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Abstract of the Dissertation

The Ricci flow on manifolds with boundary

by

Panagiotis Gianniotis

Doctor of Philosophy
in
Mathematics
Stony Brook University

2013

In this thesis, we investigate issues related to boundary
value problems for the Ricci flow.

First, we focus on a compact manifold with boundary and
show the short-time existence, regularity and uniqueness of the
flow. To obtain these results we impose the boundary condi-
tions proposed by Anderson for the Einstein equations, namely
the mean curvature and the conformal class of the boundary.
We also show that a certain continuation principle holds. Our
methods still apply when the manifold is not compact, as long
as it has compact boundary and an appropriate control of the
geometry at infinity.

Secondly, motivated by the static extension conjecture in
Mathematical General Relativity, we study a boundary value
problem for the Ricci flow on warped products. We impose the
boundary data proposed by Bartnik for the static vacuum equa-
tions, which are the mean curvature and the induced metric of
the boundary of the base manifold.
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We conclude the thesis applying the results above to study
the flow on a 3-manifold with symmetry. We show the long
time existence of the flow and study its behavior in different
situations.
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Chapter 1

Introduction

Ricci flow has been proven to be a powerful tool of geometric analysis in the
study of the relation between the geometry and topology of Riemannian
manifolds. In this thesis, motivated by certain problems in geometry and
mathematical general relativity on manifolds with boundary, we develop a
general existence theory for the Ricci flow on such manifolds. This chapter
begins with a brief overview of the Ricci flow, continues with a description
of prior work on the Ricci flow on manifolds with boundary and concludes
with the main results of the thesis.

1.1 A brief overview of Ricci flow.

Let (M, go) be a complete, compact Riemannian manifold. We say that a
one-parameter family of complete Riemannian metrics g(f) with g(0) = go
evolves by the Ricci flow, if it satisfies the partial differential equation

d:g = —2Ric(g).

The Ricci flow was introduced by Hamilton in 1982 in [Ham82]], where he
showed that for every intial metric gy the flow admits a unique solution
for small time. The intuition is that the Ricci flow should behave as the
geometric analogue of the heat diffusion equation

o = Au.

Heat diffusion tends to smooth out uneven heat distributions and flow
towards harmonic functions (i.e. constants when M is closed). In a simi-
lar manner it is expected that Ricci flow should inherit some of this nice
behavior, although it is a much more complicated, nonlinear system of



equations.

Due to the diffeomorphism invariance of the Ricci tensor it is preferable
to understand Ricci flow as a dynamical system in the quotient space of
Riemannian metrics modulo diffeomorphisms and rescalings. The steady
state solutions in this picture will be Einstein metrics, i.e. metrics that
satisfy Ric(g) = Ag, or more generally metrics which satisfy an equation
of the form Ric +Lxg = Ag for some constant A and a vector field X. Such
metrics are called Ricci solitons in the literature.

The normalized Ricci flow, defined as

2
0:g = —2Ric —|—£rg,

r being the average of the scalar curvature, is equivalent to the Ricci flow
up to rescalings and preserves the volume. The following Theorem by
Hamilton, justifies the analogy with the heat equation.

Theorem 1.1. Let (M, go) be a three dimensional closed Riemannian manifold
with positive Ricci curvature. Then, the solution to the normalized Ricci flow
exists for all time and converges exponentialy to a metric with constant positive
curvature.

The Ricci flow has had many successes since then. We will only men-
tion and give references to a few of them here. On surfaces, in [Ham88]|
and [Chog1] it is shown that the normalized Ricci flow always converges
to a metric of constant curvature. The normalized Ricci flow on mani-
folds of dimension great or equal to four and positive curvature operator
converges to a metric with constant positive curvature. See for instance
[Ham86],[BWo8]. Also, in [Ham86] Ricci flow is used to classify all 4-
manifolds that admit metrics with nonnegative curvature operator. More-
over, Brendle and Schoen used Ricci flow to prove the differentiable sphere
Theorem in [BSog].

The analogy with the heat equation, taken literally turns out not to be
accurate since the flow will in general develop singularities. It is a ma-
jor area of active research on Ricci flow to understand in depth how these
singularities form. Perelman, introduced new tools in [Pero2], [Pero3a],
[Perosb] that allowed him to understand singularities in dimension three
and realized Hamilton’s program towards the proof of Thurston’s Ge-
ometrization conjecture using Ricci flow with surgery.

In the realm of complete noncompact manifolds, Shi in [Shi8gb] proved
that if the initial metric has uniformly bounded curvature, then Ricci flow
admits a solution with uniformly bounded curvature for small time. In
particular he shows the following Theorem.



Theorem 1.2. Let (M, go) be an n-dimensional complete noncompact Rieman-
nian manifold with Riemannian curvature tensor satisfying

|IRm |2 < ko, on M.

Then, there exists T(n, ko) > 0 such that the Ricci flow equation has a smooth
solution g(t) with g(0) = go for 0 < t < T(n, ko). Moreover it satisfies estimates

sup |[V"Rm |? < Cm 0 <t < T(nkp).
M

— tml

He also proceeds to investigate the behaviour of the flow on noncom-
pact three-manifolds with bounded nonnegative Ricci curvature obtaining
the full classification of such manifolds in [Shi89al].

1.2 Prior work on manifolds with boundary and
incomplete manifolds.

In light of the results described in the previous section, it is a natural ques-
tion whether it is possible to use Ricci flow to deform metrics which are
incomplete, and what kind of conditions would be required in order to ob-
tain reasonable existence and uniqueness statements. In particular, if M is
a manifold with boundary, what would be the appropriate boundary data?

Proving an existence theorem for the Ricci flow, apart from the non-
linearity of the equation, a serious obstacle comes from the diffeomorphism
invariance of the Ricci tensor. This phenomenon had been observed long
time ago in the Einstein equations in General Relativity and other PDEs
that have a gauge invariance. For the Ricci flow, Hamilton first overcame
the difficulty using the implicit function theorem of Nash-Moser. However,
DeTurck later in [DeT83]] discovered a simpler proof for the existence of
Ricci flow on closed manifolds. He showed that, up to diffeomorphisms,
it is equivalent to a modified parabolic equation, where standard parabolic
theory applies.

On manifolds with boundary the situation is more complicated. First,
due to the diffeomorphism invariance of Ricci flow, one would like to im-
pose boundary conditions which are geometric, in the sense that they are
preserved under the action of diffeomorphisms that fix the boundary. Since
Ricci flow is a second order equation, this hints that the boundary condi-
tions should involve the induced metric and the second fundamental form.
Secondly, the boundary conditions should provide a well posed parabolic



boundary value problem for the modified equation.

The first work on the topic was by Shen, in [Sheg6], where he studied
a natural Neumann-type boundary value problem for the Ricci flow, im-
posing conditions on the second fundamental form of the boundary. He
proves the following Theorem.

Theorem 1.3. For any given compact Riemannian manifold with boundary (M, o)
with A(g0) = Ago, there is a short time solution to the Ricci flow satisfying

2(0) = go and
At = /\gt

on oM for all t, where A is the second fundamental form of OM and A a constant.

However, one would like a more general existence theory which will
allow the deformation of arbitrary metrics. In this direction, Pulemotov
in [Puli2] shows that one can deform metrics with boundary of merely
constant mean curvature.

Theorem 1.4. Let (M, Qo) be a compact Riemanninan manifold with boundary.
Assume that the boundary has constant mean curvature Ho. Then, given any
smooth function u(t) with u(0) = 1 there exists a solution to the Ricci flow
satisfying on dM:

Hi = u(t)Ho,

where Hy denotes the mean curvature of O M.

Unfortunately there is only control of the mean curvature along this
flow and we should expect that a uniqueness statement doesn’t hold in this
case. More boundary conditions need to be imposed to achieve uniqueness.

Regarding the long time behavior of Ricci flow, Shen and Cortissoz in
[Sheg6] and [Corog] extend Theorem of Hamilton, under the assump-
tion that the boundary is totally geodesic or convex umbilic.

On surfaces there has been more progress. One should mention the
work of Brendle in [Breozal, [Breo2b], Tong Li in [Lig3], Cortissoz in [Koro7]
and Cortissoz and Murcia in [CM12]. They study the Ricci flow under
Neumann-type boundary conditions. Related is also the work of Brendle
on the closely related Yamabe flow in [Breo2c|.

To conclude this section, and put the discussion above in the broader
context of the Ricci flow on general incomplete manifolds, we mention
a different point of view considered by Topping in [Top1o]. Using the
pseudolocality of the Ricci flow and exploiting its special properties in
dimension 2 he shows the existence of “instantaneously complete” Ricci
flow solutions initiating from possibly incomplete surfaces. Later, with



Giesen in [GTog] they show the uniqueness of in this class of solutions, in
the case where the initial metric has negative Gauss curvature.

1.3 Motivation and main results.

The aim of this section is to motivate the work presented in this thesis. It
becomes clear from the preceding discussion that we would like to supple-
ment the Ricci flow with boundary conditions which will allow the flow to
start from arbitrary metrics on manifolds with boundary. Moreover, these
boundary data should be able to determine the flow uniquely and also be
invariant under diffeomorphisms that fix the boundary.

In the following, we will describe some other geometric problems that
this work is motivated and inspired from.

1.3.1 Boundary value problems for Einstein metrics.

The first motivation comes from the work of Anderson on boundary value
problems for the Einstein equations in [Ando8|]. Theorem 1.1 of [Ando8],
states that the moduli space £ i’“ of Ck* Einstein metrics with Einstein con-
stant A, assuming a certain topological condition, is a Banach manifold (£
is the space of Einstein metrics modulo the action of diffeomorphisms that
tix the boundary).

Theorem 1.5 (Theorem 1.1 in [Ando8]). Suppose 7r1(M,0M) = 0. Then for
any A € R, the moduli space gk, if nonempty, is an infinite dimensional C*
smooth Banach manifold.

We can view this as a “local” solvability result, since the existence of
an Einstein metric § immediately implies that any infinitesimal Einstein
deformation integrates to a path of Einstein metrics.

However, to understand the global problem, it is necessary to impose
appropriate boundary conditions. The geometric nature of the Einstein
equations hints that they should involve the induced metric and the second
fundamental form of the boundary. However, as we see below, the obvious
choice of boundary data is not the correct one.

The Dirichlet and Neumann problems are not elliptic.

Naturaly one would like to investigate the Dirichlet and Neumann bound-
ary value problems for the Einstein equations.



e Dirichlet problem. Given a C** Riemannian metric 4 on dM, find a
Ck* Einstein metric ¢ on M such that the induced metric g7 on 9M is

Y-

e Neumann problem. Given a Ck~1* symmetric 2-tensor & on M, find a
Ck* Riemannian Einstein metric ¢ on M such that the second funda-
mental form A of M with respect to g is h.

However, a consequence of the Gauss equation is that the Dirichlet condi-
tion does not yield a well posed elliptic boundary value problem.
Let ¢ be an Einstein metric satisfying Ric = Ag. The Gauss equation for
0M becomes
A2 = H2 + 5, — (n—1)A =0,

where s, is the scalar curvature of y. The ellipticity of the Dirichlet prob-
lem would imply that if IT is the boundary map

I1: M —  Met"*(aM)
g — g (1.1)

then its linearization DIy at any Einstein metric ¢ should be a Fredholm
operator.

However, if g is a C¥* Einstein metric the Gauss equation implies that s.,
should be C*~1%, For an arbitrary metric 7y though, s, will only be Ck=2#,
which is an infinite codimension subspace of C*~1%,

It turns out that neither Neumann boundary conditions give an elliptic
problem. In this case the boundary map is

Ir:£ — S*T*OM)
g — AQ)

Its linearization DIT, at an Einstein metric g with totally geodesic bound-
ary (or with second fundamental form vanishing at an open set of the
boundary) will have an infinite dimensional kernel, due to the infinites-
imal deformations of g by diffeomorphisms of M which do not fix the
boundary.

An elliptic boundary value problem for the Einstein equations.

In Theorem 1.2 of [Ando8] Anderson proposes a boundary value problem
for the Einstein equations which turns out to be elliptic. In particular, he
proves the following Theorem.



Theorem 1.6. The boundary map

I1: & — ck* M) x CF-1*(aMm)
g — (&' H(g)

is C* smooth and Fredholm of index o.

Here, C** denotes the pointwise conformal classes of C** metrics on
oM, and ¢, H(g) the induced metric and the mean curvature of the
boundary respectively.

The natural question that arises is whether the boundary conditions
described above yield a good existence and uniqueness theory for the Ricci
flow. This would lead to many new interesting questions regarding the
behaviour of the solutions and should also lead to a better understanding
of the corresponding elliptic problem.

1.3.2 A Boundary value problem for the static vacuum equa-
tions.

The second motivation of this work comes from General Relativity. The
simplest possible solutions to the Einstein vacuum equations, i.e. Ric = 0,
are static metrics. These are Lorenzian metrics on R X M of the form

—V2de? + M,

where g is a Riemannian metric on a 3-manifold M and V is a smooth
function on M. In this setting, the Einstein equations become the following
elliptic system on g) and V

Ric(gm) = V7'D3,V (1.2)
AV = 0. (1.3)

The equations above are called static vacuum equations. The Riemannian
metric V2dt? + gy induced by a solution (g, V) of (1.2),(1.3) is also Ricci
flat.

Clearly, on closed 3-manifolds solutions gy of the static vaccum equa-
tions are flat and V is constant. However, Anderson in [Andgg], generaliz-
ing a result of Lichnerowicz, proves that the same is true for noncompact
complete solutions. Therefore, the natural setting to seek nontrivial solu-
tions to these equations is a manifold with boundary.



Bartnik in [Bar89],[Baroz], motivated by his definition of quasilocal mass
in general relativity, poses the following conjecture.

Conjecture. Given a Riemannian metric ¢ in B> C R3, there is a unique
static asymptotically flat Riemannian metric ¢ in R\ B®> which satisfies

g =g,
H(Z) = H(g),

where B? denotes the unit ball in R?> and H , ¢ the mean curvature and
the induced metric respectively of the boundary 9B°.

We will refer to the boundary data above, i.e. the induced metric and
mean curvature, as Bartnik data. From an analytic point of view, the static
vacuum equations with the Bartnik boundary data form an elliptic bound-
ary value problem. For work on this conjecture we refer the reader to the
work of Miao in [Miao3]], and Anderson and Khuri in [AK11].

1.3.3 Main results.

The conformal class and mean curvature as boundary data for the Ricci
flow.

