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Abstract of the Dissertation
Modeling the effect of sequencing error
by
Ruiqgi Zhang
Doctor of Philosophy
in

Applied Mathematics and Statistics

Stony Brook University

2014

Genotype misclassification errors are known to reduce the power to detect genetic association,
but the size of the effect is not known in next generation sequencing (NGS). The non-centrality
parameter (NCP) and hence power of the association test allowing for errors for a specified error
model at a base pair was found. This NCP was compared to the NCP for the usual chi-square
test. The asymptotic power was compared to simulated power for specific settings of the true
genotype and phenotype frequencies in the case and control populations, genotype
misclassification rates, and total sample size. An R script was provided for calculating the NCP.
Next, the effect of misclassification error using data from NGS technology for case-control
genetic association studies was modeled. The Likelihood Ratio Test Allowing for Error using
NGS data (LRTngs) was derived. The estimated genotype frequencies and misclassification rates
from the observed base pair reads were calculated using the expectation-maximization (EM)

algorithm. This statistic allows for both non-differential and differential misclassification. The



distribution of LRTygs was studied by simulations for both null and alternative settings. The
effects of genotyping misclassification rates on the sample size needed to maintain the constant
asymptotic Type | and Type Il error rates were studied. For at risk minor allele frequencies less
than 0.01, large sample sizes were required for the asymptotic distribution to be a good
approximation. Increasing the sequencing coverage increased the estimated power and the

adequacy of simulated power.
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Chapter 1 Introduction

1-1Research Background

Many common human diseases and traits are believed to be influenced by several
genetic and environment factors, but the identification of genetic variants contributing to
these ‘complex diseases’ is slow. Genome-wide association studies (GWAS) are an
examination of many common genetic variants in different individuals to see if any
variant is associated with a trait and to identify common genetic factors that influence
health and disease 2. GWAS represent a powerful new method for investigating the
genetic architecture of complex diseases .

Although GWAS have found hundreds of common variants associated with disease,
there is still a large fraction of heritability that needs to be explained. The limitations of
GWAS that focus on the common genetic variants have motivated scientists to consider
the contribution of rare variants to phenotypic expression® 2%, The increasing availability
of high-throughput sequencing technologies has enabled studies of rare variants 2. Next-
generation sequencing (NGS) refers to DNA sequencing technologies that highly
parallelized the sequencing process and enable the sequencing of thousands to millions of
molecules at once®. NGS technology makes it possible to directly sequence case-control
samples for testing disease association including rare variants and has greatly expanded

the resolution possible in GWAS®.



Misclassification is defined as the incorrect classification of a subject.
Misclassification errors are present in the majority of data and can affect the validity of a
study %. Several researchers have investigated the effects of genotype and phenotype
misclassification on the power and robustness of statistical association methods. Bross®
studied the effect of classification errors on the chi-square test applied to a 2 x 2 table.
Assuming that the classification error mechanism is independent of case/control status,
there is no change in the probability of a type | error due to classification error. The
power for the test, however, is reduced. Since the point estimates of the population
frequency parameters incorporate the probability of misclassification into the expected
difference between the frequencies, their expected values are not the true population
frequencies. Mote and Anderson ?? extended the work of Mitra?* and Bross® and proved
that the power of the chi-square test with no error is always greater than or equal to the

power of the test when errors are present but ignored.

Gordon et al.”*? applied the results in Mitra to find the noncentrality parameter
(NCP) 4 of the 2 x C contingency table test in the presence of misclassification error and
showed that misclassification errors in genotype and phenotype can significantly reduce

the power of genetic association test. Kang et al *>*

examined the impact of each
individual SNP genotyping error for the chi-square test of independence. They
determined which SNP genotyping misclassification error was most deleterious in term
of increase in the sample size required to maintain type | and type Il error rates. Later,

Gordon et al.® **° developed a likelihood ratio test allowing for errors (LRT,,) that

incorporates double sampling information to increase the power of the association test in



the presence of genotype and phenotype misclassification errors. Ji et al.'* then calculated

the corresponding NCP for LRT,,.

Recently, Gordon et al.® present a new statistic that allows for association testing
among cases and controls directly using raw base pair reads instead of genotypes produce

by an intermediate algorithm.
1-2 Research Objectives

In this paper, we apply the approach in Kim et al.*® to the work of Gordon et al.®

That is, instead of using the probability of true sequence-read counts for individual m in

the likelihood function (denoted by P (AV(m) ) in Gordon et al.?), we use the probability

nf (m)
of observed sequenced- read counts from Kim et al.'”. Then the observed number of less

common alleles with coverage V' (m) follows a binomial distribution, with number of

: " vam) | ptim) yem)) _ (V)Y - e
trials V (m) and probability Pr (Anl(m)|Xj Y, ) = <n1(m)>ﬂ”' 1m (1

)V(m)_nl(m), where y;; is the probability of observing the less common allele at a base

Hij
pair. We estimate the genotype frequencies and misclassification rates using the EM

algorithm.

The main purpose of this dissertation is to study the effect of misclassification
error of the case-control association test in the genetic analysis. Chapter 2 presents the
derivation of the NCP from both the chi-square test and likelihood ratio test at a base
pair. And we study the consistency of the two NCPs through simulation studies. Also we

conduct simulation studies to evaluate the accuracy of the asymptotic power and

3



investigate how power would change as the parameter settings change. Chapter 3
introduces the likelihood ratio test allowing for differential misclassification applying to
NGS data, and describes the EM algorithms for obtaining maximum likelihood estimates
of genotype frequency and differential misclassification errors under the alternatives.
Chapter 3 also studies the test statistic power by a simulation study. In Chapter 4, we

draw conclusions and discuss possible future work.



Chapter 2 Association Test For a Base Pair
2-1 The Chi-square Test Statistic

The classical 2 x 2 chi-square test is often used as a test of association. At each
gene locus, an individual receives two alleles, one from each parent. Consider a gene
with allele types labeled as at risk (1) and not at risk (2). Let N, be the number of cases
(affected), and Ny be the number of controls (unaffected). Let
n, be the number of participants having the at risk allele, and n, be the number of

participants not having the at risk allele. The 2 x 2 table is given by:

Table 2.1 Contingency table for trait and genotype

Allele type | Cases | Controls | Total
At risk nj A nyy ny
Notatrisk | npa Ny u n;
Total Na Ny N

Here, n, 4 is the number of at risk alleles in the cases, and n, ;; is the number of at
risk alleles in the controls; n, , is the number of not at risk alleles in the cases, and n, ; is
the number of not at risk alleles in the controls. The null hypothesis is that there is no
association between alleles in cases and controls. Under the null hypothesis, the chi-

square test has a central chi-square distribution with 1 degree of freedom asymptotically.

2-2  Asymptotic Non-Centrality Parameter

Mitra®® derived the asymptotic power function of the chi-square test of equality of

distribution for the R x C contingency table. In general, under the alternative hypothesis



that the frequencies are not the same in cases and controls, the asymptotic distribution of
the chi-square test for the 2 x C contingency table follows a non-central chi-square
distribution with C — 1 degrees of freedom and non-centrality parameter (NCP) A, where

C is the number of genotypes in the model.

Let p’ denote the true frequency of at risk allele in the case group (affected), and
let p§; denote the true frequency of at risk allele in the control group (unaffected). Then
the true frequency of not at risk allele in the case group is 1 — p}§, and the true frequency

of not at risk allele in the control group is 1 — p§.

The frequency of the at risk allele in the combined case and control group is

t_ Naps + Nypg
PL="N ¥ N,

and the frequency of the not at risk allele in the combined case and control group is

N, + Ny — Naph — Nypj

t
P2 N, + Ny

The NCP of the 2 x 2 chi-square test is given by:

_ 2N4Ny (pa — piy)?*(Na + Ny)
(Naph + Nyp§)(Ng + Ny — Napl — Nypi)

2-1

The asymptotic power of the association test of case-control association is then

found by integrating the non-central chi-square density function:

Power =1 —F(x?_,(1,1))



Here, F(x?_,(1,2)) is the cumulative distribution function (CDF) of the non-central chi-
square distribution with 1 degree of freedom and NCP A evaluated at the 1 — « percentile

of the central y? distribution.

At each gene locus, with the at risk allele labeled as 1 and not at risk allele labeled
as 2, the genotype for a SNP can be 1/1,1/2 or 2/2. Let k be the number of allele 2 in
the genotype. Then the genotype can be identified by the value of k. The error model
used here is given in Table 2.2 and is called GLHO error model”**. It is a 3 x 3 matrix,
where each cell contains the probability that a specific genotype k is classified as k'
where k, k' = 0,1,2. The GLHO model assumes that errors are introduced into alleles
randomly and independently. Here, | assume the probability that at risk allele is
misclassified as not at risk allele is equal to the probability that the not at risk allele is
misclassified as the at risk allele, and is denoted by ¢. | also assume that the
misclassification is non-differential; that is, the misclassification error probabilities are
the same for cases and controls. Let &;;, be the probability that allele j* is coded as j,

J',j = 1,2. Then my assumption can be written as:

— £y — € J#]

Table 2.2 Probability of observed genotype under GLHO error matrix

Observed Recoded True Recoded Genotype k
Genotype k' 0 | 1 |2
0 (1-—¢)? e(1—¢) g2
1 2e(1—¢) 24+ (1—-¢)? 2e(1—¢)
2 g2 £(1—29) (1 —¢&)?




Let pf, denote the true genotype frequency of genotype k in phenotype i, and

pix denote the frequency of genotype k in phenotype i under the GLHO error model.
Under HWE, we have: pgo = (1 —p)?, po1 = 2py(1 — pi), Po2 = )% pio =

(1 —pY? vt =2pi(1 —pY), vk, = (pi)?. Then the genotype frequencies p;;, in the

presence of errors are given by:

T
(Pio» Pir Piz) =E X (Pl Pl DT (2-2)

That is, using Table 2.2 and equation (2-2), the observed genotype frequencies in

the presence of errors are:
Pio = (1 — &)?pfy + (1 — &)pfy + £2p,
pi = 2e(1 = &)pfy + [2 + (1 — &)?Ipf; + 2e(1 — &)pf
P = €°pjp + (1 — )piy + (1 — €)%pf,

The frequencies of allele 1 in the case group, py4, and in the control group, py, can

be calculated.

Po1
Pa = Poo + >
P11
Py = P10 t+ >

The corresponding NCP in presence of error is then obtained by substituting the

allele frequencies p, and p; in equation (2-1).



ZNANU(pA — Pu )Z(NA + Ny)

V=
(NApA + Nypy )(NA + Ny — Nypy — NUPU)

2
2NyNy (Poo + % 2t %) (Ny + Ny)
(NA(pOO + %) + NU(plo + %)) (NA + NU - NA(pOO + %) - NU(plO + %))

2NyNy(Ny + Ny)

1 1
(NA((]- — &)Pgo + 7}931 + epgz) + Ny((1 — pyo + jph + Epfz))

2
1 1
((1 — &)pho + §P51 + ephy — ((1 —&)piy + jpfl + 5sz>>
X

1 1
(NA (gp(t)o + 71931 +(1- E)pgz) + Ny(epjo + jpfl +(1- S)sz))
2-3 Likelihood Ratio Test Allowing for Allele Misclassification

Ji et al.** calculated the NCP for the Likelihood Ratio Test Allowing for Error
(LRT,,) in the presence of random phenotype and genotype errors when using resampling
(double-sampling). Here I extend Ji et al.** and derive a Likelihood Ratio Test that
allows for allele errors at a base pair in sequencing. A portion of the Methods and

Notations are taken from Gordon et al.*® and Ji et al.**

For each term used in this section, i indicates the phenotype, and j indicates the
allele type. The prime superscript is used to indicate the true phenotype or genotype. For
example, i’ = 0 indicates that the true phenotype classification of an individual is not
affected, and i’ = 1 that the true phenotype is affected. The notation j* = 1 indicates that

an individual’s true allele type is 1 and j' = 2 indicates that the true allele type is 2.



Let X; denote the event that an individual has observed allele type j (j=1, 2), and
X}, denote the event that an individual has true allele type j’ (j'=1, 2). Let Y; denote the

event that an allele has observed phenotype i (i = 0, 1), and Y;; denote the event that an
allele has true phenotype i’ (i’=0, 1). Let n;; denote the number of alleles with observed
phenotype i (i = 0, 1) and observed allele type j (j = 1,2). Let pjt.,“, = Pr(X}|Y;)
denote the population frequency of true allele j’ for individuals with true phenotype i’

( =0,1,j’ =1, 2). The null hypothesis that allele frequencies are equal in case groups

and control groups can be written as:

t ot t ot
P1jo = P1j1 P20 = P21

Let gy = Pr(Y; |Yi5) denote the probability that a true phenotype i’ is misclassified as

i. Here I assume that there is no phenotype misclassification error; that is:

_ (1
Ml = {0 i #
Let g, = Pr(Y;}) denote the population frequency of true phenotypei’ (i’ = 0, 1).

The likelihood function allowing for error is given by:
1(6) = Z Z ng; log(Pr(X,, Y),
i j

where Pr(X;,Y;) is the probability of having observed events X;, Y;. We assume that
conditional on the true data, the observed data are independent. That is the classification

process for the phenotype is independent of the classification process for the genotype.

Then, Pr(X;,Y;, X}, v}) = P (X;|X5)Pr(v| v5). it follows that:

10



Pr(X, ¥, X, v5) = Pr(X;, Y, 1x5, v5 ) Pr(X5, )
= Pr(X;|x5)Prvi) v ) (X7, ;)

] l

= P (X;|x0 )Pr(vil v ) Pe(X Vi) Pr(vp) = 7, n & Dt

Then

Pr(X,Y;) = Pr(X,Y, X5, Y5.
] Jj i
jr

ir

The log-likelihood function is given by:

1(6) = z Z n;;log(Pr(X;, Y))) = z z n;;log 2 z Pr(X;, Y, Xj1, Y1)
i i I

ir

= > Y nylog| D) PrOGIYOPrOGIXEPrXIYEPr(YE
i Jr

ir

— t t
= zznu lOg ZZTEL,”,I, j|j”lpj,|i’qi’
i i’

11



2-4 NCP for the Likelihood Ratio Test

Here | derive a closed-form expression for the NCP of Likelihood Ratio Test
allowing for allele errors using Fisher’s information matrix. By using the NCP, the power

under different scenarios can be determined for any specified significance level.

The unit of data used here is the individual allele. The list of parameters follows Ji
et al. To derive the test statistic, let 8 be:
8 = (pijo P20 Pijw P21 96, 41)"

The parameters are subject to the constraints that:
Pf|o + p5|o = Lpfu + P5|1 =1,q5+qi=1

Thus, the free parameters are(p o, b1, q5) -

Fisher’s information matrix of 8 is:

2% 1(0)

10) = E(~F555

)

Then, we have

l(G) = ZZnU lOg Zzn”i’fju’pjt”i’qf'
i ir g
= Z Z n;; log (Z Z 7Ti|u/€j|v/p1€/|quil> (2-3)
i i

where index i’ and j’ are replaced by the index u’ and v’ for clarity. u’ ranges from 0 to 1,
and v’ ranges from 1 to 2.

