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Abstract—A brief survey of nuclear-physics aspects of the problems of controlled thermonuclear fusion is
given. Attention is paid primarily to choosing and analyzing an optimal composition of a nuclear fuel, reliably
extrapolating the cross sections for nuclear reactions to the region of low energies, and exploring gamma-ray
methods (as a matter of fact, very promising methods indeed) for diagnostics of hot plasmas (three aspects that
are often thought to be the most important ones). In particular, acomparative nuclear-physics analysis of hydro-
gen, DT, and DD thermonuclear fuels and of their alternativesin the form of D*He, DSLi, DT®Li, H°Li, H!'B,
and HBe is performed. Their advantages and disadvantages are highlighted; a spin-polarized fuel is consid-
ered; and the current status of nuclear data on the processes of interest isanalyzed. A procedure for determining
cross sections for nuclear reactions in the deep-subbarrier region is discussed. By considering the example of
low-energy D + SLi interactions, it is shown that, at ion temperatures below 100 keV, the inclusion of nuclear-
structure factors leads to an additional enhancement of the rate parameters [d v[Tor the (d, pt) and (d, nt) chan-
nels by 10-40%. The possibility of using nuclear reactions that lead to photon emission as a means for deter-
mining the ion temperature of athermonuclear plasmais discussed. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Among important applications of nuclear physics,
that which is dealing with the problem of controlled
thermonuclear fusion stands out in many respects. One
of the main problems to be solved hereisto evolve and
implement a large-scale thermonuclear reactor that
would represent an economical source of energy and
which would be safer than fission reactors. Searchesfor
an optimum composition of a nuclear fuel have so far
been one of the main linesin such investigations. Both
one- and multicomponent mixtures of light elements
have been considered. Despite many years of effortsin
these realms, preference has not yet been given to a
unique fuel cycle. Of factors that are of prime impor-
tance for this, we would like to mention knowledge of
the properties of light isotopes and the possibilities for
their production, understanding of mechanisms that
govern nuclear reactions between light nuclei, and pre-
cise information about cross sections for such pro-
CESSes.

The present survey, which is based in part on previ-
ous studies of the present authors, is devoted to nuclear-
physics aspects of controlled thermonuclear fusion—
namely, to the role of nuclear-structure factors in reac-
tions between light nuclei, to radiative-capture pro-
cesses of the A(B, y)C type in the deep-subbarrier
region of energies, and to the possibilities of using such
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reactions for extracting required information about the
dynamics of hot plasmas. In our opinion, attention
given to these important problems in review articles on
controlled thermonuclear fusion and in original investi-
gationsinto the alied range of problemsisinsufficient.
It is shown in the present study, however, that such
issues are of nonnegligible importance for further
advancements in the problem of controlled thermonu-
clear fusion and that they may even become crucial for
solving some problems. We hope that the present sur-
vey, which is pioneering in these reams, will fill, at
least partly, the gap between a vast body of currently
available information about the structure of light nuclei
and specific investigations into the problem of con-
trolled thermonuclear fusion.

Bearing in mind the technological potential of the
first experimental facilities of the tokamac type for
heating and confining hot plasmas, researchers had
focused, for along time, on two types of hydrogen ther-
monuclear fuel, deuterium (DD) and deuterium—tritium
(DT) fuels[1]. It should berecalled that large cross sec-
tions for the process T(d, n)*He at low energies (E <
100 keV) and a considerable energy releasein the reac-
tion, Q = 17.6 MeV, seemed to give sufficient ground to
hope for experimentally implementing the ignition of
the reaction as early as the 1970s at plasma tempera-
tures of afew keV, which were thought to be quite real-
istic at that time. These were the reasons why, despite
serious drawbacks of a DT mixture—a low efficiency
of the transformation of nuclear energy into electric
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energy because of the generation of an extremely
intense neutron radiation in the reaction being dis-
cussed and a need for producing and employing radio-
active tritium, which is extremely hazardous—it was
justifiably thought that there was no serious alternatives
to DT fuels.

However, radical improvements of tokamacs, the
advent of anew fusion reactor within the ITER interna-
tional project, and a vigorous development of different
reactor schemes (for example, open-type devices and a
configuration featuring a so-called inverted magnetic
field), as well as the emergence of the concept of iner-
tial thermonuclear fusion, created preconditions for
considering initial plasma heating to afew tens of keV
followed by the working range of burning temperatures
reaching a few hundred keV. This gave impetus to
studying alternative, non-hydrogen, fuels like D°He,
HLi, D°Li, and H''B, which require higher ignition
temperatures (in relation to D + T fusion), but which
possess a number of important ecological and econom-
ical advantages. For example, burning in the H + °Li
and H + "B systems generates neutron fluxes and haz-
ardous radionuclides only in negligible amounts. At the
sametime, such fuels are not expensive, since they con-
sist of stable light-element isotopes abundant on the
Earth.

At present, however, physical processes in the
majority of non-hydrogen fuels have received much
less study than analogous processes in DT or DD
cycles. Even the first investigations revealed that a the-
oretica analysis of some alternative cycles is very
involved because burning in hot plasmas is a highly
ramified process involving a few tens of exothermic
reactions proceeding simultaneously with commensu-
rate probabilities. This type of process dynamics is
markedly different from the character of the burning of
aDT fuel, wherethe channel T(d, n)*He dominates over
all possible reactions.

In studying thermonuclear fuels that show consider-
able promise, it is necessary to take into account two
types of processes. Of these, thefirst is associated with
first-generation reactions representing direct channels
of the burning of a nuclear fuel in reactions between
light elements originally present in the reactor region.
As arule, such processes provide a mgjor part of the
energy released in the fusion process. There are aso,
however, secondary phenomena that accompany the
burning of any fuel and which play a very important
role in some cases. We will break up secondary pro-
cesses into two classes that differ in the physics under-
lying the phenomena that occur.

In the first class, we include processes that do not
lead directly to nuclear transformations, but which
appear to be a basic mechanism of fuel self-heating.
Above all, thisis the elastic Coulomb scattering of fast
charged particles, products of nuclear reactions, on
plasmaions and electrons. |n addition to Coulomb scat-
tering, there can occur the nuclear elastic scattering of
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fast particles, both charged particles and neutrons, on
theions of the fuel. Thelatter process proceeds at small
values of the impact parameter, but it involves high
momentum transfers. In the literature, the above elas-
tic-scattering processes are referred to as CES (Cou-
lomb elastic scattering) and NES (nuclear elastic scat-
tering) processes. Either leads to the heating of the
plasmaand to anincreaseinitsreactivity. lon scattering
is a dominant mechanism of heating, but the role of
neutron scattering is nonnegligible in severely com-
pressed laser targets characterized by large values of
the parameter pR, where p and R are, respectively, the
density and the radius of the target.

The second class of secondary phenomena accom-
panying the burning of a thermonuclear fuel includes
those that lead to nuclear transformations. These are, in
particular, catalytic nuclear reactions between fuel ions
and active isotopes produced in the plasma. Catalytic
processes proceed on both thermalized and nonther-
malized nuclei. In the latter case, the processes being
discussed arein-flight reactions—that is, some fast par-
ticles enter into nuclear reactions prior to undergoing
thermalization. It is necessary to take such phenomena
into account because particles produced in a plasma
have, on average, the mean energy of a few MeV, at
which the cross sections for nuclear reactions are much
larger than the corresponding cross sections at thermal
energies (10-50 keV). The set of in-flight processes is
not exhausted by reactions on the products of nuclear
fusion—reactions between fast fuel ions accelerated in
elastic collisions are also of importance. The above
suprathermal fusion reactions produce charged parti-
cles and neutrons of energies as great as a few tens of
MeV [2]. Among other secondary processes of nonneg-
ligible importance, mention should be made of neu-
tron-induced reactions leading to the production of
active isotopes. The role of second-generation pro-
cesses is greater in non-hydrogen fuels, where a large
number of active-isotope species are produced owing to
the occurrence of a wide variety of nuclear reactions
(see, for example, [3]).

Inputs necessary for arealistic analysis of the kinet-
ics of processes proceeding in thermonuclear-fusion
reactors must include reliable data on the cross sections
for many reactionsin a broad range of energies. Above
all, this concerns reactions involving light nuclei and
proceeding in the low-energy region E < 500 keV,
which is of prime importance for controlled thermonu-
clear fusion. An additional incentive to study the rele-
vant cross sections at ahigh-precision level comesfrom
nuclear astrophysics, where many fundamental prob-
lems cannot be solved without this. At present, experi-
mentalists have accumulated a vast body of relevant
data. Compilations of measured cross sections and
computed reaction-rate parameters are presented in the
well-known reference literature [4-8]. For example, the
DATLIB database [8] contains 270 data files for
77 channels of nuclear reactions involving isotopes of
light elements from hydrogen to boron. References to
Vol. 63
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other databases can be found in [8, 9]. We would also
like to mention the Russian handbook [10] on nuclear
processes and cross sections, which coversavery broad
range of energies and which additionally presents a
spline approximation of experimental data. A precision
R-matrix parametrization of the cross sections for low-
energy D + T, D + D, and D + 3Heinteractions, as well
as of their Maxwell reactivities, isgivenin [11].

In some cases, however, available experimental data
are insufficient for a detailed analysis of fuel burning
and of the possibility for monitoring thisburning. Here,
we only note the following. First, low-energy radiative-
capture reactions like T(t, y)°He, *He(t, y)°Be, °Li(d,
y)®Be, °Li(T, y)°B, "Li(d, y)°Be, and "Li(t, y)'°Be, which
can be used to determine the ion temperature of a
plasma or to monitor its dynamics, have not yet
received adequate study. Moreover, there are no dataon
some of such processes whatsoever. Second, neither
reliable measurements of some reactions involving
light radionuclides and proceeding at subbarrier ener-
gies nor relevant theoretical investigations have been
performed so far. For example, the interesting catalytic
reaction "Be(d, p)2*He in a D8Li fuel—this reaction,
which is accompanied by a large heat release of Q ~
17 MeV, produces only charged particles—has been
studied insufficiently. Third, the situation is not abso-
lutely clear in what is concerned with cross sectionsfor
low-energy reactions on polarized nuclei. Thisis espe-
cialy important since the use of spin-polarized fuels
can increase the energy released by a thermonuclear
plasma and suppress simultaneously the generation of
neutron fluxes. By way of example, we indicate that,
for the D + T resonance process, the estimate of the
nuclear-spin-polarization effect is known [12], but that,
for the D + D direct reaction, the situation is much more
complicated [13]. For the magjority of non-hydrogen
thermonuclear fuels, no detailed investigations of
polarization processes have been undertaken thus far.

One of the objectives of the present study isto ana-
lyze various thermonuclear cycles based on the use of
hydrogen, helium, lithium, beryllium, and boron iso-
topes. We pay attention primarily to nuclear-physics
aspects of the issue—in particular, to the nuclear-struc-
ture effect on the cross sections for fusion reactions and
on the rates of these reactions.

The ensuing exposition is organized as follows. In
Section 2, we consider DT, DD, D3He, DLi, DT®Li,
HSLi, H''B, and H°Be fuel mixtures and analyze their
advantages and disadvantages. The important case of
spin-polarized fuels is also analyzed. It should be
emphasized that difficulties encountered in simulating
the burning of some alternative fuels are associated
with uncertainties in the predicted cross sections for
nuclear reactions in the deep-subbarrier energy region,
where there are no experimental data. For this reason,
we further discuss (in Section 3) extrapolation methods
for determining cross sections in the region of low
(thermonuclear) energies. By studying some important
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examples, we demonstrate there, among other things,
how the special features of the nuclear structure of °Li
and 7-°Be affect the behavior of the cross sections for
low-energy thermonuclear reactions. In Section 4, we
consider the possibility of determining the ion temper-
ature of afuel by measuring the fluxes of reactor pho-
tons. The basic results of our consideration are summa:
rized in the Conclusion (Section 5).

2. THERMONUCLEAR FUELS

According to the classification of McNally [14],
thermonuclear fuel s can be broken down by convention
into three groups. classica (DT), promising (DD,
D3He, DSLi), and exotic (*He3He, HLi, H!!B, HBe)
fuels. We will consider them precisely in this order.

2.1. DT Fuels

A DT mixture of hydrogen isotopesis the most tra-
ditional form of fuel for nuclear reactors. Thefollowing
processes are usually considered in studying the deute-
rium=tritium cycle:

(i) the primary exothermic reactions

D+ T — “He +n+17.59 MeV, D
D+D—T+p+4.03 MeV, 2)
D +D — 3He + n+ 3.27 MeV, 3)
T+T— “He+2n+ 11.33 MeV; 4)
(ii) the main secondary exothermic reaction
D +3He —= *He + p + 18.34 MeV,; 5)
(i) the tritium production in alithium blanket,
Nn+°Li — T + “He + 4.78 MeV; (6)
(iv) the neutron-breeding processes
n+°Be — 2n+ 2*He — 1.57 MeV, @)
n+D— 2n+p-2.23 MeV. (8)

Among al promising reactions, the D + T process
providesthe highest energy release and is characterized
by the largest value of the reaction-rate parameter
(reactivity) r = [0 v[]a quantity obtained by averaging
the product of the nuclear cross section o(E) and the
relative velocity v of the reacting particles over their
Maxwell velocity distribution f(v). That the reactivity
isso high in this case is due to a manifestly resonance
character of the D + T reaction in the region of low sub-
barrier energies. It proceeds through the J™T = [(3/2)*,
1/2] level of the compound nucleus *He at the excita-
tion energy of E* = 16.76 MeV; this corresponds to an
incident-deuteron kinetic energy of E4 ~ 100 keV [15].
In [16], it was shown that this “thermonuclear” reso-
nance is atypical three-body near-threshold resonance
of the t + n + p structure and that the coupling of the
input and output channels (td = an) is due both to
noncentral (tensor) and to central forces. Additional
gain in the reactivity can be obtained owing to a spin



2054

polarization of the fuel [12, 17]. In the presence of an
external magnetic field B, the cross section for the D +
T interaction can be represented in the form

0 = B+ 2o+ i+ b 2cbn O

wherea=d,t, +d.t,b=d, andc=d,t_+d.t,, d.(t,),
d_(t.), and d, being the fraction of deuterons (tritons)
oriented, respectively, paralelly, antiparallelly, and
orthogonally to the field B. Since the reaction being
considered proceeds through the J = 3/2 channel at low
energies, a parallel orientation of the D and T spins
increases the cross-section value by 50% in the reso-
nance region [12]. However, the eventua estimate of
the gain in the energy release is complicated by various
depol arization effects associated with binary collisions,
fluctuations, nonuniformities of magnetic fields, and
other similar factors. In the literature, there are both
optimistic and pessimistic estimates of the depolariza-
tion rate (see, for example, [12, 17-21]).

In contrast to the D + T process (1), the D + D pro-
cesses (2) and (3) are not of a resonance character.
These reaction channels have approximately identical
probabilities and are both characterized by smaller
energy-release values and considerably reduced (in
relationtothe D + T process) cross sectionsat |ow ener-
gies. Asaresult, the above D + D processes make arel-
atively small contribution to the energy released in the
burning of DT fuels, and they are often referred to asa
satellite component. There exists, however, athird pos-
sible channel of D + D interactions, D(d, y)*He; this
channel involves the production of high-energy pho-
tons and can have diagnostic applications—in particu-
lar, it can be used to determine the ion temperature of
thefuel [22]. The T + T process (4), whichisthelastin
the list of primary processes, does not make a signifi-
cant contribution to the reaction energy release either
and appearsto be a by-process. At actual temperatures,
its rate is two orders of magnitude less than the rate of
reaction (1).

A DT mixture possesses important advantages.
First, the nt value satisfying the Lawson criterion is
much lessfor D + T interactions than for other kinds of
thermonuclear fuels. Second, the D + T fusion reaction
is triggered at relatively low temperatures. The ideal
threshold temperature determined as the temperature at
which the energy release is equal to the energy loss by
bremsstrahlung in the case of a complete particle con-
finement is about 4 keV [23]; an optimum temperature
of burning is estimated at 15 keV in [23] and at 20 keV
in[1]. Finally, the specific-power releaseis at least two
orders of magnitude greater than similar energy charac-
teristics of other mixtures.

Nonetheless, the DT cycle has some serious draw-
backs. First of al, the burning process is accompanied
by intense neutron fluxes. High-energy neutrons carry
about 80% of the energy released inthe D + T fusion
process (about 14 MeV per reaction event). Thisentails
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very serious technological problems of protecting
structural reactor materials from formidable neutron
fluxes. Moreover, the energy of neutrons escaping from
the reactor can be utilized with an efficiency not
exceeding 40%—in other words, immense energy
fluxes will circulate in the system at a typica thermo-
nuclear-reactor power of 5 x 10> GW if energy convert-
ersareincluded in the reactor circuit. But thisisnot the
whole story: tritium is radioactive; it must be produced
artificially; and the extraction of tritium from alithium
blanket presents a nontrivial problem. To summarize,
the presence of a source of high-energy and high-den-
sity neutron radiation, together with the use of a
strongly radioactive material, imposes severe radiation-
safety requirements on the implementation of a DT
reactor.

2.2. DD Fuels

Primary D + D interactions have two amost
equiprobable exothermic channels (2) and (3). They
lead to the production of the active isotopes T and *He
in the plasma. This in turn initiates the important sec-
ondary catalytic processes (1) and (5). Although the
burning of aDD fuel is also accompanied by the gener-
ation of neutron fluxes, they are less intense than those
inthe D + T process. The DD cycle does not require
specialy producing tritium; hence, the application of
this cycle makes it possible to avoid using a lithium
blanket and involved tritium technologies associated
with this. It has already been indicated, however, that,
a low energies, the D + D cross sections are much
smaller thanthe D + T cross sections and that triggering
the D + D process requires much higher plasmatemper-
atures. By way of example, we indicate that the ideal
threshold temperature becomes as high as about 40 keV
in this case [23].

2.3. D’He Fuels

By convention, such fuels are categorized as neu-
tron-free fuels. In such a helium-hydrogen mixture, the
D + 3He process (5), the D + D processes (2) and (3),
and the reaction

’He + *He — “He + 2p + 12.86 MeV (10)

appear to be primary reactions. Predominantly, useful
energy isreleased inthe D + *He channel (5). Thisreac-
tion, which has the greatest Q value of 18.34 MeV,
leads to the production of only charged particles, acir-
cumstance that improves conditions for fuel self-heat-
ing. Of course, the neutron-free process (10), which is
accompanied by a considerable energy release per
fusion event, is also very appealing. The use of *He
fuels as such seems tempting, but it is very difficult to
implement reaction (10) in practice because of a high
threshold for itsignition. At an operating ion tempera-
ture of the plasma about 100 keV, its rates are approxi-
mately two orders of magnitude less than the rates of
Vol. 63
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the D + 3He reaction; as a consequence, the contribu-
tion of reaction (10) to the burning of D3He fuelsisneg-
ligibly small.

The group of secondary processesinthe D°He cycle
includes the catalytic reactions (1) and (4) (D + T and
T + T, respectively), as well as two reactions involving
fast protons,

D+p—2p+n-223 MeV, (11)
T+p—3He+n-0.76 MeV. (12)

Owing to dominance of the D + 3He channel (5), the
fuel being discussed can be thought to be neutron-free
by convention [24]. Here, the primary neutron channel
(3) of D + D interactions and the D + T catalytic reac-
tion (1) appear to be the sources of neutron contamina-
tion in the D°He cycle, the contribution of the latter
often being dominant [25]. The fraction of the neutron
component in the energy release is estimated at about
3% [26]. Thisisa serious advantage of reactors employ-
ing D*He mixtures, and the relevant possibility attracts
much attention at present.?) A detailed survey of the cur-
rent status of the problem can be found in [29].

Some gain in the energy release can be achieved by
burning a spin-polarized D3He fudl. It is difficult, how-
ever, to obtain an accurate estimate of the increase in
the reactivity because, near the d + 1 threshold, there
aretwo (not one asin the case of d + t) excited states of
the intermediate nucleusLi at E* ~ 16.66 MeV [J™T =
(3/2)*, U/2] and E* ~ 18 + 1 MeV [(1/2)*, /2] [15] that
contributeto the S= 1/2 and 3/2 reaction channels (both
channels of the reaction being considered). The cross-
section-enhancement values adopted in the literature
fall within the range 44-49%. Another important objec-
tive pursued in using nuclear spin polarization isto sup-
press selectively the D + D reactions and neutron yields
associated with them [12, 30], but the degree of this
suppressionisstill debated. Previoudly, it was shownin
[31] that, for the low-energy D + D reactions, the con-
tribution of the S, input channel is small in relation to
the contribution of the 'S, channel, and thismadeit pos-
sible to consider the possibility of suppressing this
reaction in the case of parallel deuteron spins. Later on,
however, a pessimistic estimate of this suppression was
obtained upon taking into account the D-wave state in
3He[32], because an additional allowed contribution of
central forces arises in this case. After a number of
studies on the subject, the highly reliable analysis of
Zhang et al. [13], who considered the D + D reactions
in a polarized deuterium plasma, nonetheless revealed
that theration = g, ,/0, (ratio of the cross sections for
reactions involving spin-polarized and unpolarized
nuclei) for deuteron energies between 30 and 90 keV
decreases monotonically from 0.86 to 0.22. The last

2)Yamagiwa [27] proposed using an 180 admixture in aD3He reac-
tor in order to produce the positron-unstable radionuclide 18F in
the reaction '30(p, n)!'*F. Along with 11C, 1N, 150, and °Ne,
this element can be employed in positron tomography and find
diagnostic applicationsin cancer radiotherapy [28].
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value corresponds to a 4.5-fold suppression of the D +
D process. That the neutron channels in a polarized
D3He fuel can be suppressed so strongly gave incentive
to developing a conceptua design of a D*He fusion
reactor on the basis of alinear tandem device [33, 34].

Apart from a high ignition temperature, D°He fuels
have yet another serious drawback: *He is a very rare
isotope on the Earth; moreover, there are presently no
efficient sourcesfor its production. However, the possi-
bility of delivering *He from the Moon’s surface, which
can contain, according to estimates based on studying
Moon rocks, about 10° t of this isotope [35], is dis-
cussed in the literature.

