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Abstract of the Dissertation
The Aspects of Sasakian Geometry

by
Weixin Guo
Doctor of Philosophy
in
Mathematics
Stony Brook University

2011

Sasakian structures are the counterparts of Kéahler structures in odd di-
mensions. A Sasakian manifold is a strictly pseudo-convex CR manifold with

a Reeb vector field that generates CR automorphisms.

We first study Type I deformations of Sasakian structures, which amount
to different choices of Reeb vector field on a fixed CR manifold. Here we
show that the CR automorphism group of a Sasakian manifold is severely

constrained by mild curvature assumptions.

We then study products of pairs of compact Sasakian manifolds. Such
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products are shown to always yield compact complex manifolds that do not
admit Kahler metrics, generalizing a remarkable construction due to Cal-
abi and Eckmann. As a consequence, any product of two compact Sasaki-
Einstein manifolds yields an Einstein Hermitian metric on a compact complex
manifold which does not admit Kéhler metrics. This result stands in marked
contrast to the situation in real dimension 4, where LeBrun showed that Ein-

stein Hermitian metrics on compact complex surfaces are always conformally

Kahler.
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Chapter 1

Type I deformation of Sasakian

manifolds

1.1 Sasakian manifolds

A CR-manifold (of hypersurface type) is a (2n + 1) dimensional manifold
with a fixed real rank-2n subbundle D of the tangent bundle, where D is

equipped with a (almost) complex structure J.

Let n be a 1-form on M (locally if necessary) so that D = kern. A CR
structure is said to be strictly pseudo convex, if the Levi form dn is posi-
tive/negative definite on D. Note that this does not depend on the choice of
the 1-form 7. In this case dn(-,J-)|p defines a metric on D, which is com-

pactible with J.



For any sections X,Y € D, we have n([X,JY]) = Xn(JY) — JYn(X) —
2dn(X,JY) = —n([JX,Y]). Hence, [X,JY]+ [JX,Y] is a also section of
D. So then the Nijenhause 'tensor’ on D can be defined, i.e. N;(X,Y) =
([X,Y] = [JX,JY]) = J([X,JY]+ [JX,Y]) for any sections X,Y € D. The

CR structure is said to be integrable if this Nijenhause 'tensor’ vanishes.

A CR-manifold is sometimes defined in complex terms: A (2n + 1) dimen-
sional CR manifold is a smooth manifold with a fixed n-dimensional com-
plex subbundle H C TcM, such that H N H = 0. The real subbundle

D = ReH @ H, and the integrability condition is equivalent to [H, H] C H.

In the following, a CR structure is always assume to be of hypersurface type,

integrable and strictly pseudo convex.

We will also further assume that the sub-bundle D is coorientable, equiva-
lently, we assume the manifold to be orientable (since D is natrually oriented
by its complex structure). In such a case, we can globally fix a choice of a
real 1-from 1. With such a choice, (M, D, J,n) is then called a pseudo her-
mitian structure. There are several tensor fields that can be associated to a

pseudo-hermitian structure.

(1) A vector field, called the Reeb vector field is uniquely determined by



requiring (7)) = 1 and dn(7,-) = 0.

(2) A Riemannian metric g is determined by requiring that g|p = dn(-, J-),
g(T,T)=1and ¢g(T,D) = 0.

(3) The complex structure J defined on D can be also extended uniquely to a
(1,1)-tensor field, which for simplicity we will still denote by J, by requiring

J(T) = 0. (in the literature, this (1,1) tensor field is usually denoted by @)

With respect to the metric g, we might take an orthonormal basis of real
covectors (n,n%, Jn®). Let 0% = n® + /—1Jn%, then by definition, dn =
—V—=1> 0% N6*.

Pseudo-hermitian structure is defined and studied by Webster [?], where he

defined the Webster connection.
Proposition 1.1.1 [?] Let (M,n) be an integral, strictly pseudo-convex,
pseudo-hermitian manifold, there exist connection forms w?, and torsion

forms 73 = Ap,0%, where A,s = Ag,, such that

do® =0 AP TP (1.1)

Weg +wge =0 1.2
g B



Let (T, Z,, Z5) be a dual basis to the chosen (7,0, 6%). We can set
VZa = ngﬁ and VZ& = ngB

The V so defined is a connection for the vector bundle D over M. By def-
inition, this connection is complex, namely, VJX = JVX for any X € D
and by (??), it is a metric connection, Vg(X,Y) = ¢(VX,Y) + ¢g(X,VY)
for any X, Y € D

Since D C T'M, we might consider the 'torsion tensor’ C(X,Y) = VY —
VyX — [X,Y] for X,Y € D. By applying Z; A Z;j and Z; A Z; to (?7), we

see C'(X,Y) has no component in D, In fact,

C(X,Y)=n(VxY —VyX — [ X, YT = 2dn(X,Y)T (1.3)

Likewise, the Webster torsion 7 can be captured by the tensor
(X)) = VX — [T, X] (1.4)

Proposition 1.1.2 [?] The Webster torsion vanishes iff the Reeb vector field

preserves the CR structure.

Proof. By applying T'A Z; to (?7?), we see



ViZa — [T, Zy) = A2 Z5

Note that the right hand side is anti-holomorphic, hence, the tensor 7(X) =
Vi X — [T, X] is J anti-invariant. Note also V7JX = JV7.X, hence, 7(X) is
J invariant iff [T, JX] = J[T, X], i.e. LyJX = JLpX for any X € D. Thus

we conclude that 7 = 0 if and only if 7" preserves the CR structure.

Thus, when the Reeb vector field of the pseudo-hermitian manifold is a CR
vector field, the Webster connection is a complex connection which is also

metric and with minimal torsion.

Definition 1.1.3 Let M be strictly pseudo-convex, integrable, pseudo-hermitian

manifold. M is called Sasakian if its Reeb vector field is a CR vector field.

The Webster connection V defined for the bundle D ¢ T'M can now be ex-
tended to the Levi-Civita connection on M, which we will call the Sasakian

connection.

Proposition 1.1.4 The Sasakian connection is given by

VxY =VxY —g(JX,Y)T, X,YeD (1.5)



VX =VyX+JX, Xe€D (1.6)

VxT =JX, V7T =0 XeD (1.7)

Proof. We only need to check V is torsion free and metric.

By (77?), we see VxY — Vy X = [X,Y] for X,Y € D. Since the Webster
torsion vanishes, from (??) we have [T, X] = V7 X. It is then easy to see

VxT — VX = [X,T] by the definitions. Hence, V is torsion free.

Using the fact that the Webster connection is metric, it is a case by case

check that V is also a metric connection.

Remark. On a manifold that is not necessarily Sasakian, we may extend
the Webster connection by requiring the Reeb vector field to be parallel, i.e
VT = 0. The linear connection obtain in this way is called the Webster-
Tanaka connection [?] or Webster-Stanton connection [?]. It is metric, but

has torsion.

On the other hand, if we begin with the Sasakian connection, then,



Proposition 1.1.5 the Webster connection can be reconstructed by setting:

VxY = (VxY)P (1.8)

VY = [T,Y]P (1.9)

where the supercript ©, means projecting (with respect to the metric g) to

the subbundle D C T'M.

Proof. (77?) is clear in view of (??). (?77?) is just the fact that the Webster

torsion is 0.

