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Abstract of the Dissertation
On the Local Isometric Embedding in R?® of
Surfaces with Zero Sets of (Gaussian Curvature
Forming Cusp Domains
by
Tsung-Yin Lin
Doctor of Philosophy
in
Mathematics
Stony Brook University
2015
We study the problem of isometrically embedding a two-dimensional Rie-
mannian manifold into Euclidean three-space. It is shown that if the Gaus-
sian curvature vanishes to finite order and its zero set consists of two smooth

curves tangent at a point, then local sufficiently smooth isometric embed-
dings exist.
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Chapter 1
Introduction

It is a natural question to ask whether all two-dimensional Riemannian man-
ifolds admit local isometric embeddedings into R?, or stated in another way,
whether every abstractly defined surface actually arises (at least locally) as
a concrete surface that we may visualize in 3-space. The purpose of this pa-
per is to provide a sufficient condition for the existence of such embeddings
when the zero set of the Gaussian curvature possesses cusp intersections.
This will be accomplished by solving the traditional Monge-Ampére equa-
tion, some times referred to as the Darboux equation, that is associated with
this problem.

We point out first that counterexamples to the existence of local isomet-
ric embeddings were constructed for metrics of low regularity, by Pogorelov
[25] and by Nadirashvili and Yuan [23], both for metrics g € C*'. More-
over, Khuri found counterexamples to the local solvability of smooth Monge-
Ampére equations in [12]. Yet the question of whether or not there are any
smooth counterexamples to the isometric embedding problem is still open.

On the other hand, affirmative answers have been given for the cases
when the Gaussian curvature K does not vanish or when the metric is an-
alytic. These classical results may be proven by standard implicit function
theorem arguments when K # 0, and by the Cauchy-Kowalevski theorem
in the analytic case. The first results obtained, in which the curvature was
allowed to vanish, were produced by Lin. He dealt with a sufficiently smooth
metric with nonnegative curvature in [17], and a sufficiently smooth metric
with curvature vanishing to zeroth order (K(0) = 0 and |VK(0)| # 0) in
[18]. Many other results were obtained in the last 15 years by Han, Hong,
Khuri, and Lin in [4, [5, [7, 8, 1T], 3], 14 15, 16]. These papers treat much
more general situations regarding the vanishing properties of K, and involve
varying degrees of regularity for the metric and solution . For results on the
higher dimensional local isometric embedding problem, see [I}, 2, 10, 24 26].

A recent result of Han and Khuri [9] shows that if K vanishes to finite
order and its zero set consists of two Lipschitz curves intersecting transversely
at a point, then a sufficiently smooth local isometric embedding exists. The
next most natural generalization would be the cases when the zero set consists



Figure 1: Elliptic Cusp.

of two sufficiently smooth curves tangent at a point. One case that we deal
with in the current paper may be represented by Figure
Without loss of generality we may assume that there are local coordinates
(Z,9) centered at the point of intersection so that the two curves are locally
given by graphs § = h;(z), i = 1,2, with hy and hy lying above and below
the z-axis, respectively. In order for the regions to have reasonable cusps we
require that
lim h;(2) = lim hi(z) = 0, (1.1)
z—0 z—0
where the upper prime indicates differentiation. Moreover, standard cusps
satisfy certain growth restrictions (see for example [20])
ha(2)

hy (1’ ) . .
is nondecreasing and -
T T

is nonincreasing,  (1.2)

and
<, for 0 <1 < my, (1.3)

‘ R . pi-t

where (1) denotes differentiation and [ — 1 is an exponent. In each of the four
regions cut out by the curves, the Gaussian curvature has a constant sign,
which is positive in 2, and negative in €; . In this family of problems, K
is positive in cusp domains and negative in sufficiently smooth domains.
Another family of cases that we consider may be represented by Figure
2l An obvious difference from the previous case is that K is negative in cusp

domains, and is positive in sufficiently smooth domains. In both cases we will



Figure 2: Hyperbolic Cusp.

open up the cusp domain to facilitate analysis, and for this it is convenient
to express each curve as a graph over the tangent line. However, in this
hyperbolic cusp setting, we will need more detailed information concerning
the character of the cusp. More precisely, it will be required that the graph
functions satisfy

|hi(2)| > Catte, (1.4)

for appropriate ranges of @ > 0. Note that larger values of & correspond to
sharper cusps.

Recall that the local isometric embedding problem is equivalent to the
local solvability of a Monge-Ampére equation. To see this, we search for a
function z with |V2(0)| = 0, such that g — d2? is flat in a neighborhood of
the origin. Since this metric is then locally isometric to Euclidean space,
there exist functions (u,v) with g — dz? = du® + dv?®. The map (u, v, z) then
provides the desired embedding. Furthermore, a direct computation shows
that ¢ — dz? is flat if and only if 2z satisfies the so called Darboux equation

det Hess,z = K (det g)(1 — |V,2|?). (1.5)

Our strategy, following Han and Khuri [9], will be to separately analyze
each region where the Gaussian curvature has a constant sign. Within such
a region, we will solve a linearized version of the equation with special
boundary conditions along the zero set, as well as obtain the appropriate a
priori estimates. These estimates will then allow an application of the Nash-
Moser iteration to obtain a solution of the nonlinear equation in each region.
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Finally, we patch the solutions found in each region to form a complete
solution in a whole neighborhood of the origin. The boundary conditions
imposed on the linearized problems ensures that the solutions may be patched
together in a smooth way across the zero set. Our main theorem is as follows.

Theorem 1.1. Let g € C™ be a Riemannian metric defined on a neigh-
borhood of a point in the plane, with Gaussian curvature K wvanishing there
to the finite order N. Moreover let the zero set K—1(0) consist of two C™

curves which are tangent at the point, and satisfy , and .

(1) If K is positive between the two curves and negative in the complement
with mg > 3N + 19 and m; > 2N + 6, then g admits a C™ local
isometric embedding into R® for all m < min{m; — 1, mg — N — 15}.

(2) If K is negative between the two curves and positive in the complement,

(1.4) is satisfied with a € (0,1), my > L2 (6N + 33) + 4N + 33

1—2«

where a = 1%_!, and my; > 61]\5523, then g admits a C™ local isometric
embedding into R® for all m < min {ml -1, mo_u&i?jf;NJr?’@ }

Note that there is no hypothesis placed on the type of cusp in case (1).
In (2) the restriction on &, which will be explained more below, comes from
the Nash-Moser iteration as opposed to difficulties incurred when solving the
linearized problem. In fact, we have found that it is possible to invert the
linearized operator without any restriction on &. This yields existence results
for linear degenerate hyperbolic equations with a cusp Cauchy surface, which
may be of independent interest. To the best of our knowledge, even this linear
problem has not been previously treated in the literature. We also point out
that if —1 < @ < 0 in (2) then this is a special case of (1), and if @ = 0 then
this is a special case of the results in [9].

The need to apply the Nash-Moser iteration emerges from the degeneracy
of the Darboux equation when K vanishes. In particular, when solving the
linearized equation a certain “loss of derivatives” occurs, which the Nash-
Moser iteration is specifically designed to deal with (see [21, 22]). In our
situation, a further difficulty arises. Namely, since fundamental tools such as
the trace operator and the extension operator are not bounded in standard
Sobolev spaces for cusp domains, all the energy estimates must be performed
in weighted Sobolev spaces. However when using these spaces, in addition
to the loss of derivatives, the loss of weighted functions also appears.



When K is positive in the cusp domain, we manage to absorb the loss
of weighted functions into the loss of derivatives by [Corollary 4.2 and make
the observation that the former causes no more damage than the latter.
Therefore the standard Nash-Moser iteration works in this case. On the other
hand, when K is negative in a cusp domain, although we can still absorb the
loss of the weighted functions into the loss of the derivatives, the former grows
much faster than the latter when estimating higher derivatives. Since [3] and
[19] provide restrictions on such growth for a successful application of the
Nash-Moser iteration, we need to impose a condition on the zero set in order
to stay within the appropriate framework. This condition is precisely the
restriction on the values of & that appears in case (2) in Theorem 1.1. Such
a hypothesis prevents the cusp from becoming too sharp near the origin. In
other words, it prevents the initial Cauchy surface from becoming time-like
too fast.

This paper is organized as follows. In Chapter 2, we introduce notation
and review a canonical form of the linearized equation derived in [9]. In
Chapters 3 and 5, we solve the linearized equation and obtain Moser estimates
in a cusp domain where K is positive, respectively negative. Chapters 4 and
6 are then dedicated to the Nash-Moser iteration in the cusp domains having
positive and negative curvature respectively.



Chapter 2
The linearized canonical form

Consider here a single cusp domain Q) associated with positive curvature.
That is, it arises as in the previous chapter as the region between two curves
which are tangent at a point, and bounds a domain with K > 0. We may
choose local coordinates (Z,7) so that the boundary 9} consists of graphs
¢ = £h(z). The cusp domain itself is then given by

Q={(&9) | gl <h(@),0<i<1}.

Here we are tacitly assuming without loss of generality that the domain is
symmetric with respect to the axis. The function h will show up frequently
as a weight function or as a parameter in a coordinate change, and if the
boundary is not symmetric across the axis, then the same methods still hold
after taking the maximum of the two sides instead.

We will follow the set up in [9]. Namely, after expressing equation (|1.5])
in the coordinates (Z,¢), an approximate solution zy may be constructed by
using Taylor’s theorem, so that

det Hess, 2o — K (det g)(1 — |V 2[?)

vanishes to high order at the origin. A full solution of (1.5) will then be
sought in the form z = zy + £’w, where € > 0 is a small parameter. Let

®(w) := det Hess,z — K (det g)(1 — |V,2]?),

CLH a12 . VQQZ —Vlgz
a12 (122 —Vlgz VHZ ’

then the choice of zy may be arranged so that

and

lim o®?=1 %= 0(|<:@,g)|).

I(,9)|—0



Next, rescale the coordinates by
(#,9) = (*x, %),

so that the linearized equation

d
L(w)u := E@(w + tu) o

takes the form
e L(w)u = aVju + 26" K|g|(V,2, Vu), (2.1)

where |g| = detg and V;; denote covariant derivatives with respect to the
rescaled coordinates.

