xi and x′
j of the

3q(C) clusters to the relative coordinates x and x′ and
to the center-of-mass coordinates X and X ′, we can
write the polarization operator in the form

Π(0,1)+

σ (x, x′,X −X ′) (47)

= i
h

(0)2
Dσ

4

∫
d4k

(2π)4
(eikx/2 + e−ikx/2)

× f0(x)Gσ(k2)G(0,1)+

00 (X −X ′)e−ik(X−X′)

× (eikx′/2 + e−ikx′/2)f0(x′).

For the polarization operator describing the pion
cloud in odd waves, we similarly have

Π(0,1)+

π(odd)(x, x
′,X −X ′) (48)

= i
h2

Dπ

4m2
π

∫
d4k

(2π)4
(eikx/2 + e−ikx/2)

× f0(x)Gπ(k2)kµkνG(1,0)+

00,µν (X −X ′)e−ik(X−X′)

× (eikx′/2 + e−ikx′/2)f0(x′).

For the polarization operator Π̃(0,1)+

NeN ′
e

defined in
(11) and projected onto the space of solutions ob-
tained within the covariant-harmonic-oscillator for-
malism, we find in the momentum representation that
(the Feynman diagrams corresponding to the polar-
ization operator in question are shown in Fig. 4)

Π̃(0,1)+

NeN ′
e
(P 2) = i

∫
d4k

(2π)4
Φ(even)

0Ne
(k, P ) (49)

×
(
h

(0)2
Dσ

4
Gσ(k2)G(0,1)+

00 (P − k)

+
h2

Dπ

4m2
π

Gπ(k2)kµkνG(1,0)+

00,µν (P − k)
)

Φ(even)
0N ′

e
(k, P ),

where

Φ(even)
0Ne

(k, P ) =
∫

d4x(eikx/2 + e−ikx/2)

× f0(x;P − k)fNe(x;P )
4
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corresponds to the form factor in the vertices for
the transitions D −→ |s6 + σ(L = even)〉 and D −→
|s6 + π(L = odd)〉, which do not change the intrinsic
parity of the dibaryon.

We now proceed to consider the polarization op-

erator in the (1, 0)+ state; that is, Π(1,0)+
µν . It can also

be represented as the sum of two terms.11) Using the
Lagrangians in (45) for this state and following the
same line of reasoning as above in deriving (47) and
(48), we obtain

Π(1,0)+
σ,µν (x, x′,X −X ′) (50)

= i
h

(1)2
Dσ

4

∫
d4k

(2π)4
(eikx/2 + e−ikx/2)

× f0(x)Gσ(k2)G(1,0)+

00,µν (X −X ′)e−ik(X−X′)

× (eikx′/2 + e−ikx′/2)f0(x′),

Π(1,0)+

π(odd),µν(x, x
′,X −X ′) (51)

= i
3h2

Dπ

4m2
π

∫
d4k

(2π)4
(eikx/2 + e−ikx/2)

× f0(x)Gπ(k2)kµkνG(0,1)+

00 (X −X ′)e−ik(X−X′)

× (eikx′/2 + e−ikx′/2)f0(x′),

where the coefficient 3 appears because of the isospin
factor.

As a result, we find for the polarization operator

Π̃(1,0)+

NeN ′
e
that

Π̃(1,0)+

NeN ′
e,µν(P ) = i

∫
d4k

(2π)4
Φ(even)

0Ne
(k, P ) (52)

×
(
h

(1)2
Dσ

4
Gσ(k2)G(1,0)+

00,µν (P − k)

+
3h2

Dπ

4m2
π

Gπ(k2)kµkνG(0,1)+

00 (P − k)
)

Φ(even)
0N ′

e
(k, P ).

According to expression (16), that part of this opera-
tor which corresponds to the spin-1 dibaryon state is
given by

Π̃(1,0)+

(1) = −P1,µνΠ̃(1,0)+

µν /3.

Before we go over to a practical calculation of the
resulting integrals and finally obtain a closed expres-
sion for the covariant nucleon–nucleon potential, we
note that any rank-Ne tensor can be represented as a
set of irreducible tensors of rank Ne, Ne − 2, Ne − 4,
etc. For example, any tensor of rank Ne = 4 can be

11)For the sake of simplicity and clarity, we disregard here the
coupling to the (2, 1)+ state.
PH
represented as the sum of three tensors of the same
rank such that the first is an irreducible rank-4 tensor,
the second is the tensor product of an irreducible
rank-2 tensor and the metric tensor gµν , and the third
is a symmetric combination of the metric tensors.
By way of example, we indicate that, in the dibaryon
c.m. frame, the wave function fNe(x;P ) is a rank-
Ne tensor in conventional O(3) space and can be
expanded in spherical harmonics Ylm, where l takes
a finite number of values: l = 0, 2, . . . , Ne in the case
of even partial waves and l = 1, 3, . . . , Ne in the case
of odd partial waves.

In going over to the lm representation, we must
therefore make the substitution fNe(x;P ) →
fNelm(x;P ), where Ne now stands for the number
of string-excitation quanta rather than being the
rank of a tensor. As a result, the expressions for the
polarization operators change as

Π̃(0,1)+

NeN ′
e
−→ Π̃(0,1)+

Nelm,N ′
el′m′ ,

Π̃(1,0)+

(1),NeN ′
e
−→ Π̃(1,0)+

(1);Nelm,N ′
el′m′ ,

and the expressions for the dibaryon Green’s func-
tions change analogously.

From the structure of the integrals in (49) and
(52), it can easily be seen that integration with respect
to the momentum k does not change the values of
the orbital angular momentum l and of its projection
m. Moreover, the polarization operators appear to be
independent of m. It follows that, if we retain only
the two lowest states with Ne = 0, 2 in the sums
in (35) and (36) and set q0 = q′0 = 0 in the functions
fNelm(q, P ) (this is always so for real nucleons in their
c.m. frame), the form factors F in the (1, 0)+ and
(0, 1)+ states can be represented as

F (i) =
∑

Ne,N ′
e

min(Ne,N ′
e)∑

l=0

l∑
m=−l

fN ′
elm(q′) (53)

× G(i)
N ′

el,Nel(P
2)fNelm(q),

where the superscript is (i) = (0, 1)+ or (1, 0)+ and
f(q) stands for a conventional eigenfunction of a
three-dimensional harmonic oscillator.

In order to calculate the Green’s functions
G(i)

N ′
el,Nel(P

2), we must consider that the dibaryon
in the l = 0 state can involve Ne = 0, 2 excitation
quanta. This means that, upon dressing, the s-wave
dibaryon can go over from the configuration |s4p2〉
to the configuration |s6〉 and also from the latter
to the former configuration, so that, in calculating
the Green’s functions in question, it is necessary
to take into account the possible mixing of these
configurations. From expression (12) or (18) for the
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Green’s functions, we obtain a set of four equations

for the elements of the matrix G(i)
N ′

e0,Ne0
≡ G(i)

N ′
e,Ne

. In

particular, we find for the elements G(i)
2,2 and G(i)

0,2 that

G(i)
2,2 =

1 + Π̃(i)
2,0G

(i)
0,2 + Π̃(i)

2,2G
(i)
2,2

P 2 −M2
2 + i0

,

G(i)
0,2 =

Π̃(i)
0,0G

(i)
0,2 + Π̃(i)

0,2G
(i)
2,2

P 2 −M2
0 + i0

.

Solving this set of equations (and the analogous set of

equations for G(i)
0,0 and G(i)

2,0), we represent the diagonal
elements of the dibaryon propagators in the form

G(i)
0,0(P

2)

=
P 2 −M2

2 − Π̃(i)
2,2

(P 2 −M2
2 − Π̃(i)

2,2)(P 2 −M2
0 − Π̃(i)

0,0) − (Π̃(i)
2,0)2

,

G(i)
2,2(P

2)

=
P 2 −M2

0 − Π̃(i)
0,0

(P 2 −M2
2 − Π̃(i)

2,2)(P 2 −M2
0 − Π̃(i)

0,0) − (Π̃(i)
2,0)2

.

Here, we have considered that Π̃(i)
2,0 = Π̃(i)

0,2. If the

operator Π̃(i)
2,0, which mixes the configurations featur-

ing Ne = 2 and Ne = 0 excitation quanta, is rather
small (which, in all probability, is so, since the tran-
sition from the six-quark configuration |s6〉 to the
configuration |s4p2〉 must be accompanied by an ad-
ditional energy transfer 2Ω), we obtain the ordinary
one-channel expressions for the Green’s functions;
that is,

G(i)
0,0(P

2) =
1

P 2 −M2
0 − Π̃(i)

0,0(P 2)
, (54)

G(i)
2,2(P

2) =
1

P 2 −M2
2 − Π̃(i)

2,2(P 2)
. (55)

The propagators for the d-wave dibaryons (l = 2)
have the ordinary one-channel form12)

G(i)
22,22(P

2) =
1

P 2 −M2
2 − Π̃(i)

22,22(P 2)
. (56)

Disregarding the small contribution of the off-
diagonal propagator elements, we can represent the
form factors F (i) as

F (i) = f0(q′)G(i)
0,0(P

2)f0(q) (57)

12)If one disregards coupling to the N∆ channel.
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+
∑
l=0,2

l∑
m=−l

f2lm(q′)G(i)
2l,2l(P

2)f2lm(q).

If we also take into account states involving Ne =
4 excitation quanta, there arises the possibility of de-
scribing G-wave scattering. However, it is necessary
to consider here that, at low energies, the behavior
of the phase shifts in higher partial waves (l > 3) is
determined primarily by the interaction at long dis-
tances (r > 1 fm) and is governed by one- and two-
pion exchanges. But at higher energies, in which case
the mechanisms of short-range interaction come into
play, the interactions with vector (rho- and omega-
meson) fields and also the possible transitions both
to the |s6〉 and to the |s5p〉 state must be taken into
account in the polarization operators.

In various (S, I)P channels, the nucleon–nucleon
potential is determined by expressions (29)–(32) for
the matrix elements if we eliminate the delta func-
tion from them. Bringing together the results for the
spinor components (43) and (44) and for the form fac-
tors (57), we obtain the following expression for that
component of the nucleon–nucleon potential which
describes the interaction at short and intermediate
distances in even partial waves:

V
(i)
NN = λ(i)φ

(i)
0 (q′)φ(i)

0 (q) + V
(i)
D (q′,q),

λ(i) > 0.

Here, the first term simulates the repulsive interaction
arising in the |s6〉 configuration owing to one-gluon
and one-pion exchanges between quarks, antisym-

metrization being taken into account, and V
(i)
D (q′,q)

is the potential allowing for the coupling of the
nucleon–nucleon state to the dibaryon; in the singlet
S and D waves, this potential has the separable form

V
(i)
D (q′,q) (58)

= 4(α(i))2
(
φ

(i)
0 (q′)G(i)

0,0(P
2)φ(i)

0 (q)

+
∑
l=0,2

l∑
m=−l

φ
(i)
2lm(q′)G(i)

2l,2l(P
2)φ(i)

2lm(q)

)
,

where

α(0,1)+ = α
(1)
S , α(1,0)+ = α

(0)
A .

The functions φ(i)(q) are related to the oscillator wave
function f(q) by kinematical factors; that is,

φ(0,1)+(q) =
Eq + mN

2mN

(
1 +

q2

(Eq + mN )2

)
f(q),

(59)
4
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φ(1,0)+(q) =
Eq + mN

2mN

(
1 +

q2 + S12(q)
3(Eq + mN )2

)
f(q).

(60)

In analyzing the resulting expression for the
nucleon–nucleon potential, we notice first of all
that its structure—at least in the singlet waves
(the problem of describing tensor interactions within
the present formalism will be discussed below)—is
virtually coincident with the structure of the semiphe-
nomenological potential that was obtained in [29] and
which made it possible to describe well both the phase
shifts up to an energy of E = 1 GeV in the laboratory
frame and themain properties of the deuteron. Indeed,
we have φ(i)(q) = f(q) in the nonrelativistic limit.

Disregarding, in the potential V
(i)
D (q′,q), the term

responsible for a rather weak attraction in the |s6〉
configuration, we then arrive at a nucleon–nucleon
potential of the form

V
(i)
NN = λ(i)f0(q′)f0(q) (61)

+
∑
l=0,2

l∑
m=−l

f2lm(q′)λ(i)
l (E)f2lm(q),

which is identical to that of the potential in [29]. Here,

λ
(i)
l (E) = 4(α(i))2G2l,2l(P 2) and the invariant quan-

tityP 2 is related to the kinetic energy in the laboratory
frame by the equation P 2 = 4m2

N + 2mNE.
We also note that, in the present model, the polar-

ization operators (49) and (52) and, hence, the form
factors F (i) (57) (and the entire nucleon–nucleon
potential as well) are complex-valued functions. Their
imaginary parts are related to open inelastic channels
and are determined by the discontinuities of these
quantities at the unitary cut in the complex plane of
energy. In the example considered here, we have two
inelastic channels corresponding to real intermediate
states, NNπ and NNππ. Indeed, three propagators

Gπ , Gσ , and G(i)
0,0 appear in expressions (49) and (52).

The imaginary part of the propagator Gπ is responsi-
ble for the production of a real pion. In order to obtain
a real s-wave ππ state, one must take into account
the strong coupling of the sigma meson to this state.
In this case, the sigma-meson propagator takes the
form

Gσ(k2) =
1

k2 −m2
σ − Πσ(k2)

,

where the imaginary part of the operatorΠσ(k2) is as-
sociated with the mechanisms of sigma-meson decay
to two real pions that is followed by their fusion into
a sigma meson and can be found from the condition
requiring the unitarity of the S matrix for this pro-
cess. As for the coupling to the real nucleon–nucleon
PH
state, it is determined by the imaginary parts of the

polarization operators Π̃(i)
0,0 appearing in the dibaryon

propagators G(i)
0,0(P

2), which in turn appear in the
integrals in (49) and (52).

Finally, we will briefly dwell upon an important
aspect concerning the description of a tensor inter-
action in the scheme developed here. We recall that,
at the present time, the problem of tensor nucleon–
nucleon interaction is quite nontrivial. This especially
concerns the description of tensor nucleon–nucleon
forces at short distances. For example, it follows from
the calculations performed within the resonating-
group method that conventional meson-exchange
interactions and one-gluon-exchange quark–quark
interaction cannot make a significant contribution
to tensor nucleon–nucleon forces [38]. At the same
time, experimental phase shifts favor unambigu-
ously a considerable strength of such forces at short
and intermediate distances. In ordinary one-boson-
exchange models, pions and rho mesons are the
main sources of tensor forces. However, the required
strength of this interaction is achieved via the use
of large values for the cutoff parameters ΛπNN and
ΛρNN . Moreover, almost all of the meson-exchange
nucleon–nucleon models use a value of κρ ≈ 6−7
for the tensor coupling of the rho meson to the
nucleon. At the same time, an analysis of data on
pion–nucleon scattering yields a much more modest
value of κρ ≈ 1−3 for this parameter (see, for exam-
ple, [46]). Thus, the tensor nucleon–nucleon force in
one-boson-exchange models is enhanced by hand to
reproduce the experimental phase shifts.

Within our approach, the short-range tensor
nucleon–nucleon interaction arises owing to the
following three sources:

(i) In the dressed NN → D vertex, there is a com-
bination of a relatively short-range tensor one-pion-
exchange interaction and a relatively long-range po-

tential form factor φ
(i)
2lm(q) appearing in (58). As

a result, the contribution of the tensor one-pion-
exchange potential is effectively enhanced.

(ii) For the same reason, the mechanism of Gold-
stone boson exchange can make a significant contri-
bution to the structure of the wave function
ΨDB(x1, x2) for the dressed dibaryon. As a conse-
quence, the exact propagators for dibaryons featuring
Ne ≥ 2 string-excitation quanta will develop nonva-
nishing elements that are off-diagonal in the orbital
angular momentum l and which are determined by
polarization operators belonging to the same type
as those presented in Figs. 4 and 5. As a result,
the nucleon–nucleon potential will in turn develop
elements that are off-diagonal in l and which will lead
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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to a new type of tensor interaction at intermediate and
short distances.

(iii) Additional terms that are completely due to
relativistic effects also have tensor components pro-
portional to (q2 + S12(q))/[3(Eq + mN )2] [see (60)].
Owing to internal nodes of the scattering wave func-
tions [21, 22], the total kinetic energy in the nucleon–
nucleon channel increases strongly in relation to what
we have in traditional approaches of the one-boson-
exchange type, with the result that the contribution
from relativistic effects will be sizably greater in our
case.

4. ILLUSTRATIVE MODEL
OF THE NUCLEON–NUCLEON POTENTIAL

Expression (61), derived in the preceding sec-
tion for the effective nucleon–nucleon potential in
the nonrelativistic limit, can be tested in an ac-
tual situation—for instance, in describing nucleon–
nucleon phase shifts over a rather broad energy
interval. First of all, we address the question of which
energy interval can be described if we take into
account zero- and two-quantum excitations of our
color string for even S and D partial waves (or one-
and three-quantum excitations for P and F partial
waves). Simple dimensional estimates show that the
energy corresponding to a single quantum of string
excitation is Ω ∼ 300−350 MeV. On the laboratory
scale, the excitation energy 2Ω corresponds to an en-
ergy of about 1.2 to 1.4 GeV in the nucleon–nucleon
system. It follows that, taking into account only the
zero- and two-quantum string excitations, we can
hope to describe, on the basis of the potential in the
form (61), the nucleon–nucleon amplitudes (both
elastic and inelastic ones) up to an energy of about
1.2 GeV in the laboratory frame. In the present study,
we consider only the amplitudes for elastic nucleon–
nucleon scattering, postponing the description of
inelastic processes until the next publication.

For the purpose of illustration, we consider here
the 1S0 and 3S1−3D1 nucleon–nucleon channels.
In deriving the polarization operators Π̃(i)

0,0(P
2), we

restrict ourselves, in either case, to the leading loop
graphs featuring a sigma meson and retain one-pion
exchange in the external potential not related to the
formation of an excited string. For the sake of sim-
plicity, we also neglect the coupling of an intermediate
sigma meson to the 2π channel, which is of im-
portance only for describing inelastic processes that
involve the production of two-pion pairs in nucleon–
nucleon collisions. According to (61), the sought po-
tential in the 1S0 partial wave will then have the form

VNN (1S0) = VOPE + VTPE + VNqN , (62)
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Fig. 5. Diagram corresponding to the dibaryon polariza-
tion operator leading to the mixing of six-quark states
characterized by different values of the orbital angular
momentum l.

where VOPE is the potential that corresponds to t-
channel one-pion exchange and which is softly cut
off at short distances, with the cutoff parameter
being ΛπNN ∼ 700 MeV, and VTPE = V 0

TPE(αr2)2 ×
exp(−αr2) is a local potential that represents the
external component (r > 1 fm) of two-pion exchange
(TPE) and which is also suppressed at short dis-
tances r. The potential component

VNqN = λ(0)f0(q′)f0(q) + λ
(2)
00 (E)f2(q′)f2(q)

is responsible for dibaryon formation. Here, λ(0) is a
large positive constant, while the energy-dependent

strength constant λ(2)
00 (E) is calculated directly from

the sigma-meson-loop diagram shown in Fig. 4. The
potential form factors f0(q) and f2(q) are merely the
nonrelativistic harmonic-oscillator wave functions for
the states featuring, respectively, zero and two exci-
tation quanta. Thus, we have four adjustable param-
eters in the 1S0 channel: two in the expression for
VTPE (V 0

TPE and α) and two in the expression for VNqN

(the oscillator radius r0 = β−1/2 associated with the
functions f0 and f2 and the general normalization

constant λ
(2)
00 (0) of the polarization operator). The

energy dependence of λ(2)
00 (E) is determined here by

the bare dibaryon mass M0 (we chose the value of
M0 = 2.25 GeV) and by the effective sigma-meson
mass mσ (we set it to mσ = 400 MeV).

The numerical calculation of the loop integral
leads to the conclusion that, to a good accuracy, it
can be represented (over the broad energy interval
from zero to 1 GeV) as the Padè approximant

λ
(2)
00 (E) = λ

(2)
00 (0)

E0 + aE

E0 − E
,

the values of the parameters a and E0 being given in
Table 1. In the potential VNqN , there remain only two

adjustable parameters, λ(2)
00 (0) and r0, to be varied in

describing the empirical 1S0 phase shift, but the value
of r0 must be close to the conventional quark radius

of the nucleon, r(N)
0 ∼ 0.4−0.5 fm. To our great sur-

prise, it turned out that a variation of only one pa-
4
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Table 1. Parameters of the potential model that were determined on the basis of calculating the polarization operator and
on the basis of the fitting procedure

Channel r0, fm r2, fm λ
(2)
00 (0), MeV λ

(2)
22 (0), MeV λ

(2)
02 (0), MeV E0, MeV a V 0

TPE, MeV α−2, fm−2

3S1−3D1 0.38113 0.59423 –385.089 –18.1305 –416 384 855.29 –0.25 –4.62843 0.53936
1S0 0.39797 – –379.961 – – 855.29 –0.25 –11.6287 0.717044
rameter λ(2)
00 (0), together with quite a modest tuning

of r0 values from a rather narrow admissible interval,
makes it possible to attain an excellent description of
the 1S0 phase shift over the entire range from zero
energy to 1 GeV (see Fig. 6). We believe that this
astoundingly simple and accurate description of the
nucleon–nucleon phase shifts is not accidental, but
that it is due to the adequacy of the interaction pattern
developed here.13)

The description of the 3S1−3D1 triplet coupled
channels proved to be equally simple. Here, the po-
tential has the same form as in (62), with the only
difference that now VOPE and VNqN include a tensor
interaction. In particular, VOPE involves a peripheral
tensor nucleon–nucleon interaction (with the cutoff
parameter of Λ = 0.7 GeV). As to VNqN , it admits the
matrix representation [49]

VNqN =

λ
(2)
00 (E)|2s〉〈2s| λ

(2)
02 (E)|2s〉〈2d|

λ
(2)
20 (E)|2d〉〈2s| λ

(2)
22 (E)|2d〉〈2d|

 ,

(63)

where |2s〉 and |2d〉 are the harmonic-oscillator wave
functions featuring the parameters r0 (for the S wave)
and r2 (for the D wave). In principle, quite a satis-
factory description of the 3S1−3D1 phase shifts can
be achieved even at a unified value of the oscillator
radius for the s- and d-wave form factors. However,
the quality of a fit with different values of r0 appears to
be somewhat better.

We found that the values of the basic parame-

ters λ
(2)
00 (0), a, and E0 in (63) for the 3S1 triplet

channel are virtually identical to those for the 1S0

singlet channel (see Table 1), this providing an ad-
ditional piece of evidence in support of the model
constructed here. The quality of the description of
nucleon–nucleon phase shifts over the broad energy
interval 0–1000 MeV is illustrated in Fig. 6. Table 2
gives the effective-range values corresponding to our

13)We note for the sake of comparison that a conventional
phenomenological nucleon–nucleon potential that is repre-
sented in a separable form includes many separable terms
and very many adjustable parameters [48] for describ-
ing nucleon–nucleon phase shifts in the energy range 0–
500 MeV.
PH
model. Again, perfect agreement between the theo-
retical and experimental values of the effective-range
parameters serves as a good additional argument in
favor of the force model under consideration. Indeed,
a fit of two empirical parameters of the low-energy
amplitude—that is, the scattering length and the ef-
fective range—in the 1S0 channel, for example, fixes,
as amatter of fact, two parameters of the present force
model, leaving two variable parameters (of four input
ones) for a fit to the 1S0 phase shift in the range from
15 to 1000MeV (under the assumption that effective-
range theory reproduces phase shifts from zero to
15 MeV). Thus, there arises the impression that the
model in question faithfully reproduces the energy
dependence of the nucleon–nucleon phase shifts over
a broad energy range. It should be emphasized once
again that the energy dependence of the effective
coupling constants λ(2)(E) was taken directly from
the calculations of the loop diagram featuring a sigma
meson (see Fig. 4).

5. IMPLICATIONS OF THE DEVELOPED
FORCE MODEL FOR NUCLEAR PHYSICS

The force model developed in the preceding sec-
tion has many implications for the physics of hadron
processes, and we discuss some of them below.

5.1. Meson Production in Proton–Proton and Other
Collisions

It is well known that traditional one-boson-
exchange models are often unable to describe the
cross sections for meson production in nucleon–
nucleon collisions—for example, the cross sections
for the threshold production of neutral pions [50–
52]. There exist serious problems in describing the
exclusive cross sections for double pion production in
the I = J = 0 channel [53]

p + p → p + p + π+ + π−,

p + p → p + p + 2π0.

Moreover, the so-called ABC puzzle [54–56] con-
sisting in the enhancement of the cross section for
the production of a π+π− pair in the scalar–isoscalar
channel of reactions like

p + n → d + π+ + π−, (64)
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 6. Phase shifts and tensor-mixing parameter ε1 for nucleon–nucleon scattering: (solid curves) results of the calculation
within the present model and (points) data of the SP99 (SAID) partial-wave analysis [47].
p + d → 3He + π+ + π−

has been discussed in the literature over more than
the past 40 years. Quite a similar enhancement was
recently discovered in the photoproduction of pion
pairs on a deuteron [57],

d + γ → n + p + 2π0.

For some of these puzzles, recent ad hoc explana-
tions made it possible to describe the corresponding
experimental data by introducing some free parame-
ters. Unfortunately, there is absolutely no relationship
between these explanations and the generally ac-
cepted basic mechanisms of elastic nucleon–nucleon
scattering; therefore, these explanations cannot be
considered as some kind of reliable theoretical guide-
lines for describing hadron dynamics. Moreover,
models presented in the literature for describing
similar processes obviously contradict one another.
For example, the 2π enhancement and numerous ππ,
pp, and πp correlations found recently by Patzold et
al. [58] in proton–proton collisions, pp → ppπ+π−,
are interpreted at present in terms of the production of
the Roper resonance N(1440) and its subsequent 2π
and π decays [59], while the analogous 2π enhance-
ment in the reaction pn → dπ+π− (ABC puzzle) is
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
explained by the production and subsequent decay of
two delta isobars, etc. It is clear that this situation
is far from satisfactory, and a unified approach to
describing the aforementioned numerous similar pro-
cesses would be highly desirable. Such an approach
may involve free parameters, but it must be matched
in one way or another with the basic mechanism
adopted for elastic nucleon–nucleon scattering.

We would like to indicate here that our mechanism
of nucleon–nucleon interaction makes it possible,
in principle, to create a unified basis for describ-
ing meson production in nucleon–nucleon, proton–
deuteron, and other collisions. By way of example, we
indicate that, in our approach, the enhancement of

Table 2. Scattering lengths and effective ranges in the
triplet and singlet nucleon–nucleon channels for the
present model along with experimental data

Channel
a, fm r0, fm

Theory Experiment Theory Experiment
3S1 5.419 5.419(7) 1.753 1.753(8)
1S0 –23.741 –23.740(20) 2.77 2.77(5)
4
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Fig. 7. Example of diagrams describing a new possi-
ble mechanism of double pion production in the scalar–
isoscalar channel.

double pion production in the scalar–isoscalar chan-
nel is a direct consequence of a dominant role of
the sigma-meson cloud of the dressed intermediate
dibaryon [29, 30] (see Fig. 7). Nearly the same mech-
anism can be responsible for the enhancement of the
yield of a 2π0 pair in photoproduction on a deuteron
and (with the substitution of an off-shell rho meson
for a sigma meson) for the enhanced yield of dilepton
pairs in proton–proton collisions at proton energies
of Ec.m. ≥ 2 GeV [60]—that is, for the so-called DLS
puzzle.

5.2. Production of Nucleon Isobars
in Nucleon–Nucleon Collisions

Yet another large range of problems where the
existing theory runs into serious difficulties concerns
the prediction of cross sections (as well as of the vec-
tor and tensor analyzing powers) for nucleon-isobar
production in nucleon–nucleon collisions, especially
at high momentum transfers. This is also associated
with the above difficulties in treating the nucleon–
nucleon interaction on the basis of the traditional
one-boson-exchange approach at high momentum
transfers. Here, the description of short-range N∆
interaction is one of the most important problems in
practice. It is obvious from physical considerations
that, since the production of real isobars is accom-
panied by high momentum (and energy) transfers,
the traditional one-meson mechanism is hardly ap-
plicable here—especially if soft form factors are used
in meson–nucleon vertices. Therefore, the dibaryon
mechanism, which makes it possible to transfer, in a
collision, a high momentum and a high energy with-
out particular problems, must be especially useful.
Simultaneously, the production of mesons arising in
the decay of isobars must be enhanced—for example,
in the threshold production of omegamesons [61] (see
Fig. 8).
PH
All of the aforesaid gives every reason to assume
that the dibaryon mechanism of particle production
must play a basic role in nucleus–nucleus collisions
at energies of E/A ≥ 1 GeV. The available methods
for the diagnostics of quark–gluon plasma—for ex-
ample, through the measurement of the yield of high-
energy e+e− pairs—unambiguously indicate that, at
energies in the range E2e ∼ 200−400 MeV, the yield
of these pairs is enhanced in relation to the predic-
tions of the existing theories of lepton-pair production
through the decays of rho, phi, and other mesons in
bare nucleon–nucleon collisions.