12



The first order derivatives of the log-likelihood function (2-3) with respect to

pj,» and q; are given by:

= 0P ZZ"’ o8 (ZZ i ";"”'p”"”'q“>

opt
Jji’
i|i’fj|j’qz'

Z Z N Zu’ Zv’ ni|u’€j|v’p1€:|u’CI£’
61(9)

l l

Z 1 TC; -/f- lp i’
=ZZ% e ’1" - 2-5)
T 7 Zu’Zv’ﬂi|u’fj|v’py/|u’qu’

Here 7;;s is not zero when i = i’, and m;,,» is not zero when i = w’. Thus, equation (2-4)
and equation (2-5) are not zero when i = i’ = u’. In this case, equation (2-4) can be

simplified as:

o) _ Z” &jq5
ap;rlll 7 Y Zv’ €j|v’p1€/|i’qf¢’
f]|]
(2-6)
Z Zv §]|v’pw|u

Likewise, equation (2-5) becomes:

al(o &L N
—():Zn.. v P X 2-7)
aql Z‘U’ Ejlv’pyllu’qu’ ql’

Let Y n;; = N;, equation (2-7) can be written as:

ole) _Xjn; _ N
t
L

aCIf/ B Qf/ B q;:r

Then I take the second order derivatives of the log-likelihood function, I have:
13



(1) Wheni'=0,1;4'=0,1;j’=1,2; v"=1,2,the (2i' + ') X (2u’ + v") element

2%210) . .
of 00901 IS.

IO Z S\ _Zn” $iii'Siw’
ap,ﬁ,lu,ap;qi, vrlu !, Zvr s;jh;fpv,w 7 Y (Zvr §j|v'p1t;/|ir)2
Let

= PT'( Y) ZZPT'(X 'Yi'th’iYif) = Zzn”i’fj”’p;,li,qlﬁ
i’ ir g

| have:
Moy = (¢ — (2 — 1)P§|0)qg
Noz = (1 —¢e+ (2e - 1)Pf|0)qg
Ny = (€ —(2e - 1)P§|1)Qf
Nz =1 -¢e+ (2e - 1)P§|1)‘I§
Thus,

E(n;) = NPr(X;,Y;) = Nn;

Thus, the (20’ + j) x (2u’ + v’) element of [(8) is:

RO St S’ Sl S’
E i
[ apv,lu,ap] |l Z Zv €]|v[p Z ] (Zvl E]W’pi/“’)z

vqlr
(2QFori’'=0,1;,v=0,1;,j=1,2; v= 1,2, the (2i’ + /) X (5 + ") element of

02 1(0) .
00001

92(0)
aqﬁ,ap]t-fli/

14



a2 1(8)

By symmetry, the (5 + u)x (2i’ + j") element of 503, is also 0.

Thus, the (20’ + j)%(5 + u") and (5 + ) X (2i’ + j’) element of [ () is

a21(0)

E[- )
aqzlapfl“l

1=0

2% 1(6) .
~(~) IS
00901

(3) Fori’=0,1; v =0,1;the 5+ u,5+1) of

t2

0%1(6) 0 <Ni>_ N;
q;

aqh’  94i\af
| have:
E(N;) = Nq;

Thus, the (5 +u’, 5 + i) element of 1(8) is

0%l(8). N
aqitlz qf’

S11 S12 0 0 0 0
S21 S22 0 0 0 0
0 0 S33 S32 0
0 0 S43 Sga 0
l 0 0 0 0 Ss5 0O J
0 0 0 0 0  Se6

where

01 Noz2
c(1-—¢
S12 = ngs ( )
No1No2

15



3 e(1—¢)

S0 =N
2t 1 No1Moz2
(1—¢)? &£
S,y = Ngt° (-——— + —
22 9o ( Mot T]oz)
g2 (1-¢)?
33 = Ngt’ (— +
33 q1 (Tl11 s )
3 &(1—¢)
534:NQ:{ -
N11M12
38(1—¢)
543:NQ:{ -
N11M12
(1—-¢)?* &£
Sas = Nqt* (—— + —
i a( N11 Ni2
N
Sge = —
7 qf
N
See = —T
gt
. a0 . . _
The 6>3 matrix A = 5o, 1S given by:
apf|0 apﬁo apﬂo
oY, apﬁl aqq
aP§|o aP§|o 6p§|0
0P, apfp 945
, apiu apfn apiu
A_6((pﬁo,pém,p{u,péu,qé,qf))_ op,  opl, 9qs
- ! - t t t
a((wl,piu,qé)) 0pz1 Opz1 Opzp
Y, apfu dqq
dq6 995 995
oY apfp 945
dqi 0qi 0qi
oY1 dpi;; 9qg

16




Let y; = pijp — iy, and define 6 as: 6 = (Y4, pij1, 95) = (Y, 1)’ where

Y=~ A= (pfu, qt). Then Fisher’s information matrix of [(8) is:

a2 1(6)

After applying Lemma 1 from Ji et al., | have:
B ill i12 i13
1(0) =AT(0)A= |1y Iy iz
i31 i32 i33
where

i;; = N(2e — 1)? —+—)+ —_—t —
1 [q (Po1 Poz) q (P11 P12)]

2 1 1
i1 = N[q§ (28_1)(10___)_ (23—1) (_+_)

01 Poz P11 P12
i3 =0
i1 = N(2e — 1)[q5 (;_E) —qi (E_E)]
| a1 1
i22 = N[qq (ﬁ + @) +q1 “(2¢ - 1)(j - E)]
s =0

izp =13, =0

] 1 1

i33 =N(—=+—)
0 1

The non-centrality parameter §2is given by:

17



5% = (Pf|0 - pf|1)’](9)(pf|0 - P§|1)

where

J(6) =iy — (i1 i13) (‘:22 izs)_l (i21)

l3z 33 i31

This test statistic is asymptotically distributed as a non-central chi-square

distribution with 1 degree of freedom and NCP §2 under the alternative hypothesis.

18



2-5 Results

2-5-1 NCP Comparison between Chi-square Test and Likelihood Ratio Test

In this section, the NCP (A1) of the chi-square test and the NCP (§2) of the
likelihood ratio test are compared. The two NCPs are calculated under different
parameter settings, and the corresponding powers are calculated for significance level
0.05. The absolute difference in NCPs and the corresponding powers, defined as |1 — 62|
and |power; — powers: |, are also calculated. Here, the sample size is 200 and the
phenotype frequency is 0.5. Three sets of case and control allele frequencies are studied,
i.e. (1) 0.005, 0.01 (2) 0.01, 0.05 (3) 0.005, 0.05. The error rate ranges from 0 to 0.025, in

increments of 0.005. The results are shown in Table 2.3.

From Table 2.3, the two NCP calculations are consistent with each other.
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Table 2.3 NCP of Chi-square Test and Likelihood Ratio Test

NCP Power
pf|0 pf|1 e A 52 |A — 82| | power, | powergz | [power; — powersz|
0 0.336 | 0.337 | 0.001 0.09 0.09 0.00
0.005| 0.2 0.2 0 0.07 0.07 0.00
0.01 | 0.141 | 0.141 0 0.07 0.07 0.00
0.005 1 0.01 0.015 | 0.108 | 0.108 0 0.06 0.06 0.00
0.02 | 0.087 | 0.087 0 0.06 0.06 0.00
0.025 | 0.073 | 0.073 0 0.06 0.06 0.00
0 5.498 | 5.605 | 0.107 0.65 0.66 0.01
0.005 | 4.682 | 4.759 | 0.077 0.58 0.59 0.01
0.01 | 0.05 0.01 | 4.06 |4.118 | 0.058 0.52 0.53 0.01
0.015 | 3.571 | 3.616 | 0.045 0.47 0.48 0.00
0.02 | 3.177 | 3.212 | 0.035 0.43 0.43 0.00
0.025 | 2.852 | 2.88 0.028 0.39 0.40 0.00
0 7572 | 7.735| 0.163 0.79 0.79 0.01
0.005 | 6.364 | 6.479 | 0.115 0.71 0.72 0.01
0.01 | 5.465 | 5.55 0.085 0.65 0.65 0.01
0.00510.05 0.015 | 4.771 | 4.835 | 0.064 0.59 0.59 0.01
0.02 | 4.218 | 4.268 0.05 0.54 0.54 0.00
0.025 | 3.767 | 3.808 | 0.041 0.49 0.50 0.00

Notations: 2 = NCP from Chi-square test, 52 = NCP from likelihood ratio test.
Notes: Sample size = 200, phenotype frequency = 0.5, significance level = 0.005.

20



2-5-2 Simulation

In Section 2-2, | derived the NCP from the log-likelihood ratio test in the presence
of allele error. In this section, I conducted simulation studies to evaluate the accuracy of
the asymptotic power of the likelihood ratio test allowing for allele errors, and

investigated how the power would change as the parameter settings changed.

The total sample size was set to 10,000. The true phenotype frequency of controls

was 0.5. Letr = pfu/pf|0 denote the ratio of case allele frequency to control allele

frequency. Here the values of r are 2, 3 and 4 respectively. Case and control allele

frequencies were set as shown in Table 2.4.

Table 2.4 Allele frequency settings in simulation study

Pf|0 p§|1 r
Setting 1 | 0.005 | 0.0075 | 1.5
Setting2 | 0.005 | 0.01 | 2
Setting 3 | 0.005 | 0.015
Setting 4 | 0.005 | 0.02 4
Setting5 | 0.01 | 0.015 | 1.5
Setting 6 | 0.01 | 0.02 2
Setting 7 | 0.01 | 0.03 3
Setting8 | 0.02 | 0.03 |15
Notations: p{m: control at risk allele frequency. p{|1= case at risk allele frequency. r =
p{u/p{m: ratio of case allele frequency to control allele frequency.

The error rate ranges over the interval [0.005, 0.025] in increments 0.005. Thus,
there were 30 different configurations of parameters settings considered, with 1000
replicates for each parameter setting.

To run each simulation, | first specified the allele frequencies for cases and

controls. I calculated the true genotype frequencies assuming Hardy-Weinberg
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equilibrium. Then | generated case and control data based on the true phenotype and
genotype frequencies. | then introduced genotype errors into cases and controls using the
GLHO error matrix as presented in Table 2.2. Then I counted all alleles based on the
observed genotypes, and performed the 2 x 2 chi-square allelic test. The simulation
power was was Powerg;,, and was defined to be the proportion of replicates for a given set
of parameter specifications whose test statistic exceeded the critical value using the

asymptotic null distribution. That is

number of significant replicates

Powerg;,,, = -
Welsim number of total replicates

Table 2.5 presents the results of the simulation power and asymptotic power at
significance level 0.05 under various parameter settings. The asymptotic power was

Power 2 and was calculated from the likelihood ratio test given in Section 2-2-2. | also

reported the standard error and 95% confidence intervals of the simulation power.
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Table 2.5 Comparison of asymptotic and Simulation Power

Setti ¢ ¢ Power o
etting | p1jo P11 r e P p— RE | SE | 95% CI
0.005| 0.38 0.35 0.00 | 0.02 | 0.34,0.39
0.01 0.28 0.25 0.00 | 0.01 | 0.24,0.28
1 0.005 | 0.0075 | 1.5 | 0.015 | 0.22 0.23 0.00 | 0.00 | 0.21, 0.24
0.02 0.19 0.19 0.00 | 0.00 | 0.18,0.20
0.025| 0.16 0.16 0.00 | 0.00 | 0.13,0.19
0.005| 0.89 0.89 0.00 | 0.01 | 0.87,0.91
0.01 0.76 0.76 0.00 | 0.01 | 0.73,0.79
2 0.005| 001 | 2 |0.015| 0.64 0.62 0.03 ] 0.02 | 0.59, 0.65
0.02 0.55 0.51 0.08 | 0.02 | 0.48, 0.54
0.025| 0.48 0.47 0.01 | 0.02 | 0.44,0.50
0.005 1.00 1.00 0.00 | 0.00 | 1.00,1.00
0.01 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
3 0.005 | 0.015 | 3 |0.015| 0.99 0.99 0.00 | 0.00 | 0.99, 1.00
0.02 0.98 0.98 0.00 | 0.00 | 0.97,0.99
0.025| 0.96 0.95 0.00 | 0.01 | 0.94,0.97
0.005 1.00 1.00 0.00 | 0.00 | 1.00,1.00
0.01 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
4 0.005| 0.02 | 4 |0.015 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.02 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.025 1.00 1.00 0.00 | 0.00 | 1.00, 1.00

Notation: p{lo = true at risk allele frequency in controls. p{u = true at risk allele frequency
in cases. r = at risk allele frequency ratio of cases to controls. e = error rate. RE =

|P0wersim—Power 2

8 | = relative error between the asymptotic and simulation power.

Power
62

SE: standard error. 95%CI: 95% confidence interval of the simulated power.

Note: Sample size is 10,000. Number of replicates is 1000. Phenotype frequency is 0.5.
Significance level is 0.05.
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Table 2.5 Comparison of asymptotic and Simulation Power (Continued)

Setti . ‘ Power 0
etting | P1jo | Pipn | T e P p— RE | SE | 95% CI
0.005 0.76 0.76 0.00 | 0.01 | 0.73,0.79
0.01 0.65 0.65 0.00 | 0.02 | 0.62, 0.68
5 0.01 | 0.015| 1.5 | 0.015 0.56 0.54 0.03 | 0.02 | 0.51, 0.57
0.02 0.49 0.45 0.08 | 0.02 | 0.42,0.48
0.025 0.43 0.42 0.03 | 0.02 | 0.39, 0.45
0.005 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.01 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
6 0.01] 0.02 | 2 |0.015 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.02 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.025 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.005 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.01 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
7 0.01| 003 | 3 |0.015 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.02 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.025 1.00 1.00 0.00 | 0.00 | 1.00, 1.00
0.005 0.99 0.98 0.01 | 0.00 | 0.98,0.99
0.01 0.97 0.96 0.01 | 0.00 | 0.96, 0.98
8 0.02 | 0.03 |15 |0.015 0.94 0.93 0.01 | 0.00 | 0.93,0.94
0.02 0.91 0.92 0.00 | 0.00 | 0.90, 0.92
0.025 0.88 0.87 0.01 | 0.01 | 0.87,0.88

Notation: pf, = true at risk allele frequency in controls. p,, = true at risk allele frequency
in cases. r = at risk allele frequency ratio of cases to controls. e = error rate. RE =

|P0wersim—Power§2 |

= relative error between the asymptotic and simulation power. SE=

Power
62

standard error. 95%CIl= 95% confidence interval of the simulated power.

Note: Sample size is 10,000. Number of replicates is 1000. Phenotype frequency is 0.5.
Significance level is 0.05.
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The comparison of the simulation and asymptotic power under different
parameter settings is given in Table 2.5. The maximum relative error for the 5%
significance level was 0.08 in two situations: (1) when the at risk allele frequency in the
control group is 0.005, the at risk allele frequency in the case group is 0.01, and the error
rate is 0.02. (2) when the at risk allele frequency in the control group is 0.01, the at risk
allele frequency in case group is 0.015, and the error rate is 0.02. Whenever the
asymptotic power exceeds 0.67, the simulation power is close to the asymptotic power.
When the asymptotic power is less than 0.67, minor differences may occur. In general,
the simulation power was slightly lower than the asymptotic power, and the aymptotic
powers are in agreement with simulation powers under each configuration of the
parameter settings.

As expected, this result is consistent with the finding (Mote and Anderson®*;

Gordon et al.***3

) that the power from the likelihood ratio test decreases as the error rates
increases when the level of significance remains the same. For a fixed value of the
control allele frequency, the asymptotic power increases as the ratio of case to control at
risk allele frequency increases. For a fixed ratio of case to control at risk allele frequency,
the asymptotic power increases as the control allele frequency increases. When the
control allele frequency is 0.005 and the ratio between case and control allele frequency
was 4, the power is always 1, so that genotype error rate and the allele frequency ratio
were not significant factors in determining the power. When control allele frequency was
0.01, and the case/control allele frequency ratio was 2, power was always 1. At these

settings, the error rate and case/control allele frequency ratio had no significant effect on

the power.
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Table 2.6 shows the asymptotic power for various sample sizes under the six parameter
settings at significance level 0.05. Sample sizes are: 1000, 2000, 5000, 10000 and 20000.
Power rate is defined as the ratio between power with error and power without error. The

Phenotype frequency is 0.5. The error rate ranges from 0 to 0.025, in increment of 0.005.