In order to facilitate analysis of the linearized equation, it is helpful to
eliminate the second order mixed derivative term. This may be accomplished
by a further coordinate change to (z,y), such that y = y and

12@ + a22@

Ox Ay =0

This equation may be solved with the method of characteristics while impos-
ing the following initial condition
z(z,0) = x.

When expressed in these new coordinates, the linearized equation takes the
so called canonical form that played an important role [9]. We summarize
the result in the following lemma.

Lemma 2.1. Let g € C" and w € C™ with |w|ca < 1. In a neighborhood
of the origin there exists a local C™ =2 change of coordinates

T=I(x,y), Y=y
such that in these new coordinate system the linearization takes the form
e L(w)u = a®L(w)u + (a®*) 1 ®(w)[0?u — d,log(a**+/|g])0uul,

where
L(w)u = 0z(k0z)u + agu + cOzu + doyu, (2.2)
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with

B

= Kk(z,y,w, Vw, V?w, V),
c = Ké(x,y,w, Vw, Vw, V3w, Vz, V) + (a**) 20,9 (w)0,7,
d = Xd(x,y,w, Vw, V?w),

for some k,¢,d € C™~* such that k > 1/2 if ¢ = e(m) is chosen sufficiently
small. Moreover, we have an estimate on the new coordinates

1z, D) @) < Cn(1+ [[w][zmise), (2.3)
with the constant C,, independent of €.

We remark that the intersection of the original domain Q) with a small
neighborhood of the origin may be written in the new coordinates as

Q={(@y | lgl<h(@), o<z<l}

Here h is a rescaling of the initial graph h by e~2. It is important to note that
even with this rescaling of the graph, the condition still holds in the
new coordinates with a constant that is independent of £. Since this is the
primary hypothesis needed to treat the elliptic regions, and it is not affected
by the rescaled graph, we will in what follows continue to denote the graph
by h instead of h for simplicity.

In conclusion we have defined three different coordinate systems which
culminated in a rescaling of the domain, and a canonical form for the lin-
earization. In all of these coordinates the geometry of the domain remains
a cusp. However, in the next section, in order to facilitate analysis of the
linearized equation, we will open up the cusp by another set of coordinates
(Z,9), in which the domain is transformed into an infinite cylinder denoted
by €.



Chapter 3
Linear theory in elliptic cusps

According to our assumption that K > 0 in {2 and vanishes along 0S), the
linearized equation ([2.2)) is of degenerate elliptic type. We need to establish
existence and to prove appropriate energy estimates. The framework of the
computation is from [9], where the authors dealt with a sector domain. Tt
is well known that in a sector domain, the regularity of elliptic equations
depends on the angle of the sector. Smaller angles yield higher regularity.
Since in [9] angles are not necessarily small, the authors needed to use the
degeneracy to overcome this problem. Here we will use an extra coordinate
change and exploit degeneracy more directly to derive an easier computation.
However it turns out that the use of degeneracy is not necessary in the case
of cusp domains, because the angle of a cusp zero. Nevertheless we will use
the degeneracy anyway, but point out how it can be replaced by the zero
angle in the computation.
First, we make a coordinate change by

[T T
‘/ ™ VT

to bring Q to )

The Jacobian of the coordinate change is

and the equation becomes



with

K=

a = M

B = k(I
—c  2kK

We remark here that h = h(Z(Z)). An important consequence of this is:

Lemma 3.1. For all nonnegative integer m and real number 7, we have

d™h™
=0O(h").
dz™ (h7)
Proof. Notice that
dh(z) h,dj:
dz —  d¥’
and 9
z
S NG
o = —h(@)
so by (1.3)) the inequality is true for m = 1 and 7 = 1. A simple induction
yields the desired result. O]

We also remark that we merely used the boundedness of ((1.3) for the

proof above. In a cusp domain we actually have
)h(l)-hl_l‘%O ase — 0, forl>1,

and therefore

‘ d'h(z)

— h‘T(jz)’ 50 ase—0, forl>1. (3.2)

This can be used to deal with non-degenerate cases.

10



It will be convenient to cut off the coefficients away from the infinity of
the (Z,7) plane. Let p € C*°([0,00)) be a nonnegative cut-off functioin with

) 1, ifz>2,
€Tr) =

4 0, ifz<l,
and define

where

K=K, A=pA, B=B, C=¢C, D=¢D.
We will study the boundary value problem:

Lu=finQ,  w@@1)=u(z—1)=0. (3.4)

Since there is 1/h in the coefficient of L, which blows up when & approaches
infinity, we need the solution to vanish at the infinity. It will be convenient
to define the following weighted Sobolev norm to control the rate at which
the functions vanish:

iy = 3 / A B 0%k,

s<m, t<I
t+s<max(m,l)
where ) is a large parameter. Let C~ () be the space of the smooth functions
that vanish for # large and H™!)(Q) be its closure with respect to the norm
defined above. For all the weighted norms in this paper, if m = [ we will drop
the I. We also let C*°(Q) denote the space of C" () functions v satisfying
v(#,1) = v(z,—1) = 0. For every f € H™(Q), we search for a weak
solution u € H™(Q) satisfying

(u, L*v) = (f,v) ve C®(Q), (3.5)

where (-, -) is the L?(€2) inner product and L* is the formal adjoint of L. We
first solve an auxiliary ODE.

Lemma 3.2. For everyv € éo", there exists a unique solution & € H(2m’<>°ﬂ)(§2)m

C>(Q) of the ODE:

11



m ~9 2
S oyt o) =, (3.6)
5=0
E(z,—1)=¢&(2,1) =0, 0:€(0,5) =0, 0<s<m-—1,
h27(§:0)/ (0204 <00, 0<s<2m—1, t<oo.
T==T¢
Proof. Denote the completion, with respect to ||« [|(m.0.), of C*(€) functions

with compact support by Hém’o’w(&:l). We first obtain a weak solution in

Hém’om(ﬁ) by the Riesz representation theorem, so the desired boundary
behavior at {g = £1} and {# = 0} follows. Then we define

i 1, if
pfio(x) - {07 if

and integrate the following by parts:

n 2
/523@0 (v - Z(—l)s,\(—s)a;( = a;g)>p§216§f§ o,

s=0

ISX
E%z

ISX
AVARIVAN
E%z

0

o+ 1.

where Q;, is defined to be {(Z,7) | 0 < & < &, —1 < § < 1}. For each
1 < 7 < m, we integrate by parts so that the highest order derivative on &
is m 4+ 7. We keep only the highest derivative on the left hand side of the
equality and the remaining terms on the right hand side. Notice that the
boundary integrals are either zero or independent of Z(, and the derivatives
of pz, is bounded by a constant independent of z,. Therefore, by taking
limit as 7o goes to infinity and applying a simple induction on 7, we arrive at
Ee H (27”’0"7)((2). This is actually the standard regularity estimate for elliptic
equations. Differentiating the equation with respect to y and repeating the
argument above yields & € H®™:(Q) for arbitrary [ > 1. £ € C°(Q) is a
corollary of the Sobolev embedding theorem and regularity of ODE.

Lastly, consider h™7030;¢ € H™(Q), where H™(Q) is the usual Sobolev
space. The vanishing of the integral along & = zo follows directly from the
trace theorem in the Sobolev space. O]

The next lemma is the main tool for all the energy estimates in this
chapter.

12



Lemma 3.3. Suppose that |w|caq) < 1 and let u € C2(Q) with u(i, 1) =
u(z,—1) = 0. If € is sufficiently small and

h_Q"’_Q(mO)/ (Oiu)? < C < oo, fors=0,1. (3.7)

Zo

~2 2 2
gt — 2 (Ogu) u
/QLU h2v u Z /Q h27v+2 + h2v+2 :

Proof. For any functions a € C*°(€), integrating by part yields

Then

[ aulu = —[ alK (0zu)? + 2A0;udyu + B(0zu)?]
! Qi

o

2
+ / %[aj(f(aia) + 0:(A0;a) + 03;(Aa)
Q

)

—01;(85;14_1@) + 85(38@7@ — 856(C_’a) — 8Q(DCL)]
2
— /~ %[Kajaul + Adzav' + 9;(Aa)v!
0,
— 0z Aav? + BagCLVQ — Cav' — Dalﬂ]

+ / a|KOzuuv' + 2A0;uuv® + Boyuuv?).
s,

72—2
h2'y 9

Letting a = then the first integral becomes:

—~2 —2 h! ~7/ -2

_x yh2'y+2 k[@Z(ach)Q + 2¢yh/ Ozudyu + (gh )2(8gu)2] + Yy (8%)2
_y —2 ~77 Yy — 2

- _/fz T3z Fle(Osu) + gh' (Opu)]” — / s ()’

%0 Qz
S / (Ogu)? '
= Qio h2v+2

By the degeneracy of k and the fact that D = O(¢?) we have

05K 030)|+105(A050) -+ 055( Aa) |- |05(05 Aa) |- |05 (Ca) |- |05 Da)| < o(e)h™>2,

and

0;(BO;a) > (2 — o(e)) A2,

13



Let g — oo, the desired result follows because the boundary integral van-
ishes by the degeneracy of k and the fact that h approaches zero when
Tog — 0O. ]

We remark here that is the main part where we use the
degeneracy. First of all, degeneracy helps positive terms to dominate. In
a cusp domain, we may instead use to achieve the same consequence.
Secondly, the degeneracy also assures that the boundary integral vanishes.
Without the degeneracy, we may demand a little stronger on the condition
that the integral on the left hand side goes to zero when 7, — oo,
not just being bounded. Although this modification on (3.7) requires some
minor changes on the derivation of the existence below, we point out that
the degeneracy is not necessary in the cusp domain. Now we are ready to
obtain existence.

Theorem 3.4. Suppose that g € C™, |w|caq) < 1 and f € Hm(Q), with
the condition 93 f(0,9) =0 for 0 < s <m —1. If m <mg—4 and € = £(m)
sufficiently small, then there exists a unique weak solution v € H™')(Q) of

G-3).

Proof. Given v € C*(Q), by [Lemma 3.2, there exists &€ € H™172)(Q) such
that

m ~9

—sas/ ¥ — 2 s
Z A 8i< h2v+2 aig) =, (38>
s=0

£(z,-1)=&(2,1) =0,  83€(0,5) =0, for 0<s<m-—1,
j=2(1-2) (fo)/ (020L6)2 < o0, for 0<s<2m—1, t< 0.