Let g be a Riemannian metric on M"*! and «(x,t) arbitrary smooth Rie-
mannian metrics on dM and y an arbitrary smooth function on oM x [0, ).
Assume the compatibility conditions [y(0)] = [¢J] and H(g0) = 77]¢=0. In
Chapter |4 we prove the following Theorem.

Theorem 1.7 (Theorem [4.9). There exists a T > 0 and a smooth solution to
the Ricci flow defined away from oM x O which satisfies on O0M the boundary
conditions

H(gt) = m, (1.4)
2] = o), (15)

fort > 0. Ast — 0, g(t) converges in the Cheeger-Gromov CY* sense (i.e. up to

diffeomorphisms that fix the boundary) to go and C* away from the boundary.
Moreover, higher order compatibility conditions on the data (°, v, ) can im-

prove this convergence to C~* and the regularity of ¢ up to 9M x 0 (see Theorem

.

We note that a version of this Theorem which satisfies the initial data
in the usual sense ¢(0) = ¢” does hold. However, such a solution will



generally not be C* smooth up to the boundary even for positive time. This
issue is related to the invariance of the equation under diffeomorphisms
and is discussed in remark

Moreover, the Theorem also holds when the manifold is noncompact
(complete) with compact boundary, since our techniques still apply once
we assume that ¢g has geometry bounded in W27 (see Deﬁnition and
Rm( go) e LP.

It is well known that incomplete solutions of the Ricci flow are in gen-
eral not unique. On a manifold with boundary though, the boundary data
(1.4),(z.5) allow us to obtain the following uniqueness result.

Theorem 1.8 (Theorem . A C3 (up to M x 0) solution to the Ricci flow
satisfying the boundary conditions (1.4),(z.5) is uniquely determined by the initial
data go and the boundary data ([7y], 7).

Finally, in chapter |§] we obtain an extension condition for the flow. On
closed manifolds, a Ricci flow defined for t < T with uniformly bounded
curvature tensor can be extended past time T. On compact manifolds with
boundary, we observe that appropriate control of the data ([7], #) and uni-
form bounds on the ambient curvature and the second fundamental form
A of the boundary suffice for the extension of the flow. This is the follow-
ing Theorem.

Theorem 1.9. [Theorem Let g(t) be a smooth Ricci flow with maximal time
of existence T < oo and smooth boundary data ([y(x,t)],1n(x,t)) defined for all
0<t < oo Then

sup (sup|Rm(g(t))|g<t> + sup !A(g(t))lgm) = +oo.
0<t<T \xeM xeoM

Bartnik data for the Ricci flow on warped products.

Let N = M"*1 x F" and ¢ be an Einstein metric on F, with Einstein con-
stant A. Given a Riemannian metric go and a function fy on M, one can
define the warped product metric by = go + f3¢ on N. If M is noncompact
(complete), assume that ¢ is Ricci flat, Rm(gg) € L?, fo € WP, that g has
geometry bounded in W?? (again, see Definition [1) and dM is compact.
The Ricci flow equation on N, assuming the solution has the form



h(t) = g(t) + f(t)?8, becomes

dg = —2Ricg+2mf 'Dif, (1.6)
d 2
of = Agf+(m—1)%—%. (1.7)

For F = R and m = 1 this becomes a Ricci flow on static metrics.

Let y(t), n(t) be arbitrary, smooth, one parameter families of Rieman-
nian metrics and functions on dM, satisfying the zeroth order compatibility
conditions (0) = g} and #(0) = H(go). Imposing the Bartnik data, and
applying the techniques of Chapter [4] we obtain the following existence

result for (1.6), in Chapter

Theorem 1.10 (Theorem [5.2). Given hg as above, there exists T > 0 and solu-
tions g, f of (1.6),(1.6), smooth and defined away from the corner M x 0, such
that h(t) = g(t) + f(t)2¢ is a Ricci flow for t < T, satisfying

gt = (1),
H(g(t) = n(t),

forall t > 0. In addition, there exists a a family of diffeomorphisms ¢ of M
such that ¢;g(t), ¢; f(t) convege to g, fo respectively, as t — 0 in CY*(Mr)
(uniformly). Moreover, the convergence is also CK up to 9M x 0 if Ric(h) satisfies
higher order compatibility conditions.

In addition, if M is noncompact and g is controlled in C?, then h(t) has
uniformly bounded curvature for all t < T.
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Chapter 2

Background material

2.1 Function spaces

In this section we define the function spaces we will need. Let M"*! be a
compact or noncompact n+1-dimensional manifold with compact bound-
ary oM and interior M°. We denote Mt = M° x (0,T), oMt = oM x (0, T).

Fix a smooth Riemannian metric § on M and its Levi-Civita connection
V. Let {U;} be an open cover of M, and ¢ a collection of charts such that

¢s : Us — B(0,7) C R , if Us does not intersect the boundary
¢s : Us — B(0,7)" C Rt , if U intersects the boundary.
for some 7 > 0 (where 7 is uniform over all charts). In the last case assume

that
Oslomny, oM NUs — V := B"(0,7) C R".

Let also ps be a partition of unity subordinate to that open cover.

We will use the convention that Greek indices correspond to directions
tangent to the boundary, ranging from 1 to n, while the 0 index to the
inward transversal direction.

Definition 1. We say that § has uniformly bounded geometry in W27, if
there exists a uniform constant C > 1 so that the components of § in each
of the coordinate systems defined above satisfy

Cil(Si]- < &ij <C¢; (asbilinear forms)
18ijllwer < C

Here the W2? norm is defined with respect to the flat metric induced in

11



each coordinate chart.

When M is non-compact we will always assume that § has uniformly bounded
geometry in WP,

Consider any tensor bundle E of rank k over M, with projection map 7,
equipped with the connection inherited by V. The completion of the space
of the time dependent C*(Mr7) compactly supported sections of E, with
respect to the norm

= =2
ullwer gy = Nl ap) + 1V lly agy + 1TV 2l aar) + 1982l (aar)
will be denoted by W,%’l (Mr). Let also

=2

be the principal part of the norm ||u ) If T is a section of E, we will

H Wﬁ’l (Mr

denote by ° Tﬁf " the coordinates of this tensor with respect to the trivializa-
tion based at Us.
We define the following norm for time dependent L,,(dMr), and W' (dMr)

sections of Eyyy = {v € E|mov € dM}, for A =1— 1,

p
0 A = ||v + v A
1o 14 gy = I 1910
v = |lv )+ V v i V v ,
el oaagh e = Whianin) + 19 ol 197y

=T L A -
where V' denotes the connection induced on Ejy;. Setting ps = ps o ¢ *,
we define

v . a = Y max | g0t
| |£A 2 (9My) ;ilz---/ik“)s il A’(VT)

where, for every function f € L,(Vr)

’f|zz'ﬁ(VT) = |f|£a0 +|f‘p0,ﬁ Vr)
no oo
oy = 5 J Al TPYA L

_|_
sy = | B PNAGAIL i
P

12



In the above,

Aupf(yt) = fly+hewt)—f(y,t)
Anf(y,t) = flyt+h)—f(yt)
Vopr = {(y,t) € Vrly+he, € V}.

Analogous spaces exist also in the elliptic setting, see for instance [Sol67].
For | > 0 nonintegral, we will denote by C"/2(M x [0, 7], E) the Ba-
nach space of time dependent sections u of E having continuous up to

the boundary derivatives o} V7 u for all r,q satisfying 2r + g < 1, satisfy-
ing appropriate Holder conditions in the time and space directions. More
precisely, the norm is given by

|[ul11/2 = sup max |S”I|[l},B(O,1) +sup max <S”I>1,l/z,3(0,1) ’
S S

where °u; are the coordinate functions of u in the coordinate system U;
and

flesony = Y 11070%fl]e

0<2r+q<k
Flimson = 2 G0Hf) .+t L <a¥a?cf>172#,t :
2r+gq=[1] 0<l—2r—g<2
Here, for0 < p <1
[f(x,t) = fy, b)]
= su
<f>p,x x;éylf)t |x - y|P
f(xt) = fx,t)]
_= Su .
<f>p't t;ét’I,)x it —t'|P

We will also denote by |u[ and (u);;,, the norms

<”>z,z/2 = Supmflx<su1>z,z/z,3(o,1)
S

ule = supmax[uilp(,)-
S

For any integer k > 0 we will denote by C¥(M x [0, ]) the space of sections
with all the derivatives 0} V7 u for 2r + g < k continuous, equipped with
the norm | - [¢.

13
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¢ A
It is not hard to see that C*2 (dMr) and C'*¢ 2 (9Mr) embed in W;\’Z (oM7)

144
and W;H“ 2 (0Mr) respectively, provided that e > A. We will also need

the following embedding theorems.
Lemma 2.1.

1. For1 < p <oo,andu € W;%'l(MT)f

||u||WF17+A,(1+/\)/2 + ||Vu||W£,A/z(aMT) S C1||u||W§’1(MT)'

2. If 8 < p<ooand 0 < a < min(1,2 — (’%3)), then

p_nt3_ _n+3_
<u>(x,oc/2§C2 <‘5 y a|“|L§,l(MT)+5 P m”“”m(Mﬂ)

3. Ifn+3<p<ooand0<zx§1—”7f3,then
— 1—n43 — (14143
(Vithaara < Co (67 ulyr gy + 0 utlliogur)) -

In the above, the constants do not depent on T > 0 and 0 < 6 < min(d, T*/?),
where d is a constant depending on the chosen atlas {Us}.

Estimates (2), (3) still hold in the case M is noncompact, under the assumption
that the geometry is bounded in W>P and p > n + 2.

Proof. By Lemma 3.3 in Chapter II of [LSU67|] or Lemma A.1 in [Weig1] the
estimates hold for domains in R"*! or R""! satisfying the cone condition.
We will show below that the global estimates (2),(3) hold in the case that
M is noncompact and ¢ has geometry bounded in W>?.

First, by the Sobolev embedding (since p > n + 2) there is a constant
C > 0, uniform in s, such that [ujlo oz« < CHui]"|W§"’(B(0,f)x[0,ﬂ)’
where u;; are the components of the 2-tensor u in a given coordinate chart

(Us, ¢s) and We1 P denotes the Sobolev space with respect to the standard
Euclidean metric and connection.

However, the uniform control of the geometry in W2p provides uniform
bounds on |g;i|c1 (since p > n + 1), which imply the estimate

||uij||wel/f’ < C||u||w(%'p(B(0/7)><(0,T)) < C||u||W§’1(MT)’
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where W,” is defined using ¢ and its connection. Here too, the constant
is independent of the choice of the chart. Therefore the estimates above
provide uniform CY bounds on ujj(x,t), in any coordinate chart.

Now, we estimate

/|M|§dx+2/|akuij|fdx+2/|3k31uij|§dx

</|u|§dvol +/|Vu|§dvol +/|v u| ool >

< Clullf

||uz]| |W21 (B(0,7)x[0,T])

IN

W21 )'

Where C > 0 does not depend on the choice of the particular chart. Note
o1 =2 . . . .

that the only terms inside V" u;; which contain second derivatives of § are
of the form u x 92g. However, since there is a uniform C° bound on uij,
the uniform W2? bound on §;; is enough to estimate such terms. Then
estimates (2), (3) directly follow from the corresponding estimates in each
coordinate chart, since the constants above maybe chosen the same for all
charts. u

From now on we fix some p > n + 3 and some & = 1 — p 3 and € >
A. Then, as the previous Lemma implies, the Sobolev space Wp' (Mr)

embeds in the Holder space Clta i3t (Mr). Moreover, we get the following
estimates (see Corollary A.2 in [Weig1]]).

Lemma 2.2. Forall u € Wf,'l(MT), withu(,0) =0,n+3<p<oo,0<y=
(1-— ”TT?’)/Z and all sufficiently small T > 0

]u\l < C4T ‘M’Lﬂ Myp)*
2. ’M‘E/;,ﬁ/z(aMT) < C5T7|u|L§,1(MT),fOV all ,3 € (0,1).
Finally, we will often use the following product estimate.

Lemma 2.3. If f1, f» € Eﬁ’ﬁ(VT) NL®(Vy)and p = po ¢!, then

07112l 38 ) < Collfufalleo + 1l |l fel sy + ol s
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2.2 The second fundamental form and mean cur-
vature.

Let ¢ be a Riemannian metric on M and N the ourward unit normal to
oM with respect to g. The second fundamental form A of the boundary is
defined by

1
A= (Lng)"
Its trace is the mean curvature, given by

2H(g) = tror Lng.

First variation of the mean curvature.

Lemma 2.4. If g; is a smooth one-parameter family of metrics, such that go = g,
and 9:g|i—o = h, the variation of the mean curvature of the boundary is given by
the formula:

2H}(h) = trgr Vil + 265, (h(N)T) — h(N, N)H(g). (2.1)
Proof.

M, = —h"P(LNG)ap +try(Lng) = —2(A,h) + try Lyg + try Ly
= =2 <A,h> + tr, ‘C*hOONg + tr,, ‘C—h(N)Tg + tr, Lyh
2
= “2(AK) — h(N,N)H + dypg (W(N)") + try Vv +2 (A, )
= tr, Vh + 205 (h(N)T) — h(N,N)H.

The mean curvature in local coordinates.
Lemma 2.5. In local coordinates the mean curvature of the boundary of M is

" DVlgak Ol Okgla  gTaBg o0l g0k
2H = gT*P1'9;(gup) — ( & S +g( & & P 9 (8k1)-

00 0\3 00
V38 v&h) 8
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Proof.

2M(g) = trr(Lng) = 8P (LNG)up
= g"" (N(gup) — (IN, 3], 0p) — 8(0u, [N, 3p]))
= gT,Dé,B (viai(gaﬁ) + 280((1/i)gi‘5>
= 8T'“ﬁ‘/iai(ga/3) + ZgT'“ﬁaa(Ve)geﬁ + ZgT’aﬁatx(Vo)gOﬁ
= g"Pvi9i(gup) + 200 (v*) +2g"Pg0p0u (1).
Since v = — j;% we compute
. 0l ik 01 ,0k ,0i
(V') = s§8 8388 O (8k1)-
g% 2(,/gW)3
Therefore
o o , I ,0k
oM = ¢TPyidi(g 5+ <2g01g k - g0l g0k 0 . gT“ﬁgo,ggO Q0
g00 (1/g%0)3 00

17
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Chapter 3

Two linear parabolic boundary
value problems.