The asymptotic power has similar pattern under different parameter settings. For all
parameter settings, the power when there is no misclassification error is the upper bound for the
actual power. When the sample size is small (i.e.1000), power is highly sensitive to the error
rate. Even a small error rate will bring down the power significantly. When the sample size is

5000 or more, the error rate is not so important.
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Table 2.6 Asymptotic power as a function of sample size

Asymptotic power Power ratio

Pijo r e Sample size Sample size
1000 | 2500 | 5000 | 10000 | 20000 | 1000 | 2500 | 5000 | 10000 | 20000
0| 0.109 | 0.202 | 0.355 | 0.612 | 0.888 | 1.00 | 1.00 | 1.00 | 1.00 1.00
0.005 | 0.082 | 0.132 | 0.218 | 0.384 | 0.653 | 0.75 | 0.65 | 0.61 | 0.63 | 0.74
0.01 | 0.072 | 0.106 | 0.163 | 0.280 | 0.494 | 0.66 | 0.52 | 0.46 | 0.46 | 0.56
0005 L5 0.015 | 0.066 | 0.092 | 0.135 | 0.223 | 0.393 | 0.61 | 045 | 0.38 | 0.36 | 0.44
0.02 | 0.063 | 0.083 | 0.117 | 0.187 | 0.326 | 058 | 0.41 | 0.33 | 0.31 0.37
0.025 | 0.061 | 0.077 | 0.105 | 0.163 | 0.279 | 0.56 | 0.38 | 0.30 | 0.27 0.31
0| 0.254 | 0.536 | 0.827 | 0.984 | 1.000 | 1.00 | 1.00 | 1.00 | 1.00 1.00
0.005 | 0.170 | 0.353 | 0.609 | 0.885 | 0.994 | 0.67 | 0.66 | 0.74 | 0.90 0.99
0.005 5 0.01 | 0.134 | 0.264 | 0.467 | 0.756 | 0.964 | 0.53 | 0.49 | 0.56 | 0.77 0.96
0.015| 0.114 | 0.213 | 0.376 | 0.642 | 0.908 | 0.45 | 0.40 | 0.45 | 0.65 0.91
0.02 | 0.101 | 0.181 | 0.314 | 0551 | 0.839 | 0.40 | 0.34 | 0.38 | 0.56 0.84
0.025 | 0.093 | 0.159 | 0.271 | 0.478 | 0.769 | 0.37 | 0.30 | 0.33 | 0.49 0.77
0| 0.615| 0.945 | 0.999 | 1.000 | 1.000 | 1.00 | 1.00 | 1.00 | 1.00 1.00
0.005 | 0.448 | 0.825 | 0.984 | 1.000 | 1.000 | 0.73 | 0.87 | 0.98 | 1.00 1.00
0.01 | 0.350 | 0.702 | 0.941 | 0.999 | 1.000 | 0.57 | 0.74 | 0.94 | 1.00 1.00
0.005 3 | 0.015| 0.288 | 0.599 | 0.879 | 0.993 | 1.000 | 0.47 | 0.63 | 0.88 | 0.99 1.00
0.02 | 0.245 | 0.518 | 0.809 | 0.980 | 1.000 | 0.40 | 055 | 0.81 | 0.98 1.00
0.025 | 0.214 | 0.453 | 0.740 | 0.958 | 0.999 | 0.35 | 0.48 | 0.74 | 0.96 1.00
0| 0.858 | 0.998 | 1.000 | 1.000 | 1.000 | 1.00 | 1.00 | 1.00 | 1.00 1.00
0.005 | 0.722 | 0.981 | 1.000 | 1.000 | 1.000 | 0.84 | 0.98 | 1.00 | 1.00 1.00
0.005 4 0.01 | 0.608 | 0.942 | 0.999 | 1.000 | 1.000 | 0.71 | 0.94 | 1.00 | 1.00 1.00
0.015| 0.518 | 0.887 | 0.994 | 1.000 | 1.000 | 0.60 | 0.89 | 0.99 | 1.00 1.00
0.02 | 0.449 | 0.826 | 0.984 | 1.000 | 1.000 | 0.52 | 0.83 | 0.98 | 1.00 1.00
0.025 | 0.395 | 0.763 | 0.966 | 1.000 | 1.000 | 0.46 | 0.76 | 0.97 | 1.00 1.00

Notation: pflo = control at risk allele frequency. r = case at risk allele frequency/ control allele frequency.
Note: Power ratio = Power with error / Power without error.
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Table 2.6 Asymptotic power as a function of sample size (Continued)

Asymptotic power Power ratio
Pijo r e Sample size Sample size
1000 | 2500 | 5000 | 10000 | 20000 | 1000 | 2500 | 5000 | 10000 | 20000

0| 0.172 | 0.357 | 0.615 | 0.890 | 0.995 | 1.00 | 1.00 | 1.00 1.00 1.00
0.005 | 0.136 | 0.268 | 0.474 | 0.765 | 0.967 | 0.79 | 0.75 | 0.77 0.86 0.97
0.01 15 0.01| 0.115 | 0.217 | 0.383 | 0.652 | 0914 | 0.67 | 0.61 | 0.62 0.73 0.92
0.015| 0.102 | 0.184 | 0.321 | 0.561 | 0.848 | 0.59 | 0.52 | 0.52 0.63 0.85
0.02 | 0.094 | 0.162 | 0.276 | 0.488 0.779 055 | 045 | 045 0.55 0.78
0.025 | 0.087 | 0.145 | 0.243 | 0.430 0.713 051 | 041 | 040 0.48 0.72
0| 0454 | 0.830 | 0.985 | 1.000 | 1.000 | 1.00 | 1.00 | 1.00 1.00 1.00
0.005 | 0.356 | 0.710 | 0.945 | 0.999 1.000 0.78 | 0.86 | 0.96 1.00 1.00
0.01 5 0.01 | 0.293 | 0.609 | 0.885 | 0.994 | 1.000 | 0.65 | 0.73 | 0.90 0.99 1.00
0.015| 0.250 | 0.527 | 0.818 | 0.982 1.000 0.55 | 0.63 | 0.83 0.98 1.00
0.02 | 0.218 | 0.462 | 0.751 | 0.962 | 1.000 | 0.48 | 0.56 | 0.76 0.96 1.00
0.025 | 0.195 | 0.410 | 0.687 | 0.933 0.998 043 | 049 | 0.70 0.93 1.00
0| 0.894 | 0.999 | 1.000 | 1.000 1.000 1.00 1.00 1.00 1.00 1.00
0.005 | 0.815 | 0.995 | 1.000 | 1.000 | 1.000 | 0.91 | 1.00 | 1.00 1.00 1.00
0.01| 0.737 | 0.984 | 1.000 | 1.000 1.000 0.82 | 0.98 1.00 1.00 1.00
0.01 3 0.015 | 0.665 | 0.965 | 1.000 | 1.000 1.000 0.74 | 0.97 1.00 1.00 1.00
0.02 | 0.602 | 0.939 | 0.999 | 1.000 1.000 0.67 | 0.94 | 1.00 1.00 1.00
0.025 | 0.546 | 0.907 | 0.996 | 1.000 | 1.000 | 0.61 | 0.91 | 1.00 1.00 1.00
0| 0.991 | 1.000 | 1.000 | 1.000 | 1.000 | 1.00 | 1.00 | 1.00 1.00 1.00
0.005 | 0.976 | 1.000 | 1.000 | 1.000 1.000 0.98 1.00 1.00 1.00 1.00
0.01| 0952 | 1.000 | 1.000 | 1.000 | 1.000 | 0.96 | 1.00 | 1.00 1.00 1.00
0.01 4 0.015| 0.920 | 1.000 | 1.000 | 1.000 1.000 0.93 1.00 1.00 1.00 1.00
0.02 | 0.883 | 0.999 | 1.000 | 1.000 | 1.000 | 0.89 | 1.00 | 1.00 1.00 1.00
0.025 | 0.844 | 0.997 | 1.000 | 1.000 1.000 0.85 1.00 1.00 1.00 1.00
0| 0.300 | 0.622 | 0.894 | 0.995 | 1.000 | 1.00 | 1.00 | 1.00 1.00 1.00
0.005 | 0.257 | 0.542 | 0.831 | 0.985 1.000 0.86 | 0.87 | 0.93 0.99 1.00
0.01| 0.225 | 0.477 | 0.767 | 0.967 1.000 0.75 | 0.77 | 0.86 0.97 1.00
0.02 LS 0.015| 0.201 | 0.424 | 0.706 | 0.943 | 0.999 | 0.67 | 0.68 | 0.79 0.95 1.00
0.02 | 0.182 | 0.381 | 0.649 | 0.912 0.997 0.61 | 0.61 | 0.73 0.92 1.00
0.025| 0.167 | 0.345 | 0.598 | 0.878 | 0.993 | 056 | 0.56 | 0.67 0.88 0.99

Notation: Pf|o = control at risk allele frequency. r = case at risk allele frequency/ control at risk allele

frequency.
Note: Power ratio = Power with error / Power without error.
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Chapter 3 Association Test using NGS data

NGS studies can identify multiple causal variants of a disease that may not be apparent
from data generated by SNP-chip technology. One of the challenges of NGS is misclassification
error. | consider a diploid gene in this section; that is, a gene that contains two alleles, one from

the mother and the other from the father.

Figure 3.1 from Gordon et al.” is an example of the number of observed sequence-read
counts for a single individual m at four SNP loci. The top panel shows a stretch of the two
strands of the DNA sequence for this individual. In this example, they are labeled as ‘strand 01’
and ‘strand 02’. Four SNP loci are illustrated. This individual is heterozygous at SNPO1 with
genotype T/A, homozygous at SNP02 with genotype G/G, heterozygous at SNP03 with genotype
AJ/G, and homozygous at SNP04 with genotype A/A. The bottom panel shows the sequence
reads consisting of random selections of one of the two strands. From the figure, the total count
of reads is 8. ‘Strand 01’ is selected 5 times, and ‘strand 02’ is selected 3 times. We assume that
allele A is the at-risk allele for these four SNPs. The observed numbers of allele A at the four

lociis 3, 0, 5, and 8 respectively.
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Figure 3.1 Example representation of sequence reads for an individual

ATGTTTEGGG GTCAMAIGTGGGGGG €— strand 01
ATGTTAGGGG GTCAMAIGTGGGGGG €— Strand 02

SNPO1 SNPD2 SNPO3 SNPO4

ATGTTTGGGECGTTARAGTCARATETGGGGEG€=— seq, Read 01 (Strand 01)
ATGTTTGGGECETTARAGTCARATETGGGGEG€=— seq. Read 02 (Strand01)
ATGTTAGGGGCGTTGAAGT CARATGTGGGGGEG€— seq, Read 03 (Strand 02)
ATGTTTGGGGCGTTARAGTCAAATGTGGGGGG¥ Seq. Read 04 (Strand 01)
ATGTTAGGGGCGTTGAAGTCARATGTGGGGEGGE— Seq.Read 05 (Strand 02)
ATGTTTGGGGCGTTAAAGTCAAATGTGGGGGG€— Seq.Read 06 (Strand 01)
ATGTTAGGGGCGTTGAAGTCAAATGTGGGGGG%— 5eq.Read 07 (Strand 02)
ATGTTTGGGGCGTTAAAGTCAAATGTGGGGGG €= Seq.Read 08 (Strand 01)|

Gordon et al.® provided a new test statistic for association testing in NGS studies that
incorporates non-differential misclassification. These authors found that at very low error rates,
misclassifying a common homozygote as a heterozygote causes loss of power to detect
association, and the power loss increases as the minor allele frequency decreases. This is
consistent with findings by Kang et al.>*’. Kim et al.'® extended the use of NGS data to the
linear trend test (LTT) developed by Cochran* and Armitage’, and focused on slightly more
common causal variants. In this section, | apply the approach in Kim et al.*® to the work of
Gordon et al.® That is, instead of using the probability of true sequence-read counts for an
individual in the likelihood function, | use the probability of the observed sequence read counts.
This statistic allows for differential misclassification errors in base pair reads and tests whether
the true genotype frequencies differ between cases and controls. | estimate the probability of the

genotype frequencies and misclassification error rates based on the observed base pair reads
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using the expectation-maximization (EM) algorithm and report the power of this test for the bi-

allelic case.

3-1 Likelihood Ratio Test allowing for Differential Misclassification using

NGS Data

The following notation is from Gordon et al.®:

The index i denotes the phenotype for an individual: i = 0 for control group and i = 1
for case group. I code the two alleles at a base pair position as 1 and 2, where allele “1” is the at-
risk allele, and “2” is the not at-risk allele. The index j (j = 0,1,2) denotes the genotype for an

individual, where j is the number of 1 alleles. The superscript t denotes that the status of an

individual is true. For example, th(m) denotes the event that the true genotype of individual m is

Jj, and Yl.t(m) denotes the event that the true affection status of individual m is i. Let pj; denote

the true genotype frequency of genotype j in phenotype i; that is, pf; = Pr(Xf|Y}").

The null hypothesis assumes that the true genotype frequencies are equal in cases and

controls. Let p} denote the true population frequency of genotype j under H,. We have: p]t- =

Pr(X}). Thus, the null hypothesis can be expressed as:
Hy: P(t)j = PL’ = Pf' Jj=0,1.2.

The alternative hypothesis (H,) that the true genotype frequencies in cases and controls

are unequal can be written as:
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Hl:péj ipfj, forsomej,j = 0,1, 2.

Let N denote the total number of individuals that are sequenced. | specify that the first N,
subjects are in the control group and that the remaining N, subjects are in the case group so that:

N= Ny+ Nj.

Let V(™ denote the total count of reads for individual m at the base pair position. |
assume the number of reads is the same for each individual and call it “coverage” in this study.
Let n; (m) and n,(m) denote the observed number of 1 and 2 alleles recorded for individual m
respectively. We have: n; (m) + n,(m) = V(m). Here n, (m)and n,(m) are random variables
that incorporate the misclassification errors of individual sequence reads. In the example from
Figure 3, n;(m) = 3 at SNPO1, n,(m) = 0 at SNP 02, n,(m) = 5 at SNPO3 and n,(m) = 8 at

SNPO4.