5.3. New Meson-Exchange Currents

The use of the present formalism in the La-
grangian formulation also allows one to take readily
into account the contribution to various photo- and
electronuclear processes from new meson-exchange
currents appearing in our model. The need for such
short-range electromagnetic currents is clearly seen
against the background of the obvious inability of
standard one-boson-exchange models (even if they
take into account the contribution from delta isobars
and other resonances) to describe quantitatively (and
sometimes even qualitatively) various experimental
data. Even in such elementary photonuclear re-
actions as bremsstrahlung from nucleon–nucleon
scattering [62] and deuteron photodisintegration [63–
65], traditional one-boson-exchange models lead to
results that are in a strong contradiction with exper-
imental data. Such a situation is observed even in
the photon-energy range Eγ ∼ 100−400 MeV, where
standard meson dynamics was expected to work well.
By way of example, we indicate that, in the reaction
pp → ppγ proceeding at a collision energy of about
400 MeV in the laboratory frame [62], the standard
one-boson-exchangemodels of the nucleon–nucleon
interaction that also involve delta-isobar excitation
and ρ → πγ meson-exchange currents lead, at some
specific angles of photon emission, to differential-
cross-section values that are one-half as large as their
experimental counterparts. This comes as no surprise
if one considers that, at this energy, the delta isobar
(its contribution to the cross section is approximately
50%) is still far off the mass shell, in which case the
mean radius of the N∆ system must be rather small
(rN∆ ≤ 1 fm), so that conventional meson-exchange
mechanisms are inadequate here.

New meson-exchange electromagnetic currents
arising in the present model in a natural way (see,
for example, Fig. 9) at distances that are critical
for various experimentally observable features inspire
hopes for improving agreement between theoretical
and experimental results.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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5.4. Multiparticle Forces in Nuclei

In this subsection, we briefly discuss the impli-
cations of the dibaryon model of nuclear forces for
the basic theory of the nucleus. First of all, we note
that, from the present model {see Eq. (61), as well as
formulas (80) and (81) from [29]}, it follows that the
pair nucleon–nucleon interaction explicitly depends
on energy. It was rigorously shown by Merkuriev
et al. [66] that, in a three-nucleon system, this depen-
dence inevitably entails the substitution E2 → E3 −
3q2/(4mN ), where E2 and E3 are, respectively, the
pair and the three-particle energy and q is the mo-
mentum of the third particle in the c.m. frame of the
system. Thus, we can see that, in the three-nucleon

system, the coupling constant λ(i)
l (E2) in (61) trans-

forms into the quantity λ
(i)
l (E3 − 3q2/(4mN )), which

depends on the third-particle momentum—that is,
the purely pair interaction (apart from one- and two-
pion-exchange terms) disappears in our approach,
transforming into a three-particle (or multiparticle)
interaction. It is interesting to note, however, that,
as the mean kinetic energy of particles grows, the

effective coupling constant λ(i)
l decreases, this corre-

sponding to the appearance of an additional density-
dependent repulsive force.14) Further, we emphasize
that, as had been indicated in the first study of this
series [19] and as was then confirmed by the quan-
titative theory developed in [31], the introduction of
dibaryon degrees of freedom inevitably leads to the
appearance of three- and four-particle forces that are
of a scalar character and which are induced by sigma-
meson exchange between the dibaryon and neigh-
boring nucleons. These forces prove to be so strong
that they (together with the aforementioned fact of
the emergence of effective density-dependent repul-
sive multiparticle forces) change drastically the force
balance in nuclei. It was shown in [31] that, in the
three-nucleon system, the scalar three-particle forces
caused by the interaction of the sigma-meson cloud
of the dibaryon with the third nucleon saturate at
least half the entire binding energy of this system. We
note that this conclusion is strictly quantitative rather
than qualitative since the model made it possible to
describe quantitatively—and to a high precision—the
three-nucleon binding energies in the 3H and 3He
nuclei and themain static features of these nuclei [31].

In this connection, it is very interesting to note
that a wide variety of data indicate that a strong
scalar sigma-meson field must be present in nuclei.

14)It is reasonable to recall here that, in phenomenological
nuclear models (of the Skyrme type), it is the inclusion of
three-particle density-dependent repulsive forces that leads
to accurate results.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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For example, the well-known Walecka field-theory
model [67] for nuclei and nuclear matter includes the
sigma-meson field as one of the main ingredients.
Moreover, the Walecka model was recently general-
ized in [68, 69] in order to describe the spectra of
excited states in heavy nuclei—primarily giant reso-
nances. It was found there that, in order to describe
monopole vibrations—that is, in order to reproduce
the nuclear compressibility faithfully—it is necessary
to enhance additionally the scalar sigma-meson field
in the Walecka model (by introducing terms propor-
tional to σ3 and σ4 in the Lagrangian). This can serve
as a good (albeit indirect) piece of evidence in support
of the model of strong scalar three- and four-nucleon
forces that directly follows from the dibaryon concept.

Thus, we see that, upon the inclusion of such
scalar multiparticle forces, basic nuclear dynamics
must change drastically in relation to what we have
in theories based on pair forces of the one-boson-
exchange type.

6. CONCLUSIONS

It is appropriate here to formulate briefly the main
results of the present study.

In previous studies of our group (see [2, 19, 28,
29]), the model of a dressed six-quark bag was pro-
posed for describing the nucleon–nucleon interaction
at intermediate and short distances. Here, it has been
significantly improved and refined by introducing a
color-confined intermediate state whose structure in-
cludes, in all probability, three diquarks connected by
color strings. In the lowest partial waves, this con-
figuration is of a star type with a central connection
of three strings at the center of mass; as the angular
momentum in the nucleon–nucleon system grows,
the star configuration goes over to a linear string con-
figuration whose rotation approximately corresponds
to a linear Regge trajectory. In the present model, it
is a rotating double string that mediates interaction
in higher partial waves at energies ENN ∼ 1 GeV
4
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Fig. 9. Examples of diagrams involving new meson-exchange electromagnetic currents that arise in the present model.
and above.15) It should be emphasized that, according
to the microscopic content of the six-quark model,
the clustered nucleon–nucleon component goes over
primarily to excited-string states (in the lowest partial
waves) that are deexcited through a virtual (or real)
emission of 2π pairs in the isoscalar and isovector
channels and of (although to a lesser degree) single
pions, this corresponding to the dressing of the inter-
mediate dibaryon with meson fields.

The physical picture described above has been
recast in the present study into the form of a co-
variant field-theory model involving effective scalar,
pseudoscalar, vector, and axial-vector dibaryon fields,
their excitations being described in terms of the cor-
responding relativistic oscillator. There then arises a
conventional (in field theory) model of the dressing
of bare particles with meson fields via summation of
meson loops in the s channel. This model makes it
possible to include, in quite a natural way, coupling to
other baryon channels of the N∆, ∆∆, NN∗(1535),
etc., types. Because of closely lying poles of the am-
plitude, the channel coupling will be enhanced near
the corresponding thresholds for isobar production.
This model allows one to include, along with channel
coupling, the production of various mesons via a sub-
sequent decay of excited isobars. In an equally natural
way, this model permits including, in the description,
real 2π-pair production in the isoscalar and isovector
channels and dilepton emission (e+e−) in proton–
proton and nucleus–nucleus collisions.

It is of paramount importance that all of these
particle-production processes can in principle be de-
scribed within a unified relativistic model involving
also the description of elastic nucleon–nucleon scat-
tering, this distinguishing sharply our approach from
other currently available approaches. Future inves-
tigations will reveal the degree to which these opti-
mistic expectations will come true.

15)It should be noted that, at these energies, higher nucleon–
nucleon phase shifts for L ≥ 4 are large, and no one-boson-
exchange model can reproduce such values of higher phase
shifts.
P
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APPENDIX

For the matrix elements of bispinors, we present
here expressions that are necessary for determining
the spinor components of the nucleon–nucleon po-
tential by formulas (41) and (42). Using the definition
of a bispinor for a positive definite energy,

u(q) =
√

Eq + mN

2mN

 1
(σ · q)

Eq + mN

 ,

and the definition of the Dirac matrices in the stan-
dard representation, we obtain

[ū(q′)u(q)][ū(−q′)u(−q)]

= W

(
1 − (σ1 · q′)(σ1 · q)

(Eq′ + mN )(Eq + mN )

)
×
(

1 − (σ2 · q′)(σ2 · q)
(Eq′ + mN )(Eq + mN )

)
,

[ū(q′)γ0u(q)][ū(−q′)γ0u(−q)]

= W

(
1 +

(σ1 · q′)(σ1 · q)
(Eq′ + mN )(Eq + mN )

)
×
(

1 +
(σ2 · q′)(σ2 · q)

(Eq′ + mN )(Eq + mN )

)
,

[ū(q′)γµu(q)][ū(−q′)γµu(−q)]

= [ū(q′)γ0u(q)][ū(−q′)γ0u(−q)]

+ W

(
σ1(σ1 · q)
Eq + mN

+
(σ1 · q′)σ1

Eq′ + mN

)
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×
(

σ2(σ2 · q)
Eq + mN

+
(σ2 · q′)σ2

Eq′ + mN

)
,

[ū(q′)σ0µu(q)][ū(−q′)σ0µu(−q)]

= −W

(
σ1(σ1 · q)
Eq + mN

− (σ1 · q′)σ1

Eq′ + mN

)
×
(

σ2(σ2 · q)
Eq + mN

− (σ2 · q′)σ2

Eq′ + mN

)
,

[ū(q′)σµνu(q)][ū(−q′)σµνu(−q)]

= 2[ū(q′)σ0µu(q)][ū(−q′)σ0µu(−q)]

+ 2W
(

σ1 −
(σ1 · q′)σ1(σ1 · q)

(Eq′ + mN )(Eq + mN )

)
×
(

σ2 −
(σ2 · q′)σ2(σ2 · q)

(Eq′ + mN )(Eq + mN )

)
,

[ū(q′)γ0γ5u(q)][ū(−q′)γ0γ5u(−q)]

= −W

(
σ1 · q

Eq + mN
+

σ1 · q′

Eq′ + mN

)
×
(

σ2 · q
Eq + mN

+
σ2 · q′

Eq′ + mN

)
,

[ū(q′)γµγ5u(q)][ū(−q′)γµγ5u(−q)]

= [ū(q′)γ0γ5u(q)][ū(−q′)γ0γ5u(−q)]

−W

(
σ1 +

(σ1 · q′)σ1(σ1 · q)
(Eq′ + mN )(Eq + mN )

)
×
(

σ2 +
(σ2 · q′)σ2(σ2 · q)

(Eq′ + mN )(Eq + mN )

)
,

[ū(q′)γ5u(q)][ū(−q′)γ5u(−q)]

= −W

(
σ1 · q

Eq + mN
− σ1 · q′

Eq′ + mN

)
×
(

σ2 · q
Eq + mN

− σ2 · q′

Eq′ + mN

)
.

REFERENCES
1. D. Plaemper, J. Flender, and M. F. Gari, Phys. Rev. C

49, 2370 (1994).
2. V. I. Kukulin, I. T. Obukhovsky, V. N. Pomerantsev,

and A. Faessler, Yad. Fiz. 64, 1748 (2001) [Phys. At.
Nucl. 64, 1667 (2001)].

3. D. L. Groep et al., Phys. Rev. C 63, 014005 (2001);
R. Gilman and F. Gross, J. Phys. G 28, R37 (2002).

4. E. Tomasi-Gustafsson, I. M. Sitnik, C. F. Perdrisat,
and M. P. Rekalo, Nucl. Instrum. Methods Phys. Res.
A 402, 361 (1998).

5. H. Kamada et al., Phys. Rev. C 55, 2563 (1997).
6. K. I. Blomqvist et al., Phys. Lett. B 424, 33 (1998).
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
7. Bin Zhang, W. Bertozzi, and Sh. Gilad, Talk at
the 5th Workshop on Electromagnetically Induced
Two-Hadron Emission, Lund, 2001.

8. J. Golak et al., Few-Body Syst. Suppl. 14, 355
(2003); in Proceedings of the XVIII European Con-
ference on Few-Body Problems in Physics, Bled,
Slovenia, 2002.

9. Proceedings of theManchester International Con-
ference on Nuclear Physics, 1962.

10. L. A. Sliv, M. N. Strikman, and L. L. Frankfurt, Usp.
Fiz. Nauk 145, 553 (1985).

11. Yu. D. Bayukov et al., Yad. Fiz. 34, 95 (1981) [Sov. J.
Nucl. Phys. 34, 54 (1981)].

12. Yu. D. Bayukov et al., Yad. Fiz. 34, 785 (1981) [Sov.
J. Nucl. Phys. 34, 437 (1981)].

13. A. V. Vlasov et al., Yad. Fiz. 36, 915 (1982) [Sov. J.
Nucl. Phys. 36, 536 (1982)].

14. V. G. Ableev et al., in Proceedings of the High-
Energy Spin Physics, Bonn, Germany, 1990, Vol. 1,
p. 546.

15. A. Chodos, R. L. Jaffe, K. Johnson, et al., Phys. Rev.
D 9, 3471 (1974); A. Chodos et al., Phys. Rev. D 10,
2599 (1974).

16. Yu. A. Simonov, Yad. Fiz. 36, 722 (1982) [Sov.
J. Nucl. Phys. 36, 422 (1982)]; 38, 1542 (1983);
Yu. S. Kalashnikova et al., Phys. Lett. B 155B, 217
(1985); B. L. G. Bakker and I. M. Narodetskii, Adv.
Nucl. Phys. 21, 1 (1994).

17. A. I. Akhiezer, A. G. Sitenko, and V. K. Tartakovskiı̆,
Nuclear Electrodynamics (Naukova Dumka, Kiev,
1993) [in Russian].

18. B.-Q. Ma, I. Schmidt, and J.-J. Jong, Eur. Phys. J. A
12, 353 (2001).

19. V. I. Kukulin, Proceedings of the XXXIII St. Peters-
burg Institute for Nuclear Physics Winter School
on Nuclear Physics, St. Petersburg, 1999, p. 207.

20. V. I. Kukulin, V. M. Krasnopolsky, V. N. Pomer-
antsev, and P. B. Sazonov, Phys. Lett. B 135B, 20
(1984); 165, 7 (1985); V. I. Kukulin, V. M. Krasnopol-
sky, and V. N. Pomerantsev, Proceedings of the 3rd
Leningrad Institute for Nuclear Physics Sympo-
sium on Nucleon–Nucleon and Hadron–Nucleus
Interactions at Intermediate Energies, Leningrad,
1986, p. 103.

21. V. I. Kukulin, V. N. Pomerantsev, and A. Faessler,
Phys. Rev. C 59, 3021 (1999).

22. V. I. Kukulin and V. N. Pomerantsev, Nucl. Phys. A
631, 456 (1998); Prog. Theor. Phys. 88, 159 (1992).

23. G. E. Brown and M. Rho, Comments Nucl. Part.
Phys. 18, 1 (1988); S. W. Hong and B. K. Jennings,
nucl-th/0010067.

24. T. Hatsuda and T. Kunihiro, Phys. Rep. 247, 221
(1994).

25. T. Hatsuda, T. Kunihiro, and H. Shimizu, Phys. Rev.
Lett. 82, 2840 (1999); H. Saganuma and T. Tatsumi,
in Proceedings of the International Symposium
on High-Energy Nuclear Collisions and Quark–
Qluon Plasma, Kyoto, Japan, 1990 (World Sci.,
Singapore, 1991).

26. P. Rehrberg, L. Bot, and J. Aichelin, Nucl. Phys. A
653, 415 (1999).
4



1558 KUKULIN, SHIKHALEV
27. R. Machleidt, Adv. Nucl. Phys. 19, 189 (1989).
28. V. I. Kukulin, I. T. Obukhovsky, V. N. Pomerantsev,

and A. Faessler, J. Phys. G 27, 1851 (2001).
29. V. I. Kukulin, I. T. Obukhovsky, V. N. Pomerantsev,

and A. Faessler, Int. J. Mod. Phys. E 11, 1 (2002).
30. V. I. Kukulin, Few-Body Systems Suppl. 14, 71

(2003); in Proceedings of the XVIII European Con-
ference on Few-Body Problems in Physics, Bled,
Slovenia, 2002.

31. V. I. Kukulin, V. N. Pomerantsev,M.M.Kaskulov, and
A. Faessler, J. Phys. G 30, 287 (2004); V. I. Kukulin,
V. N. Pomerantsev, and A. Faessler, J. Phys. G 30,
303 (2004).

32. S. Weinberg, Phys. Lett. B 251, 288 (1990); Nucl.
Phys. B 363, 3 (1991).

33. D. B. Kaplan, nucl-th/9506035; Nucl. Phys. B 494,
471 (1997).

34. D. B. Kaplan, M. J. Savage, and M. B. Wise, Nucl.
Phys. B 478, 629 (1996); Phys. Lett. B 424, 390
(1998).

35. E. Epelbaum, W. Gloeckle, and U.-G. Meissner,
Nucl. Phys. A 637, 107 (1998).

36. W. Haxton and C. L. Song, Phys. Rev. Lett. 84, 5484
(2000).

37. D. Bartz and Fl. Stancu, Phys. Rev. C 63, 034001
(2001).

38. D. R. Entem, F. Fernández, and A. Valcarce, Phys.
Rev. C 62, 034002 (2000).

39. R. P. Feynman, K. Kislinger, and F. Ravndal, Phys.
Rev. D 3, 2706 (1971); Y. S. Kim andM. E.Noz, Phys.
Rev. D 8, 3521 (1973).

40. S. Ishida,M. Ishida, and T.Maeda, Prog. Theor. Phys.
104, 785 (2000).

41. M. Moshinsky and A. Szczepaniak, J. Phys. A 22,
L817 (1989).

42. A. Szczepaniak and A. G. Williams, Phys. Rev. D 47,
1175 (1993).

43. V. I. Kukulin, G. Loyola, and M. Moshinsky, Phys.
Lett. A 158, 19 (1991).

44. S. Ishida, M. Ishida, and M. Oda, Prog. Theor. Phys.
93, 939 (1995).

45. J. D. Björken and S. D. Drell, Relativistic Quantum
Fields (McGraw-Hill, New York, 1965).
PH
46. A. D. Lahiff and I. R. Afnan, Phys. Rev. C 60, 024608
(1999).

47. R. A. Arndt, Chang Heon Oh, I. I. Strakovsky, and
R. L. Workman, Phys. Rev. C 56, 3005 (1997).

48. L. Mathelitsch, W. Plessas, and M. Schweiger, Phys.
Rev. C 26, 65 (1982).

49. V. I. Kukulin, M. A. Shikhalev, and A. Faessler, Phys.
Rev. D (in press).

50. H. M. Machner and J. Haidenbauer, J. Phys. G 25,
R231 (1999).

51. S. Abdel Samad et al., nucl-ex/0212024.
52. E. Gedalin, A. Moalem, and L. Razdolskaya, Phys.

Rev. C 60, 31 (1999).
53. J. Johanson et al., Nucl. Phys. A 712, 75 (2002);

J. Patzold et al., PiN Newslett. 16, 370 (2002).
54. J. Banaigs et al., Nucl. Phys. B 67, 1 (1973).
55. J. C. Anjos, D. Levy, and A. Santoro, Nucl. Phys. B

67, 37 (1973).
56. F. Plouin et al., Nucl. Phys. A 302, 413 (1978).
57. V. Kleber et al., Eur. J. Phys. A 9, 1 (2000).
58. J. Patzold et al., Phys. Rev. C 67, 052202 (2003).
59. E. Hernandez and E. Oset, Phys. Rev. C 60, 025204

(1999).
60. A. Faessler, C. Fuchs, M. I. Krivoruchenko, and

B. V. Martemyanov, J. Phys. G 29, 603 (2003).
61. C. Fuchs, M. I. Krivoruchenko, H. L. Yadav, et al.,

Phys. Rev. C 67, 025202 (2003).
62. K. Yasuda et al., Phys. Rev. Lett. 82, 4775 (1999).
63. G. Blanpied et al., Phys. Rev. C 61, 024604 (2000).
64. C. Bochna et al., Phys. Rev. Lett. 81, 4576 (1998).
65. K. Wijesooriya et al., Phys. Rev. Lett. 86, 2975

(2001).
66. S. P. Merkuriev, A. K. Motovilov, and S. D. Yakovlev,

Teor. Mat. Fiz. 94, 435 (1993); Yu. A. Kuperin et al.,
in Properties of Few-Body and Quark–Hadronic
Systems (Vilnus, 1986), p. 28.

67. B. D. Serot and J. D.Walecka, Adv. Nucl. Phys. 16, 1
(1986); Int. J. Mod. Phys. E 6, 515 (1997).

68. Z. Y. Ma, H. Toki, B. Chen, and N. Van Giai, Prog.
Theor. Phys. 98, 917 (1998); Z. Y. Ma et al., Nucl.
Phys. A 686, 173 (2001); 703, 222 (2002).

69. P. Ring et al., Nucl. Phys. A 694, 249 (2001).
Translated by A. Isaakyan
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004



Physics of Atomic Nuclei, Vol. 67, No. 8, 2004, pp. 1559–1570. From Yadernaya Fizika, Vol. 67, No. 8, 2004, pp. 1581–1592.
Original English Text Copyright c© 2004 by Gouz, Kiselev, Likhoded, Romanovsky, Yushchenko.

ELEMENTARY PARTICLES AND FIELDS
Theory
Prospects for the BBBccc Studies at LHCb∗

I. P. Gouz, V. V. Kiselev1), A. K. Likhoded, V. I. Romanovsky, and O. P. Yushchenko
Institute for High Energy Physics, Protvino, Moscow oblast, 142281 Russia

Received April 10, 2003; in final form, November 4, 2003

Abstract—Motivations and perspectives for the studies of the mesons of the (bc) family at LHCb are
discussed. The description of production and decays at LHC energies is given in detail. The event yields,
detection efficiencies, and background conditions for several Bc decay modes at LHCb are estimated.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The Bc meson is the ground state of the (b̄c)
system, which in many respects is an intermediate
between charmonium and bottonium systems. How-
ever, because theBc mesons carry flavor, they provide
a window for studying the heavy-quark dynamics
that is very different from that provided by cc̄ and bb̄
quarkonia.

The first observation of approximately 20 Bc

events in the Bc → J/ψlν decay mode by the CDF
Collaboration [1] demonstrates the possibility of
experimental study of theBc meson.

The (b̄c) states have a rich spectroscopy of the
orbital and angular-momentum excitations. Below
the threshold of decay into a BD pair, one can expect
16 extremely narrow states which decay via a cascade
into the ground pseudoscalar state withmass of about
6.3 GeV by radiating photons and pion pairs. The an-
nihilation decays can occur due to weak interactions
only and, hence, are suppressed for excited levels.

The productionmechanism for the (b̄c) system dif-
fers in an essential way from that for the (b̄b) system,
because two heavy quark–antiquark pairs must be
created in a collision. While the b̄b pair can be created
in the parton processes qq̄, gg → bb̄ at the order of α2

s ,
the lowest order mechanism for creating the (b̄c) sys-
tem is at least of α4

s : qq̄, gg → (b̄c)bc̄, and the gluon–
gluon contribution dominates at Tevatron and LHC
energies. At LHC with a luminosity of about L =
1034 cm−2s−1, one could expect around 5 × 1010 Bc

events per year. At Tevatron energy, the expected yield
should be at least one order of magnitude smaller.

∗This article was submitted by the authors in English.
1)Institute for High Energy Physics, Protvino, Moscow
oblast, 142281 Russia; MIFT, Dolgoprudny, Russia; e-mail:
kiselev@th1.ihep.su
1063-7788/04/6708-1559$26.00 c©
The weak decays of Bc mesons are attractive due
to the presence of both channels: (i) the b-quark
decay with the c quark as a spectator, and (ii) the c-
constituent decay with b as a spectator. In addition,
the weak annihilation contribution to decay channels
is quite visible (around 10%).

The dominant contribution to the Bc lifetime
(τBc ∼ 0.5 ps) comes from the c-quark decays
(∼70%), while the b-quark decays and weak anni-
hilation add about 20 and 10%, respectively.

An accurate measurement of the Bc lifetime can
provide us with information on both the masses of
charm and beauty quarks and the normalization point
of the nonleptonic weak Lagrangian in Bc decays.

The experimental study of semileptonic decays and
the extraction of the decay form factors can test the
spin symmetry derived in the NRQCD and HQET
approaches. The measurement of the branching frac-
tions for semileptonic and hadronic modes can pro-
vide information about the parameters of the weak
Lagrangian and hadronic matrix elements determined
by the nonperturbative effects due to quark confine-
ment.
In this paper we, first, summarize our theoretical

prediction for the mass spectrum of the Bc-meson
family calculated in the framework of potential models
(PMs) and describe the radiative transitions between
the levels in Section 2. Next, in Section 3, we dis-
cuss the estimate of Bc lifetime evaluated in different
approaches: the operator product expansion in the
inverse heavy-quark mass, the PMs, and QCD sum
rules (SRs). Section 4 is devoted to estimates of
semileptonic and leptonic branching ratios, basically
in the framework of QCD SRs, whose predictions
are consistent with those of PMs. The nonleptonic
modes are considered in Section 5. The role of Pauli
interference and some other effects are stressed. We
give a table for a rather long list of the Bc branching
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. The mass spectrum of (b̄c) with account of the
spin-dependent splittings.

ratios. Section 6 is devoted to the estimates ofBc pro-
duction at high energies. A competition between two
contributions, fragmentation and recombination, at
various values of transverse momentum is described.
A picture of distributions for the conditions of the
LHCb facility at the LHC collider is presented. The
basic features ofBc physics at LHCb are summarized
in the Conclusions.

2. THE MASS SPECTRUM OF THE Bc
FAMILY

The most accurate estimates of (b̄c) masses [2, 3]
can be obtained in the framework of nonrelativistic
PMs based on the NRQCD expansion over both
1/mQ and vrel → 0 [4].
The uncertainty of evaluation is about 30 MeV.

The reason is the following. The PMs [5] were jus-
tified for the well-measured masses of charmonium
and bottomonium. So, the potentials with different
global behavior, i.e., with different r → ∞ and r →
0 asymptotics, have the same form in the range of
mean distances between the quarks in heavy quarko-
nia at 0.2 < r < 1 fm [6]. The observed regularity
in the distances between the excitation levels are
approximately flavor independent. The latter is ex-
act for the logarithmic potential (the Feynman–Gell-
Mann theorem), where the average kinetic energy
of quarks T is a constant value independent of the
excitation numbers (the virial theorem) [7]. A slow
dependence of the level distances on the reducedmass
mred can be taken into account by the use of the
P

Martin potential (power law: V (r) = A(r/r0)a + C,
a � 1) [8], wherein the predictions are in agreement
with the QCD-motivated Buchmüller–Tye (BT) po-
tential with account of the two-loop evolution of the
coupling constant at short distances [9].

Thus, one gets the picture of (b̄c) levels (see Fig. 1
and Table 1), which is very close to the texture of
charmonium and bottomonium. The difference is the
jj binding instead of the LS one.
The spin-dependent perturbation of the potential

includes the contribution of the effective one-gluon
exchange (the vector part) as well as the scalar con-
fining term [10]:

VSD(r) =
(

L · Sc

2m2
c

+
L · Sb

2m2
b

)
(1)

×
(
−dV (r)

rdr
+

8
3
αs

1
r3

)
+

4
3
αs

1
mcmb

L · S
r3

+
4
3
αs

2
3mcmb

Sc · Sb · 4πδ(r)

+
4
3
αs

1
mcmb

(3(Sc · n)(Sb · n) − Sc · Sb)
1
r3

,

n =
r
r
.

The model-dependent value of effective αs [3] can
be extracted from the data on the splitting in the
charmonium,

M(J/ψ) −M(ηc) = αs
8

9m2
c

|R(0)|2 ≈ 117MeV.

We take into account the renormalization-group de-
pendence of αs at the one-loop accuracy by means of
introduction of the quarkonium scale [2]

µ2 = 〈p2〉 = 2〈T 〉mred.

The estimated difference between the masses of the
basic pseudoscalar state and its vector excitation [2]
is equal to

M(B∗+
c ) −M(B+

c ) = 65 ± 15MeV.

The mass of the ground state [2] equals

M(B+
c ) = 6.25 ± 0.03 GeV, (2)

which is in agreement with the CDF measurements
M(Bc) = 6.4 ± 0.19 GeV [1].