2.4. DLi and DT°Li Fuels

The presence of the SLi isotope in a hydrogen
plasma complicates dramatically an analysis of ther-
monuclear fusion. Nuclear reactions in a DLi mixture
are multistep branched processes, anumber of isotopes
of light elements being produced in them with com-
mensurate probabilities. In the first generation alone,
the possible processes include the two D + D channels
(2) and (3) and the seven exothermic D + °Li reactions

D + 9Li — “He + “He + 22.37 MeV, (13)
D +SLi — "Li+ p+ 5.03 MeV, (14)

D +6Li —= "Li* + p + 4.55 MeV, (15)

D +°Li — "Be + n+ 3.38 MeV, (16)

D +%Li — "Be* + n+ 2.95 MeV, 17
D +6Li —= *He + T + p + 2.56 MeV, (18)
D +%Li — “He 4+ 3He + n + 1.80 MeV. (19)

We do not present here other possible reactions in the
°Li + SLi system, which are characterized by very small
cross sections and which do not therefore make a
noticeabl e contribution against the background of reac-
tions (13)—(19). Among secondary processes, whose
number exceeds 80, we only mention the strong reac-
tions (1) and (5) between D and T and between D and
3He, respectively, and the high-Q catalytic processes

D + 'Be —= 2*He + p+ 16.77 MeV, (20)
D +7Li — 2*He + n+ 15.12 MeV. 21

In studying prospects for aDLi fuel, it is necessary
to take into account its special features[3, 36].

(A) Branched character of burning. The reaction
cross sections at low energies are small in relation to
the D + T cross sections, but the number of processes
proceeding in the DLi cycle is as large as a few tens.
For thisreason, the total contribution of alarge number
of channels—of these, some (for example, D + ’'Be and
D + "Li) have energy releases commensurate with the
energy releaseinthe D + T processes—may proveto be
significant.
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(B) Relatively large yields of fast and slow
charged particles. Slow charged particles can effi-
ciently heat afuel viaelastic Coulomb collisions. Asto
fast charged particles, their presence enhances the role
of other secondary phenomena like NES processes and
in-flight reactions. By way of example, we indicate the
following catalytic chain [37]:

the inelastic-scattering process

“He (fast) + °Li — SLi*(2.18 MeV) + “He (Slow),

the decay process

®Li*(2.18 MeV) —»“He (slow) + D (fast),
and the reaction
D (fast) + 6Li —» 2*He (fast) + 22.37 MeV.

This chain results in the doubling of the number of fast
alpha particles (they appear to be some kind of a cata-
lyst for the process) and releases a large amount of
energy.

(C) Monotonic energy dependence of the reac-
tion cross sections. As was indicated above, the main
reaction of thermonuclear fusion (D + T) is of areso-
nance character. Accordingly, its cross sections are
largein theregion of subbarrier energies, but they begin
to decrease upon achieving amaximum at E4 ~100 keV.
On the contrary, the cross sections for the D + D and
D +°Li processes at |ow energies are much smaller than
the D + T cross section, but they increase monotoni-
caly (and quite sharply for D + SLi) as the deuteron
energy increasesup to E;~ 1 MeV. Thistype of behav-
ior is peculiar to many secondary reactions of the DSLi
cycle as well. As aresult, there can arise an additional
positive feedback in the mechanism of plasma self-
heating.

(D) Presence of the fluxes of neutrons having
moder ate energies. It should be recalled that DLi is
not a neutron-free fuel, but that its burning is accompa:
nied primarily by the generation of neutrons with ener-
giesbetween 1 and 3 MeV (in contrast to 14-MeV neu-
trons coming from the D + T process), so that a major
part of the energy release is associated with charged
particles. Neutron radiation makes but asmall contribu-
tion to the total energy release, but it leads to the addi-
tional production of tritium in the blanket reaction
®Li(n, r)*He, which proceeds in this case directly in the
region of burning. We also note that neutrons from the
D + °Li processes can be used in mixed reactors of the
breeder type [38].

(E) Uncertainties in the cross-section values. For
the first-generation D + D and D + °Li processes, the
situation around nuclear data on |ow-energy cross sec-
tions is quite clear. The D + D processes were inten-
sively investigated earlier—for example, reliable data
on their cross sections in the region of thermonuclear
energies and on the rate parameters [6 vwere pub-
lishedin[11]. The D + SLi cross sections, which can be
found, for example, in the DATLIB database [8] or in

(22)
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the handbook of Abramovich et al. [10], are known to
a somewhat poorer precision, which is nonetheless
quite sufficient for simulating the ignition and burning
processes. We would also like to mention the interest-
ing study of Cherubini et al. [39], who used quasielastic
data on the reaction °Li(°Li, 2a)*He in the region of
above-barrier energies to extract the °Li(d, a)*He exci-
tation function at very low relative energies. Thisindi-
rect method of analysisisbased on the so-called Trojan
Horse model proposed in [40]. However, there aso
remain unresolved questions. For example, the contri-
bution to the reaction being discussed from 8Be highly
excited states near the d + °Li threshold at about 22 to
23 MeV hasyet to be clarified conclusively. In particu-
lar, it was shown in [41] that the D + SLi processes can
be described satisfactorily without resort to aresonance
mechanism. On the contrary, the contribution of the
excited state ®Be(2*) at about 22.28 MeV was found to
be large in the experimental study of Czersky et al.
[42], who measured the cross sections for the reaction
°Li(d, o)*He in the energy range E; = 50-180 keV.
Thus, the highly exothermic reaction (13) receives a
considerable contribution from a resonance mecha-
nism. In this connection, it should be recalled that,
despite many years of strenuous efforts, there is pres-
ently no reliable general method for extrapolating the
cross sections for low-energy reactions to those near-
threshold energiesthat are of immediateimportance for
calculating the plasma reactivity [d vLlIn Section 3, we
will discuss some extrapolation procedures and allied
problems. Among other things, it will be shown that
nuclear-structure factors play an important role in
extrapolating cross sections to the deep-subbarrier
region.

For some second-generation nuclear reactionsin the
DSLi cycle, the cross sections required for studying the
role of these reactions in the heating of the fuel and
their contribution to the energy release have not yet
been determined to a sufficient precision. In some
cases, there are only fragmentary experimental data or
only theoretical estimates. For example, neither exper-
imental nor theoretical studies have been performed
thus far for the interesting second-generation reaction
"Be(d, p)2*He + 16.77 MeV, which has an energy
release virtually identical to that from one event of the
D + T process, but which produces, in contrast to the
latter, only charged particles. The two-step process

D + 'Be —~ $Be*(2*) + p+ 0.05 MeV,  (23)
$Be#(2*) —= 24He + 16.72 MeV (24)

appearsto be the most probabl e mechanism of the reac-
tion being discussed, since there is no Coulomb barrier
for neutron transfer in reaction (23) and since the 8Be
nucleus features the well-known J™ = 2+ 16.63-MeV
level [15], whose population in the above process cor-
responds to anearly vanishing energy release. The first
step leads to the formation of a relatively long-lived
8Be* state, which then decays into two fast alpha parti-
Vol. 63
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cles. Since Q= 0 in process (23), the reaction cross sec-
tionis given by

J-(I)Coul(q )dq (25)
Q+q’

where the function ¢.,(g?) is proportiona to the pen-
etrability of the Coulomb barrier. It follows that, for
Q — 0, the reaction cross sectlon can sharply grow
dlightly above the threshold [43]®) and that its values at
moderately small energy values must considerably
exceed simple barrier estimates.

The above exemplifies problems encountered in
these realms when one studies only one of more than 80
second-generation reactions in the DSLi cycle. A non-
conventional procedure for directly determining the
cross sections for a broad range of nuclear reactions at
low energies not yet explored by that time was pro-
posed in [44] on the basis of alaser compression of a
thermonuclear target. In contrast to conditions preva-
lent in conventional nuclear-physics experiments, high
matter densities, exceeding typical solid-state densities
by many orders of magnitude, are achieved in a laser
compression of atarget. Despite very small cross-sec-
tion values for energies E < 10 keV and despite a com-
paratively low hydrodynamic efficiency of targets, we
can therefore expect that the yields of nuclear prod-
ucts—in particular, neutrons and photons—will be suf-
ficient for purposes of reliable detection. Within this
approach, one determines not the absolute value of the
cross section for the reaction of interest at a specific
energy value, but itsrelative yield with respect to some
reference reaction [like D(d, n)*He] whose cross sec-
tioniswell known. The absoluteyield of productsfrom
thermonuclear reactions is then found as the convolu-
tion of the required cross section with the velocity dis-
tribution of plasmaions, which is not known very well.
However, the parameters of this distribution can be cor-
rected on the basis of a series of measurements of the
yields of particlesfrom areference reaction thoroughly
studied in advance. The yields from both the reference
reaction and the reaction under study change in
response to variationsin the conditions under which the
laser target iscompressed. If one has sufficient statistics
of particleyieldsin thetwo reactions at hisdisposal and
if one knows the effective plasma temperature in the
target upon each shot of the laser gun used, itispossible
to establish the behavior of therequired cross sectionin
the deep-subbarrier region [44]. By way of example,
weindicatethat, according to the estimates presented in
[44], the cross sections for the D + SLi processes can be
determined at extremely low energies of E = 1-10 keV
by applying the proposed procedure, provided that the
relative yield of fast particles from these processes has
been measured.

3In the absence of a Coulomb barrier—that is, for neutrons—the
reaction cross section must grow indefinitely in this case from the
threshold.
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(F) Effect of nuclear-spin polarization. At low
energies, the reaction °Li(d, a)*He (13), which is char-
acterized by the highest energy release among the first-
generation processes, proceeds predominantly through
the S= 2 channdl, provided that the 2+ level in ®Be at
E* = 22.28 makes adominant contribution (see above).
If this process is implemented with polarized particles
whose spins are paralel, the energy release must there-
fore increase by afactor closeto 2, all other conditions
being the same.

In analyzing the prospects of D®Li fuels, it isimpos-
sible to take into account completely al the aforemen-
tioned features. However, a simplified model incorpo-
rating all first-generation reactions and some secondary
processes that was developed in [3, 36] permitted draw-
ing some important conclusions on the role of °Li in a
plasma consisting of hydrogen isotopes. In the first of
those studies, the kineticsof 13D + D, D +°Li, D + T,
D + *He, D + 'Be, and D + "Li nuclear processes was
investigated under the conditions of magnetic plasma
confinement. There, the mechanism of self-heating was
described within the CES process; that is, the plasma
temperature increased owing to the elastic Coulomb
scattering of fast particles on fuel ions.

On the basis of the results obtained in [3], one can
draw two important conclusions. First, a 10% admix-
ture of °Li to a deuterium fuel can increase the plasma
reactivity. This means that an additional energy release
owing to the presence of °Li exceeds the enhancement
of radiative losses because of a contamination of a
hydrogen plasma by an admixture with charge number
Z,; = 3. At the sametime, the threshold ignition temper-
ature increases insignificantly, amounting to Ty, ~
50 keV—the corresponding temperature for a pure DD
fuel is about 40 keV [23]. The second conclusion con-
cerns a dominant mechanism of energy generation. It
turned out that it is of manifest catalytic character and
is due to the production of the active elements T, 3He,
and "Be. Their fusion proceeds so vigorously that,
within some 10 to 14 s from the commencement of
burning, the concentration of these nuclei exceeds the
current value of the °Li concentration. Characteristic
curves describing the dynamics of fuel burnup and the
production of active isotopesin aD + °Li plasma are
presented in Fig. 1.

For yet another example of the use of °Li nuclei in
fusion reactors, we can indicate a relatively simple
means for the ignition of a DD fuel at initial tempera-
tures of T, < 10 keV by injecting a T°Li pellet into the
reactor core [36]. This composition of a solid-state
igniter is recommended for the following two reasons.
First, it initiates a self-sustaining process of burning,
with an energy release in the three-component DD +
TCLi mixture being not less than that in the two-compo-
nent DD + T mixture.) Second, the use of lithium trit-
ide (that is, tritium-substituted lithium hydride) makes

2000

“This notation for the plasma composition emphasizes that a T 6L i
or aT admixture isintroduced in a deuterium plasma.
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Fig. 1. Concentrations of afuel and of some active isotopes
produced in aD + °Li plasma as functions of time [3].

unnecessary aseparation of tritium from alithium blan-
ket and its subsequent transportation to the zone of
burning.

A diagnostic application of the reactions
°Li(d, p)’Li* (478 keV) and °Li(d, n)’Be* (431 keV)
furnishes an additional motivation for introducing a L
admixture in a deuterium-containing plasma [45]. By
detecting monochromatic photons produced in these
reactions, one can attempt to measure the ion tempera-
ture T, (see Section 4) or to control the dynamics of
burning.

However, Kernbichler and Heindler [46] assessed
more pessimistically the use of SLi as a possible com-
ponent of a thermonuclear fuel and showed that the
energy released in a DPLi mixture decreases monotoni-
caly asits concentration isincreased. In order to draw
a definitive conclusion on the prospects for the use of a
DSLi fuel, we need more detailed models taking into
account many second-generation processes; it is also
necessary to consider various reactor designs. Such an
analysisis hindered, however, by formidable computa-
tiona difficulties and by the absence of some nuclear
data on cross sections.

A new attempt at refining the model for laser ther-
monuclear fusion was made by Nakao et al. [47], who
additionally studied the role of suprathermal nuclear
reactionsin aDT + °Li target. A numerical simulation
was performed there on the basis of coupled transport
and hydrodynamic processes[48]. This simulation took
into account all first-generation reactions in the DT +
®Li system; charged-particle and neutron scattering; the
deuteron-breakup reaction D(n, 2n)p; and the D + T,

Table 1. Energy releaseinaDT + 6Li laser target

VORONCHEV, KUKULIN

D + D, and D + °Li processes of suprathermal fusion on
deuterons and tritons accelerated in neutron scattering.
For the case of the volume fuel-ignition mechanism,
typical results are quoted in Table 1. The initial condi-
tions were characterized by the value of pR= 10 g/cm?,
the equal ion and electron temperatures of T, = T, =
1.5 keV, the degree of compression (on the scale of the
solid-state density) of p/p, = 5000, and the SLi content
of 5% in the DT mixture. Table 1 showsthat theD + T
process, the main thermonuclear-fusion reaction, is
dominant here. This result might have been expected
from the outset, but it is of interest to compare the rela-
tive contributions of other channels. It can be seen that
the energy release is 30% greater in the D + °Li pro-
cesses than in the D + D processes. The data quoted
here cannot be considered to be conclusive, since some
important i ssues associated with the optimization of the
nonhomogeneous structure of the target and with the
regime of its compression have yet to be clarified. In
addition, it is of interest to study the kinetics of nuclear
reactions at higher initial temperatures as well.

2.5. HLi Fuels

The above specia features of the D + °Li nuclear
processes are inherent in part in HLi fuels. As in the
case of DPLi, the burning of the fuel is highly branched
here, and the number of relevant reactionsis as high as
afew tens[49]. However, the spectrum of the first-gen-
eration reactions is much narrower here than that for
D + SLi. If we discard the suppressed Li + °Li channel
and the weak radiative-capture process SLi(p, Y)'Be,
there remains, in a HSLi mixture, only one exothermic
reaction

H + °Li — “He + 3He + 4.02 MeV, (26)

which is pure in the sense that it produces neither neu-
trons nor radionuclides. The second-generation exo-
thermic reactions

SHe + °Li — 2*He + H + 16.88 MeV, 27
He + °Li — Be + D+ 0.11 MeV (28)

do not lead to neutron production either; the first of
these regenerates protons. The processes in (26) and
(27) can be combined into the chain

H + 2°Li — H + 3*He + 20.90 MeV. (29)

In relation to the direct reaction °Li(°Li, o))2*He, this
chain provides an easier means for burning °Li with the

Relative contribution of channels, %
Initial internal
energy, MJ Energy release, MJ thermal suprathermal
D+T D+D D +6Li D+T D+D D +6Li
0.634 476.2 90.1 0.8 1.2 7.6 0.2 0.1
PHY SICS OF ATOMIC NUCLEI Vol. 63 No. 12 2000
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generation of three fast alpha particles. This process
was simulated, for example, in [28].

Despite the obvious attractiveness of H®Li fuels
(owing to the absence of strong neutron fluxes and their
cheapness), it has proven to be impossible at present to
accomplish its ignition.”) An analysis of the cycle in
(29) with allowance for the °Li + °Li thermonuclear
reactions does not lead to ignition even in the case of
large values of 3 ~ nT/B? (wherenand T are the plasma
density and temperature, respectively, while B is the
external-magnetic-field induction), in which case
losses by cyclotron radiation are minima [51]. The
more recent investigation of Kernbichler and Heindler
[46] also demonstrated that, even at optimal operating
temperatures in the range 300-650 keV, the energy
characteristics of H°Li mixtures are below the thresh-
old values by about one order of magnitude. Nonethe-
less, H + °Li plasmas may still be of interest for differ-
ent settings—for example, in the case of collisions
between plasma bunches [52].

2.6. H/B Fuels

As in the preceding case, the almost complete
absence of neutron generation and cheapness are
important advantages of boron—hydrogen mixtures. In
the first generation, the two possible exothermic reac-
tionsare

H + "B — 3*He + 8.68 MeV, (30)
H+ "B — y+ 2C + 15.96 MeV, 3D

the latter being severely suppressed. In the energy
region of our prime interest, the branching ratio for
these channels is about 10~ [53]. The dominant reac-
tion (30) yields alpha particles of moderate energies,
E, ~ 2.9 MeV; thisfavorsthe heating of theion compo-
nent with an efficiency of 80-90% [54]. Over a broad
energy range, the reaction in question is of aresonance
character associated with afew excited states of the 12C
nucleus. Of these, the lowest isresponsible for the low-
energy peak in the cross section at E, ~ 163 keV. The
reactivity of secondary processesin H!'B fuelsis very
low. The weak reactions ''B(p, n)!'C and !'B(a, n)“N
may prove to be neutron sources, the neutron contribu-
tion to the energy release being estimated at about 0.1%
[55]. A H!''B fuel was proposed in [56] and was inves-
tigated, for example, in [53-57]. The reactivity attains
amaximum only at high temperatures (about 300 keV);
together with large losses by radiation because of a
large boron charge of Z =5, thiscomplicates fulfillment
of the energy-balance conditions. The general conclu-
sion from the aforementioned investigationsisthat it is
necessary to use laser thermonuclear facilities for

Nt is interesting to note that, under astrophysical conditions, the
reaction °Li(p, a)>He plays an important role. Together with the
radiative-capture process “He(d, y)°Li, it is responsible for the
abundance of the °Li isotope in the Universe [50].
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implementing the H + ''B process and that magnetic
confinement proves to be inefficient because of large
radiative losses. According to [58], the volumeignition
isachievable at pR =16 g/cm? under certain conditions.
For ignition, Martinez-Val et al. [59] propose using par-
ticle beams under the conditions of the inertial com-
pression of atarget with the aim of generating a ther-
mal-detonation wave. A new type of a thermonuclear
reactor, CBFR (colliding-beam fusion reactor, whichis
appropriatefor the use of aHB fuel), was proposed by
Rostoker et al. [52], who argue that a CBFR is conve-
nient for the burning of a spin-polarized fuel, since the
depolarization rate is insignificant on the time scale of
nuclear fusion or diffusion [60]. It was shown that the
use of a polarized H''"B mixture ensures a 60%
enhancement of the cross section [60].

2.7. H°Be Fuels

The H + °Be process has two approximately
equiprobabl e exothermic channels of the production of
slow charged particles,

H + Be —= *He + °Li + 2.13 MeV, (32)
H + °Be —= 2*He + D + 0.65 MeV, (33)

which are ableto transfer amajor part of their energy to
plasma ions. Although the total energy release is as
small as some 2.8 MeV, the low-energy behavior of the
reaction is determined by the presence of a strong res-
onance at an incident-proton energy of E, ~ 330 keV
[61], which corresponds to the excited state 1°B(17) at
E* ~6.88 MeV [15]. This conclusion was confirmed in
the earlier experimental study of Sierk and Tombrello
[62] as well. In this region, the reaction cross sections
are extremely large; the product ov exceedsthat for the
D +3He processes, falling short of only the correspond-
ing quantity for the D + T process[63]. It was also indi-
cated in [61] that the additional reason for extremely
large low-energy cross sections may be conceded in
the structural features of the °Be nucleus as well. This
nucleus has a neutron weakly bound to the 8Be core, its
separation energy being as low as some 1.7 MeV [15,
64]. The °Be density profilesfound in [65] indicate that
the neutron wave function extends over a large dis-
tance, so that the direct reaction mechanism is quite
possible. This is confirmed by the latest experimental
study of the reaction on polarized protons at E, ~ 80—
300 keV in [66], where it was shown that the direct
mechanism provides a good description of the cross
sections for the (p, d) channel (33) at very low ener-
gies.

Itisof paramount importancethat al products of the
H + °Be processes (32) and (33) cause the second-gen-
eration exothermic processes [63]

D + °Be —= 4 reactions with total Q ~21 MeV, (34)
°Li + °Be — 8 reactionswith c Q = 2-15 MeV, (35)
“‘He + °Be — n+ 2C +5.70 MeV, (36)
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Fig. 2. (1) Reallsxlc([70]) and (2) purely Coulomb potential
barrier in the D + °Li system. For the Coulomb barrier, the
channel radiuswastakento bea=4.3 fm.

°Li+H — 3He + “He + 4.02 MeV, (37)

and that their role in plasma heating may prove to be
significant. However, no detailed investigations of
H°Be fuels have been performed thus far. Moreover, a
comprehensive simulation of its burning has not yet
been performed, and the role of secondary processes
has not been clarified. It is clear, however, that the res-
onance H + °Be process can at least utilize moderated
protons very efficiently in the energy region below
1 MeV [63].