Let £(,v,)i denote the probability that allele v, is misclassified as allele v,, v4,v, =1, 2.
The phenotype class is i, where i = 0 refers to control group and i = 1 refers to case group. The
statistic proposed here allows for differential but symmetric misclassification. | define symmetric
misclassification that the misclassification rates are the same in both directions. Let g, denote the
probability of misclassification in controls, and let £; denote the probability of misclassification
in cases. Symmetric misclassification is: £(15)0 = €21)0 = €0, E(12)1 = E21)1 = &1 | define
differential misclassification as the misclassification probabilities are unequal in cases and

controls, that is &, # &;.
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For individual m, let AZET(”TEL) denote the event that the number of at-risk alleles recorded

at a single base pair is n; with coverage V(m). Let Yit(’") denote that the true affection status is i.

v(m)
nq(m)

Let th(m) denote the true genotype is j. Kim et al.'® found that the probability of event 4

given the event (th(m), Yy is:

vam) | ptm) e _ (VY v(m)-ny (m)
Pr (Anl(m)|Xj Y )_ (nl(m))ﬂij 1m (1= pj) @)

Here p;; denotes the probability of recording the at-risk allele (“1”) given that the
affection status is i and the genotype is j. For individual m, when the true genotype is “22”(j =
0), every observed allele “1” is a “2” that has been misclassified. Thus, u;o = £@1);. When the

true genotype is “11”(j = 2), every allele recorded as “1” is correctly read. Thus y;; = 1 —

£a12)i- When the true genotype is “12”(j = 1), then:

Hi1
= Pr(allele 2 is recorded as allele 1|correct allele is 2) Pr(correct allele is 2)

+ Pr(allele 1 is correctly recorded as allele 1 |correctallele is 1) Pr(correct allele is 1)

1 1
= £ X5+ (1= eqz)) % >

In general, u;; can be written as:

22— J
Hij = 5 Eeni +5 (1~ &aai)

Under the assumption of symmetric but differential misclassification, p;; is:
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& ]:0
2-j 1

1_81' ]=2

Let gf = Pr(Y}") denote the true sampling frequency of phenotype i. Here, | assume that

the phenotype is measured without error. Then,

Ny
NI

=

1

t _ t 1
qo q1 N

Let (A‘I’f&)ﬂ Yl.t(m)) be the observed data. That is, the observed number of alleles of
reads, the true genotype, and the true affection status. In general, the log-likelihood of the
observed data under hypothesis H,, (u = 0 for null hypothesis, u = 1 for alternative hypothesis)

is:

N 1
L) =In(ty) = D > 1Y )n (p, (A3, 1))

m=11i=0
N 1 2
— t(m) V(m) yt(m) y,t(m)
= > (™ n [ Ry (AT X7, )
m=1i=0 j=0
Nj 2
_ V(m) yt(m) yt(m)
= > | DR, (AT, X, )
m=1 j=0
N 2
V(m) t(m) ,t(m)
+ Z In Zpu(Anl(m),x]. Yim) (3-3)
m=Ng+1 j=0

Here, I() denotes the indicator function so that I (Yit(m)) is 1 when the true affection

status is i for individual m and is O otherwise.
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From the chain rule for conditional probabilities, | have:

n,(m)’ nq(m)

B, (AV(m) Xt(m) Yt(m)) Pu( AV |Xt(m) Yt(m))Pu(th(m)’Yit(m))

— Pu,c( K(Tn)lﬂ xtm Yt(m)) Pu(X]gf(m)IYit(m)) Pu(y_t(m))

L

V(m) V(m)—n, (m)
= ( )m,-"“””(l - Hij) “phaf B-4

nl(m) ijHi
Thus, from equation (3-3), the log-likelihood of the observed data under the alternative

hypothesis is:

No 2
1,(6) = In(Ly) = z z <(:l/((7:ln))) nl(m)(l — o, )(V(m) nl(m))pojq())
m=1 j=0
i In i((”’")) (1 = g )T t) (3 - 50)
n (m) ] pl]ql

m=Ny+1 j=0

And the log-likelihood of the observed data under the null hypothesis is:

No 2
4 m)—-ni;(m
m=1 j=0
N 2
|74 m)-n{(m
' Z 1ln Zo<<n1((r;:l))>#ljn1(m)(1_.ulj)(V( o Dpfcﬁ) (3 — 5b)
m=Ny+ j=

3-2 Test Statistic using NGS data from Likelihood Ratio Test Allowing for

Misclassification
The test statistic using NGS data is:
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LRTygs = Z[IH(ZD - ln(fa)],

where In(Z;) = In(L,) . In(Z;) and In(Z, ) are the maximum log-likelihood values under the
alternative and null hypothesis respectively. There are three parameters p;q, p;1, Pi2 in the test to
estimate with the restriction 212:0 pij = 1. Thus, degrees of freedom is 3 — 1 = 2. Under the null
hypothesis, this test statistic follows a central chi-square distribution. The maximum log-

likelihood for each hypothesis is determined from the Expectation Maximization (EM) algorithm

as described in the following section.
3-3 The Expectation Maximization (EM) Algorithm

The Expectation-Maximization (EM) algorithm® is used to find the maximum likelihood
estimates of a statistical model that contains latent variables where the equations cannot be
solved directly. The EM algorithm consists of the iteration of two steps: the Expectation (E) step
and the Maximization (M) step. The E step calculates the expected value of the log-likelihood
function with respect to the conditional distribution of the latent data. The M step finds the
parameters that maximize the expectation of the complete log-likelihood. These two steps are
applied iteratively until the difference between the successive log-likelihood values is less than a

specified value.

™)

m,i,j

Let )@ denote the r™" step estimate of a parameter. For example, T and pfj(r) denote
the r'" step estimates of the parameters Tpn,i,j and pfj, respectively. These values are updated in

each iteration of the EM-algorithm.
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3-3-1 EM Algorithm for Obtaining the Maximum Likelihood Estimates (MLEs) under

Alternative Hypothesis
Expectation (E) step:

Define the complete data to be the observed data and unobserved data. That is, the

observed number of alleles of reads, the true genotype, and the true affection status.

The log-likelihood of the complete data under the hypothesis H,, is:

1

N 2
In(Lyc) = Z z 2 [1 (X5, Y x1n (Pu (Vo X, Yit(m))>] (3-6)

m=1j=0 i=0

Here, Iu(th(m), Yit(m)) is 1 when the true genotype is j is and the true affection status is i

of individual m, (X, v/™) is 0 otherwise.

Let Q,, denote the expected value of the log-likelihood of the complete data, conditional
on the observed data under the hypothesis H,,, where u = 0 for null hypothesis, and u = 1 for

alternative hypothesis. | have:

Qy = E[In(L, )|Observed Data]

N 2 1
=E Z Z Z [Iu(Xf(m),Yl-t(m))ln (Pu (AZE’(”%), th(m)’yit(m)))] | ( ArVIEr(nn)l)’Yit(m))
N 2 1
= Z Z Z E [Iu(xjﬂm), Yl-t(m))| (AZ?(’;)I)' Yit(m))] % In ( P, ( AKTJI)' th(m)' Yit(m))>
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From equation (9), Q,, is

N 2 1
0= 3 D () (A i)

x In ((V( )) pi™om (1 = )V(m) i pij l) B-=7)

nl(

Letz(T) =E [1 (th(m),Yit(m))l (AZ(Y(”,EL), -t(m))] Since the expected value of an

indicator function is equal to the probability of the event, 7,,,; ;,, can be written as:

L0 E[I ( ytm) Yt(m))l( 4V Y;:(m))} —p, ((Xf("‘),Yf(m))K 4V Y:(m)))

T j,Hy ny(m)’ ny(m)’

P, ( AV(m) Xt(m) Yt(m)) P, ( AV(m) Xt(m) Yt(m))

n,(m)’ nq(m)’
V(m) ,t(m) T w2 AV g t(m) yt(m)
PU (An (m)’Y ) Zk:o u ( n, (m)’X Y )

From equation (3-4), | have:

V(m) V(m)-ny(m)
( > ;"1 (1 = py) " phal

ijHi

GO N1(m)
bt v(m) _
Yho [(nl(m)) M M (1 = py) VI -nampt qf
V(m)—-n;(m)
R s ). o (3-8)
Yool ™ (1 — py ) Ve -mamiph |

The quantity 11(12, denotes the Bayesian posterior probability (BPP) that individual m
has true phenotype i and true genotype j , given the observed data (Arvl(’(”n)l), .t(m)) under the
hypothesis H,. | have rf’é‘;{ + rf’ln;{ + rf’zn;{ =1,wherei=0o0r1, j=01,0or2andu =

0or 1.
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Under the alternative hypothesis H,, | have:

V(m)—n;(m)
m M- py) )/

Jm (3—9a)
BPHL N2 o[ (1 — py) V) -nampt ]
Under the null hypothesis Hy, | have :
V(m)—n4(m)
L ™ (1 - ) Py
PPHo R o[ M (1 — py ) Ve —mamipl
V(m)—n4(m)
llijnl(m)(l — ,Llij) ! p]t (3 — 9b)

 Zfcolha™ M1 — ) VO - mpi]

The difference between equation (3-9 a) and equation (3-9 b) is that genotype frequencies

in case group and control group are the same under the null hypothesis. i.e. pg]. = p;l- = p]-t.
Therefore, from equation (3-7), under alternative hypothesis, | have:

Q; = E[In(Ly)|Observed Data]

N 2 1
V(m) V(m)—ny (m)
N Z ZZTL(T’)’l xIn [(nl(m))“iinl(m)(l — Hij) ' Pitj‘ht] 3

Under null hypothesis, | have:

Qo = E[In(Lo,)|Observed Data]

N 2 1
V(m) V(m)—n, (m)
- Z Z Z Ty, X 10 [(m (m)) w1 - ;) "ptat| (3 - 10b)
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| discussed the E step above, and | now consider the M step of the EM algorithm. | use

the superscript (r) to indicate the r-th step iteration.

From equation (3-10a), the i step of Q, can be written as:

N 2 1
) _ (m)(r-1) V(m) )\ M N U TGO
r Z Z Z Ti'j'Hl X In [<n1(m)> ('ul] ) (1 ‘ulj ) pl] ql

m=1 j=0 i=0

1
1
D (o)

i=0

I
M=
Nl

8
[
-
I
o

j

()( -1) VY o-n™ -0\’ ™
ST (R T ()

Il
[y
]
(=}
—
]
(=}

+
NIE
N~
.M"‘

No 2 N 2
-1 -1
— Z T(()T;l)l'g: ) [lnp(r) + lnqg] + Z Z TY?)H(: ) [lnp(r) + lnqtl]
m=1j=0 m=Ng+1 j=0
SLSAN V(m) (m) V=ny(m)
m)(r=1) | m @\ @) T _
* Z ZZT”H <(n1(m)) ('uif ) (1 Hij ) (-11)
m=1 j=0 i=
where
(r-1) ny(m) _ (r-1) V(m)—n,(m) (r-1)
M- _ () (L -mi™) i
i,j,Hy 1)\ (M) _\Vm-ny(m) .
22 0[( ) B T P "
Next | take the partial derivatives of equation (3-11) with respect to p(()ro) pg? p(()rz) while
holding {7}~ constant, then:
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9Pgg

N -1 N 1
Q™ a(Zm‘;12j2=o T(()T;.l)H(r )[lnp(r) + lnqg]) ~ 2 6( Fot (()T)H(T )[lnp(r) + lnqg])
@ ap(r) “ ap(r)
~ 2 B(Zjior(()r;l)hgr 1)lnp(r))
- ()
m=1 ap
N -1 1 1
O A(eSon el + g gl + (5 Vinpl))
- )
m=1 ap
S5 oA o) o me) s o)
- 65) [63) 63) ®
m=1| 9Pgg 9Pog 6(1 Poi — porz)
No r_(m)(r-1) (m)(r-1) No r m)@r-1) _(m)(r-1)
Z T0,0,H, 0,2,H, T0,0,H, 0,2,H,
(r) (r) (r) (r)
m=1L Poo Po2 m=1L Poo Po2
| set the partial derivative to be 0 to give:
No r m(r-1) _(m)(r-1)
0,0,H; 0,2,Hy _ _
Z [ o ©) ] = 0(3—12a)
m=1L Poo Po2

Similarly from

Q" 0(IniiZko

tg;l;{(r_l) [lnp(r Rt lan)])

ap(r) ap(r) ’
| got:
No [mG-1  (m)(r-1)
0,1,H; To,2,H, .
Z [ a a ] — 0(3 - 12b)
m=1L Po1 Po2
From
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N (m)(r-1) )
0Q® 0 (Zne, T2 T inpl + Ing])

() () ’
0Pz 0Pz
| got:
No r m)@-1) _(m)(-1)
Toor;  TozH —0(3—120)
(r) (r)
m=1L Poo Po2
| rewrite equation (3-12a) :
N -1 -1 N (m)(r-1) ) ) L= @)
i(rgg)lgrl )_Tgrzl?gl )>_ - Totg,Hrl (1 Poo — p01) onlerl Poo
() ) o [ONG)
m=1 \ Poo Po2 m=1 PooPoz
( )( 1) (r) (r) ¢ )(@r—1) _(r)
(r) (r) ont;Hr1 ~Poo T p01) OT;Hrl poo)
PooPo2 m=
( )( 1) (r) m)(r—1) M-\ (1)
(r) (r) onéHrl 1301)_<T0n(ﬁ;11r +1 oﬂler1 ) 00)
PooPo2 m=
( )( 1) 9] ( =1 _(r)
) (r)z onéHrl p01) (1 orqul )poo) 0.
poo Po2 m=
That is:

Ny

2 (e P(1 =) = (1= 5P ) pS) = 0 (3 - 13a).

g
[
-

Similarly, equation (3-12b) can be rewritten as:
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No / m@-1) _(mG-1) No / (m)(—1) (1) _ _(m(-1) _(r)
Z <T0,1,H1 _ To2H; ) _ Z <T0,1,H1 Poz — Tozm, po1>
) () o [ONG)
m=1 \ Po1 Po2 m=1 Po1Po2
1 &
_ m)(r—1) ) m)(r-1) me-1D) M) _
=m0, (wom 2(1=pa) = (w6im  +0m, ) pe) = 0.
Po1Poz2 m=1
That is:
No
(m)(r-1) () mE-DY) O _
Z (i P (1=pGy) = (1= <Son ™) pS?) = 0(3 - 13b).
m=1
From equation (3-13a) and (3-13b):
NO NO
(m)(r-1) 69] Mm) (-1 (1) m)(r-1) (r) m) (-1 (1)
Z (TOT),Hr1 (1 - p01) - (1 ~ To.1H; )poo) + Z (Tofr{,Hrl (1 - poo) - (1 ~ T0.0H; )po1)
m=1 m=1
No
_ (m)(r-1) (m)(r-1) 9] () m)(r-1)_(r) m)(-1) _(r)
= Z (Tor,r(;,Hr1 + Tor,rll,Hr1 —Poo —Po1 + Tofr1l,Hr1 Poo — Tor,r11,Hr1 00
m=1
m(-1) _(r) m)(r—1) _(r)
+ To0m, 01 ~ To0H, 01)
No

8
=

m)(r-1) (m)(r-1) €3] 69]
OT),Hrl + Tor,qﬂr1 ~ Poo — po1>
No
_ m(r-1) ™)) _ () me-1DY\ _
= Z (1 - Tor,rzl,hrr1 - (1 ~ Po2 )) = Z (poz - Tor,rzl,Hr1 ) =0
m=1
Thus,
N m)(r-1)
(r) _ Zmo=1 O,Z,Hl
02 — NO

Similarly, I have:
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No _(m)(r-1) No _(m)(-1)
® _ Yime1 0,1,H; ® _ Yme1 0,0,H,

01 — NO 00 — NO
Analogous results will be achieved after taking the partial derivatives to equation (3-11)

with respect to p§2 pgrl)and pgr; In general, the r-th iteration updates of the estimated true

genotype frequencies in the control group and in the case group are:

ZNO— (m)(r=1) N (m)(r=1)
p(()rj) =S =012 (3 14 a)pg? =20t UM =012 (3-14b)
No N4

Under the assumption of symmetric but differential misclassification rate, from equation
(3-11), the r-th step log-likelihood Qf) can also be written as:
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N 2 1
") _ m)(r—1) Vm)\ [ @\ @\ M- g
T Z ZZTi-Lﬂl x In [(nl(m)) (“ii ) (1 Hij ) bij 4i

X [ln ( Vl((m))) + n;(m) ln(ul(;)) + (V(m) — ny(m)) ln( ul(]r)) + In p(r)

No 2 y ,
_ Z zrfﬁf?ff—l) x [nyInpl? + vV = n)In(1 - u{))| + Z zT

m=1 j=0 m=Ny+1 j=0

[nl(m) Inpy; @ + (V(m) — ny(m)) ln(l '“(T))]

+ terms that do not contain ¢;

Ng
= 3 [ (mamy in e + Vom) = my () (1 - &)
m=1

r— 1 1
+ Tg.?lgl D (nq lnz + (V(m) —ny(m))In E)

4 - 1)(n11n(1 — &y + (V(m) = ny(m)) In g(gr))]

+ Z [ %)f,rl 2 nl(m) Inel™ + (V(m) — ny(m)) ln(l - SY)))

m= N0+1

(mGe-) L 4 (Vim) — It
Fe0 Y (na(m) Ins + V() = ny (m)) in 5
+ 0 (n (m)In(1 — &) + (V(m) = ny(m)) In e@)]
+ terms that do not contain ¢;