2.1. Radiative Transitions

The bright feature of the (b̄c) family is that there
are no annihilation decay modes due to the strong
interaction. Thus, the excitations, in a cascade way,
decay into the ground state with the emission of pho-
tons and pion–pion pairs.
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Table 1. The mass spectrum of (b̄c) with account of the
spin-dependent splittings

State Martin [8] BT [9] State Martin [8] BT [9]

11S0 6.253 6.264 31P0 7.088 7.108

11S1 6.317 6.337 3P1+ 7.113 7.135

21S0 6.867 6.856 3P1′+ 7.124 7.142

21S1 6.902 6.899 33P2 7.134 7.153

21P0 6.683 6.700 3D2− 7.001 7.009

2P1+ 6.717 6.730 35D3 7.007 7.005

2P1′+ 6.729 6.736 33D1 7.008 7.012

23P2 6.743 6.747 3D2′− 7.016 7.012

The formulas for the E1 transitions are slightly
modified:

Γ(n̄PJ → n1S1 + γ) (3)

=
4
9
αemQ

2
effω

3I2(n̄P ;nS)wJ(n̄P ),

Γ(n̄PJ → n1S0 + γ)

=
4
9
αemQ

2
effω

3I2(n̄P ;nS)(1 − wJ(n̄P )),

Γ(n1S1 → n̄PJ + γ)

=
4
27

αemQ
2
effω

3I2(nS; n̄P )(2J + 1)wJ (n̄P ),

Γ(n1S0 → n̄PJ + γ)

=
4
9
αemQ

2
effω

3I2(nS; n̄P )(2J + 1)(1 − wJ(n̄P )),

Γ(n̄PJ → nDJ ′ + γ)

=
4
27

αemQ
2
effω

3I2(nD; n̄P )(2J ′ + 1)wJ (n̄P ))

× wJ ′(nD)SJJ ′ ,

Γ(nDJ → n̄PJ ′ + γ)

=
4
27

αemQ
2
effω

3I2(nD; n̄P )(2J ′ + 1)wJ ′(n̄P ))

× wJ(nD)SJ ′J ,

where ω is the photon energy and αem is the electro-
magnetic fine structure constant. In Eq. (3), one uses

Qeff =
mcQb̄ −mbQc

mc + mb
, (4)

where Qc,b are the electric charges of the quarks. For
the Bc meson with the parameters from the Martin
potential, one gets Qeff = 0.41. wJ(nL) is the proba-
bility that the spin S = 1 in the nL state. SJJ ′ are the
statistical factors. The I(n̄L;nL′) value is expressed
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
Table 2. The total widths of (b̄c) states with the Martin
potential

State Γtot, keV Dominant decay mode BR, %

11S1 0.06 11S0 + γ 100

21S0 67.8 11S0 + ππ 74

21S1 86.3 11S1 + ππ 58

21P0 65.3 11S1 + γ 100

2P1+ 89.4 11S1 + γ 87

2P1′+ 139.2 11S0 + γ 94

23P2 102.9 11S1 + γ 100

31P0 44.8 21S1 + γ 57

3P1+ 65.3 21S1 + γ 49

3P1′+ 92.8 21S0 + γ 63

33P2 71.6 21S1 + γ 69

3D2− 95.0 2P1+ + γ 47

35D3 107.9 23P2 + γ 71

33D1 155.4 21P0 + γ 51

3D2′− 122.0 2P1′+ + γ 38

through the radial wave functions,

I(n̄L;nL′) =
∣∣∣∣∫ Rn̄L(r)RnL′(r)r3dr

∣∣∣∣ . (5)

For the dipole magneticM1 transitions, one has

Γ(n̄1Si → n1Sf + γ) =
16
3
µ2
effω

3(2f + 1)A2
if , (6)

where

Aif =
∫

Rn̄S(r)RnS(r)j0(ωr/2)r2dr

and

µeff =
1
2

√
αem

2mcmb
(Qcmb −Qb̄mc). (7)

Note that, in contrast to the ψ and Υ particles, the
total width of theB∗

c meson is equal to the width of its
radiative decay into the Bc(0−) state.

Thus, below the threshold of decay into the BD
pair, the theory predicts the existence of 16 narrow
(b̄c) states (see Table 1), which do not annihilate
due to the strong interactions, but they have cascade
radiative transitions into the ground long-lived pseu-
doscalar state, the B+

c meson.
4
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Table 3. The branching ratios of the Bc decay modes
calculated in the framework of the inclusive OPE ap-
proach by summing up the exclusivemodes in the potential
model [12, 13] and according to the semi-inclusive esti-
mates in the sum rules of QCD and NRQCD [14, 15]

Bc decay mode OPE, % PM,% SR, %

b̄ → c̄l+νl 3.9 ± 1.0 3.7 ± 0.9 2.9 ± 0.3

b̄ → c̄ud̄ 16.2 ± 4.1 16.7 ± 4.2 13.1 ± 1.3∑
b̄ → c̄ 25.0 ± 6.2 25.0 ± 6.2 19.6 ± 1.9

c → sl+νl 8.5 ± 2.1 10.1 ± 2.5 9.0 ± 0.9

c → sud̄ 47.3 ± 11.8 45.4 ± 11.4 54.0 ± 5.4∑
c → s 64.3 ± 16.1 65.6 ± 16.4 72.0 ± 7.2

B+
c → τ+ντ 2.9 ± 0.7 2.0 ± 0.5 1.8 ± 0.2

B+
c → cs̄ 7.2 ± 1.8 7.2 ± 1.8 6.6 ± 0.7

3. Bc LIFETIME AND INCLUSIVE DECAY
RATES

TheBc-meson decay processes can be subdivided
into three classes: (1) the b̄-quark decay with the
spectator c quark; (2) the c-quark decay with the
spectator b̄ quark; and (3) the annihilation channel
B+

c → l+νl(cs̄, us̄), where l = e, µ, τ .
In b̄ → c̄cs̄ decays, one also separates the Pauli

interference with the c quark from the initial state.
In accordance with the given classification, the total
width is the sum over the partial widths

Γ(Bc → X) = Γ(b → X) + Γ(c → X)
+ Γ(ann.)+ Γ(PI).

For the annihilation channel, the Γ(ann.) width can
be reliably estimated in the framework of an inclusive
approach where one takes the sum of the leptonic
and quark decay modes with account of the hard
gluon corrections to the effective four-quark inter-
action of weak currents. These corrections result in
the factor a1 = 1.22 ± 0.04. The width is expressed
through the leptonic constant fBc ≈ 400 MeV. This
estimate of the quark contribution does not depend on
a hadronization model, since a large energy release of
the order of themesonmass takes place. From the fol-
lowing expression, one can see that the contribution
by light leptons and quarks can be neglected:

Γ(ann.) =
∑
i=τ,c

G2
F

8π
|Vbc|2f2

Bc
Mm2

i (1 −m2
i /m

2
Bc

)2Ci,

where Cτ = 1 for the τ+ντ channel and Cc =
3|Vcs|2a2

1 for the cs̄ channel.
As for the nonannihilation decays, in the approach

of the operator product expansion (OPE) for the
PH
quark currents of weak decays [11], one takes into
account the αs corrections to the free-quark decays
and uses the quark–hadron duality for the final states.
Then one considers the matrix element for the transi-
tion operator over the bound meson state. The latter
allows one also to take into account the effects caused
by the motion and virtuality of a decaying quark
inside the meson because of the interaction with
the spectator. In this way, the b̄ → c̄cs̄ decay mode
turns out to be suppressed almost completely due
to the Pauli interference with the charm quark from
the initial state. In addition, the c-quark decays with
the spectator b̄ quark are significantly suppressed in
comparison with the free-quark decays because of a
large bound energy in the initial state.
In the framework of an exclusive approach, it

is necessary to sum up widths of different decay
modes calculated in the PMs. While considering
the semileptonic decays due to the b̄ → c̄l+νl and
c → sl+νl transitions, one finds that the hadronic final
states are practically saturated by the lightest bound
1S state in the (c̄c) system, i.e., by the ηc and J/ψ
particles, and the 1S states in the (b̄s) system, i.e.,Bs

and B∗
s , which can only enter the accessible energetic

gap.
Further, the b̄ → c̄ud̄ channel, for example, can

be calculated through the given decay width of b̄ →
c̄l+νl with account of the color factor and hard gluon
corrections to the four-quark interaction. It can be
also obtained as a sum over the widths of decays with
the (ud̄)-system bound states.
The results of calculation for the total Bc width in

the inclusive OPE and exclusive PM approaches give
values consistent with each other (see Table 3), if one
takes into account the most significant uncertainty
related to the choice of quark masses (especially for
the charm quark), so that finally we have

τ [B+
c ]OPE, PM = 0.55 ± 0.15 ps, (8)

which agrees with the measured value of Bc lifetime.
The OPE estimates of inclusive decay rates agree

with recent semi-inclusive calculations in the SRs
of QCD and NRQCD [14, 15], where one assumed
the saturation of hadronic final states by the ground
levels in the (cc̄) and (b̄s) systems as well as the fac-
torization allowing one to relate the semileptonic and
hadronic decay modes. The Coulomb-like corrections
in the heavy-quarkonium states play an essential role
in the Bc decays and allow one to remove the dis-
agreement between the estimates in SRs and OPE.
In contrast to OPE, where the basic uncertainty is
given by the variation of heavy-quark masses, these
parameters are fixed by the two-point SRs for bot-
tomonia and charmonia, so that the accuracy of SR
calculations for the total width of Bc is determined
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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by the choice of scale µ for the hadronic weak La-
grangian in decays of charmed quarks. We show this
dependence in Fig. 2, wheremc/2 < µ < mc and the
dark shaded region corresponds to the scales pre-
ferred by data on the charmed-meson lifetimes.
Assuming the preferable choice of scale in the

c → s decays ofBc to be equal to µ2
Bc

≈ (0.85 GeV)2,
setting a1(µBc) = 1.20, and neglecting the contribu-
tions caused by nonzero a2 in charmed-quark de-
cays [15], in the framework of semi-inclusive SR
calculations, we predict

τ [Bc]SR = 0.48 ± 0.05 ps, (9)

which agrees with the direct summation of exclusive
channels calculated in the next sections. In Fig. 2, we
show the exclusive estimate of lifetime too.

4. SEMILEPTONIC AND LEPTONIC MODES

4.1. Semileptonic Decays

The semileptonic decay rates are underestimated
in the QCD SR approach of [16], because large
Coulomb-like corrections were not taken into ac-
count. The recent analysis of SRs in [14, 15, 17]
decreased the uncertainty, so that the estimates agree
with the calculations in the PMs.
The absolute values of semileptonic widths are

presented in Table 4 in comparison with the estimates
obtained in PMs.
In practice, the most constructive information is

given by the J/ψ mode, since this charmonium is
clearly detected in experiments due to the pure lep-
tonic decays [1]. In addition to the investigation of
various form factors and their dependence on the
transfer squared, we would like to stress that the
measurement of decay to the excited state of char-
monium, i.e., ψ′, could answer the question on the
reliability of QCD predictions for the decays to the
excited states. We see that, at the moment, the finite-
energy SRs predict the width of B+

c → ψ′l+ν decays
in reasonable agreement with the PMs.

4.2. Leptonic Decays

The dominant leptonic decay of Bc is given by the
τντ mode (see Table 3). However, it has a low ex-
perimental efficiency of detection because of hadronic
background in the τ decays or a missing energy. Re-
cently, in [24], the enhancement of muon and electron
channels in the radiative modes was studied. The
additional photon allows one to remove the helicity
suppression for the leptonic decay of a pseudoscalar
particle, which leads, say, to the double increase of the
muonic mode.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
 
τ
 
[
 

B
 

c

 
], ps

0.6

0.5

0.4

0.8 1.0 1.2 1.4 1.6

 

µ

 

, GeV

Fig. 2. The Bc lifetime calculated in QCD sum rules
vs. the scale of hadronic weak Lagrangian in the decays
of charmed quarks. The wide shaded region shows the
uncertainty of semi-inclusive estimates, the dark shaded
region is the preferable choice as given by the lifetimes
of charmed mesons. The dots represent the values in
the OPE approach taken from [11]. The narrow shaded
region represents the result obtained by summing up the
exclusive channels with the variation of hadronic scale in
the decays of beauty antiquarks in the range of 1 < µb <
5 GeV. The arrow points to the preferable prescription of
µ = 0.85 GeV as discussed in [15].

5. NONLEPTONIC MODES

In comparison with the inclusive nonleptonic
widths, which can be estimated in the framework of
quark–hadron duality (see Table 3), the calculations
of exclusive modes usually involve the approximation
of factorization [25], which, as expected, can be
quite accurate for the Bc, since the quark–gluon sea
is suppressed in the heavy quarkonium. Thus, the
important parameters are the factors a1 and a2 in the
nonleptonic weak Lagrangian, which depend on the
normalization point suitable for theBc decays.
TheQCDSR estimates for the nonleptonic decays

of charmed quarks in Bc give agreement of results
with the values predicted by the PMs which is rather
good for the direct transitions with no permutation of
color lines, i.e., the class-I processes with the factor
of a1 in the nonleptonic amplitude determined by the
effective Lagrangian. In contrast, the SR predictions
are significantly enhanced in comparison with the
values calculated in the PMs for the transitions with
color permutation, i.e., for the class-II processes with
the factor of a2.
Further, for the transitions wherein the Pauli in-

terference is significantly involved, the class-III pro-
cesses, we find that the absolute values of different
terms given by the squares of a1 and a2 calculated
in the SRs are in agreement with the estimates of
4
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Table 4. Exclusive widths (in 10−15 GeV) of semileptonicB+
c decays

Mode [18] [19] [20] [21] [22] [23]

B+
c → ηce

+ν 11 11.1 14.2 14 10.4 8.6

B+
c → ηcτ

+ν 3.3 3.8 2.9

B+
c → η′ce

+ν 0.60 0.73 0.74

B+
c → η′cτ

+ν 0.050

B+
c → J/ψe+ν 28 30.2 34.4 33 16.5 18

B+
c → J/ψτ+ν 7.0 8.4 5.0

B+
c → ψ′e+ν 1.94 1.45 3.1

B+
c → ψ′τ+ν 0.17

B+
c → D0e+ν 0.059 0.049 0.094 0.26 0.026

B+
c → D0τ+ν 0.032 0.14

B+
c → D∗0e+ν 0.27 0.192 0.269 0.49 0.053

B+
c → D∗0τ+ν 0.12 0.27

B+
c → B0

se
+ν 59 14.3 26.6 29 13.8 15

B+
c → B∗0

s e+ν 65 50.4 44.0 37 16.9 34

B+
c → B0e+ν 4.9 1.14 2.30 2.1

B+
c → B∗0e+ν 8.5 3.53 3.32 2.3
PMs. However, we stress that we have found that,
due to the Pauli interference determining the negative
sign of two amplitudes with a1 and a2, the overall
sign in some modes should be different from those
obtained in the PM. Taking into account the negative
value of a2 with respect to a1, we see that half of
the decays should be enhanced in comparison with
the case of Pauli interference switched off, while the
other half is suppressed. The characteristic values of
effects caused by the Pauli interference are presented
in Table 5, where we put the widths in the form

Γ = Γ0 + ∆Γ, Γ0 = x1a
2
1 + x2a

2
2,

∆Γ = za1a2.

Then, we conclude that the Pauli interference can be
straightforwardly tested in the listed decays, wherein
its significance reaches about 50%.

At large recoils as inB+
c → J/ψπ+(ρ+), the spec-

tator picture of transition can be broken by the hard
gluon exchanges [26]. The spin effects in such decays
were studied in [27]. However, we emphasize that the
significant rates of Bc decays to the P- and D-wave
charmonium states point out that the corrections in
the second order of the heavy-quark velocity in the
heavy quarkonia under study could be quite substan-
tial and suppress the corresponding decay rates, since
the relative momentum of heavy quarks inside the
P

quarkonium, if different from zero, should enhance the
virtuality of gluon exchange, which suppresses the
decay amplitudes.

The widths of nonleptonic c-quark decays in the
framework of the SR are greater than those of PM.
In this respect, we check that our calculations are
consistent with the inclusive ones. So, we sum up
the calculated exclusive widths and estimate the total
width of the Bc meson as shown in Fig. 2, which
points to good agreement of our calculations with
those of OPE and semi-inclusive estimates.
Another interesting point is the possibility of ex-

tracting the factorization parameters a1 and a2 in the
c-quark decays by measuring the branching ratios

Γ[B+
c → B+K̄0]

Γ[B+
c → B0K+]

=
Γ[B+

c → B+K̄∗0]
Γ[B+

c → B0K∗+]
(10)

=
Γ[B+

c → B∗+K̄0]
Γ[B+

c → B∗0K+]
=

Γ[B+
c → B∗+K̄∗0]

Γ[B+
c → B∗0K∗+]

=
∣∣∣∣Vcs

V 2
cd

∣∣∣∣2(a2

a1

)2

.

This procedure can give the test for the factorization
approach itself.

The suppressed decays caused by the flavor-
changing neutral currents were studied in [28].
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The CP violation in Bc decays can be investi-
gated in the same manner as is done in charged B
decays. The expected CP asymmetry of A(B±

c →
J/ψD±) is about 4 × 10−3 when the corresponding
branching ratio is suppressed as 10−4 [29]. The
reference-triangle ideology can be applied for the
model-independent extraction of CKM-matrix angle
γ. However, the corresponding branchings are sup-
pressed, e.g., BR(B+

c → D+
s D

0) ∼ 10−5. Thus, the
direct study of CP violation in Bc decays is difficult
in practice because of the low relative yield of Bc with
respect to ordinary B mesons: σ(Bc)/σ(B) ∼ 10−3.
Another possibility is the lepton tagging of Bs in

B±
c → B

(∗)
s l±ν decays for the study of mixing and

CP violation in the Bs sector [30].
We present here the current status of Bc-meson

decays. We have found that the various approaches,
OPE, PMs, and QCD SRs, result in close estimates,
while the SRs as explored for the various heavy-quark
systems lead to a smaller uncertainty due to quite
accurate knowledge of the heavy-quark masses. So,
summarizing, we expect that the dominant contri-
bution to the Bc lifetime is given by the charmed-
quark decays (∼70%), while the b-quark decays and
the weak annihilation add about 20 and 10%, re-
spectively. The Coulomb-like αs/v corrections play
an essential role in the determination of exclusive form
factors in the QCD SRs. The form factors obey the
relations dictated by the spin symmetry of NRQCD
and HQET with quite good accuracy expected.
The predictions of QCD SRs for the exclusive

decays ofBc are summarized in Table 6 at fixed values
of factors a1,2 and lifetime. In addition to the decay
channels with the heavy charmonium J/ψ well de-
tectable through its leptonic mode, one could expect
significant information on the dynamics of Bc decays
from the channels with single heavy meson, if the
experimental efficiency allows one to extract a signal
from the cascade decays. An interesting opportunity
is presented by the relations for the ratios in (10),
which can shed light on characteristics of the non-
leptonic decays in an explicit form.

We have found that the b̄ decay to the doubly
charmed states gives

BR[B+
c → c̄ccs̄] ≈ 3.26%,

so that, in the absolute value of width, it can be
compared with the estimate of spectator decay [11],

Γ[B+
c → c̄ccs̄]

∣∣
sr ≈ 48 × 10−15 GeV,

Γ[B+
c → c̄ccs̄]

∣∣
spect ≈ 90 × 10−15 GeV,

and we find the suppression factor of about 1/2.
This result is in agreement with the estimate in
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Table 5. The effect of Pauli interference in the exclusive
nonleptonic decay widths of theBc meson with the c quark
as the spectator at a1 = 1.18, a2 = −0.22

Mode ∆Γ/Γ0, %

B+
c → ηcD

+
s 59

B+
c → ηcD

∗+
s –41

B+
c → J/ψD+

s –55

B+
c → J/ψD∗+

s 53

B+
c → ηcD

+ 43

B+
c → ηcD

∗+ –47

B+
c → J/ψD+ –46

B+
c → J/ψD∗+ 48

OPE [11], where a strong dependence of the negative
term caused by the Pauli interference on the nor-
malization scale of the nonleptonic weak Lagrangian
was emphasized, so that, at large scales, one gets
approximately the same suppression factor of 1/2 too.
At the moment, we certainly state that an accurate

direct measurement of Bc lifetime can provide us
with information on both the masses of charmed and
beauty quarks and the normalization point of the non-
leptonic weak Lagrangian in Bc decays (the a1 and
a2 factors). The experimental study of semileptonic
decays and the extraction of ratios for the form factors
can test the spin symmetry derived in the NRQCD
and HQET approaches and decrease the theoretical
uncertainties in the corresponding theoretical evalua-
tion of quark parameters, as well as the hadronic ma-
trix elements, determined by the nonperturbative ef-
fects caused by the quark confinement. The measure-
ment of branching fractions for the semileptonic and
nonleptonic modes and their ratios can give informa-
tion on the values of factorization parameters, which
depend again on the normalization of the nonleptonic
weak Lagrangian. The charmed quark counting in
Bc decays is related to the overall contribution of b-
quark decays, as well as to the suppression of the
b̄ → cc̄s̄ transition because of the destructive Pauli
interference, whose value depends on the nonpertur-
bative parameters (roughly estimated, the leptonic
constant) and nonleptonic weak Lagrangian.
Thus, progress in measuring the Bc lifetime and

decays could altogether improve the theoretical un-
derstanding of what really happens in heavy-quark
decays.
We point also to papers wherein some aspects of

Bc decays and spectroscopy were studied: nonlep-
tonic decays in [31], polarization effects in the ra-
diative leptonic decays [32], relativistic effects [33],
4
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Table 6. Branching ratios [18] of exclusive B+
c decays at the fixed choice of factors: ac

1 = 1.20 and ac
2 = −0.317 in the

nonleptonic decays of c quark, and ab
1 = 1.14 and ab

2 = −0.20 in the nonleptonic decays of b̄ quark (the lifetime of Bc is
appropriately normalized by τ [Bc] ≈ 0.45 ps)

Mode BR, % Mode BR, % Mode BR, %

B+
c → ηce

+ν 0.75 B+
c → J/ψK+ 0.011 B+

c → B0
sK

+ 1.06

B+
c → ηcτ

+ν 0.23 Bc → J/ψK∗+ 0.022 B+
c → B∗0

s K+ 0.37

B+
c → η′ce

+ν 0.041 B+
c → D+D̄0 0.0053 B+

c → B0
sK

∗+ –

B+
c → η′cτ

+ν 0.0034 B+
c → D+D̄∗0 0.0075 B+

c → B∗0
s K∗+ –

B+
c → J/ψe+ν 1.9 B+

c → D∗+D̄0 0.0049 B+
c → B0π+ 1.06

B+
c → J/ψτ+ν 0.48 B+

c → D∗+D̄∗0 0.033 B+
c → B0ρ+ 0.96

B+
c → ψ′e+ν 0.132 B+

c → D+
s D̄0 0.00048 B+

c → B∗0π+ 0.95

B+
c → ψ′τ+ν 0.011 B+

c → D+
s D̄∗0 0.00071 B+

c → B∗0ρ+ 2.57

B+
c → D0e+ν 0.004 B+

c → D∗+
s D̄0 0.00045 B+

c → B0K+ 0.07

B+
c → D0τ+ν 0.002 B+

c → D∗+
s D̄∗0 0.0026 B+

c → B0K∗+ 0.015

B+
c → D∗0e+ν 0.018 B+

c → ηcD
+
s 0.86 B+

c → B∗0K+ 0.055

B+
c → D∗0τ+ν 0.008 B+

c → ηcD
∗+
s 0.26 B+

c → B∗0K∗+ 0.058

B+
c → B0

se
+ν 4.03 B+

c → J/ψD+
s 0.17 B+

c → B+K̄0 1.98

B+
c → B∗0

s e+ν 5.06 B+
c → J/ψD∗+

s 1.97 B+
c → B+K̄∗0 0.43

B+
c → B0e+ν 0.34 B+

c → ηcD
+ 0.032 B+

c → B∗+K̄0 1.60

B+
c → B∗0e+ν 0.58 B+

c → ηcD
∗+ 0.010 B+

c → B∗+K̄∗0 1.67

B+
c → ηcπ

+ 0.20 B+
c → J/ψD+ 0.009 B+

c → B+π0 0.037

B+
c → ηcρ

+ 0.42 B+
c → J/ψD∗+ 0.074 B+

c → B+ρ0 0.034

B+
c → J/ψπ+ 0.13 B+

c → B0
sπ

+ 16.4 B+
c → B∗+π0 0.033

B+
c → J/ψρ+ 0.40 B+

c → B0
sρ

+ 7.2 B+
c → B∗+ρ0 0.09

B+
c → ηcK

+ 0.013 B+
c → B∗0

s π+ 6.5 B+
c → τ+ντ 1.6

B+
c → ηcK

∗+ 0.020 B+
c → B∗0

s ρ+ 20.2 B+
c → cs̄ 4.9
spectroscopy in the systematic approach of potential
nonrelativistic QCD in [34], nonperturbative effects
in semileptonic decays [35], exclusive and inclusive
decays ofBc states into a lepton pair and hadrons [36],
rare decays in [37], and spectroscopy and radiative
decays in [38].

6. Bc PRODUCTION
The (b̄c) system is a heavy quarkonium; i.e., it

contains two heavy quarks. This determines the gen-
eral features for the Bc-meson production in various
interactions:
(i) Perturbative calculations for the hard associa-

tive production of two heavy pairs of c̄c and b̄b.
(ii) A soft nonperturbative binding of nonrelativis-

tic quarks in the color-singlet state can be described
in the framework of PMs.
PH
The two above conditions result in the suppression
of the Bc yield of the order of 10−3 with respect to
beauty hadrons.
As was mentioned above, the consideration of

mechanisms for the hadronic production of different
spin Bc states is based on the factorization of hard
parton production of heavy quarks (b̄bc̄c) and soft
coupling of the (b̄c) bound state [39]. In the first stage
of description, the hard subprocess can be reliably
calculated in the framework of QCD perturbation
theory, while in the second stage the quark binding
in the heavy quarkonium can be described in the
nonrelativistic PM assigned to the (b̄c)-pair rest
system. The latter means that one performs the in-
tegration of the final quark state over the quarkonium
wave function in momentum space. Since the relative
quark velocity inside the meson is close to zero, the
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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perturbative matrix element can be expanded in series
over the relative quark momentum, which is low
in comparison with the quark masses determining
the scale of virtualities and energies in the matrix
element. In the leading approximation, one considers
only the first nonzero term of such an expansion,
so that, for the S-wave states, the matrix element
of the parton subprocess for the Bc production is
expressed through the perturbative matrix element
for the production of four heavy quarks (gg → b̄bc̄c)
with the corresponding projection to the vector or
pseudoscalar spin state of the (b̄c) system, which
is the color singlet, and through the factor of the
radial wave function at the origin, RnS(0), for the
given quarkonium. The perturbative matrix element
is calculated for the (b̄c) state, where the quarks move
with the same velocity; i.e., one neglects the relative
motion of b̄ and c.
For the P-wave states, the PM gives the factor

in the form of the first derivative of the radial wave
function at the origin, R′

nL(0). In the perturbative
part, one has to calculate the first derivative of the
matrix element over the relative quark momentum at
the point where the velocities of quarks entering the
quarkonium are equal to each other.
Thus, in addition to the heavy-quark masses, the

values of RnS(0), R′
nL(0), and αs are the parame-

ters of calculation for the partonic production of Bc

mesons. In calculations, we use the wave function
parameters equal to the values calculated in [2] and
R′

2P (0) = 0.50 GeV3/2. The value of R(0) can be
related with the leptonic constant, f̃ , so that we have

f̃1S = 0.47 GeV, f̃2S = 0.32 GeV,

f̃n =
√

3
πMn

RnS(0).

In the approximation of the weak quark binding
inside the meson, one has MBc = mb + mc, so that
the performable phase space in calculations is close
to the physical one at the choices of mb = 4.8 GeV,
mc = 1.5 GeV for the 1S state; mb = 5.1 GeV,mc =
1.8 GeV for the 2S state; and mb = 5.0 GeV, mc =
1.7 GeV for the 2P state.
At large transverse momenta of the Bc meson,

pT � MBc , the production mechanism enters the
regime of b̄-quark fragmentation (see Fig. 3), so that
the scale determining the QCD coupling constant in
hard b̄b production is given by µ2

b̄b
∼ M2

Bc
+ p2

T , and
in the hard fragmentation production of the additional
pair of heavy quarks c̄c, we get µc̄c ∼ mc. This scale
choice is caused by the high-order corrections of per-
turbation theory to the hard gluon propagators, where
the summing of logarithms over the virtualities leads
to the indicated µ values. Therefore, the normalization
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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Fig. 3. The differential cross section for the B
(∗)
c -meson

production in gluon–gluon collisions as calculated in the
perturbative QCD over the complete set of diagrams in
the O(α4

s) order at 200 GeV. The dashed and solid his-
tograms present the pseudoscalar and vector states, re-
spectively, in comparison with the corresponding results
of the fragmentationmodel shown by the smooth curves.

of the matrix element is determined by the value of
αs(µb̄b)αs(µc̄c) ≈ 0.18 · 0.28. In calculations, we use
the single combined value of αs = 0.22.
The parton subprocess of gluon–gluon fusion

gg → B+
c + b + c̄ dominates in the hadron–hadron

production of Bc mesons. In the leading approxi-
mation of QCD perturbation theory, it requires the
calculation of 36 diagrams in the fourth order over the
αs coupling constant.
By the general theorem on factorization, it is clear

that, at high transverse momenta, the fragmentation
of the heavier quarkQ → (Qq̄) + q must dominate. It
is described by the factorized formula

dσ

dpT
=
∫

dσ̂(µ; gg → QQ̄)
dkT

∣∣∣∣
kT =pT /x

(11)

×DQ→(Qq̄)(x;µ)
dx

x
,

where µ is the factorization scale, dσ̂/dkT is the cross
section for the gluon–gluon production of quarksQ+
Q̄, andD is the fragmentation function.
The calculation for the complete set of diagrams of

theO(α4
s) contribution [39] allows one to determine a

value of the transverse momentum pminT , which is the
low boundary of the region, where the subprocess of
gluon–gluonBc-meson production enters the regime
of factorization for the hard production of a bb̄ pair
4
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Fig. 4. dσ/dy (left) and Bc momentum vs. angle (right) for theB+
c (1S0) at LHC energy.
and the subsequent fragmentation of a b̄ quark into
the bound (b̄c) state, as follows from the theorem on
the factorization of the hard processes in perturbative
QCD.
The pminT value turns out to be much greater than

the MBc mass, so that the dominant contribution to
the total cross section of gluon–gluon Bc production
is given by the diagrams of nonfragmentational type,
i.e., by the recombination of heavy quarks. Further-
more, the convolution of the parton cross section
with the gluon distributions inside the initial hadrons
leads to the suppression of contributions at large
transverse momenta, as well as the subprocesses with
large energy in the system of parton mass center, so
that the main contribution to the total cross section
of hadronic Bc production is given by the region of
energies less than or comparable to the Bc-meson
mass, where the fragmentation model cannot be ap-
plied by its construction. Therefore, one must perform
the calculations taking into account all contributions
in the given order under consideration in the region
near the threshold.
The large numeric value of pminT means that the

majority of events of the hadronic B
(∗)
c production

certainly do not allow a description in the framework
of the fragmentation model. This conclusion looks
more evident if one considers theBc-meson spectrum
over the energy.
The basic part of events for the gluon–gluon pro-

duction of Bc is accumulated in the region of low z
close to 0, where the recombination dominates. One
can draw a conclusion on the essential destructive
interference in the region of z close to 1 and pT < pminT
for the pseudoscalar state.
We have considered in detail the contributions

of each diagram in the region of z → 1. In the co-
variant Feynman gauge, the diagrams of the gluon–
gluon production ofQ + Q̄ with the subsequentQ →
PH
(Qq̄) fragmentation dominate, as well as the diagrams
when the qq̄ pair is produced in the region of the initial
gluon splitting. However, the contribution of the latter
diagrams leads to a destructive interference with the
fragmentation amplitude, and this results in the “re-
duction” of the production cross section in the region
of z close to 1. In the axial gauge with the vector
nµ = pµ

Q̄
, this effect of the interference manifests itself

still brighter, since the diagrams like the splitting of
gluons dominate by several orders of magnitude over
the fragmentation, but the destructive interference
results in the cancellation of such extremely large
contributions. This interference is caused by the non-
Abelian nature of QCD, i.e., by the presence of the
gluon self-action vertices.