3. EXTRAPOLATION OF CROSS SECTIONS
FOR NUCLEAR REACTIONS TO THE REGION
OF LOW ENERGIES AND ROLE
OF NUCLEAR-STRUCTURE FACTORS

In order to extrapolate the cross sections for nuclear
reactions to the region of low (deep-subbarrier) ener-
gies, where there are usually no experimental data, the
cross section o(E) isrepresented asthe product of afac-
tor that changes slowly with energy and a factor that
changes fast. Specifically, we set

o(E) = 2ep(e), (38)
where the structural factor SE) isweakly dependent on
energy or is taken to be a constant, a dominant energy
dependence being absorbed primarily in the potential-
barrier penetrability factor P(E).

It is clear, however, that, if the potential-barrier
shape or amethod for computing the penetrability P(E)
is chosen inappropriately, the relevant error will trans-
late into the factor S. Thereby, the factor SEE) will
acquire an additional unphysical energy dependence
adversely affecting the extrapolation of cross sections
to the deep-subbarrier region. We recall in this connec-
tion that, since direct measurements at low energies of
E < 300 keV usually involve sizable errors, any uncon-
trollable energy dependence in SEE) will inevitably
impair the accuracy of the extrapolation. By way of
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illustration, we indicate that, in the D + D system, the
p-wave contribution is of importance up to 15 keV, so
that a conventional use of an s-wave extrapolation (dis-
card of the p-wave contribution) leads to large errors.

Within the standard extrapolation, the penetrability
factor isusually calculated for a purely Coulomb shape
of the potential barrier in the semiclassical approxima-
tion, which leads to the Gamow formula[67]

2 2
D 4T[ e lezlj
PGamow O exp D_ hv O (39)
where v isthe relative velocity of particles with charge
numbers Z, and Z,.

Within the more precise quantum-mechanical
model, we have (see, for example, [68])

Pquant D 2kR 2 1
F?+G?| _
R=a

where F and G are, respectively, the regular and the
irregular Coulomb wave function, k is the wave num-
ber, and a is the channel radius. The extrapolation pro-
cedure developed in [69, 70] is more correct. There, the
guantum-mechanical-tunneling factor P(E) is deter-
mined for a realistic shape of the potential barrier
(rather than for an ideal Coulomb shape) that contains
information about the inner structure of particles
involved in thereactionsbeing considered. Thisisespe-
cialy important in describing the interaction of nuclei
having a pronounced cluster structure. The realistic
barrier is constructed with allowance for the peripheral
attractive component of nuclear interaction in the sys-
tem, whereby the shape of the barrier is strongly modi-

fied, its height being reduced. % Thiscan clearly be seen
in Fig. 2, which displays the Coulomb and the realistic
potential barrier for the D + SLi system [70]. The latter
was computed on the basis of the double-folding model
with reliable three-body wave functions of the SLi

nucleus, W . (an;p,), that provide a good description

of its structure and of many processes in which this
nucleus participates [ 72—74] and with the realistic deu-
teron wave functions Wy(n,p,) obtained by using the
Reid soft-core nucleon—nucleon (NN) potential [75]. In
our approach, both the nuclear and the Coulomb pair
potentials (V;; and Ui, respectively) of the aN and NN
interactions are weighted with the internal wave func-
tions of the nuclei involved in the reactions being con-
sidered. Inthe D + SLi system, the binary interaction is
represented as

Ve (R) = s (an p ) Wp (o P) Ve
+Ucou[Ws (any py) W (N2 p2)0

(40)

(41a)

OIn passing, we would like to mention the independent investiga-
tion of Rowley and Merchant [71], who analyzed the effect of the
shape of the barrier on its penetrability in astrophysical reactions.
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where
\4 = Va” +V +Vn N, +V”1Pz+vpln2+vplp2’

UCoul =U Uplpz (41b)

nucl

ap;

and R is the distance between the D and SLi centers of
mass. It is important to note that the W, , wave func-

tions in (41a) were found by solving the three-body
problem with the same aN and NN potentials (41b) as
those used in the folding model. Thus, the shape of the
potential barrier inthe D + SLi system was calculated in
afully self-consistent way without resort to adjustable
parameters (ab initio calculation); hence, it can be
thought to be quite reliable.

For therealistic barrier in (41), the tunneling factors
P(E) are depicted in Fig. 3. The Py, Curve corre-
sponds to the penetrability factor found in the semiclas-
sical approximation [76],

D R2 0
0

semlcl(E) 0 eXpD_ﬁI,\/Zp'(V 6 (R) - E)dR% (42)
D R 0

where U is the reduced mass of the nuclei, E is their
c.m. energy, and R, , arethe coordinates of the classical
turning points [they are determined from the condition

VDGU (R) = VDBLi(RZ) = E]. The Py curve corre-

sponds to a precise calculation where the tunneling
penetrability factor is defined as the ratio of the flux
densities for the transmitted and reflected waves. It can
be seen that these two approaches lead to different
energy dependences for the tunneling factor P(E), asis
additionally illustrated in Fig. 4, which displays the
ratio of the penetrability factors Py e(E) and Peeyici (E).
This comes as no surprise: the semiclassical expression
(42) is highly accurate only in the case of smooth
potentials (that is, potentials slowly varying with dis-
tance), but the interaction potential in (41) does not
possessthis property—it decreasesfast to the | eft of the
maximum (see Fig. 2), not ensuring the required accu-
racy. Thus, we have revealed that there arise sizable
errors when precise quantum-mechanical penetrability
of the actual potential barrier is replaced by that in the
semiclassical approximation.

The above barrier corrections proved to be of impor-
tance in describing the reaction between loosely bound
nuclei D and SLi, which are characterized by a high
degree of clustering. We will demonstrate this by con-
sidering the example of the reaction rate in aD + Li
plasma under the condition of thermal equilibrium at
temperature KT. In this case, the velocity distribution of
particles has a Maxwellian form, and the reaction-rate
parameter [0 vLis given by

_ Dégu 312 SET g
fovD i (kT) J’EG(E)e dE. (43)
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Fig. 3. Precise and semiclassical penetrability [Pye(E) and
Peemicl(E), respectively] of arealistic potential barrier in the

D + SLi system.
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Fig. 4. Ratlo Ppred Psemicl for arealistic potential barrier in
the D + °Li system as afunction of energy.

The equilibrium rate parameters [0 v Tal culated for the
(d, nt) and (d, pt) channels of D + °Li interaction, which
are responsible for the production of *He and tritium,
are quoted in Table 2. Inthe ion-temperature range T, =
KT = 1-100 keV, these results exceed those presented in
[77] by about 10-40%, the difference between the rate
parameters found from the two calculations becoming
greater with decreasing ion temperature.

In the above methods for extrapolating relevant
cross sections, the slowly changing structural factor
SE) is parametrized analytically—for example, in the
form of a Padé approximant. In many cases, this
approach unfortunately does not ensure the required
accuracy and reliability of extrapolation, since the
errors in extracting the factor Sfrom experimental data
often grow so sharply with decreasing energy that the
confidence interval ASfor adetermination of S(0) inan
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Table2. Rate parameters [Gv[] of the reactions
6Li(d, nt)*Heand 8Li(d, pt)*Hefor the case of aMaxwell ve-
locity distribution of ions

lon temperature Rate parameter [0 v cm®/s
Tiokev (d, ) (d.pt

1 2.03 (=31) 2.46 (—31)

2 1.29 (-27) 1.59 (-27)

3 8.67 (~26) 1.08 (=25)

4 1.20 (-24) 1.52 (—24)

5 7.71 (=24) 9.83 (—24)

6 3.12 (-23) 4.03 (—23)

7 9.49 (-23) 1.23(=22)

8 2.35(-22) 3.14 (=22)

9 511 (—22) 6.68 (—22)
10 9.77 (-22) 1.27 (-21)
20 3.82 (=20) 5.43 (=20)
30 2.03 (~19) 3.22 (~19)
40 5.54 (—19) 9.70 (~19)
50 111 (-18) 2.05 (~18)
60 1.87 (-18) 3.63(-18)
70 279 (~18) 5.65 (~18)
80 391 (-18) 8.01 (-18)
90 5.14 (~18) 1.08 (~17)
100 6.54 (—18) 1.37 (~17)

Note: In the second and in the third column, the numbers in front
of parentheses and the numbers presented parenthetically
stand, respectively, for the mantissa and the integral (nega-
tive) power of ten in the floating-point representation of
numbers—for example, 2.03 (—31) denotes 2.03 x 10~ =

extrapolation to the threshold becomes commensurate
with the S0) value itself.

In those frequent cases where there are no pro-
nounced compound resonance states near the threshold
(that is, where the existing near-threshold resonances
are of aso-called potentia character—thisissoin sys-
temslike D + D and *He + *He), it is possible to develop
an alternative, very promising approach to extrapolat-
ing cross sections, which isespecialy efficient for reac-
tions featuring spin-polarized particles. It consists in
using well-known data at not very low energies of E ~
0.5-5 MeV to construct areliable multichannel interac-
tion potential with allowance for important reaction
channelsa+b— ¢ +d;(i=0,1,...,n). Incontrast to
the scattering amplitude, this potential is in general a
very smooth function of E, and the threshold energy is
not a peculiar point for it. Therefore this potential can
be used to predict cross sections near the threshold for
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the a + b channel. Although this approach had been
known for quite along time, its specific realization on
the basis of a new method for constructing the multi-
channel potential being discussed was proposed only in
recent years (see [78-80]). The potential in question is
based on a direct iterative solution to the inverse scat-
tering problem. This solution proceeds directly from
experimental data on cross sections, as well as on vec-
tor and tensor analyzing powers. Although this method
has hitherto been harnessed only in elastic-scattering
problems featuring channel coupling, it can obviously
be applied to the general problem of predicting near-
threshold cross sections for rearrangement reactions.

4. TEMPERATURE DIAGNOSTICS
OF A THERMONUCLEAR PLASMA
BY THE GAMMA-RAY METHOD

A determination of the ion temperature and of its
profiles and time evolution is an important problem of
diagnostics of a thermonuclear plasma. At present, a
great number of diagnostic procedures that primarily
employ data from atomic physics have been proposed
for measuring the parameters of a thermonuclear
plasma. By and large, these procedures furnish only
indirect information about the ion plasma component,
but direct nuclear physics methodsthat makeit possible
to monitor straightforwardly the dynamics of ions may
prove to be of paramount importance here. Of particu-
lar value are nuclear-physics methods relying on reac-
tions between charged particles. Such reactions may
proceed in afuel initially, but they can also be activated
in a dedicated way by introducing diagnosing admix-
turesin aplasma.

Let us consider the possibility of determining the
ion temperature of a fuel, T;, by using processes that
produce high-energy photons freely escaping from the
reactor core both in the case of a magnetic plasma con-
finement and in the case of inertia confinement. We
restrict ourselves to considering DT and D*He fuels,
which have received so far the most detailed study, and
choose, for activating (diagnosing) admixtures, 3He
and °Li isotopes for DT mixtures and T and °Li for
D3He mixtures. Presented below are the radiative-cap-
ture reactions proceeding in the systems under consid-
eration and involving the emission of photons of ener-
gies E, in excess of 10 MeV [processes (15) and (17)
could also be included in this list]:

T(d, y)*He + 16.70, 3He(t, y)°Li + 15.79,

D(d, y)*He + 23.85, T(t, y)°He + 12.31,
*He(d, y)°Li + 16.39, °Li(d, y)°Be + 22.28,
*He(t,y)°Be+11.49, °Li(1,y)’B + 16.60,
SLi(d, p)’Li*[0.478] (—= "Li + y + 0.478) + 4.55,
SLi(d, n)’Be*[0.431] (—= "Be + y + 0.431) + 2.95

(44)
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(the energies released in these reactions are given in
MeV). Of the reactionslisted here, T(d, y), D(d, y), and
He(d, y) have received adequate experimental study;
the same can be said about the last two processes °Li(d,
py) and °Li(d, ny) [22, 81-83]. For thefirst time, the use
of these reactions for a hot-plasma thermometer was
proposed in [45, 84-86].

The idea of determining the ion temperature T, is
based on the fact that the yield of photons from A + B
interactions, Y,(AB), is proportiona to the concentra-
tion of reaction products, n,g,, and to the y-channel
reactivity @VQBV, which depends greatly on T;. By
choosing an appropriate combination of afew reactions
from (44), it is possible to find the required tempera-
ture, irrespective of plasma-density values [45]. By
way of example, we indicate that, for a DT mixture, a
simultaneous detection of photon yieldsin the reactions
T(d, y) and D(d, y) leads to

Y,(TD) _ 2n; oV,
Y,(DD) ~ np [6V D,

= (M), (45)

where the ratio of the concentrations n; and np can be
considered as a constant to a high precision. It follows
that the ratio of the yields of photons from the above
two reactions is a known function of the ion tempera-
ture T;. Therefore, a simultaneous independent mea-
surement of the two photon fluxes provides ameansfor
determining T;. The monitoring of three photon fluxes
from the reactions T(d, y), D(d, y), and T(t, y) could be
very useful, but there are no nuclear data on the cross
sections for the last process.

The smallness of cross sections is a drawback com-
mon to all radiative-capture reactions, which are gov-
erned by electromagnetic interaction. For example, the
ratio of the branching fractionsfor the radiative and the
main channel at low energiesisabout 5 x 107 for D +
T and D + *He interactions and about 107 for D + D
interactions[22]. Therefore, the problem of experimen-
tally detecting photons in such reactions is nontrivial.
However, Lercheet al. [87] reported that they recorded
16.7-MeV gammaradiation from D + T interactions at
the Nova laser facility and used it in studying the
dynamics of burning.

The last two processes in (44), which yield mono-
chromatic photons of energy E, about 500 keV, do not
have this drawback. These reactions are governed by
strong interaction, and the relevant low-energy cross
sections are relatively large. Their photon yield as esti-
mated for a facility implementing a magnetic plasma
confinement [45] is quite sizable even at a 1% concen-
tration of °Li. That the reactions®Li(d, ny) and °Li(d, py)
represent different output channels of the same process
is also of importance, because any current fluctuation
of the plasma density or some other parameter of the
plasma under study would not affect the accuracy in
determining T,. However, the energy dependences of
the cross sections a(E) for these channels differ only
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dightly insubbarrier region [82], so that the question of
whether this distinction is sufficient for attaining the
required degree of accuracy in determining the temper-
ature is dtill open. Anyway, a direct measurement of
photon yields from nuclear reactions proceeding in a
thermonuclear reactor would nevertheless furnish
unique information about the most important properties
of plasmas.

5. CONCLUSION

In the present review article, we have considered
some important nuclear-physics facets of the problem
of controlled thermonuclear fusion. Attention has been
given primarily to (i) choosing an optimum thermonu-
clear cycle for future thermonuclear power engineer-
ing, (ii) analyzing the problem of areliable extrapola-
tion of measured cross sections to the deep-subbarrier
energy region, and (iii) discussing gamma-ray diagnos-
tics of a hot plasma on the basis of radiative-capture
reactions.

We have shown that specia features of nuclear
structure—for example, pronounced clustering in light
nuclei—often play an important role in the low-energy
behavior of relevant cross sectionsfor nuclear reactions
and can also affect the choice of strategies for investi-
gations in these realms. At the same time, these factors
have been virtually disregarded not only in monographs
and review articles devoted to the problem of controlled
thermonuclear fusion but also in alarge number of orig-
inal specific studies. Fortunately, interest in theseissues
has quickened somewhat in recent years, and a series of
studies, which are surveyed in our article, have been
performed along these lines.

We have conducted a comparative nuclear-physics
analysis of the following eight promising thermonu-
clear fuelsbased on isotopes of light elements: DT, DD,
D3He, D°Li, DTLi, HLi, H''B, and H°Be. Of these,
DT, DD, and D*He mixtures have received the most
detailed study. Among all cycles considered above, a
DT fuel possesses the lowest ignition temperature (T <
10 keV). However, practical uses of this fuel are
restricted by many disadvantages like the presence of
intense neutron fluxes carrying about 80% of the
energy released in D + T interactions, arelatively low
reactor efficiency, and the fact that one has to deal with
radioactive tritium. In what is concerned with radiation
safety and with the efficiency of conversion of nuclear
energy into electric energy, a D°He fuel is preferable
because, here, neutrons carry only about 3% of the total
energy release. Unfortunately, the ignition of this fuel
requires higher plasma temperatures of a few tens of
keV; in addition, there are practical difficulties in
obtaining the *He isotope, one of the fuel components.
Additional gain in the energy release can be achieved
through the use of spin-polarized fuels, where the cross
sections for the two reactions increase by about 50%.
However, it isdifficult to estimate this gain definitively,
since the result depends on the role of depolarization
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effects. Another objective pursued by the use of spin-
oriented nuclei is that there are hopes for suppressing
the neutron flux associated with the D + D by-process.
The degree of this suppression, which depends on the
cross sections for low-energy D + D interactions
involving polarized deuterons, is still hotly debated;
sometimes, the estimates presented in the literature are
at odds with one another.

A high ignition temperature is the main (and some-
times the only) drawback of non-hydrogen fuels. If,
however, operating temperatures of afew hundred keV
are achieved, the use of alternative fuels can proveto be
advantageous from the ecologica and economical
points of view. For example, the cheap and “pure” fuel
H!'B, for which the adopted estimate of the neutron
contribution to the total energy release is as low as
0.1%, is very appealing in this respect. Unfortunately,
the kinetics of nuclear processes has been studied much
more poorly in alternative fuels than in hydrogen fuels.
Virtualy no investigations have been performed for
H°Befuels, although av valuesfor H + °Beinteractions
are inferior only to those for D + T. Analysis of some
aternative fuels is extremely difficult because of a
complicated multistep character of their burning, which
resultsin the generation of anumber of active light iso-
topes in such plasmas. Although the most recent devel-
opment of supercomputer technologies and the advent
of teraflop supercomputers capable of performing
about 10'> operations per second make it possible to
overcome many computational difficulties in simulat-
ing plasma dynamics, there unfortunately remains the
problem of sufficient motivation for performing this
formidable work.

Another factor complicating the analysis of non-
hydrogen thermonuclear fuels stems from the absence
of reliable nuclear data on someimportant processes. By
considering the example of D + °Li interactions alone,
we have shown that, at ion temperatures of T; < 100 keV,
the Maxwellian reactivities [d vIfor the (d, pt) and (d,
nt) channels are additionally enhanced by 10-40%
upon correctly taking into account nuclear-structure
factors. Similar investigations have yet to be performed
for many other interesting reactions induced by light
nuclei showing a considerable degree of clustering (for
example, H + °Be).

Reactions that produce photons and which accom-
pany burning or which are deliberately activated by
diagnostic admixtures of light isotopes can serve as an
efficient thermometer of a hot plasma. The yield of
gamma radiation freely escaping from the reactor core
dependsgreatly on theion temperature T, in the thermo-
nuclear region and can therefore be used to determine
T;. Under the condition that the above photon yields
exceed the gamma-radiation background, the possibil-
ity of simultaneously detecting a few radiative pro-
cesses opens the way to determine absolute values of
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the ion temperature, irrespective of the initial plasma
densities and their current fluctuations.
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Abstract—A sample containing 6.3 x 10'* nuclei of the 16 isomer of '7®Hf having a half-life of 31 yr and an
excitation energy of 2.446 MeV was irradiated with x-ray pulses from a device operated at 15 mA to produce
bremsstrahlung with an endpoint energy of 90 keV. The gamma spectra of the isomeric target were taken with
aGe detector. Theintensity of the 325.5-keV (6 — 4*) transition in the ground-state band of '7Hf wasfound
to increase by about 2%. Such an enhanced decay of the !7Hf isomer is consistent with an integrated cross sec-
tion value of 3 x 1023 cm? keV if resonance absorption occurs within energy ranges corresponding to the max-
ima of the x-ray flux, either near 20 keV or at the energies of the characteristic emission lines of W. © 2000

MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The four- and five-quasiparticle isomers of Lu, Hf,
and Ta are of interest because they have relatively long
lifetimesfor states at excitation energies of 2to 3 MeV.
They arereferred to as K isomers because spontaneous
radiative decay is hindered by structural changes for-
bidden by K-quantum numbers. In this mass region,
nuclei are deformed and the projection of the total
angular momentum onto the symmetry axis contributes
this quantum number K, which can change by no more
than the multipolarity of the electromagnetic transition.
Decays from a high-K isomer to the rotational states of
alow-K band are forbidden; therefore, arelatively long
lifetime is inevitable. The most interesting example
may be the 31-yr, four-quasiparticle 18Hf isomer hav-
ing an excitation energy of 2.446 MeV.

Proposals to trigger the energy release of a nuclear
isomer by exciting it to some higher level associated
with freely radiating states have been known for over a
decade [1]. To be efficient, such schemes should be
applied at an energy near that of the K-mixing state of
the isomer. It was proposed in [1] to use the resonant
absorption of x rays from a bremsstrahlung source to

* This article was submitted by the authorsin English.
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excite some fraction of a high-K isomeric population to
the K-mixing level. Then, the decay to the ground state
via one or more y cascades could subsequently release
the total energy of the isomer plus that of the absorbed
trigger photon. The types of K-mixing states needed in
such schemes to induce the decay of nuclear isomers
have been reported [2] in 8Ta and described in Y74Hf
and other isomers[3].

In 1999, the use of soft x-ray irradiation to enhance
the decay of the 1"®Hf isomer was reported in [4, 5]. In
that study, the continuous x-ray spectrum was most
intense in the range between 20 and 60 keV. While the
energy of the particular component causing the transi-
tion that initiated the process was not determined, the
data were analyzed under the assumption that the
energy lies near the 40-keV mean value of the spectral
distribution.