In this chapter we discuss two linear parabolic boundary value problems
on M which will later arise as linearizations of the Ricci-DeTurck equation.
Theorems and are applications of the work of Solonnikov on the
solvability in L? spaces of parabolic boundary value problems satisfying
general boundary conditions (see[Sol65]). The adaptation of his results in
our case does not require any essential modification if M is compact or
noncompact with geometry bounded in W27,

Let ¢ be a C!*€ Riemannian metric on M, for some ¢ > 1 — 1 and

p
p > n+ 3, and 7 the induced metric on the boundary. Then,
. 1
Bg(u) = divgu — Edtrg u

is the Bianchi operator and # the linearization of the mean curvature at g

(see 2.1).

Theorem 3.1. Consider the following linear parabolic initial-boundary value prob-
lem on symmetric 2-tensors on M

oru — trgv2 u=F(x,t)

Bg(u) = G(x1)

%é(;’l) = D(xt) Sonom (3.1)
uT o tr7nu yo= 0
ult=0 = uo

18



or F € LP(Mry), G,D in the correspondin WiA/2 OMr) space and ug €
p 8 WVp p
W?2P(M°). Assuming that the zeroth order compatibility conditions

Bg(uo) = G(x,0)
Hé(uo) = D(x,0)

T
tro u
up——, o =0

hold, problem has a unique solution u € Wﬁ’l(MT) which satisfies the esti-
mate

I3 ) < s (HPHWMT) 1603

+|D]] AS +Hu0HW2/P(M0)>' (3-2)
W, % (dMr)

Moreover the constant Cg stays bounded as T — 0 and depends on the C1*€

norms of g and g~ 1.

Proof. The method followed in Chapter IV of [LSU67] and Theorem 5.4 of
[Sol65] carries over to the manifold setting, after the necessary adaptation
to the realm of manifolds and vector bundles (see [Pul12]). We only need
to show that the following boundary value problem on R%*! = {x0 >
0} C R"*! satisfies the complementing condition (see [LSU67|,[Sol65] and
[Eid6g]).

ity — Aottty = Fu
5if'a-(u.k)—15iiaku~ = G
1 ] 2 1]
5*Pogiuyg — 26F0,ugy = D (3.3)
5¢Cu
Hep =~ bap = 0
M‘t:() = 0.

Here, F; € L,(R""!) and Gy, D e W?I’OMZ(BIRTJFH) ( by W;‘,’é‘/z we denote
the subspace with initial condition u|;—p = 0). One obtains (3.3) by ex-
pressing (3.1)) in local coordinates around a point x of the boundary, with
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gij(x) = dj;, freezing the coefficients at (x,0) and keeping the higher order
terms. The principal symbols of the boundary operators are:

iy Gy — % Y Ckhy (3-4)
1 ]
ié(O Z Moo — 2i 2 gthOa (3'5)

and the principal symbol of the parabolic operator 9; — A, is (p + |]* +
©)hjj, where { = (Z1,...,0u) € R" and |{] its Euclidean norm. We obtain

the following positive root T = i\/p + |{|2. Setting equations (3.4), (3.5)) to

zero and letting o = T, {x = (a, We get the following system:

n . i,
itho +1)_ Calao — ETZhll =0 (3.6)
o ]
A . i
ZThOV + lzgthw - Egy Zhll =0 (3.7)
o )
it) han —2i) Cahox = 0 (3.8)
o n
hap = Poup. (3.9)

Since the principal symbol of the equation is in diagonal form, the comple-
menting condition is equivalent to proving that system (3.6)-(3.9) has only
the zero solution when (p, {) satisfy

Rep > —417)? (3.10)

for some 0 < 61 < 1.
From equation ([3.6) we have

2i2€aha0 = ifzhll — 2iThyy = i’?(trh — 2]’100), (3.11)
% l

while multiplying equation (3.7)) by 2, and then adding over y we find:
Y 20t Cuhoy +2i ) Caluhay — 1Y Chtrh = 0. (3.12)
K op M

This gives, taking (3.11) and hyy = ¢day into account:

it2(tr h — 2hog) + 2i| ¢ — i|¢|* trh = 0 (3.13)

20



which, after substituting for 1, leads to the equation:

phoo = png +2(n —1)[¢*p (3.14)
Now, by equation (3.8) we have:
14 14

which combined with (3.6) gives:
2ithg + itn — ittrh =0 (3.16)

and therefore ithgy = 0. Now, (3.10) implies that p # —|{|?, which gives
T # 0 and thus hgg = 0.

Now, by we have that
¢ (pn+2/gPn-1)) =o. (3.17)

However, assumption (3.10) implies that (pn +2|¢|*(n —1)) # 0, since

2(n—1 . .
% > 1 for n > 2. This gives that ¢ = 0.

Now we have established that ¢ = hgo = 0 it is easy to see that hy, =0,
by (3.8). This proves the complementing condition for system (3.3). O

Remark 3.0.1. Theorem is still valid if we consider <; and g; evolving
such that 79 = ¢7. Note that the complementing condition is satisfied
if 7 and g/ are in the same conformal class. If not, the openness of this
condition implies that it holds at least for some short time 7 > 0 depending
on C¢€/2 bounds of v+ and g;. Thus, we either get local (in time) existence

or a global solution and the constant Cg depends on the Cl+e 5 norms of
¢t and 7; and the CY norms of ¢~ ! and 1.

Before we state Theorem a few definitions are in order. Given a
metric ¢ and a positive function f on M, we can define the following first
order differential operator

r r Ewi 1 T ~ — rk ~
Pigp)(u,¢)" =g 'gP1V g — 78 'SP upg — mf 1V g

acting on a symmetric 2-tensor u and a function ¢ on M.

In the following, u and F; are symmetric 2-tensors, B a section of the
restricton to M of the tangent bundle of M, F, and B, functions on B and
OM respectively, and B3 a symmetric 2-tensor on dM. Abusing slightly
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notation we will not use different symbols to distinguish among function
spaces containing sections of different bundles but of the same nature.
Moreover, for the coefficients of the boundary operator P, 7 to have the
right regularity so that the following Theorem holds, we note that the back-
ground metric ¢ has to be at least C' ™€ (with respect to the atlas defined in

Chapter [2).

Theorem 3.2. Let Fi,F, € LP, boundary data B1,B> € W?’/\/z and B3 €

A+1,441 : L ,
W, "2 Then, given initial data uy € W>P, ¢ € WP, and assuming

that the zeroth order compatibility conditions hold, there exists a unique solution
(u,¢) € W;%’l to the following parabolic system
=2
aﬂ/lkl —trgV Uy = Fkll (318)
=2
o —trg Vo = F? (3.19)

satisfying on dM the conditions

Pip(w,0)" = B (3.20)
Hé(“) = P2 (3.21)
8eTg = gg (3.22)

Moreover, u and ¢ satisfy the following estimate

[ullwar + 1@l = € (HF1||LP Bl + [Billyparz +11B2ll yarrz

HlIBsll 1 azr +lluollwzr +190llwer) - (523)
4

Proof. The symbols of the boundary operators, setting ¢ = (7, () are:

. i o
Y iggon — 561 Y o —imf g, (3-24)
k k
iTZO-DUX - 2126“0'“0, (3.25)
Tup- (3.26)

For | = 0, setting (3.24)) equal to zero , we obtain

. . i .
000 +1 ) Gadho — 5TY 0 — inT9 =0, (627)
o k
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where y = mf~!. Similarly, for [ = B in (3.24) we get the equation

) ) i )
iTogo +1Y  Calup — 568 Y 0w — iugpp =0, (3.28)
o k

while setting (3.25) and (3.26) equal to zero we obtain

ZT Z 0—“9( - 21 Z Clxa—ao = O, (3.29)
4 14
Oup = 0. (3-30)
In particular, combining (3.29) with (3.30) we get
ZC&URO =0. (3-31)
(14
Equations and (3.30) now give
i .
5 T000 — IpTP = 0. (3.32)

Moreover, multiplying (3.28) with {4, summing over § and combining with
we obtain

i

. i . )
iTY Cpoog — §|§|2000 —ip|t)Pp = Emszoo +ip|¢>p = 0. (3-33)
B

This, together with (3.32) imply that opg = ¢ = 0, since |{|? # 0, 4 # 0 and
T # 0.

Finally, with the aid of equation (3.28) we obtain that oy, = 0. Therefore,
the boundary value problem satisfies the complementing condition. O
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Chapter 4

A general boundary value
problem for the Ricci flow.

In this chapter we describe a boundary value problem for the Ricci flow
and study issues of short-time existence, regularity and uniqueness. We
will focus in the case that the manifold M is compact, describing the re-
quired estimates in detail.

The results of this chapter can be extended to non-compact manifolds,
as long as the boundary is compact, and the initial metric has geometry
bounded in W?P and curvature in LP. The modifications needed to obtain
the result for the noncompact case are treated in Chapter

Let ¢° be a W?F N C1*¢ Riemannian metric on M"*1.

v(x,t) € CHQ%(E)MT), a family of boundary metrics and a function

n(x,t) € C¥2(dMr), where € is always 1 —% <e<landp > n+3
Moreover, assume that the following zeroth order compatibility conditions

hold.

Consider also

vl = [& (4:1)
n(+0) = H(g)
We supplement the Ricci flow equation
315 = —2Ric(g) (42)
with the boundary conditions
&) = [l (43)

24



and the initial condition
g(0) =g’ (4-4)

and aim to study the existence and regularity of solutions.
As is well known, the Ricci flow equation is not strongly parabolic, so
we will first study the Ricci-DeTurck equation

dtg = —2Ric(g) + Lyy(g9)8 (4.5)

with the boundary conditions

Wgg = 0
& = 46)
H(g) = n(x1).

Here, W(g,3);1 = g1:8"7 (F;q () — f;pq>, I'(g) being the Christoffel sym-

bols of g, and T'; the Christoffel symbols of a family of metrics & with
§li—o = ¢°. We will assume ¢ is at least C>(Mr), unless g° itself doesn’t
belong to C? in which case we chose § = ¢.

Finally, define

e = max {118 wes oy 1814 1(8°) ™Mo 17y e 1y 1 = 0l } -

Remark 4.0.2. The geometric nature of Ricci flow requires the boundary
data to be geometric, namely invariant under diffeomorphisms that fix the
boundary. The data have this property. However, passing to the De-
Turck equation we need to impose the additional, gauge-dependent bound-
ary condition W(g, §) = 0.

Remark 4.0.3. We allow the background metric §; to vary and define a time
dependent reference gauge. This, as will be discussed in section[4.2} allows
higher regularity of the solution on dM x 0.

4.1 Short-time existence of the Ricci-DeTurck flow.

We can now state and prove the main short time existence Theorem

Theorem g4.1. Consider the boundary value problem (4.5)),(4.6) with initial con-
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dition ¢(0) = g°. For the data (g°,§,1,7) define
A = max {x,sup {12 = &l oy + 190 e 0} }-

For any K > 0 there exists a T = T(A,K) > 0 and a solution g(t) € Wrz,’l(MT)
of this initial-boundary value problem which satisfies

”g_gOHW;’l(MT) <K

Proof. Using the background connection V the Ricci-DeTurck equation (4.5)
can be expressed as

_2 J—
a8 —trg V., g = R(g(x, 1), V&(x,1)) = Ly ()8, (4-7)

where V(g) = girgpq(fgpq - f;q), while in local coordinates we get (see
[CLNo6])

R(& V)i = 88" (giRjpiq + &ikRipiq)
1. _ _
—gMgH (5 Vigkp Vi&s +V&ix Vigia — Vi &ia Vg gil)
+8718" (V; 81y Vg 81 + Vi 8kp Vy 1) -

Moreover, we will express the boundary condition for the conformal
class in the form:

T
T tr’Yt 8t

8t 7t = 0.

Following [Weig1], for K, T > 0 we define the following subset of W%’l (Mr):
ME(8°) = {u € W2 (Mr) [ulico = 8% 14— &llyzrpsyy <K -

Choose 6 > 0 such that (g°)7¢;&; > 6|Z|2,, in every coordinate system of
the fixed atlas. Note that J is controlled from below in terms of x. Lemma
implies that for every K > 0, there exists 0 < T,(K, gO) < 1 such that
det(u;;) > 6/2 and (u=1)" > §/2 for every u € Mg (g"). In particular,
u(x, t) is a metric for all t € [0, T,).

Now, let T < T,. For every w € MX(g") the following linear parabolic
boundary value problem is well defined:
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Opit — trgo Vu = R(w(x,t), Vw(x,t)) — Ly (w)w — trgo Vw+tryVow = Fy

Bpo(u) = Bgo(w) —W(w) = Dy
Higo(u) = Ho(w) —H(w) +n(x,t) = Gy

T
T_tr%u

U v = 0

M|t:0 = &g

and has a unique solution u € W%’l(MT), by Theorem This defines a
map
S : Mg(g%) — Wy (Mr)

where S(w) is this solution.

Notice that a fixed point of S solves the nonlinear boundary value prob-
lem. Therefore, it suffices to prove that S is a map from ML(g°) to itself
and also a contraction, as long as T is small enough. The existence of the
fixed point will follow, since M%(g°) is a complete metric space.

It is easy to see that o = S(w) — ¢° satisfies

~

00 — tr oo VZ c = F,+ tre0 VZ go =F,

,Bgo(O') = Dy
Hio(0) = Hip(w —g%) — (H(w) = H(g%)) +n(x,t) —17(x,0) = Gu
tr t(TT
o7 wn m o= 0
oli=o = 0

Here we used that B (¢°) = 0 and the compatibility condition H(g") =

flt=o. Lemma |4.2] below and the parabolic estimate of Theorem [3.1] show
that for any K, S maps ML(g") to itself, if T is small enough.

Finally, for any wy,wy € ML(g°), S(wq1) — S(wy) similarly satisfies a

linear initial-boundary value problem of the form (3.1). Then, the estimate
of Lemma @]below shows that S is a contraction for small T > 0.
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The uniform bound of existence time follows from the fact that a uni-
form bound of x implies uniform bounds of the constants of Lemmata
and the constant Cg of the parabolic estimate of Theorem O

4.1.1  The key estimates: Lemmata [4.2]and [4.3

Lemma 4.2. Let w € ML(g°) for some K > 0 and T < To(K,g%). Then,
there exists a constant C(K, g,n) and a function { : [0,400) — [0, +00) with
C(T) — 0as T — O, such that the following estimate holds:

1Foll L, () + HDwHwA,g( + H@wHWA,% < C(K, g, mE(T),

2 (dMr "2 (IMr)

where

CK,g1) = € (Ksup {13~ 8" lwescuey + 10l 00}
18 Iwas ooy 11 = ole )
Proof. Since w € ML(g°), Lemma below implies that w € C'(Mr) and

therefore o
R(w,Vw)|, <C (K/ ||8O||w§/1(MT)) .