The use of the CTEQ5L parametrization for the
structure functions of a nucleon [40] leads to the total
hadronic cross sections for the Bc mesons of about
0.8 µb, receiving contributions from the following:

1S0 1S1 2S0 2S1

0.19 µb 0.47 µb 0.05 µb 0.11 µb.

After summing over the different spin states, the
total cross sections for the production of P-wave
levels is equal to 7% of the S-state cross section.

At LHC with the luminosity L = 1034 cm−2s−1

and
√
s = 14 TeV, one could expect 4.5 ×

1010B+
c events/yr.

Nevertheless, the P-wave states could be of par-
ticular interest due to their radiative decays with rel-
atively energetic photons (around 500 MeV in the Bc

rest frame). For P-wave states, the leading color-
singlet matrix element and the leading color-octet
matrix elements are both suppressed by a factor of v2

(relative velocity of the charmed quark) relative to the
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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color-singlet matrix element for the S wave, which
can enhance the P-wave contribution.
In Fig. 4, the dσ/dy distribution is presented. The

y distribution shows amaximum in the central region;
however, considering the experimental observability
of the Bc states, one should care about the momen-
tum of the meson to ensure a reasonable γ factor for
Bc and visible separation of the Bc decay vertex from
the primary one.
The right part of the same figure shows the de-

pendence of the Bc momentum on the angle. One
can see that the central region is dominated by low-
momentum mesons, which makes the observation of
these states in the central region quite a difficult task.
On the other hand, the forward–backward (LHCb
acceptance) regions are dominated by very energetic
mesons.
In the region of the LHCb acceptance (Θ < 17◦),

the expected number of events with the nominal lu-
minosity of 2 × 1032 cm−2 s−1 is about 109 per year.
Taking the value of ∼ 0.1 as an approximation for the
reconstruction efficiency of the decay Bc → J/ψπ →
µµπ, for example, one gets a total number of 2 × 104

reconstructed events per year.
The topology of the events with Bc-meson pro-

duction is somewhat specific due to extreme kine-
matics which, particularly, is responsible for the en-
hancement of the forward–backward regions. The
main feature of the topology of these events consists
in the strong correlation in the direction of Bc and
associated D- and b-meson momenta. One should
expect an associated production of all three heavy
mesons in the same hemisphere and, moreover, in a
sufficiently narrow cone.

7. CONCLUSIONS

The family of (b̄c) mesons contains 16 narrow
states. The S-wave ones will be produced in pp col-
lisions at LHC energies with relatively large cross
sections, ∼ 0.1 µb. The total cross section of the Bc
production, taking into account the cascade decays of
the narrow excited states, can be as high as ∼ 1 µb.
This value is more than an order of magnitude larger
than that at Tevatron energy.
With the total luminosity of about L =

1034 cm−2s−1, one could expect the total amount
of Bc mesons produced to be of the order of NBc ∼
5 × 1010 per year.
The forward–backward regions of the Bc-meson

production are more favorable in view of experimental
observation due to the strong Lorentz boost of the
initial parton system. One can expect∼ 109 Bc events
per year inside LHCb acceptance. This amount is
quite sufficient to study the spectroscopy and various
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 20
decay modes, as well as the lifetime of the ground
state.
The inclusive decay mode Bc → J/ψX has a

branching of about 17%, in comparison with ∼1%
in Bd,s-meson decays. These channels produce very
well visible signatures, and one could expect
∼(2–4)× 104 events in the decaymodeBc → J/ψπ →
µµπ and ∼ 8 × 104 events in the Bc → J/ψµν →
µµµν mode. The Cabbibo-suppressed mode Bc →
J/ψK → µµK can be observed at the level of ∼ 103

events.
The most probable b-spectator decay modes are

saturated by the two-body decays Bc → B
(∗)
s π± and

Bc → B
(∗)
s ρ±, which makes these channels quite

interesting for the study of the c-quark decays in the
Bc meson. The estimated yield of the reconstructed
events could be ∼ 103 events per year in the Bc →
Bsπ

± mode. Approximately the same number of
events can be observed in other modes with Bs
in the final state, although with worse background
conditions.
Rare decay modes, e.g., Bc → D±D0, could be

interesting in view of CP-violation studies; however,
the preliminary estimates of the detection efficiencies
and branchings involved are not too optimistic and
additional studies of the reconstruction and selection
procedures are required.
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Theory
D+
s → π+π+π−D+
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s → π+π+π− Decay: The 13P0ss̄13P0ss̄13P0ss̄ Component in Scalar–Isoscalar Mesons∗

V. V. Anisovich, L. G. Dakhno, and V. A. Nikonov
ReceivedMay 5, 2003; in final form, December 2, 2003

Abstract—We calculate the processes D+
s → π+ss̄ and D+

s → π+resonance, respectively, in the spec-
tator and W-annihilation mechanisms. The data on the reaction D+

s → π+ρ0, which is due to the W-
annihilation mechanism only, point to a negligibly small contribution of the W annihilation to the pro-
duction of scalar–isoscalar resonancesD+

s → π+f0. As to spectator mechanism, we evaluate the 13P0ss̄
component in the resonances f0(980), f0(1300), and f0(1500) and broad state f0(1200−1600) on the basis
of data on the decay ratios (D+

s → π+f0)/(D+
s → π+φ). The data point to a large ss̄ component in the

f0(980): 40 � ss̄ � 70%. Nearly 30% of the 13P0ss̄ component flows to the mass region 1300–1500 MeV,
being shared by f0(1300), f0(1500), and broad state f0(1200−1600): the interference of these states results
in a peak near 1400MeVwith the width around 200MeV.Our calculations show that the yield of the radial-
excitation state 23P0ss̄ is relatively suppressed, Γ(D+

s → π+(23P0ss̄))/Γ(D+
s → π+(13P0ss̄)) � 0.05.

c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The meson yields in the decayD+
s → π+π+π− [1]

immediately evoked great interest and now they are
actively discussed (see [2–5] and references therein).
The point is that, in this decay, the production of
strange quarkonium is dominant,D+

s → π+ss̄, with a
subsequent transition ss̄→ fJ → π+π−. Therefore,
the reaction D+

s → π+π+π− may serve as a tool for
the estimation of ss̄ components in the fJ mesons.
This possibility is particularly important in context of
the determination of quark content of the f0 mesons,
since the classification of qq̄ scalar–isoscalar states is
a key problem in the search for exotics.

In D+
s decay, the production of f0 mesons pro-

ceeds mainly via the spectator mechanism (Fig. 1a):
this very mechanism implements the transition ss̄→
f0. In addition, the spectator mechanism provides a
strong production of the φ(1020) meson. To evaluate
the ss̄ components in f0 mesons, we use the process
D+

s → π+φ(1020) as a standard: we consider the
ratio (D+

s → π+f0)/(D+
s → π+φ(1020)), where the

uncertainty related to the coupling c→ π+s is absent.
Calculation of the transition of Fig. 1a is per-

formed in the spectral integration technique; this
technique was developed in the study of deuteron
form factors [6] and deuteron photodisintegration [7];
it was used in the analysis of radiative decays of
light mesons [8, 9] and weak decays of D and B
mesons [10]. The cuttings of the triangle diagram
related to the double spectral integrals are shown in
Fig. 1b.

∗This article was submitted by the authors in English.
1063-7788/04/6708-1571$26.00 c©
In addition, the π+f0 production can originate
from the W -annihilation process of Figs. 1c and 1d.
It is a relatively weak transition; nevertheless, we take
it into account, and the reaction D+

s → π+ρ0 serves
as a scale to determine the W -annihilation coupling
cs̄→ ud̄. Let us emphasize that the processes shown
in Fig. 1 are of the leading order in terms of the 1/Nc

expansion rule [11].

In Section 2, we present the data set used for the
analysis and write the amplitudes for the spectator
and W -annihilation processes. The results of calcu-
lations are presented and discussed in Section 3. In
this section, we demonstrate that (i) the W annihi-
lation contributes weakly to the fJ-meson produc-
tion, and (ii) the 13P0 state dominates the transition
ss̄→ f0, while the production of the 23P0ss̄ compo-
nent is relatively suppressed, so the transition D+

s →
π+ss̄→ π+f0 is in fact a measure for the 13P0ss̄
component in scalar–isoscalar mesons.

In the Conclusions, we sum up what the data on
the decay D+

s → π+π+π− tell us, in particular, with
respect to the identification of the lightest scalar qq̄
nonet.

2. DATA SET AND THE AMPLITUDES
FOR THE SPECTATOR

AND W -ANNIHILATION MECHANISMS

In this section, we present the data used in the
analysis and write formulas for the spectator andW -
annihilation mechanisms (Fig. 1a and Figs. 1c, 1d,
respectively).
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Diagrams determining the decay D+
s →

π+π+π−. (a) Diagram for the spectator mechanism; (b)
energy-off-shell triangle diagram for the integrand of the
double spectral representation; (c, d) diagrams for the
W -annihilation mechanism D+

s → ud̄ with subsequent
production of uū and dd̄ pairs.

2.1. The Data Set
In the recently measured spectra from the reaction

D+
s → π+π+π− [1], the relative weight of channels

π+f0(980) and π+ρ0(770) is evaluated,

BR
(
π+f0(980)

)
= (57 ± 9)%, (1)

BR
(
π+ρ0(770)

)
= (6 ± 6)%,

and the ratio of yields,

Γ(D+
s → π+π+π−)/Γ(D+

s → π+φ(1020)) (2)

= 0.245 ± 0.028+0.019
−0.012,

is measured. These values are the basis to determine
relative weight of the ss̄ component in the f0(980).

Moreover, in [1], a bump in the wave (IJPC =
00++) is seen at 1434 ± 18 MeV with the width
173 ± 32 MeV; this should be a contribution from
the nearby resonances f0(1300) and f0(1500) and the
broad state f0(1200−1600). The relative weight of
this bump is equal to

BR
(
π+(f0(1300) + f0(1500) (3)

+f0(1200−1600))) = (26 ± 11)%.

This magnitude allows us to determine the to-
tal weight of the 13P0ss̄ component in the states
f0(1300), f0(1500), and f0(1200−1600).

Now the data of the FOCUS Collaboration [12]
on the decay D+

s → π+f0(980) are available. These
data are compatible with those of [1], so we do not
use them in our estimates, and we base our work on
the ratios π+f0/π

+φmeasured in [1].
P

In addition, the production of f2(1270) is seen
in [1]: BR (π+f2(1270)) = (20 ± 4)%. This makes it
necessary to include tensor mesons in the calculation
machinery.

2.2. Decay Amplitudes and Partial Widths

The spin structure of the amplitude depends on the
type of meson produced—it is different for scalar (f0),
vector (φ, ω, ρ), or tensor (f2) mesons. Let us denote
the momenta of the produced scalar (S), vector (V ),
and tensor (T ) mesons by pM , where M = S, V , T ;
theD+

s -meson momentum is referred to as p.

The production amplitude is written as

A(D+
s → π+M) = ÔM (p, pM )AM (q2), (4)

where the spin operators ÔM (p, pM ) for scalar, vec-
tor, and tensor mesons read as follows:

ÔS(p, pS) = 1, ÔV (p, pV ) = pV ⊥µ, (5)

ÔT (p, pT ) =
pT⊥µpT⊥ν

p2T⊥
− 1

3
g⊥µν .

The momenta pV ⊥ and pT⊥ are orthogonal to the
D+

s -meson momentum p:

pV ⊥µ = g⊥µµ′pV µ′ , pT⊥µ = g⊥µµ′pTµ′ , (6)

g⊥µµ′ = gµµ′ − pµpµ′

p2
.

In the spectral integration technique, the invariant
production amplitudeAM (q2) is calculated as a func-
tion of q2 = (p− pM )2 = m2

π.

In terms of the spin-dependent operators
ÔM (p, pM ), the partial width for the transitionD+

s →
π+M reads

mDsΓ(D+
s → π+M) =

∣∣AM (q2 = m2
π)
∣∣2 (7)

×
(
ÔM (p, pM )

)2

√
−p2M⊥

8πmDs

,

where(
ÔS(p, pS)

)2
= 1,

(
ÔV (p, pV )

)2
= −p2V ⊥, (8)(

ÔT (p, pT )
)

=
2
3
.

In (7), the value
√

−p2M⊥ is equal to the center-

of-mass relative momentum of mesons in the final
state; it is determined by themagnitudes of the meson
masses as follows:
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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√
−p2M⊥ =

√
[m2

Ds
− (mM +mπ)2][m2

Ds
− (mM −mπ)2]/(2mDs).
2.3. Amplitudes for the Spectator
andW -Annihilation Processes in the Light-Cone

Variables
In the leading order of the 1/Nc expansion, there

exist two types of processes which govern the decays
D+

s → π+f0, π+f2, π+φ/ω, π+ρ0. They are shown in
Figs. 1a, 1c, and 1d. We refer to the process of Fig. 1a
as a spectator one, while that shown in Figs. 1c and
1d is called the W -annihilation process. The tran-
sition ss̄→ meson is a characteristic feature of the
spectator mechanism; it contributes to the production
of isoscalar mesons, D+

s → π+f0, π+f2, π+φ, π+ω,
whereas ρ0 cannot be produced within the specta-
tor mechanism. The W annihilation contributes to
the production of mesons with both I = 1 and I =
0, D+

s → π+f0, π+f2, π+φ, π+ω and D+
s → π+ρ0.

Therefore, the latter reaction, D+
s → π+ρ0, allows us

to evaluate the relative weight of the effective coupling
constant for W annihilation, thus making it possible
to estimate the W -annihilation contribution to the
channels of interest: D+

s → π+f0, π+f2, π+φ. This
estimate tells us that theW annihilation is relatively
weak, which agrees with conventional evaluations
(see, for example, [10]).

The amplitudes for the spectator production of
mesons (Fig. 1a) and for W annihilation (Figs. 1c,
1d) can be calculated in terms of the double spectral
integral representation developed for the quark three-
point diagrams in [8, 10]. The calculation scheme
for the diagram of Fig. 1a in the spectral integra-
tion technique is as follows. We consider the rele-
vant energy-off-shell diagram shown in Fig. 1b for
which the momentum of the cs̄ system, P = k1 + k2,
obeys the requirement P 2 ≡ s > (mc +ms)2, while
the ss̄ system, with the momentum P ′ = k′1 + k2,
satisfies the constraint P ′2 ≡ s′ > 4m2

s; here,ms,c are
the masses of the constituent s, c quarks, which are
taken to bems = 500MeV andmc = 1500MeV. The
next step consists in the calculation of the double
discontinuity of the triangle diagram (cuttings I and II
in Fig. 1b) which corresponds to real processes, and
the double discontinuity is the integrand of the double
dispersion representation.

The double dispersion integrals may be rewritten
in terms of the light-cone variables by introducing
the light-cone wave functions for the D+

s meson and
produced mesons f0, f2, φ, ω, ρ0: the calculations
performed here are done by using these variables.

Our calculations have been carried out in the limit
of negligibly small pion mass, mπ → 0, which is a
OF ATOMIC NUCLEI Vol. 67 No. 8 200
reasonable approach, because in the ratio D+
s →

π+fJ/D
+
s → π+φ the uncertainties related to this

limit are mainly canceled.
2.3.1. Spectator-production form factor. The

form factor for the spectator process given by the
triangle diagram of Fig. 1a reads

F
(sp)
M (q2) =

Gsp

16π3

1∫
0

dx

x(1 − x)2 (9)

×
∫
d2k⊥ψDs(s)ψM (s′)SDs→πM(s, s′, q2).

Here, Gsp is the vertex for the decay transition c→
π+s; the light-cone variables x and k⊥ refer to the
momenta of quarks in the intermediate states. The
energies squared for initial and final quark states (cs̄
and ss̄) are written in terms of the light-cone variables
as follows:

s =
m2

c + k2
⊥

1 − x +
m2

s + k2
⊥

x
, (10)

s′ =
m2

s + (k⊥ + xq⊥)2

x(1 − x) .

The limit of the negligibly small pion mass corre-
sponds to q⊥ → 0; in (9), this limit is attained within
numerical calculation of F (sp)

M (q2) at small negative
q2.

In the spectral integration technique, wave func-
tions of the initial and final states are determined as
ratios of vertices to the dispersion-relation denom-
inators, ψDs(s) = GDs(s)/(s −m2

Ds
) and ψM (s′) =

GM (s′)/(s′ −m2
M ) (see [8, 10] for details).

In our calculations, theD+
s -meson wave functions

and ss̄ component in the mesonM are parametrized
as follows:

ψDs(s) = CDs exp(−bDss), (11)

ψM (s′) = CM exp(−bMs′),
where CDs and CM are the normalization constants
for the wave functions, and bDs and bM characterize
the mean radii squared of the cs̄ and ss̄ systems,
R2

Ds
and R2

M . In approximation (11), the mean radii
squared are the only parameters for the description
of quark wave functions. Based on the results of the
analysis of the radiative decays [9], we set R2

M for
f0(980), φ(1020), and f2(1270) to be of the order
of the pion radius squared, R2

M ∼ R2
π = 10 GeV−2,
4
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which corresponds to the following wave function
parameters for ss̄ components (in GeV units; recall
that 1 fm2 	 25GeV−2):

bf0(980) = 1.25, bφ(1020) = 2.50, (12)

bf2(1270) = 1.25, Cf0(980) = 98.92,

Cφ(1020) = 374.76, Cf2(1270) = 68.85.

Recall that, in [9], the mean radius squared was de-
fined through the Q2 dependence of the meson form
factor at small momentum transfers, FM (Q2) 	 1 −
Q2R2

M/6, and the normalization factor CM is given
by FM (0) = 1, which actually represents the convo-
lution ψM ⊗ ψM = 1.

For the D+
s meson, the charge radius squared

R2
Ds

is of the order of 3.5−5.5 GeV−2 [10], which
corresponds to

bDs 	 0.70−1.50 GeV−2, (13)

CDs 	 157.6−7205.4 GeV−2.

One should keep in mind that the D+
s -meson charge

radius squared is determined by two form factors,
Fc(Q2) and Fs̄(Q2), when the photon interacts
with c and s̄ quarks: 2Fc(Q2)/3 + Fs̄(Q2)/3 	 1 −
R2

Ds
Q2/6.

The factor SDs→πM(s, s′, q2) is defined by the spin
structure of the quark loop in the diagram of Fig. 1b.
The corresponding trace of the three-point quark loop
is equal to

ŜM (14)

= −Tr[Q̂M (−k̂2 +ms)iγ5(k̂1 +mc)iγ5(k̂′1 +ms)],

where iγ5 stands for theD+
s meson and pion vertices,

and Q̂M is the spin operator for the transition (ss̄→
M), which is defined for scalar, vector, and tensor
mesons as follows:

Q̂S = 1, (15)

Q̂V = γ′⊥µ,

1
2
Q̂T = k′µγ

′
⊥ν + k′νγ

′
⊥µ − 2

3
k̂′g′⊥µν .

Here, k′ = (k′1 − k2)/2 and γ′⊥µ = g′⊥µνγ⊥ν , where

g′⊥µν = gµν − P ′
µP

′
ν/P

′2. The operator Q̂T stands for
the production of f2 mesons belonging to the basic
13P2qq̄ multiplet.

With these definitions, the factor
SDs→πM (s, s′, q2) can be calculated through nor-
malized convolution of the quark-loop operator (14)
with the spin operator of the amplitude given by (5)
PH
but determined in the space of internal momenta, by
substituting p→ P and pM → P ′, namely,

SDs→πM(s, s′, q2) =

(
ŜM · ÔM (P,P ′)

)
(
ÔM (P,P ′)

)2 . (16)

Let us emphasize once again that we calculate the
integrand of the spectral integral for the energy-off-
shell process of Fig. 1b. Because of that, the in-
variant spin-dependent structure SDs→πM (s, s′, q2)
should be calculated through (16) with the energy-
off-shell operators ÔM (P,P ′) and mass-on-shell
constituents. The spin factors determined by (16)
read

SDs→πf0(s, s
′, q2) = 2(sms − 2m2

cms (17)

−mcs
′ + 4mcm

2
s + q2ms − 2m3

s),

SDs→πφ/ω(s, s′, q2) =
−8s′

λ
(sm2

c − smcms − sq2

−m4
c + 2m3

cms −m2
cs

′ +m2
cq

2 +mcs
′ms

−mcq
2ms − 2mcm

3
s +m4

s),

SDs→πf2(s, s
′, q2) =

8s′

λ
(sm2

c − smcms − sq2

−m4
c + 2m3

cms −m2
cs

′ +m2
cq

2 +mcs
′ms

−mcq
2ms − 2mcm

3
s +m4

s)(s − 2m2
c − s′

+ q2 + 2m2
s),

where λ = (s′ − s)2 − 2q2(s′ + s) + q4. In the per-
formed calculations, we have used the moment-
expansion technique; for the details, see the review
paper [13] and references therein.

2.3.2. WWW-annihilation form factor. The right-
hand side of the three-point block of Figs. 1c and 1d,
which describes the transitions of the ud̄ system into
mesons π+M , can also be calculated with formulas
similar to (9). One has

F
(W )
M (q2) =

1
16π3

1∫
0

dx

x(1 − x)2 (18)

×
∫
d2k⊥

GW

s−m2
Ds

− i0ψM (s′)

× SDs(ud̄)→πM (s, s′, q2).

For the transition D+
s → ud̄, we use the dispersion

relation description, and vertex GW is treated as an
energy-independent factor.

The spin factor SDs(ud̄)→πM (s, s′, q2) is deter-
mined by the triangle graph of Figs. 1c and 1d, with
light quarks in the intermediate state. Therefore,

Ŝ
(W )
M (19)
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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= −tr
[
Q̂M (−k̂2 +m)iγ5(k̂1 +m)iγ5(k̂′1 +m)

]
,

where m = 350 MeV and Q̂M is given by (15). Fur-
thermore, the spin factors SDs(ud̄)→πM (s, s′, q2) are
calculated with the use of (16). For scalar, vector, and
tensor mesons, respectively, they are equal to

SDs(ud̄)→πf0
(s, s′, q2) = 2m(s − s′ + q2), (20)

SDs(ud̄)→πφ/ω(s, s′, q2) =
8ss′q2

λ
,

SDs(ud̄)→πf2
(s, s′, q2) = −8ss′q2

λ
(s− s′ + q2).

The transition amplitude defined by Eq. (18) is
complex-valued.

3. CALCULATIONS AND RESULTS

Here, we write the amplitudes used for the cal-
culation of the decay processes—the corresponding
results are presented below.

3.1. Amplitudes for Decay Channels π+f0(980),
π+φ(1020), π+f2(1270), π+ρ0

Taking into account two decay processes, specta-
tor andW annihilation, we write the transition ampli-
tude as follows:

A(D+
s → π+M) = ξ

(sp)
M F

(sp)
M (0) + ξ(W )

M F
(W )
M (0),

(21)

where the factors ξ(sp) and ξ(W ) are determined by
the flavor content of isoscalar mesons. In terms of the
quarkonium states ss̄ and nn̄ = (uū+ dd̄)/

√
2, we

define flavor wave functions of isoscalar mesons as
φ(1020): nn̄ sinϕV + ss̄ cosϕV , (22)

f0(980): nn̄ cosϕ[f0(980)] + ss̄ sinϕ[f0(980)],
f2(1270): nn̄ cosϕT + ss̄ sinϕT ,

which serves for the determination of coefficients
in (21):

D+
s → π+φ(1020): ξ

(sp)
φ = cosϕV , (23)

ξ
(W )
φ =

√
2 sinϕV ;

D+
s → π+f0(980): ξ

(sp)
f0(980)

= sinϕ[f0(980)],

ξ
(W )
f0(980)

=
√

2 cosϕ[f0(980)];

D+
s → π+f2(1270): ξ

(sp)
f2(1270)

= sinϕT ,

ξ
(W )
f2(1270)

=
√

2 cosϕT .

For φ(1020), which is dominantly the ss̄ state, we fix
the mixing angle in the interval |ϕV | ≤ 4◦.
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The production of π+ρ0 is due to the direct mech-
anism only:

D+
s → π+ρ0: ξ(sp)ρ = 0, ξ(W )

ρ =
√

2. (24)

3.2. Evaluation of the RatioGW /Gsp

To evaluate the ratio GW /Gsp, we use the reac-
tion D+

s → π+ρ0, with the experimental constraint
Γ(π+ρ0)/Γ(π+φ) ≤ 0.032. By using the maximal
value of Γ(π+ρ0)/Γ(π+φ) = 0.032, we get the fol-
lowing ratios F (W )

M (0)/F (sp)
M (0) for scalar, vector, and

tensor mesons at R2
Ds

= 4.5GeV−2:
√

2F (W )
S (0)

F
(sp)
S (0)

= (0.28 + 0.75i) × 10−3, (25)

√
2F (W )

V (0)

F
(sp)
V (0)

= (0.5 + 15.1i) × 10−2,

√
2F (W )

T (0)

F
(sp)
T (0)

= (0.26 + 1.35i) × 10−3.

This evaluation tells us that theW -annihilation con-
tribution is comparatively small, and one may neglect
it when the reactions D+

s → π+f0 and D+
s → π+f2

are studied.

3.3. Evaluation of Relative Weights of the 13P0ss̄
and 23P0ss̄ States for the DecayD+

s → π+f0

In the region 1000–1500 MeV, one can expect the
existence of scalar–isoscalar states which belong to
the basic and first radial-excitation qq̄ nonets, 13P0

and 23P0. Here, we estimate relative weights of the
states 13P0ss̄ and 23P0ss̄ in the transitions D+

s →
π+ss̄→ π+f0.

The form factor for the production of a radial-
excitation (re) state is given by (9), with a choice of
the wave function as follows:

ψM(re)(s) = Cre(dres− 1) exp(−bres). (26)

Two parameters in (26) can be determined by the
normalization and orthogonality conditions, ψM(re) ⊗
ψM(re) = 1 and ψM(re) ⊗ ψM(basic) = 0, while the
third one can be related to the mean radius squared,
R2
re. In our estimates, we keep R2

re of the order of
the pion radius squared or larger, 1 ≤ R2

re/R
2
π ≤ 1.5.

To be precise, we present as an example the wave
function parameters (in GeV units) for the 23P0ss̄
state with R2

re = 11.3GeV−2:

bre = 1.75, Cre = 938.5, dre = 0.60. (27)
4
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Fig. 2. The ratio Γ
(
D+

s → π+f0

)
/Γ
(
D+

s → π+fbasic0

)
as a function of radius squared of the D+

s meson [see
Eq. (13)]. Calculations have been carried out at fixed
R2[fbasic0 ] = 10 GeV−2 for several values of R2(f0):
10 GeV−2 (solid curve), 13 GeV−2 (dashed curve), and
16 GeV−2 (dotted curve).

In Fig. 2, we show the ratios

Γ
(
D+

s → π+(23P0ss̄)
)

Γ
(
D+

s → π+(13P0ss̄)
)

for different values of radius squared of the (23P0ss̄)
component, R2(f0), in the interval 3.5 � R2

Ds
�

5.5 GeV−2.
From the point of view of the calculation tech-

nique, a suppression of the production of the 23P0ss̄
state in the process of Fig. 1a is due to the existence
of a zero in the wave function ψM [see (26)]. As a
result, the convolution of wave functions ψDs ⊗ ψM

turned out to be considerably less than the convolu-
tion ψDs ⊗ ψM .

Thus, the production of the radial-excitation state
D+

s → π+(23P0ss̄) is relatively suppressed, by a fac-
tor of the order of 1/30. This means that, by measur-
ing f0 resonances, one actually measures the yield of
the 13P0ss̄ state.

3.4. The DecayD+
s → π+f0(980)

The channel D+
s → π+f0(980) dominates the de-

cay D+
s → π+π+π−; it comprises (57 ± 9)%. Tak-

ing into account the branching ratio BR(f0(980) →
π+π−) 	 53% [14] and the ratio of yields (2), we have

Γ (D+
s → π+f0(980))

Γ
(
D+

s → π+φ(1020)
) = 0.275(1 ± 0.25). (28)
PH
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Fig. 3. Allowed areas (R2
Ds

, ϕM ) for flavor wave func-
tions (22) provided by experimental constraints (28) and
(30). The right-hand ordinate axis stands for the bDs

values.

Calculations performed with formulas (9), (18), and
(21) allow one to satisfy this ratio with

35◦ ≤ |ϕ| ≤ 55◦, (29)

keeping the charge radius of the D+
s meson in the

interval 3.5 ≤ R2
Ds

≤ 5.5 GeV−2 [10] (see Fig. 3a).

