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Abstract of the Dissertation

Transport Processes in
High Temperature QCD Plasmas

by

Juhee Hong

Doctor of Philosophy
in
Physics
Stony Brook University
2012

The transport properties of high temperature QCD plasmas can be
described by kinetic theory based on the Boltzmann equation. In
a leading-log approximation, the Boltzmann equation is reformu-
lated as a Fokker-Planck equation. First, we compute the spectral
densities of T*” and J* by perturbing the system with weak grav-
itational and electromagnetic fields. The spectral densities exhibit
a smooth transition from free-streaming quasi-particles to hydro-
dynamics. This transition is analyzed with hydrodynamics and
diffusion equation up to second order. We determine all of the first
and second order transport coefficients which characterize the lin-
ear response in the hydrodynamic regime. Second, we simulate the
wake of a heavy quark moving through the plasmas. At long dis-
tances, the energy density and flux distributions show sound waves
and a diffusion wake. The kinetic theory calculations based on the
Boltzmann equation at weak coupling are compared to the strong
coupling results given by the AdS/CFT correspondence.
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By using the hard-thermal-loop effective theory, we determine the
photon emission rate at next-to-leading order (NLO), i.e., at or-
der g*>mp/T. There are three mechanisms which contribute to the
leading-order photon emission: 2 <« 2 elastic scatterings, 1 < 2
collinear bremsstrahlung, and 1 < 1 quark-photon conversions due
to soft fermion exchange. At NLO, these three mechanisms are not
completely independent. For instance, the 2 < 2 Compton process
smoothly matches onto the 1 «» 2 bremsstrahlung rate when the
external gluon is soft. Similarly, bremsstrahlung reduces to quark-
photon conversion process when the photon carries most of the in-
coming momentum. Therefore, the rates should be matched to de-
termine the wide-angle NLO correction. Collinear bremsstrahlung
can be accounted for by solving an integral equation which corre-
sponds to summing ladder diagrams. With O(g) corrections in the
collision kernel and the asymptotic mass of quarks, we determine
the NLO correction from collinear processes.

iv



Contents

3.4
3.5
3.6

List of Figures viii
List of Tables Xvi
Acknowledgements xvii

1 Introduction 1
1.1 High Temperature QCD Plasmas . . . . .. ... ... .... 1
1.2 Outline of This Thesis . . . . . . ... ... ... ... .... 6

2 Boltzmann Equation 7
2.1 Imtroduction . . . . . . ... ... ... 7
2.2 Linearization with Pure Glue . . . . . . ... ... ... ... 8
2.2.1 Boundary Conditions . . . . . . .. ... ... ... .. 11

2.2.2 Evolution . . . ... ... ... ... 12

2.3 Extension to Multi-component Plasmas . . . . . . .. ... .. 16
24 SUummary .. o.o. ..o e e 18

3 Spectral Densities 20
3.1 Introduction . . . . . . . . . ... 20
3.2 Spectral Densities of T . . . . . . . . .. ... .. .. .... 21
3.2.1 Shear, Sound, and Transverse Tensor Mode . . . . . . . 22

3.22 Bulk Mode . . ... ... .. ... ... ... 26

3.3 Linearized Hydrodynamics . . . . . .. .. ... .. ... ... 28
3.3.1 First Order Hydrodynamics . . . . ... ... .. ... 30

3.3.2  Conformal Second Order Hydrodynamics in Sound Mode 33
3.3.3  Non-conformal Second Order Hydrodynamics in Bulk

Mode. . . . . . . . 36
Extension to Multi-component Plasmas . . . . . . .. ... .. 38
Spectral Densities of J* . . . . .. ..o 39
Second Order Diffusion Equation . . . .. ... .. ... ... 41



3.7 Comparison with AdS/CFT . . . ... ... ... ... .... 44

3.8 Summary and Discussions . . . . ... ... 45
Wake of a Heavy Quark Moving through Plasmas 47
4.1 Introduction . . . . . . . .. ... o 47
4.2 Kinetic Theory with a Heavy Quark Probe . . . . . . . . . .. 49
4.3 Comparison between Kinetic Theory and AAS/CFT . . . . . . 52
4.4 Hydrodynamic Analysis . . . . . ... ... ... ... ... . 56
4.5 Summary and Discussions . . . . . ... ... 62
Photon Emission Rate 64
5.1 Introduction . . . . . . . ..o 64
5.2 LO Photon Emission Rate . . . . . ... ... ... ...... 65
5.3 Collinear Bremsstrahlung . . . . . . .. .. .. ... ... ... 71
5.4 Plasmon Scattering . . . . . .. ... Lo 78
5.5 Wide-angle Bremsstrahlung . . . . .. ... ... ... ... 81

5.5.1 Matrix Elements . . . . .. .. ... 0oL 82

5.5.2  Phase Space Integration . . . . .. ... ... ... .. 84
5.6 Quark-Photon Conversion . . . . ... ... ... ... .... 89

56.1 Sum Rule . . ... ... ... 89

5.6.2 Cutoff . . . ... ... 93
5.7 Summary and Discussions . . . . . .. ... .. ... 94

5.7.1 NLO Correction at Wide Angle . . . . . ... ... .. 94

5.7.2 Total NLO Photon Emission Rate . . . . . . ... ... 97
Conclusions and Outlook 104
Bibliography 107
Collision Integral of Boltzmann Equation 113
Al PureGlue . . . . . . . . .. 113
A.2 Extension to Multi-component Plasmas . . . . . . ... .. .. 117
Numerical Solution of Boltzmann Equation 120
B.1 PureGlue . . . . .. .. . .. ... 120
B.2 Multi-component Plasmas . . . . . . .. ... ... ...... 125
B.3 Current . . . . . .. .. 127
Heavy Quark Source in Kinetic Theory 129

Numerical Details in Kinetic Theory with a Heavy Quark
Probe 131

vi



AdS/CFT with a Heavy Quark Probe

Hydrodynamic Source in AdS/CFT and Kinetic Theory
F.1 AdS/CET . . . .
F.2 Kinetic Theory . . . .. . .. .. ... ... ... .......

Two-loop Diagrams

Wide-angle Pair Annihilation

vil

135

139
139
142

144

148



List of Figures

1.1

1.2

1.3

2.1

2.2

The QCD running coupling a, = ¢g2/47. Due to the asymptotic
freedom, the coupling decreases logarithmically at high energy.
This plot is from Ref. [3]. . . . ... ... ... ...
The elliptic low depending on the shear viscosity. The simula-
tion results should be compared to the non-flow corrected data.
This plot is from Ref. [12]. . . ... .. ... ... ...
(a) Invariant yield of direct photons at PHENIX. The red dot-
ted line is a theoretical calculation from Ref. [14]. This plot
is from Ref. [13]. (b) Integrated photon emission spectra from
central Au+Au collisions at RHIC. The blue long-dashed line
indicates thermal hadron gas, the red dashed-dotted line indi-
cates thermal QGP radiation computed in Ref. [109], the green
short-dashed line indicates photons from primordial N+N colli-
sions, and the purple solid line indicates the total direct photon
yield. This plot is from Ref. [14]. . . . .. ... ... ... ..

The pure glue t-channel 2 <+ 2 Feynman diagram which con-
tributes at a leading-log order. External particles have momen-
tum ~ 7T and internal momentum is ~ g7'. Double curly lines
denote hard gluons and a single curly line denotes a soft gluon.
Time runs from left to right. . . . ... ... ... ... ...
Evolution of an initial condition towards equilibrium in the
linearized Boltzmann equation. (a) A spherically symmetric
(I = 0) initial condition and (b) an initial condition propor-
tional to the first spherical harmonic Hio(p) approaching to
equilibrium. The solid lines show time steps in units of 1.0 T/ 14
and the dotted lines show time steps of 0.27/p4, where s =
GCamAIn(T/mp) /8. . . .

viil



2.3

3.1

3.2

3.3

The rest t-channel 2 «» 2 Feynman diagrams which contribute
at a leading-log order, besides the pure glue diagram (a) in
Fig. 2.1. External particles have momentum ~ 7" and internal
momentum is ~ ¢7. Double solid lines denote hard quarks,
single solid lines denote soft quarks, double curly lines denote
hard gluons, and single curly lines denote soft gluons. Time
runs horizontally, either way. . . . . . . ... ... ... ...

The spectral density p(w) = —2Im Gr(w, k) for (a) the shear
mode GF**(w, k), (b) the sound mode G%**(w, k), (c) the trans-
verse tensor mode G™*(w, k), and (d) the bulk mode 7,743
G"P(w, k). The solid lines show the complete results, while the
dotted lines show the expectations of the free-streaming Boltz-
mann equation. The variables w and k are measured in units
of ua/T, with pa = g*Cam? In(T/mp)/8w. The shear viscos-
ity is n/(eo + Pp) = 0.4613T/p4 so that w = 0.5,1.0,2.0,4.0
corresponds to wn/[(e, + P,)c?] ~ 0.7,1.4,2.8,5.6, as chosen in
Fig. 3.3, o oo
The (a) real and (b) imaginary parts of the retarded Green’s
function in the sound mode, G%**(w, k). The thick solid lines
show the full numerical results from the Boltzmann equation,
the thin dashed-dotted lines show the prediction of the first
order hydrodynamics, the dashed lines show the prediction of
the second order static theory (where 7 is determined by the
constituent relation Eq. (3.49)), and the dotted lines show the
prediction of the second order dynamic theory (where 7 is
determined by a relaxation equation Eq. (3.50)). The shear vis-
cosity is n/(e, +P,) = 0.46137T /114 so that w = 0.1,0.2,0.3,0.5
corresponds to wn/[(e, + P,)c?] ~ 0.14,0.28,0.42,0.7.

(a) The bulk spectral function for three flavors compared to the
pure glue theory. In this figure, n/(e, + P,) is 0.9177T /4 for
Ny = 3 and 0.4617/pus for Ny = 0, so that the k values for
Ny = 0 coincide with Fig. 3.1. (b) The longitudinal current-
current spectral function for three flavors and the quenched ap-
proximation. In this figure D = 0.944T/pup for Ny = 3, while
D = 0.852T/pup for Ny = 0, so that the k values for Ny = 0 co-
incide with Fig. 3.4. The results are similar in the other modes.

X

16

25

35



3.4

3.5

3.6

3.7

4.1

4.2

4.3

4.4

The current-current correlator for N, = 3 and Ny = 0 in the
(a) longitudinal and (b) transverse modes. Ny = 0 corresponds
to the quenched approximation. pp = ¢*Crm?2 In(T/mp)/8x
is the drag coefficient of a quark in a leading-log approxima-
tion. The diffusion coefficient is D = 0.8527 /up, so w =
0.5,1.0,2.0,4.0 corresponds to wD/c* ~ 0.42,0.85,1.7,3.4, as
chosen in Fig. 3.3. The thin dotted lines show the results from
the free-streaming Boltzmann equation. . . . . ... ... ..
The real part of the retarded current-current correlator for N, =
3 and Ny = 0. The thin dotted lines show the predictions of the
first order diffusion equation, while the thick dashed lines show
the prediction of the second order theory, Eq. (3.123). Both are
compared to the full Boltzmann equation. w and ck are in units
of TJ_I = 0.312 up/T. Thus kt; = 0.15,0.3,0.6, 1.2 corresponds
to wT'/pup ~ 0.045,0.09,0.18,0.36 in Fig. 3.4, i.e. smaller than
the first value in Fig. 3.4. . . . .. ... ... ... ...
One-loop diagram contributing to the free spectral density of
TH for high frequency w ~ T in pure glue theory. Curly lines
denote gluons and dashed lines denote gravitons. . . . . . ..
(a) The shear spectral density given by the QCD model in
Eq. (3.128) as a function of n/s. The transport peak is visi-
ble for /s 2 3/4w. (b) The shear spectral density given by
the AdS/CFT at strong coupling (n/s = 1/4m). There is no
transport peak. The numerical result is from Ref. [44].

A schematic picture of a heavy quark (¢y) moving through the
plasmas. There are sound waves and a diffusion wake behind
the quark. . . . . . ...
The Feynman diagram corresponding to the heavy quark source.
Double curly lines denote hard gluons, a single curly line denotes
a soft gluon, and a double solid line with arrows denotes a heavy
quark. Time runs from left to right. . . . ... ... .. ...
The energy density (in scaled units) times R = /2% + 22 that
is induced by a heavy quark probe in weakly coupled QCD and
strongly coupled N = 4 SYM. Here L, is the shear length and
[ is the drag coefficient for each case. . . . . . . . .. ...
The magnitude of the Poynting vector |T%| (in scaled units)
times R = \/z2 + 2% that is induced by a heavy quark probe
in weakly coupled QCD and strongly coupled N' = 4 SYM. Here

L, is the shear length and pp is the drag coefficient for each case.

41

43

44

45

49

50

o4

5}



4.5

4.6

4.7

4.8

5.1

The angular distribution of (a) the energy density [dEgr /d0Rr]/ur
and (b) the energy flux [dSg/dOr]/ur given by kinetic theory
and gauge gravity duality at distances R = 1, 5, 10, 20, and 40.
Here L, is the shear length and pp is the drag coefficient for
each case. . . . . . . ...
The angular distribution of (a) the energy density [dEgr /d0Rr]/ur
and (b) the energy flux [dSg/dfr|/ur given by the Boltzmann
equation at distances R = 10, 20, and 40. The Boltzmann re-
sults are compared with the first order and second order static
hydrodynamics. Here L, is the shear length and pp is the heavy
quark drag coefficient for kinetic theory. . . . . . .. ... ..
The angular distribution of (a) the energy density [dFr/d0g|/ 1k
and (b) the energy flux [dSg/d0g]/pr given by the AdS/CFT
correspondence at distances R = 5, 10, and 20. The AdS/CFT
results are compared with the first order and the second order
static hydrodynamics. Here L, = 1/7T is the shear length and
pr = yWArT? /2 is the heavy quark drag coefficient for the
AdS/CET. .. .
The angular distribution of (a) the energy density [dEgr /d0Rr]/ur
and (b) the energy flux [dSg/dfr]/pr in kinetic theory. The
angular distribution of (c¢) the energy density [dEg/dORr]/pr
and (d) the energy flux [dSg/dOgr]/pr in AdS/CFT. The ki-
netic theory curves are plotted at distances B = 20, 40 while
the AdS/CFT curves are plotted at distances S8 = 10, 20. The
Boltzmann and AdS/CFT results are compared to the static
and dynamic implementations of second order hydrodynamics.
The differences between the static and dynamic results reflects
the size of neglected third order terms. Here L, is the shear
length and pup is the drag coefficient for each theory. . . . . .

2 < 2 processes. (a) The Compton scattering in the s-channel,
(b) Compton scattering in the t-channel, (c¢) pair annihilation
in the ¢-channel, and (d) pair annihilation in the w-channel.
The square of these diagrams can be understood as two-loop
diagrams shown in Fig. 5.2. Double solid lines denote hard
quarks, double wiggly lines denote hard photons, and double
curly lines denote hard gluons. Time runs from left to right.

x1

26

60

60

61

66



5.2

5.3

5.4

5.5

5.6

5.7

5.8

Two-loop cut diagrams contributing to the LO photon emission
rate. These cut diagrams can be understood as 2 < 2 pro-
cesses, the Compton scattering and pair annihilation shown in
Fig. 5.1. Double solid lines denote hard quarks, double wiggly
lines denote hard photons, and double curly lines denote hard
gluons. . . ..o
1 < 1 processes. (a) Quark-photon conversion, where a hard
quark undergoes soft momentum exchange to become a hard
photon with K ~ P. (b) The photon self-energy cut diagram.
The square of (a). Double wiggly lines denote hard photons,
double solid lines denote hard quarks, and single solid lines
(with arrows) denote soft quarks. Time runs from left to right.
1 < 2 processes. (a)(b) Bremsstrahlung and (c¢)(d) inelastic
pair annihilation. Double solid lines denote hard quarks, double
wiggly lines denote hard photons, and single curly lines denote
soft gluons. . . . . ..o
The total LO photon emission rate in Eq. (5.12) for ag = 0.05,
0.15, 0.3 and for Ny = 2, 3, 4, 5. The numerical results are from
Ref. [109]. . . . . ..
(a) The Compton scattering with a soft gluon and (b) wide-
angle bremsstrahlung. When ¢7T" < p; < /g7, it is dif-
ficult to distinguish the Compton scattering from wide-angle
bremsstrahlung. (¢) Asymmetric bremsstrahlung and (d) quark-
photon conversion. When the photon carries most of the incom-
ing quark momentum, it is difficult to distinguish bremsstrahlung
from quark-photon conversion. Double solid lines denote hard
quarks, double wiggly lines denote hard photons, single curly
lines denote soft gluons, and single solid lines denote soft quarks.
Multiple scatterings in (a)(b) bremsstrahlung and (c¢)(d) inelas-
tic pair annihilation. The square of these diagrams can be un-
derstood as ladder diagrams shown in Fig. 5.8. Double solid
lines denote hard quarks, double wiggly lines denote hard pho-
tons, and single curly lines denote soft gluons. . . . . . . . ..
A ladder diagram including bremsstrahlung and inelastic pair
annihilation with multiple scatterings. The lowest order of this
ladder diagram corresponds to the two-loop diagrams shown in
Fig. 5.2. Double solid lines denote hard quarks, double wig-
gly line denote hard photons, and single curly lines denote soft
gluons. . . ..

xii

66

68

69

70

71

72



5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

(a)(b) Plasmon scattering with time-like gluons and (c)(d) the
extension to space-like gluons. It is difficult to distinguish (c¢)(d)
from bremsstrahlung. Double solid lines denote hard quarks,
double wiggly lines denote hard photons, and single curly lines
denote soft gluons. . . . . . .. ... L
Two-loop cut diagrams contributing to the NLO photon emis-
sion rate. These cut diagrams can be understood as plasmon
scattering with time-like gluons and its extension to space-like
gluons shown in Fig. 5.9. Double solid lines denote hard quarks,
double wiggly lines denote hard photons, and single curly lines
denote soft gluons. . . . . . .. ... L
A sample integrand of Eq. (5.97) with 6FE = 0.5 and p'? = 0.7.
The continuous part corresponds to the cut contribution and
the two peaks to the longitudinal and transverse poles.

The NLO correction to the photon emission rate from (a) wide-
angle bremsstrahlung, C\Vi4¢ (£ /T") and (b) wide-angle pair an-

brem

nihilation, C9e (k/T). . . . ... ..
(a) Quark-photon conversion, where a hard quark undergoes
soft momentum exchange to become a hard photon with K =~
P. (b) The photon self-energy cut diagram. The square of
(a). Double wiggly lines denote hard photons, double solid lines
denote hard quarks, and single solid lines (with arrows) denote
soft quarks. Time runs from left to right. . . . . .. .. ...
The contour for the integration of I® in the upper-half plane.
C corresponds to the counterclockwise semi-circle part. . . .
The wide-angle NLO C¥i4¢(k/T) in Eq. (5.136) and the LO
Cro(k/T) in Eq. (5.138) for the number of flavors Ny = 2, 3, 4,
and 5. They are independent of the coupling constant g. Note
that the NLO contribution has the factor dm?2_/2m?  relative to
LO. .
The ratio of the wide-angle NLO correction to the LO photon
emission rate for Ny = 2, 3, 4, and 5 (see Eq. (5.140)). (a) For
a, = 0.05, the wide-angle NLO correction is almost 25 ~ 30% of
LO depending on the number of flavors. (b) For as = 0.15, the
wide-angle NLO correction is almost 40 ~ 50% of LO. (c) For
a, = 0.3, the wide-angle NLO correction is almost 50 ~ 60% of
LO. The ratio decreases at low k/T and high k/T > 12 due to
bremsstrahlung and inelastic pair annihilation contributions at
LO, respectively. . . . . . ...

xiil

78

81

86

88

90

91

95



5.17

5.18

5.19

5.20

5.21

F.1

The comparison between C2%. (k/T) and C°%. (k/T) for Ny =

collin collin

2, 3,4, and 5. They are independent of the coupling constant
g. We note that C°"t (k/T) is multiplied by dm2 /m?2, , while

collin 00

CoK. (k/T) is multiplied by ¢*CsT/mp in Eq. (5.141). By

collin
noticing the numerological equality —dm?2 /m? = ¢*C4T/7mp

for Ny = N, =3, Co%. (k/T) can be compared to mC°%. (k/T).

collin collin

The ratio of the collinear NLO correction to the LO photon
emission rate for o, = 0.05, 0.15, 0.3 and Ny = 2, 3, 4, 5 (see
Eq. (5.143)). (a) For o, = 0.05, the collinear NLO correction
is almost 20% of LO. (b) For oy = 0.15, the collinear NLO
correction is almost 40% of LO. (c¢) For a; = 0.3, the collinear
NLO correction is almost 60 ~ 80% of LO depending on k/T
and the number of flavors. . . . .. ... ..o
The wide-angle NLO correction (long-dashed lines), the collinear
NLO correction (short-dashed lines), and the LO photon emis-
sion rate (solid lines) scaled by A(k) for as = 0.05, 0.15, 0.3
and Ny = 2, 3, 4, 5. Note that the signs of the wide-angle and
collinear contributions are opposite. Therefore, there is cancel-
lation in the total NLO correction. . . . .. .. .. ... ...
The ratio of the total NLO corrections to the LO photon emis-
sion rate for a, = 0.05, 0.15, 0.3 and Ny = 2, 3,4, 5 (see
Eq. (5.144)). Due to the cancellation between the wide-angle
and collinear contributions, the NLO correction is at most 10%,
5%, and 30% of LO for a,, = 0.05, 0.15, and 0.3, respectively.

The LO and NLO photon emission rates scaled by A(k) for
as = 0.05, 0.15, 0.3 and Ny = 2, 3, 4, 5. Solid lines indicate the
LO photon emission rate, and dashed lines indicate the sum of
the LO rate and the total NLO correction. . . .. ... ...

Hydrodynamic fits to the AdS/CFT source functions ¢, = 1+
A¢, and 1T'¢p = —% + A¢y at small k. The Fourier coefficients
displayed in this figure have been multiplied by a factor indi-
cated in parentheses to increase visibility, and are fit with the
functional form C'k®. The dotted lines and open circles have
non-integer fit-powers and lie beyond the description of hydro-
dynamics to the specified order, i.e. the fit is not expected to
work. (a) The n =0, n = 1, and n = 2 Fourier coefficients of
®y. (b) The n =0, n =1, and n = 2 Fourier coefficients of ¢y,
when ¢, is extracted by using the first order hydrodynamics.
(c) Same as (b), but for the second order hydrodynamics.

Xiv

98

99

100

101

103

141



F.2 (a) A polynomial fit to the kinetic theory source function ¢,..
The fit result is recorded in Eq. (F.7). (b) By using the fit
coefficient from (a), a prediction is made for ¢y.; (see Eq. (F.8)). 142

G.1 A two-loop diagram with a soft gluon in Fig. 5.10 (a). Double
solid lines denote hard quarks, double wiggly lines denote hard
photons, and a single curly line denotes a soft gluon. . . . . . 145

XV



List of Tables

4.1

Hydrodynamic source coefficients. The equations of motion
are given by second order hydrodynamics with a source term
Eq. (4.27). The source term is expanded to second order in w
and k in Eq. (4.30) which defines these coefficients. The first co-
efficient ¢§°’“) was computed analytically in the AAS/CFT case
[86]. Here L, is the shear length. . . . ... ... ... ....

Xvi



Acknowledgements

I thank my advisor Derek Teaney for his guidance and patience during last
five years. Thanks to him, I had a chance to work on good research projects
and learned a lot of physics. I would also like to thank members of the
nuclear theory group, especially Edward Shuryak and Dmitri Kharzeev for
their help during my Ph.D.

I am grateful to my parents and my grandparents who have been always
supporting me. Last but not least, I am indebted to my husband Hongjun An
for encouraging me through tough times, as well as sharing valuable ideas.

XVil



Chapter 1

Introduction

1.1 High Temperature QCD Plasmas

The Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider
(LHC) produce high energy-density matter which is called the Quark-Gluon
Plasma (QGP) [1, 2]. This phase of matter is similar to what is believed to
exist in the early universe. At sufficiently high temperature (well above the
phase transition temperature 7, ~ 160MeV), the description based on non-
interacting quasi-particles can be a starting point to study thermodynamics
and kinetics of the QGP. As it expands, the plasma cools down, and at T,
experiences a phase transition from the QGP to hadronic gas. In the hadronic
gas, quarks and gluons are no longer freely moving, and they are confined.
One of the goals in heavy ion collisions is to create the “little bang” and study
the properties and transition dynamics of the QCD matter. There has been
much progress in investigating the matter, but it is not fully understood today.

The strong interaction of quarks and gluons can be described by quantum
chromodynamics (QCD). The Lagrangian of QCD is given by! [3]

1
GG (L)

L=— Z @q,i(v“auéij - Zg’)/'ut;lJAZ + mqéij)wq,j —
q
with the field tensor
G, = 0,AL — 9,A% — gfuc AL A (1.2)

Here 1,; is a spinor for a quark with mass m,, a color index ¢ = 1,2, 3 for
N, =3, Af, corresponds to a gluon field, #{; is a generator of the SU(3) group,

vy

!There is an additional CP-violating term, G%Gzyéa’”", where éfw = %GWU,}G“’”" is
the dual of the gluon field tensor.
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Figure 1.1: The QCD running coupling o, = ¢g?/4w. Due to the asymptotic
freedom, the coupling decreases logarithmically at high energy. This plot is
from Ref. [3].

and fu. is the structure constant obeying [t t°] = i fapt¢.
Due to the asymptotic freedom, the QCD coupling constant g decreases
logarithmically at high energy. Specifically, at one-loop g is running according

to
2 92(,“2) o 1
s (1) At Sy ln(/ﬂ/AéCD) '

Here p is a relevant energy scale, the QCD scale Aqep ~ 200MeV, and
Bo = (11C4 —4N4Tr) /127w (where Cy = N, = 3 and Tp = 1/2). At high tem-
perature compared to Aqcp, the coupling ¢ is small (see Fig. 1.1). Therefore,
perturbative calculations are applicable to describe the properties of weakly
coupled plasmas.

In weakly coupled plasmas, there are momentum scales of T, ¢7', and
g*T [4, 5]. The first momentum scale ~ T is called “hard”, the second scale
~ ¢T is called “soft”, and the third scale ~ ¢*T is called “ultra-soft”. The
distance between hard particles is ~ 1/T", and the pressure (at zeroth order)
due to hard particles is given by the free gas limit. The hard and soft scales
can be studied by a perturbative setup, whereas the ultra-soft scale is non-
perturbative. In particular, the soft sector of the Debye scale ~ g7 needs to
be treated with special care. Bare perturbation theory breaks down at this
order due to infrared divergences. However, in real plasmas there are no such
divergences, since potential induced by the presence of charged particles is

(1.3)




screened at long distance ~ 1/¢7T".

Braaten and Pisarski proposed the hard-thermal-loop (HTL) resumma-
tion which takes account for the screening effect at the Debye scale [4, 6].
By using the HTL effective theory, there have been many achievements in
perturbative gauge theories. For example, transport coefficients have been
computed at leading order [7]. In ultra-relativistic plasmas where quarks and
gluons are non-interacting, bremsstrahlung is as important as collisions to
determine transport dynamics. Due to multiple scatterings, radiation is sup-
pressed, which is known as the Landau-Pomeranchuk-Migdal (LPM) effect.
Calculation of the leading order transport coefficients requires counting both
hard scatterings and collinear bremsstrahlung involving the LPM effect.

To describe the properties of high temperature plasmas, we would like to
compute physical quantities as a function of coupling g and temperature 7T'.
Among them, equilibrium quantities are under control and well-understood.
By using the electrostatic QCD (EQCD) with dimensional regularization, pres-
sure has been computed up to order of ¢%Ing [8]. The perturbative result is
consistent with the lattice data at somewhat high temperature ~ 57, [9]. On
the other hand, real-time quantities such as transport coefficients are not well
understood beyond leading order. The only dynamic quantity which has been
computed at next-to-leading order is the heavy quark diffusion constant [10].