This gives

IR (@, V)|, 7)< € (K N8 lwarqay ) E(T)-
Next, we estimate
1yl < TV? sup 1Ly @wywlellL, (mo)
< ¢ (Kosup @l ) ECT)
We also have

=2
I treo 7 &l oty < € (11l woqaae) ) T7-

Combining these estimates we obtain
p— _2 -
IR,V 0) = Ly +treo V- &l aar) < C (K sup |3(1 sz,p(Mo)) (T).
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To estimate the rest of F, we estimate using Lemma
()7 =) Vjwly < Cmax|(8°)7 — ) V3w
< C(K 18"z aay) ) max| 30
< C(K N8 lwzraay) ) E(DIV wle.
This gives the estimate

2 2
| trgo V" 0 — tr0 V0l (1) < € (K, 18° vz ) €(T)

and proves

IFullaan < € (K sup 180) sy ) €07

It now remains to control the norms of Gy, and Dy,. Given any w € ML(g°

(we assume that T < T,(K, g°)), define h = w — ¢°, and for every 0 < s < i
gs(x,t) = g°(x)+s-h(x,t)
Then by the fundamental theorem of calculus we get that
2H (w) — 2H () = /01 2H!, (h)ds
and therefore
Cu 1= 2Hlp(h) — (2H(w) - 2H(3")) +2(n(x, ) - 7(x,0))

= [ @y ()~ 233, ())ds + 2015, 0) — 7(x,0)).

29



Now, denoting As := 2Hy (h) — 2H, (h) we calculate

Ag = trgg(VO,Noh) — t”gsT(vs,Nsh)

S
&

+200,0m(R(No)") — 20, p (h(Ns) ") +11(Ns, Ns) H(gs) — h(No, No)H(g0)

-~ ~N"~

S S
I &3

(4.8)

which, in the coordinates of the fixed atlas, are

1 i
H(R) = 5 (8vdi(gup) +20u(v") + 28" g0pda ("))

& = (g5Pvh — gPui)aihes — 2(g5PuiT! L — gRPuITL kg

ay = (gsﬁvZ —goﬁ ) duhip + (gsﬁaa(vs) - 8oﬁaa(%)> hig

<g0‘BVl o,up gsﬁvl s:x,B) hl]

1 o
0y = 5 { (vivivhetoc(geap) — vivhvist oc(s0ap) ) 1y
2 (vivlaa(u2) — viuhda(v8))

+2 (vévégg‘ ﬁgs,o;aaa(Vg ) — VéVéggﬁgo,o,gaa(Vg )) hij,

0i A
—(g(%%ai is the outward unit normal, I' the Christoffel

symbols of the connection induced on 0M, and g;j represents the inverse of
the matrix g; ;;(i.e the induced metric on the cotangent bundle). To simplify

where N; = vld; =

notation, gi‘ﬁ denotes the inverse of the matrix {gug}a,p=1,.,1-

Now, to indicate how the estimates of this lemma are established, we
show how the term

(8675 — 85"v)aihag = (55 — 82w+ (v — v)ge”) dihog
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is estimated. We have

g gl 8 lofditg olvgl
T

p(g5° — g

Vr

+1g6" — 8§ﬁ|o|V6|0|ﬁaihaﬁ|£A,g(
14

+1go" - ggﬁ’0|aihaﬁ’0‘pvé‘£)\,é(v |
p - (Vr

i ) Ar oo ap
Hofitglolp(es” ~5) g

< C(K N8 lwzraayy ) DM wr ary

where the last inequality follows from Lemma

The terms that are of zeroth order in h, for example 2(g0ﬁ v l"f) i

gsﬁ ;Fé in)hup, are of first order in gp and gs, but they are estimated in a
similar way:

ap ﬁvz

1/(l) 0in — &s szuc)hlﬁ =
<(g0ﬁ_g5ﬁ)1/0r0ux+g ﬁ( -V )r0ux+g P ( 0,ja sm)) hl,B

2(gg

For example, the term gsﬁ (Fé = Fé ix)ip can be estimated again us-
ing Lemma

o854 oo = Dol oy Cls bl ~ Tialoliglo
T

+ Byilolh o(Th
‘gs s|0| ZB‘O|P( 0,ix — SZD‘)|£AA(VT)

+ 185 lolmuglolTh, e — Thilolvil 4

P VT)
+ [viloliglo/Th i — T ielol 08" iE
2(vr)
+ ‘ngsﬁ‘()’rOux— s,ilx 2
p - (Vr)

< C(K 18wz ) STl g

The procedure indicated above carries over to estimate all the terms of
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As, providing us with the estimate
Aslovy +104s] g < C(K IS lwz1aap)) DAl 0

p 2 (Vr)
< C(K N8 Iz o)) E(T),

since HhHWZ,l < K. Now, under the assumptions for 7, this proves that
p

(Mr)

Gl s oy, = C (KN g a1 = ol ) €CT):

Wy, * (0Mr

Similarly, the linearization of the map w — W(w, §) at u(x,t) is given
by
WL/L(T)I = ,Bu(T)l + (Tlrupq - uerijulpu]q)(r( ) r; pq) (4-9)

So, given any w € M (g%), T < Ty, since By(g°) = 0 we have
(D) = Bgo(w) = W(w,§) —W(E’8) —W(s" &)
= Bl — [ W (s~ W, 9
= [ (Balh) ~ Byt +
[ gt o ) (T g = T s = W, 1

Again, using a coordinate system intersecting the boundary, we have:

Blh) = g (aihjl — h T —h-rl”f> - 1al(gijhij)
Beo(h) —Bg. () = (8" —géf>a~hﬂ — (1T — g¥Th )
(go T — 8oy
—5 <(3180’” ~a,gY )hij + (™ — gd)auh z]>

Finally, a series of estimates of the same form as those used for the mean
curvature part of the boundary conditions gives the required estimate:

D6l 1 ey S (N8 = 87z a8 I ) £

< C(K g mg(T).
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Lemma 4.3. Let K > 0and T < T,(K, g°). Then, there exists a constant C(K, §)
such that for every wy, wp, € ML(g") the following estimate holds:

HPM_szHLP(MT)"’Hle Dy, || 3 + (|G, — G, || M

Mr) % (oMr)

)\
(0

P

C(K )C( )le_wZHW%rl(MT)/ (4'10)

where
C(K,§) = C ( Ksup (1§ — & llwar(uoy + 19:8 1l ey - 18° Iweae ) -
'8 ’ tP 8 — & llw2r(mo) tSIL,(Me) [ 7 118 [lw2r (Mme)

1

Proof. If wy,wy, € MF(g°) and w;',w;" are the metrics induced on the

cotangent bundle, Lemma |2.2| gives that
0 w2y + [t =y <€ (K 18z gy ) SO 01 = w2l g, -
which is enough to prove in a similar manner with Lemma |4.2| that
IR (w1, Vwr) = R(wa, Vwz) = (Ly )01 = Ly () W2) |, (a7
< € (K,5up 180 lwesiaey ) T 1 = sl a0)
Then, again as in the proof of Lemma we have

| trgo Vz wy — try, Vz w1 — (tl‘go VZ Wy — try, vz w2)|h <
— i i\ =2
(8% — w) Vij(wr —wa)ly  + (] — w]) Vi wal
=2
< C(K,g)Z(T)| V" (w1 — w2) |1+ C(K, 8°) wa — wilo |V waly

which, by Lemma 2.2} gives

=2 =2 =2 =2
[trgo V7w — tro, V7w — (treo Vo wa — trw, Vo w2) |1, (my)

<C (K/ ||gOI|W§1(MT)> g(T)|w1 - w2|L%,’1(MT) (4.12)
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and proves

||Pw1 - sz”Lp(MT) <C <K’ sup ||g~||W2'p(MO)> ST lfewr = wszz'l(MT)'
; 14

To establish the estimates for the boundary data, we define

h = w—w;
gs = wi+s-h

Then, again as in the proof of Lemma we get:
Guy — Gy = /O 1(2%;0(}1) — 21, (h))ds
Duy = Duy = [ (Bia(h) — B, () +
[ g2~ goahig Ty~ T )
and the same computation gives the estimate

9Mr) ,' 2 (9Mr)
C(K,§)Z(T)[wy — wzuwg,l(MT).

O

||Gw1 - Gwz” A + ||le - Dwz” AL <
W, 2 ( w, 2

4.1.2 A few technical Lemmata.

Lemma 4.4. Let 6y > 0. There exists a positive constant C, such that for matrix
valued functions g,g; € L*(Vr)N Eg’ﬁ(VT), | = 1,2 for which det(g;), det(g;,;;) >
o and g", g;i > 0¢ holds:

1. !ﬁgij’z:;’éfﬁ(w) < Clglo ('pglﬁg’ﬁ(VT) * 1)
2. |p (811] —8Zz]> |28y <CBie B (|ﬁ(g1 —82)l gty Tl _g2|0)

5. 106%) 2] oy, < C-Iglo (108150-+1)
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o 10 (8802 = (&) |y < CBr-Ba (16 (51— 82|y + It — 2

where |g;lo < By and ‘ﬁgl‘ﬁz,ﬂ(VT) < By and the constants depend on & and the
cutoff function p.

Proof. The result follows from Weidemaier, Corollary A.3. O

Lemma 4.5. Let 9,91 € ML(g°), T < To(K,g°), g5 = go +s(g1 — go) and
(U, ¢,p) a chart whose domain intersects the boundary, with the corresponding

. 0i
cutoff function p and p = p o ¢~ 1. Let also v = —(gsm%—im be the components of

the outward unit normal to the boundary with respent to gs. Then:

L [8silLve + 108l 1y v 1P9k8sifl 14 v = C(K,g’)

p p T

2. 180 — 8¢ + 180ij — &sifh < C(K,go,é)g(T)||hy|W§,1(MT)

3. 10(g5 —&9) A )+|p(g0,ij_gs,ij)
T

0
e < C(K,g%8)(T) Hllyan vy,

| A4
£p : (VT)

4. |porgY | i < C(Kg%6)
£,% (V)

T

i AL A i 0
5. |vifo + |pvs|£)\,%( ) + |paavs|£/\,% < C(K/g ,9)

p - (Vr p - (Vr

6. v —vily + |o(vh — v N
| 0 s| |10( 0 s)lﬁg,z vr)

< C(K 8% )G (T) 1hllyar (py

7 lpourt] Ly < C(Kg00)

p - (Vr

where lim {(T) = 0.

T—0t+

Proof. Since go, g1 are in ML (g°) we get that g € M (g"). Therefore the
estimate

||gS - gOHW;%rl(MT) <K
holds. Using Lemma [2.2} and assuming T < 1 we compute:
sl < 185 = 8%l + 1871 < CuK + Cy(g")
_ o0 0 x7 0
185l g < lgs—¢ !ﬁ(a I8 g, S CKA G

[4 : (aMT) 4 MT) 14 Mt
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where C* = |¢%; and C: =
i=1g'h 8° |£Ag(aMT)

We also have that ||gsHW21 < |lgs— g Hwﬁ'l(MT) + HgOHWSJ(MT). This,
using Lemma gives:

Vel .y < Cillgslyg gy < CK+CH(E)

p My

where C;(g°) = ||¢° szl wy)- Now, the estimate

A .. < ~ A s
’pakgsﬂl‘ﬁg,é(vﬂ < C(& AUt ¢s) 6 Vi gs,1]|£2,§\(VT)
completes the proof of (1).

Estimate (2) follows directly from (1), Lemma and the fact that
det(gs,j) > ¢/2, since the inverse is given in terms of the determinant
and the cofactor matrix.

Lemma proves (3), since

< C(K g

2(vr)

p

6(304— 8| < C5T7l80 = &ellwzr(ury) < CsT7 Mz
180 — gslo < C4T7HhHW§'1(MT)

where the first inequality follows from (1) while the second and third in-
equalities by Lemma

For estimate (4), note that d( g? ) = —gl akgs P gs . Then, by (1) we get
the estimate

poc(s)] L4 <C(Kg%0)
L, (vr)

The estimate of |vj, — vi|o + |94 (v — v2)|o follows from (1) and (2) of this
Lemma. For the rest we have:
Ep (VT)

; g g
g Ve

+1p 0i _ ,0iy/,00 2
A (80" —8s')(8s") 2| )

< C(K, 8" &)L Ilyzt sy

A
Ay




where the last inequality follows from Lemma [4.4) Lemma [2.2]and the fact
that T < T.
Lemma since ggo > 6/2, also proves that

01
y ( g8 OO)
g0

and this finishes the proof of this Lemma. O

60, (1 = < C(K,¢% s
004 ( s)‘ﬁ;\,é(vﬂ . =<C(Kg9)

AL
L, (Vr)

4.2 Regularity of the Ricci-DeTurck flow.

The solution of the Ricci-DeTurck boundary value problem obtained in
the previous section is in the Sobolev space Wr%’l(MT) for p > n+3, and

therefore has only Clta st regularity in Mr. In this section we show that
certain higher order compatibility conditions on 0 M are necessary and suf-
ficient to obtain higher regularity on M x 0. We also obtain an automatic
smoothing effect of the flow for positive time (up to the boundary).

4.2.1 Higher order compatibility conditions

Assuming that g(x, ) is a C'*22+1(Mr) solution to the Ricci-DeTurck flow
drg = —2Ric(g) + Lyy(g9)8

we easily see that all the derivatives i = dfg|;—g € C'*272(M), 0 < k <
[%} + 1 are determined by the initial data g|;—o = ¢g° € C'*2(M), by differ-
entiating the equation with respect to ¢, and then commuting 9% with d;9;,
which is possible as long as 2k +2 <1+ 2,ie. 0 <k < [%]

Moreover, if ¢(x, t) satisfies the boundary conditions (4.6), differentiat-
ing with respect to t we get:

IW(g,g)|—0 = 0 (4.13)
HH(g) =0 = 3f1li—o (4.14)

tr T
altc (8; _ ’Yt;(igt )’)’t>
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So, from (4.15) for k < [%} + 1, we see that additional conditions need to

be satisfied by h, and hence by go, on oM. Similarly, for k < [ZH} (so as

2k +1 < I +2), the 9f derivatives commute with the space derivatives of
the first order operators W, H on (4.13), (4.14), and give additional restric-
tions on the initial data on the boundary.