The data on radiative decays f0(980) → γγ and
φ(1020) → γf0(980) tell us that the mixing angle
ϕ can be either ϕ = −48◦ ± 6◦ or ϕ = 83◦ ± 4◦ [9].
The constraint (29) shows that theD+

s -meson decay
prefers the solution with negative mixing angle, thus
supporting the f0(980) to be a dominantly flavor-
octet state. The analysis of hadronic spectra in terms
of the K-matrix approach [14, 15] also points to the
flavor-octet origin of the f0(980).

3.5. The DecayD+
s → π+f2(1270)

Taking into account BR[f2(1270) → π+π−] 	
57%, one has

π+f2(1270)
π+φ(1020)

= 0.09(1 ± 0.2). (30)
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The values of ϕT , which satisfy the ratio (30), are
shown in Fig. 3b. With R2

Ds
	 3.5−5.5GeV−2, we

have |ϕT | 	 20◦−40◦, which does not contradict the
data on either hadronic decays or the radiative decay
f2(1270) → γγ, which give ϕT 	 0◦−20◦. Therefore,
the production of f2(1270) inD+

s → π+π+π− agrees
reasonably with the weight of the ss̄ component mea-
sured in other reactions.

3.6. Bump near 1430 MeV: The Decays
D+

s → π+ (f0(1300) + f0(1500) + f0(1200−1600))

In the region 1300–1500 MeV, two comparatively
narrow resonances f0(1300) and f0(1500) and the
broad state f0(1200−1600) are located (for more de-
tail, see [14, 16] and references therein). These res-
onances are the mixtures of quarkonium states from
the multiplets 13P0 and 23P0 and scalar gluonium gg:

13P0ss̄, 13P0nn̄, 23P0ss̄, 23P0nn̄, gg.
(31)

We denote the probabilities for the f0 resonance to
have 13P0ss̄ and 23P0ss̄ components as sin2 ϕ[f0]
and sin2 ϕre[f0], respectively. Then the amplitude for
the production of the S-wave π+π− state due to de-
cays of f0(1300), f0(1500), and f0(1200−1600) reads

A
(
D+

s → π+(π+π−[∼ 1430 MeV])S
)

(32)

=
∑
n

mn

√
Γ(D+

s → π+f0(n))
√

Γn(f0 → π+π−)

m2
n − s− imnΓn

.

Here, we are summing over the resonances n =
f0(1300), f0(1500), f0(1200−1600), with the follow-
ing parameters [14, 16] (in GeV units):

f0(1300): m = 1.300, Γ/2 = 0.12; (33)

f0(1500): m = 1.500, Γ/2 = 0.06;
f0(1200−1600): m = 1.420, Γ/2 = 0.508.

Γ (D+
s → π+f0(n)) is determined by Eqs. (9) and

(21).

The peak which is seen in the π+π− S wave
near 1430 MeV is determined by both ss̄ compo-
nents in f0(1300) and f0(1500) and relative phases
of the amplitudes of f0(1300) and f0(1500) which
govern the interference with the background given
by f0(1200−1400). According to the analysis of
hadronic decays [14, 16], the mixing angles of these
states are in the intervals

−25◦ � ϕ[f0(1300)] � 15◦, (34)

−3◦ � ϕ[f0(1500)] � 18◦,
28◦ � ϕ[f0(1200−1600)] � 38◦.
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Fig. 4. The π+π− mass spectrum (in arb. units) in the
vicinity of 1420MeV. Calculated curves correspond to the
production of f0(1300) + f0(1500) and the broad state
f0(1200−1600), with (a) R2

Ds
= 4.15 GeV−2 and (b)

R2
Ds

= 5.90 GeV−2. Parameters used in calculations are
given in (35) and (36).

Different variants of the calculation of the π+π− spec-
tra near 1400 MeV are shown in Fig. 4 for the values
of mixing angles in the intervals (34). The following
parameters were used in the calculation of the transi-
tions D+

s → π+13P0ss̄→ π+(π+π−)S (curves 1–3,
Fig. 4):

(1) ϕ[f0(1300)] = −7◦, ϕ[f0(1500)] = 7◦, (35)
ϕ[f0(1200−1600)] = 37◦;

(2) ϕ[f0(1300)] = −25◦, ϕ[f0(1500)] = 17◦,
ϕ[f0(1200−1600)] = 37◦;

(3) ϕ[f0(1300)] = 15◦, ϕ[f0(1500)] = 17◦,
ϕ[f0(1200−1600)] = 37◦.

The variants (1) and (2) in Fig. 4a reproduce well
the bump observed in theD+

s → π+π+π− decay: the
relative weight of the bump for variants (1) and (2)
is of the order of ∼ (15−20)%, which agrees with
the measured weight of the peak [1]. The variant (3)
4
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demonstrates that, with the same signs of mixing an-
gles for f0(1300) and f0(1500), the calculated curve
gives a dip, not bump, near 1400 MeV.

In Fig. 4, one can also see the results of the calcu-
lation performed for the radial-excitation state 23P0ss̄
(curves 4, 5). For transitions D+

s → π+23P0ss̄→
π+(π+π−)S , the following angles are used:

(4) ϕre[f0(1300)] = −7◦, ϕre[f0(1500)] = 7◦,
(36)

ϕre[f0(1200−1600)] = 37◦,
(5) ϕre[f0(1300)] = −25◦, ϕre[f0(1500)] = 17◦,

ϕre[f0(1200−1600)] = 37◦.

These curves illustrate well the suppression rate of
the production of the 23P0ss̄ in the decay D+

s →
π+π+π−.

4. CONCLUSIONS

The performed calculations allow one to trace out
the destiny of the ss̄ component in the dominating
process D+

s → π+ + ss̄→ π+ + f0 of Fig. 1a. We
show that this transition is realized mainly due to
the 13P0ss̄ state, while the production of the radial-
excitation state, 23P0ss̄, is suppressed by a factor of
1/20 or more. Therefore, the reaction D+

s → π+ +
f0 is a measure of the 13P0ss̄ component in the f0
mesons.

The data of [1] tell us that 13P0ss̄ is dispersed
as follows: about two-thirds of this state is held
by the f0(980) and the last one-third is shared
between the states with masses in the region 1300–
1500 MeV, which are f0(1300), f0(1500), and broad
state f0(1200−1600). This result is quite recogniz-
able as concerns the percentage of the f0 states pro-
duced in the decay D+

s → π+π+π−:
BR (π+f0(980)) = (57 ± 9)% and BR(π+f0(bump
at 1430 MeV)) = (26 ± 11)%. The performed cal-
culations demonstrate that nothing prevents this
straightforward interpretation. In other words,

(i) the spectator mechanism D+
s → π+ + ss̄→

π+ + f0 dominates;
(ii) the production of the 23P0 states is suppressed;
(iii) the interference of the states f0(1300),

f0(1500), and f0(1200−1600) may organize a bump
with the mass ∼ 1400 MeV and width ∼ 200MeV.

The decay D+
s → π+π+π− was discussed in [2–

5] from the point of view of the determination of the
quark structure of produced resonances—let us em-
phasize common and different points in the obtained
results.

In [5], the hypothesis of the four-quark structure
of f0(980) is advocated: to explain a large yield of
P

f0(980) within the four-quark model, one needs to
assume that the decay D+

s → π+π+π− goes with a
strong violation of the 1/Nc expansion rules. Recall
that, in terms of the 1/Nc expansion, the processes
shown in Figs. 1a, 1c, and 1d dominate; it is not clear
why these rules, though they work well in other decay
processes, are violated in D+

s → π+π+π−. From the
point of view of [5], the yield of the ss̄ state is seen
only at larger masses, such as the 1400-MeV bump
or higher.

In [2–4], the spectator mechanism shown in
Fig. 1a is adopted, and the authors conclude that
the ss̄ component dominates the resonance f0(980).
Here, our conclusions are similar but only on a qual-
itative level: our calculations indicate the existence of
a considerable nn̄ component in f0(980), about 30–
40%, while according to [2–4] it is negligibly small.
Correspondingly, their interpretation of the bump
around 1430 MeV differs from ours. Our calculations
show that the production of the 23P0ss̄ component is
suppressed, so the bump at 1430 is a manifestation
of the 13P0ss̄ component in this mass region, while,
as was stated in [3, 4], the component 23P0ss̄ is
responsible for this bump.

Let us emphasize again that, according to our
calculations, relative suppression of the production
of 23P0ss̄ component is due to the use of realistic
wave functions of radial-excitation states [see (26)]:
the existence of a zero in the wave function resulted in
a suppression of the convolution ψDs ⊗ ψ23P0ss̄.

The data [1] cannot provide us with more scrupu-
lous information about the weight of the 13P0ss̄ com-
ponent in the resonances f0(1300), f0(1500), and
f0(1750) and broad state f0(1400−1600). To get such
information, one needs to carry out a combined anal-
ysis of the decay D+

s → π+π+π− and hadron re-
actions with the production of the investigated res-
onances. The present investigation of the reaction
D+

s → π+π+π− is quite in line with the K-matrix
analysis of hadronic reactions [14–16] that tells us
that, in the scalar–isoscalar sector, the lowest 13P0qq̄
state is the flavor octet, while the flavor singlet is a
heavier one.
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Abstract—In the second resonance region of photon energies, the differential yields of neutral and charged
pions are measured in the (γ, πp) reactions on Li, C, and Al nuclei versus the proton energy and the
azimuthal angle of pion emission. These experimental data are analyzed on the basis of a model that takes
into account both single and double quasifree pion photoproduction. This results in deriving the mean free
paths of protons and neutral and charged pions and in estimating the transparency of the participant nuclei.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

In interpreting many nuclear reactions, it is nec-
essary to know various properties of nuclei, such as
nuclear transparency with respect to the propaga-
tion of nucleons, pions, and other fast particles in a
nucleus and the mean free paths of these particles
in nuclear matter. In recent years, much attention
has been given to these properties of nuclei. This
increased interest was generated by two factors. First,
Brodsky in [1] and Mueller in [2] predicted a color-
transparency phenomenon consisting in that, at high
squares of the 4-momentum transfer (Q2), nuclear
transparency may increase substantially owing to the
formation a small color-singlet object whose interac-
tion with surrounding intranuclear nucleons occurs
with a lower probability. In order to observe this phe-
nomenon experimentally, it is necessary to know, to
a high degree of precision, ordinary nuclear trans-
parency at moderate values ofQ2.

The second factor motivating keen interest in the
problem of nuclear transparency and of the mean free
path of particles is associated with the investigation
of ion–ion collisions, which is being intensively con-
ducted at present. Information about the mean free
path of nucleons is necessary in this case for estimat-
ing the number of nucleon–nucleon collisions. Pions
produced in ion–ion collisions are used, in these in-
vestigations, as a sensitive probe carrying information
about reaction dynamics. For the interpretation of
relevant data to be correct, it is therefore necessary
to know the pion mean free path, which controls the
change in the flux of pions because of their absorption
in nuclear matter [3, 4].

*e-mail: glavanak@npi.tpu.ru
1063-7788/04/6708-1580$26.00 c©
As usual, nuclear transparency is defined as the
ratio of the measured cross section for a given re-
action to the cross section calculated theoretically
without allowance for final-state interaction [5]. The
transparency defined in this way is an integrated
quantity and is, as a rule, a quantity averaged over
some part of the reaction phase space; therefore,
information obtained from it for final-state interaction
often cannot be used in analyzing a different reaction.
Data from measurements of mean free paths of parti-
cles in a nucleus have a higher degree of universality.
Results obtained by estimating the mean free path
of a particle on the basis of data on one reaction
can be employed in microscopically calculating cross
sections for different reactions involving this particle.
In experimentally determining the mean free paths

of particles in a nucleus, the results of such an analy-
sis are less model-dependent if they are based on data
from measurements of the reaction yield as a function
of the atomic number of the target nucleus. It is of im-
portance here to specify the reaction mechanism un-
ambiguously. At intermediate energies, it is difficult to
meet the last requirement in experiments where only
one particle is recorded. In estimating, for example,
the mean free path of a neutral pion in nuclei on the
basis of data on quasifree pion photoproduction, an
uncontrollable contribution from the elastic channel,
featuring a quadratic dependence of the cross sec-
tion on the mass number of the target nucleus, can
distort the results of the analysis significantly. In this
respect, experiments that ensure the identification of
the quasifree reaction mechanism via the detection of
two particles—a scattered or a newly produced one
and a recoil nucleon—are the most promising.
Measurement of the cross section for a nuclear re-

action as a function of the atomic number of the target
2004 MAIK “Nauka/Interperiodica”



TRANSPARENCY OF NUCLEI 1581
nucleus (A) is an extensively used method for study-
ing final-state interaction. The problems encountered
in applying this method to the case of quasifree pion
photoproduction in (γ, πp) reactions are generated
by the presence of two strongly interacting particles,
and these problems have so far prevented a full-scale
implementation of the method in such cases. In the
present study, the mean free paths of a proton and a
neutral and a charged pion are estimated for the first
time on the basis of the A dependence of the yield
of pion–proton pairs. The experimental data obtained
here are analyzed within a model that takes into ac-
count single and double quasifree pion photoproduc-
tion.
The ensuing exposition is organized as follows. A

brief description of the experimental procedure used is
given in Section 2. The theoretical model employed to
explain the results of the measurements is presented
in Section 3. Section 4 contains the description of the
algorithm underlying the code for extracting, from ex-
perimental data, information about themean free path
of particles. The resulting estimates of the mean free
paths and of the nuclear transparency are discussed
in Sections 5 and 6.

2. EXPERIMENTAL PROCEDURE

The experiment was performed in a bremsstrah-
lung-photon beam from the Tomsk synchrotron.
The photon beam was produced as the result of
the braking of electrons accelerated to an energy
of 900 MeV against the accelerator internal tanta-
lum target of thickness 0.07 radiation-length units.
Plates from lithium, carbon, and aluminum of natural
isotopic composition were used for nuclear targets,
their thicknesses being 6.95 × 1022, 4.27 × 1022, and
1.27× 1022 nucl./cm2, respectively. The experimental
facility involved three detection channels: a proton
channel and channels for detecting a neutral and
a charged pion. The last two were arranged on the
same axis. A scintillation time-of-flight spectrometer
was employed for the proton channel. Neutral pions
were recorded by one decay photon with the aid of
a total-absorption Cherenkov gamma spectrometer,
while charged pions were detected by two scintil-
lation counters. For a detailed description of the
experimental facility and the procedure used in the
measurements, the interested reader is referred to [6].
The charge state of a charged pion was not iden-

tified in the experiment. As follows from theoretical
estimates, however, about 80% of the yield of charged
pions from the relevant (γ, πp) reactions in the kine-
matical region being studied was due to negatively
charged pions. In the following, quantities associated
with neutral and charged pions will therefore be la-
beled with the indices “0” and “−,” respectively.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
In the experiment reported here, which studied
photon interactions with C, Li, and Al nuclei, the
differential yields of neutral and charged pions ac-
companied by emitted protons were measured versus
the proton energy Tp and the azimuthal angle φπ of
pion emission.
The energies of the protons recorded in the ex-

periment lay in the range 140–280 MeV. The polar
angles of proton and pion emission were 41◦ and 61◦,
respectively. The azimuthal angle of proton emission
was constant and equal to π, while that for pions was
varied with a step of 10◦ over the range 0◦−50◦. At
an azimuthal angle of φπ = 0◦, the primary-photon
momentum pγ , the recorded-pion momentum pπ ,
and the proton momentum pp lie in the same plane.

The yield d3Y /dEpdΩpdΩπ measured in the ex-
periment is related to the differential cross section
d3σ/dEpdΩpdΩπ for the relevant (γ, πp) reaction by
the equation

d3Y

dEpdΩpdΩπ
=

Emax∫
dEγf(Eγ)

d3σ(Eγ)
dEpdΩpdΩπ

,

where Eγ and Ep are, respectively, the photon energy
and the total proton energy; Emax is the endpoint
energy of the bremsstrahlung spectrum; and f(Eγ) is
the bremsstrahlung spectrum, which is normalized by
the condition

Emax∫
0

f(Eγ)Eγ dEγ = Emax.

The measured differential yields for the photoproduc-
tion of pion–proton pairs on Li and Al nuclei are given
in Tables 1–4. The respective data obtained for С
nuclei were reported in [6].

3. MODEL OF THE PHOTOPRODUCTION
OF PION–PROTON PAIRS

In the second resonance region of photon en-
ergy, the production of pion–proton pairs on nu-
clei proceeds predominantly through the following
channels involving proton emission: two single-pion-
photoproduction reactions,

A(γ, π0p)B, A(γ, π−p)C, (1)

and three double-pion-photoproduction reactions,

A(γ, π−π+p)B, A(γ, π−π0p)C, (2)

A(γ, π0π0p)B.

The experimental data are analyzed here on the
basis of the model developed for describing the pro-
duction of pion–proton pairs on nuclei with allowance
4
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Table 1. Differential yield d3Yπ0/dEpdΩpdΩπ for neutral-pion photoproduction in the reaction 7Li(γ, πp) versus the
proton kinetic energy Tp and the azimuthal angle φπ of pion emission [in 10−32 cm2/(MeV sr2) units]

Tp,MeV
φπ, deg

0 10 20 30 40 50

150 24.5 ± 2.7 18.5 ± 2.7 12.3 ± 2.0 9.5 ± 2.2 4.0 ± 1.2 3.0 ± 1.0

170 21.8 ± 2.7 14.2 ± 2.4 7.9 ± 1.6 5.2 ± 1.6 5.0 ± 1.4 1.0 ± 1.0

190 18.2 ± 2.5 11.6 ± 2.1 7.0 ± 1.5 3.2 ± 1.3 1.5 ± 0.8 2.6 ± 1.0

210 15.2 ± 2.1 13.3 ± 2.4 5.1 ± 1.3 2.8 ± 1.2 2.1 ± 0.9 1.4 ± 1.0

230 11.6 ± 1.8 7.7 ± 2.0 4.6 ± 1.2 5.0 ± 1.6 2.2 ± 0.9 0.3 ± 1.0

250 7.6 ± 2.1 8.4 ± 2.0 5.4 ± 1.3 1.3 ± 0.8 2.8 ± 1.0 1.0 ± 1.0

270 7.8 ± 2.2 5.8 ± 2.0 2.6 ± 0.9 1.8 ± 1.0 1.7 ± 0.8 0.6 ± 1.2

Table 2. Differential yield d3Yπ−/dEpdΩpdΩπ for charged-pion photoproduction in the reaction 7Li(γ, πp) versus the
proton kinetic energy Tp and the azimuthal angle φπ of pion emission [in 10−32 cm2/(MeV sr2) units]

Tp, MeV
φπ, deg

0 10 20 30 40 50

150 37.9 ± 5.0 25.4 ± 4.1 24.2 ± 2.7 11.6 ± 2.4 7.1 ± 1.7 6.4 ± 1.4

170 38.4 ± 4.5 30.5 ± 3.6 22.1 ± 2.6 11.8 ± 2.4 7.1 ± 1.7 4.3 ± 1.2

190 35.7 ± 3.2 30.0 ± 3.3 11.7 ± 2.6 7.5 ± 1.9 4.4 ± 1.7 5.0 ± 1.2

210 32.2 ± 3.0 22.4 ± 2.9 11.0 ± 1.8 6.6 ± 1.8 6.8 ± 1.6 1.9 ± 1.0

230 27.3 ± 3.3 17.5 ± 2.6 7.5 ± 1.5 5.4 ± 1.6 3.0 ± 1.5 2.1 ± 1.0

250 20.0 ± 2.3 14.7 ± 2.6 7.4 ± 1.5 2.2 ± 1.5 3.1 ± 1.5 2.2 ± 1.0

270 12.6 ± 1.9 7.9 ± 2.3 4.9 ± 1.2 3.7 ± 1.5 3.7 ± 1.5 1.9 ± 0.8
for the results obtained in [6–8]. As its basic ingredi-
ents, this model includes the impulse approximation,
the shell model of the nucleus, and the optical model
of final-state interaction.

A fairly large value for the lower boundary of the
energy range over which protons are detected experi-
mentally and the chosen disposition of the proton and
pion channels of the facility with respect to the photon
beam ensured fulfillment of the condition under which
quasifree pion photoproduction was the main mech-
anism of the production of pion–proton pairs in the
kinematical region being studied. In the factorization
approximation, the squared modulus of the amplitude
for quasifree pion photoproduction, |M |2, can be rep-
PH
resented as

|M |2 = |M0|2
Nl

2l + 1

∑
ml

|Gl,ml
|2, (3)

where M0 is the amplitude of single (Ms) or double
(Md) pion production on a free nucleon; Nl is the
number of nucleons (protons or neutrons) in the lth
shell of the nucleus; l and ml are, respectively, the
orbital angular momentum of a nucleon bound in the
nucleus and its projection; and

Gl,ml
=
∫

Ψ∗
π(r)Ψ∗

p(r)

× exp(ipγ · r)Y ml
l (r/r)Φl(r)dr.

Here, Y ml
l is a spherical harmonic; Φl is the orbital

wave function for a nucleon bound in the nucleus; and
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Table 3. Differential yield d3Yπ0/dEpdΩpdΩπ for neutral-pion photoproduction in the reaction 27Al(γ, πp) versus the
proton kinetic energy Tp and the azimuthal angle φπ of pion emission [in 10−32 cm2/(MeV sr2) units]

Tp, MeV
φπ, deg

0 10 20 30 40 50

150 29.3 ± 5.4 39.3 ± 8.4 26.7 ± 5.2 19.5 ± 5.8 21.8 ± 5.8 13.2 ± 4.6

170 32.7 ± 5.6 26.1 ± 5.9 23.6 ± 4.9 13.4 ± 3.9 17.6 ± 5.2 10.3 ± 4.0

190 21.2 ± 4.8 18.3 ± 5.4 22.1 ± 4.7 11.2 ± 4.1 7.9 ± 3.5 6.2 ± 3.1

210 27.0 ± 5.1 13.9 ± 4.7 14.8 ± 3.9 11.0 ± 4.0 3.2 ± 2.2 2.3 ± 3.0

230 16.5 ± 4.2 19.3 ± 5.5 5.2 ± 2.3 5.5 ± 3.0 4.6 ± 2.7 8.5 ± 3.6

250 16.3 ± 4.1 13.1 ± 4.5 6.6 ± 2.6 2.7 ± 2.0 1.8 ± 1.7 3.6 ± 2.4

270 9.7 ± 3.4 8.4 ± 3.0 9.6 ± 3.5 3.3 ± 3.0 6.4 ± 3.1 3.8 ± 3.5

Table 4. Differential yield d3Yπ−/dEpdΩpdΩπ for charged-pion photoproduction in the reaction 27Al(γ, πp) versus the
proton kinetic energy Tp and the azimuthal angle φπ of pion emission [in 10−32 cm2/(MeV sr2) units]

Tp, MeV
φπ, deg

0 10 20 30 40 50

150 50.2 ± 6.8 54.6 ± 10.0 43.9 ± 6.7 35.0 ± 9.2 14.9 ± 5.2 9.1 ± 4.3

170 57.1 ± 7.8 32.4 ± 6.8 44.7 ± 6.7 19.3 ± 5.8 11.2 ± 4.7 12.9 ± 4.8

190 41.3 ± 6.4 31.5 ± 7.1 32.8 ± 5.7 4.7 ± 5.0 7.9 ± 4.1 14.9 ± 5.5

210 28.2 ± 5.4 24.1 ± 6.3 29.0 ± 5.4 12.8 ± 4.5 8.9 ± 4.2 8.1 ± 3.0

230 24.6 ± 5.7 17.7 ± 6.0 12.8 ± 4.5 9.7 ± 3.9 5.0 ± 3.3 2.2 ± 3.0

250 15.6 ± 4.1 10.5 ± 5.3 10.4 ± 4.5 10.6 ± 4.0 6.3 ± 3.4 6.1 ± 3.3

270 9.3 ± 3.3 15.7 ± 4.8 3.5 ± 5.0 6.2 ± 3.0 6.9 ± 3.3 1.9 ± 2.1
Ψp andΨπ are the wave functions for, respectively, the
proton and one or two pions formed in reactions (1)
or (2).
In order to describe bound states of nucleons in

a nucleus and the radial distribution of the nuclear
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
optical potential, we used the oscillator model of the

nucleus and determined the parameters of this model

on the basis of data on the charge radii 〈r2
ch〉1/2 of

nuclei [9, 10]:
Nuclei: 7Li 12C 27Al 40Ca 58Ni 181Ta 207Pb,

〈r2
ch〉1/2, fm : 2.41 2.45 3.05 3.48 3.76 5.5 5.51.

(4)
The oscillator parameters of neutrons bound in a
nucleus were taken to be identical to the correspond-
ing proton parameters.

The squared modulus of the amplitude for sin-
gle pion production on nucleons, |Ms|2 [see expres-
sion (3)], is related to the differential reaction cross
section dσ/dΩ∗ in the c.m. frame by the equation

|Ms|2 = (2π)2j
mπp

EpEπp∗π

dσ

dΩ∗ ,
where j is the particle flux, p∗π is the pion momentum
in the c.m. frame, andmπp is the invariant mass of the
πp system. Taking this into account, we will calculate
the squared matrix element in question by using the
experimental cross sections reported in [11].

There are presently no exclusive experimental
cross sections for double pion photoproduction on
nucleons in the kinematical region of our prime
interest. In order to calculate |Md|2, we will therefore
make use of the isobar phase-space model [8], which
4
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resorts to data on total cross sections and which takes
into account the dominant mechanism of the reaction
leading to the production of an intermediate ∆(1232)
isobar:

γ + p → ∆ + π1 (5)
�→π2 + p.

In this model, the squared modulus of the am-
plitude for the reaction in (2), |Md|2, is expressed in
terms of the total reaction cross section σtot as

|Md|2 =
(2π)5

8EpEπ1Eπ2

σtot
S∆

B∆(mπ2p)
2mπ2p

,

where mπ2p is the invariant mass of the π2p system;
B∆(m) is a Breit–Wigner function that describes the
distribution of ∆(1232) isobars with respect to the
massm,

B∆(m) =
1
π

Γ∆/2
(m∆ −m)2 + Γ2

∆/4
;

and

S∆ =
2π2

m0

m0−mπ∫
mπ+mN

p∗π1
p∗∗π2

B∆(m)
2m

dm

is the convolution of the phase space of final-state
particles from the reaction in (5) with the mass distri-
bution of the delta isobar being considered. In the last
expression, m∆ and Γ∆ are, respectively, the mass
and width of the ∆(1232) isobar; m0 is the invariant
mass of the γN system; and p∗π1

and p∗∗π2
are the

momenta of, respectively, the first pion in the γN c.m.
frame and the second pion in the π2p c.m. frame.
Within the optical model, the multiparticle prob-

lem of the interaction of the product pion and of the
recoil proton with nucleons of the residual nucleus
reduces to the problem of particle interaction with
a complex-valued optical potential V = U + iW ,
whose real part U and whose imaginary part W
describe, respectively, particle scattering and absorp-
tion.
In performing a global analysis of data obtained for

some nuclei, it is convenient to represent the optical
potential as [12]

V (E, r) = V0(E)
ρ(r)
ρ0

, (6)

where ρ(r) is the normalized (to unity) radial dis-
tribution of the optical-potential density and ρ0 =
3/(4πR3) is the analogously normalized distribution
of the density of a uniformly charged sphere whose
radius is

R = r0A
1/3. (7)
PH
This representation of the potential makes it possible
to take into account the deviation of the densities of
individual nuclei from somemean density ρ0, whereby
one can reduce the number of adjustable parameters
in the model.
For the radial parameter r0 in Eq. (7), we take the

value
r0 = 1.12 fm, (8)

which corresponds to the nucleon density of
0.17 nucleon/fm3 at the center of heavy nuclei [13].
In this case, V0 = U0 + iW0 in expression (6) has
the meaning of the depth of the optical potential for
normal nuclear matter.
For the function ρ(r), which describes in (6) the

radial distribution of the pion–nucleus potential, we
will take, according to the Frank–Gammel–Watson
model [12], the nuclear density. The distribution of
the density of the proton–nucleus potential will be
described in a similar way. It should be noted that
spin–orbit interaction is disregarded for this choice
of proton potential. As was shown in [14], however,
the effect of proton spin–orbit interaction with the
residual nucleus has a negligible effect on the cross
section for quasifree pion photoproduction.
In the eikonal approximation, the wave functionΨ

for a particle having a momentum p and propagating
in the optical potential V (E, r) acquires the phase
φ(r),

Ψ(r) = exp(i(p · r + φ(r))), (9)

φ(r) = −1
v

∞∫
0

V (E, r + sp/p)ds,

where v is the group velocity of the wave packet rep-
resenting the propagation of a particle in a nucleus.
The particle energy “within a nucleus,” E′, and its

vacuum component E are related by the equation

E′ = E − V (E′, r).