Differentiating Q, with respect to ¢, and &, and setting it to be zero, | have:
45
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N _1
000 X" [toom, “ma(m)  top, (VM) = ni(m)  ohit ne(m)
ae(()r) eér) 1-— sér) 1-— e(()r)

m=1

m)(r—1
WD (1 (m) — ny (m))
+
NG
0

]=0(3—15a)

N - -1
00, 3 [rifz?f;; Unim) om0V m) —ni(m)) PV (m)

) ) ) ()
e, mMm=No+1 & I—¢ 1-¢

LmG-1)
n 12H (V(m) nl(m))] —0 (3 _ 15b)

AR
Since ny(m) + n,(m) = V(m), equation (3-15a), (3-15b) can be simplified as:

N, m)(r—1 m)(r—1 m)(r—1 m)(r—1
L (namyen ™+ np e ) (1= 257 ) = & (amyen ™ + nymyeos )

0,0,H,

) =0 (3—16a)

m=1

N ny (m)rﬁfg?,?‘” +n, (m)ri';?,gr_l) 1-— sfr) (r) ny (m)ri';),gr_l) +n, (m)r%?f(,r_l)
1 1 1 1

M=Ng+1 gl(r) (1 - EY))

= 0(3 — 16b)

Solving equation (3-16a), | have:

N, - -1
o _ N g+ nymyrgy
f 7 Z V(m)(t (m)(r-1) +1 (m)(r— 1)) (3 —17a)
m=1 OOH 02H
Similarly, after solving equation (16 b), I have:
N (m)(r-1) (m)(r-1)

L) Z n (M)t gy, + (M)t
=

m(-1) | m)(r— 1)) (

3 —17h)
m=Np+1 V(m)( T1,0,H; Y21,
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3-3-2 EM Algorithm for Obtaining the MLEs under the Null hypothesis

The log-likelihood of the complete data under Hy is:

N 2 1
o= 3733 O ) )]

As described in section 3-3-1, let Q, denote the expected value of the log-likelihood of

the complete data, conditional on the observed data under the null hypothesis. I have:

Qo = E[In(Ly)|Observed Data]

N 2 1
— t(m) y,t(m) v(im) yt(m) V(im) yt(m) y,t(m)
= z Z Z P, ((Xj Y, )| (A v, )) x In (Po (A xi ™y, ))

N 2 1
_ (m) V(m) t(m) y,t(m)

N 2 1
V(m) V(m)—n, (m)
- z Z z Tn(m; X In ( ).Uijn“m)(l — Hij) “Uplai| B—-19)
)0 nl(m)
m=1j=0 i=0
Here
V(m) t(m) ,t(m) - V(m)—ny(m)
m __Fo (Antmy ™Y ™) oy (1-wy) pj
i,j,Ho -

T2 V(im) tm) y,t(m) V(m)—n; (m)
SEo Pr(Anome X YE™) 8, [ (1 — i) T py

The r-th step Q,can be written as :
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O = Z Z w0 (Inp§ + Ing}) + Z Z 0 (1np + Ing})

m=1 i= m=1 i=
N 1
+ Z Z rl(rznlg) (lnp(r) + lnq%).
m=1 i=0
Here
OV (1 _ @) m
Lm0 _ (W) (1-w?) v

()" (1) T

(W) (1- uﬁ”)v_nl P

BN R

(3—-20)

Using the same algebra as in section 3-3-1, the r-th step genotype frequency is:

LMD
p(r) _ 121 ot i,j,Ho

I N

,forj=0,1,2.

The r-th step differential but symmetric misclassification error rate is:

ZNL nl(m)T(m)(T 1) +n2(m) '(m)(r—l)

) i,0,Ho Ti2,H, .
&l = ,fori = 0,1 (3—-21)
2 -1 FT -1

Thus, from equation (3-5a) and (3-5b), the r-th step log-likelihood of the observed data

under the alternative hypothesis is:

No 2
0 =n(i)= 3| 3 (o) )" - i)

j=0
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2
V(m) (r) ny(m) ) V(m)-n,(m)) )
Z <(n (m)) ) (1 H1j ) py; 41| | (3—22a)

The log-likelihood of the observed data under the null hypothesis is:

m= N0+1

Ny
1% ny(m) (v(m)-ny(m))
170 = (1Y) = > mn z<(nl)(u8§)) (1-u) pmqo>
m=1 j=0
N 2
V(m) (T) nqi(m) (r) (V(m) nl(m)) )
3 D (o) ) " (- ) pOat) )3 - 2209
m=No+1 j=0

Under hypothesis H,,, when the difference of log-likelihoods of observed data between
the r;t" step and the (r,, — 1)%¢ step is less than the tolerance, i.e., when |1n(L§f“) ) —

ln(L(r” 2 ) | < tolerance . | report In(L;*) as the maximum likelihood under H;, that is:

In(L,) = In(L7*). Here, | use a tolerance of 10° and ,u = 0 for null hypothesis and u =

1 for alternative hypothesis.
3-4  Simulation
3-4-1 Generating the samples

Genotype frequencies were determined from the allele frequencies by assuming HWE.

For each individual m, let al.t(m) be the true at-risk allele frequency for affection status i, and let

pl.tj(m) be the true genotype frequency for affection status i and genotype j. At a single locus,

l

2 2
P = (1= ™Y pl™ = 20 (1 = ), plS™ = (0!’ First, 1 set the true
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genotype for individual m by generating the random number ™ that followed a uniform

t(m)

distribution from 0 to 1. If 7™ < p'™ then I set the true genotype to “0”. If pii™ < (™ <

pitém) + pl.tl(m), then I set the true genotype to “1”. If pl.to(m) + pitl(m) < r(M < 1, then | set the
true genotype to “2”. Next, I generated the read data. I generated a random variable X, which
represented the number of reads of the at-risk allele in V reads for individual m. Then n,(m) =
X. From equation (8), X followed a binomial distribution with number of trials V and probability
tij. (1) When the true genotype was “0”, j = 0, and p;; = 2;_ogi + g (1 —¢) = ¢; (2) When the

?ei +§(1 —¢&) =1—¢; (3) When the true

true genotype was “2”, j = 2, then p;; =
LI 1 1 1 . . . .
genotype was “17, j = 1then yu;; = (E) & + (5) 1-¢) = > The distribution of n, (m) is

summarized in Table 3.1.

Table 3.1 Distribution of X, the number of observed reads of the at-risk allele in V reads

True genotype Distribution

0 X~Bin(V, &)
ny(m) =X 1 X~Bin(V,1 — &)
2 X~Bin(V,1/,)

Notation: n, (m)= number of reads of at-risk allele in V reads for individual m.

For each setting of the parameters, under the null hypothesis, let a® pe the starting point

of the at-risk allele frequency. Let el.(o) be the starting point of the misclassification rate for
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affection status i. | first calculated the starting values of the genotype frequencies p](.o) : p(()o) =

(1- a(o))z, p? = 2a@(1 - a©®), p{? = (a(o))z. At step 0, with the values of n, (m), p](.o)
and sl.(o), | calculated the 0™ step log-likelihood angO) by applying equation (3-22b). Then I
calculated the 0-th step Bayesian Posterior Probability (BPP) T,(,?)l i Ho from equation (3-20). At
step 1, | calculated the genotype frequencies pi(l)and misclassification rates ei(l) from equation
(3-14a), (3-14b), (3-17a) and (3-17b). Then by using n, (m), p{” and £V, I calculated the the 1
step BPP r,(,?l j,Hofrom equation (3-20). Next, the 1% step log-likelihood lnLE,O)was calculated

from equation (3-22b). | stopped the iteration sequence when the difference between log-

likelihood In L, ™+ and In L, step is smaller than the tolerance 10~°. The value of In Ly*V

was then used as the maximized log-likelihood for the random staring value (a(®, ei(o)). The
maximum of all random staring values’ maximized log-likelihood was then used as the global

maximum log-likelihood and was denoted as In L.

A similar method was applied for the alternative hypothesis. Under H,, let ai(o) be the

starting point of the at-risk allele frequency with affection status i, and let el.(o) be the starting

point of the misclassification rate with affection status i. | calculated the starting values of the
. 0 . . (0 0\2 (0 0 0 0
genotype frequencies pi(j)usmg HWE: pl.(o) = (1 - al.( )) ,pl.(l) = Zai( (1 - ai( )),pi(z) =
2
(al.(o)) . As with the null hypothesis, at step 0, by applying equation (3-22 ), | calculated the O™

step log-likelihood InL{” from the values of n, (m), p{;” and & . Then I calculated the 0" step

Bayesian Posterior Probability (BPP) © from equation (3-20). At step 1, | calculated the 1%

m,i,j,Hy
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step genotype frequencies pi(jl)and misclassification rates el.(l) from equation (3-14a), (3-14b), (3-

17a) and (3-17b). By using n, (m), pi(jl) and ei(l), | calculated the 1% step BPP rf;)l j,Hlfrom

equation (3-20). Then the 1% step log-likelihood lnL(ll)was calculated from equation (3-22a).
Continued the iterations until the difference between (r; + 1) step log-likelihood In L; "+ and

1, step In L,™ step is small than the tolerance 10~°. The value of In L, ™1+ was then used as the

©

i ,ei(o)). The maximum of all

maximized log-likelihood for this random starting values (a

maximized log-likelihood values was then used as the global maximum log-likelihood, and was

denoted as InZ;.

3-4-2 Choosing initial values for the EM algorithm

Before performing the simulation study for various parameter settings, | performed a
simulation study to assess the adequacy of the distribution and number of random starting values

for finding the global maximum likelihood and the convergence rate of my EM algorithm.

The true at-risk allele frequencies were set to 0.005 in controls and 0.005 in cases; that is,
the null hypothesis was true. The true misclassification error rates were 0.001 in controls and

0.001 in cases. The total number of cases was 1000 and the total number of controls was 1000.
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For both the null and alternative likelihood functions, I chose 500 independent random starting
points for the at-risk allele frequencies in case and control group respectively. Each starting point
followed a uniform distribution from 0 to 1. | chose 500 independent random starting points for
the misclassification rate in the case group and control group. Each starting point followed a
uniform distribution U (0, b). | compared three distributions here: (1) U(0,1); (2) U(0,0.5); (3)
U(0,0.1). The maximum EM step per starting value was 100. The total number of samples was

50.

Table 3.2 is a summary of the number of iterations to convergence under the three

distributions of random staring values for the null and alternative maximum likelihood functions.

Table 3.2 Summary of number of iterations until tolerance limit achieved

Under null hypothesis
misclassification rate

distribution
Number of iterations U(0,1) U(0,0.5) U(0,0.1)
Mean 6.20 5.96 5.51
Standard Deviation 0.79 0.83 0.72
Minimum 4 4 4
Maximum 13 12 11

Under the alternative hypothesis
misclassification rate

distribution
Mean 5.93 5.93 5.75
Standard Deviation 0.63 0.63 0.67
Minimum 4 4 4
Maximum 10 12 10
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From Table 3.2, the maximum number of iterations was 13 and the minimum was 4. All

three distributions had a small number of iterations before reaching tolerance.

Table 3.3 shows the descriptions of the maximized likelihood functions for selected
replicates. The first column “Rep” shows replicate number (1 to 10 and 50). The second column
shows the likelihood function using the true parameters as calculated from equation (22). The
next set of columns summarizes the maximum log-likelihood values using the starting values of
misclassification rate from three distributions under the null hypothesis. There are two columns
under each distribution for each replicate. The first column is the number of maximized log-
likelihoods observed, which is 2 for the U(0,1) and U(0,0.5) distributions of starting values. It is
1 for the U(0,0.1) distribution. The second column is the value of the local maximized log-
likelihood, and the entry underneath is the corresponding frequency of the local maximum. The
next set of columns is the summary of maximum log-likelihood values for the three distributions
of starting values under the alternative hypothesis. The first column is the number of observed
maximized log-likelihoods. All three distributions have only 1 value under each parameter
values. The second column is the value of the local maximized log-likelihood, and as for null
hypothesis, the underneath value is the corresponding frequency of each local maximum log-

likelihood.

For example, for replicate 1, the likelihood value from the true parameter values was -
1637.27. Under the null hypothesis, when the starting value of misclassification rate followed
U(0,1), two values of the maximized likelihood were obtained: -3005.97 and -1636.99. Among
500 random starting values, 243 of 500 converged to -3005.97, 257 of 500 converged to -

1636.99. When the starting value followed U(0,0.5), the same two maximized log-likelihoods
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were obtained, 60 of 500 were -3005.97, and 440 of 500 were -1636.99. When the starting value
followed U (0,0.1), all 500 converged to -1636.99. Under the alternative hypothesis, 500 random

starting value settings all converged to the log-likelihood -1636.58 for each distribution.
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Table 3.3 Maximized log-likelihood values under three distributions of misclassification rate initial

values
Rep InL InL, InL;
u(0,1) U(0,0.5) U(0,0.1) all dist”
N N
1| -1637.27 -3005.97 | -1636.99 -3005.97 | -1636.99 -1636.99 -1636.58
500 243 257 60 440 | 1 500 1 500
2| -1618.77 -2992.22 | -1618.34 -2992.22 | -1618.34 -1618.34 -1618.08
500 243 257 73 427 | 1 500 1 500
3 -1576.76 -2939.37 | -1574.01 -2939.37 | -1574.01 -1574.01 -1573.29
500 243 257 58 442 | 1 500 1 500
4 -1599.75 -2970.61 | -1599.19 -2970.61 | -1599.19 -1599.19 -1598.92
500 223 277 52 448 | 1 500 1 500
5] -1639.43 -3010.62 | -1638.18 -3010.62 | -1638.18 -1638.18 -1637.49
500 220 280 55 445 | 1 500 1 500
6| -1649.69 -3020.33 | -1648.69 -3020.33 | -1648.69 -1648.69 -1647.03
500 214 286 59 441 | 1 500 1 500
7| -1598.67 -2972.31 | -1598.39 -2972.31 | -1598.39 -1598.39 -1598.37
500 206 294 53 447 | 1 500 1 500
8 -1617.04 -2982.48 | -1616.18 -2982.48 | -1616.18 -1616.18 -1614.17
500 246 254 58 442 | 1 500 1 500
9 -1614.28 -2982.49 | -1613.34 -2982.49 | -1613.34 -1613.34 -1610.46
500 236 264 60 440 | 1 500 1 500
10 -1637.37 -2997.02 | -1635.64 -2997.02 | -1635.64 -1635.64 -1634.97
500 241 259 63 437 | 1 500 1 500
50 -1570.22 -2935.33 | -1567.07 -2935.33 | -1567.07 -1567.07 -1566.07
500 227 273 54 446 | 1 500 1 500

Notation: In L = log-likelihood from parameters; In L,=maximum log-likelihood under null hypothesis;
In L, =maximum log-likelihood under alternative hypothesis; N = number of maximized log-likelihood

value
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Figure 3.2 Comparison of the global max rate of three distributions under the null hypothesis
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Figure 3.2 is the plot of the global max rate for each distribution of random starting
values for the null hypothesis. Here global max rate = number of global maximized log-
likelihood/ total number of maximized log-likelihoods = number of global maximum log-
likelihood/500. For example, under the null hypothesis, for replicate 1 of distribution (0, 1) , 257
out of 500 has global maximized log-likelihood of -1636.99. Then the global max rate =
257/500=0.514; similarly, for distribution U(0, 0.5), the global max rate = 440/500=0.88; for
U(0,0.1) the global max rate = 500/500=1. Under the alternative hypothesis, the global max rate

=500/500 =1 for all distributions of random starting values.