Zo

Our first step is to establish an estimate

m 72 _ 9
<L§7 h’2 Z(_l)s)\*sa§<%12’y+2 8;5)) > C‘|£|’%m,1,'y) (39>

s=0

14



We first integrate the left hand side of (3.9) by parts to see

2 - SAT9HS Y —2 S
(Lf,h > (=1 A0 W@&)) (3.10)

s=0
SZ/QA SL(02€) h% as§+2/ h% a;g
m  s—1
+3 / ( > ool (Le) L. 0
s=1 [=0

The boundary behavior in (3.8]) guarantees all the boundary integrals in
(3.10) vanish, and provides the condition assumed in [Lemma 3.3, So we may
use and pick € small so that

m ~2 m 9 9
el 2 o [ (0505 | (859)
Z;/QA L(038) =73 03€ = ZOA /Q st ey (311)

For the other two integrals in (3.10]), we are going to absorb them into the
positive terms in (3.11)). Consider the integral with a commutator, we use
the following to illustrate our computation

~2

aerl Ka 5) ( aerlég)]y 855

T h2y T

2

190k s—1+1 iy
Z /QA (D)oo gL o

Ms

s=1 1=0
m 1 ~9
s ; y s
< Cn) DA /Qai [03(%k )h27+2 ] (9:6)* (3.12)
s=1 7=0
m 2
+Cn DS A /Q & (k)T - —2 (e
s=1 j=0
+C 278 2l€ h2 — (as l—i-lg)asg
s=1 [=2 j=1

The first two terms in the right hand side of the last inequality of (3.12]) have
k differentiated no more than twice, so by the assumption |w|cs < 1, we can

15



then pick e small so that those two terms are bounded by

_Z)‘ / h2'y+>22

The other term in has to be estimated as well, but we cannot abuse €.
Since these terms have higher derivatives of the coefficients, which contain
higher derivatives of w, the Nash-Moser iteration prohibits us from control-
ling them with . Instead, we apply Cauchy-Schwartz inequality with a small
)

ZZZO AP QOkZ A2 (85 l+1§)855

s=1 [=2 j=1

U 0z¢) 0 (pk) (0571€)?
DD H AL /W e [ 1o BN O

5= 27

The first term in the right hand side can be absorbed to (3.11]) when § chosen
small.
We observe that the second term only has 957¢ with s — [ + 1 strictly

less than s. So if we pick A larger than Cm% , this term can be
L>(Q)
absorbed into il
)\—s—i—l—l (aj} 6)
a h2v+2

in (3.11)). Treat all the other terms in a similar way, we derived (3.9).
We then work on functional analysis. We have for any v € C*°(Q2)

, h*v
[ P ——— sup I(n, A7v)| (3.13)
neHm-1.7)(Q) ||77|| (m,1,y)
B [(R(y* = 2)1, &) (m.0.7)]
= sup
nEH(malv'Y)(Q) ”nH(mzL"/)
< O sw 171l .00 1]l my0.2)
neHm.1.7)(Q) 17{lm,1.7)
< CH&H(”’%LW)'

Here (-,)(mo.) denotes the inner product on H™%(Q), and in the dual
space H=™=17)(Q) of H(™1)(Q) the norm ||-||(_m 1) is induced naturally.

16



Now apply (3.9)) to obtain

1l gmam I LR 0]l cm,—1) = (€, L*hP0)

(L€, h*v)
_ 2 S y s
- (e Sy o)
> CHEH(mM),
together with (3.13) we arrive at

Define the linear functional F : L*(h2C>(2)) — R by
F(L*R*v) = (f, h%0).

Then the following show that F' is bounded on the subspace L*(h*C>(Q))
of H=m=11(Q),

[F(Lh*0)| = [(f, h*0)] < I lmam 1A% 0l =m -1
< Clflmam I LR 0l —m—1.).

Notice that here we use our hypothesis that f € H™(Q) and 92 £(0,y) = 0
for 0 < s <m — 1. We can then apply the Hahn-Banach theorem to obtain
a bounded extension of F (still denoted F) defined on all of H(="~17)(Q).
Then by the Riesz representation theorem there exists a weak solution u €

HmID(Q)) of (3.5). 0

We then boot-strap the regularity and derive an a prior: estimate needed
for the Nash-Moser iteration. We introduce here a weighted Sobolev norm
associated with the cusp domains €2,

iy = [ 30 W00,

s<m,t<l
t+s<max(m 1)

Let C7(Q) be the collection of C*°(Q) functions vanishing in a neigh-
borhood of the origin. H™)(Q) is defined to be the closure of C° (1)
with respect to || - || (m.i-.0). Notice that lower derivatives of H(™7 () func-
tions vanish faster than those of higher derivatives, but all the derivatives of
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H™bM(Q) functions defined before vanish at the same speed. However, a
simple coordinate change shows || - [|(,1,0) is equivalent to || - ||, a)- The

notation R? below denote the right half plane in (z,y) coordinate, ||-|| Hm(R2)
and H™(R?2) are usual Sobolev norm and spaces.

Theorem 3.5. Suppose that g € C™ and f € C(Q). If lwlce) <1
and € = g(m) is sufficiently small then there exists a unique solution u €
H(Q) N C™0=3(Q) of . Moreover, there exists a constant C,, inde-
pendent of € such that

lellzmaty < o (o0l mssgae || ey + 1F Lama) ) -

Proof. Since L is strictly elliptic in every compact subset inside € and the co-
efficients of L as well as f are at least C™~*, we obtain that u € H™1)(Q)N
C™o=3. The fact that v € H(Q) can be seen by differentiating the equa-
tion (3.4) and applying mathematical induction. Integrating the expression
by parts yields the boundary condition. We then change the coordinate
back to €2, and all the conditions remain valid.

For the estimate we observe that from we may solve, for any [ > 0,

Lemma 3.3 together with

Integrate Lu = f against 3722;2
Schwartz inequality we have

[0l 20 + 10l 2 ) < CHE Iy
Next, we define

The integration by parts on fQ Ly (0zu) 522 hQW 20;u as in [Lemma 3.3 together
with the estimate on dju and the condition that |w|cs < 1 yield

1h™ " Ozgull Ty + 177 Ol ) < CllF I 0

By a similar method we obtain an estimate for 8%14 and by (3.15)) we obtain
an estimate for agu. The full estimate up to second order is then

[l pr2i1 6y < ClF (3.16)
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Then we compute L(0Zu),
0:(Koiu) = 0:(0:(Kozu)) — s03KO:u
—50: KO u — (

s
s—2
-3

%(A@gagu) = 03
- (j)agz(a;-%a;agu),

=0

(’9g(f18§+1u) = 05

5 (Yoo a,
=0
s—2

Cost'u = 03(Cozu) — s0;COu —
=0
S

s—1
DO0;u = 03(Doyu) — <z
0

0;(Bo, %) = 0

s—1

—s(s — 1)02BO:*00u— Y

=0

=0

>8§K8§u

- Z (‘?) 0:(05 ' Kot u) — <

)a;lDa;agu,

l

(3.17)

Ko,

(AQju)) — s02A ' Oyu — s0; ADZ0;u  (3.18)

(3.19)

(‘;) 9710y, (3.20)

(3.21)

(3.22)

S\ asia A
(l)ai 19, BoLdu

For the last equality we need to use (3.15]) to replace the terms with more

than one derivative with respect to .

For an arbitrary s we add up the left hand side of through
to obtain L(d3u). On the right hand side, for the terms with d5u, 95™'u and
0:05u, we observe that their coefficients are small when ¢ is small. There-
fore we may move them to the left hand side to form a new operator, then

integrate this new operator against 52728‘;% The estimate as in

~

holds by the same type of computation.

Lemma 3.3

The other terms on the right hand side have alj f with [ < s and the
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lower derivatives 0L ﬁj u with 0 < j <1 and 0 <i+j<s. We will make

an estimate by i 2u as well. Below we illustrate
our method on one of these terms, the other can be treated in the same way:

2
[ lor 2ot 20 < 5

5 = (A7 032 KOzu) |72 + 0slIA77105
where d; is a small constant depending only on s so that d,||h™ " d5ul|?

U’HL2 Q)?

L2(9)
can be absorbed into the left hand side of our estimate.

or &H||(h 0P KOtu )HL2 q)» We notice that if s < 3 we use the condi-
tion |w|ce < 1 and absorb it into the left hand side of our estimate. For the

case s > 3 we change the coordinate to (z,y) and denote the derivative with
respect to this coordinate by 0. Then we extend u by and apply

Lemma 1.2 below,
|h=7 0572 (K)zul 120
< ||h‘“’+5+185_2k84u||L2(R2 < ||c‘97_5_1(65_2k64 )||L2(R2+)
< ”akHLoo R2 )HUHHv ®R2) T Hk’HHvH(R? HUHLOO(]R2)

where the last inequality is the Nirenberg inequality (see [Lemma 4.3). With
the assumption that |w|ce < 1, we have 0k = O(g). Apply a similar method

on the terms with f and the other coefficients, we arrive at
||h 7_18 asuHLQ + ||h 7_18 UHLQ

< 1 f ez + IIU)I

+(1 + ||w]

Hs+6(R2 )||f||H2(R2 +O(e )HUHHv(Ri)

Hs+6(R2) Pl e (R2)-

Solving for higher derivatives of u with respect to y, we obtain a similar
estimate as above.

For the terms in equations through , we change the coordi-
nates to (z,y) for every term that has not been changed. Adding all these
estimates up to the order m we have

||U||HW+1(Q)
Colllflzv@2y + lwll msvo@z) | Il m2@2) + OE) |ull vz
(1 + [[w gorogz ) [[u]

H? RQ))

Lastly, we pick v = m and ¢ small depending on m and use the estimate
(3.16]) to obtain the desired result. O
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Chapter 4
The Nash-Moser iteration with elliptic cusps

In this chapter we derive the solution of our nonlinear PDE with K positive
in a cusp domain. We first provide some basic tools for the Nash-Moser
iteration. The following extension theorem is valid in a cusp domain with

the norm
ey = 32 [ W00

t,seN
0<t+s<m

Lemma 4.1. Suppose Q@ ={ (z,y) |0 <2 <1, —h(x)<y<h(z)}isa
cusp domain with h € C*((0,00)) satisfies

WO W <G, for TEN. (4.1)
Then there is an operator
E: H™(Q) — H™(R2)
with a positive constant C independent of u such that
HEUHHWw)(Ri) < Cllullgomm(y, and Eu=u in Q.
Moreover, we may choose Eu vanishing outside y = +2h(x).