For the imaginary part of the phase φ(r) in (9)—it
controls the change in the particle flux due to final-
state interaction—we will use the representation

Imφ(r) =

∞∫
0

ds

2λ(r + sp/p)
,

where λ(r) is the local mean free path of a particle in
a nucleus,

1
λ(r)

=
1
λ0

v0

v

ρ(r)
ρ0

, (10)

λ0 = −v0/(2W0) and v0 being, respectively, themean
free path and the group velocity of the wave packet in
nuclear matter.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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On the basis of the model outlined above, we have
calculated the A dependence of the differential yield
of pion–proton pairs for protons of kinetic energy
210 MeV at three values of the azimuthal angle of
pion emission. The results are given in Fig. 1. Seg-
ments of a solid straight line connect points repre-
senting yields that were calculated with allowance for
final-state interaction in the distorted-wave impulse
approximation (DWIA). In the calculation, we em-
ployed the pion–nucleus and proton–nucleus optical
potentials that, in [6], made it possible to reproduce
the energy dependence of the yield of pion–proton
pairs from reactions on carbon at small azimuthal
angles of pion emission. As can be seen, the yield
of pion–proton pairs that was calculated within the
DWIA faithfully reproduces the data given in Fig. 1.
At large azimuthal angles of pion emission, the model
used underestimates the reaction yield somewhat. It
is worth noting that the evolution of theA dependence
of the yield in response to the change in the azimuthal
angle of pion emission is reproduced satisfactorily. A
somewhat paradoxical decrease in the reaction yield
at φπ = 0◦ upon going over from lithium to carbon is
explained by two factors caused by the same reason—
the distinction between the densities of these nuclei.
Because of the higher density of the carbon nucleus,
the momentum spectrum of nucleons bound in this
nucleus is significantly broader; therefore, the proba-
bility of the production of a pion–proton pair in copla-
nar geometry is lower. The final-state interaction acts
here in the same direction.
The points in Fig. 1 that are connected by seg-

ments of a dashed straight line represent the yield of
pion–proton pairs that was computed in the plane-
wave impulse approximation (PWIA) and which was
normalized in such a way that, for lithium nuclei, it
coincides with the results obtained within the DWIA.
By comparing the reaction yields obtained within the
DWIA and PWIA, one can assess, within the model
used, the sensitivity of experimental data to effects of
final-state interaction. It can be seen that the dis-
played data show approximately identical sensitiv-
ity to manifestations of this element of the reaction
model. For nuclei in the Li–Al range, the relative
decrease in the yield of pion–proton pairs owing to
proton and pion interactions with the residual nucleus
is about a factor of 2, the coefficient of suppression of
the absolute yield in the reactions being studied being
about a factor of 4 for aluminum nuclei.

4. ALGORITHM FOR CALCULATING MEAN
FREE PATHS

Our experimental data are cross sections inte-
grated with respect to the pion energy. The sensitivity
of the experimental data to the dependence of the
mean free path of pions on their energy is not as
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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Fig. 1. Differential yields in the photoproduction of π0p
and π−p pairs versus the mass number A of the target
nucleus at a proton kinetic energy of 210 MeV for three
values of the azimuthal angle φπ of pion emission: (closed
circles) data of the present experiment, (solid lines)DWIA
results, and (dashed lines) PWIA results for the normal-
ization explained in the main body of the text.

obvious as in the case of protons. In view of this, we
will give a brief substantiation of the method used.
According to theoretical calculations, the yield of
pion–proton pairs at a fixed proton energy receives
contributions from two pion groups having partly
overlapping spectra and originating from single-
pion-production and double-pion-production reac-
tions. The method is based on the fact that the
spectra of pions produced via a quasifree reaction
mechanism are dome-shaped, peaking at an energy
corresponding to the minimum momentum of the
residual nucleus.

In Fig. 2, the calculated spectra for single and dou-
ble pion photoproduction are shown at three exper-
imental points chosen at random. An increase in the
azimuthal angle of the detected pion leads to a growth
of the mean momentum of the residual nucleus and
to a change in the pion energy at the maximum of
the spectrum. In view of this, the data in question
prove to be sensitive to the energy dependence of the
effects caused by proton and pion interaction with the
residual nucleus.
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Fig. 2.Spectra of single and double pion photoproduction
on carbon nuclei at various values of the proton energy
and the azimuthal angle of pion emission: (solid curve)
150 MeV and 0◦, reaction (2); (dashed curve) 170 MeV
and 30◦, reaction (1); and (dotted curve) 270 MeV and
10◦, reaction (1).

We will now assess the amount of available ex-
perimental information and the number of parameters
that we must determine by comparing experimental
data with the calculated reaction yields. The yields
of π0p and π−p pairs were measured for three nuclei
(Li, C, and Al) at seven points uniformly distributed,
with a step of 20MeV, over the proton-kinetic-energy
range Tp = 150−270 MeV at six values of the az-
imuthal angle of pion emission in the interval 0◦−50◦
that were spaced by 10◦—in all, 252 values of the
experimental yields are available. The proton mean
free path λp was estimated at seven values of the pro-
ton energy. The energy dependences of the neutral-
and the charged-pion mean free paths (λ0 and λ−,
respectively) were represented in the form of fourth-
degree polynomials; that is,

λ0(−) =
4∑

j=0

Λ0(−)
j T j

π , (11)

where Tπ is the pion kinetic energy. Therefore, 17
parameters characterizing the proton, neutral-pion,
and charged-pion mean free paths must be deter-
mined from a fit of the calculated reaction yields to
experimental data.

In constructing an algorithm for solving this prob-
lem, it was of paramount importance that its solution
be obtained on the basis of a relative variation in the
reaction yields in going over from one target nucleus
to another. In this case, many problems associated
with the need for absolute experimental values be-
come simpler or even nonexistent, and the results
of the respective analysis appear to be less sensitive
to possible imperfections of some ingredients of the
P

theoretical model used. This leads to the emergence
of additional 84 adjustable parameters ξ.
The algorithm of our fitting procedure is based

on the use of the Bayes formula for an a posteriori
probability [15]. This formula makes it possible to
obtain, on the basis of data on the statistical fea-
tures of the experimentally measured quantity Y ≡
d3Yπ0(π−)/dEpdΩpdΩπ, an expression for the prob-
ability density p(Λ|Y ) characterizing the parameter
Λ ≡ (λp,Λ0,Λ−, ξ) to be estimated; that is,

p(Λ|Y ) =
p(Y |Λ)p(Λ)∫
p(Y |Λ)p(Λ)dΛ

, (12)

where p(Y |Λ) is the conditional probability of the dis-
tribution of the reaction yield Y at a specific value ofΛ
and p(Λ) is the a priori probability of the distribution
of Λ.
The expansion coefficients Λ0 and Λ− in (11), as

well as the quantities λp, are not statistical variables;
nonetheless, we will treat them in (12) as statisti-
cal variables, this reflecting incompleteness of our
knowledge of them.
In order to construct a distribution p(Y |Λ) that

would specify a relationship between the experimen-
tally measured quantities Y and the parameters Λ of
the theoretical model used to describe pion production
in reactions (1) and (2), we invoked amodel that relies
on the “clearest” statistical relation

δmn = Ymn − ξmY theor
mn (Λ), (13)

where m is a generic index corresponding to specific
values of the proton energy Tp and of the azimuthal
angle φπ of a pion and to its specific charge state
(0/−); n is an index that represents the mass number
A of the target nucleus; and Y theor is the theoretical
reaction yield calculated in the corresponding kine-
matical region by using specific values of the proton
mean free path λp and of the expansion coefficients
Λ0 and Λ− in (11).
By introducing in (13) the adjustable parameter

ξm, which does not depend on the mass number А
of the nucleus, we moderate the effect of the model on
the resulting estimates of the sought parameters and
render the situation closer to an ideal case. One can
then solve the problem, disregarding the dynamics of
pion production and treating nuclei as sources that
produce pion–proton pairs, which differ in size, and
which are distributed in proportion to density.
The majority of the values of the experimental yield

Y were estimated on the basis of data samples whose
volume exceeds a few tens of events. It is therefore
reasonable to assume that the random variables δmn
have a normal distribution whose variance is equal
to the square of the root-mean-square error σ in the
yield Y .
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004



TRANSPARENCY OF NUCLEI 1587
Since the random variables δmn are statistically
independent, the multidimensional yield-density dis-
tribution p(Y |Λ) that includes the entire body of ex-
perimental data can be represented, with allowance
for Eq. (13), in the form of the product

p(Y |Λ) =
∏
mn

p(δmn|Λ).

Weassume that themean free path of a particle is a
positive definite function and restrict ourselves, for the
sake of simplicity, to seeking solutions in the region
where the mean free path does not exceed 10 fm; that
is,

p(Λ) = 1, λ ∈ ∆λ;
p(Λ) = 0, λ /∈ ∆λ,

where λ ≡ (λp, λ0, λ−) and∆λ is the range 0–10 fm.
As a result, we obtain

p(Λ|Y ) (14)

= C exp

(
−
∑
mn

(Ymn − ξmY th
mn(Λ))2/(2σ2

mn)

)
,

λ ∈ ∆λ;
p(Λ|Y ) = 0, λ /∈ ∆λ,

where C is a normalization factor.
The a posteriori distribution of the mean free path

for particles of energy T , p(λ(T )|Y ), is related to the
distribution in (14) by the equation

p(λ(T )|Y ) =
∫

p(Λ|Y )δ(λ(T ) − λ)dΛ. (15)

According to [15], the moments of the a posteriori
distribution in (15) that have the form

λ̂ =
∫

p(λ|Y )λdλ. (16)

σ2
λ̂

=
∫

p(λ|Y )(λ− λ̂)2dλ (17)

provide optimum estimates that minimize the mean-

square loss function (λ− λ̂/w)2.
The basic problem that must have been solved

in numerically calculating the multidimensional inte-
grals presented above consisted in determining that
region ∆Λ of the parameters Λ where the distribu-
tion p(Λ|Y ) was quite large. Prior to calculating the
integrals in (16) and (17), it was therefore necessary
to determine, through a fit, those values Λm of the
parameters Λ that minimize the functional

χ2 =
∑
mn

(Ymn − ξmY th
mn(Λm))2

σ2
mn

. (18)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
The fitting procedure was implemented in the fol-
lowing order. First, we determined the parameters ξ.
In doing this, we took, for the input values λp and
Λ0(−), those that were obtained on the basis of the
proton and pion nuclear optical potentials that were
used in [16] to reproduce the yield of pion–proton
pairs in the relevant reaction on a 12С nucleus at
moderate values of the azimuthal angle of pion emis-
sion. Further, the functional χ2 was minimized by
simultaneously varying the parameters ξ and λp at the
input values Λ0(−). Preliminarily, the theoretical yield
Y theor of pion–proton pairs from reactions (1) and (2)
was tabulated in the range 0–10 fm as a function
of the pion and proton mean free paths. In the pro-
cess of fitting, the quantity Y theor was determined by
means of interpolation. The ultimate value of Λm was
determined by globally fitting all of the parameters
ξ, λp, Λ0, and Λ−. The error σ in expressions (14)
and (18) was estimated as the root-mean-square
value of the statistical error quoted in Tables 1–4
and a 10% systematic error of the measurements, the
latter stemming from the errors in measuring the total
energy of the photon beam and the thicknesses of the
targets, the uncertainty in the energy calibration of
the proton time-of-flight spectrometer, and the inac-
curacies in calculating the bremsstrahlung spectrum
and the detection efficiency for individual channels
of the experimental facility. The resulting value of
χ2 per degree of freedom proved to be 1.03, which
indicates that the combination of the dynamical and
statistical models of the processes being considered
is able to reproduce the experimental data in question
adequately.
Integration in (15) was performed over the range

∆Λ of the parameters Λm. The value of ∆Λ was
chosen in such a way that p(Λ|Y ) ≤ 10−4p(Λm|Y ).
In order to get an idea of the shape of the distribu-

tion density p(λ(T )|Y ), the results obtained by calcu-
lating the distribution in (15) by using the sections of
the function p(Λ|Y ) at parameter values that are not
involved in the determination of λ(T ) and which are
equal toΛm are displayed in Fig. 3. Integration in (15)
over the full volume ∆Λ does not lead to a significant
change in λ̂, somewhat increasing σλ̂.
The results of the calculations for the proton,

neutral-pion, and charged-pion mean free paths in
nuclear matter are given in Section 5 below.

5. MEAN FREE PATH OF PARTICLES
IN NUCLEAR MATTER

In Fig. 4, the results of the present study (closed
circles) are displayed along with three sets of em-
pirical values of the proton mean free path, which
4
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Fig. 3. A posteriori distributions of the mean free paths of
a 170-MeV proton, a 150-MeV neutral pion, and a 100-
MeV charged pion according to the calculation performed
on the basis of (15) by using the sections of the function
p(Λ|Y ) at the parameter values that are not involved in
the determination of λ(T ) and which are equal to Λm.

were obtained on the basis of the experimental cross
sections for elastic proton scattering on nuclei. Three
experimental values represented by triangles are part
of the results obtained in [17] (an article reporting
on one of the early studies on the subject), where
the proton mean free path was estimated for proton
energies in the range 220–570MeV. In [18], the cross
sections for elastic proton scattering on 40Ca, 90Zr,
and 208Pb nuclei were measured for proton energies
of 80 to 180 MeV. Those data were used to deter-
mine, through a fit, the parameters of a ten-parameter
optical potential, which, in turn, was then applied in
calculating the reaction cross section and the mean
free path. The shaded region in Fig. 4 covers the
calculated values of the proton mean free path in the
208Pb nucleus [18]. A global proton–nucleus optical
potential was obtained in [19] by using Dirac’s phe-
nomenology. This potential is valid over the energy
range 20–1040 MeV and is based on data obtained
for elastic proton scattering on 12C, 16O, 40Ca, 90Zr,
and 208Pb nuclei. In Fig. 4, the solid curve represents
the results obtained in [19] by calculating the energy
dependence of the local proton mean free path λp(r)
in the central region (r = 0) of the 208Pb nucleus. It
can be seen that the results of the present study are
compatible with the data from [17, 19], but that they
are well below the data from [18].

To illustrate the effect of the main factors deter-
mining the energy dependence of the proton mean
free path λp, the results obtained in [22], where this
quantity was calculated in symmetric nuclear matter
by using three successive approximations, are shown
by the dotted curves in Fig. 4. Curve 1 was computed
P
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Fig. 4. Proton mean free path in nuclear matter as a
function of energy: empirical data from (closed circles) the
present study, (triangles) [17], (shaded region) [18], and
(solid curve) [19] along with the results of theoretical cal-
culations (dashed, dash-dotted, and dotted curves). The
dashed and the dash-dotted curve represent, respectively,
the results of a self-consistent relativistic calculationwith
the Bonn potential [20] and the results of the calculation
based on the Walecka model [21]; the dotted curves cor-
respond to three successive approximations from [22] (see
main body of the text).

within the simplest model; that is, the mean free path
was defined there as

λ =
1

ρN σ̄t
, (19)

where ρN is the nucleon density and σ̄t is the isotopi-
cally averaged total cross section for proton–nucleon
scattering in a vacuum. The effect of the Pauli exclu-
sion principle, which reduces the set of possible nu-
cleon states in a nucleus after scattering in relation to
what we have in a vacuum, was taken into account in
calculating themean free path represented by curve 2.
In addition, a nonlocality of the optical potential—it
leads to a decrease in the nucleon mass and, hence,
to an increase in λp [23, 24]—was taken into account
in computing curve 3. It can be seen that the effect
of the last two factors, which determine almost com-
pletely the mean free path at modest photon energies,
is less significant in the region where the present
measurements were performed. The overestimation of
λp in this calculation may be partly due to a slight
isotopic asymmetry in the nuclei used, this reducing
the proton mean free path [25].
In addition, Fig. 4 shows the results of a self-

consistent relativistic calculation based on the Bonn
potential [20] (dashed curve) and the results of the
calculation within the Walecka model [21] (dash-
dotted curve). The experimental data obtained in the
present study are in better agreement with the latter
model, but, as was shown in [20], this model under-
estimates λp at higher proton energies.
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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We now proceed to consider the pion mean free
path in nuclear matter. In Fig. 5, the measured en-
ergy dependence of λπ is represented by open and
closed circles for, respectively, neutral and charged
pions. Along with the data obtained in the present
study, Fig. 5 shows (open boxes) the first empirical
data on neutral pions, these also coming from an
experiment at the Tomsk synchrotron [26]. In that
experiment, the pion mean free path was estimated
on the basis of the measured yield of 60-, 85-, 130-,
and 195-MeV pions from the interaction of photons
with C, Al, Cu, Ag, and Pb nuclei. Themeasurements
were performed in the kinematical region of quasifree
pion photoproduction. The estimate of the mean free
path in [26] was derived for nuclear matter of density
corresponding to the radial-parameter value of r0 =
1.3 fm [29]. In order to perform a comparison with
data for normal nuclear matter [see (8)], the results
in Fig. 5 from [26] were corrected on the basis of
the model used here. The theoretical estimates of the
mean free path from [26] were subjected to the same
procedure.
The shaded region in Fig. 5 covers the estimated

values of the neutral-pion absorption length λabs,
which were derived in [27] from the cross section for
the production of π0 mesons in collisions of 36Ar nu-
clei with 197Au nuclei at an energy of 95MeV per pro-
jectile nucleon. The estimates of λabs were obtained
in [27] by comparing the experimental cross sec-
tion for neutral-pion production with its theoretical
counterpart calculated within Boltzmann–Uehling–
Uhlenbeck transport theory [30].
The dash-dotted curve in Fig. 5 represents the

energy dependence of λπ according to the results
obtained in [26] on the basis of the Frank–Gammel–
Watson model [12], while the solid curve shows the
analogous dependence from [28] for the 207Pb nu-
cleus, the latter stemming from the calculation based
on the Klein–Gordon equations with a pion–nucleus
optical potential [31].
Qualitatively, the results of the present study are

compatible with those presented in [27]. The exper-
iment reported in [27] was inclusive. Inclusive cross
sections are sensitive primarily to pion absorption
(annihilation). The experiment described in this arti-
cle is semiexclusive—fast secondaries were recorded
here in narrow solid angles. The data of the present
experiment are sensitive both to pion absorption and
to inelastic rescattering. Since λ−1

abs is only a fraction
of λ−1

π , then λabs must exceed λπ. However, the de-
gree to which the absorption length λabs measured
in [27] exceeds the neutral-pion mean free path λπ

determined here is much greater than the theoretical
estimate of the difference of these two quantities at
modest pion energies [32]. In this classification, the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
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Fig. 5.Pionmean free path in nuclearmatter as a function
of energy. The displayed empirical data are given accord-
ing to (open and closed circles) the present study for,
respectively, neutral and charged pions; (open boxes) [26]
for π0; and (shaded region) [27] for the π0 absorp-
tion length. The results of the theoretical calculations
were borrowed from (solid curve) [28] and (dash-dotted
curve) [26].

experiment reported in [26] occupies an intermediate
position. It would therefore be natural to expect in-
termediate results in that case. As can be seen from
Fig. 5, however, the results of the present experiment
and those from [26] (upon rescaling to normal nuclear
matter) are in astonishingly good agreement.

6. NUCLEAR TRANSPARENCY

The transparency T of a nucleus to particles pro-
duced in its interior upon the interaction between this
nucleus and a projectile particle to which the nucleus
is quite transparent can be represented in the form

T =
∫

drρ(r) exp (−2Imφ(r)) . (20)

The calculated nuclear transparency of Li, C, and
Al to protons is shown in Fig. 6 as a function of en-
ergy. These transparencies were calculated by using
the definition of the local mean free path according
to (10) and the estimates of the proton mean free path
in nuclear matter from Section 5.
Along with the data of the present study, Fig. 6

displays the empirical estimates of the nuclear trans-
parency that were obtained on the basis of the re-
sults of three experiments performed at the MIT-
Bates linear electron accelerator (USA) [33, 38], the
Tomsk synchrotron [34, 39], and the 500-MeV Bonn
synchrotron [40].
The quasifree electron scattering in the (e, e′p)

and (e, e′) reactions on C, Al, Ni, and Ta nuclei was
studied in [33]. The transparency of the nuclei was
determined as a normalization factor that makes it
4
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Fig. 6. Transparency of the Li, C, and Al nuclei to
protons versus energy. The displayed empirical data are
given according to (closed circles) the present study, (di-
amonds) [33] for (e, e′p) and (e, e′) reactions, and (closed
boxes) [34] for the (γ, π−p) and (γ, π−) reactions. The
theoretical results shown here were obtained (closed cir-
cles) within the optical model [35]; (dotted curves) within
the microscopic cascade model [36]; (right and inverted
open triangles) for (e, e′p) reactions in, respectively, the
DWA with the optical potential from [19] and the EEI
model [37]; and (dash-dotted curve) for the transparency
of the Li nucleus according to a calculation with the
optical potential that was used to obtain the input values
of λ and the DWIA reaction yields presented in Fig. 1.

possible to fit the results of the PWIA calculations
for the ratio of the cross sections d2σ/dΩedΩp and
dσ/dΩe for the respective (e, e′p) and (e, e′) reactions
to the experimental value of this ratio. The resulting
estimates of the nuclear transparency for protons of
energy 180± 30MeV are represented by diamonds in
Fig. 6.
In [34], information about proton interaction with

the residual nucleus was deduced from a global
analysis of the exclusive cross sections for quasifree
pion photoproduction in the reaction 12C(γ, π−p)11C
that were measured in the experiment reported in [39]
and the inclusive cross sections for the reaction
12C(γ, π−) [40]. The effect of proton interaction
with a 11C nucleus was determined in terms of
the ratio of the sum of the exclusive cross section
d3σ/dEπdΩπdΩp for the (p3/2)−1 and (s1/2)−1 states
of the 11C nucleus to the analogous cross section
obtained in the quasifree approximation on the basis
of data on the inclusive cross section d2σ/dEπdΩπ for
P

the reaction 12C(γ, π−). An estimate of the nuclear
transparency to protons of energy 140 ± 20 MeV
(closed box in Fig. 6) was obtained in the region of
moderate momenta of the residual nucleus, where the
effect of the real part of the proton–nucleus optical
potential on the sum of the cross sections for s- and
p-wave hole states of the residual nucleus is minimal.

As can be seen, the results presented in [34, 38]
are consistent with the data of this study. A somewhat
smaller value of the transparency estimated on the
basis of data on the respective (γ, π−p) and (γ, π−)
reactions may possibly be due to a greater contri-
bution to the cross section for the inclusive (γ, π−)
reaction from highly excited states of residual nuclei
formed in pion photoproduction on nuclei. This con-
jecture is suggested by the results obtained in [39, 41]
by measuring the excitation spectra of residual nuclei
in the reactions 12C(γ, π−p)11C and 12C(γ, π+n)11B.

The empirical estimates given in Fig. 6 for the
nuclear transparency to protons are compared with
the results of theoretical calculations based on var-
ious models. The solid curves represent the results
obtained in one of the first studies on the subject [35],
where a systematic analysis of the nuclear trans-
parency to particles produced in photon–nucleus in-
teraction was performed within the optical model.
There, the nucleus was considered as a uniformly
filled sphere of radius given by (7), where the radial
parameter r0 depended on the mass number A. The
particle mean free path λwas taken in a form that was
similar to (19) and which expressed it in terms of the
nucleon density ρN and the mean value of the total
cross section for particle interaction with intranuclear
nucleons, σ̄t. The separate points connected by seg-
ments of a dotted line show the energy dependence
of the nuclear transparency calculated in [36] on the
basis of the cascade model by theMonte Carlo model.
There, the model of a degenerate Fermi gas was used
for the nucleus. The interaction of a particle with
a nucleus was considered as a succession of two-
particle collisions. Only elastic scattering was taken
into account in proton–nucleon collisions. The effect
of the Pauli exclusion principle was incorporated in
the calculation. Two sets of computed data shown by
right and inverted triangles in Fig. 6 correspond to
the results obtained in [37], where the transparency of
nuclei to protons produced in quasifree electron scat-
tering on nuclei in (e, e′p) reactions was studied in the
distorted-wave approximation (DWA). In calculating
the transparency represented by the right triangles in
Fig. 6, use was made in [37] of the aforementioned
global Dirac proton–nucleus optical potential [19] of
the EDAD1 version, this potential being based on
data obtained for elastic proton–nucleus scattering.
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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The results of the calculation that are shown by in-
verted triangles in Fig. 6 were obtained for the empir-
ical effective interaction (EEI) of the model based on
the Brueckner–Hartree–Fock approximation for the
density-dependent interaction of nucleons in nuclear
matter. The EEI parametrization was constructed
through a fit to data both on elastic proton–nucleus
scattering and on processes accompanied by inelastic
nuclear transitions. In contrast to the former, the
latter are sensitive to the behavior of thewave function
in the interior of the nucleus.
As can be seen from Fig. 6, the transparency

of nuclei to protons that was calculated within all
model approaches, with the exception of the EEI ap-
proach, is insufficiently high for explaining the avail-
able experimental data. Within microscopic models,
it is of importance to take into account the Pauli
exclusion principle, the effective nucleon mass in nu-
clear matter, and nucleon–nucleon correlations in
nuclei [22]. Some of these factors, which increase
the transparency of nuclei, were disregarded in [35,
36]. The best description of the energy dependence of
the nuclear transparency was attained on the basis of
the EEI model, whose parameters were determined
from a fit to experimental data, including those on
inelastic-scattering processes [37].
The transparency of Li, C, and Al nuclei to neutral

and charged pions that was determined as a function
of energy according to (20) by using the empirical
data of the present study on the pionmean free path in
nuclear matter is shown in Fig. 7 by open and closed
circles, respectively. The data represented by open
boxes are the results obtained in [42], where the semi-
inclusive cross section for the reaction 12C(γ, π−)
was measured under kinematical conditions close to
those in the present study (θπ = 44.2◦ in the labora-
tory frame). The transparency was estimated there as
the ratio of the experimentally measured differential
cross section and the theoretical cross section cal-
culated in the plane-wave impulse approximation. In
Fig. 7, the notation for the theoretical estimates of
the nuclear transparency of C and Al from [35, 36] is
identical to that in Fig. 6. In [35], the pion mean free
path was determined in terms of the total cross sec-
tions for pion–nucleon interaction, while, in [36], the
pion–nucleus interaction included elastic-scattering
processes, scattering processes involving pion charge
exchange, and pion absorption by nucleon pairs.
As can be seen, the empirical transparencies of

the carbon nucleus to charged pions in the present
study comply well with those obtained in [42]. The
theoretical transparency reproduces satisfactorily the
empirical data at low pion energies, but it exceeds
them systematically at high pion energies. In relation
to the theoretical estimates, the energy dependence of
the empirical transparency is smoother.
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The mean free path averaged over the nuclear vol-
ume, λ̄, is a quantity of use for deriving a simplified
estimate of the final-state-interaction effect.
The concept of a mean free path as a global char-

acteristic of the nucleus is straightforwardly intro-
duced within the optical model for nuclei whose mat-
ter density is distributed uniformly [23]:

λ = − v

2W
.

In defining the particlemean free path in actual nuclei,
there arise difficulties generated by the presence of
a diffuse external boundary. One method for taking
into account the nonuniformity of the nuclear-density
distribution—it was employed in [43]—consists in
introducing, by analogy with (10), a local mean free
path λ(r) that is related to the local quantity W (r)
and in defining the global quantity λ̄ as the average of
λ(r) over the nuclear volume. Within this approach,
there arise problems associated with the behavior of
λ(r) near the nuclear surface.
The quantity λ is not additive, but the potential

possesses the property of additivity; therefore, we de-
fine λ̄ in terms of the average of the quantity inverse
to λ(r); that is,

1
λ̄

=
(

1
λ(r)

)
.

4
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In this case, λ̄ is expressed in terms of the mean depth
of the imaginary part of the optical potential.
Using expression (10) for λ(r), we obtain the fol-

lowing relation for the averaged mean free path of a
particle in nuclei:

1
λ̄
 1

λ0

v0

v̄

ρopt
ρ0

. (21)

Here, ρopt = 3/(4πR3
opt), where Ropt =√

5(〈r2
ch〉 + R2

s)/3 is the equivalent radius of a sphere
where the optical-potential density is uniform and
which corresponds to the root-mean-square charge
radius of the nucleus, 〈r2

ch〉1/2, and Rs = 1.4 fm is
the range of nucleon–nucleon and pion–nucleon
interactions.
In this approach to defining λ̄, the individual prop-

erties of a nucleus affect the mean free path through
the mean optical-potential density ρopt and the mean
group velocity of a particle, v̄, this velocity being
dependent on the depth of the real part of the optical
potential.
PH
At sufficiently high energies of a particle, the real
part of the optical potential has but a slight effect on
its velocity. Therefore, we can disregard the velocity
ratio v/v0 ≈ 1 in (10) and, accordingly, in (21).

Employing λ̄, we can determine the nuclear trans-
parency to a high precision under the assumption
that ρ(r) is constant in (20) and (10). In this case,
expression (20) for the transparency T assumes the
form

T =
3
x3

(
x2

2
− 1 + (1 + x) exp(−x)

)
, (22)

where x = 2Ropt/λ̄.

The A dependence of the nuclear transparency
according to the calculations performed on the basis
of (22) by using values estimated with the aid of
the experimental results quoted in Section 5 for the
proton mean free path in nuclear matter is given in
Fig. 8a along with data from [33], these values of λ̄
being the following:
Nucleus: 7Li 12C 27Al 40Ca 58Ni 181Ta 207Pb,

λ̄ [fm] : 14.6 ± 1.3 8.5 ± 0.8 6.4 ± 0.6 6.0 ± 0.6 5.1 ± 0.5 4.6 ± 0.5 4.0 ± 0.4.
The data of the present study, as well as those
from [33], were averaged over the proton-energy
range 180 ± 30 MeV. In estimating λ̄, use was made
of the values given in (4) for the root-mean-square
charge radii of the nuclei being considered.

Figure 8a also displays the data obtained in [37]
(inverted open triangles) within the EEI model and
the results of the calculation performed in [22]
(crosses) in the Glauber approximation with al-
lowance for nucleon–nucleon correlations in a nu-
cleus, the effective nucleon mass, and the Pauli
exclusion principle. As can be seen, the empirical
estimates of the nuclear transparency that were
derived in the present study and in [33] comply well
and are compatible with the results of the theoretical
calculations in Fig. 8a.