In particular, if [ > 0, since (g§°)T = 7|;=o we see that ¥ |;— is specified,
up to a conformal factor by h;:

t%hT

T =0 = h{ — Ly + fro (4.16)

where f is an arbitrary function. Moreover, if | > 1, 1] |;—g is also specified
by the initial data:

1 |i=0 = Hgo (1) (4-17)
In the section below, we show how parabolic regularity implies that

these conditions are also sufficient to obtain higher regularity of a solution
to the Ricci-DeTurck boundary value problem.

4.2.2 Regularity up tot =0

Theorem 4.6. Let g(x,t) € Wﬁ’l (M) a solution of the Ricci-DeTurck boundary
value problem (4.21 ,422 Forl =k+a,a <1-— ”+3 Jif§ € cl+25 (MO

0,T)) then ¢ € CI+22 (M° x 0 T]). Moreover, if 5 € C1'5 (9My), v
8 77

CI+2% (aMy) and § € C'*2° (My) and the data ¢°n,v,§ satisfy the nec-
essary compatibility conditions, there exists a T, 0 < T < T, such that § €

cl+2,52 (Mz).

Proof. First we prove interior regularity. Let p € M° any point in the
interior of M, U a neighbourhood of p not intersecting the boundary, a
smooth chart ¢ : U — B(0,1) and a smooth cutoff function { defined on
R"*1 such that {|g(g1/2) = 1 and Z|g0,1)-p(0,3/4) = 0-

Given a Riemannian metric g;; on B(0, 1) we can define the differential
operator

L(0t,9x, &) (1)1 = 0t (ugg) — 870:9; (1)
acting on symmetric 2-tensors on B(0, 1).
Now, since g(x, t) solves the Ricci-DeTurck flow, in these coordinates it
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satisfies the parabolic equation

L(9,9x, 8ij) (8 = S(8,98,8,03,9°F)u (4.18)

Define vy = {gy. It is easy to see that it satisfies the equation

dop — §'19,9i(vn) = LSk — 870:9;(0) g — 2879:(2)9;(gk1) (4.19)

on B(0,1), with initial data vy|;—o = {g), € C*>** and Dirichlet boundary
data v[3p(0,1) = 0. Since the compatibility conditions of any order hold (¢
is zero on a neighbourhood of dB(0,1)), and the coefficients of the equa-
tion are in C*2(B(0,1)7) by Lemma 2.2} it follows from standard parabolic
theory (see [LSU67|) that this boundary value problem has a unique solu-
tion in C2t%(2+4)/2(B(0,1)7). Since p € M° was arbitrary, we obtain that
g € CH 3 (MO x [0, T]).

The argument presented above, since the coefficients and the right hand
side of (4.19) are in C1**3*(B(0, 1) x [0, T]), shows that if ¢ is in C3*+* 2 (M° x
[0,T]), so is g. Thus, a standard bootstrapping argument shows that g €

kta

Cka5" (M° x [0,T]) as long as § is.

It remains to prove the regularity of the solution of the Ricci-DeTurck
equation in a neighbourhood of the boundary, under the assumptions of
the Theorem.

We need to establish some notation first. Let ¢ : U — ¢(U) C R"*!
be any smooth chart on a domain U intersecting the boundary of M, such
that (U NIM) = ¢(U) N {x" = 0}, and let g,, yer be symmetric posi-
tive definite (n + 1) x (n+ 1) and n x n matrices respectively. Define the
following differential operators

1
B(0x, Sap)(u)i = 8anp(uqi) - igpqai(”pq)
H(0x, gap) (1) = gT'aﬁviai(”txﬁ) +

240! gk - 0l g0k g0 . gTebg 'BgOIgOk o ()
Q00 (v/g%)3 Q00 a\ Pkl
Y Yap
C(’YSU)(u)rxﬁ = Uy — " v

Now, take any p € dM, and consider a smooth coordinate system as
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the above with ¢(p) =0 and 8ii(0)|t=0 = Jij.-
By Lemma [2.5, 2H(g) = H(0x, §ap(x,t))(g). Thus, in addition to (4.18),
gij(x, t) satisfy the followmg conditions on ¢(U) N {x" = 0}.

B(9x, gan(x,1))(8)i = gpqgrif;q
H(9x, gan(x,1))(8) = 2n(x,1) (4.20)
('Yso)(g)aﬁ =0

and the initial condition g;j|;—o = g?].,

Notice that after “freezing” the coefficients at x = 0,t = 0, the operators
L(6s5), B(6ap), H(0zp), C(Jer), satisfy the complementing condition, as the
computation in Theorem [3.1shows. The openness of this condition implies
that the same is true for the operators £(g.), B(Su), H(gan), C(7Ver), as
long as g5 and 7y are close to J,.

We will extend (4.19), to a parabolic boundary value problem on
IR’j:rl using a smooth cutoff function 0 < < 1 on lRffrl supported in a
ball B (0, 7) such that |+ (/o) = 1. For this, define the metrics

agp(x,t) = 18ap(x, 1) — (1 —17)0ap

n IR'}FH, and
Neg = NYteo + (1 - 77)5&7
on R". Then, choosing r,7 > 0 small enough, the operators L(a,;(x,t)),
B(ag(x,t)), H(ag(x,t)), Clag(x,t)) will satisfy the complementing con-
dition, defining a parabolic boundary value problem on R"™ x [0, 7].
Now, let 0 < ¢ < 1 be a smooth cutoff function supported in B*(0,7/2),

C|B+(01r/3) =1,and setv = (g.
Then v satistfies the equation

L(04,9x, aij) () = {Sk — 870:9;(0) g — 289;(2)9j(8k1)

and the boundary conditions

B(ax/aab(x/ t))(v)i = (1 - Z) (C) + CgP Ft pqgrz

5P 908" % gy

gOO

H(3x, agp(x,£))(0) = 205 +nv'9;() + v*9u(0) +
C(‘XS(T)(U)M/% =0

9(C)
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on lR’}rH. Therefore, by Theorem 5.4 of [Sol65], and the same bootstrap-
ping argument we used for the interior regularity, we can prove that g €

Cl+244 (M x [0, 7]) for some small T > 0, since (g7, satisfies the necessary
higher order compatibility conditions as long as g, does. O

Remark 4.2.1. For g € Wy (Mr), the metrics g(t) are uniformly equivalent
and satisfy a uniform Holder condition in the ¢ direction. Therefore, one
can iterate the argument above to show boundary regularity up to time T.

4.2.3 Boundary regularity for t > 0

Theorem 4.7. Let g be a solution in Wﬁ'l(MT) of the Ricci-DeTurck boundary
value problem with respect to a C* family of background metrc is § and C* initial
and boundary data. Then g is in C*°(M x (0,t|). In particular the compatibility
conditions of any order are satisfied by g(t) for any t > 0.

Proof. We already know that g € CH""%(M_T), fora < 1-— ”—;3. Setting
I = k + «, we are going to do induction on the order k of the regularity.
Suppose that g € CIHLS (M x (0, 7).

Setd = [%] + 1, and choose 0 < 17, < 7. We will use the notation

v (x,t) =v(x, t+ ).
The idea is to use the arguments in the proof of Theorem for the quan-
tity
wy = t17gp

For the boundary regularity (interior regularity can be proven in the same
way), w will satisfy the equation

. . T,
L0y, 0,05 (W) = t* {CSkz —§70:9;(0)8n — 281]31‘(5)31‘(&1)} +dtiggn

on IR’}FH, the conditions

B@wa) @) = 1 {(1-3) %)+ 8" My}

ap 01 0k To
H(dy,0%)(w) = td{zcwnvlai(@)w“aa(cw LA ggof g"laa@)}

Clagg)(w)ap = 0
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on 81R”+1 and the initial condition w|;—¢ = 0.

The coefficients of £, B, H and C are in C/*1'% (M x [0, T — 1)), while
the right hand side of the equation is in C*"/2(M x [0, — 1,]). Then w

will be in Cl+2'l+T2(M x [0,T — 1,]) as long as the necessary compatibility
conditions hold.
To prove this, first note that assuming that w & cl+2% (M x 0, T — 1)),

we have that
By N 0 i<d
Wl=0 =\ qizgn = d

Using this, and commuting derivatives, we compute for 0 <i <d —1

o = (- 2200 )], -0
81;(H(aa7§))(w)|tzo =

ap 0l 0k To
3 (td{zcmana,-(@)waa(c) 81 308 & g"’aa(@} ) =0

t=0

gOO

and 9 (C(af3)(w))|t=o = 0 for 0 < i < d. This shows that the initial and
boundary data satisfy the compatibility conditions.

Hence, w € C+2% 2 (M x [0,T — 1), and since T, was arbitrary g €
Cl+2%5 (M x (0, 7). 0
Remark 4.2.2. The assumption that the data are smooth is not necessary.
Given an initial metric in CkE(M) W2P(M°), k > 1, boundary data y €

Cl/2(dM x (0,7]), 7 € C=V'7 (AM x (0,7]) and T'; € C'=V 7 (0M x (0, 7)),
for | = k' +a, k' > k, the solution will be in C*/2(M x (0, 7]).

4.2.4 Regularity of the DeTurck vector field

According to the following Proposition, the DeTurck vector field W can
gain one derivative, without requiring all the compatibility conditions needed
to increase the regularity of g. Only higher order compatibility of the ini-
tial data with the reference metrics is needed. Thus, it can be assumed to
be as smooth as the solution to the Ricci-DeTurck flow.

Proposition 4.2.1. Let ¢ € C//2(Mr) be a solution of the Ricci-DeTurck equa-
tion, | > 3. Assume further that § is in cl+L (MT) and that the compatibility
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condition hy = 9X§t|s—o is satisfied for k < [HTl} . Then, the DeTurck vector field
W is in CH/2(Mr).

Proof. Applying the Bianchi operator By = divy —3d try in both sides of the
Ricci-DeTurck equation we get

Bg(0tg) = Bs(Lw)

Commuting derivatives we obtain
Be(Lwg) = AW +Ric(W),

where A = try V2 and Ric(W) = Ric(W, -).
By the linearization formula of W we get that

W, = Bg(018)p — gor Ui " g (TZq - ~;,pg) — gMo(T} ,q),

with Ui]' =2 RiCi]' —|-[,ng]
Combining the above we get the following evolution equation for W

oW = AW +Ric(W) + Q,

where Q is an expression involving at most two derivatives of the metric.
By parabolic regularity, given the Dirichlet boundary condition W|y; = 0
and the validity of the compatibility conditions at t = 0 it follows that
W e CH/2(M x [0,T)) as long as g € C*/2(M x [0, T]). O

4.3 Uniqueness of the Ricci-DeTurck flow

Let g1, € Wrz,’l(MT) be two solutions to the Ricci-DeTurck boundary
value problem (4.21),(4.22) satisfying the same initial and boundary data.
Choosing K > 0 such that g; € ML(g°), there is a £ > 0 such that the
map S defined in the proof of the existence Theorem is a contraction map
of M%(g°) to itself, and therefore has a unique fixed point. Since g1, ¢
are both fixed points, they have to agree on [0, t]. Assuming the data are
smooth enough to guarantee that g;(t) are C? for t > 0, one can apply the
same argument regarding to as initial time. Then, an open-closed argu-
ment concludes that ¢ = ¢» on [0, T].

In particular, assuming that the data (g, §, [y],#) are smooth, the re-
sults above prove the following Theorem.
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Theorem 4.8. For every K > 0 and

A = max {K, Sl;lp {Hg(t) — gOHWZ,p(Mo) + ||atg~(t)||Lp(Mo)}} ’

there exists a unique solution g(t) for some short time T = T(A,K) > 0 of the
Ricci-DeTurck equation

9g = —2Ric(g) + Lwig g8, 421)

where W(g,8)1 = g1:8"1(L(8)5g — T'(&t)}q), satisfying on OM the boundary
conditions:

W(g, §) =
H(g) = 7 (4-22)
&' = [l

and the estimate ||g — gOHWz,1( wy) < K. The solution is C* away from the corner
p

oM x 0, and extends on M x [0, T| as a Clta 3" family of metrics. Moreover, if
the data §°, v, 7 and § satisfy the necessary higher order compatibility conditions,

then g is Cha S5t up to oM x 0.

4.4 The boundary value problem for the Ricci
flow

Let g° be a smooth Riemannian metric on a compact Riemannian manifold
with boundary M, 7 be a smooth family of metrics of the boundary, and %
a smooth function on oM x [0, +c0). We assume that they satisfy the zero
order compatibility condition (4.1). The aim is to study the existence and
regularity of a Ricci flow evolution of g° on M, such that the conformal
class of the boundary metric is [y¢] and the mean curvature of the bound-
ary is 1. The existence will follow by the standard argument of pulling
back a solution of the Ricci-DeTurck flow by a family of diffeomorphisms.
However the issue of how smooth this family is at the corner dM x 0 of the
parabolic domain will become relevant, as it may be only CY despite be-
ing smooth everywhere else. Theorem |4.9| describes how this phenomenon
affects the existence and regularity. Before discussing the proof we make
some remarks on the regularity of a solution to the Ricci flow g(#) with the

44



boundary conditions under consideration.

As it was shown in subsection (4.2), certain higher order compatibility
conditions among the initial and boundary data are necessary for the reg-
ularity of the Ricci-DeTurck flow on the corner dM x 0. Naturally, such
obstruction to regularity appears in any evolution initial-boundary value
problem, and so does for the Ricci flow.

For instance, for the boundary value problem (4.2), (4.3), (4.4), the com-
patibility conditions (4.16), with h; = —2Ric(g’), are needed for a
C? or C3 solution to exist. Notice that these compatibility conditions are ex-
clusively formulated in terms of the Ricci tensor of the initial metric. More
generally, differentiating the boundary conditions with respect to time, we

get

. tr, RicT tr, ol )
L.
so that since [v] = [¢7],
g trer Ric” T tr, gT _
Ric! ————¢ =fr+——7

Also, the mean curvature condition gives,
! (s 1.
H(Ric) = —51-

Using the evolution equation of the Ricci tensor under Ricci flow (see for
instance [CLNo06]), and the contracted second Bianchi identity we observe
that Ric satisfies the following boundary value problem

d¢ Ric = Ay Rig, on M (4-23)

where Ap is the Lichnerowicz Laplacian, and on oM

) tr,r Ric’ tr.r gl
Ric! ——5%—— " gh = fr+-2L"4
: 1.
He(Ric) = —57 (4-24)
Bg(Ric) = 0.