In heavy ion collisions, the temperature of the plasmas is rather low (as
Tiic =~ 300MeV) than we discussed above [11]. Thus, Tyc is not high enough
compared to Aqep so that perturbative expansions may or may not be ap-
plicable. Now an important question is that how much then we can trust
perturbative calculations to explain collective phenomena in the QGP. To re-
spond to this question, we will address the following points in this thesis:

e Point I - The evolution of heavy ion collisions can be characterized by
viscous hydrodynamics [1, 2]. Hydrodynamics is valid when the time
between collisions is short compared to the time during the Bjorken ex-
pansion, n/sTv?% < 7. With estimated experimental condition 7, ~ 1fm
and T, ~ 300MeV, we find that the hydrodynamic expansion is a good
approximation for n/s < 0.3 [11]. For instance, the elliptic flow data
can be described by the second order hydrodynamics. Fig. 1.2 shows
simulation results for vy (pr) which is the second coefficient in harmonic
expansions of the particle distribution. By comparing the simulation to
the non-flow corrected data, we can estimate the validity limit for the
shear viscosity as /s ~ 0.08 < 0.16.

In order to analyze the onset of the hydrodynamic limit, we consider the
response of equilibrium plasmas to external perturbations. The trans-
port properties of this high temperature plasma are described by kinetic



theory. By solving the Boltzmann equation, we study how the system
evolves and equilibrates. At long wavelength limit, the solutions of the
Boltzmann equation are consistent with hydrodynamic solutions. By
comparing the kinetic theory results with hydrodynamics up to second
order, we determine the validity regime for the macroscopic theory.

Point II - In realistic plasmas, the coupling is not particularly small
(as = 0.5). It is not clear that the QGP is weakly coupled or strongly
coupled. Therefore, we need to compare weakly coupled theories with
strongly coupled theories. In order to find out the difference between
kinetic theory at weak coupling and the AdS/CFT at strong coupling,
we investigate the jet-medium interaction with a heavy quark probe in
two theories.

Point I1I - To see how well perturbative expansions work in heavy ion
collisions, it is important to calculate transport coefficients. For ex-
ample, we need to know the drag coefficient to understand the energy
loss in jets. Plus, viscous hydrodynamic simulations require the value
of the shear viscosity. The computation of the shear viscosity involves
all the details of perturbation theories including screening and collinear
bremsstrahlung.

As a warm-up problem, we compute the photon emission rate at next-
to-leading order (NLO). The computation of the photon emission rate
has some, but not all, of the difficulties in computing the shear viscosity
at NLO. In addition to the theoretical motivation, direct photons are
measured at PHENIX (see Fig. 1.3 (a)) [13]. There are various sources
of photons. Depending on the temperature scale, thermal photons are
produced from hadronic gas and QGP. Also, there are prompt photons
from p+p collisions. Roughly speaking, prompt photons are dominant
at high transverse momentum ¢, > 3GeV, fit with power-law function
(see the green short-dashed line in Fig. 1.3 (b)). At low momentum
¢ < 2 — 3GeV, thermal photons are dominant with exponential yield
(see the blue long-dashed line and the red dashed-dotted line in Fig. 1.3
(b)). In particular, the leading order photon emission rate from the QGP,
which was computed in Ref. [109] and shown as the red dashed-dotted
line in Fig. 1.3 (b), is currently being used to compare with experimental
data [14]. We compute the O(g) correction to this leading order result.
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1.2 Outline of This Thesis

To answer the three points mentioned in the last section, this thesis is
organized as follows.

In chapter 2, we formulate the linearized Boltzmann equation at a leading-
log approximation. We specify the appropriate boundary conditions (which
are determined by collinear bremsstrahlung discussed above), and explain the
physical significance of the boundary conditions. The formulation is mainly
given for pure glue theory and is extended to including fermions. This Boltz-
mann equation is used in the following two chapters to compute spectral den-
sities and investigate jet-medium interactions.

In chapter 3, we calculate the spectral densities of 7" and J" by perturb-
ing the system with weak gravitational and electromagnetic fields. From the
slope of spectral densities at w = 0, we extract all the first and second order
transport coefficients. In particular, with the shear viscosity n and a second
order hydrodynamic coefficient 7, known, hydrodynamic solutions are deter-
mined up to second order in gradient expansions. By comparing kinetic theory
results with hydrodynamic solutions, we analyze the hydrodynamic limit to
answer the Point I.

In chapter 4, to answer the Point I, we simulate the wake of a heavy quark
moving through plasmas with two different theories: kinetic theory based on
the Boltzmann equation at weak coupling, and the AdS/CFT correspondence
at strong coupling. A comparison between the kinetic theory results and the
AdS/CFT results is given. At long distances, the energy density and flux
distributions are compared with hydrodynamic solutions in both theories.

To respond to the Point III, in chapter 5 we compute the photon emission
rate at next-to-leading order, i.e., at order g*mp/T. First, we summarize
the leading order results on the photon emission rate. Then we discuss all
the possible corrections of O(g) to the leading order results. The matching
processes of the rates (among two particle elastic scattering, bremsstrahlung,
and quark-photon conversion) are explained in detail.

Finally, in chapter 6 we conclude.



Chapter 2

Boltzmann Equation

2.1 Introduction

To describe the linear response in the gas of quarks and gluons, we use
kinetic theory based on the Boltzmann equation. In this chapter, we will
formulate the linearized Boltzmann equation at a leading-log approximation.
As will be discussed in Section 2.2.1, the Boltzmann equation is not simple
due to the particle number-changing process near p = 0. This formulation will
be used to compute spectral densities and simulate jet-medium interactions in
the following two chapters.

At weak coupling, the kinetics of high temperature plasmas consists of sev-
eral processes [15, 16]. First, random walks of hard particles causes momentum
diffusion. Second, collisions affect the lifetimes of quasi-particle excitations.
Finally, bremsstrahlung is important in the equilibration of high momentum
modes. By using kinetic theory, we can study the dynamical properties of
the plasmas. For instance, transport coefficients of high temperature plasmas
can be computed [7, 17, 18], and equilibration in heavy ion collisions can be
described [19, 20, 21, 22]. There has been considerable progress in under-
standing the dynamics of the soft background gauge fields out of equilibrium
[23, 24, 25]. Ultimately, one can simulate heavy ion collisions and jet-medium
interactions using the kinetic theory based on the Boltzmann equation.

The Boltzmann equation is a transport equation which describes statis-
tical distributions of particles. In general, particles in plasmas are out of
equilibrium. The distribution functions of particles depend on position and
momentum, f(t,x,p). In the presence of weak perturbations, we can linearize
the equation around equilibrium. Then the equation is reformulated as a
Fokker-Planck equation to describe diffusion process. This analysis is limited
to a leading-logarithmic order of the coupling constant g, where hard collisions



and collinear bremsstrahlung are neglected!.

In this chapter, we discuss how to formulate the linearized Boltzmann
equation in a leading-log approximation [26]. We start with a pure glue theory
and extend to including fermions. For transport coefficients, the Boltzmann
equation is usually solved as a variational problem [27]. However, when solving
for the spectral functions described in Chapter 3, it is easier to discretize
momentum space and solve the equation directly. The full numerical solutions
capture the transition from Landau damping to hydrodynamics. In particular,
we use an absorptive boundary condition at low momentum which reflects the
flux of particles from the hard momentum scale ~ T to the soft momentum
scale ~ ¢T' [18]. Due to this boundary condition, the particle number changes
during the evolution, whereas the energy and momentum are conserved.

Throughout, we will denote a four-dimensional vector with a capital letter
P, and use p for three-dimensional vector, E, for the energy component, and
p = |p|. Our metric convention is 7, = diag(—1,+1,+1,+1), so that u,u* =
—1. We use units of c=h = 1.

2.2 Linearization with Pure Glue

In this section, we linearize the Boltzmann equation at a leading-log order.
For simplicity, we consider the pure glue theory, where all the particles are
gluons as in Fig. 2.1. The extension to including fermions will be discussed in
Section 2.3.

The Boltzmann equation is given by?

(2+vp.8%) f(t,z,p) =C[f,p|, (2.1)

where v, = p for massless particles. We linearize the particle distribution
function f(t,x, p) around equilibrium

f(t,x,p) = nf +3f(t,x,p). (2.2)

!Bremsstrahlung determines the boundary condition at low momentum, but otherwise
can be neglected (see Section 2.2.1 for details).
2In general, there is a force term which is neglected here.



Figure 2.1: The pure glue t-channel 2 < 2 Feynman diagram which con-
tributes at a leading-log order. External particles have momentum ~ 7" and
internal momentum is ~ ¢7. Double curly lines denote hard gluons and a
single curly line denotes a soft gluon. Time runs from left to right.

Here the equilibrium distribution nf is the Bose-Einstein statistics for gluons?

1
B = — —
Ny = pm (2.3)

where E, = p for massless particles and 7, is constant temperature. C[f, p]
in Eq. (2.1) is the collision term which is given by*

Clrpl == [ SIMEEN" S (P [fp) )L+ S+ )
PSR+ F@)+ R (2

Here, |M|? is the scattering amplitude of the process P + K — P’ + K’ and
64 (Pyyt) = 6*(P+ K — P'— K'). In a leading-log order, the only contribution is
from t-channel 2 < 2 scatterings, where two external particles are hard with
momentum ~ 7" and the momentum exchange is soft ~ ¢gT" (see Fig. 2.1). In
order to simplify the collision kernel, we define

Sf(t,z,p) =n,(1+n,)x(t, z,p). (2.5)

At this order, the collision term is dominated by small angle scatterings, and

3We will drop the superscript B (or F) when the appropriate statistics is clear from
context.
“Momentum space integrals are abbreviated as [, = [ d*p/(2m)?.



the linearized Boltzmann equation can be written (see Appendix A for details)

0 0 B 0 ox :
(& +v,- %) of = T'uAa_p" [np(l + np)ﬁ_pz} + (gain terms) . (2.6)

Here 4 and the Debye mass (for pure glue) are given by®

2 2
_ g°Camy, T
= | 2.7
pa = LCAMD (mD) | 2.7
2 22
2 g°Ca np(l +np) g°T
= — Nc. 2
mD dA Vg/p T 3 ( 8)

Except the gain terms, Eq. (2.6) is a Fokker-Planck equation describing ran-
dom walks of hard particles. As a result, particles lose their energy and mo-
mentum to plasmas. In this sense, we call the first term of the right-hand
side in Eq. (2.6), the “loss” term. However, there are additional “gain” terms
which compensate the lost energy and momentum. We discuss how the energy-
momentum conservation works in the following.

Eq. (2.6) is a kind of diffusion equation. In this diffusion process, the
momentum-space current is given by

Ix
), = —1' 14+n,)=—. 2.9
Jp frany( nyp) op (2.9)
Multiplying both sides of Eq. (2.6) by energy £, and integrating over the phase
space, the work on particles (per time, degree of freedom, and volume) can be

found in terms of the current:
dFE
— = D -7, . 2.10
i = (2.10)

Similarly, the momentum transfer (per time, degree of freedom, and volume)
is

P ] (2.11)
= Jp . .
dt p
If there were no gain terms in Eq. (2.6), particles lose their energy and mo-
mentum to the plasmas through the diffusion process. However, there are

gain terms which are exactly given by the energy-momentum transfers (see

®The dimension and the Casimir of the adjoint representation are d4 = N2 — 1 and
Ca = N,. For the fundamental representation, dp = N. and Cp = (N2 —1)/2N,.. v, = 2d 4
and v, = 2dr count the spin and color degrees of freedom for gluons and quarks, respectively.
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Appendix A for details):

110 dE 110 dP
(gain terms) = & |02 aprnp(l + np)} €B [ ny(1+ np)] T

(2.12)
Here, we defined &5 = fp ny(1+n,) = T%/6. Multiplying Eq. (2.6) by p* and
integrating over the phase space, it is straightforward to verify that the total
energy and momentum are conserved. With this formulation, however, the
number of particles fluctuates, which will be discussed in the next section.

2.2.1 Boundary Conditions

The Boltzmann equation is an integro-differential equation. Without ap-
propriate boundary conditions, they are not well-defined. In this section, we
discuss physical boundary conditions at low and high momentum. Boundary
conditions are non-trivial especially at p = 0, where the particle number-
changing process is present.

To determine an appropriate boundary condition at high momentum, we
reexpress Eq. (2.6) as a Fokker-Planck equation (without gain terms)

0 0 a5 f
(815 + v, - 5 ) Of = —pa(l+2n,)p - o + TpaVisf . (2.13)

Then the motion of the particle excess can be described by the Langevin

equation:
d
= —na(l+2m,)p+£(1). (2.14)

where p14(142n,) >~ p4 is the drag coeflicient of a high momentum gluon and
&(t) is stochastic noise satisfying

(EBE ) = 2Tuad"6(t — ') . (2.15)

At high momentum, drag is dominant, and the noise can be neglected in
Eq. (2.13):
0 0 o) f
Of = —puap 2.16
<at+”p py ) f=—pap- e (2.16)

This equation is first order in derivatives, and can be used as a boundary
condition at high momentum.

In order to determine the appropriate boundary condition at low momen-
tum, we consider the excess of soft gluons within a small ball of radius Ap ~ ¢T'

11



centered at p = 0:

/ppz p ((217?3%(1 + np) X (P) =~ %X(O)Ap. (2.17)

Since it is easy to emit a soft gluon, the excess should vanish, and it is intuitive
to have the boundary condition [18§]

X(p)‘p_}0 =0. (2.18)

This absorptive boundary condition will be justified in the following.

At a leading-log approximation, bremsstrahlung and soft 1 « 2 scatterings
can be neglected for momenta ~ T. However, near p — 0 limit inelastic
processes are important for arbitrarily small coupling constant. Specifically,
the total rate for hard particles to absorb (or emit) a gluon from the ball of
radius Ap ~ ¢gT is [18§]

Apd Apd
P p
Mo g'T [ Le) g7 [ (2.19)

where we used f(p) ~ T'/p for p ~ ¢gT'. By using the thermal mass of gluon
m ~ g1 as the infrared cutoff, the rate is given by

g4T2

[ ~ ~g'T. (2.20)
The time scale of the Fokker-Planck evolution is T'/pa ~ 1/¢*T In(1/g) which
is large compared to the time scale of bremsstrahlung, 1/T'y.5 ~ 1/¢*T. The
ratio of these two scales gives the order of x(p ~ ¢T') in the excess Eq. (2.17):

x(p~gT)~g. (2.21)

The boundary condition in Eq. (2.18) is the leading result in the weak coupling
limit ¢ — 0. Therefore, it is verified that we have the absorptive boundary
condition at p = 0. A consequence of this boundary condition is that gluon
number is not conserved during the Fokker-Planck evolution. We will discuss
this in the next section.

2.2.2 Evolution

We formulated the linearized Boltzmann equation and determined appro-
priate boundary conditions. To show how Boltzmann solutions evolve and

12



what the physical consequences are, we consider simple cases with arbitrary
perturbations.

We solve the Boltzmann equation with some initial condition. Then the
solution ¢ f(t, x, p) will eventually reach the hydrodynamic form. Specifically,
the form is described by a temperature excess d7(t,x) (or equivalently the
energy density fluctuation) and flow velocity U* = (1, u(t, a:))

1
exp [ —P-U(t,x)/[T, + (5T(t,a3)ﬂ -1
pdT(t,x) p-u(t,x)
T2 T,

feg(t, 2, p) =

~ ny +ny(1+ny)

(2.22)

By using the definition Eq. (2.5), x(¢, z, p) should approach to the equilibrium
value at late times:
T2 T,

Xeq(t, @, p) = ) (2.23)

Here, the first and the second terms correspond to [ = 0 and [ = 1 partial
waves, respectively.

As we discussed earlier, in this formulation, the total energy and momen-
tum of the system are conserved during the Fokker-Planck evolution, whereas
the particle number is not. Now, we examine how the total number of par-
ticles equilibrates. For simplicity, we ignore any spatial dependence of 4 f.
The excess number of gluons is obtained by integrating d f (¢, p) over the phase
space

By integrating both sides of Eq. (2.6), the rate of excess number is

O6Nep . 1 .. .  —T?dE
=1 dQ2 - — 2.25
ot p0 (2m)3 /p Ip 2m28p dt (2.25)

where €2, is an outward-directed solid angle. The first term represents a diffu-
sion flux of gluons with momentum p ~ T to momentum p ~ ¢g7'. The second
term gives the number of gluons disturbed from equilibrium per unit time by
the random walk of the excess, d f. In general, these two terms have different
rates and the number changes accordingly. In equilibrium, however, the two
rates are equal and the excess number of gluons reach a constant. Specifically,
by substituting the equilibrium distribution Eq. (2.22) to Eq. (2.25), we find
that the net loss and gain of the excess gluons are same (with the opposite
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sign):

1 2dQ - = — ] 2.2
plgtl) (2m)3 /p Ir eq 22 (loss), (2.26)
—T? dF Tpus0T
—_—| = in) . 2.2
2m2€p dt e on2 (gain) (2.27)

Thus, the particle number does not change at equilibrium.

The flux of particles can be obtained by taking the p — 0 limit of Eq. (2.6).
At low momentum, [ = 0 and [ = 1 terms are dominant in a spherical harmonic
expansion of x:

_ dxoo(t, p)

d im t?
dp

dp

‘p. (2.28)

p=0

x(t,p)

p=0

Here we ignored the spatial dependence of x for simplicity. By substituting
this form into Eq. (2.6), the rate is

oxt,p) _ 2Tp [ dxim(t)
ot Ha dp

+ L dP (2.29)
o Iépdt ]’ '

which is divergent as p — 0. Thus, the slope at p = 0 will satisfy the following
condition to maintain the balance:

dX1m (t)

dp

1 dP

- 2,
o Tyals dt (2:30)

As a result, the flux (p?j,) at low momentum is determined by the momentum
transfer to the hard particle by the bath. It is straightforward to verify that
Eq. (2.23) satisfies this balance condition.

In order to demonstrate how the solutions of the Boltzmann equation ap-
proach to the equilibrium, we consider two simple cases:

X(t,P) = Xxoo(t, ) Hoo(P) , (2.31)
X(t, ) = x10(t, p) Hio(P) - (2.32)

Here Hy(p) = 1/v4m and Hyo(p) = \/3/4mcosf are the | = 0 and [ = 1
spherical harmonics. For the initial condition at time 5 = 0, we take

p*n,(1 + 1) x00(p; to) } x 3 se et (2.33)

p*ry(1 4 np)x10(p, to) pord
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Figure 2.2: Evolution of an initial condition towards equilibrium in the
linearized Boltzmann equation. (a) A spherically symmetric (I = 0) initial
condition and (b) an initial condition proportional to the first spherical har-
monic Hio(p) approaching to equilibrium. The solid lines show time steps
in units of 1.07"/p4 and the dotted lines show time steps of 0.27"/u4, where
pa = g*Cam% In(T/mp)/87.

with py = 3T, and ¢ = T,. The numerical procedure for solving Eq. (2.6)
for the [ partial waves is as follows. The momentum space is discretized, and
an implicit scheme is used to perform the update step. Then the equation is
written as a matrix equation form. By using the conjugate gradient algorithm,
we invert the matrix to solve the equation. Fig. 2.2 shows how the two initial
conditions evolve as a function of time. Ultimately, the two solutions approach
to the equilibrium distribution Eq. (2.23), where 67" and u are determined by
the total energy and momentum in the initial state:

T
5T = 7 /Ep”p(l +1,)X(to, D) , (2.34)
de, Jp
1%
v“=e Jrgpo /ppnp(l + 1p)x(to, P) - (2.35)

Here e, = fp E,n, is the equilibrium energy density and P, = e,/3 is the
pressure. We have verified that the total energy and momentum of the system
are conserved during the evolution, whereas the particle number changes due
to the boundary conditions.
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Figure 2.3: The rest t-channel 2 <+ 2 Feynman diagrams which contribute at
a leading-log order, besides the pure glue diagram (a) in Fig. 2.1. External
particles have momentum ~ 7" and internal momentum is ~ ¢g7". Double solid
lines denote hard quarks, single solid lines denote soft quarks, double curly
lines denote hard gluons, and single curly lines denote soft gluons. Time runs
horizontally, either way.

2.3 Extension to Multi-component Plasmas

So far, we have discussed a pure glue theory. In QCD, quarks carry nearly
half of the entropy, and it is important to extend the analysis to include quarks
(see Fig. 2.3). The distribution function of fermions is®

1
F_
n, = /T 11 (2.36)
For simplicity, we consider only zero chemical potential, p = 0. Similar to
Eq. (2.5), each species is expanded as follows:

0f* = np(1 £ np)X"(P), (2.37)

where + corresponds to bosons and fermions, respectively.

In the presence of fermions, the collision operator is best expressed in
terms of the sum of fermion and anti-fermion distribution functions, 0 f977 =
0f%+ 0f7 and the corresponding difference, § f777 = §f9 — §f7. To describe
distribution functions of gluons and fermions in Fig. 2.1 and Fig. 2.3, we need
the following collision terms (see Appendix A for details):

e The diagrams (a)-(c) in Fig. 2.1 and Fig. 2.3 contribute Fokker-Planck

SWe define & = fpnfj(l — ”5) =T%/12.
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processes. The Fokker-Planck evolution loss term is given by
0 0 ofe
Cr =Tle=— 1 — | — ] 2.38
FPloss[Xa p] K apz (np( + np) 8p’ |:np(1 + np):| ) ( )

Here the drag coefficient depends on species”

dp . , g*Cr,m3, T
— = —l, with o= =1 : 2.
dt faP ' a 8T " mp (2:39)

and the Debye mass is given by [29]

2 a a 22
2_}:90& np(l:l:np)_gT Ny
mp = dA Va/p T = 3 Nc+ 7 . (240)

The Fokker-Planck gain terms are

2
¢*Cr, [1 0 , dE
a = a e 1 D
CFPgam Tm%dA L?2 app np( +nP) dt
2
= | (1 (24
Tm2da {8})%( +np)] dt (241)

Here dE/dt and dP/dt are the total work and momentum transfer per
volume on hard particles similar to Egs. (2.10) and (2.11), except that
the total diffusion current reads

Ix“(p)
op

gp=— > vaTpani(1 £ ns) (2.42)

The diagrams (d) and (e) in Fig. 2.3 contribute to the sum of fermion
and anti-fermion distributions. The collision term is
nf: (1+ nf )

Cag +Cag = =27 D

X(p) + X1(p) — 2x°(p)] , (2.43)

where we defined

940% EBF
A7

nk(1+nP) T2
In(T'/mp), & E/u:—.

Y (2.44)

"Cp, is the Casimir of particle a.
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The analogous gluon collision term is given by

f

1Y _
cl =~ Z V—Z(cgg +CL), (2.45)

q

where the sum is over the light quark flavors.

e For the difference between fermion and anti-fermion, the collision term
is (from diagrams (d) and (e) in Fig. 2.3)

nf(14nk)

(Cd, —Cl) =2y [X!(p) — x*(p)]

p
2y ny (L+n)) [nf(1+nf) ;
§BF D /k L X1(k) — x1(k)] , (2.46)

where the first line is the loss term and the second line is the gain term.

With these collision operators, the distribution functions of gluon, the fermion
sum, and the fermion difference are governed by

0 0
(& + Up ' %) (ng(t, w7p) = CIgPloss + Ci?‘Pgain + ng ) (247)

0 0 i 1
(a —+ Uy - %) 5fq+q(t> w7p) = (Cg‘Ploss + C%PIOSS)

+ (Clpgain + Chpgam) + (C& +CL),  (2.48)

FPgain FPgain

0 0 - _ _
(& + Up - 8_33) 6fq q(t7 w7p) - (ClgPloss - C%Ploss) + (C((]:lg - Ct?y) : (249)

Here we note that for the fermion difference, the Fokker-Planck evolution is
same as before, but the gain terms cancel.

2.4 Summary

We reformulated the leading-log Boltzmann equation as a Fokker-Planck
equation. The work and momentum transfer during the diffusion process ap-
pear as additional gain terms which are essential to conserve energy and mo-
mentum. In a leading-log order, we have only ¢-channel 2 < 2 scatterings
of hard particles, and bremsstrahlung does not contribute except the p — 0
limit. At low momentum, an absorptive boundary condition should be used,
and consequently the number of particles changes during the Fokker-Planck
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evolution. Fig. 2.2 shows a sample evolution of non-equilibrium distributions,
ultimately approaching to equilibrium.

The formulation presented in this chapter will be used to compute spectral
densities and simulate the jet-medium response in the following two chapters.
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Chapter 3

Spectral Densities

3.1 Introduction

Phenomenologically, the Quark-Gluon Plasma (QGP) is believed to behave
like nearly perfect fluid [28]. To investigate the properties of the plasma, lattice
QCD solves the theory non-perturbatively from first principles. The main
goal of lattice QCD simulations is to compute correlation functions which
are related to spectral densities. Many properties of the QGP dynamics are
reflected in spectral densities. For instance, spectral densities are important to
study the spectrum of photons and dileptons, and their slopes at zero frequency
give information about transport coefficients.

Specifically, lattice QCD simulations estimate Euclidean correlators of con-
served currents, (J(7,x)J(0,0)). The relation between these correlators and
the spectral densities of the corresponding operators is given by the following
integral transformation [29]:

/ & e® (J(7,)J(0,0)) = / ;—:p‘]‘](w,k) COS}QEE&J/JT/ ?T”. (3.1)

The lattice data have been analyzed for non-perturbative information about
transport [30, 31, 32, 33, 34, 35], but the information from the Euclidean
measurements are limited [36, 37]. In order to characterize the properties
completely, a number of lattice groups have begun to simulate the current-
current correlators at finite spatial momentum [38, 39].

At zero spatial momentum, the shear, bulk modes of the T spectral
densities and current spectral densities have been determined previously at
leading order [40, 41]. With the Boltzmann equation formulated in the last
chapter, we can compute spectral densities for finite frequency and momentum.
In the presence of weak gravitational and electromagnetic fields, the spectral
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densities of T" and J* are determined at small frequency and momentum
w, k ~ g'T [26].

In this chapter, we will discuss all possible modes of the spectral densities of
T* and J*. The numerical results of spectral densities exhibit a smooth tran-
sition from free-streaming quasi-particles to hydrodynamics. This transition
will be analyzed with conformal, non-conformal hydrodynamics and diffusion
equation up to second order in gradient expansions. To respond to the Point I
mentioned in Chapter 1, we will determine the valid regime for the macroscopic
theory as

-1
w, ck < 0.35 [(e—|—+)02] (first hydro) , (3.2)
-1
w, ck < 0.7 [(_1_77—7))21 (second hydro) . (3.3)
€o + P,)c?

Ultimately, these perturbative spectral densities can be compared to the lattice
data and the AdS/CFT with a model for the high frequency continuum [42]. In
kinetic theory, there is a clear distinction between the inverse temperature ~
1/T and the relaxation time ~ 1/¢*T. In contrast, there is no such distinction
in strongly coupled theories. This difference will be reflected by the fact that
there is no visible transport peak in the AdS/CFT spectral densities [43, 44].
By using a simple model for the QCD spectral densities, we will compare the
kinetic theory results with the AdS/CFT spectral densities in Section 3.7.

3.2 Spectral Densities of T

To compute the spectral densities of T*”, we turn on weak gravitational
fields in the flat space. Then we measure the linear response to the perturba-
tion by solving the Boltzmann equation derived in Chapter 2. This response
will be analyzed with hydrodynamics and free-streaming solutions in two ex-
treme limits.

Spectral densities of TH” are given by the imaginary part of the associated
retarded Green’s function:

PP (W, k) = —2ITmGH* (w, k) . (3.4)

To compute the correlation function, we turn on weak gravitation fields. Then
the metric is
g (t,x) =" + W (t, @), (3.5)

where n* = diag(—1,+1,+1,+1) is the flat metric and h*"(t,x) is linear
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disturbance. With the perturbation, the action is linearly perturbed
1
S(gu) = S, + 3 /d4X T"(X) hw(X), (3.6)
and the interaction Hamiltonian is
Hie(t) = / d*x L = -5 / Pz T (X )hep(X). (3.7)

By using the linear response theory, the averaged energy-momentum tensor is

(T (X)), = Teg (X) =

—1 /
=Tl 5 / 'Y (X -YO) ([T"(X), T**(Y)]) has(Y).
(3.8)
Here T (X) = [e(T) +P(T)|u* (X )u”(X) +P(T)g""(X), and / indicates that
the average is over the partition function in flat space. In Fourier space,
Eq. (3.8) reads

o1

(T (w, k), = Bhos

1
hap(w, k) = SGH(w k) hap(w. k), (3.9)

h=0

where the associated retarded Green’s function is

G (w, k) / dt/ da etttk g (1) ([T (¢, 2), T*%(0,0)]) .
(3.10)

In order to classify the relevant correlators, we choose k along z-axis. Then
there are four possible modes according to their transformation properties
under the rotation around z-axis:

e Shear Mode - G#**(w, k) ,
e Sound Mode — G%**(w, k) ,
e Transverse Tensor Mode — G (w, k) ,

e Bulk Mode — 7, 705G% " (w, k) .