Since Lyn = d(n(T)) — dn=T = 0 and LyJ = 0, by definition of g(-,-) =
dn(-,J-) +n ®mn, we deduce that Lrg = 0. In other words, the Reeb vector
field T is a killing field. The foliation defined by 7' is then a Riemanian
foliation and the metric g is bundle-like [?]. We define the transverse met-
ric g?(V,W) = g(VP,WP) on M for any V,W € TM, where supersript
D means projection to D. The transverse metric can be considered as the
metric on the leaf space M/T. Especially, when the leaves are compact, the

leaf space is a Riemanian orbifold [?], and we have a Riemanian submersion

T M — M/T.

The induced transverse (Levi-Civita) connection V2 for g is defined exactly



by (??) and (?77). In other words,

Corollary 1.1.6 the Webster connection is the transverse (Levi-Civita) con-

nection on a Sasakian manifold.

Curvatures (usually called pseudo hermitian curvatures) associated with the
Webster connection are studied by various authors [?] [?], in view of the
above disscussion, they are the same as the transverse curvatures which are

defined as curvatures of the transverse metric g7, e.g.

RP(X,Y)Z = VRVYZ —VPVRZ — Vixy Z

All though not always a Riemanian submersion, the O’Neill formula [?] ap-

plied to the transverse curvatures. Recall the O’Neil tensors:

TyW = (Vyr WP + (VyrWT)P

AyW = (Vyo WP (Vo WP
where V,WW € TM and the superscript 7,” means projection to the Reeb
direction and the subbundle D respectively.

Recall also the O’Neill formula

K(X,Y)=K”(X,Y) - 3|AxY]?
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Ric(X) = Ric”(X) — 2|Ax|* — |Tx|* + 9(Vx N, X)
s =57 457 —|A? — |T|*> — |N|* — 20°N

As V7T = 0 by definition, the Reeb vector field T" is geodesic, and it follows
that the O’Neill T-tensor vanishes [?]. The mean-curvature vector field along
the leaves N = VT also vanishes. For X,Y € D being horizontal vectors,

we know [7]

AXY = %([Xv Y])T

Hence, AxJX =1, AxY =0if g(JX,Y) = 0, and |Ax| = 1, |A|] = 2n.
Now by the O’Neil formula and Corollary 1.1.6, let K, Ric and $ be the

pseudo-hermitian curvatures,

Proposition 1.1.7 The Sasakian curvatures and the pseudo-hermitian cur-

vatures are related as follows

K(X,JX)=K(X,JX)-3 forXeD (1.10)
K(X,Y)=K(X,Y) forX,Y €D, g(JX,Y)=0 (1.11)
Ric(X) = Ric(X) —2, for X € D (1.12)
s=26—2n (1.13)



1.2 Curvature properties

In this section, we collect some curvature properties of a Sasakian manifold.
These are developed from the the perspective of a contact metric structure
in the literature, see e.g. Blair [?], Boyer and Galicki [?]. With the help of

the Webster connection, these are evident. A key point is VxT = JX.

Proposition 1.2.1
VxJY =JVxY —g(X,Y)T for X, Y € D

Proof.

VxJY =VxJY — g(JX,JY)T
= JVxY —g(JX,JY)T

= JVyY — g(X,Y)T

Proposition 1.2.2
RX,)Y)T=0,X,Y €D

RIX,T)Y = —g(X,Y)T,X,Y € D

Proof. We might assume X, Y are unit vectors.

10



R(X,Y)T = VxVyT — VyVxT — VixyT
= VxJY — VyJX — J[X,Y]

= JVXY—Q(X,Y)T— JVyX+g(Y,X)T— J[X,Y} =0

ForVZ € D we have g(R(X,T)Y,Z) = g(R(Z,Y)T,X) = 0, hence R(X,T)Y

has no component in D. The Reeb component is

g(R(X,T)Y,T) = g(VxVrY — ViVxY = VixpV,T)
= (Xg(VoY,T) = g(VrY, VxT)) — (Tg(VxY,T) — g(VxY,VrT))
— (X, T]g(Y,T) = g(Y,VixniT))
= —g(VrY, JX) +¢(Y, J[X,T)
=g(Y,VrJX) 4+ g(VxJY,T) + g(JY,VxT)

=—g(Y, X) +g(—g(X,Y)T,T) + g(Y, X) = —g(X,Y)

Corollary 1.2.3 Let dimM = 2n + 1, then Ric(T) = 2n.

Proof. Let {e;} be an orthonormal basis for D. Using the previous propo-

sition, Ric(T) =, R(T, e;,€;,T) = 2n

The sectional curvature K (X, JX) forX € D is called the ®-sectional cur-

vature. On a Sasakian manifold, the whole curvature tensor is determined
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by the ®-sectional cruvature. A Sasakian manifold with constant sectional
curvature is called a Sasakian space form. They are classified by Tanno [?]:
there are precisly three Sasakian space forms up to transverse homothety

(see next section)

Proposition 1.2.4 Let M(c) be a 2n+ 1 dimensional, complete, simply con-
nected Sasakian manifold of constant ®-sectional curvature c¢. Then M(c) is
one of the following:

(1) If ¢ > —3, M(c) is isomorphic to S *1(c).

(2) If ¢ = =3, M(c) is isomorphic to R*"*1(—3).

(3) If ¢ < =3, M(c) is isomorphic to Bg(k) x R, where ¢ = k — 3.

1.3 Type I deformations

There are several ways to deform a Sasakian structure. One natrual way is
to rescale the metric via the contact form. Let (M,n, D, J) be a Sasakian
structure. We might define a new 1-form on M by 71 = e/n, where f is a
smooth function on M. Now the associate CR distribution D = kerfj = D

does not change. We also have

dij|p = e (df A+ dn)|p = 'dnlp
If we set J = J on D = D, then the metric is partially conformally related,

12



ie. glp=elglp.

Definition 1.3.1 A type I deformation of a Sasakian structure (M, n, J) is

a rescale 77 = e/n and J = J, so that (M, 7, j) is again Sasakian.

Take an othornomal basis {X;,Y; = JX;} for the bundle D with the back-
ground metric g|p. We can write the Reeb vector field T = uT +a'X; +b'Y;.
Then,

1=0(T) = e!n(uT) = pe’

So, u = e/, moreover, for any vector field V', we have

0=di(T,V)=def Ap(T ANV) +efdn(T AV)

Let V = X; and V =] respectively, we get a’ = 1Yi(e™/), b = =1 X;(e™7),

hence

T=e(T- %vaf) (1.14)

where the sub-gradient V,f =V f —T(f)T.

T is also required to preserves the structure J = J. For any X € D,

L:JX —JL:X = [T,JX] - JT,X]=0

13



Its component in the Reeb direction is,

n([T,JX]) = J|T, X)) = e 7(T, JX]) = —2¢Tdi(T, JX) =0

Write T = e /T + H, where H = %va(e_f) € D. Because T preserves J,

we have

(e /T, JX] = Je T, X))’ = e ([T, JX] = JIT, X))’ =0

hence, we should have

([H,JX]) - JH,X])? = (VgJX —V,;xH - JVyX + JVxH)” =0

By (?77)

(VuJX — IV X)P =VuJX — JVeX =0

Hence, T preserves J if and only if, for any X,V € D

g(VJxH— JVXH,Y) =0

14



9(VixH)Y)=JXg(H,Y)—g(H,V;xY)

1
= —§(JXQ(Vb€7f7 JY) = g(Vee ™, IV xY))

: (1.15)
= —S(IX(IY () = Ve ™)

1 _
= _§V2JX,JY6 !