Notice that the computation in Theorem [3.1{shows that it satisfies the com-
plementing condition and is parabolic.

Now, since d¥¢ = —20¥IRic, it follows that the compatibility condi-
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tions on ¢(0) needed for g(t) € CK(Mr), with k > 3, are the same as those
for Ric € Ck-2, satisfying , . Note also that by the contracted
second Bianchi identity the compatibility conditions of any order hold for
the last boundary condition.

For example Ric € C?>(Mr) and ¢ € C*(Mr) require an additional
compatibility condition between (A; Ric)” and ¥|,—o, which, in the simple
case that the conformal class stays fixed along the flow, will be

T
(ALRic(8%)) = pg""
for some function p on M.

Theorem 4.9. Let go, v, 1 as in Theorem There exists a T > 0 and a smooth
family of metrics g(t) for 0 < t < T that solves the Ricci flow equation

dig = —2Ric(g) (4-25)
and satisfies on dM the boundary conditions
Hig) = 7 (4.26)
<" = bl

In addition, g(t) converges in the Cheeger-Gromov Cl* sense (i.e. up to dif-
feomorphisms that fix the boundary) to ¢¥ and C® away from the boundary, as
t—0.

Moreover, if §°, vy, i satisfy the necessary higher order compatibility conditions
for the Ricci tensor Ric to be in the class C*(Mr), then

1. (t) converges to g° in the geometric C*+2# sense.

2. ¢ € CK(M1) N C®(M?° x [0, T]), and there exists a C<*1 diffeomorphism ¢
of M which fixes the boundary and is C* in the interior such that g(0) =
¢*g0. Also, ifk > 1, ¢ is C*+2 and ¢ € CFH1(Mry).

3. The Riemann tensor Rm is in CX(Mr) and Rm(g(0)) = ¢* Rm(g).
Also, T is controlled from below in terms of x.

Proof. By Theorem choosing a family of smooth background metrics g,
there exists a solution ¢(f) to the Ricci-DeTurck boundary value problem

1.21),(4.22), which is in C® (M7 — (OM x 0)) and in C*%'%* (M) if no
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other higher order compatibility conditions hold.

The DeTurck vector field W($(t), §) is also in C®°(Mrt — (M x 0)).Then,
for some ¢ > 0, the ODE

d
¥ = Woy

Y = idy (4.27)

defines a unique smooth flow ¢; for t > 0, which extends at t = 0 continu-
ously up to the boundary, and smoothly in the interior.

Then, g(f) = ;§(t) solves the Ricci flow equation (see for instance
[CLNo6]]). Moreover, since the diffeomorphisms ¢; fix the boundary, and
the mean curvature and conformal class are invariant under such diffeo-
morphisms, it follows that g(t) satisfies the boundary conditions (4.26).

Since (wt_l)*g(t) = §(t) and §(t) — go in the C1% sense as t — 0, we
get that ¢(t) — ¢° in the geometric C1* sense.

Now, assume that g°,y, 7 satisfy the higher order compatibility condi-
tions necessary for the Ricci tensor to be in C¥(Mr) and the metric g in
C*2(Mr) under the Ricci flow. We need similar compatibility conditions
to hold for the Ricci-DeTurck flow, in order to improve the regularity of §.
In general we don’t expect them to hold for an arbitrary choice of back-
ground metrics g, so we have to choose them carefully.

As the discusion in subsection shows, the time derivatives at t = 0
of solutions g, ¢ to the Ricci flow and Ricci-DeTurck flow respectively

hy = 95g]i=0

I = 980
are completely specified by the initial data g° and the background metrics

¢ in the case of fi;. Observe that if § is chosen so that 9;§|;—9 = 0 and
05g|i—o = hy for k > 1, we get

i\lk = hk. (4.28)

To see this, note that le is determined, through the equation, by fzo, e, le_l
and 0¥g|;—¢ for k < I. Thus, assuming that (4.28) holds for k < [ we get

alt((ﬁl/v(g,g”)g)h:o =0, fork <1
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since 8’[W|t:o = 0 for k < I. Note that 9)V|;—9 = 0, by the contracted
second Bianchi identity. Then, we compute

A A

hy = 91 (—2Ric(8) + Ly (g 9)8) =0 = 3t (—2Rie(8))|s=0 = F(hn, ..., Iy_1)
for some expression F. On the other hand,
I’ll = ai_l(—ZRiC(g)) |t:O = F(hl, ces rhlfl)

for the same expression F. Hence, follows by induction, since flo =
]’10 = go.

Now, implies that higher order compatibility of the data of the
Ricci flow boundary value problem imply higher order compatibility of
the same order for the Ricci-DeTurck flow.

Theorem |4.8{shows that ¢(t) is actually in Ck+2+0555 (M), which im-
mediately implies that g(t) converges to ¥ in the geometric C*+2* sense.

Moreover, the regularity of ¥ in M x [0, T] is at least C**1, i.e. it has
t time and s space derivatives for 2t +s < k + 1, since WV is of first order
on the metric. It follows that Rm(g(t)) = ¢} (Rm(g(t))) is in C¥(Mr7), and
Rm(g(0)) = ¢ Rm((0)).

By Proposition 1' if k > 1, the DeTurck field and also ¢ is in ck+2
therefore ¢(t) € CK*T(Mr7). Otherwise, if k = 0, g(t) € CO(Mr) (up to the
boundary, at t = 0).

The lower bound of the existence time T > 0 is a consequence of the
corresponding estimate for the Ricci-DeTurck flow, after the observation
that the background metrics § can be chosen so that

Sgp{\\g(t) — &°llwp (o) + 10:g (D)L, (me)} < 1.

]

Remark 4.4.1. By parabolic theory, necessary compatibility conditions are
also sufficient to get higher regularity of a solution. However, the Ricci flow
is not parabolic, and this is manifested by loss of derivatives. On the other
hand, the Ricci tensor satisfies a parabolic boundary value problem and, as
predicted, the compatibility conditions give the expected smoothness.

Remark 4.4.2. Setting the initial condition 9|~y = idpy in (4.27), we obtain
a solution to the Ricci flow satisfying ¢(0) = ¢". However, the diffeomor-
phisms 1 will have finite degree of regularity up to the boundary, even for
t > 0, depending on the compatibility of the data. Thus, g(t) will also have
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finite regularity along dM x [0, T|. This is in contrast to the behaviour of so-
lutions to parabolic boundary value problems, which become immediately
smooth for t > 0, as long as the boundary data are smooth.

The simple example of a rotationaly symmetric Ricci flow on the n +1
dimensional ball illustrates the situation. Consider metrics of the form

g = ¢*(r)dr® + ¢*(r)dsy

where 0 < r < 1 and ds? is the standard metric on S”. Notice that
the symmetries imposed fix most of the gauge freedom, allowing only
reparametrizations of the radial variable . Under Ricci flow the evolution
equations of ¢ and ¢ are (see [CKo4])

2
orp = na%fP (4.29)
o 2
orp = aiw—(n—l)% (4.30)

where d; = 4>—1a,.

The diffeomorphism freedom in the r direction is the reason that ¢ does
not satisfy a parabolic equation and satisfies a transport-type equation in-
stead. In case the initial and boundary data don’t satisfy the first compati-
bility condition for the mean curvature, i will be worse than C3(M x [0, T))
and the right hand side of will be worse than C'(M x [0, T]). Equa-
tion doesn’t enjoy the smoothing properties of a parabolic equation
and, as an ODE in ¢, we can’t expect smooth dependence on the initial data.
Thus, low regularity of g(¢) at oM x 0 can propagate in oM x {t > 0}.

4.5 Uniqueness of the Ricci flow.

We can now use the harmonic map heat flow for manifolds with bound-
ary (see [Hamys]) to establish the uniqueness of C3(Mr) solutions to the
boundary value problem for the Ricci flow obtained in Theorem . We
obtain the following Theorem.

Theorem 4.10. A solution to the boundary value problem , in C3(Mr)
is uniquely determined by the initial data ¢° and the boundary data ([7],7).

Proof. Let g1(t),$2(t) be two C3(Mr) solutions to the Ricci flow satisfying
the same initial and boundary conditions. Consider the following heat
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equations for maps ¢; : (M, g;) — (M, g%):

do; .
% = By gbi In M, (4-31)

Plam = idap ondM, (4-32)

with initial condition
Pli=0 = idm. (4-33)
For integral m > 0 and p > n + 3 we can define the Sobolev spaces
W,%m’m(Mg, M) of maps f : M — M, by requiring the coordinate represen-
tations of f with respect to an atlas of M to be in W%m’m(Mg). This space
consists of the L, functions on M, = M x (0,¢) with the derivatives 6{@5
in L,(Me) for 2r +s < 2m. The space ng’m(Mg,M) does not depend on
the atlas used for its definition, as long as p > n + 3.
The results in Part IV, section 11 of [Hamy5] show that there exist so-
lutions ¢; € Wr%’l(Mg, M), for small ¢ > 0. The convexity assumption of

this result for the target (M, g°) is not needed here, since ¢|;—g = idy and
thus ¢;(t) remain diffeomorphisms of M for small ¢. Also, by the theory
in [LSU67] and [Sol65]] these results hold under the current assumption for
the regularity of g;(f).

Moreover, the first order compatibility condition for the boundary value

problem (4.31)-(4.33) holds since

do; .
% - Agi(o)/g()(pi(o) - AgO/gOZdM = 0.

Thus, the diffeomorphisms ¢;(t) are in W,%’Z(Mg, M).
Given the regularity of ¢; and g; we know that §; = (¢i(t)), gi(t) €
Wg'l(Mg). Then, §; satisfies the Ricci-DeTurck equation with background

metric ¢ and the geometric boundary data are still satisfied by ¢; since ¢;
tix the boundary. Also notice that the gauge condition

W(g’\i/go) |3MT =0

holds, since
De,,0Pi(H) = =W (&i(t),8°) o i(t) (4-34)
and
Agi(t),g0¢i(t)|aMT =0.

By the uniqueness of W;%’l solutions of the Ricci-DeTurck boundary value

50



problem, we have that ¢;(t) = ¢>(t) and W($1(t),§%) = W($2(t),g°) for
0 <t <e Now and imply that ¢; = ¢,, thus g1 = ¢7¢1 =
$282 = 8. O

Theorem has the following corollary:

Corollary 4.11. If ¢ is an isometry of g° which preserves the boundary data,
namely

¢rn(x,t) = n(xt)
[ y(x 0] = [v(x )],

and g(t) is a solution to the corresponding Ricci flow boundary value problem
then ¢ is an isometry of g(t) for all t.

Proof. It is a consequence of the diffeomorphism invariance of the Ricci
flow equation and the uniqueness. If ¢ is an isometry of g° which preserves
the boundary data and g(t) is a solution of the Ricci flow boundary value
problem then ¢*g(#) is also a solution with the same initial and boundary
data. By uniqueness we obtain that ¢*g(t) = g(t). O

4.6 A more general boundary value problem.

The methods used in the preceding sections can be applied to prove the fol-
lowing generalization of Theorem in which the mean curvature at any
time t depends on the induced metric on dM via a given smooth function

n(x,t,87,(g")71).

Theorem 4.12. Theorem holds if we replace the boundary condtion for the
mean curvature with

Hig) =1 (xtg" &)7), (435)
The existence time T is controlled from below in terms of
0 0 0y-1
maxc {180l wer ey 1815 1(8%) 0, 7114 5o ez )

where |17| 2 is a C* norm in all the arquments of 1.

Proof. Regarding the short-time existence of the Ricci-DeTurck flow, esti-
mates on the line of Corollary A.3 of [Weig1] establish that the estimates of
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Lemmata and remain valid when
Co = Hialw— ") — (H(w) — H(")) +

n(x,tw’, (wh) ™) —n(x,0,8"

Gw, — Gw, = ,Higo (w1 —w2) — (H(w1) — H(w2

with the corresponding constants now controlled by the norm of #(x, ¢, -, -).

The regularity theorems are still valid since the dependence of 7 on g¥
is of zero order. Now, pulling back by the DeTurck diffeomorphisms we
obtain a solution to the Ricci flow satisfying (4.35). Finally, the arguments
in section [4.3]and Theorem [4.10]establish the uniqueness of solutions of the
boundary value problems for the Ricci-DeTurck and the Ricci flow equa-
tions. [

Remark 4.6.1. Ricci flow is typically thought as a flow on the space of met-
rics modulo diffeomorphisms and rescalings. However, prescribing the
mean curvature does not fit well in this picture, unless it vanishes. We
point out that the generalization above gives the possibility to impose scale
invariant boundary conditions on the mean curvature.

For instance, we may require H(g(t)) = %, where 77 and ¢ are smooth

functions on M x [0, +c0), ¢ defined by ¢7 = ¢?y and 7 arbitrary ( but
such that the zeroth order compatibility conditions hold).
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Chapter 5

Ricci flow on warped products
with Bartnik’s data.

5.1 Some background on the geometry of warped
products.

Let (M"*1,¢) and (F", §) be smooth Riemannian manifolds. Given a smooth
function f on M, we can define the Riemannian metric & = g + f2$ on
N = M x F. In this section we will describe the connection and the basic
curvature quantities of / in terms of ¢ and f.

We will write V", V and V for the connections of h, g and ¢ respectively.
Let py : N =+ M, po : N — F be the projections to each of the factors of
N. Given vector fields X,Y,Z on M and U,V,W on F, we will also use
X,Y,Z,U,V,W for the pullbacks under py, po of these vector fields on N.
We will also assume that the vector fields above commute. The following
Propositions are standard formulae, which can be found in the literature,
see for instance [Beso8]. We state them here without proof.

Proposition 5.1.1. The connection V" of h on the vector fields X,Y,U,V as
above is given by

ViX = VyX

viu = @u

ViEX = @u

viu = —VTfh(u,V)+$vu
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Proposition 5.1.2.

The curvature tensor Rmy, of h is given in terms of the curva-

ture Rm of g and f by
Rmy,(X,Y)Z = Rm(X,Y)Z
Rmy, (X, Y)U 0
D2f(X,Z
Ry, (X, U)Z = #u
D2f(X, -
Rmy, (X, U)V = —#h(u, V)
Rmy,(U,V)Z = 0
Rmy,(U, V)W = Rm(U,V)W |df|§hku |dﬂéhuwv
my, (U, V)W = Rm(U, V) R (’)+f2 (U, w)
Proposition 5.1.3. The Ricci tensor of h is given by
_ A df |3
Ric,(V,W) = Ric(V,W) — (%f +(m—1) | ]{2’8) h(V,W)
. , m
Ric;(X,Y) = Ricg(X,Y) — 7D§ f(X,Y)
Ric,(X, V) = 0
Moreover, if § is Einstein, i.e. Ric = Ag we have
A df|2
Ric,(V, W) = — (%f +(m—1) | ;;lg - %) h(V, W)

5.2 The Ricci flow on warped products with Ein-
stein fibres

A direct consequence of Proposition is the following.