3.2.1 Shear, Sound, and Transverse Tensor Mode

In this section, we compute the shear, sound, and transverse tensor modes
of the T"" spectral densities by turning on spatial perturbations. Then the high
frequency behaviors are analyzed with the free-streaming Boltzmann solutions.
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In the curved spacetime, we need the Boltzmann equation in the covariant
form:

1 0 o
- H . A wpr_ 2 _
Ep (P aX“ FIJ‘VP P 8]3)\) f(t’ 3371)) C[f7 p] ) (311)

where

1
Ff;z/ - §g>\p (8llgpl/ + 31/9;47 - 8pg;w) . (312)

In Eq. (3.11), 0f/0E, should be understood as zero. Except in the bulk mode,
the metric is perturbed only in the spatial components:

gij(ta .’E) = Th‘j + hij(t, w) . (313)

Specifically, we turn on h,,(t,2), h..(t,2), and h,,(t, z) for the shear, sound,
and transverse tensor mode, respectively.

We linearize the Boltzmann equation around the equilibrium distribution
which now depends on the background metric:

f(t,a:,p) :nZ—l—(Sf(t,:B,p), (3'14)

ho 1
P exp [\/Pi(mj + hz‘j)Pj/T] -1 (3'15)

n

By substituting Eq. (3.14) into Eq. (3.11) and linearizing with respect to h
the Boltzmann equation becomes

©7

(at—l-'vp aw) 5f+np(1+np)2EpT 5 =C[of,p]. (3.16)
In Fourier space, this equation reads
(—iw +iv, - k)0 f(w, k,p) — iwn,(1 +n )ﬁhz(w k)
p Y P P 2EpT J )
= T,LLAaipi (np(l + np)ag(](fm) + (gain terms). (3.17)

Without the gain terms, this is a linear elliptic partial differential equation. It
can be discretized to be a matrix equation, and can be solved by the matrix
inversion. We use the conjugate gradient method to solve the equation in
Fourier space (see Appendix B for details).

After solving for § f(w, k), the energy-momentum tensor can be computed
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from kinetic theory:

Tij(w,k)zyg/mzﬁ [nh+6f(w, k)] ,

(2n) 2B,
_ d&’p p'p’ 0f(w, k)
= —Poh,-j(w, k) + |:l/g/ (27‘(’)3 ZEP hij(u)’ k:) hij(w, ki) . (318)

By comparing with Eq. (3.9), the square bracketed term in the second line
gives the Green’s function: —G7**(w, k), —3G7**(w, k), and —G{™(w, k) for
the shear, sound, and transverse tensor modes, respectively.

The numerical results for the spectral densities are shown as solid lines in
Fig. 3.1 (a)-(c). They exhibit a smooth transition from free-streaming quasi-
particles at high momentum to hydrodynamics at small momentum. In the
following, we will compare the high frequency behaviors with free-streaming
solutions.

At high frequency, the spectral densities are determined by the free-streaming
Boltzmann equation:

0 0 p'p’ Ohy; B

By solving for d f, the solution is

pip’ —whijng(1+ny)

) k) =
flw k) 2E, w—v,-k+ic ’

(3.20)

where we introduced the +ie in order to specify the retarded response. With
Im [1/(z + i€)] = —7md(x), we take the imaginary part of the response function
to determine the spectral densities from the free theory:

2ZTZT k: 3,2 2
P (w, k) _ Yy w (1 _ w_> O(k —w) (w and k large), (3.21)

20 30 K 2
pzzzz(w7 k) _ Vgﬂ-gl g 4 B

2w 15 k <k:> Ok —w) (w and k large),  (3.22)
pzy$y<w’ k) B Vg7T3 1 WA 2 2

2w 120 k <k> 0(k—w)  (wand klarge),  (3.23)

where 0(k—w) is the unit step function. The free solutions are shown as dotted
lines in Fig. 3.1 (a)-(c). They are consistent with the Boltzmann results at
large w and k except near the light cone w = k.
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Figure 3.1: The spectral density p(w) = —2Im Gg(w, k) for (a) the shear
mode G#**(w, k), (b) the sound mode G%**(w, k), (c) the transverse tensor
mode G*¥*¥(w, k), and (d) the bulk mode 7,705 G’ (w, k). The solid lines
show the complete results, while the dotted lines show the expectations of
the free-streaming Boltzmann equation. The variables w and k are measured
in units of pa/T, with ua = ¢°Cam%In(T/mp)/87. The shear viscosity
is n/(eo + P,) = 0.4613T/ua so that @ = 0.5,1.0,2.0,4.0 corresponds to
wn/l(eo + P,)c?] = 0.7,1.4,2.8,5.6, as chosen in Fig. 3.3.
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3.2.2 Bulk Mode

In this section, we determine the bulk mode of the T"" spectral densities.
This mode involves temporal perturbations, and needs to be treated with
special care.

In the bulk mode, the metric is perturbed in the following form:

G (X) = [1 4+ H(X)] 0 - (3.24)

If the gravitational perturbation is independent of time, hydrostatic equilib-
rium will be reached when T'(x)\/—goo(x) = (const). Motivated by this ob-
servation, we assume for the time-dependent perturbation

Ty (X)\/ —goo(X) = (const) (3.25)

at equilibrium. Then we will show that the equilibrium distribution is given
by

Hiy o p) — 1
T (B P) = = PIX) - Un (X)) Ta(X)] —1 (3.26)
where
Tu(X) =T, [1 — H(X) /2] , (3.27)
Up(X) = (1/ —goo(X), 0, 0, 0) . (3.28)

Since P*P¥g,, = —m?[Ty(X)], the combination —P(X) - Uy(X) in the dis-
tribution function is

~P(X) - Un(X) = 2L

— Jr b+ HOOMIp + mfTa(X). (329

9

With a non-trivial dispersion relation, the Boltzmann equation is given by

[45]

1 0 1 amQ(X) 0 0
J— H _ = X pupr_— _
Ep < 8X“ 2 0X“ 8PM F,uyp P 8P)‘) f(t7w)p) C[f’p} )
(3.30)
where the mass term can be understood as a force term
1 8m2(X) af __aE,,a_f (3.31)

2B, 0X# 0P,  Ox dp’
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The mass depends on the distribution function [16]

2v, dtpPr/—g
2X:—gQC/—HE 210 (—P?) f, . .32
m ( ) dAg A (271')4 ( p) n ( )fp (33 )
In equilibrium, m? = ¢>C,T?/6.

We linearize the distribution around the equilibrium Eq. (3.26)

where §f will be verified to be of order (¢? — 1/3) ~ g¢*. Therefore, §f is
neglected when determining the gluon mass at leading order. The mass is
then simply the time-dependent equilibrium mass

om?

m? [T (X)) ~ m?(Ty) — T? oT7 |,

H(X). (3.34)

With this observation, we substitute Eq. (3.33) into Eq. (3.30). After
careful algebra, the Boltzmann equation becomes

52

(0 + vy - 0a) 6 — ny(1+ ny)———0,H = C[5f,p] (3.35)
2E,T
where o2 -
02 =m?— 1228 = — e .
m m a7 . CAﬁ(g) 6 (3 36)
Here we used the definition of the beta function
g2 (1?) gt [(11C4 4
— 2 — - —
Blg) =p o o2\ 5 —3NTr (3.37)

Since the source term in Eq. (3.35) is proportional to the beta function, the
equilibrium distribution n{,{ (t,x, p) is an exact solution of the Boltzmann equa-
tion in a conformal theory. In the presence of weak conformal breaking, ¢ f is
of order (¢ —1/3) ~ g*, and we can solve Eq. (3.35) for 6 f/g*H.
Once 0 f is determined, the stress tensor can be computed [16, 45, 46]
d3p 2

T (X) = —e(T(X)) + 3P(Tu(X)) — v, / W%é X)) (3.39)
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In Fourier space, the stress tensor is

1.0
" (w,k) = —=T—(—¢ + 3P)

5157 H(w, k)

To

_1], &Pp m? 5f(w, k) }
2 { g/(27r)3 Ep H(w, k)/2 H(w, k), (3.39)

where the term in square brackets is nw,na/gG‘é”aﬁ (w, k). Due to the factor m?
the correlator is of order (¢ —1/3)2. Fig. 3.1 (d) shows the numerical results
of the bulk spectral densities.

Since the bulk mode is sensitive to the soft momenta, the free-streaming
Boltzmann equation does not provide a good description at large w and k. If
we neglect the collision term in Eq. (3.35), the free-streaming solution is

m?  wHn,(1+n,)
2B, T w—v, -k +ie

Sf(w, k) = (3.40)

This solution does not obey the boundary condition x(p) ‘p—>0 = 0in Eq. (2.18),
and 7%, is infrared divergent. Thus the free solution is not shown in Fig. 3.1

(d).

3.3 Linearized Hydrodynamics

Fig. 3.1 shows rich hydrodynamic structures at low frequency and momen-
tum limit. In this section, we will construct the linearized hydrodynamics and
determine all the transport coefficients up to second order. To analyze the hy-
drodynamic limit, the spectral densities of the sound mode will be compared
with hydrodynamic solutions. For the bulk mode, non-conformal hydrody-
namics will be also discussed.

Hydrodynamics is an effective theory at long distances compared to mean
free path. In the absence of external force, it is given by a conservation law

VMTlfylzim =0, (3.41)
with a constituent relation
Thyaro = Tigeas + 7 + TIAM. (3.42)

Here 7 is the traceless part for the conformal limit, whereas II is the non-
conformal part with the projector A* = g"” + w*u”. In the ideal hydrody-
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namics, we have only equilibrium energy-momentum tensor:
Thew = [e(T) + P(T)]g" + P(T)g"" (3.43)

where e(T') is energy density and P(T') is pressure at temperature 7". In the
presence of perturbation, energy density and flow velocity are disturbed away
from equilibrium

e(t,x) ~ e, + €(t, ) and u(t,x) ~ (1,u(t,x)), (3.44)

where €(t,x) and u(t, ) are the linearized disturbance. The strains are ex-
panded as derivatives of € (or equivalently §7") and u

o =a" + b+ (3.45)
=1L + 1y +--- . (3.46)

Depending on the order, we will provide the explicit expressions of the strains
in the following.
In the first order hydrodynamics, the gradient expansion yields

m" = —n(VHu") and I, = —¢V, ut. (3.47)

Here 7 is the shear viscosity and ( is the bulk viscosity. The angle brackets
denote the symmetric, traceless, and spatial component of the tensor

1 2
(Auw) = §A““A”ﬁ (Aaﬁ + Aga — ggagAﬁ> . (3.48)

The dissipative part of the stress tensor, which is conformally invariant and
the second order in derivatives, is given by [47]

7 =0T [QUQRMWWM —2(V'V”1n Tﬂ + K [RW”) — QUQR“<“”>/BU5} ,

(3.49)
where RS (R*) is the Riemann (Ricci) tensor. 7, and k are the second
order transport coefficients which will be determined numerically in the for-
mulation of the Boltzmann equation. The equation of motion Eq. (3.41) with
the constituent relation Eq. (3.49) gives the “static” hydrodynamic solutions.
By using the lowest order equations of motion, Eq. (3.49) can be rewritten as
a dynamic equation for m#:

™ =l — 7 (D) + K [RY) — 2u, R*Pyg) (3.50)

This equation is similar to the phenomenological model of Israel and Stewart
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48, 49]. The non-linear generalization of these equations are used to simulate
heavy ion collisions. The “dynamic” hydrodynamics consists of the equation
of motion Eq. (3.41) and the constituent relation Eq. (3.50).

In non-conformal limit, the strains up to the second order can be written

[50]
™ =" + n1 (Do) 4+ K [R<’“’> - 2uaRo‘<’“’>Buﬁ] + K*2uq R8P
(3.51)
I =10 + ¢ D(V - u) + &R+ Euqus R (3.52)
where o = 2(V*u"). 1, k*, &, and & are the non-conformal second or-

der hydrodynamic coefficients and will be determined numerically. In the
linearized hydrodynamics, we can neglect terms in the second order of u in

Eqs. (3.49)-(3.52).

3.3.1 First Order Hydrodynamics

At low frequency, spectral densities are described by hydrodynamics. In
the shear, sound, and transverse tensor modes, there are only spatial metric
perturbations, g;; = 7;; + h;;. In the first order disturbance, the constituent
relation is

T =Py (69 — hyj)+c2 €6 —2n <8iuj>—§“5ijalul—n8t <hij)—§§5ijath, (3.53)
where h = hy/3. From Eq. (3.41), the linearized equations of motion are
~ 3
e + (€, + Py)0su’ = _Q(e" + P,)0:h , (3.54)
(60 + Po)atui -+ (%Tji = _Po 8jhﬂ . (355)

For the shear mode, the only non-zero component of the metric perturba-
tion is h,.(t,z). The equations of motion are easily solved in Fourier space,
yielding

€(w, k) =0, (3.56)
u(w, k) =0, (3.57)
k
(eo + Po)u’(w, k) = ——1—— (3.58)
W L,

By substituting these solutions into the constituent relation Eq. (3.53), we
determine the retarded Green’s function in the first order hydrodynamic ap-
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proximation:

T (w, k) = =Pohp(w, k) — GZ*(w, k) hpp(w, k) (3.59)
G (w, k) = — o (3.60)
i + eo+Po

The imaginary part of this retarded Green’s function describes the behavior
at small w and & in Fig. 3.1 (a):

ZTZT 2
P w, ) = il (w and k small). (3.61)

2w k2 2
2 n
w + eo+Po >

The similar procedure applies to the sound and transverse tensor modes
to determine the hydrodynamic solutions. In the sound mode, we have the
non-zero metric perturbation h.,(w, k) in Fourier space. The hydrodynamic
prediction is

1
T (w, k) = =Pohau(w, k) = 567 (@, k)hes(w, k). (3.62)

Aw? — il w?
Gzzzz ]{7 — o A S 5 7
7w k) = (eo + Po) 2 — 22 1l kw

(3.63)

where I'y = (31 + ()/(e, + P,). In the transverse tensor mode, the non-zero
metric perturbation is h,,(w, k) and the solution is

T (w, k) = =Py hay(w, k) — GF™ (w, k) hyy(w, k), (3.64)
GF™ (w, k) = —iwn. (3.65)

In the bulk mode, the hydrodynamic solution is found as follows. Around
the equilibrium, there are small disturbances € and u:

e(t,z) =e(Ty(X)) +e(t,x) ~ e, — %ch H(t,x) + €(t,x), (3.66)
UMX) =Ul(X) + 0UH(X) ~ (1 - %H(t,az),ui(t,az)) : (3.67)

The stress tensor is given by the equilibrium tensor plus a small correction

T(X) = [e(T(X)) + P(Tu (X)) | U UF; + P (T (X))g" (X) + 6T , (3.68)
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where

LoV
5T’“’:/p Pst. (3.69)
, E

p

Substituting these expressions into the conservation law Eq. (3.41) yields the
linearized equations of motion:
-1
Ore + (eo + Py)Ou’ = §ch OH (1-3c2), (3.70)
(€0 + P,)Owu’ + 0;77" = 0. (3.71)

Here the tensor 7% is
T =cled? — 2 (07 — 6V o' — COH 67, (3.72)

and we used the relation ¢? = (e, + P,)/Tc,. In solving these equations, we
can work to lowest order in the deviation from conformality, (¢ — 1/3). By
noting ¢ ~ (¢ —1/3)? [18], while ¢ and wu are of order (¢ —1/3), we determine
T*, to leading order in (¢ —1/3):

1.0
p Y
T (W, k) 2T(9T( e+ 3P) ToH(w,k)

9
+ (=1 +3c)e(w, k) + §iw§H(w, k). (3.73)
Then we solve for €(t, ) from Egs. (3.70) and (3.71), substitute the solution

into T%,, and compare with Eq. (3.39) to determine the hydrodynamic predic-
tion:

—w? — il wk?

vaS o 212 .
NuNapGr ™ (w, k) = (1 — 3¢3) chwQ TR ik Yiw(.  (3.74)
By using the thermodynamic result
(1—-3c2)?Tc, = 352 - Ti (—e+3P) (3.75)
# 0s oT ’
the imaginary part can be written
pﬂuaﬂ(w’ k) B 0 (Csk)2F5k2
Nap————— = | 35— —T— | (—e+3 9C.
Tl ™ 3 95~ Lar ) P e+ oz T
(3.76)
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As k — 0, the first term approaches to a delta function [51]:

ppya/@ (w’ k)

Tt =

(352 - T£> (—e + 3P) [gé(w — k) + gé(w + cskr)] L OC. (3.77)

This explains the sharp sound pole seen in Fig. 3.1 (d).

3.3.2 Conformal Second Order Hydrodynamics in Sound
Mode

At leading order in the coupling, the microscopic dynamics described by
kinetic theory is conformal. Thus the conformal hydrodynamics can be used
to describe the correlators in the long wavelength limit [47, 52]. In this section,
we focus on the second order hydrodynamics in the conformal limit to analyze
the sound mode.

By following the similar procedure in the first order hydrodynamics, we
solve the equation of motion with the conformal constituent relation (up to
second order in gradient expansions) to determine the hydrodynamic predic-
tion. With the external field h,,(t, 2), the Green’s function of the transverse
tensor mode is given by [47]

1
GR™(w, k) = —inw + Tonw® — §H(W2 +k7). (3.78)

When w = 0, the source term of the Boltzmann equation in Eq. (3.17) is
zero, while G®*(0, k) = —kk?/2. Therefore, x = 0 in a theory based on the
conformal Boltzmann equation to this order [52]. Indeed, k is determined by
the k£ dependence of the static susceptibility:

GH™(0,) = i [ 41X e 20(0) (T7(t.2), TO,0)) = k. (3T)

For pure glue theory, k = d4T?/18 [51]. However, & is of order T?, and is
significantly smaller than the other second order transport coefficient, 7, ~
T?%/g¢®, which can be determined by the linearized Boltzmann equation at a
leading-log order. Specifically, we extract n7, by examining the real part of
the response function in the limit w — 0 at £ = 0. For N, = 3 and various
numbers of flavors, the coefficient is numerically determined:
Ny o2 ] 3
/(n/sT) | 6.32 ] 6.65 | 6.46 | -
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T, has been determined previously in a complete leading order calculation in
Ref. [52].

With the coefficients x and 7, known, we can calculate the retarded Green’s
function of the sound mode in two different ways: static hydrodynamics and
dynamic hydrodynamics. With the external field h., (¢, z), the conservation
law in Eq. (3.41) yields

1
8156 + (60 -+ Po)azuz = —5(60 —+ Po)ﬁthzz s (380)
(€0 + Po)0yu* + 20.e + 0.7 = 0. (3.81)

In the static hydrodynamics, the constituent relation in Eq. (3.49) gives

4 2 2 4 c? 1
# = az “—-no, hzz o 7r82hzz —y ﬂ—saQ Y azhzz - (3.82

With the relation, we solve Eqs. (3.80) and (3.81) to determine the static
solution:

G777 (w, k) =
Aw? — il w? + D! + 7T 2k?w? — 26/ (e, + P,)w*
w? — 2k? + il swk? — 7, Lsc2k*

(static). (3.83)

(60 ‘l’ Po)

The dynamic theory has the constituent relation in Eq. (3.50):

4 1
—nou* — =k0?h,. (3.84)

2
ﬂ_a 2z zz . = ahzz_
TrO™" + 1 377 N 3 3

and solving the equations of motion gives

Aw? —ilw? — it 2w® — 2k/(eo + Po)w?
w? — A2k + il swk? + it Awk? — iTw?

(dynamic) . (3.85)

Gr7(w, k) = (€0 + Py)

The dispersion relations for the static and the dynamic theories are

w? — Ek* 4 il wk? — 7,02k = 0 (static) , (3.86)
w? — 2k + il wk? + it Cwk? — iTrw® = 0 (dynamic) . (3.87)
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Figure 3.2: The (a) real and (b) imaginary parts of the retarded Green’s
function in the sound mode, G%**(w, k). The thick solid lines show the full
numerical results from the Boltzmann equation, the thin dashed-dotted lines
show the prediction of the first order hydrodynamics, the dashed lines show
the prediction of the second order static theory (where 7#¥ is determined by
the constituent relation Eq. (3.49)), and the dotted lines show the prediction
of the second order dynamic theory (where 7 is determined by a relaxation
equation Eq. (3.50)). The shear viscosity is n/(e, +P,) = 0.4613 T/ 4 so that
0 =0.1,0.2,0.3,0.5 corresponds to wn/[(e, + P,)c?] ~ 0.14,0.28,0.42,0.7.

In the static theory, the dispersion relation has only two solutions

' Iy (T

w=tek— LT F (-2 — ey ) K+ O(KY). (3.88)
2 2 \4dc,

On the other hand, the dispersion relation in the dynamic theory has the two

physical solutions of Eq. (3.88) and an extra solution

W= —Ti +O®R). (3.89)
Since w remains constant as k — 0, this extra solution lies beyond the hydro-
dynamic approximation [47].
Fig. 3.2 compares the full spectral density of the sound mode with the
first and the second order hydrodynamics. Roughly, at low frequencies and
momentum of

-1
w, ck < 0.35 {ﬁ} (first hydro) , (3.90)

35



the first order hydrodynamics does a reasonable job in capturing the dynamics.
The second order theory describes the Boltzmann results better until

-1
w, ck $ 0.7 [ 7 ) 2] (second hydro) . (3.91)
CS

(60 + Po
For larger k, the second order dynamic theory becomes too reactive, whereas
the static theory becomes too diffusive. Nevertheless, the dynamic theory
seems to capture some aspects of the high frequency response better than the
static theory. In heavy ion collisions, all hydrodynamic simulations so far have
been based on the dynamical theory, which is hyperbolic and causal [11].

3.3.3 Non-conformal Second Order Hydrodynamics in
Bulk Mode

Beyond the leading order in the coupling, there are corrections to the ki-
netic theory which break the scale invariance. Thus a non-conformal hydro-
dynamics must be used to describe the long wavelength response [50]. In the
bulk mode, we determined the subleading non-conformal corrections to kinetic
theory due to the scale dependence of gluon mass, and used this result to com-
pute the bulk spectral function. In this section, we analyze the bulk mode to
determine the non-conformal transport coefficients through the second order
in gradient expansions.

Similar to the conformal coefficient x, the non-conformal hydrodynamic
coefficients k*, &, and & in Egs. (3.51) and (3.52) are determined by static
susceptibilities. We turn on a static gravitational field of the following form:

G () = [1 4+ H(x)|n,, + diag(0, h(x), h(x), h(x)) . (3.92)

By substituting this form into the hydrodynamic equations, we compute a
particular combination of the stress-energy tensor components

(2T% (k) — [T* (k) + T (k)]) = 26*k*H (k) + rk*h(k) . (3.93)
Similarly, we define (following Ref. [45])
Opurc(t, ) = 32T (t, ) + T (t, x), (3.94)

and note that in the static gravitational field of Eq. (3.92)

(O (k) = (9 €ok? — 256/@2) H(k) + 6 &5k2h (k) (3.95)
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Then all the coefficients are related to the static susceptibilities:

—z’/d4X e® (1) (277 (t, ) — T (t, x)— T™(t,x), T%(0,0)]) = 2x"k?,

(3.96)
i / 41X *2 0(1) (Ot ) . T (0,0)]) = 9654 — 256/# | (3.97)
—i / d*X e®®0(t) ([Opu(t, ), T'(0,0)]) = 6 &5k (3.98)

Since 1", = %GWG‘“’ [53], every insertion of 1", brings at least two powers
of g. Thus we estimate that

K* =& =& =0+ 0(g%) (3.99)

In the Boltzmann equation, this must be considered as zero to the order we
are working. Indeed, from Egs. (3.16) and (3.35) the sources of ¢ f induced by
H(x) and h(x),

52 2

p
m@H and  ny(l+n,)

_np(l—i—np) m

Oih, (3.100)

vanish for static gravitational fields.
To determine the coefficient 71, we turn on a gravitational field g,, =
1+ H(t,x)|n,, and compute

1 174
(O (w, k) = —577W(;gﬂ (w, k) H (w, k), (3.101)
where
D GO (0, ) = —i / AL R () ([0t ), T4 (0,0)]) . (3.102)

At k = 0, we substitute g,, = [1 + H(t)]n, into the second order non-
conformal hydrodynamic equations. Then

(O (w,0)) = —% [~ 9icw + 9¢me?| H(w,0). (3.103)

where we used &5 = & = 0. The quantity in square brackets is the hydro-
dynamic prediction for the response function. In kinetic theory, we turn on
g = [1 + H(t,x)|n,, and measure the response Oy, (w, k) as described in
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Section 3.2.2:

Opun(w, k) = — H(w, k).

(3.104)
By comparing the functional form of our numerical results from kinetic theory
to the hydrodynamic form at k = 0, we determine 7:

1 dp 3c2m? — (1 —3A)p? 6f(w, k)
2 [ 9/ (27)3 E, H(w, k)/2

Ny |0 |2 | 3 |

T/ Tr

(3.105)

(@]
ot
—_
(@n)
o
(@)
T~
Qo
(@]
ot
(@)
T~

Here we see that the relaxation time of bulk perturbations is similar to that
of shear perturbations.

3.4 Extension to Multi-component Plasmas

So far, we computed the spectral densities of T for the pure glue theory.
In this section, we extend the discussion to multi-component plasmas.

In Section 2.3, we formulated the Boltzmann equation in the presence of
fermions. The spectral densities in multi-component plasmas can be computed
by solving Eqs. (2.47)-(2.49) (see Appendix B for details). When the response
functions are expressed in terms of appropriately scaled kinematic variables,

Ul

w=w—-- and k= ck n

_— 3.106
(60 + P, )c? (60 + PO)CE 7 ( )

the spectral densities are essentially unchanged in all modes. Fig. 3.3 (a)
shows the bulk spectral density in terms of these scaled variables for pure glue
and three flavors. The relative agreement between these curves indicates the
dominance of the Fokker-Planck evolution.

In the next section, we will discuss the spectral densities of J¥, where a
similar scaling is observed in all modes. In Fig. 3.3 (b), we plot the longitudinal
spectral density for pure glue and Ny = 3. With the scaled variables,

D - D
and k=Fk—, (3.107)

Ww=w—
c? c

the spectral density does not change.
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Figure 3.3: (a) The bulk spectral function for three flavors compared to the
pure glue theory. In this figure, n/(e, + P,) is 0.9177T/ju4 for Ny = 3 and
0.4617T/p14 for Ny = 0, so that the k values for Ny = 0 coincide with Fig. 3.1.
(b) The longitudinal current-current spectral function for three flavors and
the quenched approximation. In this figure D = 0.9447"/up for Ny = 3, while
D = 0.852T/up for Ny = 0, so that the k values for Ny = 0 coincide with
Fig. 3.4. The results are similar in the other modes.

3.5 Spectral Densities of J"

In this section, we compute the spectral densities of J* by turning on weak
gauge fields. The spectral densities exhibit a smooth transition from free-
streaming solutions at high frequency to diffusion equation at low frequency.
This transition will be analyzed with the second order diffusion equation.

For simplicity, we compute the current-current correlator of net strangeness.
Since in a leading-log approximation the susceptibilities and correlators are
diagonal in flavor space, the flavor and electromagnetic spectral densities are
trivially related to this result. To determine the strangeness response function,
we turn on gauge fields A* = (0, A). Then the interaction Hamiltonian and
the current are

)
= 3 JH iz —
Hint /d x J'A, and JH(X) SARX) (3.108)
By using the linear response, the average current is
(0}, =+ [ @Y 60X =Y (), PO ALY). (3109
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In Fourier space, it reads
(T, ) = — G (w0, k) A (w0, K), (3.110)

where the corresponding retarded Green’s function is
Gl (w, k) = —i/d“X etmikeg ) ([JH(t, ), J*(0,0)]) . (3.111)

By taking k along the z-direction, there are two independent correlators:
e Longitudinal Mode - G% (w, k) ,
e Transverse Mode — G%(w, k) .