Similarly, g(JVxH,Y) = —iV5% ye ™/,
Hence, we have

Proposition 1.3.2 7 = ¢/7 is a type I deformation if and only if V?]XJYe*f =

Viye ! forany X,V € D.

Apparently, constants satisfy the above relation. When f is a constant,
the deformation is called a transverse homothety [?]. In this case, 7 = an,

T=a'T,and g = ag + (a* —a)n @ .

If v € €R(D,J), the CR transformation group, then the push forward 1-
form 1,n = e/n for some function f. Notice that v,D = D and v,.J = J, the
push forward structure (M, ,n, 1. J) is a type I deformation of (M,n, J). A
type I deformation arises in this way from a CR transformation is called a

pseudo-conformal rescaling [?]. Note that not all type I deformations arises

15



in this way, in particular, transverse homotheties with constant a # 1 are

never pseudo-conformal rescalings.

1.4 Moduli of type I deformations

A Sasakian manifold (M, n, J) is natrually a contact manifold. Let con(M, D)
be the Lie algebra of the contactomorphism group €on(M, D). Denote by
con™ (M, D) the set of elements in con(M, D) that is everywhere transverse

to D. With a background 7 being chosen,

con™ (M, D) ={V|n(V) >0, LyD = D}

For V € cont(M, D), Let p = 1/n(V) and 7 = pn. Then, (V) = 1. Since
V' preserves the contact distribution, we have Ly7n = a1 for some smooth

function «, but,

a = (Lyn)(V) =d(@(V))(V) +di(V,V) =0

Hence, dn—V = Lyn = 0. So V is the Reeb vector field of 7.

On the other hand, if V' is a Reeb vector field of some = un with some
positive function p, then Ly7 = 0, hence V' belongs to con™ (M, D). So, we

have

16



con" (M, D) = R" (M, D) (1.16)

where Rt (M, D) is all the transverse Reeb fields that is compactible with D.

Given a background contact form 1, RT(M, D) is 1-1 correspondent to the
set of smooth functions by setting 7 = e/n. Hence on a Sasakian manifold,
the set of type I deformations C7 is identified with a subset of R*(M, D)
that consists of those Reeb vector fields that preserves the complex struc-
ture J. Let ct(M, D, J) be the Lie algebra of the CR group, then C; =
RT(M,D)Nee(M,D,J), using (??) and Proposition 3.2, we have

Proposition 1.4.1

Cr=con™(M,D)Nex(M,D,J) =t (M,D,J) (1.17)

Cr={f¢ C(M)|VQQJX,JY€7JC = V?X,Yeifany € D}

cet (M, D, J) is the set of CR vector fields that are everywhere transverse to
D. Thus it is not hard to see that the set of type I deformations C7 is a

convex open cone in ct(D, J).

We are interested in the set of type I deformations mod out the effect of

17



pseudo-conformal transformations. Fix a background Sasakian structure
(n,T). Let ¢p € €R(D, J) be a pseudo-conformal transformation. Then the
type I deformation (pseudo conformal rescaling) arises from ¢ corresponds to
T via (??7). Under the correspondence (?7), the pseudo conformal trans-
formation acts by the differential map. This correspond to the adjoint action
of the group €R(D, J) on its Lie algebra ct(D, J). Let £ € et (D, J) = Cy,
then 7(1.&) = ¥*n(€) = e/n(€) > 0. So Ad()¢ € Cy, i.e. the set of type I

deformations are invariant under pseudo conformal transformations. So,

Definition 1.4.2 The moduli set t7(D, J) = e (D, J)/ER(D, J) is called

the Sasaki cone.

We defined the automorphism group of the Sasakian structure as dut(n) =
CR(D, J) N Con(n). Apparently Aut(n) C Tso(M, g). Let p € ER(D, J) be
a CR transformation, if ¢» € dut(n), then ,n = n; ¢ gives rise to the trivial
type I deformation. Also, v acts trivially on the set of type I deformations.
Conversly, if ¢ correspond to the trivial type I deformation, then it preserves

the 1-form 7, hence ¢ € Aut(n). We arrrived at,
Corollary 1.4.3 2ut(n) = €R(D,J) iff all pseudo-conformal transforma-

tions correspond to the trivial type I deformation. In that case, the Sasaki

cone is equal to the set of type I deformations.
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1.5 Curvature change formulas

In this section we calculate how curvature changes under a type I deforma-

tion.

Let (M,n,T,J, D, g) be a Sasakian manifold, and (M, 7, T,J, D, g) be a type
I deformation with 7 = ef7. Let V and V be the Sasakian connections re-

spectively.

Proposition 1.5.1 For X,Y € D, the Sasakian connections V and V are

related by:
VxY = VxV + L(fxY + fy X — fixJY — fry JX — g(X,Y)Vy(f)) (1.18)

VxT =JX (1.19)

ViX =[T,X]+JX (1.20)

We denote X (f), X(Y(f)) etc. by fx, fxy

Proof. Only the first relation needs to be verified, the other two follows

from the (??7), (?7?)

By Korzul’s formula, we have, for X,Y, Z € D

19



20((VxY), Z2)=Xg(Y,2)+Yg(X,Z) - Zg(X,Y)

—|—g<[X, Y],Z) - g([X7 Z],Y) - g([Y7 Z]vX)

2§((VxY), Z) = Xg(Y, 2) + Y§(X. Z) = Z§(X.Y)

+§<[X= Y]7Z) - g([X> Z],Y) - g([Y7 Z]7X)

We calculate that
Xg(Y, Z) = X(e'g(Y,2)) = ¢! fxg(Y, Z) + /! Xg(Y, Z)

and

g([X’ YLZ) - efg([X, Y]>Z)

§([X,Y]P — [X.Y]P, 2)

(([X’ Y] - ﬁ[X> Y]T) - ([X> Y] - 77[X’ Y]T),Z)

I
Qe

§(2dR(X, YT — 2dn(X,Y)T), Z)
= —eldn(X,Y)g(JVf, 2)

=l f29(JX,Y)

(1.21)

(1.22)

(1.23)

(1.24)

Multiply (??) by e/, and substract from (??), using (??) and (??), we have,

20



g(VxP, 2) = g(VxY)P, Z2) + L fxg(Y. Z2) + fr9(X, Z) — f29(X,Y))

+ Y (fr29(IX.Y) — frvg(JX, Z) — fixg(JY, Z))

(1.25)
So,
(VxY)P = (VxY)P 4+ L(fxY + fy X — fixJY — [y JX) o6,
Lastly, the Reeb component is
(VxY)T = =G(JX, V)T = —g(JX,Y)(T = $JV,f) o
1.27

= (VxY)" 4+ 19(JX,Y)JV,f

where we use the fact that n(VxY) = —¢(JX,Y) and (?7?)

now the result follows combining (??) and (?7?).

Let the Riemaniann curvature tensor for V and V be respectively, R and R.

Next, we calculate R(X,Y, X,Y) for any horizontal vectors X and Y.