The two-step process leading to the excitation of the
intermediate level and following the decay to the
ground state is assumed here to be the same as earlier
for 180mTa [2]. The integrated cross section of ol =
1072 en? keV measured for 18" Tacorrespondsto the pres-
ence of an activation level of width I = 0.5 eV. The same

width assumed for **Hf leads to of = 102 cn? keV
when the cross section in the Breit-Wigner resonance
isused. Thisisin accord with the experimental results
reported in [4, 5], but the rescaling from 8MTa to

oMLt looksstrai ghtforward. Thelevel schemesof the

two nuclel are very different, and so are the energy and
the wavel ength of the incident radiation: nearly 3 MeV
for 1¥Ta[2] and about 40 keV for 18Hf [4, 5]. Theinte-
grated cross section (ICS) for photon resonance absorp-
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Fig. 1. Scheme of the experimental arrangement showing
the geometric placements and dimensions of the compo-
nents.

tion has been recently discussed in [6], and the possibil-
ity of modifying the recommended equations was con-
cluded. More experimental information is necessary for
calibrating ICS at photon energies in the region E, <
100 keV.

On the other hand, the systematics of nuclear transi-
tion strengths do not predict the widths of levels as
large as those known from the 39" Ta experiment [2]

and obtained for " "*Hf [4, 5]. Thevalueof I = 0.5eV

corresponds to a short lifetime (=107° s), while a typi-
cal lifetime of nuclear states at excitation energies of 2
to 3 MeV istwo orders of magnitude greater. Accord-
ingly, ol = 3 x 107?” cm? keV could be predicted for
180mT3a by using the value of B(E1) = 0.01 Weisskopf
units recommended in systematics. This is lower than
the experimental value by one order of magnitude. The
corresponding disagreement is even moreimpressivein
the 1"®Hf case, mainly because of the deficit of levels
with appropriate quantum numbers for the decay of the
high-spin intermediate state excited after the absorp-

tion of a photon by the 8™ isomer. As a conse-
guence, the properties of intermediate K-mixing states
appear as an extraordinary phenomenon that naturally
stimulates more focused studies. In particular, more

details on the enhancement of the decay of the 1My

isomer are necessary in order to clarify the mechanism
of the x-ray induced deexcitation of the isomer. By
focusing upon a confirmation of the work previously
reported [4, 5], while extending it to include a study of
afragment of a cascade not present in the spontaneous
decay of theisomer, the present study isaimed at meet-
ing these requirements.

PHYSICS OF ATOMIC NUCLEI

COLLINS et al.

2. EXPERIMENTAL DETAILS

The experimental work was performed at the Center
for Quantum Electronics, University of Texasat Dallas.
The irradiating bremsstrahlung beam was provided by
an x-ray unit operated at 15 mA and an endpoint energy
up to 90 keV. The device was operated in a way that
ensured aduty cycle for the irradiation of about 0.6%.

The irradiated sample consisted of a sealed plastic

target containing 6.3 x 10' "™t isomeric nuclei
placed in a 1-cm diameter well. The main radioactive
contaminants in the sample were the 1”?Hf nuclide and
its daughters at a level of activity comparable to the
intensity of the 31-yr spontaneous decay of the 178Hf
isomer. The sample was placed at 5.5-cm distance from
the emission point of the x-rays, and the only absorp-
tion was dueto the glass of the x-ray tube and the 2-mm
plastic sealing of the x-ray device. The absorption in
the sealing of the sample was negligible.

Figure 1 shows the experimental arrangement. The
HP coaxial Ge detector was placed at 41.6-cm distance
from the sample being irradiated. The detector had the
efficiency of 10% relative to the standard Nal for €°Co
lines. A shielding built of 3-mm Cu and 2-mm Pb was
used in order to prevent detection of scattered x-raysin
the Ge detector. Thus, the pulse rate of scattered x-rays
allowed to get into the detector was measured to be
about 1500 counts/s. The count rate produced by the
radioactive target in the absence of the x-rayswas about
4000 counts/s. Such an experimental arrangement
resulted in a low value of the total dead time of the
acquisition tract of about 9% during theirradiation. The
energy and efficiency calibration of the Ge detector was
done using standard calibration sources, %Co, *3Ba,
and *3’Cs. We estimated the maximum absolute detec-
tion efficiency to be of about 1.5 x 10* at a y-ray
energy near 300 keV in the described geometry with
absorbers.

Data acquisition was enabled only when a signal
was presented from a p—i—n diode which monitored the
x-ray beam. The signal from the diode was processed in
order to produce a 4-ms gate centered on the burst of
the x-ray flux. We recorded y-ray energiesup to 2 MeV
with amplification set to give 0.25 keV/channel, allow-
ing for agood analysis of the possible admixturesin the
lines of interest. Spectra were stored during each three
hours and gain matched using internal y lines before
adding them in order to compensate a weak variation
(within 0.05%) of the electronics gain.

Special attention was devoted to the measurement of
the incident x-ray flux. For this purpose, the x-ray
device was aligned to direct the flux to the Ge detector
placed at 8.2-m distance. The direct x-ray flux could
reach the active area of the detector only through a
1-mm-diameter hole placed near the detector. High
count rate still required the application of absorbersfor
the measurement of the direct radiation spectrum. The
final spectra could be reconstructed from a few mea-
Vol. 63
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surements with different absorbers. They are shown in
Fig. 2 for two conditions, with and without a 2.7-mm
equivalent thickness of Al available for covering the
output window. The spectrum taken with 1.5-mm Cu
absorber is given in the inset. It was one of the compo-
nent measurements from which the composite spec-
trum was assembled. In previous work [4, 5], the

Mg sample was irradiated with the presence of the

Al absorber between x-ray tube and the sample, while
in the experiment reported here it had been removed.
One can see from curve 1 in Fig. 2 that there is a high
intensity, above 4 x 10" photons cm=? keV- s, at low
energies near 20 keV; drastic decrease of the intensity
with increasing E, values; and a clear manifestation of
the characteristic K-X lines of W (material of the con-
verter in the x-ray device). All these special features of
the incident radiation are important for conclusively
determining the integrated cross section, as discussed
below.

3. RESULTS

Acquired with the Ge detector, spectra of the
induced emission of y radiation generally resembled
those abtained in the earlier work [4, 5]. However, in
the present experiment, normalization of the spectra
taken with and without x-ray irradiation was facilitated
by the deliberate inclusion of lines from the '**Ba
source placed near the Hf target, but not irradiated.
Those fiducia lines were within about 30 keV of the
325.5-keV (6" — 4%) component of the ground-state
band (GSB) and therefore reduced any effects of a drift
or anonlinear energy dependence of the efficiency. An
empty target holder, the “blank,” of a mass and con-
struction similar to the one carrying the isomeric nuclei
was available for use. Comparative measurements
showed that over 95% of the elastic and inelastic scat-
tering of the irradiating beam arose from the mass of
the holder, not from its contents.

Three geometric arrangements were important dur-
ing the collection of data: (1) “inbeam,” when the iso-
meric target was centered in the cone of irradiation as
shown in Fig. 1; (2) “outbeam,” when the target was
placed out of the beam of x-rays at the position denoted
as “proximate’ in Fig. 1 and the “blank” target holder
replaced it in the cone of irradiation; and (3) “baseline”
when the isomeric target was placed in the position of
the cone of irradiation, but the x-ray source was turned
off. During analysis, both inbeam and outbeam spectra
were scaled to the baseline spectrum, so that the areas
of thefiducial linein each spectrawere the same.

Figure 3 shows the results of 16 h of acquisition
time, during which there were 340 s of actual counting
time enabled by the gate coincident with the detection
of x-rays. From top to bottom are shown the inbeam,
outbeam, and baseline spectra: when the spectra were
subtracted, the datawere acquired so that the total num-
bers of photons collected in the 356.0-keV line of 1¥Ba
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Fig. 2. Photon spectral flux expected at the inbeam position
of theisomeric target. These experimental datafor a90-keV
endpoint were measured by using a Ge detector from input
attenuated with a pin hole and placed at 8.2-m distance from
thex-ray tube. The radiation spectracorrespond to this exper-
iment (curve 1) and the measurements in [4, 5] (curve 2),
where the Al absorber was used. The inset shows the raw
data taken with a 1.5-mm Cu absorber.

were as nearly equal as could be arranged. The counts
in the areas under the relevant peaks are summarized in
Tables 1 and 2. In this case, more counts were used for
abetter accuracy of the baseline spectrum accumulated.

It was mentioned above that the efficiency of the y-
ray detection had amaximum near 300 keV, decreasing
to lower energies due to a presence of absorbers and to
higher energies due to an intrinsic efficiency of the Ge
detector. Accordingly, in this series of measurements,
we concentrated to detect the enhancement of the
325.5-keV line providing the best resolution and rea-

sonably good statistics. Some other lines of the Mg
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Fig. 3. Spectraof the msz from the irradiated target: (a) target inbeam minus scaled baseline, (b) target outbeam minus scaled
baseline, and (c) baseline spectrum. The region shown could be dependably normalized by comparing the areas under the 356.0-keV
line of 133Baand included the 325.5-keV (6 — 4%) component of the GSB of 178Hf.

decay could be also enhanced (for instance 213.4 and
426.6 keV) under irradiation, but a statistical accuracy
for them was lower than that for the 325.5-keV line.

In addition, the difficulties in establishing precise
fiducial lines exist in other regions of the spectra; dif-
ferencesin areas under peaks could not be attained with
the same high level of confidence as accomplished for
the 325.5-keV line. Previous reports [4, 5] suggested
that not al components of the spontaneous decay cas-
cade were enhanced by the x-rays. If severa transitions
feeding the GSB in spontaneous decay are not enhanced,
there naturally arises the question of what channels are
involved in the induced decay of the isomer.

An analysis of the spectra suggested severa “new”
components, some of them were obviously seen in the
spectra stored during 1998 series of experiments, but
the statistics was not enough to discuss them in papers
[4, 5]. Figure 4 shows the best of such lines observed in
the experiment reported here for E, = 210.6 keV. The

PHYSICS OF ATOMIC NUCLEI

line 210.3 keV was known as a member of the K™= 6*
band in '78Hf, but it was not previously seen in sponta-
neous decay of theisomer [7]. Other transitions by this

band were observed neither for the * ?Hf decay pre-
viously nor in present measurement.

According to [7], very weak line of *"?Lu should be
detected at E, = 210.28 keV, and it wasreally seeninthe
baseline spectrum. However, its intensity, being in
agreement with [7], was fourfold lower than that in the
spectrum taken “inbeam.” Thus, the 210.6-keV line
shown in Fig. 4 cannot be explained by a contribution
from 2L u.

4. DISCUSSIONS AND CONCLUSION
The first reports [4, 5] of the great cross section for
the decay of the ®™1if jsomer induced by low-energy
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Table 1. Comparison of the gamma emission from the target irradiated at the inbeam position with the baseline obtained

without irradiation

E,, keV Nucleus with ';::g' aion Baseline Excess, counts
area norm. area*

296.8 178t 1692 (68) 14925 (201) 1685 (27) 7 (73)
302.9 133ga 6503 (103) 58052 (304) 6554 (64) -51(121)
3239 172 y 1403 (71) 12891 (222) 1455 (28) —52 (76)
325.5 178t 17035 (146) 147952 (451) 16703 (148) 332 (208)**
356.0 133ga 22617 (180) 200333 (482) Normalizing line

372+ 373 172y 2439 (84) 21860 (250) 2468 (90) —29 (123)
3775 172y 3098 (75) 27445 (225) 3098 (36) 0(83)
383.8 133ga 3225 (76) 28160 (261) 3179 (40) 46 (86)

* Normalized to the 356-keV line of 133Ba. Statistical inaccuracy of normalization isincluded.

** Egtimation of the effect: (2.0 + 1.2)%.

Table 2. Comparison of gammaemission acquired from the target in the outbeam geometry with the baseline obtained with-
out irradiation (normalization isidentical to that in Table 1)

Basdline
E,, keV Nucleus Outbeam area Excess, counts
area norm. area

296.8 1784f 785 (52) 20826 (262) 832 (14) —47 (54)
302.9 133ga 3021 (70) 75754 (352) 3028 (36) =7 (79)
323.9 172 y 722 (49) 17737 (250) 709 (13) 13(51)
3255 1784f 7961 (103) 199062 (517) 7957 (88) 4 (135)
356.0 133ga 10408 (110) 260372 (551) Normalizing line

372+ 373 172 y 1258 (57) 29652 (284) 1185 (55) 73(79)
3775 172 y 1428 (51) 36429 (260) 1456 (19) —28 (54)
383.8 133ga 1509 (52) 36928 (261) 1476 (19) 33 (55)

Table 3. Integrated cross section ol calculated from a 2% enhancement of the 325.5-keV 178mzHf line under the assumption
of different activation-energy values

E,, keV 20 30 40 50 Kq1 (W)* 60 Kgy (W)* 70
o, cm? keV 32x102|54x1028(1.6%x10%2 [34x102|1.6x1023(39x10%|33x1023|1.1x 104
Flux with no filter
ol, cm? keV 35x10%[1.2x10% |24 x10%%*[45x 102%[2.0 x 1023 4.7 x 10%?[4.0 x 103[1.3 x 107
Flux with 2.7-mm Al
filter

* Under the assumption that the natural width of the emission lineis 50 eV.
** For acomparison with [5].

X-rays seems to be unexpected because it was not pre-
dicted by any model. The problem has not been
resolved by the results of the experiment reported here.
However, some illumination of the unexpected nature
of the phenomenon has been realized, it is still instruc-
tive to examine the details.

Of prime importance is the fact that general phe-
nomenology has been reproduced in accordance with
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[4, 5]. Table 1 shows that with the same type of small
X-ray generator traditionally used in dental medicine
enhancements of the order of 2% can be induced in the
rate of spontaneous decay of the Hf isomer. As can be
seen from Table 2, there is no comparable value of a
spurious enhancement found when the empty target

holder was irradiated while the ' "Hf sample was
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Fig. 4. Spectra obtained under the different conditions. From
top to bottom: inbeam spectrum, baseline spectrum normal-
ized to the previous one by the pesk countsin the 213.4 line
(Ieft scale for both), and full range baseline spectrum (right
scale). The FWHM values for the marked peaks are 1.10,
0.91, 1.06, and 1.04 keV from Ieft to right, as given by thefit.

placed in the outbeam geometry. The excess countsin
the 325.5-keV line are essentially zero, as can be seen
aswell inFig. 3.

Theyield of triggering eventswould equal the prod-
uct of the number of isomeric atoms in the target, the
spectral flux density from Fig. 2 at the appropriate
energy, and the unknown integrated cross section, ol’,
for the branch of the excitation of aK-mixing level that
endsin astate other than that of theinitial isomer. Since
each quantity is known, except for the integrated cross
section for the “triggering branch,” the latter one can be
obtained if the transition energy is estimated. Possible
values of ol are summarized in Table 3. The specific
value of ol is strongly dependent on the position of an
intermediate level because of the strong variation of the
x-ray flux with energy. Assuming the resonance band
lies near the maxima of flux, one can derive ol” = (2-3) x
102 cm? keV. The emission lines of W were detected
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in the x-ray spectrum with resolution of 0.9 keV. The
natural width ismuch smaller, and, in reality, theflux is
respectively higher in the characteristic X-ray peaks.

For the case of isomeric 178Hf, we have confirmed
that the irradiation by photons with the energy of the
order of 20-60 keV can induce the prompt release of
the 2.446 MeV stored by the isomer into freely radiat-
ing states. Thisis an energy gain of about 60.

Further research is needed to provide greater preci-
sion to the measurements of the transition energy to the
K-mixing level and to clarify properties of the cascade
feeding the GSB. Such datawill then facilitate a better
understanding of these first evidences of the triggering
of induced gamma emission from the 31-yr isomer of
1784f with very low energy photons through large inte-
grated cross sections, o™ = 2 x 10722 cm? keV.
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Abstract—Recurrencerelations of perturbation theory for the hydrogen ground state are obtained. With the aid
of theserelations, polarizabilitiesin constant mutually perpendicular electric and magnetic fields are computed
up to the 80th order of perturbation theory. The high-order asymptotic expression is compared with its semi-
classical estimate. For the case of an arbitrary relative orientation of external fields, a general sixth-order for-
mulaisgiven. The energy and the width of the ground state are obtained by means of a perturbation-series sum-

mation. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The hydrogen atom in constant uniform electric and
magnetic fields still remains the subject of theoretical
investigations. For example, the authors of [1] devel-
oped arecurrent nonperturbative method for construct-
ing a convergent double series representing the exact
wave function of the hydrogen atom in amagnetic field.
For a more extensive discussion of the problem, the
reader isreferred to the review article of Lisitsa[2].

The well-known technical problem of the impossi-
bility of separating the variables only stimulates the
application of new investigation methods, including
perturbative ones. The method of moments, which was
first used to treat perturbatively an anharmonic oscilla-
tor [3], does not require separating relevant variables.
The recent application of this method to the Zeeman
effect problem [4] allowed a check of the behavior of
the high-order asymptotic expression for aperturbation
series. Independently of [3], the method of moments
was developed by Fernandez and Castro [5] in aform
similar to that used in [4]. It was then applied to the
hydrogen atom in parallel electric and magnetic fields
[6]; later on, the Zeeman effect problem was considered
for four sequences of hydrogen-atom states[7].

It seems even more important to apply it to the
_)
hydrogen atom in crossed electric (€ ) and magnetic
%
(#) fields because only initial terms of power expan-

- —
sioninterms of € and ¥ have hitherto been consid-
ered for this case [8-12]. As will be shown in the

* This article was submitted by the authorsin English.

D Moscow State Engineering Physics Institute (Technical Univer-
sity), Kashirskoe sh. 31, Moscow, 115409 Russia
** e-mail: gani @heron.itep.ru

*** a-mail: wein@vxitep.itep.ru

present study, the method of moments permits comput-
ing sufficiently high orders of this expansion.

The high-order asymptotic behavior can be obtained
by using the imaginary-time method [13-15]. This
asymptotic behavior is determined by the contribution
of an extreme subbarrier classical trgjectory to the
atom-ionization probability [16, 17]. A pair of extreme
paths replaces this trgjectory at some value of the ratio
of external fields, y = (/€. The y dependence of high-
order terms in a perturbation series reflects this change
of extremetrgjectory and should be especially sharp for
mutually perpendicular external fields. Thisisthe case
that we study here.

2. RECURRENT EVALUATION
OF A PERTURBATION SERIES

Let us consider the ground state of the hydrogen
atom placed in mutually perpendicular electric and
magnetic fields. Thesefields are assumed to be constant
and uniform. We restrict ourselvesto the nonrelativistic
approximation and neglect the electron spin. From the
outset, we attempt to simplify numerical computations
and to achieve a sufficiently high order of perturbation
theory. For this purpose, wetreat y as afixed parameter,
replacing the double expansion in external fields by the
single-variable series

Y = z%"m E = ZEEJ%Z], (1)
k=0 i=o

where the wave-function corrections |kCand hyperpo-

larizabilities EkD depend on y. We also introduce circu-
lar coordinates

X, = Xzxiy;

after that, all relations given below will have real coef-
ficients. In terms of these coordinates, the Hamiltonian

1063-7788/00/6312-2073%20.00 © 2000 MAIK “Nauka/Interperiodica’
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Fig. 1. Functions f,(y) = In(|EkD [’k!) resulting from the
recurrently computed hyperpolarizabilities.

of the problem in question has the form

A= Fo+ €A+ 8, Ao = —38-3,
ST yg 9 _, 0(0
H1 X+2LZ 2(X++X—)+2 +ax —ax D (2)

R v2 ) ) y2
Hz = §(x +y) = g

We use atomic units. The electric and magnetic fields
are measured in the units of €, = mfe’/A* = 5.142 x
10°V/icm and #,, = mPe’c/h® = 2.35 x 10° G, respec-
tively. The wave-function correction of order k satisfies
the differential equation

(Ho—Eg) k= —Halk—10- Halk — 20

[k/2] (3)
+ Y Epjlk-2j0

i=1

In just the same way as in other problems to which the
method of moments was used [3, 4], it is easy to trans-
form Eq. (3) into the algebraic relation between the
moments of order k:

k

Phap = O PxxPkO 4)

Multiplying (3) from the left by [(])|r°—“—Bxfx£3 and
considering that the Hamiltonian is Hermitian, we
obtain the recurrence relation

2(0-a-PB)(o+a+B+1)Ph 50
5)

k
gafy

"'ZO‘BPo 2,0-1,p-1 GPG Lap =
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where

1, k-1 k-1 k-1
RGGB = E[Pc+l,a+l,[3 + P0+1v0,[3+1 +y((X _B)PUGB]
[k/2]

2
Y pk-2i
+§ 0+20+1B+1 zEZJ

caf -+

The right-hand side of relatlon (5) and hyperpolariz-

ability EkEI depend only on the moments of preceding

orders. Aswas usually donein the method of moments
[3], the following orthogonality condition is accepted:

OkO= &g x — I:)I(;,o,o = O k- (6)

An expression for hyperpolarizability arisesfrom (5) at
o=a=B=0andevenk:

O

2
Ey —‘(P110+P101)+8P211 (7
The closed system of recurrence relations (5)—7)
enablesusto calculate, at least in principle, an arbitrary
high order of the perturbation theory. The computation

starts from

PO _ (o +2)lal
cap 0'+1 g(2a+1)” af

The sequence of manipulationsissimilar to that usedin
[4] to compute Zeeman shift of a nondegenerate state.

At every order k, only moments Pc';uﬁ from the sector
ozda+B-1,a=0,pB=0arenecessary. They are eval-
uated by successively increasing of o, a, and (3 values
with the use of relation (5).

We have obtained hyperpolarizabilities in mutualy
perpendicular fields up to the 80th order of perturbation
theory. This order is large enough to compare the
dependence of these coefficients on y (see Fig. 1), with
the predictions following from semiclassical consider-
ations. One can see from Fig. 1 that the function f,(y) =

In(E. [/K!) has two features. It has a minimum at
y = 3.4 and a sequence of singular points to the right of

this point. Note that the function EE (y) changesitssign
at every singular point of f,(y).

3. HIGH-ORDER ASYMPTOTIC BEHAVIOR

It is well known [16] that the dispersion equation
relates the asymptotic expression of high-order coeffi-
cients EkD to the ionization probability of the atom, i.e.,
to the penetrability of the potential barrier. Thisrelation
is a consequence of the fact that the energy eigenvalue
E = EO(%Z) - (i/2)F(%2) has essential singularity at
€’=0 and a cut along € > 0 semiaxis. (Similarly,
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E(%Z) has essential singularity at 7€ = 0 and acut along
¥ < 0)

To evaluate the ionization probability I, the imagi-
nary-time method was previously developed [13-15].