In the presence of the gauge fields coupled to the current, there is the
Lorentz force acting on a charged particle:

F'=QuF" 0", (3.112)

where (s is one for strange quarks, minus one for anti-strange quarks, and
zero for all other species. Then the Boltzmann equation with the force term
for the strangeness excess is given by

1 0
— (p*0 P, =) fr = O f,p) . 3.113
Ep(p o+ Q papﬂ)f [/ p] (3.113)
In Fourier space, the equation becomes
(—iw + iv, - k)3 f*(w, k) — iwn,(1 £ ny) QaAig— = C5f,p].  (3.114)
P
The gauge field does not disturb the fermion sum 0 f979, and only disturbs the

fermion difference:

(—iw +iv, - k)Of 5 (w, k) — iwn,(1 —ny) QQSAiEp,—i =C**l0of,p|, (3.115)

p

where C*% is given by Eq. (2.46). The numerical procedure to solve for ¢ f*~*
is explained in Appendix B. After solving for ¢ f, the current can be computed

by
. d3p pi _
= —61°7°. A1
J Qs 1/8/ (277')3 Ep(s (3 6)

By comparing with Eq. (3.110), the current-current response function is de-
termined (see Fig. 3.4).
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Figure 3.4: The current-current correlator for N. = 3 and Ny = 0 in the (a)
longitudinal and (b) transverse modes. Ny = 0 corresponds to the quenched
approximation. pupr = ¢2Cpm% In(T/mp) /87 is the drag coefficient of a quark
in a leading-log approximation. The diffusion coefficient is D = 0.8527T/ up,
so @ = 0.5,1.0,2.0,4.0 corresponds to wD/c* ~ 0.42,0.85,1.7,3.4, as chosen
in Fig. 3.3. The thin dotted lines show the results from the free-streaming
Boltzmann equation.

The free-streaming solution of the Boltzmann equation describes the re-
sponse at large w and k. By following the procedure presented in Section 3.2.1,
we find:

P (w, k) Qi w?

2w 12 kse(k —w) (w and k large), (3.117)
k) _r@inl () Yy
w21 R\ )0k (w and k large) . (3.118)

These free solutions are shown as dotted lines in Fig. 3.4.

3.6 Second Order Diffusion Equation

In the long wavelength limit, the current-current correlator is described
by the diffusion equation. The current is expressed in terms of gradients
of the net strangeness n,(t,x) and the gauge field A(t,x). For a linearized
theory invariant under parity, the current to the second order in the derivative
expansion must have the following form:

Ji=—-Ddn,+oE — (o7,) %E" + rp(V x B)" . (3.119)
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Here D is the diffusion coefficient, o is the conductivity, and 7, and kg are new
transport coefficients which will be determined numerically in the Boltzmann
equation. In writing this expression, we neglected €/*u/B* and p0"T which
would appear in the magneto-hydrodynamics [54] (where B is not small) or
at finite background chemical potential (where g is not small). Similarly,
we neglected the non-linear term ngu', where ny(t,z) and u'(¢, ) are small
fluctuations. We also used lower order equations of motion to recognize that
0;0'n is actually third order in the derivative expansion.

The diffusion coefficient and the conductivity are related to each other.
To see this, we first rewrite the constituent relation in terms of the chemical
potential, and include one higher order term

Ji=—Dx,0n+cE — (o1,)0,E' + kp (V x B)’
+ [clxsﬁt(‘?iu + other higher order terms] ,

where Yy is the static susceptibility

dn, 1 T2
e i 2Q§VST /pnp(1 —n,) = Qi”SE' (3.120)
Then we note that a perturbation of the form
(X)) + Ag(X) = (const) (3.121)

does not disturb the system away from equilibrium, i.e. e ##=#N) is constant.

Thus all gradients in the constituent relation should involve the combination
O"(p + Ap). This requirement forces a relation between the conductivity and
the number diffusion coefficient

xsD =0, (3.122)

and specifies the coefficient of one higher order term, ¢; = D7 .

Since the constituent relation is specified, the conservation law 9, J" = 0
can be solved for J%(w, k). By comparing the constituent relation Eq. (3.119)
and linear response Eq. (3.110), the solution determines the current-current

correlator at small momenta:
—ow? —i(oT,)W?

G k) = D
G™(w, k) = —iwo + (o7,) w* — Kpk® . (3.124)

: (3.123)

When w = 0, the source term in Eq. (3.115) is zero, while G**(0, k) = —rpk?.
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Figure 3.5: The real part of the retarded current-current correlator for N, = 3
and Ny = 0. The thin dotted lines show the predictions of the first order dif-
fusion equation, while the thick dashed lines show the prediction of the second
order theory, Eq. (3.123). Both are compared to the full Boltzmann equation.
w and ck are in units of 7']1 = 0.312 pup/T. Thus k1; = 0.15,0.3,0.6,1.2 cor-
responds to wT'/up ~ 0.045,0.09,0.18,0.36 in Fig. 3.4, i.e. smaller than the
first value in Fig. 3.4.

Therefore, kg = 0 in a theory based on the Boltzmann equation. This coeffi-
cient may be non-zero at higher order. In the limit of w — 0 and k& = 0, the
real part of the Green’s function gives the value of 7;. For N, = 3 and vari-
ous numbers of flavors, we tabulate this transport coefficient in a leading-log
approximation:

Ny | o | 2 | 3
7;/D | 3.776 | 3.756 | 3.748 | -

The real part of the full Boltzmann result is compared with the first and the
second order diffusion equation in Fig. 3.5. The second order solution captures
some aspects of the high frequency behavior.

Eq. (3.119) is the “static” version of the second order diffusion equation.
By using the first order expression J! = oE* — D9'n,, the equation can be
rewritten as the “dynamic” form:

Ji=—-D0ng+oE —1,0,J.. (3.125)

This is the canonical form of the telegraph equation [55, 56]. In principle, we
can use this relation to make the dynamic prediction, but this prediction will
not be discussed in this thesis.
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Figure 3.6: One-loop diagram contributing to the free spectral density of T*”
for high frequency w ~ T in pure glue theory. Curly lines denote gluons and
dashed lines denote gravitons.

3.7 Comparison with AdS/CFT

So far, we calculated the spectral densities at small frequency and momen-
tum, w, k ~ ¢*TIn(1/g). At weak coupling, there is scale difference between
the relevant time scale ~ 1/¢g*T'In(1/g) and the inverse temperature ~ 1/T
[15, 57]. In contrast, in the AdS/CFT correspondence at strong coupling,
there is no such distinction in the time scales. This difference is reflected by
the fact that there is no visible transport peak in strongly coupled spectral
densities [43, 44].

To compute the free spectral densities at high frequency ~ T in QCD, we
need to consider one-loop diagram shown in Fig. 3.6. After the frequency sum,
the spectral densities consist of two parts, low frequency contribution and high
frequency contribution [37]:

pw, k) = plw. k)| +pw k)| . (3.126)

o high

In particular, these free spectral densities have been computed in Ref. [58].
For example, the shear mode at k£ = 0 is given by

pzxzcc(w) 43 dA w3

= ——dsT* :
2o~ 22T )t g (w/AT)

(3.127)

Here the §(w) part corresponds to the transport peak at the low frequency and
the second term is the high frequency contribution. The free spectral densities
in the shear mode are shown in Fig. 3.1 (a) as dotted lines, and they become
a delta function at £ = 0 limit. In the presence of interactions, this delta
function is smeared and becomes the Boltzmann result shown as the dashed
line!. In order to compare the QCD spectral densities at weak coupling with

1Solving the Boltzmann equation is equivalent to summing ladder diagrams [59].
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Figure 3.7:  (a) The shear spectral density given by the QCD model in
Eq. (3.128) as a function of n/s. The transport peak is visible for /s 2 3/4m.
(b) The shear spectral density given by the AdS/CFT at strong coupling
(n/s = 1/4m). There is no transport peak. The numerical result is from

Ref. [44].

the AdS/CFT results at strong coupling, we make a model for full spectral
densities in QCD [60]:

(QCD spectral density) = (Boltzmann) + (continuum) . (3.128)

Here the Boltzmann numerical results are used as a function of 7'/ 4 (or n/sT),
and the continuum part is given by the high frequency contribution (for the
shear mode, the second term of Eq. (3.127)). For several values of 7/s, the
numerical results of the QCD model are shown in Fig. 3.7 (a). According
to this model, we can estimate that kinetic theory is valid for n/s 2 3/4m,
where the transport peak is visible. Fig. 3.7 (b) shows the corresponding
spectral density given by the AdS/CFT at strong coupling. In the AdS/CFT,
n/s = 1/4m and there is no transport peak? [44].

3.8 Summary and Discussions

By solving the Boltzmann equation with weak gravitational and electro-
magnetic fields, we computed the spectral densities of T*” and J* shown in
Fig. 3.1 and Fig. 3.4, respectively. The spectral densities exhibit a smooth

2Spectral densities in the weak coupling N' = 4 SYM are similar to those in the weak
coupling QCD [61].
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transition from free-streaming quasi-particles to hydrodynamics (or diffusion
equation). The pure glue results are extended to including fermions in Fig. 3.3.
With the appropriately scaled w and k, the spectral densities do not change,
indicating the dominance of the Fokker-Planck evolution.

Hydrodynamics describes the low frequency behaviors of spectral densities.
From the slope of spectral densities at w = 0, we extracted all the first and
second order transport coefficients which characterize the linear response in
the hydrodynamic regime. With the shear viscosity n and a second order
coefficient 7, the hydrodynamic solutions are determined up to second order.
In Fig. 3.2, the sound spectral density is compared with hydrodynamics to
analyze the valid limit of the macroscopic theory. The first and second order
hydrodynamics are valid roughly up to

-1

w, ck < 0.35 {ﬁ} (first hydro) (3.129)
-1

w, ck < 0.7 {(e—|—+)02} (second hydro) . (3.130)

For higher momentum, the second order static solutions are too diffusive,
whereas the dynamic theory becomes too reactive.

At high frequency, the spectral densities are compared with free-streaming
solutions which are shown as dotted lines in Fig. 3.1 and Fig. 3.4. Near the light
cone w = k, the free solutions have the sharp structure, but smeared shapes
describe the Boltzmann results fairly well. When frequency and momentum
are higher ~ T, we can calculate continuum result from one-loop diagram.
In Section 3.7, we made a model for QCD spectral density by combining the
continuum and the Boltzmann numerical result as a function of 77/s. Roughly
for n/s 2 3/4mw, we can see a transport peak which is characteristic of kinetic
theory. On the other hand, there is no visible peak in the spectral density
given by the AdS/CFT, where the quasi-particle description is not applicable.
This difference between kinetic theory and the AdS/CFT can be important to
characterize the properties of the QGP in the lattice data.

The analysis and numerical work presented in this chapter will be continued
to the next chapter in simulating the jet-medium response.
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Chapter 4

Wake of a Heavy Quark Moving
through Plasmas

4.1 Introduction

The quark-gluon plasma (QGP) is believed to be strongly coupled near
the phase transition temperature 7, ~ 160MeV. Hydrodynamic simulations

indicate that the shear viscosity to entropy density ratio is remarkably small
[11, 63, 64, 65, 66, 67, 68]:

—_ Y

S 47

This ratio is close to the AdS/CFT prediction, /s = h/4m [69, 70]. At weak
coupling, it is not easy to explain this ratio with a quasi-particle picture of
plasmas. However, there is agreement of lattice data and resummed pertur-
bation theory in pressure at somewhat high temperatures ~ 57, [9]. This
agreement suggests that a quasi-particle picture might be an appropriate the-
oretical tool to describe the properties of the QGP close to T, [9, 71, 72]. The
goal of this chapter is to compare the medium response to an energetic probe
in the weakly coupled plasmas and strongly coupled plasmas.

Since the problem of determining spectral densities has been reformulated
as a definite initial value problem in the last chapter, the resulting numeri-
cal procedure can be used to simulate jet-medium interactions. To respond
to the Point Il mentioned in Chapter 1, we investigate the steady state re-
sponse of non-abelian plasmas to a heavy quark probe, at weak coupling and
strong coupling [73]. When a heavy quark moves supersonically through the
plasmas, the energy density and flux are redistributed. At long distances,
the non-equilibrium disturbance produces sound waves and a diffusion wake,
which are the so-called “Mach cone” structure. The original motivation for

n,. Loy, (4.1)

47



investigating the Mach cone was the unusual structure of two particle corre-
lations measured in heavy ion collisions [74, 75]. Today, these correlations
are understood as the hydrodynamic response to fluctuations in the initial
geometry [76, 77, 78, 79, 80]. Nevertheless, the interaction of a heavy quark
with equilibrium plasma is the simplest way to analyze the plasma response
to an energetic probe [81, 82, 83, 84, 85, 86, 87]. The goal of this study is
not to explain current measurements, but rather to examine the differences
between weak coupling and strong coupling, and to investigate the approach
to hydrodynamics in both cases. The medium response to energetic partons is
currently being studied by all the experimental collaborations in various ways
[88]. Thus, this calculation, which analyzes the “jet” medium interaction pre-
cisely and determines a hydrodynamic source through second order in gradient
expansions, may be useful for phenomenology in further studies.

In the strongly coupled theory, the stress tensor induced by a heavy quark
was computed using the AdS/CFT correspondence [83, 85]. The approach to
hydrodynamics and the short distance behavior were analyzed [84, 86, 89]. In
particular, we will follow the hydrodynamic analysis of Ref. [86] to determine
a hydrodynamic source through second order for weakly coupled and strongly
coupled theories. In the AdS/CFT calculation, the v — 1 limit was not
analyzed due to various technical complications. (Here and below, v is the
velocity of the heavy quark in units of ¢.) As discussed in Appendix E, it is
possible to set v = 1 throughout the calculation by choosing a different set of
gauge invariants.

At weak coupling, the appropriate source for kinetic theory was deter-
mined in Ref. [87], and several estimates have been given for how this kinetic
source is transformed through the relaxation process to hydrodynamics [90].
We have simplified the source for kinetic theory considerably and determined
the plasma response at large distances by solving the linearized kinetic the-
ory. After comparing the hydrodynamic solution at large distances to the full
(leading-log) kinetic theory results, the appropriate source at each order in the
hydrodynamic expansion can be computed. As a by-product of the spectral
densities, we determined the first and second order transport coefficients in
the last chapter. These coefficients will be used to precisely determine the
hydrodynamic source through second order.

This work is limited to the analysis of the kinetics for a single heavy quark
moving from past infinity. It would be interesting to follow the evolution of
a parton shower initiated at time ¢ = 0 and the subsequent hydrodynamic
response at late times [91, 92, 93].
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Figure 4.1: A schematic picture of a heavy quark (gy) moving through the
plasmas. There are sound waves and a diffusion wake behind the quark.

4.2 Kinetic Theory with a Heavy Quark Probe

We consider a heavy quark moving through a stationary high temperature
plasmas from past infinity (see Fig. 4.1). In the presence of the heavy quark,
the energy and momentum of the medium are redistributed, producing sound
waves and a diffusion wake. In this section, we compute the energy density
and flux distributions by solving the Boltzmann equation with the heavy quark
source.

At weak coupling, kinetic theory determines the medium response to the
heavy quark. For simplicity, we restrict the pure glue! QCD in a leading-log
approximation. QCD in this limit is conformal, and the background stress

tensor is
T = diag(ey, Py, Po, Po) (4.2)

where e, = 3P,. The heavy quark induces non-equilibrium response, §7*". By
assuming that the quark moves in the z-direction, 67% and §7°% are functions
of comoving transverse and longitudinal coordinates, x7 and xp:

rp = /x4 y? and  xp =z —ot. (4.3)

The rotational symmetry around the z-axis determines §7% and §7% in terms
of §T%r:

ST (t, &) = 6T (xp, 27) cos ¢, ,
6T0y (ta m) = 5TOIT (xLa ZET) sin ¢r )

"ncluding fermions would only lead to minor changes to our results as can be seen from
Fig. 3.3.
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Figure 4.2: The Feynman diagram corresponding to the heavy quark source.
Double curly lines denote hard gluons, a single curly line denotes a soft gluon,
and a double solid line with arrows denotes a heavy quark. Time runs from
left to right.

where ¢, = tan~!(y/x).
To determine the non-equilibrium response, we use the linearized Boltz-
mann equation:

(2 + v, - a%) of(t, . p)=Cl[f,p] + S(t,@,p). (4.6)

Here S(t,x, p) is the source of non-equilibrium gluons produced by the heavy
quark moving through plasmas, which will be discussed in the next paragraph.
In the last chapter, we determined the shear viscosity n and a second order
hydrodynamic coefficient 7, in terms of pi4:

i T T
=0.4613 — and _
€o + 7)0 HA 7)/(60 + PO)

= 6.32. (4.7)

These coefficients will be used in the hydrodynamic analysis. The shear vis-
cosity that we obtained agrees with the prior results [17, 27]. The fact that
T. is somewhat large ~ 6 compared to the viscous length is a generic result
of kinetic theory [47, 52]. Finally, we note that p4 records the transverse mo-
mentum broadening of a bath particle due to the soft scatterings. It is related
to the soft part of jet-quenching parameter §, Gsofi/2 = 2714 [94]. Thus, the
leading-log limit provides a concrete relation between 7/s and .

In the presence of a heavy quark moving at a constant velocity v, the
particles in equilibrium are scattered, producing the source around the quark
(see Fig. 4.2):

S(t,x,p) = S(p)d*(x — vt). (4.8)

The source term is computed in Appendix C. When v = 1, it is simplified at
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a leading-log order:

HF 2 (1+2n,) (1+42n,) .
1 —— . . 4.9
) = g1y |24 ) B2 6]
Here pp is the drag coefficient in a leading-log approximation
2 2 2
g°Crmy, T I (1—-v% 14w
= 1 — - 1
pr(v) st (mD) [1)2 20 \1-v)]"
2Cpm? T
= S D gy ( ) forv=1. (4.10)
& mp

In the last line, we implicitly took the coupling constant to zero before taking
the v — 1 limit, so that radiative energy loss can be neglected?. The leading-
log energy loss of the heavy quark was computed in Refs. [96, 97]. The energy
and momentum transferred to the medium per time (i.e. minus the drag force)
are

dpr (dE dp\ )
Pl (dt : dt) = pp(v) (v°,v) . (4.11)

By multiplying the source Eq. (4.9) by p* and integrating over the phase space,
it is straightforward to verify that the stress tensor satisfies

v

P
o7 — A

= 8 (x — vt). (4.12)

Our strategy to determine the non-equilibrium stress tensor is the following.
We take the Fourier transform of the Boltzmann equation in Eq. (4.6),

(—iw + v, - k)of(w, k,p) = C[of,p] +27S(p)d(w —v - k), (4.13)

and solve the equation for §f(w,k,p) in Fourier space. We use the same
numerical formulation as in the previous chapter. Then we calculate the stress
tensor in Fourier space using kinetic theory

ST (w, k) = 2d4 /p“5f(w, k,p). (4.14)
P
By Fourier transforming the stress tensor back to coordinate space

ST (t, x) :/ e Witk EsTO () K), (4.15)

w,k

2For a small but finite coupling constant, radiative energy loss is suppressed when the
Lorentz factor of the heavy quark is not too large, v < =2 ~ 1/g [95].

~ Tag
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we determine energy and momentum density distributions. Additional details
about this procedure are given in Appendix D.

4.3 Comparison between Kinetic Theory and
AdS/CFT

At strong coupling, we use the AdS/CFT correspondence to determine
the non-equilibrium response. Roughly speaking, a heavy quark is described
in the five dimensional AdS space with a trailing string (see Appendix E for
details). As the heavy quark moves through the plasmas, the energy and
momentum gained by the medium are again given by Eq. (4.11). However,
the drag coefficient pp(v) is found by determining the energy and momentum
flowing down the string into the black hole [98, 99, 100]:

2
prlo) = T2L (1.16)
Vio
The stress tensor in the strongly coupled theory also satisfies Eq. (4.12) with
the energy and momentum transfer given by the corresponding strong coupling
formulas. The corresponding transport coefficients for the AdS/CFT are [47,
69, 70]
n 1 d Tr

ot P, dnT 0 (st Py)
For v = 1, we compare the medium response to the heavy quark probe
in two asymptotic coupling limit: pure glue QCD at asymptotically weak
coupling and N' = 4 SYM at asymptotically strong coupling. By noting the
difference in the shear viscosities in Egs. (4.7) and (4.17), we measure all length

scales in units of the shear length:

=4—2In2. (4.17)

4
3'°¢

Ly= ——,
(o + P,)c2

(4.18)

where 2 is the speed of sound squared. L, is proportional to the mean free

path in kinetic theory and equal to 1/xT for the AdS/CFT. At long dis-
tances where hydrodynamics is applicable, the amplitude of the disturbance
is proportional to the strength of the energy loss. Thus, we divide the re-
sponse by the corresponding drag coefficient pup for each theory, Eqs (4.10)
and (4.16), respectively. With these rescalings, two theories produce identical
stress tensors at asymptotically long distances, but differ in their approach to
the hydrodynamic limit.
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Fig. 4.3 and Fig. 4.4 compare the non-equilibrium stress in kinetic theory
and the AdS/CFT. At long distances, both theories produce similar struc-
tures of sound waves and a diffusion wake. However, the distributions are
distinguishable near the heavy quark at origin.

For the quantitative comparison, we plot angular distributions of the stress
tensor in concentric circles of radius R around the head of the quark. Specifi-
cally, we define the energy density distribution

dE
— B — 97 R%sin 0z 0T (R) . (4.19)
dir
Here R = xr@7 + 212 and the polar angle is measured from the z-axis, where
the heavy quark is moving along:

Or
5. (4.20)
Similarly, the angular distribution of the energy flux is defined by
e _ orR%sin 0y R'OT"(R)
dfr
= 21 R*sin O [cos Ok 6T (R) + sin O 6T (R)] . (4.21)

Numerical results for the angular distributions of the energy density and flux
at several scaled distances R = R/L, are shown in Fig. 4.5. There is a
dramatic change in the AdS/CFT curves between 8 = 5 and R = 1, indicating
a transition from hydrodynamic behavior to quantum dynamics. Since this
quantum dynamics lies beyond the semi-classical Boltzmann approximation,
no transition is seen in the kinetic theory curves.

There are limitations on the length scales that can be meaningfully studied
in both theories. In kinetic theory, the resulting stress tensor is valid for
distances, R > 1/(¢*T'Ing™'). For distances shorter than 1/(¢*T'Ing™1),
the collisionless non-abelian Vlasov equation should be used to describe the
medium response [5, 101]. Similarly, the AdS/CFT calculation is limited to
distances xr,zp > 1/,/ynT. For distances much less than 1/,/y7T, the
structure of stress tensor has been analyzed in detail [84, 89, 102]. In Fig. 4.5
where distances are zp,xr ~ 1/7xT, the physics associated with these very
short scales is not visible.

We are examining two extreme limits, infinitely weak and infinitely strong
coupling at comparatively long distances. With this approach, some of the
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Figure 4.3: The energy density (in scaled units) times R = /z2 + 2% that is
induced by a heavy quark probe in weakly coupled QCD and strongly coupled
N = 4 SYM. Here L, is the shear length and pp is the drag coefficient for

each case.
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Figure 4.4: The magnitude of the Poynting vector |T%| (in scaled units) times

R = /22 + 22 that is induced by a heavy quark probe in weakly coupled QCD
and strongly coupled N' = 4 SYM. Here L, is the shear length and up is the
drag coefficient for each case.
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Figure 4.5: The angular distribution of (a) the energy density [dEg/d0Rr]/pr
and (b) the energy flux [dSgr /dfr]/ur given by kinetic theory and gauge gravity
duality at distances R = 1, 5, 10, 20, and 40. Here L, is the shear length and
wr is the drag coefficient for each case.

marked differences between the weakly coupled QCD and the AdS/CFT corre-
spondence at short distances are not visible [103]. However, the hydrodynamic
response at long distances can be clearly compared.

4.4 Hydrodynamic Analysis

At long distances in Fig. 4.3 and Fig. 4.4, the energy density and flux
distributions exhibit sound waves and a diffusion wake which are characteristic
of hydrodynamics. In this section, we compare the distributions with the
hydrodynamic solutions. By following Ref. [86] in part, we will determine the
hydrodynamic source order by order in gradient expansions.

To determine the hydrodynamic solutions in two different ways, we consider
the static and dynamic constituent relations given in Eqs. (3.49) and (3.50),
respectively. Since the microscopic dynamics is conformal, linearized, and only
conserves energy and momentum (and not particle number), 7, is the only
second order hydrodynamic coefficient that appears to this order. Specifically,
the stress tensor in Eq. (3.42) is

Thyaro = (€ + P)ulu” +Pgh” + 7, (4.22)
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where the dissipative parts of static and dynamic theories are

7 = =20 (0 ) — 207, (0’ InT) (static) , (4.23)
7 = — om0y — 1,0, (dynamic) . (4.24)

With the constituent relations, we solve the equation of motion in Eq. (4.12).

At long distances from the heavy quark, the stress tensor is described by

T }’fyydm up to terms suppressed by inverse powers of the distance. Since the

hydrodynamic form of the stress tensor is irregular, we express the full stress

tensor as the sum of hydrodynamic term and a correction 7% which is analytic
for w, k — O:

g g 00 i g
TZ] = Tl:g’dro[T 7T l] + TU ? (425)

where we emphasized that Tﬁidro is a functional of 7% and T%. Then the
equation of motion in Fourier space becomes

— iw 0T + ik 6T, .o = Sy qro(w, K) | (4.26)
where ,
; dp’ o
Stydro(w, k) = E27r5(w —v-k)—ik't". (4.27)

Here we note that —ik’7¥ acts as an additional source term for hydrodynamics.
For the steady state problem, 7% can be written with three functions pro-
portional to the symmetric tensors consisting of v and k:

79 (w, k*) = 2rppd(w — v - k) [ (V0! — 0*67) d1(w, k)
+ (w%f + ik'v? — igulkldij> Go(w, k*) + (k'K — $k76") ¢3(w,k;2)} , (4.28)

where ¢, ¢, and ¢3 are regular for w,k — 0. Since 7% is localized, we can
expand it for small w and k. For example, by using the Taylor’s series

G1(w, k) ~ ¢ + ¢{" % (—iw) + % [0 (—iw)? + 6% (ik)?] + OK?),
' (4.29)
where ¢} means differentiating ¢; by w, n times and by k%, m times. The
full source for hydrodynamics through second order can be expressed in terms
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o Lo || 60/L | 0P L,
Boltzmann 0 0 0.484
AdS/CFT -1 -0.34 -0.33

Table 4.1: Hydrodynamic source coefficients. The equations of motion are
given by second order hydrodynamics with a source term Eq. (4.27). The
source term is expanded to second order in w and k in Eq. (4.30) which defines

these coefficients. The first coefficient ¢§°’0> was computed analytically in the
AdS/CFT case [86]. Here L, is the shear length.

of three coefficients ¢(00 , ¢(1 9 and <b20 0,

-

=60
+ <§v2¢§°’°> — 12 Vi — 18 )@k] +O(K®),  (4.30)
N ~- 9’
where we defined the source similarly:
Shydro = 2mppd(w — v - k) [y (w, k*)v + ¢p(w, k*)ik] . (4.31)

79 can be determined by comparing the full numerical solution for 7%

to Tﬁidro. By fitting the forms in Egs. (4.28) and (4.30), we can extract the

three coefficients ¢§°’°), ¢§1’°>, and gzﬁgo’o) for the Boltzmann equation and the

AdS/CFT correspondence. These coefficients specify the hydrodynamic source
of a heavy quark through second order. Appendix F gives sample fits to
our numerical results, and the fit coefficients are collected in Table 4.1. The
quality of the fits given in Appendix F indicates that 7% is well described by
a polynomial at small w and k, and justifies the analysis of this section. We
notice that in the Boltzmann case the expansion coefficients proportional to
¢; vanish. In fact, ¢;(w, k?) vanishes to all orders in w and k. This is due to
the rotational symmetry around the k axis and the special form of the kinetic
theory source in Eq. (4.9) at a leading-log approximation.