Proposition 1.5.2 Suppose X,Y € D such that g(X, X) = ¢g(Y,Y) = 1 and

21



g(Y, X) = g(Y,JX) = 0, then,

RX,Y,X,Y)=e/R(X,Y,X,Y)

+ 1l (Vix S+ iy + Vi xS + Vvl + Vo fl2)

(1.28)

Proof. Firstly, note that VxY € D since g(VxY,T) = —g(Y,VxT) =
—g(Y,JX) = 0. Likewise, Vy X, [X,Y] € D, thus (??) applies succesively,

we have explicitly

VxVyX = Vx(Vy X + L(fxY + fy X = fixJY — fry X))
=VxVy X + 1(fo,xX + [xVy X — froyxJX — fixJVyX)
+ %(fXXy + fxﬁxy + fxy X + fy@XX)

— %(fX,JXJY + fixVxJY + fxovJX + f1YVxJX)

VyVxX = Vy(VxX + fxX — fixJX = 1V, f)
=VyVxX + 1(foxY + [y VxX — froxJY — fiy JVxX)
— L9V, VxX)Vof + (frxX + fxVyX)

— (fraoxJX + FfrxVyJX) — %@Y(be)
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VixyX = Vixy X + s(fixvX + fx[X,Y])

B %(fJ[va]JX + fJXJ[X7 Y]) - %quv Y]7X)be

By definition R(X, Y)X = 6X@YX—6yﬁXX—6[X,Y]X, carefully combine
terms in the previous expressions, using properties of Sasakian connection

and Proposition 1.2.1, we have

RX,Y)X =RX,Y)X + L fy(Vx = Vx)X — L fx(Vy — Vy)X
— 2 v(Vx = Vx)JX + L fix(Vy = Vy)JX — L f1x(Vx — Vx)JY
+5(Vixf)Y = 5(VixHX = 5(Vi x )TV
+5(Viax IX = 5(Viv ))IX

+ 2T + 3 frJY + 1V (Vo f)

Note that R(X,Y, X,T) = 0 by Propostion 2.2, the terms on the right hand
side of the above equation is in D, except the last line. Hence, taking inner

product with Y with respect to §, using g|p = e/ g|p,

RIX,)Y,X,Y)=e/RIX,Y,XY) — el ff — Lel f5 + 17 f3y + 3/ VA 1 f

+59(fT,Y) + 55(Vy (Vo f),Y)
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The last 2 terms are further calculated as follows,

J(fvT.Y) = frvgle! T + IV Y) = 2 fvg(JV,f,Y)

= %effJYg(‘]vbfa Y) = —%eff%/

(Vv (Vof),Y) =Y (§(Vsf.Y) = §(Vof, VyY)
=Y (efg(Vof,Y)) — el g(Vof, VyY)
=Y (e fy) — el g(Vof, VyY + fyY — fry JY — TV f)

= ef(V%Yf + fiy + %|be’3)

where we have noticed that VyY € D and (??) is used.

We arrived at,

RIX,)Y,X,)Y)=e/RIX,Y, X, Y) + Lel (= f§ — f5 + fiy + fix)

+ %ef(vﬁ,xf + V%/,Yf) + i€f|vbf|§

finally, by Proposition 1.3.2, we may write Vixf — [+ + f2x = Vi x /s

and the proposition is proved.
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Proposition 1.5.3 Suppose X € D such that g(X, X) =1, then

R(X,JX,X,JX)=eR(X,JX, X, JX)

+ @f(Qngxf + 2v3’X,JXf + |be|3 +3(ef - 1))
(1.29)

Proof. The calculation is similar to the previous proposition, only that now
both Vx X and [X, JX] do not lie in D. In order to utilize (?7), we need to

write VxX = (VxX)P + T and [X, JX] = ([X, JX])P — 2T.

@XﬁJXX = @X((VJXX>D + T+ fxJX + frxX)
=VxVyxX+ %(fv(,xxX + fxVixX — fJVJXXJX _ fJXJVJXX)
- %Q(Xa VixX)Vuof = VxT — %(fTX + fxT) + @XT

+ %(fXXJX + [xVxJX + fxsx X + fJX@XX)

VixVxX =V;xVxX + %(vaXJX + fixVxX + fivexX + fxJVxX)
— %Q(JvaxX)be + (frxx X+ fxVixX)

— (fuxuxJX + FfixVixJX) — %ﬁJX(vbf)
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6[X7JX}X - @[X,JX]DX - 2€TX — ﬁ[X,JX]DX "— QVTX "‘ Q(VXT - @XT)
= Vix xX + s (fix X + fx[ X, Y]+ fr X + fxT)

— LI X + faxJ[X,Y]) = Lg([X, Y], X)Vof +2JX — 2VxT

Carefully combine the above, we get

R(X,JX)X = R(X,JX)X + fix(Vx = V)X + frx(Vsx — Vyx)JX
+ (VixNIX + (Vix xf)IX

—2fxT = 2frX + 3Vx(Vof) = 3JX + 3VxT

As in the previous proposition, taking inner product with JX with respect
to g, notice that the first line of the right hand side of the above express lies
in D.

R(X,JX, X, JX) =/ R(X,JX, X, JX) — e/ 3 + e/ Vi f + e/ Vi )i f

— el f3 + 2l (Vi yxf + 13 + 3IVef1?) — 3! +35(VxT, JX)

The last term is further calculated as follows,
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G(VXT,JX) = §(Vx (/T + 3IV, ), JX)
= g(e/ fxT + ! VxT + VX (JV, f), JX)
= e G(JX, JX) + 5(VxG(IVof, JX) = §(JVf, Vx I X))
=X + 1X(e fx) — 39(IVuf, IV X — e/T)
=¥ + 35X (e fx) — 37 9(Vif, Vx X)
=+ 3T (fX + fxx) = 39(Vof, VX + fx X — fixJX — 3Vuf)

=M + LIV f + il i + LV S

We finally arrived at,

R(X,JX,X,JX) =/ R(X,JX, X, JX) + el (=1 f% + 1 f3%)

+ el BV xS+ 3Vix xf+3(e = 1)+ Vo f[2)

Use the relation Vi f — f% = V3x,xf — [3x (Proposition 3.2), we see the

above formula is equivalent to the proposition.

Corollary 1.5.4 For g-unit vectors X, Y € D such that g(Y, X) = g(Y, JX) =

0, we have sectional curvautres,

K(X,Y) = e (KX, V) =3V x =1V = 3Vix x =3V o T =3IV /1))
(1.30)
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R(X,JX) = e/ (K(X,JX) = 2V x f = 2V s f — [Vof P = 3(e! — 1)
(1.31)

Proof. Note that K(X,Y) = Z&XEX) _ =2/ p(x V)Y, X)

|XAY |5

Corollary 1.5.5 Let dimM = 2n + 1, then the Ricci curvatures are related

by,

Ric(X) = Ric(X) — “2(Vi x f + Vixxf) — 22V f P X[

(1.32)
— (A NHIXP = 2(ef = 1)IXP)
The scalar curvatures are related by,
§=e (s —(2n+2)Auf — (n+ Dn|V,uf> — 2n(ef — 1)) (1.33)

The sub-Laplacian A, f = Af — Vi, f

Proof. Take the trace, using (??) , (?7?), and Proposition 2.2.

In the special case of a transverse homothety, i.e. when f is a constant func-

tion, we have much simpler relations summarized in the corollary below.