The leading term of the asymptotic expression EE of

the EkEI coefficients at k — oo is determined by the
classical subbarrier path with extremal value of the
abbreviated action. Time takes complex values during
this subbarrier motion. There are two kinds of complex
classical tragjectories. As in the Stark effect case, the
ionization may be induced by the electric field in the
case of the stabilizing effect of the magnetic field. The
path of this kind produces the asymptotic expression

Ex (y) Okia(y),

This asymptotic expression is applicable at a moderate
magnetic field for y below some critical value v..
Accordingto[18], y. = 3. 54 for mutually perpendicular
external fields. It is possible to penetrate through the

barrier also a %" < 0 asin the Zeeman effect problem.
Subbarrier trgjectories of this kind are responsible for

k iseven. (8)

the form of EE (y) in the opposite case, y > V.. This
change of asymptotic expression explains the origin of
theleft minimumin Fig. 1.

To obtain an estimate for the function a(y) entering

into EE , we apply the results of [18, 19] and represent
here some necessary expressions for the special case of
mutually perpendicular external fields. For more gen-

- —
eral considerations related to arbitrary € and 7

mutual orientation, see [18].

The time 1 of subbarrier motion satisfies the equa-
tion [19]

= v’ ©9)

which has a set of solutions T, = intt + 1,,. The mini-
mum value of the imaginary part of the subbarrier
action is provided by 1, for y <y, and by apair of solu-
tionst,, for y>y.. Intheregion y <y, the energy half-
widthis

- (tcotht — 1)2

r€? = B(v) p[ Zg(%v)}

31
g(y) = (v =T -v).
2y
The dispersion relation in €’ then leads to

J=_2TJ
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F(z)dz

j+1

O(2j)ta”, (11)
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Fig. 2. Parameter a(y) of the perturbation-series asymptotic
behavior. The solid line follows from the semiclassical esti-
mate at y < 1 [see (13)]; the same estimate for y > 1 is
shown by dashed lines [see (14) and (15)]. Va ues obtained
numerically are denoted by asterisks.

where

3
29(y)’
Thelast equality isvalid lsointheregiony>vy,, where

g(y) and a(y) are complex functions. At y < vy,, the
resulting approximate expressions for a(y) are

a(y) = (12)

1 2 71 4 0

a(y) = 2 @y my +"'D y <1;

(13)

4y3
a(y) = ———; L
(v’ -1)°(1-2¢"7)

y>1 (14

In the region y > y,, another representation is applica
ble:

1—3 + 33" + 3&/14
On the other hand, in the limit of large k, the following

simple relation appropriate for numerical evaluation
holds:

la(y)l = (15)

|E

Inla(y)| = %(an' (16)

Evaluating a(y) above y., we used smoothed function

EkIj (y) excluding the nodes vicinities. Figure 2 shows
the function a(y) obtained numerically in such a man-
ner as compared to expressions (13)—(15).

Now we turn to the region y > y,. Two solutions of
Eq. (9), 1, and 14, lead to complex conjugate values of
g(y). Substituting approximate 1, value into second
expression (10), we obtain the phase of the function
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a(y) intheform
ag(a) = —ag(g) = -5 +a(y),

2 °+2

a(y) = S—-===+0(1ly").
3y

Y
Finally, the sign-alternating asymptotic behavior arises:

Ex = 2IB(y)I(2))!lal

x cos| (2 + D5 + a(y)F+ BY)|

2j+1

(17)

O(-1)'(2j)1ad® " sin[(2] + D)a(y) + B(y)],
j>1

Here, B(y) = arg(B) is the phase of the preexponential
factor. Its relative contribution to the total phase
decreases as 1/j.

When the perturbation theory order 2j isfixed andy
increases, expression (17) changes its sign at every
point where the argument of the sinus turns to zero.
This could explain the singular pointsin Fig. 1 interms
of the asymptotic expression. But rather lengthy calcu-
lations are required to establish a detailed quantitative
relationship between asymptotic expression (17) and

exact E,; coefficientsincluding node vicinities. A sim-

ple approximate expression for a(y) is not enough for
thisaim.

4. CROSSED EXTERNAL FIELDS
OF ARBITRARY MUTUAL ORIENTATION

For the general case of the ground-state-energy
expansion in powers of crossed external fields, theterm
of the fourth power was known for along time [9]:

1 < eh ) 9322 132
= _" 4 = _= + =
E=-3 -ZlE , E 26 +390, (19
J:

15992%2

>4
3555 3%

% ¢t

10,2, =2.2 53 74
+§[%X%] —Ig—z%

E@ _
(19)

The value of E® is confirmed for mutually perpen-
dicular fields in [12] and for parallel fieldsin [12, 17,
20]. The Ef coefficient computed by means of recur-
rence relations (5)—(7) exactly agrees with (19). How-
ever, there is a numerical difference between our coef-
ficient EE and the corresponding quantity from [12].

Therefore, the sixth order of the perturbation theory
was analyzed in detail.

The magneto-electric susceptibilities, i.e., coeffi-
cients of the double seriesin powers of external fields,
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can be easily obtained from hyperpolarizabilities

EE (Y)- Thus, in the sixth order, taking into account that

Stark and Zeeman coefficients are fixed, it is enough to
choose four different y values and to solve a set of four
linear equations. As a result we obtain the representa-
tion

o_ 1 2 953869 4
Ef = —5—12%512779—521353y + =y
(20)
5581 s[_

3
5 V'E= S Voo (H16)7,
i=0

(The last identity introduces notation of [12].) Using
the linear relation between expansions (1) and (18) and
the known magneto-electric susceptibilities in parallel
fields [20], it is easy to obtain the following term of
series (18):

51277936 2549553432
5 ¢ TTep ¢ X

52 > > 2 >2->4
1323;1:9% (G x @) 20195775

1536
25555772 2 247, 558120
6912

E© _

+ (21)

Some next terms of series (18) can be obtained by the
same procedure. Expressions (20) and (21) are conve-
nient to check term by term the sixth-order correction.
Asfollowsfrom[12],

o[12) _ _1610197 oz) _ 2417015
y24 - 27648 and Y42 - 1536 [ (22)
while the results of our computation are
o _ 953869 o _ 521353
y24 - = 13824 and y42 - 512 (23)

All other coefficients from [12] coincide with our
respective results. We carried out an additional inde-
pendent calculation by means of the method from [9]
and obtained

oo _ 953869
Note that [9] contains complete correction of the sixth
power in externa fields for the case of paraléel fields
and only apart of it for the case of perpendicular fields.
These “celebrated” sixth-order terms result as a by-
product of fourth-order calculations in [9]. The agree-

ment between high-order hyperpolarizabilities EE and

~ [
their asymptotic Ex confirms once again the correct-
ness of recurrence relations (5)—(7).
Vol. 63

No. 12 2000
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-0.64
0

Fig. 3. Real part of the lowest energy eigenvalue of hydro-
gen atom placed in mutually perpendicular external fields.

10°°

108

10—10 1

1
0.08

Fig. 4. Half-widths of the lowest hydrogen state in mutually
perpendicular external fields.

5. ENERGY AND WIDTH CALCULATION

Summation of the obtained perturbation series was
performed with the use of Hermite—Padé approximants,
just as it was previously done for the case of Stark
effect [21]. Let us recall that this method is based on
employing the relation

AL(X)E*(X) + By(X)E(X) + Cy(X)

- o(XL+M+N+2) (25)
wherex = €°; E(€°) is series (1); and A, (X), By (X), and
Cy(X) are polynomials of the powers L, M, and N,
respectively. Normalization A, (0) = 1isaccepted. First,
Eq. (25) isconsidered asan identity in x, and the result-
ing system of linear equations is solved for the
unknown coefficients of polynomials A , By, and Cy.
Then, Eq. (25) is solved as a quadratic equation for the

sum of series E(%Z). This way, the branching of exact
function E(%z) at the point of its essential singularity
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€’ =0is approximately reproduced. In practice, suc-

cessions of approximants [L, L, L](%z) uptolL =13
were computed. As an example of their convergence,
we note that the obtained energy eigenvalues have five
exact decimal digitsat # = 0.2, ‘€ = 0.1 and three exact
decimal digits at 7 = 0.2, € = 0.5. The resultant
ground-state energy and width are presented in Figs. 3
and 4. The magnetic field stabilizes the level diminish-
ing its binding energy and width.

We give now some technical remarks. The energy
convergence is worsened in the vicinity of the branch-
ing point, at € ~ 0.01-0.07 for # from 0.05 to 0.2,
respectively. At large eectric fields, convergence is
observed up to € ~ 1. It israther obvious that the preci-
sion of the final result may be increased and the range
of fields for which the convergence takes place may be
extended by increasing the order of employed approxi-
mants. Besides, it appears practically optimal if the
maximal order of the approximants used is almost

equal to the number of exact decimal digits of EE coef-
ficients.

6. CONCLUSION

The problem considered above demonstrates once
again the high efficiency and convenience of the
method of moments. The resulting recurrence relations
have allowed advance up to the 80th order of perturba
tion theory. The high-order asymptotic behavior was
aso analyzed. Basic parameters of this asymptotic
expression arein good agreement with those previously
obtained in the semiclassical approximation with the
use of the imaginary-time method.

In the problem under consideration, the method of
moments can aso be applied to excited states as well
just asit was previously used for the Zeeman effect case
[4]. The most substantial points of this application are
the following. The moments

Paap = )r®* Px Xk
~ _ 26)
. _ dme-r/n _ B&dﬂlz —r/n (
with |00= e = 00 e

alow consideration of an arbitrary hydrogen state. Note

that bra [D | in this definition is the nodel ess exponential
factor of the unperturbed wave function, rather than the
unperturbed wave function. The degeneracy of each
excited state should be taken into account from the very

beginning, i.e., at the stage of PSGB computation. In the

second approximation, a constraint excluding ambiguity
of energy correction is introduced. This is enough to
uniquely determine the mixing parameters inherited by
the moments from the unperturbed wave function.

It iswell known that very strong magnetic fields are
created by some astrophysical objects. Pulsars possess
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amagnetic field up to at least # ~ 103, In addition,
magnetic white dwarfs with 7 ~ (0.2-05)#, are
observed [22, 23]. An atom moving fast in vicinity of
such an object is subjected in its rest frame to intense
mutually perpendicular electric and magnetic fields.
Quasistatic perpendicular fields are also present in the
radio waves emitted by a pulsar. These fields may be
strong enough near the surface of theradiating star. The
possibility of the investigations of the neutron-star
atmospheresin the ultraviolet and x-ray ranges of their
absorption spectrais discussed in [23].

For astrophysical applications, the properties of
hydrogen in crossed externa fields were successfully
computed in an adiabatic approach with a Landau level
as the initial approximation [24]. However, avoided
crossings of hydrogen levels give no way to use the adi-
abatic approximation below # ~ 1007 . The perturba-
tive approach described above seems to be more appro-
priate for moderately strong external fields.
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Abstract—It isfound that particle-mass-symmetric and particle-mass-asymmetric Coulomb systems are adia-
batically similar. Expressions are proposed for the mass dependence of upper and lower bounds on the energies
of asymmetric systems, and an expression approximating these energies is given. The energies of the families
of mesic moleculesthat are adiabatically similar to the mesic molecules dpy, tpu, and tdu are investigated with
the aid of these expressions. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

In [1], precise variationa calculations were per-
formed for a large number of three-particle Coulomb
systems symmetric in the masses of likely charged par-
ticles, and analytic formulas that describe accurately
the energies of these systems were constructed on this
basis. In the present study, we consider relations
between the energies of mass-asymmetric three-parti-
cle systems, which have yet to receive adequate study.

The system of three particle having the unit charges
of g, =0, =%1 and g; = ¥1 and masses m;, m,, and m,
is described by the Hamiltonian

H(ry, ror3) = «(U2)[A/my + Ay)/m, + Ag/my)
+r, =113 —1/r,,.

For physical quantities, we use here the system of
atomic units (A = m, = |e| = 1). The likely charged par-
ticles 1 and 2 are numbered in such away that m; = m,.
The eigenvalue spectrum of the operator in (1) begins
from E(m;, m,, m;), the ground-state energy of the sys-
tem with afixed center of mass.

ey

2. UPPER BOUND ON ENERGY

An upper bound on the energy E(m;, m,, m) of asys-
tem asymmetric in the masses of the likely charged par-
ticles 1 and 2 can be expressed in terms of the energy of
its symmetric analog. L et us consider the operator

H(ry, 1215 A) = ~(V4)[(8y + B2)(1/m, + 1/my)
_1/r13_1/r23,

which depends on the parameter A. We denote by €(A)
its lower eigenvalue. A comparison with (1) shows that
the operator in (2) describes the system of particles
with masses m;, m,, and m; a A = 1 and the system of
two particles 1 and 2 with identical masses equa to
2m,m,/(m, + m,) at A = 0. Hence, the eigenvalues of the

D Admiral Makarov State Mari ne Academy, St. Petersburg, Russia.

operatorsin (1) and (2) satisfy the equalities

€(0) = E(2m,m,/(m, + my), 2mym,/(m, + my), my),
£(1) = E(my, my, my). ©)

Thereversal of the sign of the parameter A in (2) corre-

sponds to the interchange of the numbers of particles 1

and 2. Since this does not change the energy of the sys-
tem, €(A\) is an even function of A,

e(-A) = €(A), )
so that its derivative vanishes at the origin:
€'(0) = 0. (%)

Since the operator in (2) depends on A linearly, the sec-
ond derivative of itslowest eigenvalue (M) is honposi-
tive (see Appendix),
£"(\) 0. (6)

From (5) and (6), it follows that €'(A) < 0 for A = 0.
Hence, the function €(A) decreases monotonically in
theinterval 0< A <1,

€(0)=¢€(N) =2€(2). @)
Substituting the values of the function €(A) at the points
A =1and0from (3) into (7), we arrive at

E(my, my, mg) @)

<E(2mym,/(m; + m,), 2mym,/(m, + m,), m).

Thisinequality expresses an upper bound on the energy
of an asymmetric system involving likely charged par-
ticles of unequal masses in terms of the energy of the
symmetric system in which the masses of these parti-
cles coincide.

3. HAMILTONIAN IN TERMS
OF JACOBI COORDINATES

We introduce the scaled Jacobi coordinates
S = [mumy/(my+ my)](ro—ry),
t = [mymumy/(my + m, + mg)] ™ ©)
X [rg—(myrq+myr,)/(mg + my)]

1063-7788/00/6312-2079%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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and rewrite the Hamiltonian (1) of the system of parti-
cleswith afixed center of massin termsof sandt as

H(s t) = [mmy/(m, +my)]h(s, 1), (10)
where the operator h(s, t) is given by
h(s, t) =—AJ/2—-A/2 + 1/|9 — 2x(m,, m,, my)
X [1/]t + [x(my, my, mg) + y(my, my, m;)] 9|
+ 1/|t = [x(my, My, M) —y(my, My, my)]s ]

(11)

and where we have introduced the following two com-
binations of the particle masses:

X(my, my, M)

(12)
= [mg(m, + m2)2/4m1m2(m1 +m, + ma)]ﬂ21

y(my, m,, mg) 13)
= [mg(my, — m2)2/4m1m2(m1 +my+mg)] 1/2-

We will refer to h(s, t) as the operator of the reduced
energy of the system. Its eigenvalues n depend on the
particle masses through the quantities x and y and are
related to the eigenvalues of the Hamiltonian for the
system with afixed center of mass by the equation

E(my, m,, mg) (14)

=[mymy/(my + my) N (X(my, m,, mg), y(my, m, mg)).

4. ADIABATIC APPROXIMATION

In[2], it was shown that the lowest energy value E,,
of a guantum-mechanical system in the adiabatic
approximation coincides with its ground-state energy:

15)

Going over to the adiabatic approximation, where
we consider the coordinates t and s as, respectively, a
fast and a slow one, we can represent an approximate
eigenfunction of the reduced-energy operator (11) in
the form

W(t; s x,y) = W(t; s X y)X(s: X), (16)

where | and X are the wave functions for, respectively,
the fast and the slow subsystem. The wave function
for the fast subsystem and the eigenvalue W of its adia-
batic energy are determined by the equation

{=AJ2 —-2x(m;, My, mg)
x [1/]t + [x(my, my, mg) + y(my, my, my)]
+ 1/|t = [x(my, m,, mg) —y(my, m,, mg)]s|]}

xY(t; s, xy) = W(s; x)P(t; s X y).

This wave function is dependent on the coordinate t
playing the role of adynamical variable and parametri-
cally on the coordinate s and the particle-mass combi-
nationsx andy. If the vector s isfixed, Eq. (17) assumes
the form of the Schrodinger equation, in terms of the

Eaa(My, My, mg) < E(My, My, mg).

(17
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radius vector t, for aparticle of charge—1 that movesin
the field of two fixed Coulomb centers having the equal
charges of g=2x(m;, m,, m;). These centers are located
at the points where the denominators of the fractionsin
the bracketed expressions on the left-hand side of (17)
vanish—that is, at the points whose t coordinates are

t, = —[x(my, m,, mg) +y(my, my, mg)]s,
t, = [x(my, m,, mg) —y(my, m,, ms)]s.

They are separated by thedistanceR=|t, — t;| = 2sx(m,,
m,, ms;). The eigenvalue W of the particle energy
depends on the charges g of the centers and on the dis-
tance R between them; therefore, this eigenvalue is a
function of the quantities s (the absolute value of the
vector s) and x. At the same time, it isindependent of y
since a change in y implies parallel trandation of the
two centers at a fixed distance between them, in which
case the particle energy W remains unaffected.

Since W is independent of y, the operator of the
reduced energy of the slow subsystem [-Ay/2 + 1/[s| +
W] and its eigenfunction X do not depend on y either.
The function ¥, together with the adiabatic reduced-
energy levelsn,, of thetotal system, isdetermined from
the equation
[— A2+ 1/[s + W(s; X)]X(S; X) = N(X¥)X(S; X). (18)
Sincey does not appear in (18), the reduced-energy adi-
abatic levels depend on the particle masses only
through the combination x(m,, m,, m;). Taking into
account (14), we find that the adiabatic energy levels of
the system are given by

Ex(my, my, my) (19)
= [mymy/(my + M) 1N (X(My, My, Mg)).

A systems of particles with masses m;, m,, and m,

and asystem of particles with masses m; , m, , and m;
are referred to as adiabaticaly similar systems if they
are characterized by the same value of x (12); that is,

x(my, m,, mg) = x(my, my, my), (20)
whence it follows that
mg(m, + m2)2/4m1m2(m1 +m, +mg)
(21)

L} 1 1 2 1 1 1 L} 1
= mg(my + my) /4Amymy(my +m; +mg).
It can be seen from (18) that the ratio of the adia-

batic energies of such systemsisequal to theratio of the
reduced masses of likely charged particles,

Eaa(My, My, M) : Egg(my, m,, my)
(22)
= [mymy/(my +m3)] - [mymy/(my + my)].
This means that, for the system formed by particles

with masses m;, m,, and ms, E,,(m;, m,, m;) determines
the adiabatic value of the energy and, hence, a lower
Vol. 63
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Energies of asymmetric mesic molecules as estimated in terms of the energies of systemsthat are adiabatically similar to them
and which represent, in each case, a symmetric mesic molecule involving nuclei of identical masses and a mesic molecule
involving one fixed nucleus (see main body of the text) versus precise results (all energy values are given in atomic units)

. | Energies of mesic molecules
l\éljs;c Sr]]ge? Asymmetry | Energies of symmetric | Energies of mesic mole- under consideration
consideration parameter u mesic molecules  |cules with afixed nucleus| egtimate on the precise results
basis of Eq. (28) from [4, 5]
dpu 0.1112615 —105.7065 —108.2807 —105.99 —106.01
tpu 0.2402140 —106.9404 —109.0532 -107.47 —107.49
tdu 0.0396933 -111.3272 —112.2274 -111.36 -111.36

Note: Precise energy values from [4, 5] were rounded off to five significant decimal places.

bound on the precise energies [see the inequality in
(15)] for the entire family of adiabatically smilar sys-

tems, those that consist of particles whose masses m; ,
m, , and m, satisfy Eq. (21).

5. APPROXIMATE EXPRESSION
FOR THE ENERGIES OF ADIABATICALLY
SIMILAR SYSTEMS

Extending equality (22) from the adiabatic energies
E.q tO the precise energies E of adiabatically similar
systems, we arrive at the approximate relation

E(my, my, mg) 1 E(my, my, mg)
(23)
= [mymy/(my +my)] - [mymy/(my + my,)].
The form of the operator in (11) indicates that, for the

systems under consideration, the measure of inaccu-
racy of this relation is controlled by the difference of

y(m;, m,, my) and y(m,, my,, m;). Under the condition

y(my, my, my) = y(m;, m,, my), the approximate rela-
tion (23) becomes exact.

6. ENERGIES OF THREE FAMILIES
OF ADIABATICALLY SIMILAR
MESIC MOLECULES

Let us apply relations (8), (22), and (23) to three
families of systemsthat are adiabatically similar to the
mesic molecules dpy, tpy, and tdy.

Using the values of the muon, proton, deuteron, and
triton masses (m, = 206.76826, m, = 1836.1527, my =
3670.4830, m = 5496.9216), we find that, for these
molecules, x and y take the values

x(dppt) = 0.2017599, x(tpyt) = 0.1911185,
X(tdp) = 0.1515551, y(dpp) = 0.06729878,
y(tpp) = 0.09540891, y(tdu) = 0.03019459.

The mesic molecules under consideration belong to
three different families of adiabatically similar systems
featuring the same third particle (muon, m; = m,). The

PHYSICS OF ATOMIC NUCLEI

Vol. 63 No. 12

2000

guantity x takesthe samevalue for al membersof afam-
ily, which differ by y values varying intherange 0 < y <
X. The masses of the first two particles of family mem-
bers are given by

my(x,y) = (1+y° =X )my/[2x(x~y)], o
my(x,y) = (1+y° =X )my/[2x(x+y)].