With the source functions ¢,(w, k?) and ¢y (w, k?) as known numerically,
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for v = 1 the hydrodynamic equation of motion reads

—iw 0T% + (k) ikdT™ + T,k 0T = [cos O ¢y, + ik ¢p] 2mppd(w — v - k),

(4.32)

—iw 0T + DE? 0T = sin 6 ¢, 2mpupd(w — v - k) | (4.33)

where 2’ points along the k axis and 2’ is perpendicular to k (see Appendix

D for details). In these equations, the sound attenuation length is T’y =

(4n/3)/(e, + P,), the diffusion constant is D = n/(e, + P,), and the speed

of sound (squared) is ¢*(k) = (1 + 7,['sk?). By using these approximate
expressions and the exact equation,

— 1w T + ik 6T% = 21 pp d(w — v - k), (4.34)
in Fourier space the second order static solutions are given by

i|w+ kcosOp,] — k* [Ty + ¢4

00
0T (w, k) = ST — () k2 1 0T, wh? 2nppd(w — kcosd),  (4.35)
i MO0
0T (w, k) = D 2 ppo(w — kcosf), (4.36)
. 2 .
6T% (w, k) = i{wcos gy + (k) k] = kw o 2nppd(w — kcos®).  (4.37)

w? — 2(k) k2 + il wk?

The solutions can also be used for the first order hydrodynamics provided
the wave speed (k) and the source functions ¢, and ¢ are truncated at

leading order: (k) — ¢ and ¢ (w,k?) ~ ¢\"”. Similarly, the hydrody-

S
namic solutions for the dynamic theory takes the same functional forms as

Eqgs. (4.35)-(4.37) with the replacements:

(k) — 2, (4.38)
L'y
I, - Dw)=—2—, 4.39
— L) 1 —irw ( )
D — D(w) = D (4.40)
— = Y. .
1—irw

Given these hydrodynamic solutions and the hydrodynamic source func-
tions tabulated in Table 4.1, the hydrodynamic stress tensor in coordinate
space can be computed by using numerical Fourier transforms. The stress
tensor of the first and second order (static) hydrodynamics (with the corre-
sponding source) is compared to the full kinetic theory stress tensor in Fig. 4.6.
Fig. 4.7 presents the analogous AdS/CFT results. Finally, a comparison be-
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Figure 4.6: The angular distribution of (a) the energy density [dEg/dOr]/ur
and (b) the energy flux [dSg/dfgr]/ur given by the Boltzmann equation at
distances SR = 10, 20, and 40. The Boltzmann results are compared with the
first order and second order static hydrodynamics. Here L, is the shear length
and pp is the heavy quark drag coefficient for kinetic theory.
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Figure 4.7: The angular distribution of (a) the energy density [dEg/d0g|/ur
and (b) the energy flux [dSg/dfg]/ur given by the AdS/CFT correspondence
at distances R = 5, 10, and 20. The AdS/CFT results are compared with the
first order and the second order static hydrodynamics. Here L, = 1/7T is the
shear length and pp = yVArT? /2 is the heavy quark drag coefficient for the
AdS/CFT.
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Figure 4.8: The angular distribution of (a) the energy density [dEg/dORr]/pr
and (b) the energy flux [dSg/dfr|/ur in kinetic theory. The angular dis-
tribution of (c) the energy density [dEgr/dfgr]/pr and (d) the energy flux
[dSg/dOg]/pr in AdS/CFT. The kinetic theory curves are plotted at distances
R = 20, 40 while the AdS/CFT curves are plotted at distances R = 10, 20.
The Boltzmann and AdS/CFT results are compared to the static and dynamic
implementations of second order hydrodynamics. The differences between the
static and dynamic results reflects the size of neglected third order terms. Here
L, is the shear length and up is the drag coefficient for each theory.

61



tween the static and dynamic theories of the second order hydrodynamics is
given in Fig. 4.8. The difference between the static and dynamic results pro-
vides an estimate of higher order terms in the hydrodynamic expansion.

4.5 Summary and Discussions

We simulated the wake of a heavy quark moving through the plasmas
in two theories: kinetic theory based on the Boltzmann equation at weak
coupling and N' = 4 SYM given by the AdS/CFT correspondence at strong
coupling. At long distances, in both theories the energy density and flux
distributions exhibit sound waves and a diffusion wake which are characteristic
of hydrodynamics, shown in Fig. 4.3 and Fig. 4.4. However, their behaviors
are distinguishable by the approach to the hydrodynamic limit. In particular,
the Boltzmann results are considerably “less diffuse” than the AdS/CFT. The
short distance response in kinetic theory is reactive, and the sharp band of
free-streaming quasi-particles seen in kinetic theory is absent in AdS/CFT of
Fig. 4.4.

To compare two different theories, we measured all distances in terms of
the shear length Eq. (4.18) which is given by a combination of hydrodynamic
parameters. In each theory, we divided the stress tensor by the correspond-
ing heavy quark drag coefficient pp so that the rescaled stress tensors are
equal at long distances where hydrodynamics is applicable. Fig. 4.5 shows the
direct comparison between two theories for the angular distributions of the
energy density and flux. Both theories show a smooth transition from non-
equilibrium at short distances to equilibrium at long distance, except R = 1 for
the AdS/CFT. There is a dramatic change between R = 1 and R = 5 for the
AdS/CFT, indicating a transition from quantum dynamics to hydrodynamics.
This transition is not visible in the semi-classical Boltzmann curves. It would
be interesting to calculate the stress tensor in this region perturbatively to
understand the difference of two theories at short distances.

At long distances, the energy density and flux distributions can be de-
scribed by hydrodynamics. However, the appropriate source for hydrodynam-
ics must be found by matching the numerical results to the hydrodynamic
theory. By using the transport coefficients determined in the previous chap-
ter, we compared the Boltzmann results to the hydrodynamic solutions up
to second order in Fig. 4.6. In particular, we used the hydrodynamic source
appropriate for the first and second order hydrodynamics. Generally, the sec-
ond order static hydrodynamics provides minor improvement to the first order
hydrodynamics until R 2, 40. Indeed, the behavior of the second order theory
seems rather unphysical for R < 10 due to the violation of causality. This
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shows the limitations of second order hydrodynamics. On the other hand, the
AdS/CFT results are much better described by hydrodynamics at relatively
short distances in Fig. 4.7. Even the first order hydrodynamics does a fair
job, and the second order hydrodynamics with the source correction works
perfectly for SR = 20.

We should mention that we used the static second order hydrodynamics in
Fig. 4.6 and Fig. 4.7. With the dynamic form of the constituent relation, the
stress tensor is slightly better described than the static form (see Fig. 4.8). Al-
though the dynamic theory gives causal solutions, in kinetic theory at R < 20,
it develops spurious shocks which are not reproduced by the full result. The
difference between the static and dynamic theories gives an estimate of higher
order terms, and this difference is smaller in AdS/CFT than in kinetic theory
at same distance.

Clearly, the convergence to the hydrodynamic limit is significantly faster
in the AdS/CFT than in kinetic theory. We note that in kinetic theory the
second order hydrodynamic parameter 7, is a factor of 2.4 greater in scaled
units than the corresponding AdS/CFT parameter:

Tr

——— = 6.32, Kinetic Theor 4.41

e P ( y) (4.41)
-

— L =4-2In2~261. AdS/CFT 4.42

e TP (AdS/CFT) (4.42)

Based on these coefficients, it is natural to expect that the convergence to the
hydrodynamic limit is faster in the AdS/CFT than in kinetic theory. In the-
ories with quasi-particles, the value of 7,; seems to be generic [52]. Therefore,
due to the factor of 2.4 we expect that theories without quasi-particles ap-
proach to the hydrodynamic limit faster than theories based on quasi-particle
description.
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Chapter 5

Photon Emission Rate

5.1 Introduction

So far, we have worked at a leading-log approximation in the coupling
constant g. At this order, typical particles have momentum ~ T, and only
the t-channel exchange with momentum ~ ¢7' contributes. In this chapter,
we will work at next-to-leading order (NLO) to compute the thermal photon
emission rate in the Quark-Gluon Plasma (QGP).

In perturbative gauge theories, it is important to calculate real time quanti-
ties beyond leading order (LO). In particular, we are interested in computing
transport coefficients at NLO. The only NLO dynamic quantity which has
been computed so far is the heavy quark diffusion constant (which does not
involve collinear bremsstrahlung) [10]. Computing the photon emission rate
involves some issues including hard collisions, collinear bremsstrahlung, and
screening effects. But the calculation is easier than other problems such as
gluon emission rate, where gluons interact with the medium. In this sense, the
NLO computation of the photon emission rate is a good warm-up problem for
further research.

The photon emission rate is given by [29]

(27) dsk %Z k)€l (k)W (K) . (5.1)

a=1,2

Here a = 1,2 correspond to the transverse polarizations and W5, (K) is the
Wightman electromagnetic current-current correlator:

W (K) = / d* Xe "X (J,(0),(X)) . (5.2)
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At NLO, soft particles with momentum ~ ¢7" play an important role. Bare
perturbation theory with only hard particles gives a, ~ ¢* expansions. How-
ever, in the presence of soft bosonic fields, there is the O(g) Bose enhancement
from the occupation number

T
ny ~ — ~ (p° small). (5.3)
p

P

Q| =

Then by using the hard-thermal-loop (HTL) effective theory, we can compute
the O(g) correction to the LO photon emission rate.

In experiments, there are various sources of photons: hard scattering pho-
tons, fragmentation photons, jet-induced photons, and thermal photons. Some
of them are thermal and others are non-thermal. It is not easy to distinguish
the sources. However, in current simulations of photons with all the sources,
there is a window at p, ~ 2GeV ~ 107,, where thermal photons are most
important.

In this chapter, we will focus on the thermal photons with hard momentum.
We will start with a review on the LO photon emission rate in the QGP. Then
we calculate the photon emission rate at NLO, i.e. at order g?mp /T to respond
to the Point I1] mentioned in Chapter 1 [107].

5.2 LO Photon Emission Rate

The photon emission rate has been computed at leading order (LO) in
Refs. [108, 109, 110]. There are three mechanisms which contribute to LO:

(i) 2 <> 2 Processes — Compton Scattering, Elastic Pair Annihilation,
(ii) 1 > 1 Processes — Quark-Photon Conversion,
(iii) 1 <> 2 Processes — Bremsstrahlung, Inelastic Pair Annihilation.

Let us discuss each of these mechanisms in turn.

(i) 2 <> 2 processes: The 2 « 2 elastic collisions contribute to the LO
photon emission rate [111, 112]. The quark-gluon Compton-like scattering
and quark-antiquark pair annihilation correspond to this mechanism. These
processes are shown in Fig. 5.1, and can be understood as the cut diagrams
of two-loop diagrams shown in Fig. 5.2. By summing the four diagrams in
Fig. 5.2, the emission rate from hard momentum ¢? > p? (where Q = P — K
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P/ K/ P/ K/ P/ K/ P/ K/

Figure 5.1: 2 < 2 processes. (a) The Compton scattering in the s-channel, (b)
Compton scattering in the ¢-channel, (c) pair annihilation in the ¢-channel, and
(d) pair annihilation in the u-channel. The square of these diagrams can be
understood as two-loop diagrams shown in Fig. 5.2. Double solid lines denote
hard quarks, double wiggly lines denote hard photons, and double curly lines
denote hard gluons. Time runs from left to right.

() E (b) } (© E (d) E

Figure 5.2: Two-loop cut diagrams contributing to the LO photon emission
rate. These cut diagrams can be understood as 2 < 2 processes, the Compton
scattering and pair annihilation shown in Fig. 5.1. Double solid lines denote
hard quarks, double wiggly lines denote hard photons, and double curly lines
denote hard gluons.
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in the process P+ P’ — K + K’) is given by [111, 112]

dI'to 1 1
2m)°® =— ———(2m)* 5" (Ps
)5k T - oy 270 (Piat)
[nERE (L= nE)IM By + b (14 nf) M2, |
1 T2
= A(k) Eln — ) + Chara (k/T)| . (5.4)
Ky
Here the matrix elements are
t S
2 2 2 2
’M‘Comp = 16e ;qdeCFg (_g - Z) ) (55)
M2 =8> q2dpCrg’ vyt (5.6)
pair - s t u )

where ¢, is the quark charge in units of the electric charge e and the Mandel-
stam variables are

s=—(P+P)?, t=—(P—K)?, u=—(P—K')?. (5.7)

p?% is an infrared cutoff which screens the soft quark exchange in Fig. 5.1
(b), (c), and (d). The dependence on pu? will be canceled when the soft
contribution is added to this rate. Chaa(k/T) is the hard contribution to the
photon emission rate, as a function of k/7T" (the numerical LO results will
be presented later). The front factor is defined by (following the notation of
Ref. [109])

1 nt
A(k) = 8_71'62 Z q?dFCFg2T2?k : (5.8)

(ii)) 1 <> 1 processes: There is 1 «» 1 processes, which we call “quark-
photon conversion”. In this process, a hard quark interacts with the medium
to produce a hard photon having almost same momentum of the incoming
quark, with a soft quark (see Fig. 5.3 (a)). The square of Fig. 5.3 (a) is
Fig. 5.3 (b), where the soft fermion line is evaluated in HTL approximation.
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(@)

P-K

Figure 5.3: 1 <> 1 processes. (a) Quark-photon conversion, where a hard quark
undergoes soft momentum exchange to become a hard photon with K ~ P.
(b) The photon self-energy cut diagram. The square of (a). Double wiggly
lines denote hard photons, double solid lines denote hard quarks, and single
solid lines (with arrows) denote soft quarks. Time runs from left to right.

The LO photon emission rate from conversion is

(o _ II5(K)

2k

soft
2

F 2
2 25 T dg1 M
_ Aotk
c qu "% ) 202m) @ +m2

1 (d
=Ak)zIn| —=- 5.9
A (2] (5.9)
where in the second line we evaluated the photon self-energy shown in Fig. 5.3
(b) using a sum rule derived in Section 5.6.1. By adding this result to the hard
contribution in Eq. (5.4), the emission rate is

Ldl
3 LO
(2m) Tk

o =Aw [m (mi> + Chad (k/T)] | (5.10)

[e.o]

Here the ultraviolet cutoff dependence on p? in Eq. (5.9) was canceled by the
infrared cutoff dependence in Eq. (5.4). This result was thought to be the
answer for the LO photon emission rate until we realized that 1 <» 2 processes
also contributed to LO.

(iii) 1 <> 2 processes: The inelastic 1 < 2 processes including collinear
bremsstrahlung and pair annihilation also contribute to photon emission at
LO (see Fig. 5.4). These processes are seemingly higher order in perturbative
expansions, but the collinear enhancement effect makes them contribute to
the same order as the 2 < 2 processes. Since the formation time of photon
is comparable to the time between collisions, we need to consider multiple
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(d)

e

Figure 5.4: 1 <> 2 processes. (a)(b) Bremsstrahlung and (c)(d) inelastic pair
annihilation. Double solid lines denote hard quarks, double w1ggly lines denote
hard photons, and single curly lines denote soft gluons.

scatterings (see Section 5.3). Including these multiple scatterings suppresses
the naive bremsstrahlung rate, which is known as the Landau-Pomeranchuk-
Migdal (LPM) effect. This effect can be accounted for by summing ladder
diagrams and solving an integral equation, which will be discussed in Sec-
tion 5.3. At LO, the photon emission rate from these inelastic processes is
given by

dr’
3 LO
(2m) Tk

= A(k) [Cbrem(k;/T) 4 Conn(k/T)] . (5.11)
brem+annih
The total photon emission rate at LO is given by the sum of hard, soft,
and inelastic contributions in Eqs. (5.4), (5.9), and (5.11), respectively. By
following the notion of Ref. [109]!, the LO photon emission rate is

dr
3 LO
(2m) Tk

— A(k) [m (i) 4 % In(2k/T) + Cyo(k/T)

o

hard-+soft+brem-+annih

+ Chrem (/T + Conuin(k/T) | . (5.12)

Chara(k/T) = £ In(2k/T) + Co_a(k/T)
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Figure 5.5: The total LO photon emission rate in Eq. (5.12) for a, = 0.05,
0.15, 0.3 and for Ny = 2, 3, 4, 5. The numerical results are from Ref. [109].

A parameterization of numerical results is given in Ref. [109]:

0.041T

CQ*,2<]{;/T> ~ 2

—0.3615 + 1.01e~ 135K/ T (5.13)

Cbrem(k/T) + Cannih(k/T> ~ 1 +

Ny [0.548 In(12.28 + T/k)
6 (k/T)3/?
0.133k/T

+
1+ k/16.27T

where Ny is the number of quark flavors. Fig. 5.5 shows the total LO photon
emission rate for a; = 0.05, 0.15, 0.3 and Ny = 2, 3, 4, 5.

At NLO, the three mechanisms of photon emission are not completely
independent. For instance, when ¢7' < p; < /g7, it is difficult to distinguish
the Compton process (with a soft gluon) from wide-angle bremsstrahlung (see
Fig. 5.6 (a) and (b)). The matrix elements should be matched onto the 2 — 3
process to produce the finite NLO correction. Similarly, there is a matching
process between bremsstrahlung and quark-photon conversion process when
the photon carries most of the incoming quark momentum (see Fig. 5.6 (c)
and (d)). In Section 5.5, we will do these calculations explicitly to determine
the wide-angle NLO photon emission rate.

. (5.14)
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(a) (b) ©) (d)

g g I

Figure 5.6: (a) The Compton scattering with a soft gluon and (b) wide-
angle bremsstrahlung. When ¢7" < p; < /g7, it is difficult to distin-
guish the Compton scattering from wide-angle bremsstrahlung. (c¢) Asym-
metric bremsstrahlung and (d) quark-photon conversion. When the photon
carries most of the incoming quark momentum, it is difficult to distinguish
bremsstrahlung from quark-photon conversion. Double solid lines denote hard
quarks, double wiggly lines denote hard photons, single curly lines denote soft
gluons, and single solid lines denote soft quarks.

5.3 Collinear Bremsstrahlung

As discussed in the last section, the three mechanisms of the LO photon
emission are smoothly matched to determine the wide-angle NLO correction.
Besides these wide-angle processes, collinear bremsstrahlung and pair annihi-
lation also contribute to the NLO photon emission rate. Collinear processes
can be accounted for by solving an integral equation which corresponds to
summing ladder diagrams [108]. In this section, we will discuss the collinear
photon emission rate through NLO. For completeness, we will present the
numerical results from the forthcoming work [107].

Since there is coherent interaction between incoming and scattering waves,
it takes some time (called the “formation” time) to complete the photon
production. Therefore, it is not correct to count only single scattering in
bremsstrahlung and inelastic pair annihilation as in Fig. 5.4. We need to con-
sider multiple scatterings which are shown in Fig. 5.7. The interference of
multiple scatterings can be accounted for by summing ladder diagrams shown
in Fig. 5.8. This calculation can be performed by solving an integral equation,
which will be discussed in this section. We will explain LLO and NLO photon
emission from collinear processes. When ¢g7T" < p; < /g7, there is an overlap
region between bremsstrahlung and the Compton scattering. In this region,
the integral equation will be solved perturbatively.

The formation time is the time over which quark and photon are in phase
in a process. To estimate this time scale, we consider a bremsstrahlung process
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(a)gggg (b) ég %‘W @

Figure 5.7: Multiple scatterings in b) bremsstrahlung and (c)(d) inelastic
pair annihilation. The square of these diagrams can be understood as ladder
diagrams shown in Fig. 5.8. Double solid lines denote hard quarks, double
wiggly lines denote hard photons, and single curly lines denote soft gluons.

00

Figure 5.8: A ladder diagram including bremsstrahlung and inelastic pair an-
nihilation with multiple scatterings. The lowest order of this ladder diagram
corresponds to the two-loop diagrams shown in Fig. 5.2. Double solid lines
denote hard quarks, double wiggly line denote hard photons, and single curly
lines denote soft gluons.
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q — v + q, where ¢q is quark and + is photon, with the following momenta:
P— K+ K. (5.15)

We assume the photon with momentum K is emitted in the z-direction. With
the splitting constant 0 < z < 1, the momentum splitting can be expressed in
terms of the incoming quark momentum:

P=0'p0)| = k= (1200 + [F = pip0)].  (516)

where? p* ~ T and ¢T < p, < V9T With this order of momentum compo-
nents, the energy of the emitted quark is

pi +md,

q
g (5.17)

K9 = \/(zpz)2 +pt +mi >~ zpt +

and similarly for p° and k° formulas. Then the energy change 0 F = k°+£"0 —p®
is

2 2 2 2
+m +m
22p* 2p*

o @1 =2)(pt +m)
- 22p* '

(5.18)

By neglecting the masses of quarks, the formation time of the photon is

1 2zp?
tiorm ~ —— ~ —————— . 5.19
f SE  (1-2)p? (5.19)
The time between soft collisions can be estimated as follows:
1 1
teol ~ — ~ ——. 5.20
N e g*T (5:20)

Here n ~ T® is the number density of particles, and o ~ ¢*/T? is the soft
scattering cross-section. In computing the photon emission rate, the time
between collisions should be compared to the formation time which depends
on the order of p;. When p; ~ ¢T in the collinear limit, Eq. (5.19) yields

trorm ™~ o 5.21
f 92T ( )

2The order of momenta in light-cone coordinates will be discussed in the next section.

73



and the formation time is comparable to the time between collisions. There-
fore, we need to consider multiple scatterings shown in Fig. 5.7. Taking the
squared matrix elements of the processes in Fig. 5.7 corresponds to summing
ladder diagrams shown in Fig. 5.8. By summing ladder diagrams, we obtain
the following integral equation [108, 113]:

2pJ_ = Z(SE(pJJpZJ k).f(pJ_vpzvk>

d2p/ . ;
+/ (QW)EC[IJQ] [f(m,p k)~ fp+pLp ,k)] . (5.22)
Here the solution f(p.,p?, k) is related to the current-current correlator in
Eq. (5.41). In the above equation, the collision kernel records the soft collision
rate

dr
d?p,’
dp()dpz z 0 T v, 0 z
= /W27T5(P -p )EP“ (§2 Y 2 I (5.23)
where v* = (1,0,0, 1) is the unit vector in the z-direction.
We define the Wightman functions iG;,(P) and iG5,(P) for subsequent
use:

Clp.] = (2n)?

iG(P = [ " (A,(0)A4,0))
(Au(P)Ay) | (5.24)

and similarly
iGa(P) = [ "X (A0AN))
= (4,4,(P)). (5.25)

According to the fluctuation dissipation theorem, for soft P

iG7u(P) = [L+ 0 (Pl P) = 5p,u(P). (5.26)
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Here
puv(P) = iG, (P) —iGL,(P),
- /P e*iP'X<[AH(X),Ay(0)]> (5.27)

is the spectral density. With these definitions, the collision kernel can be
written in terms of the gauge field correlation function:

, (5.28)

0

Cipal = [ Fo04PIA)

p*=p

where we defined A, = —A° + A%
There are two sources of NLO corrections in the photon emission rate from
bremsstrahlung (and inelastic pair annihilation) in the strictly collinear limit,

pL~gT:
(i) Corrections to Clp,] and dm?2,
(ii)) Wide-angle Bremsstrahlung and Pair Annihilation.

We discuss these sources in turn.

(i) Corrections to C[p,] and ém?2: There are corrections to the collision
kernel, C[p,] and the asymptotic mass of quarks, m? (which will be used in
the integral equation Eq. (5.22) and the emission rate Eq. (5.43)):

m2, — mZ, + om2, (5.29)

Clp'\] ~C\ o + Clp Inro -

Here the fermion asymptotic mass is defined by

o0 2 4 7

Cp [ 2CpT?
m? = g—F/ dpp(n) +nl) = gr (5.31)
0

and its O(g) correction is [114, 115]

_ gQCFTmD

om? =
Moo 27

(5.32)

The LO collision kernel is known as the Aurenche-Gelis-Zaraket (AGZ) sum
rule [113]
2 2
g°CrTm7,
C = 55, 5.33
Peho =GR ) 53
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and its NLO correction was computed in Ref. [116]

2(p?2 —m?) _
7 3mp+ LR gan 1 (2L

C = ¢'T°CyC - e
[pilNvo =g rla 3207 (P’ + m)?

+mD — —(pi;im%’) tan™! (21;1—;) tan™! (:ﬁb—;)

8mpt 2mpy (P2 +m3)

+tan_1 () L mp ( 3 L >] . (5.34)

213 Ar(p? +m3) \p? +4m3,  pt

With these corrections, the NLO correction to the LO collinear emission rate
is expanded as

doT S 20T
P Cpe| = A | e ) + ST e w639
collin 0

Here C2%. (k/T) is the correction from mass dm2,, and C°K. (k/T) is the
correction from kernel C[p,|npo. The numerical results will be presented in
Section 5.7.2 for completeness. The full discussion regarding these collinear
processes will be appeared in the forthcoming paper [107].

(ii) Wide-angle bremsstrahlung and pair annihilation®: We have identified
another kinematic region for bremsstrahlung and inelastic pair annihilation,
which gives NLO correction (discussed in detail in the next section). In this
region, the transverse momentum between photon and quark is ~ ,/¢T". From

Eq. (5.19), the formation time for bremsstrahlung with this p, is
1
tiorm ~ — . 5.36
i o7 (5.36)

This is short compared to the time between collisions (~ 1/¢?T), and the LPM
effect can be neglected. By noting

1 1

OF ~ ~ g and  PIC[p|] ~ o 9T, (5.37)
form coll
we can solve the integral equation Eq. (5.22) perturbatively
Foi,p k) = FOpL, 7 k) + FV (07 k) + - (5.38)

3The second source of NLO corrections involves wide-angle bremsstrahlung and pair
annihilation, and this is the principal result of the current chapter.
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The solution without any interaction is

2p1

©) k)= ——m———— 5.39
f (pl7p ) ) Z(SE(pL,pz,k) ) ( )
and the next solution f)(p,, p*, k) can be obtained by solving
Z'(SE(pLJ)za k)f(l) (plvpza k)
d%p’ 2 2 /
_ _/ D, [p/J_] : DL - (pL ‘|“pJ_) (540)
(2m)? i6E(pyL.p*, k)  i0E(pL+p),p* k)

After solving the integral equation Eq. (5.22) for f(p.,p?, k), the current-
current correlator in Eq. (5.2) can be computed [108]

W<,uu(K) :/M(gpu+[(u) Ref”(pl P k:) (5'41)
brem p QpZ(pz—i-k) L )

By substituting the perturbative solution f ~ £ + £ the correlator is

nt (1 —nk)
e (k)el (RYWS, (K g/W—I’Re/ Clp/
Z Bl W men(K) = | =250y e [, O]

{ ipi B 4p, - (pL+ D))
[5E(pJ_7pzak)]2 5E(pJ_7pZ7k)5E(pJ_ _l_plj_vpzak)

Therefore, from Eq. (5.1) the photon emission rate is [109]

AW = R
g B o e S

/ Re[QpJ_ ' f(pl_apzv k)] ’

} . (5.42)

dr
3
(277') ﬁ

brem+annih

A(k) © [<p2)2 +(r° + k)z] F —nYRe /
- minf /_oo P Ry Pyl =my ) R /m,p; Clp]

0E(pL,p?, k))?  OE(pL,p*, k)0E(pL+D,p* k)

This perturbative emission rate is same as the rate by summing the two-
loop diagrams in Fig. 5.2 with a soft gluon (see Appendix G for details). By
noting that the two-loop diagrams are lowest order of ladder diagrams shown
in Fig. 5.8, we can understand how the perturbative solution works. In the
overlap region ¢7' < p; < /g7, the LO bremsstrahlung rate in Eq. (5.43) is
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/
K
P'z i)K I K K
P K/’ PMK/ P%K’ P‘%K/
r P

Figure 5.9: (a)(b) Plasmon scattering with time-like gluons and (c)(d) the
extension to space-like gluons. It is difficult to distinguish (c)(d) from
bremsstrahlung. Double solid lines denote hard quarks, double wiggly lines
denote hard photons, and single curly lines denote soft gluons.

consistent with the NLO result in Section 5.5.