Corollary 1.5.6 [?] Let 77 = an be a transverse homothety, then 7' = a7,
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and

v =a-1J@n+n®J)

2 f((x Y)=a'K(X,Y) for X,Y € D,g(X,Y) =g(JX,Y)=0

(HV

(2)
B)K(X,JX)=aYK(X,JX)+3)—3for X € D
(4)Ric = Ric —2(a — 1)g+2(a — D(an+n+1)n @17
(5)5 =

5 “I(s+2n) —2n

1.6 CR groups of certain Sasakian manifolds

1.6.1 Sasakian space forms

Recall from Section 2 that Sasakian space forms are Sasakain manifolds with
constant ®-sectional curvature, i.e. K(X,JX) is constant for any X € D.
Suppose M has constant ®-sectional curvature K(X,JX) = c¢. Let ¢ be
a pseudo-conformal tranformation, and let 77 = ¢,n = e/n. The Sasakian
structure on (M ,7) is the push forward, hence it has the same curvature

properties, i.e. K(X,JX) = c. Now utilize (??), we get, for any X € D,

c=ee—2Vixf = 2Vix xf — [Vof = 3(e/ = 1))

Let X run over an orthonormal basis of D, summing up, we get,

n(c+3)(1 —ef) = 2A,f +n|V,f|? (1.34)
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If ¢ < —3, at the minimal of f we have A,f < 0 and V,f = 0. (??) then
implies 1 — e/ < 0, thus f,;, > 0. Similarly, at the maximal of f, (?7)

implies 1 — e/ > 0, thus fie < 0. Hence, e/ =1

If ¢ = —3, the left hand side of (??) is 0. If we integrate (??) over M, we
get |Vuf| =0, thus X(f) = 0 for all X € D. As for the Reeb direction T,
since n([X, JX]) = —dn(X,JX) = 1, we can write T = —[X, JX]| + Y, for
some Y € D, and hence T(f) = JX(X(f)) — X(JX(f))+Y(f) =0. So, f
is constant. Finally, the volume of Sasakian structure doesn’t change under

a pullback, so

0= /dvbl — /dvol = /(e("+1)f — 1)dvol

Hence the rescaling factor e/ = 1.
Summing up the above disscusion, we have,

Theorem 1.6.1 Let M be a compact Sasakian space forms with constant
®-sectional curvautre ¢, then

(1) If e < =3 or

(2) If c= -3

then M has no non trival pseudo-conformal rescaling.
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In view of Corollary 1.4.3, we have

Corollary 1.6.2 Let M be as stated in Theorem, then €R(M,D,J) =
Aut(M, n).

Remark. for the simply connected sasakian space forms with ¢ > —3, they
are isomorphic to transverse homotheties of the standard sphere. The under-
lying CR structures of there manifolds are the same as the standard sphere. It
is known that the CR transformation group of th standard (2n + 1)-sphere is
SU(n+1,1) which is non-compact. But the Sasakian Automorphism groups
of these sasakain space forms are subgroups of the isometry group Iso(M, g),
which is compact. So we don’t expect a similar result as Theorem 6.1 for the

case ¢ > —3.

1.6.2 Constant scalar curvature

Let (M,n) be a compact Sasakian manifold with constant scalar curvature
s = c. Let (M, ) be a pseudo-conformal rescaling of (M, n), where 7 = /7.

(M, 7) still has constant scalar curvature § = c.

According to (?7?)

§=ecl(s—(2n+2)Apf — (n + Dnlgrad, f|* — 2n(e! — 1))
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This implies now,

(1 —ef)(c+2n) = (2n +2)Asf + (n+ Dn|V,f|? (1.35)

By a similar argument as in the previous section,

(1) If ¢ < —2n, then f > 0 at its minimal, and f < 0 at its maximal, hence

f = 0. Thus the pseudo-conformal rescaling is trivial.

(2) If ¢ = —2n, then the left hand side of (??) is 0. Integrate both sides,
we deduce that V,f = 0. This further implies V f = 0, hence f is constant.
Finally, f = 1 as the volume does not change under a pseudo-conformal

rescaling.

Theorem 1.6.3 Let M be a compact Sasakian manifold with constant scalar
curvautre ¢, then

(1) If c< —2n or

(2) If c=—2n

then M has no non trival pseudo-conformal deformation. And thus €ER(M, D, J) =
Aut(M,n)

By (?7?) compact sasakian manifolds whose transverse metric has zero scalar

curvture satisfy Theorem 6.3(2). Sasakian manifolds whose transverse metric
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with a constant scalar curvature which is negative satisfy Theorem 6.3(1). In
particular, For compact Sasakian manfolds whose transverse metric being a
(Kéhler) Einstein metric of nonpositive type, we always have CR(M, D, J) =
Aut(M, n).

Charles Boyer and Krzysztof Galicki ([?] p 262 has proved that when the
transverse Ricci curvature is nonpositive, the Lie algebra of the automor-
phism group is generated by the Reeb vector field, aut(n) = {T'}. Combining

this with the previous result, we have

Corollary 1.6.4 Let (M, D, J) be a compact CR manifold. If (M, D, J) ad-
mits a Sasakian structure (n,7) whose transverse metric has constant scalar
curvature and nonpositive ricci curvature, then the Lie algebra of the CR
group is generated by the Reeb vector field, i.e. cv(D,J) = {T'}. And,
(M, D, J) admits only one Sasakian struture up to transverse homothety, i.e.

(an,a™'T).

Proof. Note that any Reeb vector field of a sasakian structure generates
CR-automorphisms, hence lies in cv(D, J), hence the compactible Reeb vec-

tor field is unique up to scaling.

Theorem 1.6.5 Let (M,n) be a compact Sasakian manifold. Suppose its

transverse ricci curvature is nonpositive and the (transverse) scalar curvature
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is constant, then (M, n) does not admit any non trivial type I deformation,

i.e. All type I deformations are given by transverse homothety.

Proof. Let 77 = e/ be a type I deformation. By (??), T = e~/ (T — Vo f).
Then, by Corollary 1.6.4, V,f € {T'}, hence V,f = 0. This further implies

Vf =0. Hence f is a constant.

Remark. An interesting related result of F. Belgun [?] says any 3-dimensional
compact sperical CR manifold that admits a Sasakian struture has no type
I deformation besides transverse homothety. Note that those manifolds are

circle bundles over a Riemanian surface with positive genus.

1.7 Type 1 deformations of Sasaki-Einstein
manifolds

Let M be a Sasaki-Einstein manifold. let 7j = e/n be a type I deformation. It
was conjectured by K. Galicki and C. Boyer that any type I deformation that
transfer into another Sasaki-Einstein metric is a pseudo-conformal rescaling.
In other words, only the trivial element in the Sasaki cone transfers a Sasaki-

Einstein metric to a Sasaki-Einstein metric.
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Theorem 1.7.1 [?] A non-trivial transverse homothety does not relate two

Sasaki-Einstein metric.

Proof.. By Proposition 2.3, on a 2n + 1 dimensional Sasakian manifold,
Ric(T) = 2n. Hence when the metric is Einstein, we have Ric = 2ng,
the Einstein constant is always 2n. Hence scalar curvature is a constant
2n(2n + 1). Let 7 = an be a transverse homothety, Then Corollary 1.5.6(5)

implies a = 1.