In conclusion, no more than two maximized log-likelihood values were obtained under
the various settings of the distribution of random starting values. Random starting values that
follow the U(0,0.1) distribution always had maximized value that is equal to the global

maximum. Under H,, both U(0,1) and U(0,0.5) obtained two ‘local maximum’ log-likelihood
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values. Distribution U(0, 1) had around 50% global max rate, and distribution U(0, 0.5) had
around 88% global max rate. Starting values of the misclassification rate that follow distribution
U(0,0.1) showed the best behavior with respect to the estimation of each parameter and the
maximized likelihood. It did not require more iterations till convergence, compared to the other
two distributions. Hence, in the following simulations | chose U(0,0.1) as the distribution of

misclassification rate starting values.
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3-4-3 Results

In this section, | report several simulations to evaluate the performance of the
likelihood ratio test using NGS data in the presence of both non-differential and differential

misclassification at a single locus. The parameter values used in this section are given in

Table 3.4.
Table 3.4 Parameter settings of the simulation studies
Parameter | Notation Value
ab True at-risk allele frequency in control group 0.005, 0.02, 0.05, 0.1
at True at-risk allele frequency in case group al +d
d The difference of at-risk allele frequency 0, 0.01, 0.025
between control and case group
%4 Coverage 8, 40
el True misclassification rate in control group 0.001, 0.04
el True misclassification rate in case group 0.001, 0.04
Ny Number of controls 1000, 2500, 5000,
10000
N, Number of cases 1000, 2500, 5000,
10000
R Number of replicates at each setting 100
S Number of starting points 100
M Number of maximum EM steps per starting 100
point

For each simulation, the starting values of the at-risk allele frequency followed the
uniform distribution U(0, 1), and the starting value of misclassification rate followed the
uniform distribution U(0, 0.1). I considered both non-differential and differential
misclassification rates, that is, the misclassification rate in control and case groups were

(0.001, 0.001), (0.04, 0.04), (0.001, 0.04) and (0.04, 0.001).
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3-4-3-1  The estimated genotype frequencies and misclassification rate from EM

| first performed a simulation to study the estimation of misclassification rates and
genotype frequencies from my EM algorithm. | considered 24 parameter settings with
1000 observations from the control group and 1000 from the case group. Table 3.5
presents the results of estimated misclassification ratios. The misclassification ratio is
defined as the ratio of estimated value of the misclassification rate to the true value of
misclassification rate. In Table 3.5, the first four columns are the correct values of the
parameter settings. The following four columns contain the average and standard deviation
of the estimated misclassification ratios for both null and alternative hypotheses. Table
3.6a presents the results of the estimated genotype frequency ratios under the null
hypothesis. Table 3.6b contains the values of the estimated genotype frequency ratios
under the alternative hypothesis. Here, the genotype frequency ratio is defined to be the
ratio of the estimated value of genotype frequency to the true value of genotype frequency.
In Table 3.6a and Table 3.6b, the first four columns contain the true parameter values. The
next six columns contain the average and standard deviation of the corresponding
estimated genotype frequency ratios under the specific hypothesis. Figure 3.3 and Figure

3.4 are the graphical representations of Table 3.6a and Table 3.6b.

From the ratio of misclassification rate results, the observed average was between
0.98 and 1.05, and the observed standard deviation was between 0.02 and 0.46. The
observed value from EM algorithm was a good estimate of the true misclassification value

under both the null and alternative hypotheses.
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The average of the estimated genotype ratios ranged from 0.8 to 1.03 under the null
hypothesis, and ranged from 0.40 to 2.80 under the alternative hypothesis. The standard
deviation of the estimated genotype ratios was between 0.42 to 5.22 under the null
hypothesis, and was between 0.00 and 10.44 under the alternative hypothesis. From Figure
3.4a and 3.4b, the EM algorithm provided good estimates of the common homozygote and
heterozygote genotype frequencies under different parameter settings. The estimation of
the rare homozygote genotype depended on the true at-risk allele frequencies. As the true
at-risk allele frequency increased, the accuracy of the estimation of the rare homozygote
genotype frequencies increased. There was no significant pattern of parameter estimations

for differential and non-differential misclassification rates.
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Table 3.5 Estimated misclassification ratio distribution under simulation settings

T t-risk allel True Estimated misclassification
ruiri _ngnca €€ misclassification ratio
q y rate Control Case
Control Case  Control Case AVE SD AVE SD
0.001 0.001| 102 020 101 024
0.04 0.04| 1.00 0.04 0.99 0.03
0.005 0.005
0.001 0.04| 1.00 003 101 0.24
0.04 0.001| 1.03 024 101 0.04
0.001 0.001| 099 0.17 098 0.19
0.02 0.02 0.04 0.04| 100 0.03 1.00 0.03
0.001 0.04| 100 0.03 099 0.16
0.04 0.001| 1.00 0.18 1.00 0.03
0.001 0.001| 101 0.15 099 0.17
0.04 0.04| 100 0.02 1.00 0.03
0.005 0.015
0.001 0.04| 100 0.02 099 0.16
0.04 0.001| 099 0.17 1.00 0.02
0.001 0.001| 098 0.17 098 0.17
0.04 0.04| 1.00 0.02 1.00 0.02
0.005 0.03
0.001 0.04| 100 0.02 099 0.13
0.04 0.001| 099 0.16 100 0.02
0.001 0.001| 099 0.16 1.02 0.14
0.04 0.04| 100 0.03 1.00 0.02
0.02 0.03
0.001 0.04| 099 0.03 099 0.16
0.04 0.001| 2101 017 100 0.03
0.001 0.001| 1.00 0.03 1.00 0.02
0.04 0.04| 100 0.03 1.00 0.02
0.02 0.045
0.001 0.04| 100 0.03 099 0.14
0.04 0.001| 1.02 019 1.00 0.02

Note: Number of cases = 1000. Number of controls = 1000. Coverage = 8.
Number of replicates = 100. Number of starting points = 100.

Notation: Estimated misclassification ratio = Estimated misclassification rate/ true
misclassification rate. SD = Standard

62



Table 3.6a Estimated genotype frequency ratios under the null hypothesis

Under the null hypothesis

True at-risk allele True Estimated genotype frequency ratio
frequency misclassification rate Do D1 Dy

Control ~ Case Control Case |AVE SD AVE SD AVE SD

0.001 0.001]| 1.00 0.00 0.99 0.24 0.80 3.94
0.04 004 | 1.00 0.00 0.99 0.23 1.00 4.38

0.005  0.005
0.001 0.04] 1.00 000 098 0.20 1.00 5.22
0.04 0.001]| 1.00 0.00 0.99 0.18 1.00 4.38
0.001 0001 1.00 000 1.00 010 1.02 1.29
0.02 0.02 0.04 004] 100 001 101 012 0.92 1.09
0.001 004| 1.00 000 101 012 0.83 1.04
0.04 0.001| 100 0.00 098 0.12 0.89 1.04
0.001 0.001| 100 001 099 0.07 0.99 047
0.05 0.05 0.04 0.04] 100 001 100 0.06 1.00 0.42

0.001 0.04] 100 001 100 0.08 0.99 0.46
0.04 0001] 1.00 001 1.01 0.07 1.03 045

Note: Number of cases = 1000. Number of controls = 1000. Coverage = 8. Number of
replicates = 100. Number of starting points = 100.

Notation: p;= frequency of genotype j (j = 0,1,2). Estimated genotype frequency ratio =
Average estimated genotype value/ true genotype value. AVE = Average of estimated
genotype frequency ratio. SD = Standard deviation of estimated genotype frequency ratio.
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Figure 3.3a Average of estimated genotype frequency ratio under the null hypothesis
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Figure 3.3b Standard deviation of estimated genotype frequency ratio under the null
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Table 3.6b Estimated genotype frequency ratios under the alternative hypothesis

Under the alternative hypothesis
True at-risk allele True Estimated genotype frequency ratio
frequency misclassification rate oo o Dus Do D1y D1
Control ~ Case Control Case |AVE SD AVE SD AVE SD AVE SD AVE SD AVE SD
0.001 0.001| 100 000 098 031 0.80 563 100 000 1.00 0.17 1.02 1.98
0.005 0015 0.04 0.04] 100 000 103 032 080 563 1.00 001 101 019 0.80 1.93
0.001 0.04| 1.00 000 099 037 120 6.86 100 0.01 100 017 111 213
0.04 0.001| 100 0.00 1.03 030 0.80 563 1.00 0.01 100 0.18 0.98 1.85
0.001 0.001| 100 0.00 1.01 036 2.00 1044 1.00 0.01 099 0.14 1.02 0097
0.005 0.03 0.04 0.04]| 100 000 1.07 030 160 7.88 100 0.01 101 013 1.08 1.13
0.001 0.04] 100 000 099 032 040 4.00 1.00 001 098 011 0.96 0.99
0.04 0.001| 100 0.00 1.00 029 2.80 1026 1.00 0.01 100 0.13 1.04 1.02
0.001 0.001| 1.00 0.01 1.00 0.14 100 138 100 001 100 0.12 1.12 1.13
0.02 0.03 0.04 004 100 001 099 017 112 193 100 0.01 098 011 1.01 1.23
0.001 004] 100 001 101 016 0.87 139 100 0.01 1.02 014 1.03 1.03
0.04 0.001| 100 0.01 1.02 016 1.02 143 100 0.01 101 0.14 1.09 1.00
0.001 0.001]| 100 001 101 016 112 182 100 0.01 100 0.10 1.02 0.63
0.02 0.045 0.04 0.04| 1.00 001 1.02 017 095 166 100 0.01 1.01 010 1.04 0.70
0.001 0.04| 100 001 100 016 0.85 147 100 0.01 098 010 0.94 0.66
0.04 0.001| 1.00 0.01 1.00 0.14 108 164 100 001 101 011 0096 0.61
0.001 0.001| 1.00 001 1.01 010 0.98 064 1.00 0.01 1.00 0.07 0.98 0.30
0.04 0.04| 1.00 0.01 0.99 008 106 065 1.00 0.01 1.00 0.06 0.95 0.33
0.05 01 0001 004| 100 001 101 009 096 058 100 001 1.00 006 099 034
0.04 0.001| 1.00 001 1.00 010 091 063 1.00 0.01 1.00 0.06 0.99 0.32

Note: Number of cases = 1000. Number of controls = 1000. Coverage = 8. Number of replicates = 100. Number of starting points = 100.Notation:
Estimated genotype frequency ratio = average estimated genotype value/ true genotype value. AVE = average of estimated genotype frequency ratio. SD =
standard deviation of estimated genotype frequency ratio. p;;= frequency of genotype j with affect status i. (i = 0,1.j = 0,1,2).
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Figure 3.4a Average of estimated genotype frequency ratio under the alternative hypothesis

Average of estimated genotype frequency ratios under the alternative hypothesis
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Figure 3.4b Standard deviation of estimated genotype frequency ratio under the alternative
hypothesis

Standard deviation of estimated genotype frequency ratios under the alternative hypothesis
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3-4-3-2 The properties of LRTyes

Under the null hypothesis, the test statistic LRTngs appeared to follow an asymptotic
central chi-square distribution with two degrees of freedom. Under the null hypothesis, the
expected value of LRTygs should be equal to its degrees of freedom, i.e. 2. | studied the
properties of the test statistic LRTngs from the simulations as described in section 3-4-1. |
defined the average of LRTyes as the sum of simulated LRTngs values divided by the total

number of replicates.

Table 3.7 contains the results of the average LRTngs with different parameter settings
under the null hypothesis. The first two columns are the values of the true misclassification
rates, the next two columns are the true at-risk allele frequencies, and the last two columns
are the average and standard deviation of the LRTngs from simulations. The comparisons of
the average LRTngs with different at-risk allele frequencies in Table 3.7 are displayed in

Figure 3.5.

Table 3.7 Results of LRTygs under the null hypothesis

_ '_I'r_ue _ True at-risk LRTnes
misclassification rate  allele frequency

Control Case Average SD
0.005 1.07 1.34
0.02 1.68 1.48
0.001 0.001 0.05 1.90 1.97
0.1 1.95 1.87
0.005 1.08 1.11
0.04 0.04 0.02 1.65 1.61
0.05 2.02 2.01
0.1 2.26 2.56
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Table 3.7 (Continued) Results of LRTngs under the null hypothesis

Misclassification At-risk allele

rate frequency LRTnes

Control Case mean SD
0.005 1.12 1.29
0.02 181 1.47

0.001 0.04
0.05 2.28 1.75
0.1 2.23 2.61
0.005 1.13 1.28
0.02 1.52 1.49

.04 .001
00 0.00 0.05 1.95 2.36
0.1 2.06 1.85

Note: Number of controls is 1000, number of cases is 1000. Number of replicates is 100. Coverage =
8.

Figure 3.5 Comparison of the average LRTNGS for different at-risk allele frequency

Average of LRTNGS on different at-risk allele frequencies under the null
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Under the null hypothesis, for sample size 1000 in each group, with both non-
differential and differential misclassification rate, the value of the average LRTygs was
between 1 and 2.3. As the true at-risk allele frequency increased, the value of the average
LRTngs increased. When the true at-risk allele frequency was less than 0.05, the average
LRTngs was less than 2. When the true at-risk allele frequency was equal or greater than 0.05,
the average LRTngs was around 2, which was the degrees of freedom of central chi-square
test. When the sample size was small and the true at-risk allele frequency was small, the cell
count of the rare homozygotes was extremely low. The effective degree of freedom was less
than 2, so that the average of LRTygs was less than 2. A possible future study would be to

evaluate the properties of LRTngs USing permutation testing.

| then performed another set of simulations to study the effect of sample size on the
average of the LRTngs under the null hypothesis. Three sample sizes in each group were
considered here: 2500, 5000 and 10000. The simulation results are shown in Table 3.8. The
first column is the true at-risk allele frequency. The second column contains the setting of
sample size. The next 12 columns contain the results of LRTngs under different
misclassification rates. Under each setting of misclassification rates, the first column was the
average of the simulated LRTygs; the second column was the standard deviation of the
simulated LRTngs, and the third column was the 95 percentile of the simulated LRTngs, The
last row of Table 3.8 contains the average, standard deviation, and 95 percentile of the
asymptotic LRTngs under the null hypothesis. Figure 3.6 shows the relationship between
average LRTyes and sample size with different at-risk allele frequencies under the null

hypothesis.
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Table 3.8 Simulated LRTNGS values for different sample size under the null hypothesis

_ Simulated LRTy¢s
True”atl—rlsk Sample True misclassification rate in control and case group
freaqueeﬁcy size (0.001,0.001) (0.04,0.04) (0.001,0.04) (0.04,0.001)
AVE | SD |95% | AVE | SD | 95% | AVE | SD | 95% | AVE | SD 95%
2000 | 1.07 | 133 (324|108 |111(333| 112 |129|387| 113 | 1.28 | 3.92
0.005 5000 142 | 143|396 | 1.40 | 151|449 | 133|168 |362| 115 | 1.33 | 3.83
10000 | 1.49 | 145|383 | 151 (159|402 | 144 | 150|472 | 152 | 149 | 4.18
20000 | 1.83 {180 |5.35| 1.67 |158|4.78 | 1.62 | 191|458 | 1.70 | 1.75 | 5.58
2000 168 | 148 | 4.88 | 155 | 136|438 | 1.72 | 215 | 4.66 | 152 | 149 | 4.50
0.02 5000 180 | 1.72 | 493 | 1.65 | 160|453 | 1.81 | 147 | 440 | 187 | 211 | 4.99
10000 | 1.93 | 1.73 | 5.14 | 1.80 [ 153|591 | 193 | 151|577 | 222 | 159 | 551
20000 | 2.30 | 233|651 | 190 | 190|512 | 241 | 248 | 750 | 237 | 246 | 7.23
Asymptotic LRTygs | 2.00 | 2.00 | 5.99 | 2.00 | 2.00 | 5.99 | 2.00 | 2.00 | 5.99 | 2.00 | 2.00 | 5.99

Note: Coverage = 8

Notation: LRTygs = Statistic from log-likelihood ratio test using NGS data. AVE= Average of
the simulated LRTngs, SD = Standard deviation of the simulated LRTnegs. 95% = 95% percentile
of the simulated LRTngs

Figure 3.6 Distribution of the average LRTNGS for different sample size with at-risk allele
frequency 0.005 (figure (a)) and 0.02 (figure (b)) under the null hypothesis
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Using the results from Table 3.8, I then performed a linear regression analysis on the
average LRTngs and the sample size given the fixed at-risk allele frequencies and
misclassification rate. The general form of each linear regression can be written as:

- 1
LRTNGS =Qa +ﬁ\/_ﬁ

where LRTygs IS the average of the simulated LRTygs and N is the sample size N. The terms «

and g are the regression coefficients.