5.4 Plasmon® Scattering

To motivate wide-angle bremsstrahlung discussed in the previous section,
we consider plasmon scattering shown in Fig. 5.9 (a) and (b)

P+P - K+K'. (5.44)

For simplicity, the emitted photon has only hard momentum K ~ T. When
the gluon is soft (P’ ~ ¢T) and quarks are hard (P, K’ ~ T, we expect the
O(g) correction to the LO emission rate.

We assume that the photon is emitted in the z-direction, then it is conve-
nient to use light-cone coordinates:

Pt = (er:pi?pJ_) ) (545)
where p, is perpendicular to the z-axis and

pt ="+ p* ~2p°, (5.46)
p=p" —p°. (5.47)

For hard particles, p* ~ T. The photon has K = (k*, k™, k) = (k,0,0)

4By ”plasmon” we mean both longitudinal and transverse poles in the gluon spectral
density, 6(p'° —wy) and §(p° — wr).
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which is taken along the z-axis. Hard particles are almost on-shell:
P?=—p'p +pl =-mi ~ ¢'T?, (5.48)

and the minus coordinate for on-shell modes is

2 2
- T% . (5.49)
For the soft gluon, we take all four components of momentum ~ ¢7"
Pr =" 0", pL) ~ (9T, 9T, gT). (5.50)
The energy-momentum conservation yields
pr Tt =k R (5.51)
p+pT =k, (5.52)
pL+p, =K. (5.53)
From the minus conservation
p~ K ~pT ~ T, (5.54)
which requires, since p~ ~ p? /p™, that
pL o~ Kk, ~ /qT. (5.55)
So the four components of hard particle momentum scale as
(" p7p1) ~ (T, 9T, \/9T). (5.56)

With this power counting, we define the momentum fraction 2z as we did
in bremsstrahlung:

kt=(1-2pt and KT =zph. (5.57)

Since p'| is O(,/g) smaller than the others in Eq. (5.53), k¥, ~ p, and

(K +md,  (pl)?+ml, 1
e T (5.58)
1—
P =k —p ~ ( . Z>p_. (5.59)
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In terms of the light-cone coordinates, the Mandelstam variables are
s~ptp'™, t~ —2ptp ™, u~—(1—2)pTp . (5.60)

When the gluon momentum P’ is soft, it is straightforward to calculate the
squared matrix elements. It has the splitting function:

M2 ~ _E_zzl—%z?
t s

(fermion splitting) . (5.61)
2

The photon emission rate can be obtained by integrating the squared ma-
trix elements over the phase space. In the light-cone coordinates, the measure
and the delta function are defined by

ip_ AT
dP:po d°p, , (5.62)
(2m)*6%(P) = 2(2m)"8(p*)d(p™)8*(pL) - (5.63)

The phase space integration is

a(Ps) 1
sdU5) _ 21)164(P + P — K — K’
Cm) /,,Pk ok ) O )
1
- 2m)S(p +p — K- 5.64
| s =K, (5.64)

where in the last line we used §(p™ + p'* — kT — K'")6*(p. + p/| — K|) to
integrate over k/. By using Eqgs. (5.47), (5.49), and (5.58), the phase space is

d(PS 1—2)p?
(27T)3 ( ) ~ / oS p/O _p/Z _ ( Z)pL ’
d3k vt po . PYE T2k zpt
1
= _ , (5.65)
/ervpL,P/ p+k/+2k pO=p/z+§E
where, neglecting m?2_, we fixed
1 — 2
P’ =p*+6E  with SE= U=2pi (5.66)

zpt

Here the energy change 0FE = k* + £ — p® is same as the difference in the
minus momenta.
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Figure 5.10: Two-loop cut diagrams contributing to the NLO photon emission
rate. These cut diagrams can be understood as plasmon scattering with time-
like gluons and its extension to space-like gluons shown in Fig. 5.9. Double
solid lines denote hard quarks, double wiggly lines denote hard photons, and
single curly lines denote soft gluons.

5.5 Wide-angle Bremsstrahlung

In the previous section, we motivated a particular kinematic region by
considering plasmon scattering. In this section, we will determine the full
squared matrix elements for photon emission in this kinematic window. The
four relevant cut diagrams are shown in Fig. 5.10. The gluons are soft with
momenta P’ = (p",p'7,p") ~ (¢T,9T,¢gT) and the quarks are hard with
P, K"~ (T,gT,/gT). When the gluon momenta P’ is time-like, these graphs
correspond to plasmon scattering in Fig. 5.9 (a) and (b)®. For space-like
momenta, these four graphs correspond to bremsstrahlung and are shown in
Fig. 5.9 (c) and (d). As discussed in Section 5.2, it is difficult to distinguish
these processes from bremsstrahlung. For the collinear emission discussed in
Section 5.3, the angle between photon and quark is

50 ~ 2L o g (collinear) . (5.67)
p
In Fig. 5.9, the angle is
pL .
00 ~ " ~ g (wide-angle) . (5.68)

Thus, we refer to this scattering mechanism as “wide-angle” bremsstrahlung.
However, it must be understood that this wide-angle bremsstrahlung include

plasmon scattering.

5There are also corresponding pair annihilation processes. For space-like momenta, it is
difficult to distinguish them from inelastic pair annihilation.
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5.5.1 Matrix Elements

To compute the matrix elements, we use the HTL effective theory [5, 29],
and choose the Coulomb gauge for simplicity. For the soft gluon, the HTL
propagators are

— 1700

GE('p) = 5.69
? OO(p p) p2+HL(x) ( )
, —i(0Y — p'p)
GE(, p) = i , 5.70
1 z](p p) _(po)z _|_p2 + HT(-Z') ( )
iGgi(r°, p) = Gi(p°,p) = 0. (5.71)
Here z = p°/p and the HTL self-energies are®
x rx+1
I (z) = m% {1—§ln (x_l)} : (5.72)
m? z(1 — 2?) r+1
lp(z) = -2 |2? 1 : :
r(z) 5 {x + 5 n(x—l)} (5.73)
At zero frequency p° = 0, the self-energies are
[1,(0,p) =m%  and  IIp(0,p) =0, (5.74)
and the HTL propagators simplify to
R _ —ingo - ~R _ (Y — p'p)
iGoo(0,p) = Pl and G0, p) = . ,  (5.75)

which are also known as the electrostatic QCD (EQCD) propagators. The
imaginary part of the retarded Green’s function gives the spectral density,
P = iGﬁ“y — iGﬁy. The longitudinal and transverse components are

pH(P) = 2m21(P)[6(0° — wr(p) = 6(0° +wi ()] + B(P)O(* — (")?).
(5.76)

p'(P) = 2nzp(P) [(5(}90 — wT(p)) — 5(p0 + wT(p))} + Br(P) 0(])2 — (p0)2) )
(5.77)

6The HTL self-energies correspond to the free spectral densities of J* correlators,
Eqgs. (3.117) and (3.118).
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Here zp(P) and zp(P) are the residues of the longitudinal and transverse
poles, and (. (P) and (r(P) correspond to the cut contributions for space-like
momentum.

The fermion propagator can be written in the form of

R(p h+(P) h—(p)
HP) = P’ —p— 2+(P)+p°+p—2—(P)’ (578)

where we defined the chiral projection
. i .
ha(P) = —5(="+7-p). (5.79)

The fermion self-energies are

2

S, (x) = Tgp {1+ ;(1 z)In ziH —iﬂwi—;(l—x)G(l—xQ), (5.80)
Y () =— ”;; {1—%(1+z)1n xi” —m"i—%(ux)eu—x?), (5.81)

which can be neglected for hard momentum. We can verify that only h, part
contributes to the matrix elements in the order we are working. With these
propagators, it is straightforward to compute the squared matrix elements. In
the Coulomb gauge, the longitudinal and the transverse parts are

1 +22 p?

|M|2 p"(P') ~ 16¢> Zqidpcpg OBE pH (P, (5.82)
1+ 22 m?2sin® @
|M|3p" (P') ~ 16¢> ZqichFg —~ m pT(P),  (5.83)

where mf] = (p)? — p? and sin? @ = p'2/p’?>. The LO bare contribution of the
matrix elements is

14 22

| M [Rare P2 (P') = 1667 Zqichpg PPy, (5.84)

where

/ T
pPe(P') = 2—[ +0(p° +1)| (5.85)

The matrix elements in Eqgs. (5.82) and (5.83) can be understood in terms
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of the Wightman correlator. We define the field strength
Fur (P') = i Ay (P) — ind, Au(P) (5.86)

where a = z,y for transverse components. F,, corresponds to the transverse
force acting on a quark which moves and radiates in the z-direction. With this
force, the matrix elements can be written”

1+ 22 1
2(p)?

<<Fa+(Pl>Fa+>> )

(5.87)

[yttt + ] = 16 > deCry

where we used nﬁ ~ T/p" and the following relations:

Papu (A (P AL) = pT ((A(P)A") + (A*(P)A%) = pT(p" +sin® Op"),

(5.88)
P, (Aa(P)AL) = Pypa(Aa(P)AL) = —plpl, sin® OpT (5.89)
Py (Aa(P)A)) = pF(2 — sin® 0)p" (5.90)

5.5.2 Phase Space Integration

The photon emission rate is obtained by integrating the matrix elements
(with statistical factors) over the phase space Eq. (5.65):

dr’

(2m)? Tk

wide
1
_/+ DRk n, (1— ”k/) | M7 p"+|M]|7p ]
brem pt.pL,p

p/0:p/z+6E
(5.91)
In order to get the NLO correction, we subtract the LO bare contribution:

doI’
3 NLO
(2m) Tk

wide 1
_ L g
brem /P+ PL,p p+kl+2k 7’ ( " )

[|M| pF IME " — My o]

. (5.92)

p/O :p/z +5F

“In general, the force-force correlator is convoluted with the Wilson line
<F5V(X)Wab(X)FabB(0)>, where Wyp(X) = Peid ) A"dXu ~ 5, + O(g). At the order we

are working, only d,, contributes. Therefore, the correlator in Eq. (5.87) is gauge-invariant.
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where we used 6I'npo to emphasize that it is the O(g) correction to the LO
result. By using the rotational symmetry of perpendicular momenta,

[, = s [ oan

the emission rate is

déTxro |4 < dp? /°° p? 1
27)° P(1—nk
) =gk | / / \ 2(2m) 2z L)
dp/z are
|t BT~ M) (591
— 00 T p/0:p/z+5E

The p’* integration can be handled by contour integration. By taking the
residue at p° = 0 with the EQCD propagators in Eq. (5.75), the integration
yields [116]

oo dp/Z T
/ or 70 [|M ot + |M|2TPT]
—00 ™ p p/0:p/z+5E

1+ 22 p'? -1 p?sin?6\ 1
= 16¢* 2dpCrg* T < 1+ =—— ) =
‘ ;qS R [2(5E)2p’2+m2D T\ 2pEe ) 2

pF=—0FE

(5.95)
Similarly, the bare contribution is
dp’® are Z14+22 1
/ P ’ ’bare P = 166 Z qs dFCFg T_ (596)
—00 p p/zzf(SE
Therefore,
oo d 1z T
| S IMERE o+ M 1M
—00 27T pO0=p'?+6E
1 + 22 T m2 p/2
=16e? Y ¢?dpCrg* DZL (5.97)
ZS: 200E)* (2 + mp)p” | e _sp

Fig. 5.11 shows a sample integrand of Eq. (5.97) for §E = 0.5 and p’? = 0.7.
The integrand consists of a continuous cut part and two peaks. Wide-angle
bremsstrahlung contributes to the continuous part. The peaks correspond
to plasmons: the longitudinal pole ¢ (p’o — wr(pf )) and the transverse pole
5(p° — wr(p')). We note that in Eq. (5.97) the integrand is a complicated
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Figure 5.11: A sample integrand of Eq. (5.97) with §E = 0.5 and p’? = 0.7.
The continuous part corresponds to the cut contribution and the two peaks to
the longitudinal and transverse poles.

function of p#*, but the integrated result is simple. This integration generalizes
the AGZ sum rule with finite energy transfer.

In wide-angle bremsstrahlung (and plasmon collisions), we started with
p1 ~ /gT. When this transverse momentum becomes soft ¢gT' < p; < /9T,
this process reduces to the LO collinear bremsstrahlung. At wide angle, the
LPM effect can be neglected since the formation time is short. By taking the
limit p;, — 0, 0 = p'~ — 0 and the matrix elements become

[M[Lp" + [M7p

p’O:p/z—l-(SE
1422 p?
16 2 2d C 2 L

(p" +p"sin®6) . (5.98)

Here pl + p” sin? 0 = p"“v,v, is same as the LO result in Eq. (5.23) (see also
Eq. (G.19) in Appendix G). In order to obtain the NLO correction, we subtract
the LO bremsstrahlung contribution which is given by

dp? > dp'? 1
2 e F F
166 E qdeCFg / / / ( ) 2p2k/2k Ty (1 — nk/)

1+ 22 / dp'z T p?
z o 2m pO2(0F)?

(p* + p' sin? ) . (5.99)

pIO :plz
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Performing the contour integration over p’* yields

/ Tt T pf
o 21 pO2(5E)?

2
T mp

(o"+p"sin0)| = -
/0:p/z 2(5E)2 (p,f + m%)) p/z:()

(5.100)

p

By subtracting Eq. (5.99) from Eq. (5.94) (after integrating over p’?), the
NLO correction is

wide

dol’
3 NLO
(2m) Tk

®dp* 1 1422
= 16¢” 2d02/ b (1 —n
‘ ES:QS A R e T A

brem

/°° dp? /°° dpf T { mppt __ mp }
o 202m) Jo 2(2m)200E)* [(p?+mp)p?  (pF+mi)

The rest of the integrations can be done as follows. To get the splitting function
factored out, we change the integration variable from p* to dE:

/pi - (12??:«) /M (5.102)

and integrate over JE and p'?

R . -
o 20) Jo 22w 26EF (WP +mb)? W+ i)

(5.101)

p'?=—0FE

p'?*=—0F
’ITLDT
= — . (5.103
167 ( )
By recalling the splitting function
1 2 z z_ Lk
Ty __PF_Fok (5.104)
z pz _ k pz
we have
déFNLO wide 2 1 mDT
2 3 —— 2 2d C 2~ (TP
A e zsqu T2 \ T e

/ dpz( P2 _k) ni(1—mnl_.). (5.105)
k

pr=k P
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Figure 5.12: The NLO correction to the photon emission rate from (a)
wide-angle bremsstrahlung, C¥id¢ (k/T) and (b) wide-angle pair annihilation,
Cwide (kf/T)

annih

We note that Eq. (5.105) is logarithmically divergent when p* — k:

* (P P —k\ r P knt ( I > _
d + n, (1-n, ) = ——1In | — | +(finite), (5.106
/Ic-i—/tz i (pz —Fk p* ) p(1="ps) 2 He ( a )

where ¢T" < pu, < T is a cutoff. By separating the logarithmically divergent
part, we obtain a finite result for wide-angle bremsstrahlung:

3 NLO . 2 2 2 k wide
(27T) d*k brem - _@e ;qdeCFg mDT% |iln (Z) N Cbrem(k/T):| '
(5.107)
Here O (k/T) is independent of p,. With the notation of Ref. [109], the

NLO correction to the photon emission rate from wide-angle bremsstrahlung
is

doT
3 NLO
(2m) Tk

S o (B) rammam] . e

brem 2rT z

The numerical result of C{¥d¢(k/T) is shown in Fig. 5.12 (a). It becomes

negative for higher photon momentum /7 > 12.
Similarly, wide-angle pair annihilation contributes to the photon emission
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rate at NLO (see Appendix H for details):

dsT wide m T "
@)= | =g AR {m (-) + O;Zlﬂih(k;/T)} . (5.109)

annih

The numerical result of Cid¢ (k/T) is shown in Fig. 5.12 (b). The infrared

cutoff dependence on p, in Egs. (5.108) and (5.109) will cancel the ultraviolet
dependence later when adding the quark-photon conversion contribution.

5.6 Quark-Photon Conversion

In the previous section, we computed the photon emission rate from wide-
angle bremsstrahlung and wide-angle pair annihilation. They are logarith-
mically divergent, and we regularized it with the infrared cutoff u,. As dis-
cussed earlier, when the photon carries most of the incoming quark momentum,
bremsstrahlung reduces to quark-photon conversion. The photon emission rate
from quark-photon conversion (see Fig. 5.13 (a)) can be calculated by using the
HTL propagator in the ¢-channel exchange. The p, dependence in Egs. (5.108)
and (5.109) will be canceled by the ultraviolet cutoff of the quark-photon con-
version contribution. In this section, we derive the “sum rule” (which gener-
alize the AGZ result [113]) at LO and intuitively generalize it to NLO. The
verification of the NLO sum rule will be given in the forthcoming work [107].

5.6.1 Sum Rule

The photon emission rate is related to the photon self-energy by [29]

1 <
= S 15(K). (5.110)

dr
3
(277') ﬂ

convs

The cut diagram in Fig. 5.13 (b) can be calculated by using the cutting rules
[5, 29]
P-K

5(5) =2 S [ [$7(P— K) S5P) ] (1D

where S~ is the HTL dressed fermion propagator and Sy, . is the bare fermion

propagator. For simplicity, we change the variable of the soft momentum
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P-K

Figure 5.13: (a) Quark-photon conversion, where a hard quark undergoes soft
momentum exchange to become a hard photon with K ~ P. (b) The photon
self-energy cut diagram. The square of (a). Double wiggly lines denote hard
photons, double solid lines denote hard quarks, and single solid lines (with
arrows) denote soft quarks. Time runs from left to right.

P — K = (@, then the self-energy is®
II<(K) = 2¢2 Z ¢ dp / Tr [S>(Q) 7" S (@ + K) %] : (5.112)
s Q

Here the dressed fermion propagator is written in terms of spectral densities:

i$7(Q) = (1= nf) |h+(@) P (@) + h-(a) ™ (Q)] - (5.113)
For the fermion cut line, we use the positive energy part of
L o< 2T gy 0, 1.0
ZSbare(CQ + K) =1 n +kk Y+ 5((] + k- Eq-‘rk)
2Eq+k !
2
i kY 60+ KO+ Egyy), (5.114)

2Eq+k

where we used (@ + K) ~ kTv,. With B, ~ ¢* + k + (¢2 +m2%)/2k, the
delta function can be approximated as

5"+ k" — Egr) = 0(¢° — ¢° + O(g%)) . (5.115)

8The trace part can be also written as Tr [y;S<(Q)], where 74 = —7° +~2.
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Figure 5.14: The contour for the integration of I in the upper-half plane. C
corresponds to the counterclockwise semi-circle part.

By approximating n) ~1/2 and n},, ~ ny, the self-energy is
5(K) ~2¢* ) qzanFz—W/ 3(q° — )
- s k Ak 0

k*[Tr [y valp™ + Tr [hfvafywa]p’] :

d2q dqz qz qz B
=it [ 5 |(-5)+ (- 5) ],
s q°=q*

(5.116)

The integral over ¢ can be handled with contour integrations. By recalling
the definition of spectral densities py = iSE — iS¢, we define

2 z (1 = a7 (1 z
]RE/ dg? /dq { 0@( ¢/ OZ( +4*/9) }  (5117)
22m) ) 27 [ —q¢—24(Q) " +q—2(Q)] [
dgi  [dg* [ i(1—¢*/q) i1+4¢*/q9)
IAE/—J‘/—{ + 5.118
2om) | o [P —a=5@) T P ra= @ |y O
Then the self-energy can be written
I<(K) =2 q2dpnf (I" — I*). (5.119)

The integrand of I® is analytic in the upper-half plane, and we consider
the contour shown in Fig. 5.14. Since there is no pole inside the contour, we
can change the real ¢* integration into the contour integral at C' which is the
semi-circle of ¢* — co. By noticing
qt
2¢%

q¢ =q and q~q + (5.120)
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x — 1 when ¢* — oo. So, the fermion self-energy in Egs. (5.80) has a simple

form
2

) ~ = 5.121
and X_ (@) can be neglected. Now the integral is straightforward to calculate:
d 2 da? 1 2
IR:/ 11 / Tl g (5.122)

202m) Jo 27 ¢ | q] +mE
1 d¢  m?
== = 5.123
2/2(2%)qi+m§o’ ( )

where we changed the integral | cd¢* /¢ into i foﬂ df. Similarly, the integrand
of I* is analytic in the lower half-plane, and the integral yields

1 d 2 2
A = __/ Mo (5.124)
2(2m) ¢7 +mZ

Therefore, the LO photon emission rate from quark-photon conversion is given
by?

2

nk d
2 qJ_ Mo
= d
- qu Tk 201 @ +mi

2
Moo H

where we used the ultraviolet cutoff p3 . As discussed in Section 5.2, this cutoff
dependence is canceled by the infrared one in 2 < 2 scattering with a hard
gluon at LO.

In deriving the sum rule in Eq. (5.125), there was no explicit use of HTL.
We only used the definition of the asymptotic mass, m% = 2¢Re ¥, |00
Although it is not obvious, the sum rule is generalized to NLO with the re-
placement of m? by m?2 + dm?2 [107]. Then the NLO correction is found by

dl'o

(27T)3 T

convs

9By neglecting the screening, we can get the leading-log emission rate (27r)3df;;$ =
2
e* Y GdptE 2‘23;) rZ* ey 2dpm? ;:k In(1/g). Here the coefficient corresponds to

v in Eq. (2.43) (after changing one of gluons into photon).
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taking the difference between LO and NLO:

d5FNLO nF dq2
9 3 — 2 2d k- 1
( Tr) d’k convs ‘ Xs:qs " k 2(27T)
m2, + dm?, B m2,
@ +m2 +om2, ¢ +mi |’
L, 2 ”5 2 MQL
5.6.2 Cutoff

In wide-angle bremsstrahlung and pair annihilation process, we used the
infrared cutoff u, for the z-component of momentum, while in the conver-
sion process the ultraviolet divergence was regulated by cutting off the trans-
verse momentum integrals with p%. Therefore, we need to relate p, with p?.
When the photon carries most of the incoming quark momentum, wide-angle
bremsstrahlung reduces to quark-photon conversion. In order to compute the
contribution, we return to the integral Eq. (5.101) in the limit p* — k:

dol’
3 NLO
(2m) ey

F Wz dk/z 1 [oe) d 2
~ 1662 Z qzdFCFQQH—k / Pl
s 12

k Jo 2m 16(k)2 2 2(27)

cut

o 20@2m)2(6E)? [ (p?+mp)p?  (PF+mb)] e s
Here we used
/k dp—>/0 dk’, . np(l—nk,):7. (5.128)
By changing the integration variable from k’* to §E ~ p? /2K’
Mz 1z o] 12\2
/ dk . / d(dF) Q(k2 ) 7 (5.129)
0 27 P2 /2. 2m P
and assuming p? < mppu., the NLO correction is given by
délnro mp 2mpfi,
2mr)3 ~ ——— A(k)1 : 5.130
r) | = A (T (5.130)
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We add this contribution to the wide-angle bremsstrahlung result Eq. (5.108)
to relate u, with g% . This addition amounts to the replacement of the loga-

rithmic part
T 2mpT
In (-) . ln< oD ) . (5.131)
Hz Ky

5.7 Summary and Discussions

5.7.1 NLO Correction at Wide Angle

The NLO correction at wide angle is given by the sum of contributions from
wide-angle bremsstrahlung, wide-angle pair annihilation, and quark-photon
conversion. In this section, we will focus on the wide-angle NLO correction to
the LO photon emission rate. By comparing with the LO results and apply-
ing several values of the coupling constant g, we will interpret the numerical
results.

By adding the soft contribution Eq. (5.130) to wide-angle bremsstrahlung
rate Eq. (5.108) and pair annihilation Eq. (5.109), the NLO corrections are

déFNLO wide 5771,2 QmDT
2 3 — o.S) Wlde T 1392
( 7T) d3k brem 4mc2>o ( ) ﬂi brem(k/ ) (5 3 )
daFNLO wide 5m§o QmDT wide
(27T)3 d3k - 4m2 (k) ln /JJQ Canglh<k/T> . (5133>
annih 00 1

From Eq. (5.126), quark-photon conversion contributes

gnméo ) [m (n%i_g) _ 1} , (5.134)

o0

déI'nro
3
(27) Tk

convs
The sum of three results reads

wide

2

brem+annih+convs

s A >{ (2228 + Jonmtate/m) + /) — 1] . (139

2m2 2 2

We note that the p? infrared dependencies in Egs. (5.132) and (5.133) were
canceled by the p? ultraviolet dependence in Eq. (5.134), and the rate is finite.
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C(K/T)
N

Figure 5.15: The wide-angle NLO C¥¢(k/T) in Eq. (5.136) and the LO
Cro(k/T) in Eq. (5.138) for the number of flavors Ny = 2, 3, 4, and 5. They
are independent of the coupling constant g. Note that the NLO contribution
has the factor dm2, /2m?2, relative to LO.

By defining the “wide-angle” contribution

Wlde 2mD 1 Wlde Wlde

NLO(k/T) =In m_ brem(l{:/T) annlh(k/T) - 1 (5136)
we rewrite the wide-angle NLO correction Eq. (5.135) as
wide

 om T .
oo t Cwide (. /0
brem+-annih+convs 2m2 ( ) |: (m00> NLO( / ):|
(5.137)

Similarly, for the LO photon emission rate, we define (following the notation

of Ref. [109])

déT'nro
3
(2m) ey

Cro(k/T) = %ln<2k/T> + Coa(k/T) 4 Corem(k/T) + Cannin(k/T) , (5.138)

and the LO result is

(2@“@—? = A(k) [m (mioo) +CLO<k/T)] . (5.139)

hard+soft+brem-+annih

Cro(k/T) and C¥4s(k /T) are independent of the coupling constant g. Fig. 5.15
shows the comparison, and the shapes of Cro(k/T) and C¥id(k/T) are simi-
lar. However, we should note that the NLO emission rate has a relative factor
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Figure 5.16: The ratio of the wide-angle NLO correction to the LO photon
emission rate for Ny = 2, 3, 4, and5 (see Eq. (5.140)). (a) For o, = 0.05,
the wide-angle NLO correction is almost 25 ~ 30% of LO depending on the
number of flavors. (b) For oy = 0.15, the wide-angle NLO correction is al-
most 40 ~ 50% of LO. (¢) For a; = 0.3, the wide-angle NLO correction is
almost 50 ~ 60% of LO. The ratio decreases at low k/7" and high k/T > 12
due to bremsstrahlung and inelastic pair annihilation contributions at LO,
respectively.
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dm?. /2m?,
To see the size of the NLO correction, we consider the ratio of the wide-
angle NLO correction to the LO emission rate:

et gE[n () rawen]
(2m)3 G2 [ln ( ) + CLO(k/T)}

The numerical results of the ratio is shown in Fig. 5.16 for several values of
the coupling constant g, specifically ay = ¢*/4m ~ 0.05,0.15, and 0.3. The
wide-angle NLO correction is almost 25 ~ 30% of LO at o, ~ 0.05, and more
at larger as.

We expect that there will be more contributions from inelastic processes.
From the LO parameterization in Egs. (5.13)and (5.14), we see Cirem(k/T) +
Coamnin(k/T) o \/k/T and Cy_o(k/T) x (const) for high k/T. So, inelastic
pair annihilation is dominant for high k/7. Since we did not include these
contributions at NLO, the ratio between LO and NLO approaches to zero
for high k£/T. Although it is not shown in the Fig. 5.16, the ratio goes to
zero for k/T > 12. Indeed, the total LO result Cro(k/T) o< /k/T, whereas

CWids(k/T) oc In(k/T) for high k/T. At low k/T, the collinear bremsstrahlung
contribution is dominant, and the ratio also decreases.