Aty =0, we have a symmetric mesic molecule featur-
ing nuclei of identical masses, m,(x, 0) = my(x, 0) = (1 —
X2)my/2x%; at y = X, the system reduces to a molecule
where an infinitely heavy (immobile) first particle gen-
eratesthefield for the remaining two (mobile) particles,
the second particle having the mass my(x, X) = (1 —
x2)m,/4x* and the charge identical to that of thefirst par-
ticle and a muon, which has an opposite charge.

Upper bounds on the energies of the family mem-
bers were calculated according to (8). The required
energies of symmetric systemswith identical masses of
thefirst two particles, M = 2m,(x, y)m,(x, y)/(m,(X, y) +
my(X, ¥)), were calculated by the formula[1]

E(M, M, m,)
_ _ 2 _ k2 (25)
= [Mmg/(2M + my)] Z Cudmg/(2M + mg)]
k=0

where C, = —1.20526924, C, =0.641781090, C, =
0.285160388, C, = —0.177735530, C, = —0.259757745,
C, = 238013126, C, = —21.1917686, C, = 113.523948,

Cy = -376.094845, C, = 777.364202, C,, =
~978.197128, C,, = 687774491, and C,, =
~207.711422.

For the members of the above families of mesic
molecul es, the adiabatic energy values (which coincide
with lower bounds on the exact energies) were calcu-
lated by formulas (15) and (22) by using the adiabatic
energies E,;(M, M, m) computed in [3] for the corre-
sponding symmetric systems, the latter being interpo-
lated in the form

7
1+k/2

E4(M, M, m;) = z D [M/(2M + m,)] ,

k=0

(26)
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Fig. 1. Ground-state energies of the families of mesic mole-
cules that are adiabatically similar to the (a) dpy, (b) tpy,
and_(c) tdu molecules versus the parameter u = (m; —
m,)%/(m; + my)? of the mass asymmetry of likely charged
particles. Vertical dashed linesin Figs. 1a, 1b, and 1c corre-
spond to the mesic molecules dpy, tpu, and tdy, respec-
tively. Solid curves represent (1) the upper bounds accord-
ingto Eq. (8), (2) the estimates according to Eq. (23), (3) the
adiabatic lower bounds according to Eq. (15), and (4) the
results of avariational calculation.

where D, =-1.205278, D, = 0.643267, D, =-0.499109,
D, = 2.085603, D, = —27.07942, D5 = 172.0880, D, =
—543.8975, and D, = 674.7041.

Taking into account relations (24), we find that the
mass of particles 1 and 2 of the symmetric mesic mol-
ecule belonging to the family of adiabatically similar
systems that is characterized by a given value of x is
equal to

M = (1-x)my/2x’. 27)

Setting m; = m, =Mand m; =m; =m,in(22) and
taking into account (26), we find that, for the energies
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of the members of a family of adiabatically similar
mesic molecules, expression (15) yields the adiabatic
lower bound

E(my, my, m,) = Egy(my, m,, my)

7 (28)

= [2mymy/(my +my)] S Dm/(2M +m,)]"
k=0

where m; and m, depend on x and y according to (24),
while M is given by (27).

In addition to deriving the above upper and lower
bounds on the energies of the systems considered here,
we have also calculated the corresponding approxi-
mated values on the basis of (23).

The results of our calculations for the families of
systems that are adiabatically similar to the mesic mol-
ecules dpy, tpu, and tdu are presented in Figs. 1a, 1b,
and 1c, respectively, along with the variational values
obtained for the corresponding energies by using a
broad basis of Laguerre functions of the perimetric
coordinates of the relevant particles. These results are
in perfect agreement with those from [4, 5] for the
mesic molecules dpy, tpy, and tdy.

From Fig. 1, we can see that the adiabatic lower
bound on the energy as given by (15) liesl.5to 2.5 a.u.
below the precise value. The approximation in (23),
which relies on the exact value of the symmetric-mole-
cule energy and which takes into account the property
of adiabatic similarity, yields a more accurate lower
bound on the energy.

Exact energy values for the members of the families
of adiabatically similar mesic molecules lie between
the lower bound in (23) and the upper bound in (8).
Within five decima places, the energy values calcu-
lated precisely for the mesic molecules dpy, tpy, and
tdu agree with the arithmetic mean of the above
bounds.

As can be seen from the figure, the precise energy
values for the members of the families of adiabatically
similar systems depend almost linearly on the parame-
ter u= (y/x)? = (m, — my)%(m, + my)? (which character-
izes the mass asymmetry of likely charged particles),
and so do the estimates in (8), (15), and (23). This
enables us to approximate the energies of adiabatically
similar systems by the expression

E(my (X, y), my(X, y), mg)
= (1-u)E(m,(x, 0), my(X, 0), my)
+ UE(ml(Xv X)v m2(X1 X)1 m3)1

(29)

where the dependence of the particle masses on the
parameters x and y is given by (24). By using the
expression for the parameters x, y, and u in terms of the
particle masses m;, m,, and m;, we can recast the result
presented in (29) in such away asto obtain an approx-
imate formula that relates the energy of an asymmetric
mesic molecule involving particles of arbitrary masses
Vol. 63

No. 12 2000



ENERGIES OF MASS-ASYMMETRIC COULOMB SYSTEMS

to the energies of two systems that are adiabatically
similar to the system being considered and which rep-
resent amesic molecule symmetric in the masses of the
constituent nuclei and a mesic molecule featuring one
infinitely heavy nucleus,

E(my, my, mg) = [4mm,E(M, M, mg)
) ) (30)
+ (Mg —m,) E(e0, m, mg) [/(my + my)”,

where M = 2m,my/(m; + m,) — (M, — my)?my/2(m; + my)?
and m= mym,(m; + m, + My)/(M; + M),

This expression was used to estimate the energies of
asymmetric mesic molecules. The values that are
obtained in this way and which are displayed in the
table demonstrate that the approximation in (30) is
quite accurate.

6. CONCLUSION

The results presented in this study give sufficient
ground to believe that the property of adiabatic similar-
ity can be employed in calculating the energies of Cou-
lomb mesic molecules that are asymmetric in the
masses of likely charged particles. That the energy of
the members of families of adiabatically similar sys-
temsisanearly linear function of the mass-asymmetry
parameter has enabled us to construct a highly accurate
formula that expresses the energy of an asymmetric
system in terms of the energy of a symmetric mesic
molecule and the energy of a mesic moleculeinvolving
oneinfinitely heavy nucleus.
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APPENDIX

The inequality in (6) follows from basic equations
of perturbation theory. We now consider a quantum-
mechanical system whose Hamiltonian depends lin-
early on aparameter A; that is,

H(A) = L+AW,
where the operator L isindependent of A.
We will rely on perturbation theory, associating the

operator in (A.1) with the Hamiltonian of the unper-
turbed system [H® = H()A)] and taking the operator

H(A +3\) = H(A) + SAW (A.2)

for the total Hamiltonian of the perturbed system.

Here, we treat Wand dA asthe perturbation operator
and the parameter of perturbation, respectively. For the
sake of simplicity, we will omit below the dependence
of the operators and of the wave functions on dynami-
cal variables, retaining only their dependence on the
parameters A and oA (if any).

(A.1)
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We assume that, at A and dA values being consid-
ered, the ground state of the system at energy €(A + O\)
isbound, so that the wave function W(A + dA) isnormal-
ized to unity. We expand the lowest eigenvalue (A +
0A) and the corresponding wave function W(A + dA) in
aseriesin powers of the perturbation parameter,

(A +0A) A3)
= e +eP M)A P M) (BN + ..., '
W(A + 3))
(A.4)

= WOR) + WO +WOM) BN + ...

Substituting expansions (A.3) and (A.4) into the
equation

HO -+ 3MWA +8)) = g(A +BA)W(A +3\) (A.5)

of the relevant eigenvalue problem and equating the
coefficient at each power of the parameter dA to zero,
we arrive at an infinite set of perturbation-theory equa-
tions. The first three of these are given by

[HA) -2 M1e® () = o, (A.6)
(0) (1)
[HA) —20)1wP () ~
+IwW—eP 190 = o,
(0) (2)
[HA) —£20)1wP () AS)

+[W—ePM)1PP N -eP w20 = o.

Multiplying Eq. (A.7) by W) from the left and
integrating the resulting product with respect to dynam-
ical variables, we obtain

wYMNHA) -2 P 0
+ PN wW-eP w2 no= o.

Since €”(A) isthe lowest eigenval ue of the operator
H(A), the operator [H(A) — €@(A)] is positive definite.
Therefore, the first termin (A.9) is nonnegative: it rep-
resents the expectation value of the positive-definite
operator for the wave function W(()A). Hence, the sec-
ond term on the left-hand side of (A.9) is nonpositive,

PPW-eP WO\ = o. (A.10)

Further, we multiply Eq. (A.9) by WO(\) from the
left and integrate the resulting product with respect to
dynamical variables. By virtue of Eg. (A.6) and thefact
that the operator H(A) is self-conjugate, the contribu-
tion of the term involving the second-order correction
function W@ (A) vanishes. Considering that the unper-
turbed wave function is normalized by the condition
@ ON) WO = 1, wefind that the second-order cor-
rection to the energy is given by

e?n) = WP w-eP oo

(A.9)

(A.11)
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Abstract—An approach to studying three-body reactions that takes consistently into account the single-colli-
sion mechanism is discussed. Specific calculations are performed for elastic and quasi el astic nucleon scattering
by a deuteron. The ability of the proposed simple approach to account for a wide range of experimental data
suggests that it can be applied to more complicated nuclear reactions. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Investigation of three-body processesin nonrelativ-
istic scattering theory furnishes important information
about fundamental problems in nuclear physics. It is
sufficient to mention that many serious difficulties
inherent in general many-body problems arise even at
the three-body level. We mean here the problem of
deriving and solving correct equations. For this reason,
not only did the advent of the set of Faddeev integral
equations [1] give impetus to a vigorous development
of the theory of three-body reactions proper, but it also
inspired hopes for evolving a consistent approach to
complicated processes.

However, a straightforward application of the Fad-
deev equationsto three-body problemsinvolves techni-
cal difficulties. For this reason, theorists usually resort
to various approximate schemes. In particular, unitary
schemes were proposed in [2-4]. However, these
schemes did not become popular because they do not
simplify calculations substantially. The method of
straightforwardly summing the truncated Watson—Fad-
deev iteration series[5] also proved to be inefficient.

Two formally different unitary approaches to study-
ing three-body reactions—the cutoff three-body
impul se approximation (CTBIA) [6] and the unitarized
three-body impulse approximation (UTBIA) [7]—
were proposed by one of the present authors (J.V. Me-
bonia). Either approach is based on consistently taking
into account the single-collision mechanism, but the
specific implementations of this were different. A
method for unitarizing the relevant amplitude on the
basis of approximately solving the Faddeev equations
in the K-matrix formalism was devised within the
UTBIA.

Provided that the stringent constraints of the eilkonal
approximation are met and that the particles constitut-
ing thetarget nucleus arefrozen, the differential elastic-
scattering cross section calculated within the UTBIA
coincides with the well-known Glauber—Sitenko for-
mula[8§, 9].

In the CTBIA, it is stated that, under certain condi-
tions, the Faddeev equations can be solved in the T-
matrix formalism by retaining only first-order terms.
However, such terms would correspond to a single col-
lision proper only if the incident particle (say, particle 1)
does not interact simultaneously with the two particles
forming the bound state (particles 2 and 3). These unde-
sirableinteractions can be eliminated by cutting off the
Fourier transform of the radial wave function ¢(r) for
the bound state: G(q) — G(g, R), where

G(q R) = «/ﬁj’rzdrq)(r)%. 1)
R

The cutoff radius R must be greater than the de Broglie
wavelength A associated with the motion of particle 1
with respect to the (2, 3) system. It can be expressed in
terms of the absolute value of the relevant momentum
o as (seeFig. 1)

R = C/|o], )
where C is a constant that ensures fulfillment of the
requirement A < R. The amplitude for three-body scat-
tering within the CTBIA then assumes the form

My = Al @ t|®)), 3)
=30 3,°)

where t; is the two-body scattering matrix for particles
landn(j In= 123,231, 312); ®; and ®; are the asymp-
totic functions associated with the initial and the final
state, respectively; and A isthe operator of antisymme-
trization with respect to identical particles.

|

Fig. 1.

1063-7788/00/6312-2085%20.00 © 2000 MAIK “Nauka/Interperiodica’
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Fig. 2. Differential cross section for elastic Nd scattering as
afunction of the scattering angle 6, ;,, in the c.m. frame at
the laboratory incident-neutron energy of E, = 14.1 MeV.
Presented in thefigure are the results of the cal culations per-
formed (solid curve and left scale) with and (dashed curve
and right scal €) without acutoff. The experimental data (left
scale) were taken from [19].

This brings up the question of why the cutoff
according to Eq. (1) leads to unitarization of the ampli-
tude for single scattering. As early as 1973, Nakamura
[10] showed that, in the expansion of the amplitude for
three-body scattering in two-particle partial-wave
amplitudes, three-particle unitarity is violated by par-
tial-wave amplitudes associated with low orbital angu-
lar momenta. For this reason, it was proposed to intro-
duce a cutoff in orbital space. In the semiclassica
approximation, the orbital angular momentum, the lin-
ear momentum, and the radius vector arerelated asL ~
Rk. Therefore, a cutoff in orbital space at a given value
of energy must be equivalent to a cutoff in coordinate
space. For thisreason, the CTBIA can be considered as
aqualitative aternative to the UTBIA, because the lat-
ter hasafirmer theoretical ground than theformer. Nev-
ertheless, the CTBIA proved to be an efficient scheme
for treating various three-body processes [11-13].
Later on, the equivalence of the two approaches was
proven in [14] for the example of nucleon—deuteron
collisions.

The objective of the present study is to test the
potential of the CTBIA by extending the analysis of
three-body reactions to the cases of the elastic and
quasielastic nucleon—deuteron scattering processes
d(N, N)d and d(N, 2N)N.

2. ELASTIC-SCATTERING PROCESS d(N, N)d

The advent of the Faddeev equationsinitiated inten-
siveinvestigationsinto the physics of elastic Nd scatter-
ing [15-17]. The problem can be solved in a closed
form for any realistic nucleon—nucleon (NN) potential.

PHYSICS OF ATOMIC NUCLEI
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These potentials leading to the same results for the on-
energy-shell amplitudes of nucleon—nucleon scattering
may yield, however, different resultsfor the off-energy-
shell amplitudes. The off-energy-shell partial-wave
amplitudes are required for solving the Faddeev equa-
tions at various energies. Owing to this, a comparison
of such solutions obtained with a sufficiently high pre-
cision with experimental data may be helpful in choos-
ing between various NN potentials. In thisrespect, valu-
able information comes not only from the differential
cross sections but also from the so-called polarization
asymmetry.

Thereisyet another important possibility associated
with studying Nd scattering. Such studies make it pos-
sible to test various approximate methods for solving
three-body problems in order to extend them to more
complicated cases. This served as motivation for apply-
ing the CTBIA, the simplest unitary scheme, to elastic
Nd scattering.

Formula (3) implies that the differential cross sec-
tion for elastic Nd scattering in the c.m. frame can be
represented in the form

do _ 42m° 2
ﬁ = (2Tl') ﬁspznsll\/ll , (4)
where
M=AY JawiP)t(& s e)WalPo), ()
i=23

- k_ = _Ko_
p 2 q’ pO 2 q1

q q 3 (6)
2 2

g K+ 21 n kO 2’ € am k q ) Q’
W, isthetota deuteron wave function, misthe nucleon
mass, Q isthe deuteron binding energy, and k,, (k) isthe
momentum of the incident nucleon in theinitial (final)
state. Summation in formula (4) is performed over the
nucleon- and deuteron-spin projections prior to and
after acollision event; explicitly, these spin projections,
aswell asthefunctions G(p,) and G(p,, R), appear after
expanding Wy and t; in partial waves.

We use the system of unitsinwhich# =c=1.Inour
calculation, the two-nucleon off-energy-shell T matrix
and the radia part of the deuteron wave function were
constructed for the nonlocal separable Mongan poten-
tia [18].

We have calculated the differential cross section for
elastic Nd scattering as a function of the scattering
angle 6., The results of this calculation are displayed
in Figs. 2 and 3, along with relevant experimental data
at energies 14.1 and 22.7 MeV in the laboratory frame.
The solid curve and the left scale show the results
obtained within the CTBIA, whereas the dashed curve
and the right scale correspond to similar calculations
without a cutoff. Experimental data (left scale) were
Vol. 63
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taken from [19, 20]. In the calculations, we took into
account the 'S, 'P,, 'D,, 3S, + 3D, 3Py, 3Py, 3P, + 3F,,
and 3D, two-nucleon states. However, the eventua
results are dominated by the contribution of zero par-
tial-wave amplitudes, since we restrict our consider-
ation to sufficiently low energies.

Ascan easily be seen, the results that the cutoff-free
impulse approximation, which is usually associated
with the single-collision mechanism, yields for the dif-
ferential cross section differ sizably from experimental
data both in shape and in magnitude.

On the other hand, even the unitarization procedure
as simple as the application of cutoff to the bound-state
wave function improves considerably the agreement
between the theoretical results and the experimental
data. Nevertheless, some qualitative discrepancies still
remain. This might have been expected because we use
an approximate method for solving the problem. It is
quite natural that rigorous calculations on the basis of
the Faddeev equations adequately describe elastic Nd
scattering.

3. QUASIELASTIC-SCATTERING
REACTION d(N, 2N)N

All that was said in the preceding section about elas-
tic Nd scattering remains in force for the quasielastic-
scattering reaction d(N, 2N)N. Moreover, the latter reac-
tion offers additional possibilities for studying athree-
nucleon system in the region of the continuous spec-
trum. This allows one to obtain new information about
the properties of the two-nucleon off-energy-shell
amplitudes. In what follows, we show that, within the
CTBIA, the matrix element for the quasi€l asti c-scatter-
ing reaction d(N, 2N)N can be expressed directly in
terms of the half-off-energy-shell amplitudes for
nucleon—nucleon scattering, a circumstance of para
mount importance indeed, which renders the analysis
of NN interactions clearer than the analysis of elastic
Nd scattering, because, in the latter case, one dealswith
integrals involving the off-energy-shell NN amplitudes
[see EqQ. (5)] and not the amplitudes themselves.
Finally, the reaction d(N, 2N)N represents the simplest
process from a wide class of quasielastic-scattering
reactions. The magjority of such reactionsinvolve rather
complex fragments, and the relevant matrix eements are
expressed in terms of two-fragment off-energy-shell
amplitudes, which are usually determined from experi-
mental data on free fragment scattering. Such a determi-
nation is possible only if the difference between the off-
and on-energy-shell amplitudes is disregarded or if two-
fragment phenomenological potentialsare used. Itiscon-
ceivable that, at moderately low energies, a microscopic
description of the interaction between the fragments as
composite objects consisting of nucleonsis essential. But
prior to proceeding to study these reactions at the micro-
scopic level, it isreasonable to test the method to be used
by applying it to smpler processes like the reaction
d(N, 2N)N.
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Fig. 3. AsinFig. 2, but for E,,=22.7 MeV. The experimental
data (left scale) were taken from [20].

We denote by k, the laboratory momentum of the
incident nucleon and by k,, k,, and k, the momenta of
the scattered nucleons. Usually, experiments of this
type are performed in coplanar geometry, and the quan-
tity subjected to investigation is the differential cross
section as a function of the scattering angles of two
final -state nucleons and the energy of one of these. The
remaining kinematical quantities are determined from
the law of energy—momentum conservation.

Within the CTBIA, the differential cross section for
the reaction d(N, 2N)N has the form

d’c
d0,dQ,dE,
(7
M 2
— §T[4m3kl_k§ smznsl |
3 Ko |2k, —KkoC0S(8,) + Kk c0s(8; + 6,)|’
where
M= A Z t;(&, m;; &) Wa(p)), ®)
i$73
Ll ey ok 1 :
5= gtkn=ki my = ko=5(ka ki) ©)

g = Ellam; p; = k,+k —k.

The rest of the notation and the computational proce-
dure are identical to those in the preceding section.

Measurements are usually performed in such away
that the scattering angles are fixed, so that the differen-
tial cross section is determined as a function of the
energy E, of one of the recorded nucleons. In recent
years, however, measurements often determine the dif-
ferential cross section as a function of the so-called arc
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Fig. 4. Differentia cross sections for the reactions (a) d(p,
2p)n and (b) d(p, pn)p as functions of the energy E; of a
recorded proton at scattering angles of 8; = 42.5° and 6, =
—42.5° and the incident-proton energy of E, = 30 MeV.
Solid curves represent the results of the calculations that
were performed (thick curves) with and (thin curves) with-
out a cutoff and which take into account all phase shiftsin
each case. Dash-dotted and dotted curves correspond to
similar calculations that were performed, respectively, with
and without a cutoff and which take into account only the
S-wave phase shifts in each case. The experimental data
were taken from (a) [25] and (b) [26].

length S[21-24], which isrelated to the energies of the
final-state particles by the equation

ds = JdE; + dE>

and which is required to satisfy the condition S= 0 at

A preliminary CTBIA analysis of the differential
cross section for the reaction d(N, 2N)N as afunction of
the energy E, was performed in [11-14]. Here, we pur-
sue the analysis of this dependence (see Figs. 4-6) fur-
ther, considering quite a wide range of incident-
nucleon energies (E, = 10-160 MeV). Figures 7 and 8

(10)
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14 32 50
E,, MeV

Fig. 5. AsinFig. 4a, but for 6, = 43.57°, 8, =-43.57°, and
Ey = 85 MeV. The experimental data were taken from [27].

d*0/dQ,dQ,dE,, mb st MeV~!