For a general type I deformation, recall the formula (??), plug in withRic =
Ric = 2ng, we get that, if two Sasaki-Eistein are related by a type I defor-

mation, then

Vi + Vi = — @+ )1 - ef) = (4 DIV = Anfg(X, X)

Define
S(X)Y) = V%(,Yf + v2JX,JYf

A(X, Y) = V%(,Yf - v%X,JYf
Then the above formula implies S(X,Y) is a multiple of the metric, say

S(X,Y) = Bg(X,Y). Let {e;, Je;}; be an othonormal basis for the sub-
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bundle D, then S(e;, e;) = 3, hence

n

U (1 =€) — (4 DIV~ Auf)

Apf = Zs(ei7ei> =nf =

Simplying, we get
f n 2
2n(l—el) = Apf + §|be|

§= 200 = 21— ef) = [T P

Summing up the above and Proposition 1.3.2, we have

Proposition 1.7.2 A function e/ relates two Sasaki-Eistein by a type I

deformation, if and only if for any X, Y € D
1
(S(X,Y) = Bg(X,Y),6 =2(1— ) = J|Vuf[*  (136)

RAXY) = X(NY(f) = JX(N)IY ()

Next, we confirm the conjecture of K.Galicki and C.Boyer in the case of the

standard sphere.
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Theorem 1.7.3 Let (S, 7) be the standard sphere; = e/7 be a type I de-
formation, such that (S,7) is Einstein. Then this type I deformation arises

from a pseudo-conformal transformation. i.e. there is a CR transformation

¢: S — S, such that 7 = ¢.n.

Proof.. Combining (?7?), (77?), (?77), we get

KX, Y)-1=e¢(K(X,Y)-1)

K(X,JX)—1=¢/(K(X,JX)-1)

Also, for 2-planes containing the Reeb directions, by Proposition 1.2.1, we

have K(T,X) =1

These relations implies (S‘ ,7) still has constant sectional curvature 1, and is
again the standard sphere. Hence the standard metric is the only Einstein
metric within the type I deformation class. Moreover, according to the clas-
sification of Sasakian space forms by Tanno [?], (S,7) is isomorphic to the
standard Sasakian structure on the sphere. Hence there is a diffeomorphism
from the ¢ : S — S, such that 77 = ¢,n, and D = ¢.D, J = ¢,J. But as a

type I deformation, D =D, J=J, thus ¢ is a CR automorphism.
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Chapter 2

Products of Sasakian manifolds

2.1 Contact metric structures

Definition 2.1.1 A contact structure on a 2n + 1 dimensional manifold M
is a one form 7 such that n A (dn)™ is a nondegenerate top form on M. The

one form 7 is called the contact form

As indicated in the definition, n A (dn)™ is a volume form, and hence the
manifold M is oriented. A vetor field called the Reeb vector field T' can be

uniquely determined by the following equations n(7T") = 1, dn(T,-) = 0.

Let D C T'M be the distribution that is anhiliated by 7, then dn is a sympletic
form for the vector bundle D over M. It is then easy to find local 1-forms

{1 h1<i<n and {v'}1<i<pn, such that dn = > pu? Av® (In fact, by a contact ver-
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sion of Darboux theorem, there exist local charts (x!,... 2"yt ... y",2)
so that dn = > daz' A dy'). By definition of T', it is apparent that p'(T) =
V'(T) = 0, and hence {n, u,v'} forms a basis for T*M. Let the dual be
{T, X;,Y:}, then D is spanned by {X;,Y;}1<i<n. It is easy to see the rank n
sub-distribution spanned by Nilgign is always integrable by Frobenius theo-
rem. In fact, any rank 2n distribution (of a 2n + 1 dimensional manifold)
contains rank n sub-distributions that are integrable. On the other hand, Let
E C D be aintegrable sub-distribution, then we must have [E, E] C E, hence
for any VW € E, 0 = n[V, W] = dn(V,W), which implies E is isotropic and
hence its rank is no more than n. Hence, D contains no integrable sub-
distribution of rank n 4+ 1. A hyperplane distribution that has no integrable
sub-distribution of more than half of its rank is said to be maximally non-

integrable.

For the reason of the above, sometimes a contact structure (in the wider
sense) on a 2n + 1 manifold is defined as the existence of a maximally non-
integrable rank 2n distribution D. Equivalently, a contact structure in the
wider sense, is a family of local contact forms 7; on an atlas, such that
n; = fijn; on the overlaps for some nonvanishing functions f;;. When both
M and D are orientable, the contact structure in the wider sense is in fact a
contact structure (in the restricted sense) since a nonvanishing global section

of the line bundle T*M/D* give rise to a global contact form on M.
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As the bundle D over M is sympletic with sympletic form dn, there exist
compactible almost complex struture J and metric g, i.e. g(-,) = dn(-, J-).
One can extend J to a tensor on M by requiring J(T') = 0, likewise, extend-

ing g to be a metric on M by requiring g(7,7) = 1 and ¢(T, D) = 0.

Definition 2.1.2 The quadruple (M, 7, J, g) is called a contact metric struc-

ture.

It is apparent that the triple (M, D, J) forms an almost CR structure. This
CR structure is nondegenerate and strictly pseudo convex, as it has a Levi

form dn which is positive definite

An almost Kahler structure is associated with a contact metric struture
(M,n, J,g). Namely, let C(M) = M x R* be equipped with the cone metric
G = r%g + 4dr?, where r is the coordinate of the R factor. We can define a
almost complex structure on the cone as J(V, a®) = (J(V) — 24T, in(V)V),
where ¥ = r% is the Euler vector field. It is easy to see the almost complex
structure J so defined is compactible with the cone metric g. the associated
2-form is r2dn + 2rdr A n = d(r*n), which is exact, and hence sympletic. We
concluded that the cone (C(M), g, J, d(r*n)) is a non-compact almost Kéhler
manifold. The contact manifold M is identified with the r = 1 slice of M.

Note that a contact metric structure by a dilation is no longer contact metric,

other slices with r # 1 is not identified with M
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Definition 2.1.3 (M, g, J, n) is said to be Sasakian, if the cone (C'(M), g, J, d(r*n))

is Kahler, i.e. if J is integrable.

By the Nirenberg-Newlander Theorem, J is integrable if and only if the Ni-
jenhaus tensor Nj;(U, V) vanishes. By tensoriality and symmetry, as any
vector V = f1X + foT + f3¥, where X € D, the vanishing of the whole
Nijenhaus tensor is equivalent to the vanishing of the following Nj7(X,Y),
N3 X,T), N3(X,V), N;(T,T), N;(T,V), and Nj(¥, V). The last three of

these are apparently zero.

N7 (X,Y) = —[X, Y]+ [JX,JY] = J([JX, Y]+ [X,JY]) = Ny(X,Y) (2.1)

N{(X,T) = —[X, T + [JX, 20] — J(JX, T] + [X, 20])
2 2 (2.2)
= LeX 4 JLpd X = —(Lpd)JX
N3(X, W) = N#(X,2JT) = 2J(N(X,T)) = 2(LrJ) X (2.3)

Thus, we have
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Proposition 2.1.4 A contact metric structure (M, n, J, g) is Sasakian if and
only if

(1)The almost CR struture (D, J) is integrable. i.e. N;(X,Y) = 0 for any
X, YeD

(2)The Reeb vector field T is an infinitesmal CR transformation. i.e. LyJ =

0

By the definition of the Reeb vector field, we have Lyn = d(n(T'))—dn—T = 0.
Hence Lr(dn) = 0, and thus (2) is equivalent to Lyg = 0. i.e T is a killing
vector field. A contact metric structure that satisfied (2) is usually called

K-contact.

A standard example of Sasakian manifold is the odd dimensional sphere
S§2n=1 c C". The contact form is given by n = >_ y;dz; — x;dy;. Tts The Reeb
vector field is given by T'= > yic% — xia%i. metric g and J is inherited from
Cn.

A famous example of complex manifold that doesn’t admit Kahler metric is
the Hopf manifold (C™ \ {0})/{z ~ 2z}. Topologically, this is S?"~! x S*.