The empirical data in Fig. 8a are also of inter-
est in connection with the possibility of qualitatively
estimating of the influence of surface effects on the
transparency of nuclei. The ratio of the surface- to
the volume-effect contribution varies in proportion to
R−1. Since the width of the surface layer of nuclei
is approximately constant, effects such as reflection
accompanying a transition through the interface be-
tween two media in the optical model or the removal
of the excitation-quantum cloud from a quasiparti-
cle going over from a medium to a vacuum in field
theory [44] may be significant in light nuclei. In view
of this, our extrapolation of the data estimated for
light nuclei to the region of heavy nuclei may lead to
underestimating the transparency of nuclei like 181Ta.
Therefore, the fact that the results obtained in the
present study agree well with the experimental data
reported in [33] for the 181Ta nucleus is indicative of
the insignificance of the surface effect in the proton-
energy range under investigation, this being consis-
tent with estimates that follow from the theory of finite
Fermi systems [44].
The transparency of nuclei to negatively charged

pions of kinetic energy about 400 MeV as a function
of A is shown in Fig. 8b according to the calculations
performed on the basis of (22) with the aid of the λ̄
values from (21). Along with the data of the present
study and the estimate of the transparency of carbon
nuclei from [42], this figure also displays the results
of the experiment that was reported in [45] and which
furnished information about the transparency of the
Cu and Pb nuclei to negatively charged pions pro-
duced in A(γ, π−) reactions.
Just like the empirical data, the calculated trans-

parencies in Fig. 8b show significant distinctions.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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First of all, the distinctions between the values of the
rate at which the transparency changes in response
to the growth of the mass number A of the nucleus
catch the eye. In this respect, the data of the present
study and those from [35] are similar, while the A de-
pendence of the transparency in [36] is weaker. The
possible explanation for this is that, here and in [35],
the dependence of λ on the density of individual nuclei
was taken into account, while, in [36], the calculation
was performed for nuclei of density corresponding to
the radial-parameter value of r0 = 1.3 fm, this den-
sity being close to that of the carbon nucleus. At
the same time, it follows from the data on the root-
mean-square charge radii in (4) that, for nuclei in the
12C−207Pb range, the density changes by a factor of
about 1.5, so that the disregard of this circumstance
may increase the calculated transparency of heavy
nuclei and decrease it for nuclei like 7Li.
The distinction between the empirical estimates of

the transparency of Cu and Pb nuclei to negatively
charged pions in [45], on one hand, and the data of the
present study, on the other hand, is likely to be due to
different sensitivities of semi-inclusive cross sections
for (γ, π−) reactions and semiexclusive cross sec-
tions for (γ, π−p) reactions to inelastic-rescattering
effects. The data on the relevant (γ, π−p) reactions
were obtained by means of an experimental facility
that records two particles within narrow solid angles.
Therefore, pion rescattering on intranuclear nucleons
drives events off the spectrometer acceptance with a
higher probability. Such an effect is much weaker in
the case of (γ, π−) reactions. Moreover, the inaccu-
racy in measuring the photon energy was ±25 MeV
in [45]. Under such conditions, part of the inelastically
rescattered pions may remain within the acceptance
of the facility used even for considerable variations
in energy. According to the result of the analysis
performed in [42], the fraction of such events in the
reaction 12C(γ, π−) amounts to about 10% under the
kinematical conditions being considered. It is natural
to expect that, with increasing mass number of the
target nucleus, the contribution of rescattered pions
increases, which leads to an increase in the values
that are determined for the transparency of heavy and
medium-mass nuclei from data on (γ, π−) reactions.
On the other hand, the disagreement between the

data of the present study and the experimental data
from [45] for medium-mass and heavy nuclei may
partly be due to an overestimated extrapolation of the
contribution from surface effects (in just the same
way as in the case of protons, which was considered
above). For the pion–nucleus interaction, the most
significant surface effects are usually attributed to the
p-wave gradient term in a pion–nucleus optical po-
tential of the Kisslinger type [46], this term being ab-
sent in the Frank–Gammel–Watson model [12]. The
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measurements of the present study were performed
for light nuclei, where there is virtually no constant-
density region—the whole nucleus is a diffuse bound-
ary, so that the contribution of the gradient term of the
optical potential is present throughout the nucleus. In
heavy nuclei, the contribution of this optical-potential
component is operative only in a relatively narrow
surface layer; therefore, an extrapolation of data ob-
tained in experiments with light nuclei to the region
of heavy nuclei on the basis of the model proposed
in [12] may lead to somewhat underestimated results
for transparencies and mean free paths both in nuclei
and in nuclear matter. However, the fact that the esti-
mates obtained in the present study for the neutral-
pion mean free path in nuclear matter are in good
agreement with those extracted from the experimental
data reported in [26], which include data from mea-
surements for medium-mass and heavy nuclei, indi-
cates that, within the model used, the degree of the
aforementioned underestimation of the transparency
and the pion mean free path in heavy nuclei and in
nuclear matter is insignificant.

7. CONCLUSION

In the second resonance region of photon energies,
the differential production yields of π0p- and π−p
4
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pairs on Li, C, and Al nuclei have been measured
versus the proton energy and the azimuthal angle of
pion emission.
The resulting experimental data have been ana-

lyzed in the distorted-wave impulse approximation on
the basis of a model that includes both single and
double pion production. The mean free paths of 150-
to 270-MeV protons and 50- to 500-MeV neutral
and charged pions have been estimated by fitting
the calculated reaction yields to their experimental
counterparts.
The resulting estimate of the proton mean free

path complies with the prediction of the Walecka
model [21] and is compatible with the results pre-
sented in [19], where the mean free path was es-
timated on the basis of the proton–nucleus optical
potential whose parameters were obtained from a fit to
cross sections for elastic proton–nucleus scattering.
At common energy values, the neutral-pion mean

free path is in good agreement with the results
from [26], which were based on data from the mea-
surement of the semi-inclusive yield of neutral pions
from photon interactions with nuclei, and more than
two times shorter than the absorption length obtained
in [27] on the basis of cross sections for neutral-pion
production in collisions of 36Ar nuclei with 197Au
nuclei, this being at odds with theoretical estimates
of the distinction between these quantities at modest
pion energies [32]..
The transparency of nuclei to protons and pi-

ons produced in photon interactions with nuclei has
been calculated on the basis of empirical data on
mean free paths in nuclear matter. For protons of
energy 180MeV, the dependence of the nuclear trans-
parency on the mass number A of the target nu-
cleus is in good agreement with experimental data
on (e, e′p) reactions and with the theoretical esti-
mates of the nuclear transparency that are based on
the empirical-effective-interaction model [37] and the
Glauber model [22]. The resulting transparency of
nuclei to charged pions agrees with data on quasifree
pion photoproduction in the (γ, π−) reaction on a
carbon nucleus [42] and contradicts the results of a
similar experiment with copper and lead nuclei [45].
The transparencies of carbon and aluminum nuclei
are satisfactorily described at low pion energies by
the theoretical models proposed in [35, 36], but they
are systematically below the existing theoretical es-
timates in the high-energy part of the pion-energy
range investigated here.

ACKNOWLEDGMENTS

I am grateful to P.S. Anan’in and N.P. Fedorov for
assistance in the measurements, Yu.F. Krechetov and
PH
O.K. Saigushkin for stimulating discussions on the
problems considered in this article, and the personnel
of the Tomsk synchrotron for ensuring the required
regime of accelerator operation.
This work was supported in part by the Russian

Foundation for Basic Research (project no. 97-02-
17765).

REFERENCES
1. S. J. Brodsky, in Proceedings of the 13th Inter-

national Symposium on Multiparticle Dynamics
(World Sci., Singapore, 1982), p. 963.

2. A. H. Mueller, in Proceedings of the XVII Recon-
tre de Moriond (Editions Frontieres, Gif-sur-Yvette,
1982), p. 13.

3. J. Stachel et al., Phys. Rev. C 33, 1420 (1986).
4. D. N. Voskresenskiı̆ and A. V. Senatorov, Yad. Fiz. 53,
1521 (1991) [Sov. J. Nucl. Phys. 53, 935 (1991)].

5. N. C. R. Makins, R. Ent, M. S. Chapman, et al.,
Phys. Rev. Lett. 72, 1986 (1994).

6. I. V. Glavanakov, Yad. Fiz. 66, 819 (2003) [Phys. At.
Nucl. 66, 787 (2003)].

7. I. V. Glavanakov, Yad. Fiz. 49, 91 (1989) [Sov. J. Nucl.
Phys. 49, 58 (1989)].

8. I. V. Glavanakov, Yad. Fiz. 63, 2187 (2000) [Phys. At.
Nucl. 63, 2091 (2000)].

9. L. Elton, Nuclear Sizes (Oxford, 1961; Inostr. Lit.,
Moscow, 1962).

10. R. C. Barrett and D. F. Jackson, Nuclear Sizes and
Structure (Clarendon, Oxford, 1977; Naukova Dum-
ka, Kiev, 1981).

11. H. Genzel, P. Joos, and W. Pfail, Photoproduction
of Elementary Particles (Springer-Verlag, Berlin,
1973).

12. R. M. Frank, J. L. Gammel, and K. M.Watson, Phys.
Rev. 101, 891 (1956).

13. H. A. Bethe, Ann. Rev. Nucl. Sci. 21, 93 (1971).
14. I. V. Glavanakov, Yad. Fiz. 55, 2701 (1992) [Sov. J.

Nucl. Phys. 55, 1508 (1992)].
15. W. T. Eadie et al., Statistical Methods and Exper-

imental Physics (North-Holland, Amsterdam, 1971;
Atomizdat, Moscow, 1976).

16. I. V. Glavanakov and Y. F. Krechetov, in Proceedings
of the 9th Seminar of Electromagnetic Interac-
tion of Nuclei at Low and Medium Energies (INR,
Moscow, 2001), p. 151.

17. P. U. Renberg et al., Nucl. Phys. A 183, 81 (1972).
18. A. Nadasen et al., Phys. Rev. C 23, 1023 (1981).
19. E. D. Cooper, S.Hama, B. C. Clark, and R. L.Mercer,

Phys. Rev. C 47, 297 (1993).
20. G. Li, R. Machleidt, and Y. Zhuo, Phys. Rev. C 48,

1062 (1993).
21. B. Serot and J. Walecka, Adv. Nucl. Phys. 16, 1

(1986).
22. V. R. Pandharipande and S. C. Pieper, Phys. Rev. C

45, 791 (1992).
23. J. W. Negele and K. Yazaki, Phys. Rev. Lett. 47, 71

(1981).
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004



TRANSPARENCY OF NUCLEI 1595
24. S. Fantoni, B. L. Friman, and V. R. Pandharipande,
Phys. Lett. B 104B, 89 (1981).

25. L. W. Chen, F. S. Zhang, Z. H. Lu, and H. R. Ma,
Phys. Rev. C 64, 064315 (2001).

26. G. N. Dudkin, V. N. Eponeshnikov, Yu. F. Krechetov,
and V. A. Trasuchev, Yad. Fiz. 19, 311 (1974) [Sov. J.
Nucl. Phys. 19, 153 (1974)].

27. R. Holzmann, A. Schubert, S. Hlavác̆, et al., Phys.
Lett. B 336, 63 (1996).

28. R.Mehrem, H. Radi, and J. Rasmussen, Phys. Rev. C
30, 301 (1984).

29. G. N. Dudkin, Candidate’s Dissertation in Mathe-
matical Physics (Tomsk, 1978).

30. W. Gassing, V. Metag, U. Mosel, and K. Niita, Phys.
Rep. 188, 365 (1990).

31. J. Carr, H. McManus, and K. Stricker, Phys. Rev. C
25, 952 (1982).

32. P. Hecking, Phys. Lett. B 103B, 401 (1981).
33. G. Garino, M. Saber, R. E. Segel, et al., Phys. Rev. C

45, 780 (1992).
34. I. V. Glavanakov, Yad. Fiz. 31, 342 (1980) [Sov. J.

Nucl. Phys. 31, 181 (1980)].
35. H. G. de Carvalho, J. B. Martins, O. A. P. Tavares,

et al., Lett. Nuovo Cimento 2, 1139 (1971).
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
36. N. L. Emets, V. I. Noga, G. D. Pugachev, and
Yu. N. Ranyuk, Vopr. At. Nauki Tekh., Ser. Fiz.
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Abstract—On the basis of the field relativistic theory of gravity, an upper limit on the graviton mass,mg ≤
1.6× 10−66 g, is obtained at a 95% C.L. by using data on the density parameter Ωtot. Within one standard
deviation, the probable value of the graviton mass is mg = 1.3× 10−66 g. It is indicated that, according
to the relativistic theory of gravity, the existence of quintessence is needed for explaining the accelerated
expansion of the Universe. Experimental data on the age of the Universe and on the density of cold matter
make it possible to determine the allowed interval of the parameter ν that enters into the equation of state
for the quintessence and to indicate the instants of time that correspond to the beginning and cessation
of the era of accelerated expansion, as well as the maximum-expansion time, which corresponds to the
half-period of the oscillatory evolution of the Universe. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The discovery of the accelerated expansion of the
Universe [1–3] made us revise many well-established
ideas of its content and the character of its evolution.
One of the popular explanations of accelerated expan-
sion is based on the assumption that the cosmological
constant Λ does not vanish, which is equivalent to the
existence of a nonzero vacuum energy εvac and of the
respective negative pressure Pvac = −εvac [4–8]. This
assumption implies an indefinite inflationary expan-
sion of the Universe, the rate of such an expansion
being at least 60 orders of magnitude less than the
rate of primary inflationary expansion from the Planck
scale (the latter is introduced to solve the horizon
problem and to explain why the three-dimensional
space is flat). However, the observed accelerated ex-
pansion of the Universe can also be explained by in-
troducing the concept of quintessence [9–11], which
is defined as a special substance in the Universe, its
equation of state being

Pq = −(1− ν)εq

(
0 < ν <

2
3

)
, (1)

where εq is the quintessence energy density and Pq is
the quintessence pressure.
In the field relativistic theory of gravity (RTG) [12,

13], the gravitational field is considered as a phys-
ical field in Minkowski space; therefore, an indefi-
nite expansion of the Universe is inconsistent with

*e-mail: gershtein@mx.ihep.su
**e-mail: logunov@mx.ihep.su
***e-mail: tkachenkon@mx.ihep.su
1063-7788/04/6708-1596$26.00 c©
this theory. It was shown in [14] that the concept of
quintessence (1) must be introduced in order to ex-
plain the observed accelerated expansion of the Uni-
verse within RTG. In accordance with RTG, the Uni-
verse must undergo a cyclic evolution. The present
study was motivated by the appearance of new exper-
imental data and by the importance of the problem.

We will show that, according to RTG, where there
is no cosmological singularity and where our three-
dimensional space is flat, the existence of a graviton
mass with ν > 0 results in that the currently observed
accelerated expansion of the Universe will give way
to a decelerated expansion, which will then terminate,
whereupon the compression of the Universe will be-
gin and continue until the scale factor falls to some
minimum value; after that, a new era of expansion will
begin.

The ensuing exposition is organized as follows.
The fundamentals of RTG are outlined in Section 2.
The predictions of RTG for the evolution of the ho-
mogeneous and isotropic Universe are presented in
Section 3. An upper limit on the graviton mass at
a 95% C.L. is obtained in Section 4 from the re-
sults of recent measurements of the cosmological
parameter Ω tot. A possible value of the graviton mass
is estimated within one standard deviation. For the
parameter ν, the allowed range of values that is con-
sistent with current data on the age of the Universe
and with other measured cosmological parameters is
obtained in Section 5. The instant of the beginning
and the instant of cessation of the currently observed
accelerated expansion of the Universe are estimated
2004 MAIK “Nauka/Interperiodica”
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in Section 6, along with the period of the oscillations
of the Universe.

2. FUNDAMENTALS OF RTG

The underlying assumption of RTG is that, just
as other fields, the gravitational field is a field in
Minkowski space, its source being the energy–
momentum tensor generated by all matter fields,
including the gravitational field, and conserved in
Minkowski space. This approach is in line with that
which is adopted in the modern gauge theories of
electroweak interactions and in QCD, where con-
served charges and the respective currents provide
a source of vector fields. Since a source of the grav-
itational field is provided by the energy–momentum
tensor, the gravitational field is described by the rank-
2 tensor ϕµν , and it is owing to this property that the
“geometrization” of the theory becomes possible in
its subsequent development. The basic set of RTG
equations has the form [12, 13] (� = c = 1)

(γαβDαDβ +m2
g)ϕ̃

µν = 16πGtµν , (2)

Dνϕ̃
µν = 0, (3)

where Dα is a covariant derivative in Minkowski
space specified by the metric tensor γαβ , ϕ̃µν is the
gravitational-field density, and tµν is the density of the
energy–momentum tensor. Specifically, we have

ϕ̃µν =
√
−γ · ϕµν , γ = det(γµν) = det(γ̃µν),

tµν = −2
δL

δγµν
,

where L is the Lagrangian density for matter and
the gravitational field. Equation (3) ensures the con-
servation of the total energy–momentum tensor and
isolates polarization states corresponding to spin-2
and spin-0 gravitons, excluding spin-1 and spin-0′

states (in just the same way as the Lorentz condition
in electrodynamics excludes the spin-0 photon). For
the set of Eqs. (2) and (3) to be a consequence of
the minimum-action principle, that is, of the Euler
equations1)

δL

δϕ̃µν
= 0,

δLM

δϕ̃k
= 0, (4)

it is necessary and sufficient that the densities of the
tensor ϕ̃µν and the metric tensor γ̃µν in Minkowski

1)Here, LM (γ̃µν , ϕ̃µν , ϕ̃k) is the Lagrangian density that de-
scribes matter and which is associated with the motion of
matter fields ϕk in a gravitational field and L is the density of
the total Lagrangian, which includes the gravitational-field
Lagrangian Lg.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 200
space enter into the Lagrangian for matter only in the
combination [12, 13]

ϕ̃µν + γ̃µν = g̃µν ; g̃µν =
√
−g · gµν ;

g = det(g̃µν) = det gµν .

Thus, we obtain

L = Lg + LM (g̃µν , ϕ̃k)

and themotion of matter in a gravitational field occurs
as if it took place in an effective Riemann space char-
acterized by the metric tensor gµν . All crucial distinc-
tions between the Einstein general theory of relativity
and RTG stem from the fact that, within RTG, the
gravitational field is considered as a physical field
in Minkowski space. It is precisely this approach
that inevitably leads to a graviton mass. The equa-
tions of gravity that involve a nonzero graviton mass
have long since been known (see, for example, [15]).
However, they were written only in inertial reference
frames because the special theory of relativity was
considered to be valid only for such frames. For this
reason, these equations were not generally covariant
and, in view of this, have not yet received proper
attention. In RTG, it is considered that, inMinkowski
space, one can use arbitrary reference frames (includ-
ing accelerated ones) such that the metric coefficients
γµν form a tensor with respect to arbitrary coordi-
nate transformations. This is precisely the reason why
Eqs. (2) and (3) are generally covariant.

In RTG, a nonzero value of the graviton mass is
required because, otherwise, the gravitational field
ϕµν , generated by the total energy–momentum ten-
sor satisfying the conservation law, possesses a group
of gauge transformations [12, 13] (see also [16]).
As a result, some observable quantities, including
the metric tensor of the effective Riemann space
and its curvature, prove to be gauge-dependent.
The graviton mass breaks gauge symmetry, thereby
making observable quantities independent of arbi-
trariness, without violating the general covariance
of the equations of the gravitational field. In the
Lagrangian for the gravitational field, the mechanism
of gauge-symmetry breaking via the introduction of a
nonzero gravitonmass is represented by a termwhose
structure was unambiguously fixed in [12, 13]. As a
result, the equations of motion of the gravitational
field and matter take the form

Rµν − 1
2
gµνR+

1
2

(mgc

�

)2
(5)

×
[
gµν +

(
gµαgνβ − 1

2
gµνgαβ

)
γαβ

]
= 8πGT µν ,

Dµg̃
µν = 0, (6)
4
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where Rµν and R are the respective curvatures in
the effective Riemann space and T µν is the energy–
momentum tensor of matter there,

√
−g · T µν = −2

δLM

δgµν
.

Equations (5) and (6) transform covariantly under
general coordinate transformations, their form be-
ing invariant under Lorentz transformations. Since
mg �= 0, the connection between the effective Rie-
mann space and the metric tensor γαβ of the underly-
ing Minkowski space is retained in Eq. (5).
Equations (5) and (6) form a complete set of equa-

tions. It should be emphasized that relation (6) is pre-
cisely an equation that follows from the conservation
of the total energy–momentum tensor [or, equiva-
lently, from Eq. (4) for matter fields] rather than an
auxiliary condition. With allowance for all of the ex-
isting estimates of the graviton mass (see Section 4),
Eqs. (5) and (6) comply well with all relativistic grav-
itational effects observed in the solar system.

3. EVOLUTION OF THE HOMOGENEOUS
AND ISOTROPIC UNIVERSE IN RTG

In the case of a homogeneous and isotropic uni-
verse, the expression for an interval between events in
the effective Riemann space can be expressed in terms
of the Friedmann–Robertson–Walker metric as

ds2 = U(t)(dx0)2 − V (t) (7)

×
[

dr2

1− kr2
+ r2(dΘ2 + sin2 Θdϕ2)

]
,

where k = 1, −1, and 0 correspond to a closed (el-
liptic), an open (hyperbolic), and a flat (parabolic)
universe, respectively.
For the metric in (7), Eqs. (6) take the form

∂

∂t

(
V 3

U

)
= 0, (8)

∂

∂r

(
r2
√

1− kr2
)
− 2r

(
1− kr2

)−1/2 = 0. (9)

From Eq. (8), it follows that V 3/U = const or

V = βU1/3; β = const. (10)

Equation (9) can hold only at k = 0.
Thus, it immediately follows from Eq. (6) that the

Universe is flat in spatial directions even if there was
no primary inflationary expansion. This result was
first obtained in [17]. That, in RTG, only one (flat)
solution (k = 0) is obtained for a homogeneous and
isotropic universe, instead of the three Friedmann
solutions, is quite natural since Eqs. (5) and (6),
PH
together with the equation of state for T µν , form a
complete set of equations that has only one solution.
Introducing the proper time

dτ = U1/2dt

and the notation

a2(τ) = U1/3,

we can recast expression (7) for the interval into the
form

ds2 = c2dτ2 − βa2(τ)[dr2 (11)

+r2(dΘ2 + sin2 ΘdΦ2)].

With allowance for expression (11), Eq. (5) for a ho-
mogeneous and isotropic universe takes the form [12,
13] (

1
a

da

dτ

)2

=
8πG
3

ρ− 1
6

(
mgc

2

�

)2

(12)

×
(
1− 3

2βa2
+

1
2a6

)
,

1
a

d2a

dτ2
= −4πG

3

(
ρ+

3P
c2

)
− 1

6

(
mgc

2

�

)2

(13)

×
(
1− 1

a6

)
,

where ρ is the total density of matter and P is the
respective pressure.
The constant β that was defined in (10) and which

appears in Eq. (12) has a simple physical meaning.
If the gravitational field ϕµν is a physical field in
Minkowski space, the causality principle must hold,
which implies that the trajectory of a particle moving
in a gravitational field must lie within the light cone
in Minkowski space. Given expression (11) for the
interval, this leads to the inequality

a2(τ)
[
a4(τ)− β

]
≤ 0.

Thus, the constant β determines the maximum value
of the scale factor [12, 13],

a4
max = β.

Therefore, an indefinite increase in the scale fac-
tor a(τ)—that is, an unbounded expansion of the
Universe—is impossible in RTG.2)

2)Here, we adhere to the conventional term the “expansion”
of the Universe, although the Universe is in fact infinite:
the coordinate r that appears in expression (11) for the
interval varies over the range 0 < r < ∞. An increase in
the distances between galaxies, which is determined from
the redshift and which is interpreted in terms of the Doppler
effect, is associated with the fact that light from far galaxies
is emitted in a gravitational field stronger than the field at the
instant of the detection of the light signal by an observer.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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In view of Eq. (12), this requirement is satisfied
owing to a nonvanishing graviton mass, provided
that the matter density ρ is a decreasing function of
the scale factor a. According to (12), the minimum
value of ρ corresponding to the cessation of expansion
(da/dτ = 0, a � 1) is

ρmin =
1

16πG

(
mgc

2

�

)2

. (14)

If the equation of state for matter is represented in
the form (1), it is well known from the first law of
thermodynamics that the dependence of ρ on the scale
factor a is given by

ρ =
const
a3ν

, (15)

where ν = 4/3 for relativistic matter (radiation and
“light” neutrinos) and ν = 1 for baryon matter and
cold dark mass. According to (13), cold matter and
radiation must lead to the deceleration of expansion.
In order to explain the accelerated expansion of the
Universe, one has to assume that, in the Universe,
there is a “dark” energy Ex satisfying the condi-
tion (

ρx +
3Px

c2

)
< 0.

In this case, it follows from the equation of state (1)
that

ρx +
3Px

c2
= −2ρx

(
1− 3

2
ν

)
.

For the expansion of the Universe to be accelerated,
it is therefore necessary that

0 ≤ ν <
2
3
.

The value of ν = 0 corresponds to the presence of
the vacuum-energy density εvac = ρvacc

2 and the
pressure Pvac = −εvac. In this case, ρvac is inde-
pendent of the scale factor and, over the range
ρvac > ρmin [ρmin is given by (14)], the expansion
of the Universe is unbounded according to (12)
and (13). For this reason, a nonvanishing value of
the vacuum energy density, εvac �= 0, is inconsis-
tent with RTG in Minkowski space. This is quite
natural since the vacuum-energy density in a flat
space cannot be different from zero. Within RTG,
the accelerated expansion of the Universe can be
explained only by the presence of quintessence (1)
with ν > 0 (strict inequality). In this case, the dark-
energy density must decrease with increasing scale
factor according to (15). At sufficiently large values
of the scale factor, it follows from (12) and (13)
that, at a nonzero graviton mass, the expansion of
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 20
Table 1 (borrowed from [26])

Ω0
tot

B98 + DMR 1.15+0.10
−0.09

MAXIMA-1 + DMR 1.01+0.09
−0.09

B98 + MAXIMA1 + DMR 1.11+0.07
−0.07

CMB + LSS 1.11+0.05
−0.05

CMB + SN1a 1.09+0.06
−0.05

CMB + SN1a+LSS 1.06+0.04
−0.04

the Universe will turn stop, whereupon the com-
pression of the Universe will begin. This compres-
sion will in turn stop at some minimum value of
the scale factor, amin �= 0. To demonstrate this, we
note that the negative term on the right-hand side
of Eq. (12) increases in proportion to m2

ga
−6 for

a → 0. Since the left-hand side of this equation is
positive definite, this growth must be compensated
for by an increase in the density ρ (at the radiation-
dominated stage, the density grows according to the
ρ ∼ 1/a4 law), but this is possible only if amin �=
0. As soon as the point a = amin is reached, a
new era of the expansion of the Universe begins.
Thus, the term proportional to m2

g in Eqs. (12)
and (13) removes both a cosmological singularity
and the possibility of an indefinite expansion of the
Universe. To put it differently, the evolution of the
Universe in RTG must be oscillatory owing to a
nonzero graviton mass. Current experimental data
allow us to set limits on the graviton mass and,
on this basis, to estimate the period of the oscilla-
tions.

4. Ωtot AND ESTIMATION
OF THE POSSIBLE GRAVITON MASS

Soon after the discovery of cosmic microwave
background radiation, Sunyaev and Zeldovich [18]
performed a detailed quantitative analysis of pro-
cesses that occurred in the era of hydrogen recom-
bination and photon decoupling from matter. Among
other things, they showed that, in the hydrogen-
recombination era, adiabatic perturbations (sound
waves) in a plasma must have given rise to the
angular anisotropy of the observed cosmic microwave
background radiation. By studying this anisotropy,
one can determine some important cosmological
parameters (see also earlier studies of Silk [19] and a
04
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subsequent consideration in [20–22]).3) The required
precision in measuring angular correlations in the
spectrum of cosmic microwave background radiation
was discussed in detail in [23, 24]. Measurement
of angular distributions of cosmic microwave back-
ground radiation makes it possible to determine a
number of cosmological parameters, including Ω0

tot,
which is defined as the ratio of the total matter
density ρ to the present-day value of the critical
density ρ0

c ,

Ω0
tot = ρ/ρ0

c(ρ
0
c = 3H2

0/(8πG)),

where H0 is the present-day value of the Hubble
constant [25]:

H0 = h(9.77813 × 109 yr)−1, h = 0.71 ± 0.07.

Jaffe et al. [26] performed a global analysis of
the BOOMERANG-98 [27] and Maxima-1 [28] ex-
periments, invoking data from the earlier experiment
COBE DMR [29], as well as data obtained from
the observation of the supernova SN1a [1, 2] and
large-scale structures in the Universe [30, 31]. The
results of this global analysis indicate [26] that the
average values of Ωtot derived from various combina-
tions of experiments exceed unity (see Table 1 taken
from [26]).

At a 68% C.L., Ωtot is [26]

Ω0
tot = 1.11 ± 0.07, (16)

whereas Ω0
tot in the inflation theory of the early Uni-

verse [4–8] is unity to a high degree of precision.
For this reason, the fact that the values of Ω0

tot that
were obtained in various experiments systematically
exceed unity is of particular interest, even though the
results of the analysis in [26] are consistent with the
value of Ω0

tot = 1 at a 95% C.L.:

Ωtot = 1.11+0.13
−0.12. (17)

Assuming that a � 1 and dividing both sides of
Eq. (12) (written for the present-day values) by the
square of the Hubble constant, H2

0 , we do indeed
arrive at

Ω0
tot = 1 + f2/6, (18)

3)Sakharov [Zh. Eksp. Teor. Fiz. 49, 345 (1965)] considered
primary quantum fluctuations in the early (cold) Universe.
His conclusion was as follows: provided that pressure can be
neglected, the amplitudes of adiabatic perturbations in mat-
ter have a periodic dependence on the wavelength. Sunyaev
and Zeldovich [18] indicated that this circumstance affects
the anisotropy of cosmic microwave background radiation
that emerges at the end of the hydrogen-recombination era.
PH
where f = mgc
2/(�H0). It is convenient to represent

f as the ratio of the gravitonmass to the quantitym0
H,

which could be called a “Hubble mass”:

m0
H =

�H0

c2
= 3.8× 10−66h [g],

f = mg/m
0
H. (19)

Relations (18) and (19) make it possible to estimate
the graviton mass straightforwardly. From formu-
las (17) and (18), we derive an upper limit on the
graviton mass,

mg ≤ 1.2m0
H (95% C.L.).