5.7.2 Total NLO Photon Emission Rate

The total NLO correction of the photon emission rate is given by the sum
of the wide-angle contribution in Eq. (5.137) and the collinear contribution in
Eq. (5.35):

doT'nro
3
(2m) Tk

5m?>o T 5m?>o wide
— A |t () 4 SR (T)
dm?, §?CAT
m2 colhn(k/T) 2

(e 9]

tot

_|_

CO]I]H(k/T):| (5141)

For the comparison, we present the total LO rate in Eq. (5.139)

( w)3d§;;: = Al {m (mioo) + CLo(k/T)] | (5.142)

Fig. 5.17 shows the collinear corrections C°%. (k/T) and C°K. (k/T) from

collin collin

dm?2, and C[p,|nro, respectively. In Eq. (5.141), C°%. (k/T) is multiplied

collin
by 5m2 2 /m2, whereas C°K. (k/T) is multiplied by ¢?C4T/mp. By noting

00) collin
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Figure 5.17: The comparison between C°%. (k/T) and C°K. (k/T) for Ny =

collin collin

2, 3,4, and5. They are independent of the coupling constant g. We note
that C°m. (k/T) is multiplied by ém?2 /m?, while C°K. (k/T) is multi-

collin 00) collin
plied by ¢*C4T/mp in Eq. (5.141). By noticing the numerological equality
—om? /m2, = g?CaT/7mp for Ny = N, = 3, C°". (k/T) can be compared to

collin
7K. (k/T).

collin

the numerological equality —dm?2 /m2 = ¢*CaT/7mp for N. = N; = 3,
Com. (k/T) should be compared to 7CK. (k/T).

To see the size of the collinear NLO correction, in Fig. 5.18 we plot the
ratio of the sum of two collinear NLO corrections to the LO photon emission

rate:

(om) Tl [ Com (k) T) + CEATCIK (k/T)]

(27r)3dff;,§ B [m <%> Cuoh /T)] : (5.143)

Depending on «ay, k/T, and the number of flavors, the collinear NLO cor-
rection is up to 80% of the LO result, which might indicate a breakdown of
perturbation theory for a;; 2 0.3.

In Fig. 5.19, the wide-angle and collinear NLO corrections scaled by A(k)
are compared with the LO photon emission rate for a, = 0.05, 0.15, 0.3 and
Ny =2, 3,4, 5. Since the signs of the wide-angle and collinear contributions
are opposite, there is cancellation in the total NLO correction.

The size of the total NLO correction is shown in Fig. 5.20, where we plot
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Figure 5.18: The ratio of the collinear NLO correction to the LO photon
emission rate for o, = 0.05, 0.15, 0.3 and Ny = 2, 3, 4, 5 (see Eq. (5.143)).
(a) For a; = 0.05, the collinear NLO correction is almost 20% of LO. (b) For
as = 0.15, the collinear NLO correction is almost 40% of LO. (c¢) For as = 0.3,
the collinear NLO correction is almost 60 ~ 80% of LO depending on k/T and
the number of flavors.
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Figure 5.19: The wide-angle NLO correction (long-dashed lines), the collinear
NLO correction (short-dashed lines), and the LO photon emission rate (solid
lines) scaled by A(k) for a; = 0.05, 0.15, 0.3 and Ny = 2, 3, 4, 5. Note that
the signs of the wide-angle and collinear contributions are opposite. Therefore,
there is cancellation in the total NLO correction.
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Figure 5.20: The ratio of the total NLO corrections to the LO photon emission
rate for oy = 0.05, 0.15, 0.3 and Ny = 2, 3,4, 5 (see Eq. (5.144)). Due to
the cancellation between the wide-angle and collinear contributions, the NLO
correction is at most 10%, 5%, and 30% of LO for a, = 0.05, 0.15, and 0.3,

respectively.
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the ratio of the total NLO correction to the LO emission rate:

ry e~

[5’”30 m( T ) + e O (k) T) + 5= o () T) + £CAL O (k/T)

2m2, Moo 2m2, collin collin

[ln (%) + Cro(k/T)

(5.144)

Due to the cancellation, the NLO correction is at most 10%, 5%, and 30% of
the LO rate for ay, = 0.05, 0.15, and 0.3, respectively. This kind of cancellation
is typical of perturbative calculations, and we should be careful to interpret
the numerical results. Since both of the NLO corrections from wide-angle and
collinear processes are greater than the sum, the error of the total correction
could be greater than what we naively expect by considering only the sum.

Finally, we plot the LO photon emission rate and the NLO photon emis-
sion rate (which is the sum of the LO rate and the total NLO correction)
in Fig. 5.21. Accidentally, the NLO rate is comparable to the LO rate at
as = 0.15. Even at ay = 0.3, the convergence of the NLO result is not as bad
as in the NLO heavy quark diffusion constant [10].
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Figure 5.21: The LO and NLO photon emission rates scaled by A(k) for
as = 0.05, 0.15, 0.3 and Ny = 2, 3, 4, 5. Solid lines indicate the LO photon
emission rate, and dashed lines indicate the sum of the LO rate and the total
NLO correction.
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Chapter 6

Conclusions and Outlook

In Introduction, we mentioned Point I, I, I1] that we would like to address
in this thesis. By responding to the points, we summarize the topics discussed
in previous chapters and suggest extensions of the studies.

In Chapter 2, the linearized Boltzmann equation was formulated in a
leading-log approximation. The equation was written down as a Fokker-Planck
equation to describe diffusion process. It was shown that given arbitrary per-
turbations, the numerical solution of the Boltzmann equation ultimately ap-
proached to equilibrium. With this setup, in Chapter 3 we computed spectral
densities of T*” and J* in the presence of weak gravitational and electromag-
netic fields. As expected, the spectral densities exhibit a smooth transition
from free streaming quasi-particles to hydrodynamics. This transition was an-
alyzed with hydrodynamics and diffusion equation to investigate the macro-
scopic theory limit. To respond to the Point I, we determined the validity
regime for hydrodynamics:

-1

w, ck < 0.35 {ﬁ} (first hydro) , (6.1)
-1

w, ck < 0.7 [(6—1—77—73)@1 (second hydro) . (6.2)

In particular, in the second order diffusion equation we ignored terms related
to magneto-hydrodynamics. Recently, there have been many efforts to under-
stand the plasma response in the presence of strong magnetic fields. With
non-negligible magnetic fields, it would be interesting to study the magneto-
hydrodynamic response in high temperature-density plasmas.

In Chapter 4, we compared weakly coupled theories with strongly coupled
theories to answer the Point II. With a heavy quark probe, we simulated the
jet-medium interaction in high temperature QCD plasmas and N' = 4 SYM
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plasmas. In both cases, we compared the energy density and flux distributions
with hydrodynamic solutions at long distances. In contrast to the kinetic the-
ory results, the AdS/CFT results converged to the hydrodynamic regime much
faster at relatively short distances. We argued that this difference seemed to be
related to the transport coefficient 7, which was relatively greater in theories
based on quasi-particle description. At short distances, there are limitations
for the comparison in both theories. In the AdS/CFT, high momentum be-
haviors have been studied, and new scales of order 1/v'/2xT and 1/7%/%zT
appear [84, 89, 117, 118]. On the other hand, in kinetic theory this quan-
tum physics can not be described by the semi-classical Boltzmann equation.
We should compute the stress tensor at short distances by using finite tem-
perature perturbation theory to better compare the difference between two
coupling limits.

This jet-medium simulation was focused on the study of a single heavy
quark moving from past infinity forever. More related to heavy ion collisions,
it would be interesting to generate a parton shower which would be initiated at
past finite time and thermalized after a while [91, 92, 93]. Since the Boltzmann
equation has been verified that the solutions approach to hydrodynamic ones,
it would be interesting to compare the numerical results to experimental data
which are characterized by hydrodynamics. It would be also nice to compare
simulations of the energy density and flux distributions from the heavy quark
with this parton shower.

To respond to the Point I1I, in Chapter 5 we computed the photon emission
rate at next-to-leading order (NLO), i.e. at order g*mp/T. We discussed all
the possible corrections of O(g) to the leading order results and how the rates
were matched to obtain finite results. The final photon emission rate at NLO
depends on the coupling constant g. At somewhat large value of a, = 0.3, the
NLO correction is roughly 30% at most, depending on the number of flavors.
This correction is less than we expected, considering that there is accidental
cancellation between the wide-angle corrections and collinear corrections. One
should be careful when comparing the NLO results with experimental data.
Since both wide-angle contributions and collinear contributions are greater
(with opposite signs) than the sum of two, the error might be greater than
what we naively expect with the final result. There need systematic methods
to analyze the data and estimate errors of the NLO photon emission rate.

The photon emission rate was a warm-up problem in order to compute
transport coefficients, especially the shear viscosity at NLO. By using the
HTL perturbation theory, it is desirable to compute spectral densities and
extract hydrodynamic coefficients as we did in Chapter 3. Photon emission
can be also studied in the basis of the Boltzmann equation [5]. At a leading-log
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approximation, the Boltzmann equation has only ¢-channel 2 < 2 scatterings
in the collision term. By including 1 < 2 processes, we can study energy loss
problems in jets. There are two types of energy loss: collisional energy loss
and radiative energy loss. At high momentum, we expect that radiative energy
loss will be more important. In particular, at NLO we suspect that there will
be similar matching processes of rates as in the photon emission computation.
In conclusion, we studied transport processes of high temperature QCD
plasmas by using kinetic theory based on the Boltzmann equation and hy-
drodynamic analysis. This work has many phenomenological applications in
heavy ion collisions. The transport coefficients determined in this thesis are
useful in viscous hydrodynamic simulations, and the NLO photon emission
rate can be compared with experimental data. We would like to mention
that this research may be useful for further studies in other areas as well as
heavy ion physics. With minor modifications, it can be applicable to any high
temperature-density plasmas such as existed in the early universe.
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Appendix A

Collision Integral of Boltzmann
Equation

This appendix closely follows Refs. [26, 27] to derive the leading-log Boltz-
mann equation. We first consider the pure glue case and then extend to
multi-component plasmas.

A.1 Pure Glue

In this section, we derive the collision term for pure glue.
By substituting the linearized distribution function Eq. (2.2) (with the
definition Eq. (2.5)) into Eq. (2.4), the collision term is linearized

1
CUp) == [ SN (20)'8* () s (14 1)1+ 1)
pl /
[X(P) + x(k) = x(@) — x(K)| . (A1)
In the pure glue theory, the only relevant diagram is t—channel gluon exchange,

the diagram (a) of Fig. 2.1. This collision term can be written as a variational
problem

Clf,pl = —(27)° Ix], (A.2)

ox(p)

I'The matrix elements are summed over spins and colors associated with k,p’, k' and
averaged over the spins and colors associated with p. The distribution function f, is defined
so that the total number of gluons is 2d 4 fp Ip-
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1

/ ’M|2 (27T>454<Pt0t> N (1 4+ 1y ) (1 4 ngr)
16 pk:p/k/

x(p) + x(k) — x(p') — X(k/)} g (A.3)

We classify the integral as loss and gain terms, x| = I[X]ioss + I[X]gain, With

M = 5 [ M 08B a1 ) (1) [x(2) = (2]
(A.4)
Mo =5 [ M Cr)'8* (Pt a1+ )1+ 70)

() = x(p)| [x(k) = x(#)| . (A5)

By expanding in the momentum transfer ¢ = p’ — p, the integrals are given
by?

B ox(p) Ox(p) i
e = [ 1) ZE P e n k), (A5)
B - ox(p) Ox (k) ij
s = [ 0+ m) S P k), (AT
where .
I (p, k) = Z/ (2m)10Y (P + K — P — K'Y |M|* ¢'q’ . (A.8)
plk/

We note that the matrix elements are symmetric in p and k, and I (p, k)
must have the following form:

I(p, k) = a (ﬁiﬁf + kkﬂ) + as (ﬁ%j + k:p7> + azd" | (A.9)

where aq, as, and ag are coefficients of the symmetric bases. In order to com-
pute the coefficients, we contract I/ with pip?, p'k’ and d;;. The computation
can be done as follows.

We use the three momentum delta function to perform the k’ integral, and
shift the integral over p’ to an integral over q. Then we set p along the z-axis

2We assumed that ¢t = —(P — P’)? is small. For identical particles, there is an equal
contribution from the phase space where u = —(P — K')? is small. This factor of two is
included in the definition of I*.
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and k in the zx plane:

p=1(0,0,p), (A.10)
k = (ksinf, 0, kcosby), (A.11)
q = (gsinf,, cos ¢, gsinby,sin ¢, gcosb,,) . (A.12)

The energy conservation d-function can be written

1 1 — cosf,y
Sp+k—p —K) =~ b
ptk=p ) q (1 — cos O )? + sin 02, cos? ¢
5l coso — sin O, cos ¢ (A13)
pa , (A
[(1—0080 K +sur102kcos2 gb} 1/2

where we used p’ ~ p+ qcosf,, and k' ~ k + k cos 0,. The averaged matrix
element in a leading-log approximation is

—Z\ = 6 ka IM[> with |M|P = 2242 (A.14)

Here the Mandelstam variables are

s=—(P+ K)*=2pk(1 —cos ),
(1 — cosb,)?

—(P'=P)?=—¢ : Al5
( ) 1 (1 — cos Opr)? + sin 0% cos ¢ ( )
Thus p'I¥p is given by
i 74 i 1 d? q / N A A
P (p k)Y = 2n)? 2né(p+k—p —k)p-qp-q,
B Vg 9402 dq 511192 9
 8mdy / /27T1—COS9kaOS ¢
107
- Vféi—dfln (T/mp) (1 + cosb,y,) . (A.16)
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The remaining contractions p*I% ki and I* are computed similarly, yielding

Ta

pIp = %, (1 + cosOpr) = ay (1 + cos® ;) + 2ag cos Oy +az,  (A.17)
B
570k = LA (14 cos ) = 2ay cos 6 1+ cos0 0
p _25_3( + €08 O,) = 2a1 cos Oy, + az(1 + cos” O,r,) + az cos b,y
(A.18)
"= YM; (3 — cosbpr) = 2a1 + 2a cos Oy, + 3as . (A.19)
By solving for ai, as, and az, IV is written
. T a A T N
19(p, k) = o2 (Bh7 + k') + 524 (1= p- k)oY (A.20)
253 2§B
The loss term can be obtained by substituting /¥ into Eq. (A.6)
1 Ox(p) Ox(p)
I[X10ss = —T,uA/n (1+mn,) - — (A.21)
2 o P2 oopt Op

where we used the rotational invariance of ng(1+ ny) and the definition of £p.
Similarly, the gain term is given by

—I[X]gain _Tpa [/ ny(1+n,)p- 3)((17)]2 N I [/ (1 +np)ax<p)]2

25 Op 2B op'
+%/pknpnk<l+np><1+nk>
0 ox(k .~ (0 Oy(k
P (3 (3] o

where the last line is in fact zero. In order to show this, we note that for the
rotationally invariant ng(1 + ny), we have

/knk(ll:nk) {k”ag;if) Y 8;}(:)}

- _/k Kki%—kj;{» M] x(k)=0. (A.23)

This result can be used to interchange ¢ and j in k‘Ox(k)/0k in I[x]gain-
By taking the variation of the loss and gain terms, the linearized Boltzmann
equation can be obtained as in Eq. (2.6).
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A.2 Extension to Multi-component Plasmas

In this section, we derive the collision term for multi-component plasmas.
The discussion follows from the pure glue case and will be brief.

The collision term of the Boltzmann equation is written as a variational
form:

(2m)3 ¢
Ve 0x“(p)

Ix], (A.24)

where?

=> 16/ |MGP (2m)* 6% (Proy) nonp (1 £ n8) (1 £ njl)

X(p) + X () — () — ()] (A25)

The collision integral is classified with loss and gain terms as in the previous
section. The t-channel exchange diagrams (a)-(c) in Fig. 2.1 and Fig. 2.3 yield

=3 [ P s R w1 )0 ok

X(p) — x“(P))*, (A.26)

1 =

where the invariant matrix elements are

9'Cr.Cr, s*

ab|2
MG = v, i

(A.27)

Expanding the matrix elements gives

@ Tm?
TN = e (T /mp) 3 g C i |

p

n?(1+n) <a>§;f>>2 , (A.28)

where we used the definition of the Debye mass Eq. (2.40). The gain terms

3In the last section, the matrix elements were averaged over the spins and colors of the
particle a. Here the matrix elements are summed over the spins and colors of particle a.
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are handled as in the previous section:

2
w— _ In(T/mp) . ox“(p)

2
I(T/mp) | §= / () 4 oy XP)
+ 6nd,s [;g CRr,Va pnp(linp) ap . (A.29)

When fermions are included, there are also pair annihilation process and a
Compton-like scattering. The pair annihilation diagram (d) in Fig. 2.3 yields

216 [ P 25 P+ )1+ )

f

8 2 _

galn Z T1n / Mgg (271')454(Pt%)ngnZ(1 + ng)(]_ + ni)
16 Jprep k!

q

The invariant matrix element is

| M2 = 4v,Crg* (%) . (A.32)

Then

N Z [ e ) [~ )] 1ok (5

I(p, k) :/|M|227r5(P0 ) = Mln(T/m ) (A.34)
pa a tot 47rp/€ D) - .

This integral is performed by using the parameterization given in the previous

with

section. Thus

i, = —’VZ Va/ Athald x*(p) — x’(p) g (A.35)
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The gain term is

X, Z b / +n’“) [X (k) — Xg(k)]

{BF

/,, M[x“(p) —xg(p)]- (A.36)

The Compton scattering diagram (e) in Fig. 2.3 yields

loss Z //k/‘Mag 27?454ptot)n nk(l—i—n)(l—nkF)

[x“(p) - Xg(p)] 2 : (A.37)

fF
e 1 ag |2
I[X]éa)in = Z 5 /pkp/k/ |M29|" (2m) 6 (Proy)ny g (14 D) (1 —ny)

[w(p) IR - xa(k)}] (A3)

where the matrix element is

2 s
|IMB|" = —4v,CF 4; (A.39)
The integrals are simplified to
P11+ n
i =30 Z 2 / X (p) () (A.40)
MG, = L2y /n”(1+”p)<“<> T
= = Vg - — . .
Xlgain 2Epr & . » X'\p) —x’(p

Taking a variation of Eqgs. (A.28), (A.29), (A.35), (A.36), (A.40), and (A.41)

yields the collision terms given in Section 2.3.
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Appendix B

Numerical Solution of
Boltzmann Equation

In this appendix, we provide all the details of numerical solutions and pro-
cedures to solve the Boltzmann equation. The pure glue case will be considered
first, and then the extension to including fermions will be discussed.

B.1 Pure Glue

The problems we are working in this thesis are symmetric around an az-
imuthal angle. Therefore, it is convenient to use a real spherical harmonic
basis:

1 for m =0
Him (D) = Nip Py (cos bp) V2 cos Mmop form >0 . (B.1)
V2sin |m|¢,  form <0

Here N, is the normalization factor

2 +1(1— \m])!] 12 | (B2)

Nlm:{ 4t (L + |m])!

and Py, (cos 0p) is the associated Legendre polynomial. We note the equality

4 4 47

pt= ?Hn(ﬁ), P’ = ?Hl,—l(ﬁ% = ?Hm(ﬁ)' (B.3)

In the harmonic basis, the left-hand-side (LHS) of Eq. (3.17), after multi-
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plied by p?, is

p*(LHS) = (—iwdy + ikCl) N(p)Xrm — iwN (D) HSim(p) . (B.4)
Here we defined
N(p) = pnp(1£m,), (B.5)
and recorded the Clebsch Gordan coefficients
Ny, I —|m|+1 Ny [+ |m|
m _ ) iy . B.
(O 0141, Nevim ( N+ 1 ) + 011y N ( N1 (B.6)

In the source term, H is one of the following:

h.. H
H = hz:pa 77 h:}cy; CAﬂ(Q)TZE ) (B7>
corresponding to the shear, sound, transverse tensor, and bulk modes, respec-
tively. By examining the source terms in Eq. (3.17) (for the first three modes)

and Eq. (3.35) (for the bulk mode), Sy, (p)’s in the harmonic basis are

. pp? 2 [4m o) P

—Ww QEPTN(p)hZZ = Sin(p) = (5125m0 2 5 + 0100mo 47T) 37 (B.8)
- pp” v /4T p

—w EPTN(p)hzm = Slm(p) = 5[26m1 Ef , (Bg)
-~ prpY . [4m p

—W EPTN<p)hxy = Slnz(p) = 5126m7,2 1_5T , (BlO)

i NGVH = S (p) = b0 LA (B.11)
WQEPT p m\P) = 0100mo CAﬁ(g)Tp ’ :

where m?/T?C4((g) will be given by Eq. (B.49). Then Eq. (3.17) reads

(= iwdy + tkC) N (p)Xvm — iwN (p)HSum (p)

o] S 232] (4

6l15mm’ 47 aN(p) 2 dP
st EL0 ] ()

We discretize the momentum space so that solving the Boltzmann equation
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for xum(pn) reduces to solving a system of linear equations

To this end, the radial momenta are discretized, p, = 0.5 Ap + nAp with
n=0...M — 1. For numerical purposes, we define

Xim _ Tw

k
ﬂm = . ) -
—wH Hna Ha

(B.14)

and set T'= 1 from now on. Then the equation of motion becomes

(—iwdy + kCpyr )N (p) Firm + N (p) Sim (p)
Dyl MY )}Flm 5?57”0\/_[ ()]( | d_E)

dp ( )519 P BB dp —iwHpu dt

5l15mm’ 4 8N(p) 2 1 dP
— \[ 5 | — -N _— B.15
¢sp 3 [ op * P (p) —iwHpa dt ) 7 ( )

where we use a second order difference approximation for the second derivative

o . OF(p) 1
6’pN<) op  (Ap)?

[N<pn+1/z>[F<pn+l> ~ F(p.)]
 Nua2) [F(pa) — F(pn_o@  (B.16)

For the gain terms, we use a midpoint rule:

! Ap 0 OFoo(pn)
(T?‘(MA dt ) \/_Z 3 Pn a_pN(pn)a—p7 <B17)
1 (41 Ap
<—’LWH,MA dt ) Z 3 Dn
8F1m(pn) 2
[apN(p )a—p - —%N(Pn)Flm(pn) . (B.18)
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&p’s are defined so that energy and momentum are conserved:

B Ap ON(p.)] 1
A Ap ON(pn) 2 1
B ="7% D Tz Pn |~ —N(pn)| > =, B.2
or =5 3 i e |~ 0| 5 (B.20)
and the derivative of N(p) is
8N(pn) _ N(pn+1/2) - N(Pn—1/2) . (B.21)

dp Ap

The boundary conditions of the difference operator in Eq. (B.16) need to
be specified. The absorptive boundary condition x(p)|,_, = 0 in Section 2.2.1
means that we take Fgo(p_l) = —Fog(p()), Flm = _Flm(p0)7 and Em(p—1> =
Fyn(po) for I > 2. At high momentum, we use the first order differential
equation Eq. (2.16). In the spherical harmonic basis, this equation reads

a-Flm 5l05m0 1 dF
- N - VArN@p) [ ———
(®) op $b.p N (p) (—iWH,uA dt)

5115mm/ 47 1 dP
— —N —_—— . (B.22

This first order differential equation leads to the update rule for the upper
boundary:

Fi(ppr) = Fim(pri—1) — Ap (—iw + tkCy7 ) Frp (Par-1)

85100 1 dFE
— Ap Sim(par—1) — Ap ? -V (—ZW—f}_l,MAE>

6[15mm’ 47 1 dP
—Ap——\| — | ———— . (B.23
e V3 (—z‘wHuA dt>1m/ (523

We now write the discretized form as the matrix equation, Az = b. By
examining the discretized update rules in Egs. (B.15) and (B.16), and the
boundary condition in Eq. (B.23), we see that the appropriate vector by, is

1
bnlm = N(pn)slm(pn) + 5n,M—1@N(pn+l/2)Slm(pn) . (B24)
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We note that the last 6, p—1 piece arises because in Eq. (B.22) we specified
the first derivative of the distribution function at high momentum.

In order to solve the system of linear equations, we use BICGSTAB algo-
rithm which generalizes the conjugate gradient algorithm to non-symmetric
matrices [62]. In addition to performing the multiplication Ax, a typical
BiCGSTAB implementation requires ATz. In the present case, ATz involves
simply the replacement w — —w and k — —k in the equations. As the pre-
conditioner, we take the diagonal parts of the matrix elements:

2N (pn, l(l+1
Aprccond = 5nlm,n’l’m’ |:_ (A(p>2) - ( p2 >N<pn> . <B25>

After solving for Fj,,, the stress tensor is easily found. For example,

Gwzx(w,k’) A :5T”(w,k:) A
—lw d,T5 +iwh g dATE’,

L S G Voo peFalp). (B2

HA

(B.26)

where the overall factor of two is the spin, and the arrow (=) indicates the
limit w — 0, £ = 0.

We record the final expressions for iGg(w)/w for the sound mode, the
transverse tensor mode, and the bulk mode, respectively:

ST (w, k) pia — 2% A;;?’N(pn)& (2 4_”F20(pn)+\/EFoo(pn)) :

iw(h../2) daT5 (2 3 5
(B.29)
- %ndi‘% , (B.30)
M;:éwyk) dj?ﬁ - _zzn: (%3 N(pn) (pn\/%> Fy 5(pn), (B.31)
= df:% , (B.32)
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5T“M<w, ]{7) 1A . ﬂ 24T
iw(H/2) daT5C35(g)2 2; @n)p Y Pn) <—0A5(g)pn> Foo(pn)
B.33)
= 9(—Lh (B.34)

daT>C308(9)*

B.2 Multi-component Plasmas

The discussion for the pure glue case is extended to multi-component plas-
mas. The current-current correlators will be considered in the next section.
For multi-component plasmas, we introduce a rescaled Debye mass:

2 9,(a+a)/2
.9 mp . A 1 N;Tr
_ — E ’ .Cl 14+ =_ (1 ) B.35
mD QQCA - v /pnp( np) 3 ( + NC ( )

Here we also rescaled the quadratic Casimir and the number of degrees of

freedom: o
R ~ Vg
=_—= d = —. B.36
. an 1% i ( )
Explicitly, we have 04 = 2, 0y, = 2Ny 9, and D4, = 4Nydp/d4.
Then the total work and momentum transfer per volume are

Ca

1 dE\ K7 A 0 OF g (py
(— ): > 0 CaViAT Y P —N(pn,sa)M,

—iWHuAdAE (2m)3 Pn op op
(B.37)

1 dP 9,(q+q)/2 . \/E Ap
<—_¢WHMAdAa)1m = 2 WGy 2 g e

d OFy,.(pn)

N ls)

op —%N(pmsa)Ffm(pn)] . (B.38)

op P2

The rescaled Debye masses read

9,(q+7q)/2
A~ A A Ap 8N(pn> Sa) ~
mp g = E U,Cy 4w E 2n)? Pn {—a—p ~m3,, (B.39)
9,(q+7q)/2
) o~ Ar Ap ON (pn, Sa) 2 R
2 = aCa a T N2 n _# _N n a x~ 2 .
mpp Ea : v 3 En: (27)3 p [ op + o (Pns Sa) mp

(B.40)
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The equations of motion for a = g and a = (¢ + ¢)/2 are

(—iwdy + ikCy) N(p, sa)EF}r, + N(p, Sa)Sp(P)

. [0 o 1(l+1)
=C, | =N = - N 3%
a |:ap (pa Sa) ap p2 (pa Sa)‘| Im
6100m0Cl ON (p, 54) 1 dE
e A | — -
e { ap —iwHpiads dt
510mmCa 47 [ ON(p,s,) 2 1 dpP
o emmiae 20 M T L TN - - @
mh p 3 { dp * P (. 5a) —iwHpada dt ),
20a
L (B.41)
—iwH

To specify the 7 terms, we define

C 2
P T <_F) bor (B.42)
A Ca mp
1
— B.4
SBF 16 ) ( 3)
Npp = pn) (1 +n)) (B.44)

Then the collision terms are

2

p +3)/2 _ __ 2 a+q
THMAC;; 2 = ~YNpr(pn) [QFZ(WT )/2(pn) - QFE%(pn)} ) (B.45)
2

_r —ﬁ(‘”‘ﬂ/z 5 (a+a)/2 g
WM 9 b, Br(pn) [2F)0 " (pn) = 2F,(pn)] - (B.46)

Finally, the expressions for the stress tensor remain valid with the appropriate
modifications. For example, Eq. (B.33) becomes

5T““(w,k) LA
iw(H[2) daT°C%B(g)?
S S e (I Y ).
— L CaBlg)pa ) O |

M4
daT>C33(9)*

= 9¢ (B.48)
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where the scaled masses are

~9 & ~ 9 A A
M (192 Cr my 1 Digray2Claraye
_ _ZF d ——2 = | -4 2292 ) (B.49
CBT? ~ 4 N CuBlg)T (6 B (B.49)

In solving the equations, the transpose is also needed. When multiplying by
ATz, it must be realized that the matrix implied by Eqgs. (B.45) and (B.46)
is not symmetric, and the transpose of this equation should be used. Alterna-
tively, Eqgs. (B.45) and (B.46) can be made symmetric by rescaling F}? with
\/Va and changing the formulas of this section appropriately.