Proof. We may apply a coordinate change

R A
9”‘/mh<x> T

to map the domain to a half infinite cylinder Q = { (z,9) | 1 <&, —1 <
g <1 } and define the norm

iy = 32 [ 70505

t,seN
0<t+s<m
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With the condition (4.1)), it is straightforward to see that there exists positive
constants Cy and C5 such that

ClHUHHWM(Q) < HUHH<mw>(Q) < CZHUHHWM(Q)-

Then we may define E on H™")(Q) by extending v € H™"(Q) across the
boundary {g = +1} and require that u vanishes outside {|g| < 2}. Change
the coordinate back for the desired result. O

Corollary 4.2. With the same assumption and the extension E defined in
we have

[ Eull rem @2y < CllEull ez

for u € C*(Q) and vanishes in a neighborhood or the origin.

Proof. For w € C*(IR?%), vanishes outside y = £2h and also vanishes in a
neighborhood of the origin, we may first compute on R3 N {y > 0}

1 p2h(z)
/ / |h= 7020w dydx
o Jo

1 p2h(z)
= / / h2<_7+t+8)|8;8tw(x,y)—8£3tw(x,2h(x))|2dyda:

2h(z) 2h(z)
= / / A=ytts)) / 0505 w(x, 0)d6|*dydx

2h(x)
< / / h2(7'y+1+t+s) |a;a;+1w(x7 9) |2d(9d]},
0

where the last inequality is the Holder’s inequality. Then our hypothesis on
u allows us to find a family { w; | w; € C*(Q2) } such that w; — Fu in
HY(Q) as i — oo. The case y < 0 follows similarly. O

We also record the following well known Nirenberg’s inequality, whose
proof can be found in [27].

Lemma 4.3. Let all u; below are C™(R?)
(i)If o, ....,cq are multi-indices such that |oq| + .... + |oy| = m, then there
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exists a constant C7 depending on | and m such that

||aa1U1 ...aalu1||L2(Ri)
l

< c Z(’W|L°°(Ri)----|Uj‘Loo(R1)---‘ul’Loo(R3)) H%‘”Hm(Ri),
j=1

where [uj| g2 denotes the omitted term in the product.
+

(ii) Let D C R' be compact and contain the origin, and let G € C*°(D). If
u € H™(Q, D), then there exists a constant Cy depending on m such that

1G o ul

Hm (Q) ) .

am(@) < Colulre(@)(IG(0)] + [lul
The following theorem of smoothing operator is proved in [9].

Lemma 4.4. Suppose " (R2) is the completion of C™ function vanishing in
a neighborhood of y-axis with respect to the usual Sobolev norm, | - ;. Given
1> 1 there exists a linear smoothing operator S,, : L*(R%) — H  (R2) such

that for all l,m € Zso and u € ﬁl(Ri%
(1) |Spullm < Crpmllull, m <1,
(2) [1Sutllm < Cpmp™ ulli, 1 <m,

(3) lu—Suullm < Crpmp™ Yull;, m <L

We also have the standard smoothing operator S, : L*(RY) — H>(R?%) such
that (1) to (3) hold whenever u € H'(R2).

We compare the two smoothing operators. The construction of S, in-
volves cutting off near the origin. Therefore S,u vanishes near the origin and
the boundedness requires that v vanishes near the origin. The standard oper-
ator S}, on the other hand consists only of convolution with smooth functions,
so its boundedness does not require vanishing.

To obtain the solution for our nonlinear PDE in the elliptic region, we
need to apply the Nash-Moser iteration. The estimate we derived in
rem 3.5|is the standard form for the iteration, and it is true that the standard
procedure works in our case.
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Proposition 4.5. If mqg > 2N + 9, then we have a sequence,

—=mop—38

{w,| w,€eH (Q)  and wyloq =0},
such that w, — w in ﬁmofS(Q), with
]l < C*¥F°.

Furthermore, ®(w,) — 0 in C°(2).

Proof. This follows from the standard Nash-Moser iteration, whose proof
can be found, for example, in [I7]. We will present the details of Nash-Moser
iteration in the case when K is negative in a cusp domain, which is more
complicated. Here we instead make two remarks. First, we require a stronger
condition on the solution w that ||w]|,, s < Ce?*¥*6 for the construction of
a smooth solution across the zero set of K. This is where the condition
mgy > 2N + 9 is needed. We may then require our approximate solution z
to satisfy ||®(20)my_onv—s < e2¥TC. In the details of Nash-Moser iteration
we provided later, it will be clear that this e2V*6 be passed in the iterative
process, so that the solution w we obtain is O(e2V*6) as in the statement.
Secondly, we started the derivation from weighted spaces over  but ended
up with the estimate in the regular Sobolev spaces over {2 and ran Nash-Moser
iteration there. The main tool for the transfer is whose proof
indicates that the coefficients in the estimate depend on the domain where
the functional space is defined on. We point out that the domain Q depends
on the function w at which the equation is linearized. Therefore we always
change the coordinates back to 2 first and then apply [Corollary 4.2] to avoid
the dependence of the constant on w. Similar issues happened when dealing
with the case K negative in a cusp domain in the later chapters. O

The complement of €2, in whose interior K is negative, is (at least) a
Lipschitz domain and has been dealt with in [9]. We record the result,

Proposition 4.6. Suppose mg > 3N+19,¢ € H™2(Q) and+y € H™10(Q).
Moreover, suppose

llmo—9.60 + 1Y |lmo—10,00 < Ce*NT6.
—mo—N—13

Then there exists a sequence w, — w in H

0 in C°(Q).

(Q). Furthermore ®(w,) —
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We require my > 2N + 9 and construct w; € FmO_S(Q:) by
satisfying

O(w!) =0in Q,, w! =0 on Q.

Let Q) be a region sharing a boundary with €. Then by [Proposition 4.6}

_ —mo—N—13
we may construct w, € H

(2, ) satisfying

d"w, (0,0) =0, for |7] <my— N — 15,

where we have used the Sobolev embedding theorem and the trace oper-
ator. Lastly, by the choice of the approximate solution, the fact that w;
is in a weighted space and |h|c1(jz)<») decreases to zero as the small posi-
tive parameter ¢ — 0, the common boundary of any pair of QF and Q,
is noncharacteristic. So the solutions in each region agree to my — N — 15
along the boundary, and therefore patched to a solution of in a small
neighborhood of the origin.
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Chapter 5
Linear theory in hyperbolic cusps

In this chapter, we derive the existence and regularity for the Cauchy problem
of the linearized version of equation in a hyperbolic cusp. In contrast
to chapter [3| we do the case when K is negative in a cusp domain. We need
to apply [Lemma 2.1 with some change of the notations of the linearized

equation:

L(w)u = 03 (K0z)u + 8§u + Cdzu + Ddyu, (5.1)
with
K = Kk(z,y,w, Vw, V*w, V),
C = Ké(z,y,w, Vw, Vw, V3w, Vz, V3Z) + (a*) 20,0 (w)0,205u,
D = &*d(x,y,w, Vw, V?w).

In addition, hereafter B2 = {(z,y) | y > 0}. We also remark that the

intersection of the original domain 2 with a small neighborhood of the origin
may be written in the new coordinates as

Q={(z,y)| lal<h(y, 0<y<1},

with & is a rescaling of the initial graph h by e 2. Again for simplicity we will
in what follows continue to denote the graph by h instead of h. With this
notation the condition (1.1]) to (|1.3]) remain unchanged but (1.4} becomes

h Z C€&yl+a. (52)
Moreover, after the coordinate change to (Z,y) the domain 2 becomes,
Q={(@y | |7]<h@), 0<g<1}.

Notice that for h, the constant in the condition depends on the function
w, at which the equation is linearized. This does no harm in the proof of
existence but causes trouble for the energy estimate. Our assumption that
|w|ce < 1 removes this dependence for lower derivatives, and our treatment
for higher derivatives will be elaborated when they appear.
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Equation (j5.1]) is degenerate hyperbolic. We will instead solve the regu-
larized equation

L9u = f in Q7 U’aﬁl = ¢a uy’@ﬁl = @D, (53>

where Ly differs from L only in that K is replaced by Ky = K — 6h'?,
and 0 = |P(w)|cs. We will require the Cauchy data ¢ and ¢ as well as
f to vanish to high order at the origin. We denote the bottom part and
the upper part of the boundary of Q by 09; and 0Q,, respectively. We
define H™47)(Q)) (Hém’m) (€)) to be the closure of all C>(£2) functions (which
vanish to all orders at 9Q;) with respect to the norm

[l = /Q > o0l

s<m,t<I
s+t<max(m,l)

We first obtain the following existence theorem for (5.3) with homogeneous
Cauchy data and f vanishing to all order at 0€:

Theorem 5.1. Suppose g € C"™, w € C™, |w|ca) < 1 and f € Hém’m)(Q).
If m € mog—6 and € = e(m) is sufficiently small, then there exist a weak
solution ug € H™)(Q) of with ¢, = 0. That is,

(ug, Lyv) = (f,v),  for all ve C™(Q)
with v|sq, = vglaq, = 0 and v vanishes in a neighborhood of the origin.