Proposition 5.2.1.

The Ricci flow on (N, h(t) = g(t) + f(t)28) is equivalent to

the following system of equations on g and f

91§ = —2Ricg+2mf 'Dyf (5.1)
d 2
of = Agf+(m—1)| ;'g—% (5.2)
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Next, we express the Ricci-DeTurck equation for k(t) in terms of ¢ and
f. Using orthonormal frames {X;} of ¢ and {U;} around points in M and
F respectively, we can compute the DeTurck vector field with respect to a
background metric i = § + f2¢ as:

W(h,h) = ) (Vi X; — Vi X)) + f(vﬁ,juj )
i=1 j=1
B L mVSF  mVEf (F\?
= W(g 3 7 + 7 (f) ,

and compute

Lyl = Lwams +2W 1) (f)§
= L8 — PLrvssg + Lyvg +2fW(h,h)(f)§
= Ly(gg8 —2mf 'Dif +2mf 2df @ df + Lyg +2fW(h, 1) (f)§,

~ $F 7\ 2 ~ o
where V(f,f,8) = m?gf (%) = mff~2V8f. Putting everything together

we obtain the following Proposition.

Proposition 5.2.2. The Ricci-DeTurck equation on h
dth = —2Ricy + Ly, il

is equivalent to the system

iy = —2Ricg+£W(glg)g+2mf_2df®df+Evg (5.3)
B dflz A _
of = Bgf +(m—1) 7 —7+W(h,h)(f)- (5-4)

Following Shi [Shi8gb] we express the flow using the background con-
nection V of a Riemannian metric §, which we will choose later to be the
initial metric. Since we want to allow for varying background metrics g,
we write

W(g,8) =W(g 8) +®(g),
where ®(g), = g.1871 (f;q - f"é,q). After a direct computation we obtain

g —8'ViVign = A8 f),
of —8'ViVif = B(g f:&f)
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where

Ag.£:8.) = RV + Logu +2mf >V fV f+ Lygu,
Blg.fig.f) = ~f T Vif A = gl (Tigi - 5 Vagy ) VoS
+mff 2§V fV;f,
with
R = 88" (krRipsq + &1rRipsq)
—8Mg" (% Vigrp Vigsg + Vp&ir Vs 8kg — Vi &1g Vg gks)
+8"18" (V18 Vg 8ks + Vi &rp Va 81s)
Lygu = (Vk(ff 8" Va f) + Vi(ff 2gug" Va f))
Vg (Viga + Vigka — Vagu)
= m (vk(ff_zglbgba Vo f) +Vi(ff 208" Va f)

— Ff28" Va f(Vi g+ Vi g _vbgkl)) :

5.3 A boundary value problem for the Ricci-DeTurck
equation.

Now let M"*! be a manifold with compact boundary oM, (F,$) be a com-
plete Riemannian manifold and hy = go + f3¢ a warped product metric on
N =M xF.

If M is noncompact, we assume that § is Ricci flat, Rm(go) € L?, fy €
W?2? (p > n + 3) and bounded away from zero, and that gp has geometry
bounded in W??. Note that we allow Rm(gg) and D3 fo to be unbounded
in L.

Moreover, let v(t) be C*e 3 family of Riemannian metrics on M,
and 7(t) a C&2 family of functions on 9M. We assume the zeroth order
compatibility conditions

g6 = 7(0),
H(go) = 1(0).

As in chapter |4} aiming to prove the short-time existence of the Ricci flow

56



with Bartnik’s boundary conditions, the mean curvature 7 (g) and the in-
duced metric g7, we first focus on the Ricci-DeTurck equation

dth = —2Ricy, + Ly, iy (5.5)

It is defined with the aid of a time dependent family of background metrics
h. To obtain a well posed parabolic boundary value problem, we need to
impose that a solution k() will satisfy the following conditions on oM, for
every f.

W(hR) () = 0, (5.6)
H(g(t) = n(t), (57)
gt = (). (5:8)

Now we can prove the following existence theorem.

Theorem 5.1. There existsa T > 0 and a unique solution h(t ) g(t)+f(t)?gof

(H) (ﬂ) with g(0) = g0, § — 8o € W21(MT) and f € W Y(Mr). Moreover,
f, g are smooth (C°°) solutions of (5.3)- u) away from the Corner IM x 0 and

they belong to Clratst *(Mrt). In particular, if M is not compact we have, for all
€ [0,T], o B
sup(|Vg(t)lg +1V f(t)lg) < co. (5.9)

If the data (g0,§, fo, f, v, 1) satisfy the necessary compatibility conditions then

g and f belong to Ck+“'HTa(UT), for any precompact neighbourhood U C M
intersecting oM.

Moreover, if (g0, fo) € CK*(M) for k > 2 then (g(t), f(t)) € C**(M) for all
£

Proof. The proof is via a fixed point argument, following the method in

[Weig1]], where a Wr%’l solution to the nonlinear boundary value problem is
obtained as a fixed point of a suitable map.
We will assume that § = go. For K, T > 0, we may define the following

set of pairs (w,0) € W%’l, where w are 2-tensors and ¢ functions:

MT:{ ,0) € W 0=0, 0l;—g=0, <Ko <K},
k= (w,0) e Wy | wli=o =0 [lw]lyzr < K [loflyar <

For any (w,o) € ME, define g = o+ w, fo = fo+ 0 and h(w,a) = g+

26 Note that for T > 0 small enough, depending on K, g, and hw,0)
will define Riemannian metrics on M and N respectively, as Wr%’l embeds
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to C1+'3* for p>n+3anda =1-— ”—;3. Then, the following boundary
value problem is well defined.

oy —§'ViViuy = Aluw fo:8,f) — (87— ) Vi Vwy (5.10)
99— 81ViVip = Blgw fr:& f)— (&'~ gu)ViVjo
+$"'V; Vj fo (5.11)

Pho(ul ) = Pho (w, 0-) - W(h(w,a)/fl)
Heo(u) = Hg (w) — H(gw) +7 (5.12)
u(t)™ = y(t) —(0)

Note that for any (w, o) € M£ the right-hand sides of equations GH)

belong to L¥. This is a consequence of the embedding of W;%’l to Cl+a 3",

and the assumption that the curvature of g is in L”. Therefore, by Theorem
the boundary value problem (5.10), (5.11), (5.12) has a unique solution
(u,¢p) = S(w, o) satisfying u|;—9 = 0, $p|t=o = 0. In other words, it defines a
map

S: Mg — W
Now, a series of estimates similar to those in section show thatfor T > 0
small enough S maps ML to itself and it is also a contraction. Hence, it
has a fixed point (w’,¢’) and the corresponding Riemannian metric /1y o)

solves (5.3), (5.4) with the boundary conditions (5.6)-(5.8). It is important
to note that these estimates depend heavily on the embedding of W%’l in

C1+% %" mentioned above, which still holds in the noncompact case, under
the additional assumption of geometry bounded in W>?.

The regularity statement of the Theorem can be proven using the lin-
ear parabolic theory for boundary value problems developed in [Sol6s|] to
bootstrap the regularity, after appropriately localizing the equation as in
section The overall argument however is similar to that of the analo-
gous situation is so we omit it here.

Estimate follows simply from the fact that g, f are in ClHa 3" Now
we proceed to show that if gg € C** then g(t) € C***. Is enough to show
that uniform estimates hold for all charts not intersecting the boundary.

Let B(0,7) C R" be the Euclidean ball of radius 7 and fix a cutoff func-

tion ¢ supported in B(0,7). If ¢ and f denote the solutions of (5.3), (5-4),



consider the quantities

ok = 8kl
lp - gf/

expressed in the coordinates described in chapter 2. In B(0, 7) they satisfy
equations of the form

ooy — g10idjo = Si(g,98, f,9f:§, f,98,9f,8,98,9°3),
Y —g"90;p = S52(8,98, f,9f;8 f,98,9f,8,93),

zero boundary conditions, and initial conditions controlled in Ckte, By
standard parabolic estimates we obtain

0
oulZ08T, + IR < SISO 4 golaa + Ufolas)
< <(ls: z|1+,x o+ |f|1+a s+ lgolan + fola) )

where ¢ > 0 does not depend on the particular coordinate chart, but de-
pends on |g|2« and T (Note that we can choose § = § away from dM

).

However, the fixed point (w’, 0”) satisfies the bound

||w/||wr§,1 + ||U,||W§'1 < 2K.

By the embedding of Wz'l(MT) in C1*%'%* we obtain uniform control of
Ukt |2Jr 24u and |1P|ZJr ZL in terms of K.

Bootstrappmg the above estimate gives uniform control in C**#, O

5.4 The Ricci flow.

As in chapter |4f we can now use Theorem [5.1| to prove the short-time exis-
tence of Ricci flow on warped products with Bartnik’s data. For simplicity
we assume that all the data (go, 7, 77), defined at the begining of section
are smooth (C*). The result is described in the following Theorem.

Theorem 5.2. There exists T > 0 and solutions g, f of (5.1)-(5.2), smooth and
defined away from the corner 9M x 0, such that h(t) = g(t) + f(t)2¢ is a Ricci
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flow, satisfying

g’ = (1), (5.13)
H(g(t) = n(t),

for all t > 0. In addition, there exists a a family of diffeomorphisms ¢; of M
such that ¢;g(t), ¢ f(t) convege to go, fo respectively, as t — 0 in C'*(Mr)
(uniformly).

Moreover, the reqularity up to OM x 0, and the convergence of ¢;g(t), ¢; f(f)
to the initial data is improved, if Ric(h) satisfies higher order compatibility condi-
tions.

In addition, if M is noncompact and g is controlled in C?, then h(t) has
uniformly bounded curvature for all t < T.

Proof. Given the data gy, fo, v, 17, we first need to choose i = § + 2§ appro-
priately so that compatibility conditions that are satisfied for the boundary

value problem (5.1)-(5.2), (5.13)-(5.14) will still hold for the Ricci-DeTruck
boundary value problem (5.3)-(5.4), (5.6)-(5.7), as in Theorem[4.9} Note that

in the non-compact case, §, f may coincide with go, fo outside a compact
set. Pulling back by the diffeomorphisms ¢; generated by W(h, ), setting
an initial condition ¢ = idj;, we obtain the solution to the Ricci flow. In the
non-compact case, the flow of W(h, ﬁ) is well defined, since it is uniformly

bounded by O

Remark 5.4.1. Assuming higher order control of the geometry at infinity on
can obtain uniform convergence of ¢; h(t) to hy in the appropriate topology.
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Chapter 6

A continuation principle.

As Ricci flow is a nonlinear system of equations, its solutions are not ex-
pected to exist for all time. For that reason, a central issue in the study
of Ricci flow is understanding what is the nature of the singularities that
appear and also what kind of conditions suffice for the continuation of the
flow. However, Ricci flow is a PDE with geometric character due to the
invariance of the equation under the action of diffeomorphisms. Thus, it
is expected and desirable to have a geometric characterization of the de-
veloping singularities, as a first step towards understanding how the flow
could cease to exist at a finite time.

On closed manifolds, it is a well known result of Hamilton [Ham82] that
the flow exists as long as the norm of the curvature tensor stays bounded.
The following theorem is the appropriate generalization on compact man-
ifolds with boundary.

Theorem 6.1. Let g(t) be a smooth Ricci flow with maximal time of existence
T < oo and smooth boundary data ([7y(x,t)],n(x,t)) (as in Theorem defined
forall 0 <t < oo. Then

sup (sup\Rm(g(t))\g@ + sup !A(g(t))lgm) = +oo.
0<t<T \xeM xeoM

Proof. Assume that T < oo and for some K > 0

sup | Rm(g(t))[g(r) + sup [A(g(t))[g) < K (6.1)
xeM xX€EIM

forall t <T.
The bound implies that g(t) are uniformly equivalent and in ad-
dition that g7 have bounded curvature for + < T. We show that gT are
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actually controlled in C'€ as t — T. Let u(x,t) be a function such that

gl = u%')/ (when n > 3). If R(y) and R(g") are the scalar curvatures of
v and g” respectively, it is known that u satisfies an elliptic equation of the

form -
aAu + R(y)u — R(gHu2 =0,

where a = a(n) and A is the Laplacian with respect to the uniformly equiv-
alent and controlled in C* metrics v(t). Now, elliptic regularity and the
uniform bounds on u, R(7), R(g") imply that u, and hence g7, is controlled
in C1€. For n = 2 the situation is similar.

Next, we observe that the interior injectivity radius iy, the injectiv-
ity radius of the boundary i3, and the “boundary injectivity radius” i,
are uniformly bounded below for t < T. Here we need to clarify that
im > i, means that for any p € M° the exponential map exp), restricted to
a ball of radius p < min{i,, dist(p,0M)} is a diffeomorphism onto its im-
age while the boundary injectivity radius determines the size of the collar
neigbourhood of the boundary in which the normal exponential map is a
diffeomorphism.

Since ¢(t) are uniformly equivalent, for any p € M? there existsar, > 0
such that dist;(p,0M) > r, for all t+ < T. This also shows that the volume

ratio
Voly(B(p, 1)) <
rn+1 - ¢

for all ¥ < r, and t < T, which together with the curvature bound gives
that injy(p) is bounded below. A similar argument controls the injectivity
radius 7y of the boundary.

Moreover, by comparison geometry the bounds on the curvature and
the second fundamental form control the “focal” distance of the boundary.
Then, since the metrics are uniformly equivalent, the boundary cannot
form “self-intersections”, hence the boundary injectivity radius i, is also
bounded below.

Now, and the discussion above implies that there exist positive
constants Ry, iy, dg, S such that for all t € [0, T)

|Ric(M, g)lg < Ro, |Ric(dM,g")|,r < Ro (6.2)
iM =g, gy >0, 1p > 20p (6.3)
[H (&) |Lip(am) < So,  diam(M, g) < do. (6.4)

Theorem 3.1 of [AKK™04] states that the class of Riemannian manifolds
satisfying the bounds above is C!¢-precompact. Thus, there is a sequence
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tj — T and C?€ diffeomorphisms ¢; of M such that the metrics hj = ¢78(t))
converge in C. In addition, the fact that both h]T and g(t]-)T are uniformly

bounded in C¢ implies that ¢jlam are actually controlled in C2e.