B.3 Current

In this section, we discuss a numerical procedure to solve Eq. (3.115).
Multiplying by p?, the left hand side becomes

p*(LHS) = (—iwdy + ikCJ) N (p)Xirm(p) — iwN (p)ASim(p) . (B.50)
Here A is one of the following:

QQSAZ 2QSAJ?
T T

A= (B.51)
corresponding to the longitudinal and transverse modes, respectlvely In this
section, N(p) = p*n,(1 — n,) and we dropped the s — 5 label on x;.°. From
Eq. (3.115), the sources in the harmonic basis are

47

—iwny(1 — 1,)2Q, A, Ep 7 = Sin =1/ 5 0udmo, (B.52)
47

—iwny(1 — 1,)2Q, A, ; 7 = Stn =1/ 5 0udm. (B.53)

For the net strangeness, we define Fj,,(p) = Then Eq. (3.115) becomes

’LW.A

(—iwdy + ikCpyy) N (p) Frm(p) + N(p)Sim(p)

[0 0 )
= CF apN p) o pe N (p)] Fin(p)
) 51060 1 dQ
2 Nar ) o) — TN ) (g 52 ) (B3
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where the charge transfer rate is

L dQ
—iwA dt

. Ap
= —25ViAr Y WNBF(pn)FOO(pn) : (B.55)
We define &5 so that the strange charge is exactly conserved:
Ap
gBF,Q =47 Z WNBF(Z)H) . <B56)

Finally, from Eq. (3.116) and the susceptibility in Eq. (3.120), we determine
the longitudinal and transverse current-current correlators:

J*  up Cr Ap Amr [
L= EN—N \—F = DEE B.
iwA* Ty, & <~ (27)3 (p2) ( 3 Fo(pn) 7o (B7)

n

JT up Cr Ap 4 HF
_— = —_——— N _F D_ . B-
AT T, 6 zﬂ: ok (Pn) (\/ 3 n(pn) | = D75 (B.58)
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Appendix C

Heavy Quark Source in Kinetic
Theory

To compute the heavy quark source, we consider the process g + qgy —
g + qu, where g is non-equilibrium gluon and ¢y is a heavy quark moving at
a constant velocity v (see Fig. 4.2). The squared matrix element is

g*CpN, [2(K - P)*  M? M?

2_ —_— — —_—
MPE=1"0 " r @ ik PRl

(C.1)

Here K is the heavy quark momentum, P is the gluon momentum, QQ = P'— P
is the four momentum transferred to the gluon, and we averaged over the
colors and spins of the external gluon. In a leading-log approximation, we
keep only the first term of the right hand side in Eq. (C.1). The source term
is produced around the quark, and is given by another Boltzmann collisional
integral corresponding to the process:

S(t,x,p) =S(p)d*(x — vt),

M 15
- /k o 16Kk Opp/ (2m)°0" (Peot) | fp fu(1 + fr) (1 + fir)

_fp’fk’(1+fp)(1+fk) : (C~2)
Here the heavy quark distribution f, = (27)26%(k — k)63 (x — vt) is out of

equilibrium.
We expand the source in a spherical harmonic basis in the laboratory co-
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ordinate system (z,y, z):

5(0) = 3 Sunlp) i 21) = \| 21t S Sulp)Pilcos ) . (C:3)

We note that the S, vanishes for non-zero m due to the azimuthal symme-
try of the problem. By following the phase space integration with kinematic
approximations in Ref. [95] and using the orthogonality of Pj(cosfpk), the
expansion coefficients can be computed:

2041 [ Y4 dw d
Sw(p) = =/ o /0 dQ/ 7/2—;?131(005%)

(Lt fprw) = oo+ fp)] - (C4)

M|

16p2(k0)2

Here w is the energy transfer, ¢ = p’ — p is the three momentum transfer, and
¢ is the azimuthal angle. In this parameterization, the matrix elements are

M2 g*CpN.2(1 — v cos Okp)?
16p2(k0)? 2y (2 — w?)? )

(C.5)

where cos 0, is expressed in terms of w, ¢, and ¢ [95]. Now we consistently
expand the integrand to quadratic order in w/T and ¢/T. This includes three
types of terms: an expansion of the distribution functions to quadratic order,
an expansion of the angle cos#,; to linear order in ¢/7, and an expansion
of the Legendre polynomial to linear order, P(z + dz) ~ Fj(x) + P/(x) dx.
With the full expansion, we explicitly integrate over the azimuthal angle ¢
and the energy w, by observing that all harmonics vanish for [ > 1 when
v = 1. Further, the [ = 0 and [ = 1 terms can be computed analytically
yielding Eq. (4.9):

4
Soo(p) ! [g CFNC} log (%) o1+ fp) (_% +1+ 2fp) ;

T VarT? | 2da o
. 1 g4CFNC l
Sul) =~ | Ter g () f)a+2). (€D
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Appendix D

Numerical Details in Kinetic
Theory with a Heavy Quark
Probe

In this appendix, we give numerical details of how the stress tensor is com-
puted in kinetic theory with a heavy quark probe. The linearized Boltzmann
equation in Fourier space reads

(—iw +iv, - k)of(w, k,p) = C[of,p] + 27S(p)d(w — v - k) . (D.1)
Here k in the laboratory coordinate system is
k= (k" kY, k*) = k(sin 0 cos @y, sin 0, sin ¢y, cos Oy . (D.2)

In order to solve Eq. (D.1) in Fourier space, we introduce the Fourier coordi-
nate system (2,1, 2’):

#=—kx(0xk), (D.3)
kr

N k ~ -

y=-—vxEk, (D.4)
kr

Y=k, (D.5)

We reexpress the source and ultimately the solution d f in terms of real spher-
ical harmonics in Fourier coordinate system. We note that the unit vector p
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has the following components:

! 47 R

p = ?Hll(pS 2/1’/) ) (D-6)
! 47 N,

p’ = EHLA(P; Z'z'), (D.7)
! 47T N ’

p = ?Hlo(p; s x ) . (D-S)

Since the distribution function J f is independent of the azimuthal angle of k
with respect to the (z,y, z) coordinate system, we choose p; = 0 so that k lies
in the xz plane. Then in the (z/,¢/, z’) coordinate system

!

o= (v, v, v") = (sinh,0,cos ), (D.9)
and
4
V-p= \/%[coseHw(ﬁ; 22’ +sin0 Hyy (p; 2'2) | . (D.10)

The solution to the linearized Boltzmann equation is expanded in the real
spherical harmonics:

Of(w,k,p) = Z27T<5(w — v - k)ny(1 4+ ny)Xim(p, k) Him (p; 2'2") . (D.11)

m

The Boltzmann equation for x;,, is

(—iwdy + ikC) p*ny(1 4 1) xirm = Cim[0 f, P) + Hp*ny(1 + np)M?ASlm(pa 9),
(D.12)

where the index m is not summed over. In the above equation, Cj} is a
Clebsch Gordan coefficient, Cy,,,[0 f, p] is the collision integral in this basis, the

normalization coefficient is ’
F

B T3dapa’

(D.13)
and the source is

1

Slm(p7 6) = 2€B/T3

[ (_iT + 1+ 2np) vV 470100 m0

+14/ 4% (14 2n,) (8110m0 €08 € + 3110, sin 9)] . (D.14)
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For each value of (k,,k,), the linear equations are solved for Fj,, = xim/H.
Due to rotational symmetry of the collision term around the k axis, the matrix
equation does not mix harmonics with different values of m. Thus, the collision
operator is diagonal in m, and the equation is solved for m = 0 and m =1
separately.

After solving for d f(w, k, p), we use kinetic theory to compute the energy
and momentum excess:

3

5T0#(u),k) = 2dA/ (;1 1;3
™

pof(w, k,p). (D.15)

Here since T%(w, k) is proportional to 276(w — v - k), we define
ST (w, k) = 210 (w — v - k)T (k. kr) . (D.16)

The relationship between (z,y, z) and (2/,y’, 2’) coordinate systems is

6T (w, k) = cos 0 6T (w, k) — sin 0 6T (w, k) , (D.17)
6T (w, k) =0, (D.18)
0T (w, k) = sin 0 6T (w, k) + cos 0 6T% (w, k) . (D.19)

8T and 6T% can be expressed in terms of §T9%7:

6T (k) =6T°F (k.. kr) cos @y, , (D.20)
0T (k) =0T (k,, kr) sin @y, . (D.21)
Since we chose o, = 0, it is sufficient to determine T (k., kr).

Once the stress tensor is tabulated in the (k,, k) plane, we take the Fourier
transforms to compute the stress tensor in coordinate space:

> d Pk,
STO(t, x) = / % / We—m“k'm ST (w, k) . (D.22)

By using the identity

eihrereosteree) = Jo(krar) + 2 i"Ju(krar) cos(n(er — ¢r)),  (D.23)
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we can show that

* kpdk © dk. . -
5T00(£L’L, iL‘T) :/ T Jo(lfTiUT) / 2—€Zkzz 5T00(]€Z, /{,‘T) s (D24)

0 27T 00 m
* kypdk * dk, . 5
ST (xp, xr) = / T2 Ly (kpxr) / — 22 ST (K, kp),  (D.25)
0 g oo 2m

* kpdk © Ak, o -
ST (xp,, xr) = / T Jo(krar) / e ST (ks br) . (D.26)

0 2m oo 2T

These Fourier integrals diverge at high momentum. In order to get a conver-
gent result, we first multiply the numerical data by a window function which
eliminates the high frequency contributions. For kinetic theory, a sample win-
dow function is

Wk) = % 1 — ert ((k — k) /0) ] (D.27)

with kpax = 7.5ua/T and o = 3.5u4/T. For the AdS/CFT, kpax and o are
considerably larger: for instance, k.. = 80771 and o = 6077 .
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Appendix E

AdS/CFT with a Heavy Quark
Probe

For completeness, we provide details on the response of the N' =4 SYM
plasma to a heavy quark probe, following the notations and conventions of
Refs. [85, 104]. We should mention that the calculations for v = 1 were done
by P. Chesler in Ref. [73] as an extension of Ref. [85].

According to the AdS/CFT correspondence, the strongly coupled N' = 4
SYM is dual to the five dimensional AdS-Schwarzschild geometry [105]. The
five dimensional metric is

L? du?
ds® = — f(uw)dt? + dx® +

Here u is the radial coordinate of the AdS geometry with u = 0 corresponding
to the boundary, L is the AdS curvature radius, f(u) = 1 — u*/u} with uj, =
1/7T, and T is the Hawking temperature of the plasma and dual geometry. A
heavy quark in the SYM plasma is dual to a string in the AdS-Schwarzschild
geometry, with the string ending at « = 0 [106]. In the large N, limit, the five
dimensional gravitational constant 2 = 47 L?/N? is small, and the equation
of motion can be solved perturbatively. A heavy quark moving at constant
velocity v is described by the trailing string [98, 100]:

(E.1)

u?

1 _
mstring(ta U,) =v |:t + % (tan_l E + —1In n u>:| . (EQ)
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The corresponding five dimensional stress tensor has the following components:

4,2 4
uvt +u
toi = —ui k", tij = v F, too = —4hfF7
Up,
2.2 2 2

ucv u“v; ve— f
tos = ——— I, tis = —5 . F, ts5 = F (E.3)

uj f uj f f?

Here

uv/A

F=—"" (& — Teping) » E4
Sr T =B (% Tatang) (B4
and A is the 't Hooft coupling.
The string perturbs the background geometry linearly
o , L
GMN = GMN+¥HMN7 (E5)

where GSSI)N is the background metric (E.1) and H)y,y is the perturbation. By
taking the Fourier transform

3
HMN(t,:c,u) = /d—wﬂHMN(w,k,u)e_mﬂk'm, (EG)
27 (2m)3
we find two convenient diffeomorphism invariant fields [86, 104]:
A4f . 4f" . 2f .
Z E—fle(/)i — —kaHOi - —fk’k:JH,-j +4ifk"H;s
w w k2
(uk*—f") (1 acii ip Ak* f 813 f
= (W0 —k'W) Hyj + ——=Hos — =215, (B7)
Zl = (H(/)z — 1w HZ5> éa . (ES)

Here sums over repeated indices are implied with 7, j running from 1 to 3 and
a running from 1 to 2, " denotes differentiation with respect to u, and
k . k

é1=—kx(®xk) and é=—vxk. (E.9)
ki ki
The field Z, transforms as a scalar under rotations, and Z; transforms as a
vector under rotations'.

The equations of motion for Z; and Z; are straightforward to derive from

LA complete set of gauge invariants also includes a field which transforms as a traceless
symmetric tensor under rotations [86]. This tensor mode is not necessary here.
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the linearized Einstein equations:

Zél + A()Z(I) + B()ZO = HgSO y (ElO)
where
4 _ 24+ AR+ 6f + KPP f — 307 (E11)
0= uf (u2k? 46 — 6f) ’ '
B — w? Kt (14-5f —k*u?) + 18(4—f—3f?) E19
=T w2 f (k*u2 +6 — 6f) ’ (E.12)
4 (K2u2+6— - o
So = ;tgo + ( gu;_ff 6f) (k2(5”—3k1k7)tij (E.13)
8iw 8u [k? (K*u?+6) — f (12k*—9f")] 8k%u .y
—t too — tss — 8ik't;s,
Tl 377 (P2 — 6/ +6) 00 = Tyt T S
and
Z{I + Al Zi + Bl Zl = /1?51 y (E14)
where
uf' —3
3f% —u (uk®+ 3f") f + uPw?
Bl = u2f2 s (E16)
27, . .
5= [tOi +iw ti5} é. (E.17)

Since the string stress tensor in Eq. (E.3) only depends on time through the
combination x — vt, the string stress tensor in Fourier space is proportional to
270(w — v - k). Consequently, the fields Z; are also proportional to 27 (w — v -
k). Moreover, because the string stress tensor in Eq. (E.3) is proportional to
1/v/1 =2 and Egs. (E.10) and (E.14) are linear, we define Z, = Z,/v/1 — 02
and solve for Zs in the v — 1 limit.

By assuming that the boundary geometry is flat, near the boundary the
fields Z, have the asymptotic expansions:

Zy(u) = ZPu? + ZOu® + ZWyt 1. (E.18)

The cubic expansion coefficients Zt¥ determine the SYM energy density 67
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and the energy flux 67" [86, 104]:

L3 1 ~
00 _ _ (3)
T == o5 =2 (E.19)
, L3 1 ~3i Wk =3y ik pp (v)v?
0 __ (3)i (3)i HF
0T =— DR [Zl + 4k:220 ] T a 2nd(w —v - k).

(E.20)
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Appendix F

Hydrodynamic Source in
AdS/CFT and Kinetic Theory

In this appendix, we explain in detail how the coefficients given in Table 4.1
are computed for both AdS/CFT and kinetic theory. In the process, we will
exhibit several fits. The quality of these fits indicates that the deviation of the
stress tensor from the hydrodynamic form at small w and k is well described by
a multivariate polynomial. We will first discuss the AdS/CFT correspondence
and then indicate how the analysis can be applied to kinetic theory.

F.1 AdS/CFT

After computing the exact stress tensor of the AdS/CFT correspondence,
we determine the functions ¢, (k) and ¢ (k) in Eqgs. (4.36) and (4.37). This
would seem to be simply a reparametrization of the original numerical data
on 7% and §7% with two functions ¢,(k) and ¢ (k). However, as we will
see, the functions ¢,(k) and ¢ (k) are analytic functions of k while the orig-
inal data have poles. Hydrodynamics describes the location of these poles in
expansions of kfy.g, where £, is mean free path. The first order hydrody-
namics determines the pole location to the linear order in K/, but neglects
higher order terms. The pole shift is a consequence of modifying the hydro-
dynamic equations of motion by powers of kf,,; rather than modifying the
source. Since the ideal solution has a hydrodynamic pole at w = ¢sk, modi-
fying the equations of motion does not simply correct the solution by simple
powers of kg close to the pole.

We determine the source functions ¢, (k) and ¢ (k) by using the first and
second order hydrodynamics®. Since ¢,(k) and ¢ (k) are functions of k and

'We note that ¢, is the same for the first and second order hydrodynamics. Only ¢y, is
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w = kcosf, we can expand these functions in Fourier series:

bk, cos0) = ¢po(k) + 2041 (k) cos 0 + 2¢,.0(k) cos 20 + - - -, (F.1)
1T op(k, cos0) = pro(k) + 20k (k) cos 0 + 2¢.2(k) cos 20 + - - - . (F.2)

In Fig. F.1 (a), we plot the terms of the Fourier series ¢,.,(k) and ¢, (k), and
fit these functions with a simple power law, C'k®, where C' is a constant. As
we see from the fit, ¢, is well described by a quadratic polynomial at small k:

duo(k) =1 —0.1643 (%)2 , (F.3)
o1 (k) = 0.5 (%) : (F.4)
o2 (k) = 0.0870 <%)2 . (F.5)

The numerical result for ¢,.; is consistent with the first order analytic result
in Ref. [85].

Now we examine k¢ by using the first and second order hydrodynamics?.
When the first order hydrodynamics is used, the source function is not well
described by a polynomial (see Fig. F.1 (b)). However, we see that k¢ de-
creases faster than k (as k152 for n = 1), and therefore k¢;, can be neglected in
the first order hydrodynamic analysis. When the second order hydrodynamics
is used, k¢y, is well described by the quadratic polynomial (see the linear fit in
Fig. F.1 (c) for ¢y.1). Numerically, we find

Dro(k) = —é and Pra (k) = 0.11i (%) ) (F.6)

up to non-analytic terms that fall faster than k2. These non-analytic terms
could be removed by pushing the hydrodynamic analysis to the third order.
By using the fits in Eqgs. (F.3)-(F.6) (with the relation between ¢,, ¢, and
¢1,02 in Eq. (4.30)), we parametrize the source by three numbers to second
order which are given in Table 4.1.

affected by non-zero 7.
2We discuss k¢y, instead of simply ¢y since the source for hydrodynamics is k¢y(k) in
Eq. (4.31).
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Figure F.1: Hydrodynamic fits to the AdS/CFT source functions ¢, = 1 +
A¢, and 1T¢ = —% + A¢y, at small k. The Fourier coefficients displayed
in this figure have been multiplied by a factor indicated in parentheses to
increase visibility, and are fit with the functional form Ck*. The dotted lines
and open circles have non-integer fit-powers and lie beyond the description
of hydrodynamics to the specified order, i.e. the fit is not expected to work.
(a) The n = 0, n = 1, and n = 2 Fourier coefficients of ¢,. (b) The n = 0,
n = 1, and n = 2 Fourier coefficients of ¢, when ¢, is extracted by using
the first order hydrodynamics. (c) Same as (b), but for the second order
hydrodynamics.
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Figure F.2: (a) A polynomial fit to the kinetic theory source function ¢,..
The fit result is recorded in Eq. (F.7). (b) By using the fit coefficient from (a),
a prediction is made for ¢, (see Eq. (F.8)).

F.2 Kinetic Theory

As in the AAS/CFT, we determine the source functions ¢, (k) and ¢ (k)
from the numerical data by using Eqgs. (4.36) and (4.37). Then we expand these
functions in Fourier series as in Eqgs. (F.1) and (F.2), but with the appropriate

unit g4 /7T in place of 7T. The Fourier coefficients are fit with a polynomial
(see Fig. F.2):

duo(k) =1+ 1.66(1) (i—f) , (F.7)
dra (k) = —é1.66(1)i <i—f) . (F.8)

The other Fourier coefficients of ¢, and k¢, decrease faster than k2. The fact
that ¢, and ¢y, have the same fit coefficient (up to a symmetry factor of
1/6) is a consequence of the hydrodynamic analysis in Section 4.4.

By comparing fits with Eq. (4.30), we determine the coefficients ¢§0’0),
¢§1’0), and ¢§0,0) which are recorded in Table 4.1. As discussed in Section 4.4,
é1(w, k%) vanishes to all orders in w and k, which can be understood as follows.
For a given k, we expect that there is a non-zero component of 7% (w, k) which
transforms as a spin two tensor under rotations around the k axis. This spin
two component determines the term [v"vj — %v%”} ¢1 in Eq. (4.28). Since
the kinetic theory source in Eq. (4.9) does not have m = 2 harmonics and
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the Boltzmann equation does not mix harmonics of different spins, the spin
two component of the stress tensor vanishes. Therefore, ¢; vanishes. This
approximate symmetry is specific to the simplified form of the source in a
leading-log approximation, and is not expected to hold more generally.
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Appendix G

Two-loop Diagrams

In this appendix, we compute the squared matrix elements for the two loop
diagrams in Fig. 5.10. We use the following cutting rules:

e For hard quark retarded propagators,

—ip ¥, (G.1)

P2+ m2, —iep® 2[]?_ . (Pi:flgo) +ie} .

e For vertices with a soft gluon,

ig2P" A, (P") = igpTv, - A(P'). (G.2)

e For hard quark cut lines running through the cut, we use the positive
energy part of

21 21
iS5 o(P) = —i——nt P(p° — E,) +i—n" PS¢’ + E,),
b 2E, " v 2B, TP i
2 ~ (Pl +md)

whereas for cut lines running against the cut,

(P) — _z%”u — )0 (n” ~ M) . (G.4)

s>
7.5 e

bare
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Figure G.1: A two-loop diagram with a soft gluon in Fig. 5.10 (a). Double
solid lines denote hard quarks, double wiggly lines denote hard photons, and
a single curly line denotes a soft gluon.

To compute the diagram (a) in Fig. 5.10, we consider the momenta drawn in
Fig. G.1:

1 a
(8) = 16 /PP/ nf;rk(l B nf) Tr [y Zélofy‘mp—irzo”y“7ép-&-l~c—i-p’%’ﬁp—%k]

27r< - _ M)QW(}Q_ L — (P +pl¢)2 +mgo])

(p* + k) pt
1 1
Ea— _ E — - (G.5)
(p_ _ (pl:_‘_ oo) + Ze) (p— +p/— _ [(pL(—;zj_)k:_) oo} + Z€>
By using the Eikonal approximation
Vp & Vi and  Vpip & Vpikiy (G.6)
and integrating over p~ and p'~ with the delta functions,
@= [ b AP AP
ptpLp TP
(p+P|J(K)lp+k+p)(p+klL(-K)p)
1 1
(G.7)

[—0E(py) +ie] [0E(pL + P ) +ie]
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Here the energy changes are

kT (p? +m2)

OE(pL) = Pt R (G.8)
SE(p, + ) = [(Ziéffk; e (G.9)

With v, >~ v, the correlation of gauge fields yields the collision kernel

7 [ oy AP opss - A(-P)

p==0

= Clp], (G.10)
and the diagram (a) is
Clp']

== e
0+ PIKlp+k + ) (ot kL (—K)lp) . (C.11)

Similarly, the diagrams (b)-(d) in Fig. 5.10 can be computed:

Clp']
b) = — nf (1 —nt L
(®) /p+,m,p; i b >5E(p¢)5E(pl +p)

(Pl T (K)p+Ek)(p+k+p|L(-K)p+p), (GI12)

_ nt o F Clp]
@_ZWM;Wﬂ ») BB, + P

Pp+p | (K)p+k+p)p+k+p|L(—K)p+p), (G.13)

_ F . ClP]
O 50

(Pl Ju(K)lp + k) (p + K[ J,(=K)|p) . (G.14)

With
(plJu(K)lp+k)" = (p+k|J.(=K)lp) , (G.15)
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the diagram (b) is the complex conjugate of (a), and the sum of four diagrams
is

() + (D) +(c)+(d) = Re / nF (1 - nF)Clp! ]

P (plJ(K)lp+ k) |(p+PJ(K)p+k+p)|
[0E(pL)]? VE(pL+p))?
2(plJu(K)|lp+ k) (p+P[L(K)lp+k+p)
0E(pL)0E(pL +p)

} . (G.16)

By using the translation invariance p — p — p/,

() + () +(c)+(d) ~ 2Re / nE (1 - nF)Clp! )

pt.p1,0|

| (plJ(K)lp+E)|? (plJK)|lp+k) (p+p|L(K)p+k +p’>} ‘

[0E(pL))? E(pL)0E(pL +P))

(G.17)

This sum yields the same photon emission rate as Eq. (5.43) which was com-
puted by the perturbative solution, by noting

V(?)? + (p° + k)?
p(pr+k)

(plJu(K)|p + k) o< 2p,

(G.18)

To see that the sum of four diagrams yields the matrix elements of the LO
bremsstrahlung, we drop all masses. Then the integrand (without statistical
factors) in Eq. (G.16) gives

clp ]Epz(p“rk) 1+ 71 1 _2pi - (pLt+P)
Yk ok z pr (pL+p)? pP(pL+DP))?
16p°(p* + k) 1+ 22 p/f
~ Clp 1— — G.19

which agrees with Eq. (5.98) up to factors.
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Appendix H

Wide-angle Pair Annihilation

In this appendix, we compute the photon emission rate from the wide-
angle pair annihilation process, P+ P’ — K + K’. Now the gluon momentum
is K’ (not P’) which is soft. The calculations are parallel to those in wide-
angle bremsstrahlung, except that we have different population factors and
momentum “joining” (rather than splitting).

e The momentum joining is given by
pm=(1-2)k" and  p't =2k, (H.1)

where 0 < z < 1. By using the joining factor and the conservation of
the minus momenta, we express the minus coordinates in term of p~:

1-— 1
P = ( Z)p_ and K== Zp . (H.2)
z

The Mandelstam variables are

s=kTk", t=—zkTkE", u=—(1—-2)kTk". (H.3)

e The matrix elements of pair annihilation have a joining function:

(1—2)%+ 22

02 (fermion joining) . (H.4)

U t
(MPP ~ 4 ==
t U
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With the twice smaller degrees of freedom, they are given by

(1—2)2+42% k?

MzLKIZSQ 2d02 LK/
M) = 867 3D s Crg? 5 o (),
(H.5)
1—2)24 22 m?2sin? 6
M2 TK/ 282 2dC 2( o g TKI
|M|7p" (K) € ;qs FUFRY 21— 2) 2(k' )2 p (K,
(H.6)
are 1—2)? + 2’ are
MR (') = 86 Y pCrg? U L) (a)
e The phase space integration is defined by
d(PS) 1
2m)? = 2m)* 0 (P+ P - K' — K
B /M,K ok 2M) ):
1
= S — , H.8
/pﬂm,k’ POk oo (1)
where we fixed £ as
1p?
E°=k*4+6F  with 6F=-"=. (H.9)
zpt
e After subtracting the LO result, the NLO correction is given by
2m)? = Fnl
( 7T) d3k anmih T p+p/+2knp np
T are
5 (1M 4 (M " — M [ o . (H10)
KO=k'*+5E

where we used 1 +nb ~ T/k" for soft K’. When p? — 0, this process
becomes the LO collinear pair annihilation process whose contribution
must be subtracted to obtain the NLO correction. As in Section 5.5, we
perform the contour integral over £’*, change the variable from p? to dE,
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and do the integrations over 6 F and p? to get

3d5FNLO wide 1

) =k

1672

Lo r’ k=p"\ r r
A dp <k—pz+ p >npnkp. (H.11)

e? Z quFC’FQQmDT

annih

Here we used the joining factor

(1—2)2+ 22 ? k—p?
= . H.12
2(1—z) k — p? * P? ( )

e The emission rate is logarithmically divergent when p* — 0 or p* — k.
After regularization, the NLO correction from wide-angle pair annihila-
tion is

wide

doT
3 NLO
(2m) Tk
1
1672

annih

z

where Ci9¢ (k/T) is independent of the cutoff ..

annih
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