Proof. The collection of v as stated in the theorem will be denoted by C°°(Q)
hereafter. Set B
bs(7,5) = W20 K (3, g)e ™,

and let ¢ be the unique solution of

Z(—ns“a;(bsa;gg) =v in Q,
s=0
Cloa, = 05Cslaa, =0, 0<s<m-—1, (5.4)

with v € (700(52) The existence and the uniqueness is guaranteed by ODE
theory. We then repeatedly differentiate 03¢ and 0:(; along 0€2; to obtain,

0;8;“8@1 =0, s+t<m and 0<¢t<2. (5.5)
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We then establish an a priori estimate

(Leé Z 1)*Ho5(b 38@)) > ClISH 1.0 (5.6)

Integrating the left hand side by parts yields,

<L9< > (o as<y>) (57)
> 3 [ G- D)@z

DM ARUOR AL+ O e

(94, — 2b.D)

P Y% / (00,0005 (0L Kot 1¢)
s=1 [=1

+ ZZC / as yc)(alcas—kl l<)
s=1 [=1

+ ZZC / (020,¢)(8LDA28,¢)
s=1 [=1

1 _
+ 5 /8@ me9(8§+1()2v2 + 2bm8?_18§(8;”8ggul - bm(ﬁgag@%g

The boundary integral has the correct sign by the usual non-characteristic
argument. For the positivity of the first term on the right hand side of the

equation (5.7), we compute

dybs — 2b,D
A 20n'R” R 0K
(520 T a0y + ) 6
Z _bs, (59)

by condition (|1.1] . ) to , and our choice of coordinate. For the second term
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on the right hand side of the equation ({5.7)), consider

—i@@g@ﬂ%@—a@Dy—q%@K@2—qmcf
> (Rob,)? [%—C( UL (% K) -1()

0 0

Because —A\J; K — O((0;K)?) > 0, the term

0K 0. K
— 7 > .
omxw 4(&) 0

Therefore this part has the correct sign in the inequality, we only need to
take care of the other part.
Recall that C' = O(K + 0,P(w)), so

[ —K 4|0, (w)| < —K + h?*|h20,9(w)| < —K + 60h? -1
Ko| = —-K+0(n)* — —K +0()? T —K+0(h)? T

where we have used the fact that ®(w) vanishes to high order at the origin.
Therefore, the part —\2/Ky — (C'/Ky)? is greater than a positive constant.
Here we emphasize the fact that only up to the second derivatives of h and h
are involved so far. Moreover, the computation above requires A to be large
but not dependent on e or 6. This is important because this computation
will be used in the energy estimate.

For the last three interior integals in , consider the following term
first,

/ by(020,0)0: K05+
Q

—2y4+2s s N7 anTay
< / o _Ke [(9:050)" + (9:K0;+¢)?]

0: K
< —2v+2s 50 2v+2s s+1 2‘
< [+ h g () 0
Absorb the extra A’~2 in front of 9:7'¢ as follows,
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Similarly, there are also such extra h'~2 in the rest of the integrals. However,
in those integrands, the derivatives of { with respect to Z have order strictly
smaller than s+1, so the extra A’~2 can be absorbed to the weighted functions.
With A = A(g, 0) sufficiently large, all these integrals would be dominated by

the first two integrals of the equation ([5.7). Use the proof in [Corollary 4.2

we can estimate ||{|| go~(q) and arrive at (5.6).
Then we compute

|(n, v)]

[Vl cmoqe) = sup g
(m0me) nertm0 @y [l m.0q.9)
—1)*t19(b,020;
_ sup ’(777 Zs:O( ) a:( T yc>>
nGHém’O’W)(Q) Hn”(m,O,'y,Q)

S H_ICHCH(m,I,%Q)a
and
1< omame) 1Lavl cm—100) = (€ L) = (LoC,v)

_ (L(,CZ D*R00.0:0,0) = CICIE, 0

Together we have,
0]l —m0m0y < O CN L0l Cmcriyys forall we C(Q).  (5.11)
Define a linear functional F' : X — R, where X = L;é“(ﬂ), by
F(Lyv) = (f,v).

Then by 1) we deduce that F'is bounded on X as a subspace of Héfm’fl’y) Q)

since

[F(L5)] < 1 om0 [0l cmor,0) < 07 ClF im0 1601 -m—1.7.0)-

Lastly, we may apply Hahn-Banach theorem to obtain a bounded extension
of F defined on H{ ™ " (Q). Since H™(Q) is a Hilbert space, there

exists a unique ug € H™" () such that
F(E) = (up,€), forall €€ HS ™ 7(Q).

30



By restricting € back to X, we see that uy solves
(ug, Liv) = (f,v),  for all ve C®(Q).
O

We define || - lmq0) = | om0y and HS™(Q) = HI™™7(€), then
derive the following corollary.

Corollary 5.2. Under the hypothesis of 1, if f € H™(Q) then

there exists a unique solution ug € H ( Q) of (5 E with ¢, = 0, for each
0 >0.

Proof. From [Theorem 5.1} the weak solution ug € Hém’l’W)(Q) is also in

Hém’l)(Q) as in [9]. Therefore we may apply their method to deduce the
boundary condition, uniqueness and the fact that ug € H™(2). Then with
usual boot-strap procedure we conclude that uy € Hém”)(fl). ]

We define C” (Q) be the collection of C*°(Q) functions vanishing in a

neighborhood of the origin and Fémﬁ)(@) to be the completion of C~ (Q)
with respect to the norm || - ||, a)-

Here we need to pause and introduce a notation, which is motivated by
the following estimate with the Nirenberg inequality. Let 7 and o be multi-
indices such that |7| =t and |o| = s, consider

107 (077)07ull 2
< CUIO) = llullees + 1(052) | eesull o)
< CO(JJullgees + |Jw|| reesso|Ju]| zoo).

We merely used the fact that |02z || gm < C(14|w|gm+e) here. This property
is actually shared by several functions, such as a¥ and 9, K or the coordinate
0,0zx. If we replace 9>T by them in the estimate above, the same result can
be obtained. Therefore, we intend to use an abstract notation A; to replace
this family of functions. We agree that A; represents a C™ =4~ function
whose H™ norm can be estimate by C,,,(1 + ||w|| gi+m+s). The following are
the functions to be replaced by A; when appropriate:

(1) An a priori estimate for the first order PDE (see [6]) yields 0*T'z = A,.

(2) By the estimate for the first order PDE, the assumption that |w|cs <1
and the Nirenberg inequality (Lemma 4.3)) we have 0'7/(0;2) = A;.
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(3) Similarly we have a” = Ay and K, C, D defined in ( are A1, Ng, A
respectively.

(4) By |w|ce < 1 and the Nirenberg iequality, we do have A; - Ay = Ay
and 0'A, = Ay, for t,s > 0. Therefore, an arbitrary product, sum or
derivatives of A function will still be a A function, except the subscript
needs to be modified accordingly.

The next lemma helps us to obtain the existence with more general f and
boundary data.

Lemma 5.3. Suppose g € C™, ¢ € C(9Q), ¥ € C~(89Q), and f € C~(Q)
with m < mqg — 4. Then there exists a function ny € H( 7)(9) such that

779‘8@1 = (b? ay"?ﬁ’as‘zl = Ib’

OL(f = Lomo)log, =0,  for 0 <t <m-3, (5.12)
with
m—1 g
1mollgrmn@y < Ciny Z |~ 7+‘T+0"(h)1+ —|740l) Ay |3 ez
|T+0|=0
- — T+o g m—|T7+o No
+ Z Ik YT+ I(E)5+( T+ ‘)Amf) ¢HL2(8Q)
|T+0o|=0
m—1
+ > n 7+'T“"(h) DALY | 2oy | (5:13)
|T4+0|=0

where Cy,., is a constant depending only on m and v, 0 is derivative with
respect to (Z,y) and 7,0 are multi-indices.

Proof. For any uy satisfying ((5.12)), since 0€2; is non-characteristic, uy can
be expressed in terms of f, ¢ and v along the boundary. Then the estimate
below follows,
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m—2

_ 4o g m—|T+o o
luoll rmmpay < Com| D NRTHTHNE)FNTTRDN 5 £l 1250

|T+0o|=0 h
- T+o ] m—|T+o
+ Z (oA |(h>5+( T A07 Ol 12000
|T+0o|=0
m—1 y
+ > VHT”'(h)SHm DA 07| 2 aa)] (5.14)
|T+0|=0

Then consider coordinate change

which maps € into an infinite half cylinder Q={(@yl|z| <1, 1<7}.
Since Q is a Lipschitz domain, we have surjectivity from H™(Q) to H™(0%).
Then by quotienting the kernel and applying the closed graph theorem, we
obtain a 7y such that

57779 = 5T(h’7u9) on 99, for |7] <m — 3.
We define 1y = h7ny, and then the estimate follows from

12710l gy = 7Tl gm0y < Cima Z 107 (R o) | 12 (06,)

IT|<m
and changing the coordinate back to (z, 7). O

_Here we remark in we have to estimate the higher derivatives
of h. Observe the following equation along the boundary

h(y) = z(h(y),y). (5.15)

Repeatedly differentiating this equation shows that the derivatives of h can
be estimated by the power of h and the derivatives of the coordinate functions
(z,7).

Here we revisit the ”loss of derivatives” issue we mentioned in the intro-
duction. A well behaved second order differential operator is expected to be
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an isomorphism L : H™"2? — H™, which means for an arbitrary data f € H™
we can find the unique H™"2 solution for it. In the case we only have sur-
jectivity L : H™? — H™N we say it loses N derivatives and Nash-Moser
iteration is often used to defeat the loss. The ¢/h part in the estimate above
is the main source of "loss of weights” and we will apply [Lemma 4.2] to absorb
them into the loss of derivatives. However, we see from the estimate that
the loss of weights depends on m. This causes difficulty because Nash-Moser
iteration requires an estimate

[l < CUF [ amse),

with a < 2 (see [19, B], where the authors provide a counter example to the
inverse function theorem when a = 2).

This forces us to induce a strong condition so we can rewrite the
estimate ((5.13) as

m—1
o)l gonniy < Comy| > IR HHIN L 07 fl 12
|T4+0|=0
+ Z Hh—v—am—3+|7+a\A|T‘5J¢HL2(8®
|T4+0|=0
m—1
+ Y eI 0 | aamy | (5.16)
|T+0|=0
with o = ;S=. Notice that this estimate improves by allowing
a weaker hypothesis ¢ € Fém’wam%)(é@l), (TS F(()m_l’wam%)(@@l) and

f c ﬁ(()mfl,'wram) (Q)

Theorem 5.4. Suppose that g € C™, ¢,¢p € C°(0Q), f € C(Q) and
lw|sn 14 < N2 where N < my—2 is the largest integer such that 97K (0,0)

0 for all |7| < N. If m < W and € = £(m) is sufficiently small, then

there exists a unique solution uy € ﬁ(m’v)(Q) of for each 6 > 0. Fur-
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theremore, there exists a constant C,, independent on of € and 6 such that

lollonm@ < Cme (Il masmmsavsison
ol s apmssns13amy + 15| sam oo ))

+Cm€7N71 Hw||H(1+a)m+3N+19 <H¢”H2N+13(8Q)

el vrzgony + 1 lirvsoge) )

Proof. For all ¢, 1 and f asin the statement we have ¢ € ﬁ(()m074’7+m0+3) (0Q1),
Y e H, (mo=5,7+mo+3) (0Q,) and f € H, (mo=5.+m— 2)(9) by a coordinate change.
Let g € A" 47+2)(Q) be as in [Lemma 5.3/ and @y € H™ 7(9) be as in

with f = f — Lgny € H{™%7(Q)), then clearly, upon coordi-
nate change, ug = ug + 19 establishes the existence. Uniqueness follows the
estimate, which is obtained as follows.