1
25 45 65 85
E;, MeV

Fig. 6. Asin Fig. 4a, but for 8, = 52°, 8, = -40° and E; =
156 MeV. The experimental data were taken from [28].

3

dQ,dQ,dS
function of S. Solid curves represent the results of the
calculationsthat take into account all phase shifts (thick
curves) with and (thin curves) without a cutoff, while
dash-dotted and dotted curves correspond to anal ogous
calculations taking into account only the ¥-wave
phases shifts. Experimental data were taken from [22,
25-28]. It can easily be seen that the introduction of the
cutoff improves the agreement between the theoretical
result and experimental data on the differential cross
section both in magnitude and in shape. With increas-
ing energy, the role of the cutoff becomes less pro-
nounced, which primarily concerns the differential
cross section. This must have been expected because, as
the energy is increased, the wavelengths of the collid-

display the differential cross section asa
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d’c /dQ,dQ,dS, mb st MeV~!

25
S, MeV

Fig. 7. Differential cross section for the reaction d(p, 2p)n
asafunction of thearc length Sat 6, = 52°, 6, = -63°, and

=19 MeV. The notation for the curvesisidentical to that
in Fig. 4a. The experimental data were taken from [22].

ing particles decrease, and so is, according to Egs. (1)
and (2), the contribution associated with the discarded
part of the bound-state wave function. It is interesting
to note that, at sufficiently low energies, the cross sec-
tions for the reactions d(p, 2p)n and d(p, pn)p differ
substantially even under identical kinematical condi-
tions (see Figs. 4a, 4b). This can be explained as fol-
lows. The leading contribution to the differential cross
section comes from the amplitude describing the inter-
action between the recorded particles. At low energies,
the proton—neutron pair can be either inthe 'S, or inthe
35S, state, whereas the two protons can be only in the
first of these two state—the second is forbidden by the
Pauli exclusion principle. As a consequence, the maxi-
mum of the differential cross section for the reaction
d(p, pn)p is approximately twice as large as the maxi-
mum of the cross section for the reaction d(p, 2p)n.
This difference is reproduced by the theoretical calcu-
lations only upon introducing the cutoff—that is, if the
single-collision mechanism is consistently taken into
consideration. With increasing energy, the contribution
of other states increases, so that the difference between
the proton—proton and the proton—neutron amplitudes
gradually vanishes. Of particular interest is the depen-
dence of the differentia cross section for the reaction
d(p, 2p)nonthearclength S(Figs. 7, 8). What isworthy
of note here above al isthat both the magnitude of the
cross section and the shape of the corresponding curve
greatly depend on the incident-proton energy. For this
reason, we eagerly expect new experimental resultsin
this region at various energies and scattering angles.

Finally, we note that some degree of arbitrarinessin
choosing the cutoff parameter C = 1 was used to nor-
malize the theoretical plots to experimental data. It
turned out nonetheless that, in al cases considered
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d’c /dQ,d€ydS, mb st2 MeV~!

Fig.8.AsinFig. 4a, butat 8, = 35.2°,0,=-35.2°,and £, =
65 MeV. The experimental data were taken from [22].

here, the parameter C changed within 12% (C = 1.20 +
0.15).

The above results reveal that the single-collision
mechanism, when consistently taken into account, has
not yet exhausted its potential, which can be of usein
studying complicated nuclear reactions. That the
CTBIA, a simple unitary method, is capable of
accounting for the experimental results considered here
demonstrates the importance of respecting basic physi-
cal principles in constructing approximate methods.
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Abstract—A model is proposed for double pion photoproduction on nuclei that is accompanied by nucleon
emission. Simple modelsthat faithfully reproduce single-particle differential cross sectionsare used to describe
photon interactions with intranuclear nucleons. The calculated cross sections for pion photoproduction on >C
nuclel are compared with inclusive pion spectra measured in the second resonance region of photon energies.
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1. INTRODUCTION

In recent years, much attention has been given to
studying modifications to the properties of hadrons
placed in anuclear medium. The problem in questionis
of interest since the internal structure of hadrons and
nonnucleonic degrees of freedom of the nucleus can
play an important role in this phenomenon of nuclear
physics [1, 2]. The question of modifications to the
properties of nucleons, mesons, and nucleon reso-
nances in a nucleus arises in studying (e, €) reactions
[3], pion-production processes [4], vector-meson-pro-
duction processes [5, 6], and other similar processes.
Results obtained by measuring the total cross sections
for photoabsorption on aproton and on C and Pb nuclei
[7] exemplify datawhose analysis leads to the assump-
tion that the properties of hadrons suffer changesin a
nucleus. In particular, virtually no evidence for the
excitation of N(1520)D,; and N(1680)F,5 resonances
could be seen in the energy dependences of the cross
sections for photoabsorption on nuclei. There are at
least three possible reasons for this behavior of the
cross section: (i) There exists amechanism suppressing
the photoexcitation of the above resonances in nuclei
(modification of yN interaction in a nuclear medium).
(if) The masses and widths of resonances excited in a
nuclear medium differ significantly from thosein avac-
uum. (iii) The dynamics of photon—nucleus interaction
is such that it smooths the energy dependence of the
Cross sections.

It is obvious that a detailed analysis of individual
reactions leading to photon absorption is the most effi-
cient way toward solving this problem, but it is quite
laborious. It can easily be verified that, at an energy of
about 700 MeV, which corresponds to a cross-section
maximum associated with the photoexcitation of the
N(1520) resonance, two processes—single and double
pion photoproduction—nearly saturate the photoab-
sorption cross section. It can be expected that photon—
nucleus interaction will be dominated by the processes
of single and double quasifree pion photoproduction.

Single quasifree pion photoproduction has been
studied for more than 20 years. As aresult, avast body
of experimental data has been accumulated over this
period of time, and theoretical models have been devel-
oped [8-12] that explain a major part of experimental
results. Asto investigation of double pion photoproduc-
tion, the second process under discussion, itisstill inits
infancy. There is only one experimental study, that
which isreported in [13], where the inclusive spectrum
of negative pions was measured in the energy region of
interest. Only in recent years has doubl e pion photopro-
duction on nuclel attracted the attention of theorists
[14-16]: the inclusive total cross sections for pion pho-
toproduction in Ay, Tty X reactionswere studied in[14,
15], while the coherent production of pion pairs on
nuclei was explored in [16]. Experimental data are
available neither for total inclusive cross sections nor
for coherent doubl e pion photoproduction. Double pion
photoproduction on complex nuclei that is accompa-
nied by nucleon emission has been investigated neither
theoretically nor experimentally.

Information about some isotopic channels of single
and doubl e quasifree pion photoproduction on nuclei in
the photon-energy region of interest will be obtained in
the near future from an experiment at the Tomsk syn-
chrotron, wheretheyields of p and Tép pairsoriginat-
ing from interactions between a beam of bremsstrahl-
ung photons having an endpoint energy of 900 MeV
and H, Li, C, and Al nuclei are being measured as func-
tions of the secondary-proton energy and of the azi-
muthal angle of pion emission.

For double pion photoproduction on nuclel that is
accompanied by nucleon emission, it is desirable to
develop a model that could be used, together with a
similar model for the production of single pions, to ana-
lyze experimental data in the second resonance region,
and it is precisely the objective that is pursued in the
present study.

The model proposed here to describe double pion
production on nuclei is based on the impul se approxi-
mation, where the amplitude of photon interaction with
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a nucleon bound in a nucleus is replaced by the ampli-
tude of photon interaction with a free nucleon. Within
this approach, which takes no account of intermediate-
isobar interaction with a nucleus, it is possible to
explain a significant part of experimental data on the
cross sectionsfor single pion production in the reaction
2C(y, tp)''C inthe A(1232) region [10-12]. Two man-
ifestations of a nucleus are usually considered in its
interaction with an isobar: (i) Because of the Pauli
exclusion principle, intranuclear nucleons restrict the
phase space of the nucleon formed in isobar decay,
whereby theisobar width isreduced. (ii) The scattering
of an isobar on intranuclear nucleons opens new chan-
nels of its decay, whereby theisobar width isincreased.
According to [17], these two mechanisms governing
the changes in the isobar width compensate each other
near the A(1232) pole. Thisis one of the possible rea
sons why quasifree pion production in the A(1232)
region is satisfactorily described within the impulse
approximation. That the degree to which the isobar
width changes depends on the density of nuclear matter
may be another reason for this. Because of the presence
of two strongly interacting particles in the final state of
A(y, TiN)B reactions, the cross sections for these reac-
tions are strongly suppressed by final-state interaction.
It follows that pions are more efficiently produced at
the nuclear periphery, where the modifying properties
of nuclei are weaker. In the second resonance region,
constraints associated with the Pauli exclusion princi-
ple are weaker for isobars of higher mass, N(1520) and
N(1680); as aresult, their widths prove to be somewhat
greater than in avacuum [17]. Inthe case of A(y, TTiN)B
reactions, however, pion production is superficial to a
much greater extent, which validated the disregard of
the interaction of intermediate isobars with the partici-
pant nucleusin the conceptual framework of the model
(impulse approximation).

Theensuing exposition isorganized asfollows. Three
different approximations of the amplitude for the ele-
mentary process yN — Tt that describe satisfactorily
single-particle pion and proton spectra and the experi-
mental azimuthal dependence of the charged-pion yidd
as determined in Tomsk are considered in Section 2. In
Section 3, the A(y, tTiN)B amplitude isrepresented asthe
sum of terms corresponding to quasifree, exchange, and
guasidlagtic pion-production mechanisms. The last two
mechanisms are dominant at low nucleon momenta. The
problem of kinematically defining one-nucleon ampli-
tudesis considered. Numerical results presented in Sec-
tion 4 for pion-photoproduction cross sections are com-
pared with experimental data.

2. PHOTOPRODUCTION OF TWO PIONS
ON NUCLEONS

The production of two pions in photon interactions
with nucleons occurs in six reactions

(a) yp — 1vTTp, (b) Yp — TUTCN,

GLAVANAKOV

(©yp— 11p, (d)yn— 1IN, (1)

(f) yn — 07N,

The most vigorous experimental investigations into
the photoproduction of two pions on aproton were con-
ducted in the late 1960s by using bubble chambers. The
cross sections for pion production on neutrons were
measured in the 1970s. A comprehensive list of refer-
ences to experimental studies performed by that time
canbefoundin[18]. Inrecent years, the advent of high-
current electron accelerators made it possible to con-
tinue investigating double pion photoproduction on a
proton by hew methods ensuring a 41t coverage of mul-
tiparticle events. Some of the results obtained in Mainz
at afacility of thistype (DAPHNE) are quoted in [18].
Measured total cross sections constitute the bulk of
information about double pion photoproduction. Pres-
ently, the cross section for reaction (1a) have been mea-
sured to a high statistical precision. The cross sections
for reactions (1b) and (1c) are known to a somewhat
poorer precision of (2—4)%. The accuracy achieved in
measuring the cross sectionsfor reactions (1d) and (1€)
occurring on a neutron and leading to the formation of
charged particles in the final state is about 10%. There
are no experimental data on reaction (1f).

(e) yn — 1T,

Concurrently, the theoretical model of the process
evolved, becoming ever more complicated, which is
reflected in the growth of the number of Feynman dia-
grams taken into account in the calculations: from 5 in
[19] to 67 in[20]. The model that was proposed in [20]
for reaction (1a) and which includes the intermediate
baryonic states N, A(1232), N*(1440), and N*(1520)
and the p meson as a two-pion intermediate resonance
was extended in [18] to other isotopic channels of the
photoproduction of two pions.

A calculation of cross sections for particle-nucleus
interactions in the impulse approximation involves
considerable technical difficulties associated with the
presence of multidimensional integrals. Such problems
arise even in the analysis of single pion production in
reactions like A(y, TN)B. An increase in the number of
final-state particles can render these problems next to
insurmountable. For this reason, the model used to cal-
culate the amplitudes for the reactionsin (1) must be as
simple as possible. Three comparatively simple model
versions satisfactorily reproducing available experi-
mental data will be considered here. Each of these is
based on experimental results for the total cross sec-
tions.

Let usrepresent the differential cross section for the
reaction YN — 1t7iN in the form

do = (2m) 8" (P, + Py — Py — P —Py)

SESE STV _|2dpnldpn2% )
j4E,Ey' " 2E, 2E, 2E’
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where P, = (E,, p,), Py, = (Ey,, Py, )> and Py = (Ey, py)
are the 4-momenta of the incident photon, the initial-
state nucleon, and the final-state nucleon, respectively;

Pr = (En, Pr) ad Py = (Ey, py,) ae the 4-
momenta of two final-state pions, j is the particle flux;

and |Mﬂ|2 is the quantity obtained by averaging the
squared modulus of the transition matrix element over
the polarization states of the photon and of the initial-
state nucleon and by summing the result over the polar-
ization states of the final-state nucleon.

From an analysis of yp — TU'TTp events recorded
by a bubble chamber, it was deduced [21] that the dis-
tribution of these events with respect to the recoil-pro-
ton momentum py, is satisfactorily described by the
phase-space distribution normalized to the total cross
section g,,. Therefore, the squared modulus of the
matrix element (2) can be set to

o ®

IMq® = (2m)° x 4E,Ey | 22,
St

2
where S, = gr—nn— ﬁ;m” P p** dm,,is the total phase
0

space of the reaction in question; my is the nucleon
mass, m, isthe pion mass, m;and m, are, respectively,

the two-pion and the yN invariant mass; py is the

nucleon momentum in the yN c.m. frame; and p;* is
the pion momentum in the two-pion c.m. frame.

In the approximation specified by Eq. (3), the differ-
ential cross section with respect to the recoil-nucleon

momentum and the direction of emission in the labora-
tory frameis given by

d’c_ _ P\ PR O
dpndQy 2B\ My St

In Fig. 1, the recail-proton-momentum distribution
of yp — TUTUp events that was averaged over photon
energies in the range 600-700 MeV and which was
obtained on the basis of data presented in [21] is dis-
played for proton emission angles in the ranges 18°—
24° and 38°—44°. The dashed curvein Fig. 1 represents
the distribution of eventsthat was calculated by averag-
ing the differential cross sectionin (4) in relevant kine-
matical regions and by performing normalization to the
total number of events recorded in the chosen photon-
energy interval. As can be seen, the distribution of
recoil protons is satisfactorily described in the approx-
imation that is specified by Eq. (3) and which does not
rely on any assumptions on the dynamics of the reac-
tion yp — 1UTCP.

For charged-pion photoproduction on a proton,
Fig. 2 shows the differential cross section measured in
abeam of 730-MeV tagged photons from the synchro-

“
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Fig. 1. Recoil-proton-momentum (p,,) distribution of p(y,
)P events at Ey = 600-700 Me\}) in two ranges of the
recoil-proton emission angle (see main body of the text).
The experimental distributionswere obtained on the basi s of
datareported in [21].

d*0/dp;dQ., nb (MeV/c sr)!
80r (@) - (b)* s  (©
60¢ + A ++++ i
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B A T‘\ B t’ ++ \“ B
0r AF W, N Vi {*
L // ‘\ | // + '._-‘ | // o\
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0 200 400 0 + 200 400 0 200 400
P MeV/c

Fig. 2. Differential cross sections for charged-pion produc-
tion in the reactions (a) yp — 1" + charged particles, (b)
yp — 1t + all theremaining particles, and (c) yp — 1+
+ neutral particles as functions of the pion momentum py;
(Ey = 730 MeV, 8 = 40°). Points represent experimental
datafrom (@) [22] and (0) [23] as quoted in [22].

tron of Tokyo University [22] at the polar pion emission
angle of 6, = 40°. The formation of positively charged
pions that contributed to the experimental cross sec-
tionsin Fig. 2a was accompanied by the emergence of
charged particles. At the same time, no charged parti-
cles were found in recording pions that contributed to
the datain Fig. 2c. It can therefore be conjectured that
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Fig. 3. Diagrams representing the isobaric mechanism of
double pion photoproduction on a proton.

the datain Figs. 2a and 2b correspond, respectively, to
positively and to negatively charged pions from the
reaction yp — 117U p and that the datain Fig. 2¢ cor-
respond to positive pions from the reaction yp —
1N, The dashed curvesin Fig. 2 represent the cross
sections computed in the approximation specified by
Eqg. (3). It can be seen that, in contrast to the proton
spectra, the pion spectraare not described by the phase-
space distributions.

According to [19, 20], the production of two pions
is dominated by the isobaric-reaction mechanism illus-
trated by the diagram in Fig. 3a. Taking this circum-
stance into account, we represent the expression for

IMy|? in the form

B(m)otot
2m S’ )
where m is the invariant mass of the TN system;
B(M) = r/2

n(mA m)° + /4
tion describing the mass distribution of the deltaisobar;

21C imy-m B(m)

v _ &1L My Kk Sk
S = g Jmeem Pr, Pr, >m dm is the convolution of
the phase space of the cascade in Fig. 3a with the mass
distribution of the isobar; m, and I are the A(1232)

mass and width, respectively; p,ﬁl is the momentum of

|Mfl| = (2T[) [AE,Ey j——

>— is the Breit-Wigner func-

the first pion in the yN c.m. frame; and pr* is the
momentum of the second pion in the TN c.m. frame (for
further details of the notation used here, see Fig. 3a).

In the approximation specified by Eq. (5), the
dependence of the cross sections on the momentaof the
pions 1, and 1T, is given by

2 2 k%
do — Pr, pLB(m)G_mt 6)
dpndQy 2Ep, m 2m S
d’o _ Przrz 1
dp,dQ, 2E.4mp,
(7

M —Mag - mam}%

[arc:tanD T2 0 arctan 75— SRS

where m' isthe invariant mass of the ;N system, p;[z is

PHYSICS OF ATOMIC NUCLEI

GLAVANAKOV

the momentum of the pion 11, inthe ;N c.m. frame, and

m; = my + My + 2(EyEy + PyPr),

mg mN + mr[ + 2(ENEr, — PN Pr,)-

For the scattered and the decay pion (1, and TG, in
Fig. 3, respectively), the momentum distributions cal-
culated in the approximation specified by Eq. (5) are
represented by, respectively, the solid and the dotted
curvesin Fig. 2. It can be seen that, within the experi-
mental errors, the differential cross sections (6) and (7)
satisfactorily reproduce experimental data. If, however,
we focus on the high-momentum sl ope of the cross sec-
tion, where the assumption that the recorded events are
associated with double pion production is more justi-
fied, we can conclude that the differential cross section
for the formation of positively charged pions in the
reaction yp — T0°TTp complies better with the decay-
pion cross section (7) and that the cross section for neg-
atively charged pions rather agrees with the scattered-
pion cross section. The calculated cross sections for
negatively charged pions are in better agreement with
experimental data from [23]. The recoil-proton-
momentum distribution of yp — T1UTTp events that
was calculated in the approximation specified by
Eqg. (5) and which is depicted by the solid curves in
Fig. 1 differsonly slightly from the results of the calcu-
lations in the approximation specified by Eq. (3).

The exclusive differential cross sections exhibit the
highest sensitivity to reaction dynamics. Unfortunately,
there are presently no experimental data on the exclu-
sive cross sections for double pion photoproduction on
anucleon, so that the models used cannot be subjected
to a detailed test on this basis. Information about the
azimuthal angular corréation of protons and charged
pions in the reaction yp — 1T p Was obtained from
an experiment that studied the production of 1p pairs
on nuclei at the Tomsk synchrotron. For the reaction in
guestion, this experiment measured, as afunction of the
azimuthal charged-pion emission angle @, the differen-

tial yield d*Y/dE,dQ,dQ;,, which isrelated to the cross
section

d’c _ 1 1 2
dE,d0,d0, ~ 2™ j2E,m Ml
3 3
y PpPr
8|(EO_Ep)p121_Enpn[(pO_pp)|

where E, and p, are, respectively, the energy and the
momentum of the yN system, by the equation

d’y
dE,dQ,dQ,

9
do, D )

" 3E,d0 dQnD

0 d0+
IdE f(EV)[@IE daQ dQ
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In expression (9), f(E,) is the bremsstrahlung spectrum
normalized by the condition

E,

Y max

[ F(E)EE, = Eya.
0

where E, .. is the maxima photon energy equal to
900 MeV. In the experiment, the azimutha angle @,
wasvaried in theinterval 0°—40° with astep of 10°. The
azimuthal angle of proton emission was kept at a con-
stant value equal to Tt. At zero value of ¢, the momenta
of all particles participating in the reaction lie in the
same plane. The polar angles of pion emission and of
proton emission were chosento be 61° and 41°, respec-
tively. A polyethylene target was used in the experi-
ment. The effect from hydrogen was determined from
the difference of the yieldsfrom the reactions occurring
on a polyethylene and on a carbon target. The differen-
tial cross section (8) for the scattered pions, that for the
decay pions, and their sum are displayed in Figs. 4a, 4b,
and 4c, respectively, as functions of the azimutha pion
emisson angle a the proton kinetic energy of T, =
140 MeV and the incident-proton energy of E, =
900 MeV. The cross sections cal culated in the approxi-
mation specified by Eq. (3) and in the approximation
specified by Eq. (5) are depicted by the dotted and by
the dashed curves, respectively. The solid curves in
Fig. 4 represent the results of the calculations based on
the isobaric model proposed in [24]. This model takes
into account the contribution of two dominant diagrams
in Fig. 3: the contact diagram in Fig. 3b and the one-
pion-exchange diagram in Fig. 3c. Within this model,
the squared modulus of the transition matrix element is
given by

.1 + O

Mgl = (2n)5D4EVENiJZ;tr(mAmA)§E?ﬂ (10)

where
m,
Er[ + 2pn8)\

StPr,— —PaS |8t ——5——(Pr,— Py)

P m, o | & (Pr—P)?-ma ™ '
- Ep—Eps+il/2

Here, A and g, are the photon polarization index and the
photon polarization vector, respectively; E, and E,¢ are
the delta-isobar energies in the intermediate state and
on the mass shell, respectively; p, is the delta-isobar
momentum; S is the operator connecting the spin-3/2
and spin-1/2 states [25]; the isobar mass m, and width
I were chosen in accordance with [26]; and the quan-
tity S" in (10) was determined in just the same way as
the quantities S, and S' in (3) and (5), respectively—
that is, by introducing a normalization of the cross sec-
tionin (2) to thetotal cross section o,,, measured exper-
imentally.
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Fig. 4. Differential cross section for the reaction yp —
Ttrp as afunction of the azimuthal pion emission angle @,
a the proton kinetic energy of T, =140 MeV and theincident-
photon energy of E, = 900 MeV for (a) scattered, (b) decay,
and (c) all product pions; (d) reactionyield asafunction of the
azimuthal pion emission angle @ at Ty = 160 + 20 MeV.
Points represent experimental data obtained in Tomsk.