At the same time, this does not rule out the possibility,
at a 68% C.L., that, according to (16)–(18), the
graviton mass is

mg = (0.8+0.2
−0.3)m

0
H.

Preliminary data from the WMAP experiment [31],
which were published quite recently, permit refining
the above estimates of the graviton mass. These data
yield

Ω0
tot = 1.02 ± 0.02. (20)

At a level of two standard deviations, it then follows
that f2/6 < 0.06 with an accuracy of 2σ; that is,

mg ≤ 0.6m0
H = 1.6× 10−66 g (for h = 0.71).

At the same time, the upper limit Ω0
tot = 1.04 in (20)

agrees with the lower value in (16) within one stan-
dard deviation. This cannot rule out the possibility
that
f2

6
= 0.04 andmg ≈ 0.5m0

H = 1.3 × 10−66 g. (21)

In what follows, this value of the gravitonmass is used
for further estimates.4)

5. AGE OF THE UNIVERSE AND LIMITS
ON THE QUINTESSENCE PARAMETER ν

Since the time it takes for the scale factor a to in-
crease from its minimum value amin to a value typical
of the Friedmann evolution regime is negligible and
since the duration of the radiation-dominated stage
of expansion is at least four orders of magnitude less
than the age of the Universe, we can reckon the age

4)It was indicated [25] that all estimates of the graviton mass
are based on the assumption that, formg �= 0, the potential
of a weak gravitational field is of the Yukawa type. This is so
in RTG as well [see Eq. (2)]. The best earlier estimatemg <

5× 10−62 g was obtained from the gravitational interactions
between galaxies in a cluster of size 500 kpc. The above
limits rely on observations at distances of about c/H0 and
are therefore four orders of magnitude more stringent.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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of the Universe from the beginning of the matter-
dominated stage, assuming that the density of cold
matter (including baryons) is ρm = ρ0

m/x3, where ρ0
m

is the present-day density and x is the ratio of the
scale factor a(τ) to its present-day value a0,

x = a(τ)/a0.

Similarly, the quintessence density can be repre-
sented in the form

ρq =
ρ0

q

x3ν
,

where ρ0
q is its present-day value. Equation (12) then

takes the form(
1
x

dx

dτ

)2

= H2
0

(
Ω0

m

x3
+

Ω0
q

x3ν
− f2

6

)
, (22)

where

Ω0
m =

ρ0
m

ρ0
c

and Ω0
q =

ρ0
q

ρ0
c

.

From Eq. (22), it follows that

dτ =
1
H0

x1/2dx√
F (x)

,

where

F (x) = Ω0
m +Ω0

qx
3(1−ν) − f2

6
x3. (23)

Thus, the age of the Universe today t0 is given by

t0 =
1
H0

1∫
0

x1/2dx√
F (x)

. (24)

The time of the beginning (t1) and the cessation (t2)
of the observed accelerated expansion are

t1(2) =
1
H0

x1(x2)∫
0

x1/2dx√
F (x)

,

where x1 and x2 are roots of the equation

Ω0
m − 2Ω0

q

(
1− 3

2
ν

)
x3(1−ν) +

f2

3
x3 = 0,

which is merely the condition that the acceleration
in (13) is equal to zero. The maximum time of ex-
pansion (that is, the oscillation half-period T0/2) is
determined by an integral similar to that in (24); that
is,

T0

2
=

1
H0

xmax∫
0

x1/2dx√
F (x)

,
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Fig. 1. Region of allowed values of the parameter ν

for Ωtot = 1.04, 0.126 ≤ ωm ≤ 0.143, and 13.5 × 109 <
t0 < 13.9 × 109 years.

where xmax is a root of the equation

F (xmax) = 0. (25)

The result obtained in [31] for the age of the Universe
today, t0 = (13.7± 0.2)× 109 yr, makes it possible to
set limits on the range of the quintessence parameter
ν at a nonzero graviton mass. Since the WMAP
experiment [31] yielded the value of ωm = Ω0

mh2 =
0.135+0.008

−0.009 and since Ω
0
q = Ω0

Λ = Ωtot − Ω0
m [where,

for the graviton mass set to the value in (21), Ωtot =
1.04], it follows from (23) and (24) that, over the
range ω̄m −∆ωm < ωm < ω̄m +∆ωm, the age of the
Universe today acquires an additional dependence on
h and ν. Owing to this, one can find the region of
allowed values of ν, which prove to be consistent
with the interval determined in [31] for the age of the
Universe.5) The resulting allowed region6) is shown in
Fig. 1.

It is interesting to note that, for 0.64 < h < 0.67,
the interval adopted here for the age of the Uni-
verse today requires the existence of quintessence
with νmin > 0. The value of ν can in principle be deter-
mined upon refining data on Ω0

m and Ω0
Λ (we assume

that Ω0
Λ = Ω0

q) and the acceleration q0. According
to (13), we have

q0 =
ä0

a0H2
0

=
(
1− 3

2
ν

)
Ω0

q −
Ω0

m

2
− f2

6
. (26)

5)This interval for the age of the Universe, 13.5 × 109 ≤
t0 ≤ 13.9 × 109 yr, is chosen here despite the fact that
its determination is model-dependent to some extent [see
N.P. Tkachenko, IHEP preprint (2003)].

6)According to Particle Data Group [25], the allowed interval
for h is 0.64 ≤ h ≤ 0.78.
4
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Fig. 2. Time of the (a) beginning (t1) and (b) cessation
(t2) of the accelerated expansion of the Universe ver-
sus h at ν = 0.05 for Ωtot = 1.04 and 13.5 × 109 < t0 <
13.9 × 109 yr and at ν = 0.05 for 0.126 < ωm < 0.143.

Eliminating the quantity f2/6 from this relation and
making use of (18), we arrive at

3
2
νΩ0

q = 1− q0 −
3
2
Ω0

m. (27)

The condition

q0 < 1− 3
2
Ω0

m,

which is necessary for the inequality ν > 0 in for-
mula (27) to be valid, is consistent with currently
available data. Using Eq. (27), taking the value of
q0 = 0.32± 0.16 for the acceleration, and setting
Ω0

m = 0.27 and Ω0
q = Ω0

Λ = 0.73 [31], we obtain ν̄ =
0.25; within one standard deviation, we have 0.05 <
ν < 0.43.

6. INSTANTS OF THE BEGINNING
AND CESSATION OF THE ACCELERATED

EXPANSION AND PERIOD
OF OSCILLATIONS

Using the estimate in (21) for the graviton mass
and the measured values of ωm = Ω0

mh2 = 0.135+0.08
−0.09

[31], we can plot the present-day age of the Universe,
as well as the instants of the beginning (t1) and
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Fig. 3. As in Fig. 2 but for ν = 0.20.

cessation (t2) of the accelerated expansion, versus h
for various possible values of ν (see Figs. 2, 3).
These plots demonstrate that the instant t1 at

which the accelerated expansion begins is not sen-
sitive to variations in the graviton mass and to vari-
ations in the parameter ν over the range (7−8)×
109 yr, the minimum value of t1 ≈ 7× 109 yr being
associated with the maximum h value consistent with
the interval chosen for the age of the Universe. The
beginning of the acceleration of the expansion of the
Universe at t1 ≈ 7× 109 yr explains the observa-
tional paradox that the Hubble expansion law is valid
even for relatively small distances of about a few tens
of Mpc (see, for example, [32]). With increasing ν,
the range of h values corresponding to the interval
adopted for the age of the Universe is shifted toward
lower values of h. For example, we have 0.65 ≤ h ≤
0.71 at ν = 0.05 and 0.64 ≤ h ≤ 0.69 at ν = 0.20.
The instant corresponding to the cessation of the
accelerated expansion and, hence, to the beginning of
the deceleration, which leads to the termination of the
expansion, depends greatly on the parameter ν (see
Table 2).
As was indicated above, an indefinite expansion of

the Universe is inconsistent with RTG in Minkowski
space. For this reason, the only way to explain the ob-
served accelerated expansion of the Universe within
RTG is to assume the existence of quintessence or
HYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Fig. 4. Time of the maximum expansion of the Uni-
verse as a function of h at various values of ν for Ωtot =
1.04, 13.5 × 109 < t0 < 13.9 × 109 yr, and 0.126 <
ωm < 0.143.

some analogous substance whose density decreases
with increasing scale factor, but not faster than in
proportion to const/a2. The termination of the ex-
pansion of the Universe follows from the finiteness of
the graviton mass in RTG. At this instant, the matter
density attains the minimum value in (14).
The scale factor corresponding to the termination

of the expansion, xmax, is determined by a root of
Eq. (25). At small values of ν, it is given by

xmax �
(

Ω0
q

f2/6

)1/3ν

to a high degree of precision. In the approximation
used here, the relation between the scale factor xmax
and the scale factor x2 corresponding to the cessation
of the accelerated expansion has the form

x2 =
(
1− 3

2
ν

)1/3ν

xmax ≈
xmax√

e
.

Table 2. Instants of beginning (t1) and cessation (t2) of the
accelerated expansion of the Universe and instant tmax of
the maximum expansion corresponding to the half-period
of oscillations (in billions of years)

ν t1 t2 tmax

0.05 7.0–8.2 980–1080 1220–1360

0.10 7.0–8.2 440–485 620–685

0.15 7.1–8.3 275–295 430–460

0.20 7.1–8.3 190–205 325–347

0.25 7.2–8.5 142–149 263–280

0.30 7.5–8.7 109–113 227–235
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At the graviton mass set to the value in (21), the
time of the maximum expansion (it corresponds to the
half-period of oscillations) of the Universe is about
1300 × 109 yr at ν = 0.05, about 650× 109 yr at ν =
0.10, and 270 × 109 yr at ν = 0.25 (see Fig. 4 and
Table 2).
It is of interest that the minimum density value

ρmin attained at the instant under consideration is
independent of the maximum-expansion time tmax
and proves to be not overly small. From (14), (18),
and (19), we do indeed obtain

ρmin
ρ0

c

≈ f2

6
= Ω0

tot − 1.

At the chosen value in (21), we arrive at ρmin �
0.04ρ0

c .
The idea of an oscillating universe was repeatedly

proposed earlier, mainly on the basis of philosophi-
cal considerations (see, for example, [33, 34]). This
could in principle be expected in the closed Fried-
mann model for Ωtot > 1. However, the existence of
a cosmological singularity and an increase in the
entropy from one cycle to another [35] are factors
that prevent the realization of the oscillatory regime
of evolution in the Friedmann model. These diffi-
culties are removed in RTG for an infinite universe.
Moreover, the homogeneity currently observed in the
Universe at large scales can be explained by the os-
cillating character of evolution featuring an infinite
number of preceding cycles.
Appealing features of a theory where the evolution

of the Universe has an oscillatory character were
highlighted by Steinhardt and Turok [36]. In their
study, the oscillations of the Universe are due to the
introduction of a scalar field ϕ interacting with matter
and to extra dimensions. Those authors argued that
the era of accelerated expansion plays a crucial role
for entropy conservation throughout each cycle of
the evolution. Within RTG, the oscillations of the
Universe are governed exclusively by the gravitational
field treated as a physical field in Minkowski space
and generated by the total energy–momentum tensor
of matter [see Eqs. (5) and (6)].
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(1982) [Sov. Phys. JETP 56, 705 (1982)].
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FUTURE PUBLICATIONS
Collinearity in the Channels Leading to the Production of Three and Four α Particles
in 16Oррр Collisions at 3.25 GeV/с per Nucleon

E. Kh. Bazarov, V. V. Glagolev, K. G. Gulamov, V. V. Lugovoi, S. L. Lutpullaev, K. Olimov, А. А. Yuldashev,
B. S. Yuldashev, and Kh. Sh. Khamidov

Within the phenomenological model of an isotropic phase space, it is shown that an experimentally observed
collinearity in the channels involving the production of three and four alpha particles in 16Ор collisions is
associated with the production of unstable 8Be and 9B nuclei.

Elastic and Inelastic Scattering of 800-MeV Protons on 16O and 20Ne Nuclei
Yu. А. Berezhnoy, V. P. Mikhailyuk, and V. V. Pilipenko

Within the theory of multiple diffractive scattering and the dispersive alpha-cluster model, differential cross
sections and polarization observables are calculated for the elastic and inelastic scattering of 800-MeV protons
on 16O and 20Ne nuclei. The single-particle nucleon-density distributions obtained within the dispersive
alpha-cluster model are used in the calculations. The differential cross sections and polarizations calculated
for elastic and inelastic p16O and p20Ne scattering are consistent with available experimental data. The spin-
rotation functions calculated for elastic p16O and p20Ne scattering within the model of independent nucleons
differ quantitatively from those calculated within the dispersive alpha-cluster model.

Investigation of the Neutron Shell Structure of Even–Even 40−56Са Isotopes
within the Dispersive Optical Model

О. V. Bespalova, I. N. Boboshin, V. V. Varlamov, Т. А. Ermakova, B. S. Ishkhanov, Е. А. Romanovsky,
Т. I. Spasskaya, and Т. P. Timokhina

Within the method of matching the experimental data obtained in the neutron-stripping and neutron-
pickup reactions on 40,42,44,46,48Ca isotopes, the single-particle energies and probabilities that neutron states
are filled are obtained for even–even calcium isotopes. These data are analyzed within the dispersive optical
model, and good agreement between the calculated and experimental values of the energies of states is
obtained. The dispersive optical potential is extrapolated to the region of unstable 50,52,54,56Ca nuclei. The
calculated single-particle energies of bound states in these isotopes are compared with the results of the
calculations within the multiparticle shell model, which predicts a new magic number of N = 34 for Z = 20
nuclei.

Modification of the Jet-Fragmentation Function in Ultrarelativistic Collisions of Nuclei
and Its Determination in the Channel Involving the Production of a Leading π0 Meson

I. N. Vardanyan, I. P. Lokhtin, L. I. Sarycheva, А. М. Snigirev, and K. Yu. Teplov

Amodification of the jet-fragmentation function determined by parton-energy losses in dense quark–gluon
matter is investigated in channels involving leading-particle production. It is shown that the effect of the
softening of the jet-fragmentation function is determined by the angular distribution of gluons emitted in a
medium and that it anticorrelates with the effect of the suppression of the total number of jets due to the energy
losses of jet partons off the jet cone. The possibility of measuring the jet-fragmentation function with the aid of
leading electromagnetic clusters in heavy-ion collisions at LHC energies is analyzed.
1063-7788/04/6708-1605$26.00 c© 2004 MAIK “Nauka/Interperiodica”
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General Features of the Single-Spin Asymmetry of Inclusive π-Meson Production
in Experiments with a Fixed Target

А. N. Vasiliev and V. V. Mochalov

The results of various experiments that measured the single-spin asymmetry in the inclusive production of
π mesons are analyzed in the energy interval from 13 to 200 GeV. The experimental fact that the single-spin
symmetry begins increasing at one universal value of the π-meson energy in the c.m. frame is established.

Investigation of the Structure of the Muon Disk at E0 ≥ 5 × 1016E0 ≥ 5 × 1016E0 ≥ 5 × 1016 eV According to Data
from the Yakutsk Array for Recording Extensive Air Showers

А. V. Glushkov, L. G. Dedenko, and I. Е. Sleptsov

The results are presented that were obtained at the Yakutsk array by investigating the time structure of
the muon disk in extensive air showers of primary energy in the range Е0 ≥ 5 × 1016 eV at distances of 250
to 1500 m from the axis. The measurements were performed with a large muon detector that has an area of
184 m2 and a detection threshold of Eµ ≈ 0.5 secθ GeV and which began operating in November 1995. Two
components having different muon-disk thicknesses were discovered, and this requires strong modifications in
the concept of the development of extensive air showers. The problem of the existence of Е0 ≥ 1020 eV events
is considered.

Quasars as a Source of Ultrahigh-Energy Cosmic Rays
А. V. Glushkov

The results are presented that were obtained by analyzing arrival directions for cosmic rays that the Yakutsk
array for studying extensive air showers recorded between 1974 and 2002 in the energy rangeE0 ≥ 5× 1017 eV
for zenith angles in the region θ ≤ 60◦. It is shown that quasars for which the redshift lies in the region z ≤ 2.5
can be sources of these rays. Ordered structures are observed in the disposition of quasars and in the cosmic-
ray arrival directions. These structures can be associated in one way or another with the large-scale structure
of the Universe.

Determination of the Glueball Mass with Allowance
for a Relativistic Character of Interaction

М. Dineikhan, S. А. Zhaugasheva, and Т. А. Kozhamkulov

Nonperturbative additions to an interaction Hamiltonian that are associated with relativistic motion and
a large coupling constant are determined on the basis of an investigation of the asymptotic behavior of
the polarization loop for charged scalar particles in an external gauge field. The mass spectrum of a bound
state is determined analytically. The mechanism of the emergence of the constituent mass of particles that
form the bound state is explained. It is shown that the vector potential and the potential associated with a
nonperturbative character of the interaction cancel each other and that the slope of the Regge trajectory is
determined in terms of the string-tension tensor.

Upper Limit on the Experimental Estimate of the Diffractive-Dissociation Phenomenon
in the Interaction of a Muon Neutrino with Photoemulsion Nuclei According to Data

of the Е-128 Experiment (Protvino)
О. K. Egorov and V. А. Ryabov

An experimental estimate of the diffractive-dissociation phenomenon in neutrino interaction with pho-
toemulsion nuclei is given. The results were obtained on the basis of data from theSKIF experiment, which was
performed in a neutrino beam from the U-70 accelerator (Protvino). The data sample subjected to this analysis
included 670 charged-current events of neutrino interactions in the vertex detector used in that experiment.
Events in which the Bjorken variable took values in the range x = 0−0.1 were selected from this data sample.
Upon going over to the variable x′, which takes into account the nucleon mass, an upper limit of 0.53 ± 0.07
was set on the contribution of diffractive-dissociation processes to the total charged-current cross section.
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Description of Two-Proton Radioactivity on the Basis of Methods of the Quantum Theory
of Ternary Nuclear Fission

S. G. Kadmensky

The two-proton decay of spherical nuclei is investigated on the basis of the formalism developed in
constructing the quantum-mechanical theory of ternary fission. The proposed method for calculating the
amplitudes of partial widths with respect to two-proton decay and the asymptotic behavior of the wave function
for a decaying nucleus makes it possible to solve the problem of describing two-proton radioactivity without
recourse to the traditionally used (in R-matrix approaches) cumbersome procedure of matching the internal
and the external wave function for the decaying nucleus within the three-body formulation. In the diagonal
approximation and on the basis of the properties of the potential describing the interaction of the products of
two-proton decay, the structure of the wave function for the Cooper pair of two protons bound in the parent
nucleus is analyzed, along with the behavior of the wave function describing the potential scattering of the
products of binary decay, this being done with allowance for the coupling of decay channels.

Widths and Wave Functions of Decay Nuclear States with Allowance for Channel Coupling
S. G. Kadmensky

The formalism of the quantum theory of fission is used to take into account the coupling of open decay
channels in constructing the amplitudes of partial-decay widths and the asymptotic behavior of the wave
function for the decaying nucleus not only for fission but also for protonic, alpha, cluster, and other forms
of binary decays of nuclei.

Nucleon–Nucleus Optical Potential at Finite Temperatures within a Semimicroscopic
Approach Involving Skyrme Forces

V. I. Kuprikov, V. V. Pilipenko, and А. P. Soznik

Within the nuclear-matter approximation, the local-density approximation, and perturbation theory, the
approach to constructing a microscopic optical nucleon–nucleus potential at finite nuclear temperatures is
developed on the basis of effective density-dependent nucleon–nucleon forces. The real and the imaginary part
of the neutron–nucleus optical potential and the mean free paths of neutrons in nuclear matter are calculated
at various neutron energies and various nuclear temperatures. The effect of the inclusion of the rearrangement
potential on the quantities under consideration is studied, and its importance is demonstrated.

General Formulas for Invariant Functions Describing the Generalized Reaction γN → γNN → γNN → γN
within the Effective-Lagrangian Method

А. Yu. Loginov and V. N. Stibunov

The crossed channels of the generalized reaction γN → γN are considered. The coefficients in the trans-
formation from independent helicity amplitudes to invariant functions are calculated. The explicit expressions
for the invariant functions are derived with allowance for the contribution from the Born diagrams in the s, u,
and t channels and the diagrams for six resonances in the s and u channels. It is shown that the calculated
invariant functions satisfy the crossing-symmetry requirements.

Investigation Cosmic Rays at the International Space Station with the Aid of the AMS
Detector

V. V. Plyaskin

A brief account of the program of physics investigations that is being implemented by a large international
collaboration at the international space station with the aid of the Alpha Magnetic Spectrometer (AMS) is
given. The features of the facility under construction are presented, along with some results obtained in a test
flight of the spectrometer prototype on board a space shuttle.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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Application of Multidimentional Statistical Methods to the Interpretation of Data
Measured with the Aid of Multichannel Equipment: KLEM Spectrometer

D. М. Podorozhnyi, Е. B. Postnikov, L. G. Sveshnikova, and А. N. Turundaevsky

The study is devoted to a multidimensional statistical procedure for solving problems of reconstructing
physical parameters on the basis of data from measurements with multichannel equipment. Within a mul-
tidimensional procedure, an algorithm is constructed for estimating the primary energy and the exponent of
the power-law spectrum of primary cosmic rays. They are investigated by using the KLEM spectrometer
(NUCLEON project) as a specific example of measuring equipment. The results of computer experiments
simulating the operation of the multidimensional procedure for this equipment, where the proposed approach
is compared with the one-parameter approach presently used in data processing, are given.

Hadronic Production of Prompt J/ψJ/ψJ/ψ and ψ′ψ′ψ′ Mesons in the Gluon and ccc-Quark
Fragmentation at High Energies

V. А. Saleev and D. V. Vasin

The transverse-momentum spectra of prompt J/ψ and ψ′ mesons from proton–proton interactions are
calculated at the Tevatron energy of

√
s = 1.8 TeV. The calculations are based on nonrelativistic QCD, the

fragmentation model, the kT -factorization approach, and the standard parton model. It is shown that, both in
the parton model and in the kT -factorization approach, the contribution from gluon fragmentation exceeds the
contribution from c-quark fragmentation. The experimental data of the CDF Collaboration are in accord with
the assumption that gluon fragmentation into the octet stateQQ̄[3S1, 8] plays a dominant role, the value of the
nonperturbative matrix element being the same in the parton model and in the kT -factorization approach.

Energy Dependence of the Total Cross Section for the Interaction of 4Не Ions with Silicon
V. Yu. Ugryumov, I. V. Kuznetsov, E. Byalkovskii, А. Kugler, K. А. Kuterbekov, I. N. Kukhtina, V. F. Kushniruk,
V. G. Lyapin, V. А. Maslov, Yu. E. Penionzhkevich, Yu. G. Sobolev, V. Trzaska, G. P. Tyurin, S. V. Khlebnikov,

and S. Yamaletdinov

Data from direct measurements of the total cross section for the interaction of 4Не ions with silicon
nuclei at energies of Е < 25 MeV per nucleon are presented. The energy dependence of the parameters of
the semimicroscopic potential is determined on the basis of the measured values of the total reaction cross
section. This work was performed at the Flerov Laboratory of Nuclear Reactions (Joint Institute for Nuclear
Research, Dubna) and the Department of Physics at the University of Jyväskylä (Finland).

Relativistic Inverse Problem for a Superposition of Nonlocal Separable and Local
Quasipotentials

Yu. D. Chernichenko

The relativistic inverse problem is solved for the case where the total quasipotential describing the
interaction of two relativistic spinless particles of unequal masses is a superposition of a nonlocal separable
and a local quasipotential. This consideration is performed within the relativistic quasipotential approach to
quantum-field theory. It is assumed that the local component of the total interaction is known and that it admits
the existence of bound states. It is shown that the nonlocal separable component of the total interaction can be
reconstructed if its local component, the phase-shift increment, and the energies of bound states are known.

Neutrino Geophysics at Baksan I: Possible Detection of Georeactor Antineutrinos
G. Domogatski, V. Kopeikin, L. Mikaelyan, and V. Sinev

In the 1990s, J.M. Herndon proposed a natural nuclear fission georeactor at the center of the Earth with a
power output of 3 to 10 TW as an energy source to sustain the Earth’s magnetic field. In 2002, R.S. Raghavan
indicated that, under certain conditions, antineutrinos generated in the georeactor can be detected by using
massive scintillation detectors. We consider the underground Baksan Neutrino Observatory (4800 mwe) as
a possible site for developments in geoneutrino physics. There, the intrinsic background level of less than
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 8 2004
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one event/year in a liquid scintillation ∼1000-target-ton detector can be achieved, and the main source of the
background is the antineutrino flux from power reactors. We find that this flux is about 10 times lower than at
the KamLAND detector site and two times lower than at the Gran Sasso laboratory; therefore, the georeactor
hypothesis can be conclusively tested at Baksan. We also discuss possible searches for the composition of the
georeactor burning nuclear fuel by analyzing the antineutrino energy spectrum.

QCD and Hybrid NBD on Oscillating Moments of Multiplicity Distributions
in Lepton- and Hadron-Initiated Reactions

I. M. Dremin

QCD predictions for moments of multiplicity distributions are compared with experimental data on e+e−

collisions and their two-NBD fits. Moments of the multiplicity distribution in a two-NBD model for 1.8-TeV
pp collisions are considered. Three-NBD model predictions and fits for pp at LHC energies are also discussed.
Analytic expressions for moments of hybrid NBD are derived and used to get insight into jet parameters and
the multicomponent structure of the processes. An interpretation of observed correlations is proposed.

Study of the 4He + 209Bi Fusion Reaction
A. Hassan, S. M. Lukyanov, Yu. E. Penionzhkevich, L. R. Gasques, L. C. Shamon, and A. Szanto de Toledo

The (4He+209Bi) fusion reaction was investigated at energies near and below the Coulomb barrier. The
4He beam used was produced by the U200M accelerator at FLNR, JINR. The excitation functions for the 2n,
3n, and 4n evaporation channels from the 213At compound nucleus were measured. To identify the 2n and 3n
evaporation channels, the α-particle energies were measured for 211At and 210At, as well as the half-lives of
7.34 ± 0.04 h and 8.44 ± 0.079 h, respectively. The results are compared with theoretical fusion models and
with existing data for the 6He + 209Bi fusion reaction.

OnCPCPCP -Odd Effects inKL → 2KL → 2KL → 2π andK± →K± →K± → π±π±π∓ Decays Generated by Direct CP
Violation

E. P. Shabalin

The amplitudes of the decays K± → 3π and K → 2π are expressed in terms of various combinations of
the same set of CP-conserving and CP-odd parameters. Extracting the magnitudes of these parameters
from the data on the decays K → 2π, we estimate the expected CP-odd difference between the values of
the slope parameters g+ and g− of the energy distributions of “odd” pions in the decays K+ → π+π+π− and
K− → π−π−π+.
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ERRATA
Erratum: “Green’s Function Method in the Problem of Complex
Configurations in Fermi Systems with Pairing”

[Physics of Atomic Nuclei 67, 183–194 (2004)]

S. P. Kamerdzhiev and E. V. Litvinova
In our calculations, numerical errors were made,
which led to overestimating some matrix elements of
quasiparticle–phonon interaction in the proton sub-
system (within the approximations used). Here, we
present, in a tabular form, the integrated features of
the E1 resonance that were rescaled to Sn isotopes
by using the parameter value of fex = −1.4, which
was taken from the calculations for 40Ca, 48Ca, and
56Ni [1]. As might have been expected, there are

Integrated features of the isovector E1 resonance in Sn
isotopes

Isotope 104Sn 120Sn 132Sn

Method 1 2 1 2 1 2

EWSR [%] 108.4 108.3 103.6 103.3 96.1 95.8

Ē [MeV] 15.0 15.2 14.4 14.6 13.2 13.4

Γ [MeV] 4.4 1.6 5.0 2.2 4.0 2.0

σint
(0–12 MeV) [%]

20 7 17 11 24 15

σint
(0–Ē/2) [%]

1.3 0.17 4.0 0.37 1.4 0.24
1063-7788/04/6708-1610$26.00 c©
sizable distinctions (not greater than 50%, as a rule)
only for a pygmy dipole resonance. As to Figs. 1–
3, the behavior of the curves there did not undergo
any significant changes, with the exception of what
is concerned with a sharp peak at E � 19MeV in the
region of 104Sn [in a full calculation, the height of this
peak decreased to σ(E = 19MeV) = 120 mb].
The corrected results introduce virtually no chan-

ges in the conclusions drawn from our study. In par-
ticular, the most interesting conclusion that the in-
clusion of complex configurations is necessary for
describing a pygmy resonance remains in force.
In expression (33), the function G+

1 (ε) was erro-
neously omitted in the integrand, so that the correct
integral must have the form∫

dε

2πi
G+

1 (ε)M+
1 (ε)G+

1 (ε)M+
1 (ε)G+

1 (ε)G−
2 (ε− ω),

where G+
1 (ε) and M+

1 (ε) are the pole parts of the
relevant Green’s function and mass operator, respec-
tively.
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