We first set vg = e’%Qng and observe that

EQ’UQ = 856(K'9a@119) + 8;119 + C_Yaj'l}g + (2@ + D)agve
+(1+ 72+ gD)vg = e 727 f 1= [

Then define the operator

L0 = 0(Kods) + 320+ (C + mds Ka)dsv + (25 + D)oy
_ - 1) o =
+<1 +7° + yD +mo;C + %&?&)U

Thus,

zém)a;nve _ 8;”]? Z( )as am s+2
0

- (8) 3 (C + 0 Ky) 07—+
s=2
=3 (") ozDor s (@yun) + goz 0z us
s=1
= O f + f (vy)



We first asstme m < 2N-+6. Let iy be s in with tlog, = vl
817779’8(21 = 8@%‘3@1 and

aé(f—fene)bm:(l 0<t<m+ N+ 1.

So that we have 97nglaq, = 07vg|sq, for all |7| < m + N + 3. Cosider the
function vy := vy — 1y , which satisfies

Ly 0709 = 0 (f — Loma) + ™ (v9).
Let b, = h=2*2" K 'e=¥ and integrate the following by parts:
(= b, 009, Ly O 59) = (5.17)
1 _
/_ [— 505 (bn Ko) (07 0)*
Q
(Dsb Ry — mbpds Ky — bmé)a;“l@@agag@@@}

1 _ 2
Q

m(m + 1)

+/Q %83, [bm(l + 9+ yDmo:C + —— (9%[(9)} (05'05)*

1 _ —
" /- bmee(a;nH%)QVz - meea;nH@eaga;”@gm}
o9

171 -
— /'(99 §bm bbm(ag({)i ’U@)2V2

m(m + 1)

+(1+4 5%+ 5D +mdsC + 02y ) (050 .

The boundary integral has the correct sign along 09, and vanishes along
0€);. The same computation as in (5.6 yields

A0 | + 11/ 1| 0505 Dol + 11/ b |05 Do)
< CUIV[bml 0 (f = Lamo) [l + 13/ 16w | F™ (T0)]])-

With the condition m < 2N + 6 and |w|gzn+10 < 1 we have

m—1
1/ 16m] P @) | < Con > (110510561 + [|/1510505]1) -
s=0
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Then we exploit the fact that K vanishes to order N at the origin, there
is a constant C' such that |K| > C~1e*M*2(h(y) — |2))¥** in Q. A similar
computation as in ([5.10|) shows that

IVl (7 = Tom) [ < C=252 [ (uemgp 3£ = Ty
0
Hereafter we use {7; | i € N} to denote multi-indices. Applying (|5.16]) and
summing from 0 to m produces

m—+1

D M0 ol* + > (V105105050611 + (11050576 ]17) - (5.18)
s=0 s=0

m+N+3
< CmEfol / Z (hf'yfamf(NJrS)fSJr\ﬁJrTg\A|T1|a7'2¢)2
oth |T1+72|=0
m+N+2

/_ Z (h—'y—am—(N+3)—5+|7—1+7-2|A|TIIéfrgw)Q
oth |71472|=0

J

when A = A(m) is sufficiently large. From here it is straightforward to
estimate all the Z-derivatives of wug, then the usual boot-strap procedure
yields the desired estimate in this special case.

We then assume m > 2N + 7. We define recursively,

m—+N+2 B
/Q(h—'y—am—(N-l-ZS)-i-ln-i-TzlATlamf)2 :

|T1+72|=0

rlm — m S T m—s
fl )(UQ) = - Z (S)a;pKGax +2U¢9
s=2N+T7
S (m> 95(C + 0, K071,
s=2N+6 5
— m S m—s = — m s )y Qm—s
_ Z (8)8ID8?38I Vg — Y Z <S)8xD8x Vo
s=2N-+6 s=2N+5
2N+6 m ~ 2N+5 m ~ ~
-2 (S)G;Keném‘s“’ -2 (S)agw + Op Koy
s=3 s=2
2N+5 m B 2N+4 m B
-3 (S>a;Dagn§m‘s) -7y (S)a;mém‘s),
s=1 s=1
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and

jDvém—s)7
where v(®) = = 02vp — 77( ) with 77 = 02np for 0 < s < 2N 46 and for s >

o
2N +7, 7]9 is given by [Lemma 5.3[such that 'r]és) loa, = 02vglsq, 8gnés) o, =
8@8; Vo |8Q1 with

DS + F (wg) = T nS o, =0,  for 0<t< N +1. (5.19)

Note that f(™) = fl(m)+ fg(m) under this definition. Because ¢, 1) and f vanish
in a neighborhood of the origin, uyp may be chosen from a weighted Sobolev
space with arbitrarily large weight. We only need to make sure sufficient
differentiability to construct n(gs). Since

_1(5) c ﬁmin(m07876,N+3) (Q))
Ozvolon, € ™" (9),

and
—Fmop—s—38

0505v9) 00, € H (09),

we must have N +3 < mg— s — 8.
For 2N +7 < s <m, Ués) satisfies

L0 = (05 + FP(00) = TO0S) + 75 (vg).
Then ([5.17)) results in
AR+ 3505 + |3/ 1058505 | + [1v/Tos|vs”1) (5.20)
< C(INVI:l (02 F + F& (wa) = T 0S| + 1118 £ (w) ).
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First we compute with |w|cev+1i < 1 that

s—1
IV @)l < G / e MK (o)) + (0507 (5.21)
1=0
< G Z / K| (0)° + (9vy”)’]
I=3N+11
3N+10
+C/ A?7|I_(g|_1h_2”+2l[(8lj@g)2+(8§8§-ﬂ7¢9)2].
€ =0
Again as in the previous case we compute:
IVIBIO5F + F{ (v6) — Ty 0 I (5.22)

< e /Q[h‘wa;“(a;f + 7 (vg) — T2,

A direct computation shows it suffices to estimate the following term in
(15.22)):

N+3

e D Dl
|7|=0
N+3 B
< Z th'ers—(NJr:S)Jrlrlarn(gS)H%Q(aﬁl).
|7|=0
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By the computation for |Lemma 5.3}

N+3
—y+s—(N 7| 57,.(s)

§ :Hh vHs—(N+3)+71 5 ) ||%2(as‘21)

|7[=0

s+N+3
< N (e BNE SRy g2, o

‘7’1+7'2|:0
s+N+2
—y—as—3(N+3)-5 2 2
T D [t it itV VN, L
|T1+72|=0
s+N+2
N Z Hh—7—05—3(N+3)+|71+T2lAln\6T2f||2
|T14+712]|=0
N+3
£OS Eree ey g ) ()2, o

|7'1+T2| 0

Here we pay special attention to the last term above, because it produces
terms to be absorbed into the left hand side of (5.20)),

N+3 o
Z Hh*’y+sf(1+a)(N+3)+|n+‘rz|A|T1‘872 f1(8)<v0) HLQ(QQ)
|T1+712]|=0
N+3 s

Do D0 e 57 (0 K0y )|

|71 +72|=0 1=2N+7

N+3 2N+6
+ Z Z |h 75 (1+)(N+3)+mitra| g O™ (01K, 7798 I+ )HL2(8Q)
|7'1+T2| 0 =3
+ other integrals from f{*)(vy). (5.23)

We only cope with the integrals with Ky, the rest can be treated similarly.
First consider the integral with [ > 2N + 7. We change the coordinate to

(z,y) and then apply to extend vy to RZ. Since the extended vy
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vanishes outside {—2h(y) < z < 2h(y)}, we may apply [Corollary 4.2

N+3

E—Nfl Z Hh77+572(N+3)+1+\T1+7'2|AT1572 (8;]?9827”27)0)“
|T1+72|=0
s—2N—-9
S €_N_1 Z ||8"/—s+2(N+3)8T1 (a§N+7K)ATQaT3/U0||L2(Ri)
|T1+72+73|=0

< 5_N_1(|&%N+7K|LW(RQHUG’”HVH(Ri_) + ||K||Hv+2N+8(Ri)’|U€HL<><>(R1)>-
We want to absorb the term

g N1 ’ag%NHK‘Loo(Ri) ||U9||Hw+1(R1);

as well as other similar terms generated from fl(s), to the left hand side of

(5.20). To do that, we need
e~ Nt ’8§N+7R|Lm(m)v e~ N1 ‘agN%O‘LOO(Ri),

EiNilyagNJrGD‘Loo(Ri), and €7N71|ga§N+5D|Loo(Ri) (524)

to be small. Observe that all these K,C and D consist of two families of
functions. One of them are originally defined on (Z, 7). The functions g, Fﬁj,
K and 2z are of this family. Every time they are differentiated with respect
to z, €2 will be produced. The other family consists of w, Z,  and a¥. We
see that w itself is small by the assumption |w|csvi1a < e¥+2. The function
a = V;jz0 + €’V w also produces €2 (until it reaches eV*2) each time it
is differentiated with respect to z. For Z, consider the second derivative %
satisfies

9 0%\ a'? 0 10°% a'?\ 0’z _,/a'?*\ Oz
)+ () () )
Oy \0x? a?? 0xr \Ox? a?2/) 0x? a?2/) Ox
and vanishes along y = 0. By the standard method for the first order PDE,
we may control its sup norm by the sup norm of the nonhomogeneous term,

02 (Z%) 92 Since for all [ > 2 and 9.7 vanishes along the boundary {y = 0},
again €2 will be produced (until it reaches e¥+2) each time we differentiate

0,7 and 0,Z. Since the terms in (5.24]) are differentiated for at least 2N +5
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times, we have
e Nt (\a:%NHmLoo(Ri) + \8§N+66|Lm(m)

+’a§N+6D|Loo(R1) + \§8§N+5D|Lw(R3)> = 0O(e).