We can generalize this construction by considering the action » — 2r on the

cone over Sasakian manifolds.

Definition 2.1.5 Let M be a Sasakian manifold, and let C(M) = M x R
be the metric cone as defined above. Then C(M)/{r ~ 2r} is called the
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quotient cone over M.

Topologically, the quotient cone is just M x S'. Note that C'(M) is Kéhler,
and it is a covering of the quotient cone. Hence the quotient cone is Locally

conformally Kéhler.

2.2 Products of contact metric structures

In the section, we consider the product of two contact metric manifolds,
namely (My,n1,J1, g1, D1) and (Ms, 19, Ja, g2, D2). The product M = M; X
M, is even dimensional. It carries a family of almost complex structures
Iy defined by I,(X1) = JX1, 1(X2) = J Xy, 1p(Th) = =511 + %TQ, and

Ly(T3) = “H°T) + 4T, where X; € Dy, X € D, and Ty, T; are the Reeb

vector fields for each component.

The associate metric Gy is specified by the following: Let E' = span{T}, T»},
then M = D; + Dy + E, the three components are orthogonal under
Ga and that Gup|p, (X1, X1) = g1(X1, X1), Gap|p, (X2, X2) = g2(X2, X)),
Gulp(T1,T)) = 1, Gule(Ty, Ty) = a®> + b, and Gu|p(Ti,To) = a. This
gives the product M an almost hermitian structure. The associate 2-form is

w = d’fh +d7]2 +b771 /\7]2.
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In particular, when a = 0,b = 1, This is the standard product, where

G=g1+ 9
w=dm +dn+m A
I(Vi, Vo) = Ji(Vi) + Jo(Va) — mo (Vo) Ty + i (V) T

The integrability of 1,, depends on the vanishing of the Nijenhause tensor. As
any vector V' € T'M can be written as V = f1. X1 + foT1 + f3Xo + f4T5 where
fi are smooth functions, X; € D; and X5 € Dy, by tensorialty and symme-

try, It is easy to see we only need to check whether the following vanishes:

Ni(X1, Y1), Ni(Xs,Ys), Ni(Xy,Th), Ni(X1,Ts), Ni(Xo,T1) and Ni(Xo,Ts)

we have

Ni(X1, Y1) = =[ X, Y1) + [ Xq, iYe] — i ([L X, Y + [ X, aYA)) (2.4)

- NJ1(X17}/1)
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a 1
Ni( X1, Th) = —[ X1, Th] + [ LW Xy, =T + =T] — Ji([J1 Xy, T4

b b
a 1
+ [Xa, _ETI + ETQD
a a (25)
a
- (Llel)(gXl - J1X1>
a’+v? a
Ni(X1, Tp) = =[X0, To] + [ 1 X0, Ty Ot gTz]
a’+ v a
— L[ X0, T + [ Xy, b Ty + ETQD
CL2 + b2 ag + b2 (26)
== b LT1J1X1 + JlLTl,]le
a? + b?
= b (LT1J1)<J1X1)

Note that both (?7) and (??) are equivalent to Ly, J; = 0.

Similarily, the vanishing of N;(Xs,Y3), N;(Xs,T1) and N;(Xs, Ts) are equiv-
alent to Ny, (Xs,Y2) =0 and Ly, J; = 0. Combining with Proposition 2.1.4,

we have
Proposition 2.2.1 [?] The Product (Myyp, lop, Gap) is a hermitian mani-

fold if and only if both the two contact metric factors (M, n;, Ji, g1) and

(Ms, 19, Jo, g2) are Sasakian manifolds.
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The construction in this section may be considered as a generalization of
the famous Calabi-Eckmann manifolds S?P*1 x $2¢+1 As mentioned in last
section, the standard odd dimensional spheres are Sasakiam manifolds. The
Calabi-Eckmann manifolds are hermitian manifolds that carries no Kahler

structures.

2.3 The locally conformally Kahler condition

As seen in the previous sections, the metric cone over a contact metric mani-
fold and the product of two contact metric manifolds share the same type of
integrability conditions. In this section, we see while the quotient cone are
always locally conformally Kahler, However, the generalized Calabi-Eckmann

manifolds are always not.

Let w be the standard sympletic form on C", it is easy to see that the map-
ping A! — A?""! defined by & — a Aw"™ ! is a bijection. Hence under this

mapping, any (2n — 1) form on a complex manifold determines a 1-form.
Definition 2.3.1 Let M be a n dimmensional hermitian manifold with fun-

damental 2-form w. The associated Lee form is the unique 1-form ¢, such

that dw A w" 2 = ¢ Aw™ L.
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Apparently, when M is Kéhler, the Lee form vanishes. If M is locally con-
formally Kahler, then there is locally a function e/, such that e/w is closed,
thus,

0=d(e’w) = e/ (df Nw + dw)

This implies that dw A w" 2 = df A w™ !, hence the Lee form ¢ = df, which
means the Lee form is a closed form. In particular, if M is globally confor-

mally Kahher, then ¢ is an exact 1-from.

Proposition 2.3.2 Let (My,n;) and (Ms,n2) be sasakian manifolds of di-
mension 2n; + 1 and 2ny + 1 respectively, the the Lee form of the hermitian

manifold M, = M; x M, whose hermitian structure are giving in Section

2’ Is ¢ - b(n:i-ln2 2 — annz 7]1)

Proof. Asin Section 2.1, we can take local coframes (11, o}, 81) and (s, o, 53),
so that dngy = Yol A B and 7o = Y. ab A BL. Write Q = > ol ABL +
ST ab A B and let m = ny + ny + 1 be the complex dimension of M, then

the fundamental form of M, is

w = Q+b(n An2)

dw = b(dm Ay —m Adip) =b(D> i ABLAny =Y g ABy Am)

Then,
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dw A w" 2
= b(z Qb A B AT — Zag A B AT A Q72+ (n— 2)biy Amy AQ3)
= b(Zo/i ABLEAD — Zag ABY Amp) A Q2
Note that n — 1 = n; + ny is the highest power of €2 to not be 0, it is not

hard to see that, so for any i or j,

1

) A ) A Qn72 — anl
(al 51) n — 1
(aj /\Bj) /\Qn—Q _ 1 o1
2 2 n—1
So,
dow A w2 = b(—2 — 2y A gnet

n—1 n—1

On the other hand, let ¢ = b(;-—n, — "2-m;), then

ni U2
M2 —

A Q! — Dby Amg A Q2
1 n_lm) ( + (n = 1)bm A )
n na
Mo —

771) A Qn—l

n—1 n—1

It is apparent that this Lee form ¢ is not closed, hence

Corollary 2.3.3 The product M, is not locally conformally Kéhler.
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We might think of S* as a degenerated Sasakian manifold, and consider the
product of a Sasakian manifold and S*, i.e. Myp = M; xS L All the previous
calculations and arguments still apply. In the case a = 0,b = 2, the induced
complex structure on this product is equivalent to that of the quotient cone
C(M) = M, x S'. However, the metric on the quotient cone is related to
the warp product metric, and it is locally conformally Kahler. This lead us
to consider whether there is a simple way of 'warping’, so that the product
of two Sasakian manifold becomes locally conformally Kahler as in the case

of one of the component being degenerated S'. The answer is negative.