Table 3.9 contains the results of the linear regression analysis under each parameter
setting. The first column contains the values of true at-risk allele frequency, the second and third
column contain the value of misclassification rates in control and case group. Column @ contain
the estimated value of regression intercept, a, and column b contain the estimated value of

regression coefficient 5. The column labeled Pr(> |t|) is the corresponding p-value. The column

labeled R? is the coefficient of determination.
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Table 3.9 Linear regression of average LRTngs on sample size

At-risk
?rltlazllfency Misclassification Model: LRTygs = a + ﬁ\/iﬁ
Control Case a Pr(>lt) b Pr(>|t]) R?
Non-differential
0.005 0.001 0.001 2.06 0.004 -45.06 0.039 0.92
0.04 0.04 1.92 0.000 -37.37 0.004 0.99
0.02 0.001 0.001 2.40 0.007 -35.32 0.126 0.76
0.04 0.04 1.93 0.000 -17.26 0.023 0.96
Differential
0.005 0.001 0.04 1.79 0.001 -30.88 0.019 0.96
0.04 0.001 1.82 0.022 -33.10 0.218 0.61
0.02 0.001 0.04 2.47 0.012 -37.81 0.183 0.67
0.04 0.001 2.75 0.001 -56.53 0.011 0.98

From Table 3.9, the estimated intercept of the regression @ was between 1.79 and 2.75,
and was significant at level 0.05. The estimated coefficient b was between -17.26 and -56.53.
Under non-differential misclassification, the average proportion of variation explained by the

linear regression was 0.91 (=(0.92+0.99+0.76+0.96)/4); Under differential misclassification, the

average proportion of variation explained was 0.81 ((0.96+0.61+0.67+0.98)/4). This linear

regression provided a better fit for non-differential misclassification scenario than differential
misclassification. In general, a low frequency of the at-risk allele requires a greater sample size

than a high frequency of the at-risk allele for the average LRTngs to be close to 2. As sample size

increased, the average of LRT increased with 2 as a plausible limit.
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3-4-3-3 Simulation Power

The previous studies were performed using coverage equaled 8. In this section, I
performed another set of simulations using coverage equaled 40. | then combined the results
from the two scenarios together to study the effects of coverage on the power of the test

statistic.

Simulation power (Powers;,,) was defined as the proportion of test statistic values that
exceed the critical value from the simulation. The critical value from the simulation was the
value on the scale of the simulated LRTygs beyond which | rejected the null hypothesis at the
level of significance a of the test. i.e.:

# of (simulated LRTygg > critical value from simulation)
Total number of replicates

Powerg;,, =

The Power estimated by method of moments (Poweregtimateq) Was defined as:

Poweregtimated = P()(Z(Z,i) = X%—a(z))

Where y2(2, 1) was the non-central chi-squared distribution with non-centrality
parameter A and 2 degrees of freedom, yZ_,(2) was the critical value of a central chi-squared
distribution with 2 degrees of freedom at significance level . From the method of moments, 1
was calculated as the difference between average of simulated LRTygs and the degrees of

freedom, i.e.: 1 = Average(LRTygs) — 2.

Table 3.10 contains the power of the simulation and the power estimated by the method

of moments under different parameter settings at significance level 0.05. The first four columns
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showed the true parameter values under each setting. The next columns showed the critical

value, the simulation power and the asymptotic power with coverage = 8 and coverage = 40

respectively.

Table 3.10 Distribution of directly simulated power and estimated power from NCP using
method of moments

At-risk allele Misclassification Coverage
frequency rate 8 40
critical critical
Control | Case Control Case value Powergim, PowerASym value Powergim, PowerAsym
0.001 | 0.001 3.24 0.96 0.80 3.99 0.96 0.81
3.33
0.005 0.015 0.04 0.04 0.84 0.70 3.70 0.93 0.79
0.001 | 0.04 3.87 0.90 0.75 4.42 0.91 0.81
0.04 | 0.001 3.92 0.87 0.70 4.23 0.89 0.78
0.001 | 0.001 3.24 1.00 1.00 3.99 1.00 1.00
0.04 0.04 3.33
0.005 0.03 1.00 1.00 3.70 1.00 1.00
0.001 0.04 3.87 1.00 1.00 4.42 1.00 1.00
0.04 | 0.001 3.92 1.00 1.00 4.23 1.00 1.00
0.001 | 0.001 4.68 0.55 0.40 4.88 0.58 0.47
.04 .04
0.02 0.03 0.0 0.0 4.38 0.32 0.42 5.31 0.52 0.43
0.001 0.04 4.66 0.51 0.40 5.15 0.54 0.45
0.04 | 0.001 450 0.50 0.40 4.98 0.51 0.42
0.001 | 0.001 4.68 0.99 0.98 4.88 1 0.98
0.02 0.045 0.04 0.04 4.38 0.98 0.97 5.31 1 0.99
0.001 0.04 4.66 0.97 0.97 5.15 0.99 0.98
0.04 | 0.001 4.50 0.99 0.97 4.98 1 0.98

Note: Number of cases = 1000. Number of controls = 1000. Significance level = 0.05.
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Table 3.10 showed that the power determined by the simulation was always larger than
power determined by the NCP using the method of moments. As the difference between at-risk
allele frequencies in control and case group increased, the power increased. In the situation
where the difference in allele frequencies was the same, low at-risk allele frequencies always had
higher power at the same significance level. The power in the presence of differential
misclassification was always in between the high and low non-differential misclassification

powers when all other parameters were the same.

Comparing the results of 40 coverage to 8 coverage, when all other parameters were the
same, and the difference of the at-risk allele frequency in control and case group was greater than
0, the 40 coverage had the larger critical value and larger power than the 8 coverage. for the
same significance level. For example, when the at-risk allele frequencies in control and case
group were 0.005 and 0.015 respectively, and the misclassification rates in control and case
groups were 0.04 and 0.04, the 40 coverage power was 0.93 at significance level 0.05, while the
8 coverage power was 0.84 at significance level 0.05. The critical values of the coverage 40

seemed to be closer to the asymptotic distribution than the critical values for coverage 8.

75



Chapter 4 Discussions and Future Work

Variants with low frequency may contribute a large fraction of risk in genetically
associated diseases. Misclassification of the genotype reduces the power and increases the bias of
the estimation of genetic parameters. In this dissertation, | studied the effect of misclassification

error for case-control association studies with low frequency of at-risk allele.

| extended the result of Ji et al. for the NCP for the Likelihood Ratio Test Allowing for
allelic errors. The NCP was a function of the sample size, genotype frequencies and genotype
misclassification errors. My simulation study showed that the asymptotic power using this NCP
predicted the simulation power. The NCP thus can be used to calculate the asymptotic power for
a fixed sample size and/or sample size for a fixed power for the association test at any
significance level. For smaller sample sizes, power decreased as the misclassification rate
increased for fixed minor allele frequencies in cases and controls. A large sample size was
required to maintain the power for small minor allele frequencies. An R script that considered the
genotype misclassification at a base pair was given in Appendix A to calculate the power gain or

loss based on given parameter values.

| then studied the association testing with NGS technology. | present a test statistic that
allows for genotype misclassification using base pair reads directly from sequencing. This
statistic can test for association with observed genotype and misclassification errors in the data.
This statistic provided asymptotically unbiased estimations of genotype frequencies and
genotype misclassification rates using the Bayesian posterior probability. Based on the results of

simulation studies, low frequency of at-risk allele required a greater sample size than high
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frequency of at-risk allele to maintain power. Also, genotyping misclassification error resulted in

an increase in the required sample size to maintain power at a fixed level of significance.

In this dissertation, | noticed when the at-risk allele frequency was small, the average of
test statistic was less than 2 in the simulation studies. Possible future work would be to evaluate
the properties of the test statistic using permutation testing. Additionally, the NCP for the
likelihood ratio test using NGS data could be developed. In this way, power and sample size

calculations for any parameter settings could be determined at any significance level.
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Appendices

Code R

A. Non-centrality parameter from Fisher’s information matrix of association test for a

base pair

ncp_power_fisher<-function(pt10,pt11,q0,N,e,a){
ql<-1-q0
p01<-(1-e+(2*e-1)*pt10)*q0
p02<-(e-(2*e-1)*pt10)*q0
pll<-(1-e+(2*e-1)*ptll)*ql
pl2<-(e-(2*e-1)*ptll)*ql
i111<-N*(2*e-1)"2*(q0"2*(1/p01+1/p02)+q172*(1/p11+1/p12))
112<-N*(q0"2*(2*e-1)*(1/p01-1/p02)-q1"2*(2*e-1)"2*(1/p11+1/p12))
121<-N*(2*e-1)*(q0"2*(1/p01-1/p02)-q1"2*(1/p11-1/p12))
i22<-N*(q0"2*(1/p01+1/p02)+q1"2*(2*e-1)*(1/p11-1/p12))
i33<-N*(1/q0+1/q1)
i113<-0
i23<-0
i31<-0
i32<-0
J<-111-c(i12, i113)%*%solve(matrix(c(i22,i32,i23,i33),2,2))%*%c(i21,i31)
ncp<-(ptl0-ptll)*J*(pt10-ptll)

power_ncp<-1-pchisq(qchisq(1-a,1),1,ncp)
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return(c(ncp,power_ncp))

ks

B. Likelihood Ratio Test allowing for misclassification using NGS data by EM
algorithm

library(MASS)
comb<-function (h,m){
factorial(n)/(factorial(m)*factorial(n-m))
}
#a: number of settings
EMLRT <- function (nl1_cases, n1_control, S, qt0, N, V, p, a){
gqtl <-1-qt0
NO <- N * qt0 # Number of Controls, remains constant through each EM algorithm update
N1 <- N - NO # Number of Cases
EMLRT_HO <- function(nl_cases,nl_control, S, p, a) {
e_matrix_HO <- matrix(,S,2)
p_matrix_HO0 <- matrix(,S,3)
InLO <-¢()
r_HO_vec <-c()
r_control <- c()
r_case <-c¢()
control_geno <- ¢()
case_geno <- ¢()
control_geno_e <-¢()

case_geno_e <-c()
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t00 <-¢()
t01 <- ¢()
t02 <- ¢()
t10 <- ¢()
t11 <-c()
t12 <- ¢()
for (iin 1: S) { # S: starting points
#cat ("The number of starting point:", S, "\n")
r HO<-0
InLO_new <- 0
InLO old <- 10
at0_old <- runif(1,0,1) # starting point of at0
#atl _ini <- runif(1,0,1) # starting point of atl
#Under HO, at0 = atl
atl_old <- at0_old
e0_old <- runif(1,0,0.1) # starting point of e0
# Here, assuming the symmetric error rates so thate0 21 =e0_12
#e0_old <- runif(1,0,0.1) # starting point of el

e0_old <-e0_old

el old <- runif(1,0,0.1) # starting point of el 12
el old <-el old

#el 21 old <- runif(1,0,0.1) # starting point of el 21
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pt00_old <- (1-at0_old)"2

pt01_old <- 2*at0_old*(1-at0_old)

pt02_old <- (at0_old)"2

ptl0_old <- (1-atl_old)"2

ptll old <- 2*atl_old*(1-atl_old)

ptl2_old <- (atl_old)"2

flag <- 0

while (flag == 0) {

if (abs(InLO_new - InLO_old) > 107(-3)) {
InLO_old <- InLO_new

u00_old <- (2-0)/2*e0_old + (0/2)*(1-e0_old)
u01_old <- (2-1)/2*e0_old + (1/2)*(1-e0_old)
u02_old <- (2-2)/2*e0_old + (2/2)*(1-e0_old)
ul0_old <- (2-0)/2*el_old + (0/2)*(1-e1_old)
ull old <- (2-1)/2*el_old + (1/2)*(1-el_old)
ul2 old <- (2-2)/2*el_old + (2/2)*(1-el_old)
pt0_old <- pt00_old

ptl old <- pt01 old

pt2_old <- pt02_old

InLO_control_old <-0
InLO_case old<-0

for (min 1:NO) {
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InLO_control_old <- InLO_control_old +

log((comb(V, n1_control[m])*u00_old*n1_control[m]*(1-
u00_old)*(V-n1_control[m]))*pt0_old*qt0 +

(comb(V, n1_control[m])*u01_old*n1_control[m]*(1-
u01_old)*(V-nl_control[m])*ptl_old*qt0) +

(comb(V, n1_control[m])*u02_old"n1_control[m]*(1-
u02_old)*(V-n1_control[m])*pt2_old*qt0))

}
for (min 1:N1) {
InLO_case_old <- InLO_case_old +

log((comb(V, n1_cases[m])*ul0_old™nl_cases[m]*(1-
ul0_old)*(V-n1_cases[m]))*pt0_old*qtl +

(comb (V, n1_cases[m])*ull old™nl cases[m]*(1-ull old)"(V-
nl_cases[m])*ptl_old*qtl) +

(comb(V,n1_cases[m])*ul2_old™n1_cases[m]*(1-ul2_old)*(V-
nl_cases[m])*pt2_old*qtl))

}
InLO_new <- InLO_control_old + InLO_case_old
#ti,j: tao_ij_m postior probability

for (m in 1:NO) # control group

{

t00[m] <- (u00_old”nl1_control[m]*(1-u00_old)*(\V-n1_control[m])*pt0_old)/
((u00_old™n1_control[m]*(1-u00_old)*(V-n1_control[m])*pt0_old)+
(u01_old™n1_control[m]*(1-u01_old)*(V-n1_control[m])*ptl_old)+
(u02_old™n1_control[m]*(1-u02_old)*(V-n1_control[m])*pt2_old))

t01[m] <- (u01_old"*nl1_control[m]*(1-u01_old)*(V-n1_control[m])*ptl_old)/
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((uo0_old™n1_control[m]*(1-u00_old)*(\VV-n1_control[m])*pt0_old)+
(u01_old™n1_control[m]*(1-u01_old)*(V-n1_control[m])*ptl_old)+
(u02_old™n1_control[m]*(1-u02_old)*(V-n1_control[m])*pt2_old))

t02[m] <- (u02_old"n1_control[m]*(1-u02_old)*(V-n1l_control[m])*pt2_old)/

((u00_old™n1_control[m]*(1-u00_old)*(V-n1l_control[m])*pt0_old)+
(u01_old™n1_control[m]*(1-u01_old)*(V-n1_control[m])*ptl_old)+

(u02_old™n1_control[m]*(1-u02_old)*(\VV-n1_control[m])*pt2_old))

}
for (m in 1:N1) # case group, i=1
{
#j=0

t10[m] <- (u10_old"™n1_cases[m]*(1-ul0_old)*(V-n1_cases[m])*pt0_old)/
((u10_old™n1_cases[m]*(1-ul0_old)*(V-n1_cases[m])*pt0_old)+
(ull_old™nl_cases[m]*(1-ull_old)(V-nl_cases[m])*ptl_old)+

(u12_old™n1_cases[m]*(1-ul2_old)(V-nl_cases[m])*pt2_old))