With the condition |w|csni1a < eV +2 the part with [ < 2N + 6 in (5.23))
becomes

N+3 2N+6
—N— —y+s—(1+a T| 3T o o (s—142
c—N-1 Z Z A=t (1+e)(N+3)+|7| 5 (aéK(ﬂ]é + ))HLQ(aﬁ)
|7]=0 (=3
N+3 s—1

Sng_z\r_1z: Z ||h_7+s_(1+a)(N+3)+‘T|3777(9)||L2(aQ)-

|7|=01l=5s—2N—4

Then by the (5.14) and mathematical induction, we can sum up the result
from s =2N 4+ 7 to s = m:

S 0 + 1B ap | + [
s=2N+T7
< D IR0 |+ IV 10sl0g0g” I+ 1V TbJg” |
s=2N+T7
m+N+3
< Cm,'ygiNil |: Z ||hffyfamf3(N+3)f5+|T1+T2|ATl 5T2¢||L2(8Q)
|T14712|=0
m+N+2
+ Z ||h—v—am—3(N+3)—5+\T1+TzIATl5T2¢||L2(8Q)
|T1+72]|=0
m+N+2
+ Z Hh*'yfame(NJr?))HnJr‘rzlATl 57’2f”
|T14+72]|=0
2N+6 N+3
+ Z Z ||h_’Y_(1+a)(N+3)+l+2‘T|gT@ljne||L2(8Q1)i|
1=0 |7|=0

+ellvall i1z + Cmpe™ (1 + ||w||Hw+2N+13(R2+)> 0ol oo w2 )-
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After adding the estimate from the case m < 2N + 6, it is straightforward
to derive an estimate (by the right hand side of our last inequality) on every
derivative on wug with respect to . Solving for the derivatives of uy with
respect to ¢ from our linear equation yields a similar estimate on all the
derivatives of ug. Then we pick v = m, change coordinate to (z,y) and choose
¢ sufficiently small. Eventually, |[Lemma 4.1], [Corollary 4.2 and [Lemma 4.3|
yield

||u9HH(mvm)(Q) < OmE_N_1 <||¢||H(1+a)m+3N+14(aQ)
el sreormsansisgony + Ll osmmsaviioges )
+Cm£_2N_2 Hw||H(1+a)m+3N+19 (quHHzNHS(aQ)

el ansrzon + 11 | veoges) )
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Chapter 6
The Nash-Moser iteration with hyperbolic cusps

In this chapter, we apply Nash-Moser iteration to solve the Cauchy problem:
<I>(w) =01in Q, w‘ag =0 and 8l,w|39 = w

We will assume that the boundary data ¢ is in HJ" '°(99;) and that
|U|lmg—10 < Ce*4, where || - || = || - |gm@2) and A is a large parame-
ter which we will determine. Since 1 is the normal derivative of the solution
obtained in the bordering elliptic region restricted to the shared boundary,
the assumption above is legitimate.

We start with an approximate solution zy so that ||®(0),41 < Ce*4.

Then by the proof of [Lemma 5.3 we may pick wy such that
wolan = 0, dywolan = ¥

and
lwoll gommay < 19l atayorayes < N8l mo-10) < C*, (6.1)

assuming that m < p+ 3 and
(1+a)(p+3)+5<my—10.

Then by wp has an extension to R?, still denoted by wy. With
the assumption mg — p — 3 > 2N + 6, we compute on R?

1@ (wo)llpr1 < C(** + [[wollp4s) < Ce™, (6.2)
and start the iteration from here. Applying the Taylor expansion theorem to
Q(t) = q)(U)o + tUO)

gives
(wo + ug) = ®(wo) + L(wo)up + Q,
where () is the quadratic error.

Heuristically, because the quadratic error is relatively small, we can make
®(wo + ug) strictly smaller than ®(wg) by solving L(wg)uy = —P(wp). We
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repeat this process and expect wy + Y, u, converges to a solution. How-
ever, to use the result from the chapter [f] we need to modify the standard
procedure of Nash-Moser iteration. We define the following:

(1) p:= 67ﬁ, Wy =p",  and S, :=5,,.

(i1) vy = Spw,, and 6, = |P(v,)]|cs.

(77i) The operator Ly, is defined as in , except being linearized at v,,.

(iv) u, is the unique solution of Ly u, = f, in Q, u,lsn =0, dyulsq =0,
where f,, is to be stated below.

(V) Wpy1 = Wy + Up,.
Then we modify the equation:

P(wny1) = P(wn) + L(wn)un + Qn(wn, uy) (6.3)
= ®(w,) + S, a**(v,) Lo, (Vn)tp + €,

where Q,(w,,u,) denotes the quadratic error in the Taylor expansion of ®
at w,, and

en = (L(wyp) — L(vp))un + Qn(wp, uy,)
+ (I — S!)a*(v,) Lo, (v )ty + €0,0%%(v,)02u,,

+ e(a®®(vn)) 1 @(v,) [0y — 8m(loga22(vn)\/E)8zun].

We also define

n—1
(vi) Eo=0, and FE, = Zei.
=0

(vii) fo = —[5Séa2z(v0)]’150®zwo), and
fn = [ES;ZGQQ(UH)]_l(Sn_lEn_l — SnEn + (Sn—l — Sn)(I)(’LUD))

Notice that as u, is in the weighted space over 2, therefore so is w,. Thus
we may extend w, to R% so that all the definition above are over R, except

45



the operator Ly. Then we compute:
(®)  llwo = vollm = (1 = So)wollm < Cllwollm < .

(12) |[vollm = [[Sowol[m
< { Clhwollm < Ce, if m < p+3,
Cug " Jwollprs < O, if m > p+ 3.

(#71) ||wollans1a < €4 and |vollan41a < €24
(1) | (vo)[lm < C(€** + [[vgllmy2) < Ce*.
) [ follm = IlleS5a** (v0)] ™" So(wo) [lm

< Ce 7 (11850% (00) Il So® (wo)ll2 + 1155 (v0) 21| So® (wo) 1)

S O€2A_1.

(i) [oll gomm @)

< Ce™ " M| folla+ayran+io + Ce >N 2| vol| 1+aymsan-tioll follan+o

< 82A72N73.

(vii) |leollm < C*A.

We skip the computation of (vii), the proof of (VIII,) below will justify (vii).
The seven statements above, together with (6.1)) and (6.2)), imply the case
n = 0 of the following eight statements, which will prove inductively that the

w,, converge to a solution.

L ¢ flwal {Cﬁ’ e, F(l+a)m 3N 410 —p < .
" = G, Y™ Pif(l+a)m+3N+10—p>r,
for all m < p + 3,
I, : |lwn — vplm < Coe?pm3N+13+H@=bp, for all m < p+ 3,
1L, - o] _{CssA, i %f(1+a)m+3N+10—p<O,
o = CgeA NI (14 a)m + 3N 410 — p > 0,
for all m € Z,
IV, : lwallsnria < Cre?, [vallans1a < Cae,
Vi | fullm < C'452’4(1 + pP )P, for all m € Z,
VI, 2 (| ®(wn) |l < €A, and || ®(v,) || < Coe? 3N +12+0Dp,
for all m < p+1,
VIL, : HunHH(m,m)( ) <€ u(H“)m%NHO P for all m < mo — 3N — 21,

VIIL, : |len]lm < Coe® ",
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Above p is a big constant integer we will determine.
Now we specify r. Notice that

mO—SN—Zl}

= {ia N+10— ‘ <
S {|( +a)m+3N+10—p| | 0<m< o

is a finite set consisting of strictly positive numbers. Without loss of gen-

erality we assume that « is irrational, then r is defined as the minimum
of

SU{p—3N—1O_ Lp—?)N—lOJ}U{[p—SN—lOW_p—3N—10}
1+« 1+« 1+« 1+« '

We now assume the statements are valid for all nonnegative integers less than
or equal to n — 1, then prove that they hold for n.
I,: Assuming that VII,_q, then for all m < p + 3:

n—1
el = oo + 3w
1=0

Therefore, if (1 + a)m +3N +10 —p < —r:

n—1 00
1.,
[wnlm < 25A< > :UZ”> <2eh) (=)' < Coe?
X - ur
1=0 1=0

elseif (1+a)ym+3N+10—p>1:

n—1
< CeA (1 4 Z M51+a)m+3N+10—p> '
m i=0

n—1

ol < 25Ap7(11+°‘)m+3N+10_” Z <&> (1+a)m+3N+10—p
im0 Hn
n—l1 1 n—i
A, (14+a)m+3N+10—p

s 2 Hn Z <#(1+a)m+3N+10—p>
i=0

< 2€AM£Ll+a)m+3N+10—p Z <ﬁ) < 2CO€AM£LI+a)m+3N+10—p'
i=1

Therefore I,, follows by setting C; = 2Cj.
IL,,;: Under the condition that m < p 4 3, we deduce from I,,_; that

Hwn - vn”m = ”(I - Sn)wn”m < OgA:uZT_p_?)Hwan—&-S
CgA/mepM(lJra)(p+3)+3N+107p
n n

IAIA

CEA[Lm+3N+13+(a_1)’D
n .
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Pick Cy = C above, notice that C5 works for all n € N.
I11,,: We further assume p < mg— 11, and if (1+a)m+3N+10—p <0,

then
p—3N —10
e PR

1+
because m is an integer. We then compute

[vnllm = [|Snwallm < CHwnHL%J.
Because
p—3N—1OJ
— (1 3N + 10 —
{ o (I4+a)+3N + p
— 3N —10 3N 410 —
= (" |+ 0+ a)
I+ a 1+ o
<—r(l+a) < -,
I, implies

||’Un||m < CClé'A < CgéTA.
On the other hand, if (1 + a)m 4+ 3N + 10 — p > 0, then again,

p—3N —10
mz(—],
1+«

and we have

e
HUnHm S C,u + HwnHl—w_l
< CCetum e I SN=101(140)+3N+10—p
= 1 n
OO a2
< CCy gA m+3N+20+(a 1)p
< Cs¢ Nm+3N+20+(a Do

IV,,: This simply requires (3N + 14)(2 4 «) < p.
V,: We first estimate with the help of VIII,_;:

n—1 n—1
||ETLHP+1 < Z ||ei||p+1 < Cﬁ Z€2A,LLZ‘
1=0 i=0
)

Coc™ pn Y (") < Cee™ pin.

i=1

IA
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We then apply Nirenberg inequality to derive

I fullm < CS?l(HSnflEnfl — SpEn 4 (Sn1 — Sn) @(wo) || m
+||Srlza22(vn)HmHSn—lEn—l + SnEn + (Sn-1 — Sn)®(wo)l]2)
< Ce Y ISn1Bn1 — SuEp + (Sn1 — S0)®(wo) || m
+MyT_2Ha22(Un)HQHSnflEnfl + SnEn + (Sn-1 — Sn)@(wo)][2)
< Ce N |ISn-1Bn1 — SuEp + (Sp1 — Su)®(wo) || m
A" 2| Sno1 EBnet + Su By + (Sp_1 — Sn)®(wo)||2). (6.4)

Then we prove V,, in three different cases.
(1) m > p+ 1. Consider

|Sn—1En—1— SnEn+ (Sn—1 — Sn)P(wo)||m
< |[Sn-1En-1llm + [SnEnllm + [|Sn-1P(wo) ||lm + [[Sn®(wo) ||m
< Clug =™ (1Bl + 19 (w0) | p11)
T Bl pr + 12(wo)[[p1)]
< CE ™ + ]
< CM A+ ).