Proposition 2.3.4 On the product M; x Mj the local 2-form w = fdn; +
gdns + hny A my is not a closed form, for any smooth function f, g, h defined
locally on M; x M,

Proof. Take local coframes (1, o, 8i) and (1, ab, 8%), so that dn; = > o A
By and ny = > ab A 5. The dual frames are (77, X}, V') and (T3, X2, V%)

1

where T and T, are Reeb vector fields. Suppose w is close, we have

0=dw=df Ndn +dg N dns +dh Nny Ang+ hdny A ng — hny A dns

Evaluate at Ty ATy AU, where U is any linear combination of X}, V', X2 Y2,

177
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we see then dh(U) = 0. Hence, dh = an; + bn,. Take derivative of this, we
get,
0 = ddh = da A ny + adny + db A ny + bdns

Evaluate at, say X! A Y, we see a = 0, similarly, b = 0, so dh = 0. Without

loss of generality, set h = 1, and so we can rewrite dw as

0:du}:df/\d771+dg/\d772+d7']1/\772—771/\d7]2

= (df —n2) Adm + (dg —m) A dipo
Evaluate this at ToAXIAYE we get To(f) = 1; at TIAX}AY:, get T1(f) = 0;
Evaluate at X2 A X! AY;! and also Y2 A X AYL get X2(f) = Y2(f) =0, so

Take derivative again, and evaluate at X? A Y;? sees 0 = 1. contradiction.

2.4 The absence of Kahler metrics

In this section, we show that the quotient cone over a Sasakian manifold does
not admit any Kahler structure. We also show under very mild assumption,

that the product of two Sasakian manifolds does not admit a symmpletic
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form, thus cannot admit any Kéahler metric.

Firstly, we quote a well known theorem on the betti numbers of Sasakian

manifolds. This was developed by Tachibana [?], Blair and Goldberg [?].

Lemma 2.4.1 Let M be a compact Sasakian manifold of dimension 2n + 1.
If £ is an odd number and that 1 < k < n, then the k" betti number is even;
If k& is an even number and that n +1 < k < 2n, then the k™ betti number

1S even.

Proposition 2.4.2 Let M be a compact Sasakian manifold, the quotient
cone C'(M) = (M x R*)/{r ~ 2r} is a compact complex manifold that does

not admit any Kéahler metric.

Proof. We already know the quotient cone is compact complex. Using
Lemma 2.4.1 and the Kuneth formula, we conclude that the first betti num-
ber of the quotient cone is odd, and hence topologically cannot admit any

Kahler metric.

Lemma 2.4.3 Let (M, n,g,J) be a compact K-contact manifold and « be a

harmonic 1-from, then a(7)=0, where T" is the Reeb vector field.

Proof. Write a = 8 + fn, where 5(T) = 0. Since T is a Killing field and «
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is harmonic, we have

0= Lra=d(«(T)) =df

Hence f is constant, and thus df + fdn = 0, by Stocks theorem, we have

0=/M(ﬁ/\n/\ (dn)* ') = /an (dn)"

hence f =0, s0 o(T) = p(T) =0

In fact, there is a more general result for Sasakian manifold due to Tachibana

7).

Lemma 2.4.4 Let M be a compact Sasakian manifold of dimension 2n + 1.

Let a be a harmonic k-form (1 < k < n), then a—=T = 0.
Now, we consider the product of Sasakian manifolds.

Proposition 2.4.5 Let M and N be compact, simply connected, Sasakian

manifolds, then the product M x N does not admit any Kéhler metric.

Proof. We will prove that M x N has no sympletic form, so consequently
cannot admit any Kahler metric. Suppose it does admit a sympletic form w,
then [w] is an element of H?(M x N). By the Kunneth formula H*(M x N) =
H*(M)®H*(N)®H"(M)®H'(N). Since M and N are simply connected, the
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second cohomology has the form [w] = 7j[w]| + 75[ws], where [wi] € H?(M)
and [wy] € H*(N). Let the dimension of M and N be respectively 2p + 1

and 2¢ + 1, then dimension of the product is 2n = 2(p+ ¢+ 1)

[w]" = (7} [wn] + w3 [wo] )T =0

since [w Pt =0, [we]?t = 0. However, as a sympletic form w" is a non-zero

top form, and hence [w]™ # 0. Contradiction.

Corollary 2.4.6 Let M and N be compact, Sasaki-Einstein manifolds, then
the product M x N is a hermitian Einstein manifold that does not admit

any Kahler metrics.

Proof. It is well known that the Einstein constant of a Sasaki-Einstein
manifold is 2n where 2n + 1 being the dimension of the underlying mani-
fold. Hence M and N are compact manifolds with positive Ricci curvature,
their first cohomology vanishes by a well known theorem of Bochner. Now
the same lines of argument as Proposition 4.5 goes through, so the product
M x N does not admit any Kéhler metric. On the other hand, the complex
structure J,;, where a = 0 and b = \/g is a integrable complex structure on
M x N. The metric g = mg,, + ng, is an Einstein metric on M x N which

is compactible with J,

53



A Sasakian manifold M is called 7-Einstein, if its Ricci tensor Ric, =
A1g + Aen ® n for some functions A1, Ay, Since on a Sasakian manifold we
always have Ric(T,T) = 2n, we see that Ay + Ay = 2n. Using the con-
tracted Bianchi identity [?], it is also not hard to see that Aj, Ay must be
constant when the dimension of M is greater than 3. When A\; > —2, An
n-Einstein manifold essentially carries Sasaki-Einstein metrics [?]. Namely,
by a transverse homothety, the quadruple (M, \in, J, A\1g+ (A2 — X\1)n®n) is
Sasaki-Einstein. Thus, product of pairs of this class of n-Einstein Sasakian
manifolds provide even more examples of Einstein Hermitian manifolds that

has on Kahler metrics.

This is very different compared to the dimension 4 story. In [?], C.LeBrun
recently proved that a compact hermitian Einstein complex surface must be
Kahler Einstein, unless the metric is the Page metric or the Chen-LeBrun-
Weber metric [?] . The two exceptions are nontheless conformally Kéhler.
Thus all compact hermitian Einstein complex surface must carry a Kahler

structure compactible with its underlying complex structure.

Using Lemma 2.4.4, we can prove non existence of a symplectic form on the

product under milder hypothesis.

Proposition 2.4.7 Let M and N be compact Sasakian manifolds, Then the

product M x N doesn’t admit any Kahler metric, provided that at least one
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of the components has dimension greater than 3.

Proof. Supppose w is the harmonic 2-form that represents the cohomology
class of a sympletic 2-form on the product. Then by Kunneth theorem, w

can be written as

w:wl—i-WQ-i-ZOéiUﬁi

where w; € HA2(M), wy € H?(N), a; € HY(M) and 3; € HY(N)

Let the dimension of M and N be respectively 2p + 1 and 2¢ + 1 and
n = (p+ ¢+ 1) is the complex dimension of the product. Then w" is a
sum of terms of the form w!' Aw?2 ATI(oy A B;), which are top forms. However
by Lemma 4.4, if p + ¢ > 2, the interior product of any terms of this form
with the Reeb vetors fields T} and 75 is 0. Thus all these terms are 0, and it
follows w™ = 0. Contradict with the fact that w represents the cohomology

class of a sympletic form.

In the case that p = ¢ = 1 and both M and N has non trivial first coho-
mology. Let a and 8 be a harmonic 1-form on M and N respectively, then
the 2-form w = *a + *B + a A B is closed, and that w® = a A xa A B A *3 is
the volume form on the standard product. Thus the product does admit a

sympletic form.
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