It can be seen that the aforementioned three approx-

imations for |Mﬁ|2 lead to markedly different depen-

dences of the cross sections on the azimuthal angle. The
cross sections for scattered and decay pions in the
approximation specified by Eqg. (5) differ considerably
from those in the approximation specified by Eq. (10).
However, the azimuthal dependence of the sum of the
cross sectionsfor two pionsisweakly dependent on the
model used. The results of the calculations for the azi-
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muthal dependences of the differential reaction yields
(9) (seeFig. 4d, where these results are presented along
with experimental data obtained in Tomsk for protons
of kinetic energy T, = 160 + 20 MeV) show a similar
degree of distinctions. Satisfactorily reproducing the
shape of the experimental azimuthal dependence, the
calculated yield falls short of the experimental datain
absolute value.

3. A(y, tri\)B CROSS SECTION

The differential cross section for the production of
two pions, 11, and 11, on a nucleus with the emission of
anucleon N,

V+A— B+ N+ + 10,
can be represented in the form
do = 2md(E, + M7 —E —E —Ey

— dpn, dpy, dpy dp,
(em°’(2m)°®(2m*(2m®

where T is the matrix of the transition from the initial
state involving a photon and a nucleus to the final state
comprising two pions (1, and 1), a hucleon, and a
residual nucleus; (p,, E;) is the 4-momentum of the
residual nucleus; and M; is the mass of the target
nucleus.

The transition matrix T can be written as [27]

- Er)

T = Vi + (Ve + Vag) (E+i0 —H) Vi, (1)

where H is the Hamiltonian of the system, E is an
eigenvalue of H, Vy, is the photon—nucleus interac-
tion resulting in the production of two pions, V., isthe
interaction of the pions with the residual nuclear sys-
tem, and Vg is the interaction of the nucleon involved
with the set of nucleons forming the nucleus B.

In the impul se approximation, the matrix element of
the interaction Vy, has the form [28]

= Idxl...dxAlP’f*(xl, ey Xp)

9t (j)
Ze iy i (Xes -y Xa),

j=1

where x; is the complete set of variables (spatial, spin,
and isospin ones) of the jth nucleon; the integral sign
denotesintegration with respect to spatial variablesand
summation over spin and isospin variables; t ., is the
operator of pion photoproduction on afree nucleon; q =
Py— Pr, — Pri Wi =Wou(Xy, ..., Xa) isthe antisymmetric
wave function of nucleus A in the state a; and W; isthe
wave function of the system consisting of the residual
nucleus B and the knock-on nucleon.

Representing W; as the antisymmetrized product of
the wave function ¢,,(x,) of afree nucleon in the state n
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and the wave function Ws(x,, ..., X)) of the residual
nucleusBinthe state 3 anol3 the multiparticle wave func-
tion of nucleus A as alinear combination of the prod-
ucts of the wave functions of the system formed by A—
1 nucleons and one more nucleon, we can recast the
expression for the matrix element T, into theform [29]

Tia = Tor+ Tgy, (12)
where
A 1 1
TQF = A/_g TmNylan]s BlaD
(2m)
Tex = trma—1yy 1B, Blol]
(2 )
Here, the Y sign denotes summation over spin and

isospin states and integration with respect to the
momentum of the relevant particle;

Bty IN'D= jdx¢:(x)e“*”tmy¢n-(x)

isthe amplitude of pion production on anucleon;

Bt a1y IB'O= J'dxl...dxA_quE{ (Xgy ooy Xa_1)

A-1

At (i)
X Z e Jt-‘-mNyLIJB-(Xl, ey

i=1

Xa-1)

is the amplitude of pion production on a nucleus
formed by A — 1 nucleons; and

[, B'lad
= Idxl...dxA¢:(xl)W§(x2,

is an overlap integral that characterizes the probability
of the virtual-decay processA — (A—1) + 1.

Two pole diagrams—that which features a nucleon
in a virtual state (Fig. 5a4) and that which features an
(A - 1)-nucleon nucleus in a virtua state (Fig. 5b)—
correspond to two termsin (12) [10]. These terms rep-
resent, respectively, the amplitude of quasifree pion
photoproduction and the exchange amplitude.

Let us consider the second term in the transition
matrix as given by (11). For afirst approximation, the
mechanism of A(y, TtTiN)B reactions is determined by
the dynamics of the nuclear system involved. In
expression (11), wetherefore disregard the interaction
V,qa. Under the assumption that the Green’s function
(E+in —H)!'isdiagonal in theintermediate states, the
matrix element for the simplest intermediate state—
that is, a state where there is only one virtua particle,

Xa)Wo(Xq, oony Xa)
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an excited nucleus A* in our case—can be represented
as[30]

1
T =
QE (ZH)SGZ

where [A * [t |alds the amplitude of partial pion pho-
toproduction accompanied by the transition of the tar-
get nucleus to the a* state, E,« is the energy of the

nucleus in this state, and the sign denotes summa:

tion over discrete states of the nucleus and integration
with respect to its momentum.

This expression is represented by the diagram in
Fig. 5¢c; following the terminology adopted in [27], we
will refer to the corresponding pion-production mecha-
nism as a quasi el astic mechanism.

Thus, the transition matrix T taken in the approxi-
mation described above appears to be the sum of three
terms,

[, BV nglo* I8 [ty 00
EN+EB_EG*+ir] ’

T =T+ Te+ T, (13)

which correspond to the quasifree, the exchange, and
the quasielastic mechanism of pion production in
A(y, tTiN)B relations.

In the resonance energy region, where the cross sec-
tion shows sharp variations, it is of paramount impor-
tance to give a correct kinematical definition of the
pion-photoproduction amplitude—to a great extent,
what must be done for this reduces to taking correctly
into account the Fermi motion of intranuclear nucleons
and to considering that these nucleons are off the mass
shell. We will proceed as follows. In the terms of the
amplitude in the laboratory frame that correspond to
the above three reaction mechanisms, the structures
determining the kinematics of the amplitude for pion
photoproduction on a nucleon in the plane-wave
approximation are given by

(QF) Idr A—1(P;Ne

(Ex) IdrA—ZqJE:'(rA—Z)

iqra_,y

tm‘rNy(pfl ﬁi)wa(rA—l)l

. r iqa_p A A
X eXpD—I Ap 1rA—2%~Lq trmy (D Bi)

(14)
X eXpB—i %—rA—Z%PB(rA—ZL

(QE) J'drA—ll'p;'(rA—l)

r iqra_; A A
pNAp rA—l%q oy (P> 1) Wa(r a—1),

wherer,_, and r,_, are the coordinates of the nucle-
ons with respect to the centers of mass of the (A — 1)-
nucleon and the (A — 2)-nucleon system, respectively;

X exp D—I
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Fig. 5. Diagrams representing (a) the quasifree, (b) the
exchange, and (c) the quasielastic mechanism of pair pion
photoproduction on a nucleus.

W,(r) is the single-particle wave function of a bound
nucleon in the state a; and p; and p¢ are the nucleon-

momentum operatorsin, respectively, theinitial and the
final state (these operators appear in the amplitude

tTITNy) '

Substituting the bound-nucleon wave functions in
the form of expansions in the eigenfunctions of the
momentum operator into (14), we obtain

(QF) tT[T[Ny(pNv _pr)an (_pr) '

+QA—2 0
() Idpr‘%A—pr 1s)

A-1

(QE) [dpWa {1=75= + Pty (d + P, P) Wa(P),

(16)

where W (p) is bound-nucleon wave function in the
momentum representation, while t./(ps, p;) is the
amplitude for pion photoproduction on a nucleon (p;
and p; are, respectively, the initial-state and the final-
state momentum).

In expressions (15) and (16) for the exchange and
the quasielastic mechanism, respectively, the one-
nucleon amplitude is averaged over nucleon momenta
with aweight appearing to be the transition density of
the momentum distribution of intranuclear nucleons.
Commonly, use is made here of the factorization
approximation: the one-nucleon amplitude is factored
outside the integral sign at the momentum value corre-
sponding to the maximal transition density. In the oscil-
lator model, the transition density

l'IJc(‘(pl + p)an(p)

of the momentum distribution—generaly, it depends
on the initial and on the fina state of the nucleon—is

maximal at p = —% p' for the mgjority of the transitions.

In this case, which occurs quite frequently, the labora-
tory momentaof theinitial- and final-state nucleons for
the exchange and the quasielastic pion-production



2098

do/dpp, arb. units

10! £
1005
1071 E
0 400 800
Py MeVie

Fi 9 6. Differential ross section for thereaction 4He(y, e
p)’H as afunction of the proton momentum at the incident-
photon energy of E,,= 700 MeV. The curves|abeled with the
QF, Ex, and QE symbols represent results obtained by
assuming the quasifree, the exchange, and the quasielastic
reaction mechanism, respectively.

mechanism in the factorization approximation and for
the quasifree mechanism are given by

(QF) pi = —Pr, Pi = Pns
- gL 1 A-2
(BX) pi = =Png—7 53927
_1A-2, 1 (17)
Pt = 3931 " Pra_1
- _1.A-1 _1,A+1
(QE) pi - _2q A ’ pf - 2q A

It is well known that the factorization approxima-
tionisquite satisfactory if the amplitude of the reaction
occurring on a nucleon changes slowly in the region
being considered. Otherwise, the exact expressions
(15) and (16) must be used to calculate the amplitudes
for the exchange and for the quasielastic mechanism.

The averaging of the amplitude for pion production
on a free nucleon in (15) and (16) over the states of
intranuclear nucleons smooths the energy dependence
of the cross section for the reaction occurring on a
nucleus. In view of this, the region dominated by the
quasifree mechanism of pion photoproduction is more
appropriate for experimentally studying in-medium
changes in the properties of resonances because, there,
the kinematics of final-state particlesfurnishesthe vast-
est amount of information for determining the one-
nucleon amplitude.

In order to specify kinematically the one-nucleon
amplitude for the quasifree reaction mechanism, quan-
titiesthat describe the state of the particles participating
in reactions of the N; (y, TtT)N type are assigned the val-
ues of the analogous quantities for the corresponding

PHYSICS OF ATOMIC NUCLEI

GLAVANAKOV

reaction on anucleus, A(y, TTN)B. In the N, rest frame,
the photon energy Ef,’ is given by

2 2
o _ My —My

E — i
v 2my,

where myisthe free-nucleon massand my = [(E +
En, + En)?— (Pry, + Py, + P12 isthe invariant mass
of the Ty TLN system. It is of importance that the active
nucleon istaken to be off the mass shell. From (17) and

from the conservation of energy at the vertex of the vir-
tual decay A— (A—1) + N,, it follows that

2 2 2
E = Ma—-E, m =E —-p, <m,.

In this case, the energy and the momentum are con-
served in the N, (y, tr)N vertex as well. That the one-
nucleon amplitude was kinematically defined in this
way made it possible to describe satisfactorily the
energy dependence of the cross section for quasifree
single negative-pion photoproduction in the A(1232)
region [31].

4. NUMERICAL RESULTS

From the numerical results displayed in Fig. 6, we
deduce qualitative information about the kinematical
regions where the reaction mechanisms corresponding
to the three diagrams in Fig. 5 are operative. The con-
tributions of the three amplitudes in (13) to the cross
section for the reaction “He(y, T'Trp)*H are shown in
Fig. 6 asfunctions of the proton momentum. The calcu-
lation that yielded these results was performed in the
plane-wave approximation on the basis of expression
(3) for the amplitude of the reaction p(y, TtTT)p. The
contribution from the two lowest excited states of the
“Henucleusat 20.1 and 21.1 MeV (their quantum num-
bers are 0'0 and 070, respectively) were taken into
account in calculating the amplitude for the quasiel astic
reaction mechanism. It was assumed that the configura-
tions of these 070 and 00 states are (15)!(2s) and
(19)7!(1p). It can be seen that the quasifree pion-photo-
production mechanism is dominant for proton
momenta exceeding the characteristic intranuclear-
nucleon momentum of about 200 MeV/c. The
exchange- and the quasielastic-mechanism contribu-
tion overlap in Fig. 6, but they are separated to a con-
siderable extent in the dependence of the cross section
on theinvariant mass of the p*H system; at the minimal
excitation energy, these mechanisms can also be sepa-
rated by studying the differential cross section with
respect to the angle of divergence of the proton and the
3H nucleus.

Figure 7 shows the inclusive spectra of negative
pions that were formed in the interactions of photons
having energiesin theintervals 515-595, 595675, and
675755 MeV with '2C nuclei and which were emitted
Vol. 63
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at an angle of 41° with respect to the photon-beam axis
[13]. The relevant data come from the experiment that
was performed at the synchrotron of Tokyo University.
The experimental results are presented in the form of
the dependence on the difference Ap of the momentum
p, that follows from the kinematics of single pion pro-
duction on a free nucleon and the momentum of the
recorded pion. It is rather difficult to analyze these data
since negatively charged pions can be formed in many
processes at these energies. However, the contribution
of some single-pion-production processes where the
final nucleus occursin abound state can be disregarded
because, under the kinematical conditions being con-
sidered, the minimal absolute value of the momentum
transfer, |p, — py|, exceeds 300 MeV/c. For the same
reason, it is legitimate to disregard the exchange and
the quasielastic mechanism of single pion photopro-
duction accompanied by nucleon emission.

In the quasifree approximation, negative pions can
be formed via single pion photoproduction in the reac-
tion

“c(y, mp)"'c (18)
and viathree double-pion-photoproduction processes
12C(y, T[_T[+ p)llB, 12C(v, T[_T[+n)11C,
2c(y, in’p)C.

In Fig. 7, the curves labeled with the symbol 1trep-
resent the cross section calculated for reaction (18) in
the quasifree approximation with distorted waves,
while the curves labeled with the symbol Tt corre-
spond to the sum of the cross sections calculated for
three double-pion-photoproduction reactions (19)
within the approximation specified by Eg. (5). The
final-state interaction was taken into account in the
eikonal approximation. The potential that was pro-
posed in [32] and which describes satisfactorily the
effect of proton interaction with a residual nucleus in
the single-pion-production process at energies in the
A(1232) region [33] was taken here for the nucleon—
nucleus optical potential. The pion wave function was
distorted by the optical potential used in [34]. The
states of intranuclear nucleons were described by oscil-
lator wave functions characterized by the oscillator
parameter equal to the charge radius of the '2C nucleus.

The high-momentum section of the pion spectrum
(small negative values of Ap) is satisfactorily described
by the contribution from the single quasifree photopro-
duction of negatively charged pions. The contribution
of double quasifree pion photoproduction faithfully
reproduces the rate of the cross-section growth with Ap
in the region Ap > 100 MeV/c. At the minimal photon
energy, the absolute value of the cross section for the
reactions in (19) around the maximum is nearly one-
half aslarge asthe experimental inclusive cross section.
As the photon energy is increased, the agreement
between the computed and measured cross sections is

(19)
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Fig. 7. Differential cross section for the reaction 12C(y, )X
asafunction of the difference of the momentum p, that fol-
lows from the kinematics of single pion production on afree
nucleon and the recorded-pion momentum py; (6,7 = 41°).
Experimental data were borrowed from [13].

substantially improved. Itisworth noting that thefilling
of the cross section minimum is more pronounced in
the region where the cross sections for single and dou-
ble photoproduction overlap. One of the possible rea-
sons behind underestimating the experimental cross sec-
tionsin thisregion of the pion spectramay be associated
with the contribution of the coherent photoproduction of
two pions on a carbon nucleus in the reaction 2C(y, T
1) !2C [16]. In the same interval of pion momenta, it is
natural to expect manifestations of the exchange and of
the quasi el astic mechanism of the reactionsin (19).

In analyzing experimental results for the photoab-
sorption cross section, it is of interest to compare the
total cross sections for single and double pion photo-
production on a proton with the total cross sections
(integrated over the total phase space) for quasifree sin-
gle and double pion photoproduction on a '>C nucleus.
This comparison makes it possible to assess a minimal
degree of the changes that the energy dependence of the
cross section for the reaction occurring on a nucleus
may suffer within the impul se approximation. It can be
expected that the contributions from other photoab-
sorption channels will provide a poorer description of
the cross section for photon—nucleon interaction.

In Fig. 8a, the dashed and the dash-dotted curve rep-
resent the total cross sectionsfor the reactions p(y, ™°)p
and p(y, Tt)n, respectively, asfunctions of thetotal c.m.
energy s'2. These cross sections were obtained by inte-
grating the experimental differential cross sections
do/dQ* represented in the form of an expansion in

powers of cosBy . The expansion coefficients were
taken from [35]. The dotted curve corresponds to the
sum of thetotal cross sections for the double-pion-pho-
toproduction reactions p(y, TTO)p, p(y, )N, and
p(y, °1)p [18]. In Fig. 8a, the solid curve represents
the sum of thetotal cross sectionsfor single and double
pion photoproduction on a proton as a function of
energy. The same notation for the curves is used in
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Fig. 8. (a) Cross sections for the reactions p(y, )p and p(y,
1Hn and sum of the cross sections for double pion photo-
productionin the reactions p(y, TETO)p, p(y, TN, and p(y,
101°)p and (b) cross section for single pion photoproduction

in the reactions 12C(y, ®p)!'B and 12C(y, t'n)! !B and sum
of the cross sections for double pion photoproduction in the

reactions '2C(y, ' p)! !B, 12C(y, '®n)! !B, and 2C(y,
1010p)! 1B as functions of the total c.m. energy s2.

Fig. 8b to depict the cross sections for single pion pho-
toproduction in the reactions

“c(y, ’p)"'B, “C(y, mn)"'B (20)

and the sum of the cross sections for double pion pho-
toproduction in the reactions

12C(y, T[+T[—p) llB, 12C(y, T[+T[0n)llB,
12C(y, T[OT[O p) 1lB.

These cross sections were calculated in the quasifree
approximation with distorted waves by using Eq. (5). In
the quasifree approximation, reactions (20) and (21)
proceed via photon interaction with the protons of the
12C nucleus. The final-state interaction was taken into
account in the eikonal approximation (the relevant
details were described above in connection with inter-
preting the negative-pion spectra displayed in Fig. 7).
The datain Figs. 8a and 8b are presented in the same
form as the measured cross sections in [7]: the same
photon energy in the laboratory frame for the reaction
on a proton and for the reaction on a nucleus corre-
sponds to a specific value of s'/2.

In the energy range being considered, the energy
dependence of the cross section for pion photoproduc-
tion on a free proton is governed by three factors:
A(1232) excitation; a sharp growth of the cross section

21)
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for double pion production—at s> ~ 1500 MeV, this
Cross section reaches a maximum value; and the reso-
nance contribution of N(1520) to the cross section for
all processes. Effects resulting from the fact that intra-
nuclear nucleons arein abound state are vividly exem-
plified by observables of the reactions p(y, ™’)p and
2C(y, p)!'B: the cross-section maximum associated
with the excitation of the A(1232) isobar is shifted to
the region of higher energies with increasing width of
the peak. Qualitatively similar changes in the cross sec-
tion are observed in the N(1520) region.

Final-state interaction has a pronounced effect on
the energy dependence of the cross section. At a reso-
nance photon energy, the mean energy of product pions
does not have a resonance value with respect to the
interaction with nucleons at rest. Thisleadsto a shift of
the maximum of the cross-section suppression to the
region of higher photon energies. It follows that not
only does the final-state interaction suppress the cross
section in the A(1232) region by afactor greater than 3,
but it also deforms considerably the energy dependence
of the cross section. The latter effect is especialy pro-
nounced when one compares the cross sections for the
production of positively charged pionsin the reactions
p(y, T)n and >C(y, Tt'n)!''B. In the N(1520) region, the
final -state interaction changes the relationship between
the cross sections for single and double pion photopro-
duction. Because of the presence of two pions, the sec-
ond process is more sensitive to nuclear-medium
effects than the first one. The suppression of the cross
section for double pion production because of pion
interaction with the residual nucleus is enhanced when
we approach the region where both pions reach the res-
onance energy with a high probability, in which case
the cross-section maximum in the N(1520) region
becomes more pronounced.

By comparing the sum of the total cross sectionsfor
single and doubl e pion production on afree proton with
that for the analogous processes on a nucleus, we can
conclude that, although the energy dependence of the
cross section for the reaction occurring on a nucleus
basically reproduces typica features of the cross sec-
tion for the anal ogous reactions on a proton, the energy
dependence of the former has aless pronounced struc-
ture. The cross-section minimum between the two res-
onance regionsisfilled sizably, but not to an extent suf-
ficient for explaining the absence of a maximum in the
energy dependence of the photoabsorption cross sec-
tion at the position of the N(1520) resonance. It should
be borne in mind, however, that, with allowance for the
isotopically symmetric reactions

12C(y, T[OH)HC, 12C(v, T[_p)llc;
lZC(y’ T[+T[_n)1lC, lZC(y, T[—T[O p)llc’
lZC(y, T[O_,_[On)ﬂC,

the cross sections displayed in Fig. 8b saturate only 30—
40% of the photoabsorption cross section and that the
Vol. 63
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effect of N(1520) excitation is somewhat smaller in
photon—neutron interactions [18, 36].

A result that is qualitatively similar (to that
described above) in what is concerned with the mani-
festations of the cross-section maximum at the position
of the N(1520) resonance was obtained in the semiclas-
sical transport model used in [17] to explain the cross
section for photoabsorption on 4°Ca. According to the
estimates presented there, the isobar width increasesin
anucleus by 20-40 MeV, which is one order of magni-
tude less th