For the other part we compute

[Sn—1Ep—1 4+ SnEp + (Sp—1 — Sn)®(wo) |2 (6.5)
< Hsn—lEn—l - En—1||2 + HEn—l - En||2 + “En - SnEn||2
+[Sn—1®(wo) — P(wo)l|2 + [[P(wo) — Su®(wo)ll2
< Clpn i B allosr + lentlla + g " Enll
pn 1@ (wo) lpar + 13?7 (wo) | p41)
< CEM (14 pP )i ”.
Substituting the above into :

[ follm
< O+ p) ™" + e =P (1 )]
< Ce* (14 ),

where the last inequality requires p > 2.
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(2) p+1>m > 2. By the computation in (6.5):
1Sn-1En -1 = SuEn + (Sn-1 — Sp)®(wo)||m < C* (1 + p#) i ",
the rest is the same as case (1).
(3) m < 2. As [|S!a*(vy)|lm < C-
[ fallm < Ce™ (1Sn-1Bn—1 = SuBn + (Sp1 = S0)®(wo)|m)-
Similar computation to the previous cases yields the desired estimate.
VI,,: From ([6.3) and our definition of f; for 0 <i <n — 1, we have
O(wy,) = — Sp1)®(wo) + (L + Sp—1)En_1+ €n_1.
We require further that m < p+1, so
[ (wn)|[m
< (10w s + 8 Bl + i)

< Ce¥yn = < O+ )y ™"
< g2A—1 m—p

o,
Moreover since
[2(n)llm < (|R(wn)llm + [[(wn) — (vn)|m
< 52A_1:“ZL_I) + 8Hwn - vn||m+2
< 82A71M?7p + C€A+1M£Ll+a)m+3N+127p
< 8A((C:A—l + CE)M(1+a)m+3N+12_p,

VI, is valid assuming A > 2.

VII,,: We apply with ¢,7 = 0 to see

([ tn ] prem.m) @ = 0[5_N_1 | £l (14a)m+3N+10

+ e " 2 lonllaraymrsnioll fullav o]
< 0[82A7N71<1 _|_up>lul(1+a)m+3N+107p
+ 63A_2N_2(1 + Mp)M%l+a)m+6N+29+(a—1)pMiN+9—p]

2A—N—-2 (14a)m+3N+10—p
Cle p )

4 €3A72N73

IN

Iu(1+a)m+3N+1Ofp+5N+28+(afl)p]
n

(14+a)m+3N+10—p
" .

IN

e
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The last inequality above requires A > N + 3 and p > 2¥ +28.

VIII,,: Recall that the error is

€n = Qn(wnaun) + 5(1 - 57/1)&22(1}71)[’9(1}“)“”
+(L(wy) — L(vp))up + eb,a%% (v,) 02,

+5(a22<vn))_1@(vn)[8§un - aa:(logam(vn) V191) Ozt
We will estimate it term by term.

(1) By Taylor’s theorem we have,

2

1
0
Qn(wn7vn) = /0 (1 - t)@@(wn + tun)dt

Then by the Sobolev embedding theorem and the Nirenberg inequality:

1
|Qn(wn, wn) || < /0C(HVQCI)(wn+tun)H2)HunH4HunHm+2
+||v2¢)(wn+tun)”m+2”un”4~

Then by (iii) of |Lemma 4.4;

“Qn<wnaun)”m < C[(l + ||wn||4 + ||un||4)||un”4||un||m+2

(L + [wnllmsz + [nllmr2) ]3]
C€2A(ﬂm p+H6N+33+(a— 1)p_|_lum p+(a— 2)p+9N+53)

2A m
Ce* P,

IA N

Wherewehaveusedm§p+1,a<1,%gpandﬁi—f?)gp.

N[

(2) Recall that p? = e~

le(I — S%)QQZ(Un)LG(Un)unHm

Cellla®(a) llmll fullz + la® (wa) 2]l foll ]

Cell[vnllmrall full2 + anH ]

CE[ A m+3N+10+(o¢ 1) (1—}—,& )MQ p_|_€2A(1_‘_lup),u?—p]
C€2A m—p

VAN VAN VAN VAN

For the last inequality we need % <.
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(3) We first recall that L(w)u = eau; + 2e°K|g|(V,2, V,u). So a direct
computation together with the Nirenberg inequality yeilds,

where we have used m < p+1, A3 < o < 1 and

I(£(wn) = L(vn))tnlm

Ce(l|wn — vallmllunlla + [[wn = vnllallun]lms2)
Cel(e A m+3N+13+(a Dp oA A(1+a)+3N+10—p

IAIA

7y,

4+3N+13+(a Dp A, (1+a)m+3N+10—p

+elt iy s,
Ce 2A+1(M:Ln pH6N+31+(a— 1)p+ﬂm+am+(a 1)p+6N+23— p)

Ce 2A+1(lum p+6N+31+(a— 1)p+um p+6N+24—(1—2o¢)p)
n n

O 2A4+1

m—p

Fono 7

IA A CIA

6N+24 < 0.

(4) With the Sobolev embedding theorem and the Nirenberg inequality:

IAINA

<

The

|50na22(vn)8§un||m

e ([[unllz + [lvnllmsallunlla + [lunllmiz + [[onllallwnllmi2)

A+1M4+3N+13+(a 1)p€Alu2(1+o¢)+3N+10 p

+€A+1N4+3N+13+(a l)pCEA m+3N+12+(a 1p Pe

e A+1M4+3N+13+(a 1)p€Au(1+a)(m+2)+3N+10 P

+€A+1H4+3N+13+(a 1)pC€A 4+3N+10+(a 1)p€ M(l—i—a)(m—‘y—?)—‘rSN—i—lO p

C€2A m—p.

A, 2(14a)+3N+10—p
M

last inequality requires m < p+ 1, v < &, 831 < ONE82

d23

9N +46
a < p-

(5) Again with the Sobolev embedding theorem and the Nirenberg inequal-

ity:

where we need m < p+1, a < 3

||5(a22<vn))_1q)(vn>a§unHm
< e(la®(va) lm || @ (vn) ll2]l2n |4
+1a? () 12| @ (vn) [t |2 + [[a* (0n) 2] D (V) 2]t || +2
S C€2A m— p)

IN+44
2’ 2—3a

6N+33
1-2a °

< p and

(6) Under the same conditions, using the computation as in case (5) implies

"€<a22)71(1)(Un)8m<10g@22(vn) V 191)0nttn ||m < CEA,Unmip'
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Therefore, the discussion above concludes the main result in this chapter,

Corollary 6.1. Suppose mg > (6N + 33) + 4N + 33 and A > N + 3,

1—2«a
a9 e w, > w € HY and () = 0 n

and write x := |

e())

Proof. Pick p = mlOT’al?’J — 2N — 9, so that the conditions we need on p

in the iteration procedure are valid, including mg — p —3 > 2N + 6, (1 +
a)(p+3)+5 < mp— 10 and p > LB Moreover, it is easy to check
(1+a)x+3N+10—p < —1. Thus

i—1 i—1 il
o = wglly < D Jlunlly < %523yl nsNRO <D

Hence the w,, form a Cauchy sequence in HX(£2). Also,
12 (wn)lleo) < ClP(wn)ll2 < e¥Fpp",
whose limit is 0 as n — oo because p > 2. O]

For a solution of in a neighborhood of the origin, we need to obtain a
solution in the complement of 27 U€2; . The complement consists of domains
whose boundary are at least Lipschitz. However, we cannot apply the result
in [9] directly, since they dealt with sectors, whose angle can be made small
by a linear transformation. Instead, we first apply a coordinate change,

jzx%, y=1y.

The assumption @ < 1 implies this coordinate change map 0} to a cusp
domain. Then we may use the method in the previous chapters to derive the
same estimate. Therefore as in [9],

Proposition 6.2. If mq > 2N + 9, then we have a sequence,
{wy | wa e Q) and wploo =0},
such that w, — w in H™°(Q), with
[wlm—s < C*¥*0.

Furthermore, ®(w,) — 0 in C°(Q).
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To prove the main theorem, on each elliptic region Q2 we construct w} €
—mp—8

H (QF) which satisfies,
O(w)=0 in Q,, w =0 on 0N
Then by the trace theorem
o,wt € H™ (o0,

which satisfies the conditions of [Corollary 6.1 Therefore we may use
lary 6.1|to obtain w, € HX(€),) (with x defined in [Corollary 6.1)) satisfying

P(w, ) =01in Q, wg|mg =0 and &,wﬂaﬂg = 6,,w:|895.

Lastly, we want to patch individual solutions to a complete one in a neigh-
borhood of the origin. Consider any pair of w; and w, sitting on Q; and
Q, respectively. By the choice of the approximate solution, the fact that w;
and w, are in weighted spaces and |h|c1(y<») decreases to zero as the small
positive parameter ¢ — 0, the common boundary of any pair of QF and
1, is noncharacteristic. Together with the trace theorem and the Sobolev
embedding theorem we deduce that w} and w, agree along the boundary
up to order y — 2. This assures the combined solution is CX~2 smooth across
the boundary. Therefore we have constructed a solution in a neighborhood
of the origin.
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