Next, we show that i; are uniformly bounded in W2P(M?°). The bounds
above imply that the “harmonic radius” of (M, h;) is uniformly bounded
below. It is also known that in harmonic coordinates the Ricci curva-
ture becomes elliptic. Moreover, in boundary harmonic coordinates (see
[AKK " 04]]) the metric components satisfy a boundary value problem of the
form (4.20), which is elliptic in the sense of [ADN64]]. The mean curvature
and conformal class are C¢ and C'¢ controlled respectively and the har-
monic coordinate functions are controlled in C%€. Thus, the L? estimates in
Solonnikov [Sol67] provide uniform W2P control of h]- in these coordinates
(in a ball or “half ball” of smaller size). Note that the W?? estimates up to
the boundary of [Sol67] hold under the current regularity assumptions on
h]-, v and 7. Finally, since the harmonic coordinate functions C2%€ controlled
we obtain the uniform estimate of k; in W*?(M°).

Now, g(t) is a smooth Ricci flow for t < T, and therefore g(t;) satisfy
the necessary compatibility conditions of any order. The same is true for
h; since for the Ricci flow these conditions are imposed on the Ricci tensor
and are diffeomorphism invariant. Thus, by the short time existence result
and the uniform control of £;, [cp]* 7] and cp;fiy, there exist smooth solutions

hi(t) to the Ricci flow boundary value problem with h;(t;) = hj, for a
uniform amount of time.

By uniqueness, g(t) = (¢;)«h;(t) for all j and t > t;. Therefore, taking
j large, the argument above shows that the solution g(¢) can be extended
past time T. ]

Remark 6.0.2. An examination of the proof of Theorem 3.1 in [AKK™ 04]
indicates that Holder control on the mean curvature is probably enough to
obtain precompactness in Holder spaces. The assumption on the Lipschitz
control of the mean curvature could then be removed. However, we will
avoid the technical details of this improvement here, since in general the
mean curvature 7 can be assumed to have high degree of regularity.



Chapter 7

An example.

In this chapter study the Ricci flow on M = [0,1] x S! x S! equipped with
metrics of the form

9= ;72(r)dr2 + qz(r)d92 + uz(r)dcp2. (7.1)

We obtain long time existence if the mean curvature of the boundary is
zero and its the conformal class remains fixed along the flow. Moreover, we
show that the flow may converge to a product metric or diverge, depending
on the conformal class of the boundary.

We begin by introducting the notation and some basic facts on the ge-
ometry of metrics of the form The distance parameter s is defined

as .
= dr.
s /0 p(r)dr

We will also write ds := %ar and indicate differentiation with respect to d
with ’.

A direct computation shows that the sectional curvatures of tangent
planes containing ds are

sec(s,0) = —% =-Q"—(Q)? (7.2)
sec(s,p) = —% =-Uu"—(U')? (73)

where P = log p, Q =logg, U = logu. We also compute

sec(6,¢) = Q'U,,



Letting A(rg) be the second fundamental form of the slice r = ry, with
respect to d; , we compute that

A(r) = 0sQq*d6? + osUudp?
AP = (Q)*+ ')

Thus the mean curvature 7 (r) of each slice becomes

n(r) = (Q+ Uy’

The components of the Ricci tensor are

Ric, = —p’ (Q”+U”+(Q’)2+(u’2))
Ricoy = —*(Q"+(Q)+QU)
Ricpp = —u (U”+(u’)2+Q’u’)

If g(t) solves by the Ricci flow, the evolution equations of P, Q and U
are

apr

o = QAU Q)+ (u)? (7.4)
d

d_? — Q//+(Q/)2+Q/u/ (7.5)
ddif — u// + (u/)2 + Q/u/ (7.6)

Setting V = Q + U and C = Q — U, the obtain the following equivalent
evolution equations.

dd_‘t/ — V// + (Q/)2 + (u/)z +2Q/u/ — V// + (V/)Z
c;_ct: — C// + (Q/)Z _ (u/)Z — C// + C/v/

Now, let gp be an initial metric of the form and assume that the
mean curvature of the two boundary components is «p, a1 respectively
(with respect to the outward pointing unit normal vectors).

Suppose that g(t) is the Ricci flow provided by Theorem |4.9| preserving
the mean curvature and the conformal class of the (disconnected) bound-
ary. By Corollary the form of the metric is preserved, since it is
uniquelly determined by its symmetries.
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The boundary conditions, in terms of V and C, become

V'|=0 = —ao, V=1 =m
Clr=0 = co, Cli=1 =01

where ¢y and c; represent the corresponding values for gg. The pair (co, ¢1)
parametrizes the conformal classes of a metric of the form|;.1{on oM.

In order to compute the evolution equations of quantities involving
derivatives of V and C we will need the commutator [0y, 9;], which is given

by
= — (V' @P+ WP (77
- (V”+ ’A|2> u'.
Using we compute the evolution equation of #(r) = V’
d .
/
— (V//_I_ (V/)2> . <V//_|_ (Q/)2+ (ul)2) 1
= "+ = (@) + W)y
= 7"+ — AP
Similarly, we compute the evolution equation of w = C’

dw

= = aSC—(V”+|A\2>w

= (C"+wy) —yq'w—|APw
= o' +yw —|Aw.

The following lemmata describe the evolution of the distance between
the two boundary components and the volume of the manifold.

Lemma 7.1. If the sum of the mean curvatures of the two boundary components
is non-negative, i.e. &y + aq > 0, their distance | is nondecreasing.
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Proof.

dl_ 1dp(1’) . 1 17 2 - ! " 2
E‘/o " Dar = /0 (v +|A\>pdr—/O(V +|AP)ds

> V() =V (0)=ay+ay>0

[l
Lemma 7.2. The evolution of the volume is given by
! n2 _ AVA
dVol = Zoqev(l) —|-2ocoev(0) —|—/ (M> ds. (7.8)
dt 0 2
Proof.
dVol . d 1 174 . L. NV
— = E/o e pdr—/o (V + P)e” pdr
I
- / (V”+(V’)2+V”+ |A|2> eV ds
0
! !
_ 2/ V”evds+/ (V)2 + |AP)e ds
0 0
1Vl l 2 n2\ v
N |0+/0 (147 - (v'?) eVds
1 N2 _ "2
_ 2(XleV(z)Jrzpéoe\/(o)Jr/ ((C) . (V) >ds
0
!
= 2a1e" " 4 200e" —i—/ sec(6, ¢)ds
0
O

Remark 7.0.3. Note that if C is constant at ¢t = 0, it will remain constant
along the flow. In this case, if the boundary components are minimal,
Lemma implies that the volume is nonincreasing along the flow. This,
however, is not in general the case.

From now on we assume that both boundary components are minimal,
namely g = a7 = 0. A direct application of the maximum principle yields
the following preliminary estimates.

Lemma 7.3. As long as the flow exists, V and C are bounded from above and
below.



Proof. Since V' = 0 on the boundary, at any maximum (r,t) of V we have
V" <0so
Vir,t)=V"4+ (V)2 <0

If we define
Vinax (1) = max V(r, t)

r

then '
Vmax S O

which implies that the maximum V' is nonincreasing. The same argument
shows that the minimum of V is nondecreasing, hence V is bounded above
and below along the flow.

On the other hand, C satisfies fixed Dirichlet data so we need to focus
on the behaviour in the interior. At an interior maximum (7, t) of C, C'=0
and the evolution equation gives C < 0 there, so C remains bounded above.
Like before, the same argument can show that C is also bounded below. [

Next, we show that the Ricci flow has the expected uniformizing effect
onCand V.

Lemma 7.4. As long as the flow exists the estimate |A|* < - holds.

2 2
Proof. A computation shows that |A|?> = ng , which corresponds to the
decomposition of the second fundamental form to the trace and a trace free

parts.

S . 772+w2 . .
et p = ~——. A direct computation shows that
2 4 .2)2
: +w
o = o'+ — <(17/)2+ (w/)z) . (1 . ) )

Now, 7 = V' satisfies homogeneous Dirichlet boundary conditions, i.e.
#lr=0 = 1]r=1 = 0, and since the conformal classes of the boundary com-
ponents are fixed along the flow

Cly=o1 = C"|;=01 + C'V'|,=01 = C"|y=01 = @|;=01 = 0.

Therefore, p'|,—0 = p'|;=1 = 0 and the maximum principle implies that
Pmax(t) = max, p(r, t) satisfies

Pmax < _ZPZ-
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1

S
2t pmax(0)

Hence, pax (1) < %, which proves the lemma. O

Lemma 7.5. The length | satisfies the estimate 1(t) < 1(0)(20max(0)t +1)1/2,
Proof. By the evolution equation for / we obtain

, ! !
I = / pds < lomax(t) < -~ 1 (7.9)
0 2t + o (0)

hence ! < —L—, which gives
I = 214
pmax (0)

[

The next step is to show that the flow exists for all time. By Theorem
it suffices to show that the ambient curvature and the second fundamental
form of the boundary remain bounded. The arguments above show that
the required control on |A|? holds, so it remains to control the curvature.

Lemma 7.6. The curvature remains bounded along the flow.

Proof. Notice that
Ri 2 _ V// A 2\2 1" N2 /u/ 2 u// u/ 2 /u/ 2
[ Ric | = (V" + A7)+ (Q"+ (Q)"+ Q'U)” + (U" + (U)" + Q'U')".

Given that |A|?> = (Q")? + (U’)? is controlled, it is enough to control s; :=
V" and s, := C”. A computation shows that their evolution equations are

$1= 57 +nsy— (277 +w?)s1 — wsy (7.10)
$ = o4 +ush— (2w* +n?)sy — nws; (7.11)

Setting o = 1(s2 + s3) we compute

o = o' —(51)% = (s2)® + 70’ — (25> + w?)s3 — (2w* 4 n?)s5 — yws1sy — NWws1S2
"+ o’ — (n* +w?)o — [(s7])* + (s5)* + (751 + wsy)?]
< "+ — (n? +w?)o. (7.12)

On the boundary we have 17 = 1 = w’ = 0, hence

o =181 + 508y = 'y +w'w” = ' (5 —yy’ + |Afy) = 0.
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Combining this with the evolution equation of ¢ we obtain
dmax S 0/

which shows that ¢ remains bounded above. O

In the next Lemma we show that o behaves like %, as t — oo.

Lemma 7.7. o satisfies an estimate of the form o < J—;, for an approrpiate constant
f>0.

Proof. The evolution equation of F = to + p is
F = to+o+p
= t <(7” + 10— (4* + w?)o — ((s&)2 + (s5)% + (1751 + wsz)2>>
= (t0)" +n(to) — (? +w?)(to) = t (512 + ()% + (31 +ws2)?) +

(72 + w?)? -

2
> o

+o" + 1o’ —
S F// + 77F/
On the boundary F' = to’ + o’ = ' + ww’ = 0. Therefore, by the maxi-
mum principle F is bounded. This implies that

o< J—c

— t
for some constant f, which proves the lemma. In particular, since pyqy is
decreasing and F|;—¢ = p, it follows that we can choose f = pyax(0). O

Now we state and finish the proof of the result.

Theorem 7.8. Let gy be a Riemannian metric on M = S x S' x [0, 1] of the form
with minimal boundary. The Ricci flow solution which keeps the boundary
minimal and fixes its conformal class exists for all time. Moreover,

1. |[Rm| < J—;and |AJ? < . for some constant f > 0.

2. There exists a constant A > 0 such that if co = c1 and 1(0)|Ag| < \/LK’ then

| remains bounded and the flow converges in C? to a flat product metric. The
same holds if C|i—¢ is constant.

3. If co # c1, the distance | of the two boundary components satisfies
I > av/t + b and the flow diverges.

70



Proof. By Lemmata we know that the flow exists for all time, and
the curvature decays to zero. Moreover, the flow will converge in C? to a
flat product metric, provided that the distance of the two boundary com-
ponents / remains bounded.

We first demonstrate that this is not the case if ¢y # c¢1. By Lemma

1 Js — l

!
<
_/0 Vit+b Vt+b

I
a:=|cg—c1| = ’/o C'ds

Therefore, we obtain | > a+/t + b.
By Lemma V > v, for a uniform constant v.. Hence, we have the
estimate

!
Vol = / eVds > Iv,.
0

Therefore, the convergence statement (1) will follow once we show that
the volume is uniformly bounded. By [7.8/ we have:

dVol Lw? — 52 I w?
i < “ :
T /0 5 ds < /o > ds (7.13)

We have to estimate fol w?ds. For this, we compute
d ! ! o
— </ wzds) = / 2wiids —l—/ w?Pds
dt \Jo 0 0
! !
= / 2w(w” + nw' — ]A]2w)ds+/ w? (V" + | A|?)ds
0 0
1 l )
= 2/ ww”ds+2/ ww’nds—Z/ | A|?w?ds
0 0 0
l l
—i—/ wziy'ds—{—/ w?| A|?ds
0 0
I
< -2 / (w')?ds. (7.14)
0
In the last step we integrate by parts and use that w' = 5 = 0 on the

boundary (since the mean curvature and C are there).

Since fol wds = fol C'ds = c; — cg = 0, there exists a constant A, inde-
pendent of [, such that

I l
/ w?ds < Alz/ (w')?ds. (7.15)
0 0
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Combining (7.14) and (7.15) we obtain

d I w? 2 [lw?
= Zds) < -2 | “ds, :
T (/0 > ds) < Alz/o > ds (7.16)

Setting Y () = fol %ds we obtain 4logY < —-25. Then, the estimate of |
in Lemma [7.5|imples that
1 K

d
—logY < — = - ’
dt ALY omax(0)(t+ 55-7)  t+ 555

1

OOk Therefore Y satisfies the estimate

where k¥ =

y< 0
(zpmuxt + 1)K

Now, by for the volume of M to remain bounded, it suffices to have
Jo_ Y(t)dt < oo. This holds if x > 1 or equivalently 1(0)?puax(0) < 1/A.
If instead C|;—¢ is constant, then Y(0) = 0. Thus Y = 0 and the statement

again follows.
O

Remark 7.0.4. It is not hard to show that the scale invariant quantity /0.y
is nonincreasing along the flow. Indeed, we compute

d(lzpmaX)

T, = ZZipmgx + lzpmax S 2” - 212p$nax

i
= 2(lzpmax) (Z - Pmax) <0,

where the last inequality follows from inequality (7.9).
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