#j=1

t11[m] <- (u1ll_old™nl_cases[m]*(1-ull_old)*(V-nl_cases[m])*ptl_old)/
((u10_old™n1_cases[m]*(1-ul0_old)*(V-n1l_cases[m])*pt0_old)+
(u1ll old™nl_cases[m]*(1-ull old)*(V-nl_cases[m])*ptl_old)+
(u12_old™nl1_cases[m]*(1-ul2_old)(V-nl_cases[m])*pt2_old))

#j=2

t12[m] <- (u12_old™nl_cases[m]*(1-ul2_old)*(V-nl_cases[m])*pt2_old)/
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((u10_old™n1_cases[m]*(1-ul0_old)*(V-n1l_cases[m])*pt0_old)+
(ull_old™nl_cases[m]*(1-ull_old)(V-nl_cases[m])*ptl_old)+
(u12_old™n1_cases[m]*(1-ul2_old)(V-nl_cases[m])*pt2_old))

}
t00_sum_old <- 0
t01 sum old<-0
t02_sum_old <-0
t10 sum old<-0
t11 sum_old<-0
t12 sum_old <- 0
for (min 1:NO) {
t00_sum_old <- t00_sum_old + t00[m]
t01_sum_old <- t01_sum_old + t01[m]
t02_sum_old <- t02_sum_old + t02[m]
}
for (min 1:N1) {
t10_sum_old <- t10_sum_old + t10[m]
t11 sum_old <-t11 sum_old + t11[m]
t12_sum_old <- t12_sum_old + t12[m]
}
pt0_new <- (t00_sum_old + t10_sum_old) / N
ptl_new <- (t01_sum_old + t11_sum_old) /N

pt2_new <- (t02_sum_old +t12_sum_old) /N

86



M1_control <- 0
M2_control <- 0
M1 case <-0
M2 _case <-0
for (m in 1: NO) { # Control group

M1_control <- M1_control + n1_control[m] * tOO[m] + (V - n1_control[m]) *
t02[m]

M2_control <- M2_control + VV * (t00[m] + t02[m])
}
for (min 1:N1) { # Case Group
M1 _case <- M1 _case + n1_cases[m] * t10[m] + (V - n1_cases[m]) * t12[m]
M2_case <- M2_case + V * (t10[m] + t12[m])
}
e0_new <- M1_control/M2_control
el new <- M1 _case/M2_case
e0_old <- e0_new
el old <-el new
pt00_old <- pt0_new
pt01_old <- ptl_new
pt02_old <- pt2_new
ptl0_old <- pt0_new
ptll old <- ptl_new
ptl2_old <- pt2_new

pt_new <- c(pt0_new, ptl_new, pt2_new)
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r HO<-r HO+1

} #if

else {flag <- 1}

if (r_HO >=100) {flag <- 1}

} # while

e_matrix_HO[i,] <- c(e0_new, el_new)
p_matrix_HO[i,] <- c(pt0_new,ptl_new,pt2_new)
InLO[i] <- InLO_new

r HO vec[i] <-r_HO

} # for(i in 1.S)

write.table(e_matrix_HO, paste(paste(*'C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/e_matrix_HO_rep", sep =
"),p,"txt", sep = "))

write.table(p_matrix_HO, paste(paste("C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/p_matrix_HO_rep", sep =

"),p,"txt", sep = "))

write.table(r_HO_vec, paste(paste("'C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/r_HO_rep", sep =

=)

write.table(InLO, paste(paste("C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/InL0_rep"”, sep ="™"),p,".txt", sep =

),

#return(InLO)

),p,".txt", sep

#cat("LRT_HOis: ", LRT_HO0, "\n")
} # End of LRT_HO
EMLRT_H1 <- function(nl_cases,n1_control, S, p, a){

e_matrix_H1 <- matrix(,S,2)
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p_matrix_H1 <- matrix(,S,6)
InL1 <-¢()
r_ H1 vec <-c()

#r_H1 <- 0 # count of step

for (i in 1: S) { # S: starting points under H1

#cat ("The number of starting point:", S, "\n")

r H1<-0

pt00_old <- (1-at0_old)"2

at0_old <- runif(1,0,1) # starting point of atO under H1

atl old <- runif(1,0,1) # starting point of atl under H1

#Under H1, at0 != atl

e0_old <- runif(1,0,0.1) # starting point of e0 under H1

# Here, assuming the symmetric error rates so that e0_21 =e0_12

#e0_old <- runif(1,0,0.1) # starting point of el under H1

el old <- runif(1,0,0.1) # starting point of el under H1

#el old <- runif(1,0,0.1) # starting point of el

pt01_old <- 2*at0_old*(1-at0_old)

pt02_old <- (at0_old)"2

ptl0_old <- (1-atl_old)"2

ptll old <- 2*atl old*(1-atl old)

ptl2_old <- (atl_old)"2

InL1 new<-0
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InL1 old <- 10
# %%%%%%%%%%% Loop starts
t00 <- ¢()
t01 <- ¢()
t02 <- ¢()
t10 <- ¢()
t11 <-¢()
t12 <-¢()
flag <- 0
while (flag == 0) {
if (abs(InL1 _new - InL1 old) > 10"(-3)) { # EM under H1
InL1 old <- InL1_new
u00_old <- (2-0)/2*e0_old + (0/2)*(1-e0_old)
u01_old <- (2-1)/2*e0_old + (1/2)*(1-e0_old)
u02_old <- (2-2)/2*e0_old + (2/2)*(1-e0_old)
ul0_old <- (2-0)/2*el_old + (0/2)*(1-el_old)
ull old <- (2-1)/2*el_old + (1/2)*(1-el_old)
ul2_old <- (2-2)/2*el_old + (2/2)*(1-e1_old)
InL1_control_old <-0
InL1 case old<-0

for (m in 1:NO) {

InL1 control_old <- InL1_control_old +

log((comb(V, n1_control[m])*u00_old™n1_control[m]*(1-
u00_old)*(V-n1_control[m]))*pt00_old*qt0 +
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(comb(V, n1_control[m])*u01_old"n1_control[m]*(1-
u01_old)*(V-nl_control[m])*pt01_old*qt0) +

(comb(V, n1_control[m])*u02_old"n1_control[m]*(1-
u02_old)*(V-n1_control[m])*pt02_old*qt0))

}
for (min 1:N1) {
InL1 case old <-InL1 case old +

log((comb(V, n1_cases[m])*ul0_old™n1_cases[m]*(1-
ul0_old)*(V-nl_cases[m]))*pt10_old*qtl +

(comb (V, n1_cases[m])*ull old™nl cases[m]*(1-ull old)"(V-
nl_cases[m])*ptll old*qtl) +

(comb(V,n1_cases[m])*ul2_old™n1_cases[m]*(1-ul2_old) (V-
nl_cases[m])*ptl2_old*qtl))

}
InL1 new <-InL1 control _old + InL1 case old
for (m in 1:NO) # control group
{
t00[m] <- (u00_old"n1_control[m]*(1-u00_old)*(V-n1_control[m])*pt00_old)/
((u00_old™n1_control[m]*(1-u00_old)*(V-n1_control[m])*pt00_old)+
(u01_old™n1_control[m]*(1-u01_old)*(V-n1_control[m])*pt01_old)+
(u02_old™n1_control[m]*(1-u02_old)*(V-n1_control[m])*pt02_old))
t01[m] <- (u01_old*nl_control[m]*(1-u01_old)*(V-n1_control[m])*pt01_old)/
((u00_old™n1_control[m]*(1-u00_old)*(V-n1_control[m])*pt00_old)+
(u01_old™n1_control[m]*(1-u01_old)*(V-nl_control[m])*pt01_old)+
(u02_old™n1_control[m]*(1-u02_old)*(V-n1_control[m])*pt02_old))

t02[m] <- (u02_old"n1_control[m]*(1-u02_old)*(V-n1_control[m])*pt02_old)/
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((uo0_old™n1_control[m]*(1-u00_old)*(V-n1_control[m])*pt00_old)+
(u01_old™n1_control[m]*(1-u01_old)*(V-n1_control[m])*pt01_old)+

(u02_old™n1_control[m]*(1-u02_old)*(V-n1_control[m])*pt02_old))

}
for (m in 1:N1) # case group, i=1
{
#j=0

t10[m] <- (u10_old"*n1_cases[m]*(1-ul0_old)*(V-n1l_cases[m])*pt10_old)/
((u10_old™n1_cases[m]*(1-ul0_old)*(V-n1_cases[m])*pt10_old)+
(ull old™nl_cases[m]*(1-ull old)*(V-nl_cases[m])*ptll old)+
(u12_old™nl_cases[m]*(1-ul2_old)*(V-nl_cases[m])*pt12_old))
#j=1
t11[m] <- (ul1_old™n1_cases[m]*(1-ull_old)*(V-n1_cases[m])*pt1ll_old)/
((u10_old™n1_cases[m]*(1-ul0_old)*(V-n1_cases[m])*pt10_old)+
(ull old™nl_cases[m]*(1-ull old)*(V-nl_cases[m])*ptll old)+
(u12_old™nl_cases[m]*(1-ul2_old)(V-nl_cases[m])*pt12_old))
#j=2
t12[m] <- (u12_old™n1_cases[m]*(1-ul2_old)*(V-n1l_cases[m])*pt12_old)/
((u10_old™n1_cases[m]*(1-ul0_old)*(V-n1_cases[m])*pt10_old)+
(ull old™nl_cases[m]*(1-ull old)*(V-nl_cases[m])*ptll old)+
(u12_old™n1_cases[m]*(1-ul2_old)*(V-nl_cases[m])*pt12_old))
}

t00_sum old <-0
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t01 sum old<-0

t02_sum_old <-0

t10 sum_old <-0

t11 sum_old<-0

t12 sum_old <- 0

for (min 1:NO) {
t00_sum_old <- t00_sum_old + t00[m]
t01_sum_old <- t01_sum_old + t01[m]
t02_sum_old <- t02_sum_old + t02[m]

}

for (min 1:N1) {
t10_sum_old <- t10_sum_old + t10[m]
t11 sum_old <-t11 sum_old + t11[m]
t12_sum_old <- t12_sum_old + t12[m]

}

pt00_new <-t00_sum_old / NO

pt01 _new <-t01 sum_old/ NO

pt02_new <-t02_sum_old / NO

ptl0_new <-t10 sum_old /N1

ptll new <-t11 sum_old /N1

ptl2_new <-t12 sum_old /N1

e0_new<-0

el new<-0
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M1_control <- 0
M2_control <- 0
M1 case <-0
M2 _case <-0
for (m in 1: NO) { # Control group

M1_control <- M1_control + n1_control[m] * tOO[m] + (V - n1_control[m]) *
t02[m]

M2_control <- M2_control + VV * (t00[m] + t02[m])
}
for (min 1:N1) { # Case Group
M1 _case <- M1 case + n1_cases[m] * t10[m] + (V - n1_cases[m]) * t12[m]
M2_case <- M2_case + V * (t10[m] + t12[m])
}
e0_new <- M1_control/M2_control
el new <- M1 _case/M2_case
e0_old <- e0_new
el old <-el new
pt00_old <- pt00_new
pt01_old <- pt01_new
pt02_old <- pt02_new
pt10_old <- pt10_new
ptll old <- ptll new
ptl2_old <- pt12_new

pt_new <- ¢(pt00_new, pt01_new, pt02_new, pt10_new, ptll_new, ptl2_new)
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r Hi<-r_H1+1}

else {flag <- 1} #if

if (r_H1 >=100) {flag <- 1}

} # while

e_matrix_H1[i,] <- c(e0_new, el_new)

p_matrix_H1[i,] <- ¢(pt00_new,pt01_new,pt02_new,pt10_new,ptll new,ptl2 new)
InL1[i] <- InL1 new

r H1 vec[i] <-r_H1

} # for(i in 1.S)

write.table(e_matrix_H1, paste(paste(*'C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/e_matrix_H1_rep", sep =
"),p,"txt", sep = "))

write.table(p_matrix_H1, paste(paste("C:/Users/Ruigi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/p_matrix_H1_rep", sep =
"),p,"txt", sep = "))

write.table(r_H1_vec, paste(paste("'C:/Users/Ruiqi

Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/r_H1 rep", sep =""),p,".txt", sep
=")

write.table(InL1, paste(paste(*"C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/InL1_rep", sep =""),p,".txt", sep =

"))

} # End of the LRT_H1 function

EMLRT_HO(n1_cases,n1_control, S, p, a)
EMLRT_H1(n1_cases,nl1_control, S, p, a)

} # End of EMLRT function

EMLRT all <- function (V, N, qt0, atO_ini, atl_ini, e0_ini, el _ini, S, R, a) {

for (pin 1:R) {
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gqtl <-1-qt0

NO <- N * qt0 # Number of Controls, remains constant through each EM algorithm update
N1 <- N - NO # Number of Cases
pt00 <- (1-at0_ini)"2

pt01 <- 2*at0_ini*(1-at0_ini)
pt02 <- (at0_ini)"2

ptl0 <- (1-atl_ini)"2

ptll <- 2*atl ini*(1-atl_ini)
ptl2 <- (atl_ini)"2

e0 <- e0_ini

el <-el _ini

r_control <- ¢()

r_case <-c¢()

control_geno <- ¢()
case_geno <- ¢()
control_geno_e <-¢()
case_geno_e <-¢()

t00 <- ¢()

t01 <- ¢()

t02 <- ¢()

t10 <- ¢()

t11 <-c¢()

t12 <- ¢()
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r_control <- runif (N0O,0,1)
for j in 1:NO) { #[1
if (r_control[j] <= pt00) {control_geno[j] <- "00"}

else {if ((r_control[j] > pt00) & (r_control[j] <= pt00 + pt01)) {control_genolj] <-
"01"}

else  {control_genol[j] <- "11"}
}
} #1]
r_case <- runif (N1,0,1)
for (j in 1:N1) { #[2
if (r_case[j] <= pt10) {case_geno[j] <- "00"}
else {if ((r_case[j] > pt10)&(r_case[j] <= pt10 + ptll)) {case_geno[j] <- "01"}
else {case_geno[j] <- "11"}
}
F#2]
nl_control <- c()
nl_cases <- c¢()
for (j in 1:NO) { #[3
if (control_geno[j] =="00") { # no allele "1" for individual i at a single base pair position

xless_controls <- rbinom(1,V,e0) # number of
misclassified "2" to "1" alleles

if (xless_controls == 0) {control_geno_e[j] <- "00"}

else {if ((xless_controls > 0) &
(xless_controls < V)) {control_geno_e[j] <- "01"}

else {control_geno_e[j] <- "11"}
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¥

nl_control[j] <- xless_controls

}

else {if (control_geno[j] == "11"){ # all allele "1" for individual i at a single base pair
position #[4

xless_controls <- rbinom(1,V,1-e0) #
numbers of observed less common alleles

if (xless_controls == 0) {control_geno_e[j]
<-"11"}

else {if ((xless_controls >
0)&(xless_controls < V)) {control_geno_eJ[j] <- "01"}

else {control_geno_e[j] <- "00"}
}
nl_control[j] <- xless_controls
}
else {

x1_controls_e <- rbinom(1,V,(1/2)*e0 + (1/2)*(1-e0)) # Number of
observed "1" alleles in control groups

if (x1_controls_e == 0) {control_geno_eJ[j] <- "00"}

else {if ((x1_controls_e > 0)&(x1_controls_e <V))
{control_geno_e[j] <- "01"}

else {control_geno_e[j] <- "11"}

¥

nl_control[j] <- x1_controls_e

¥

}#4]
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}#3]
for (j in 1:N1) { #[3
if (case_geno[j] =="00") { # no allele "1" for individual i at a single base pair position

xless_cases <- rbinom(1,V,el) # number of
misclassified "2" to "1" alleles

if (xless_cases == 0) {case_geno_e[j] <- "00"}

else {if ((xless_cases > 0) & (xless_cases <
V)) {case_geno_e[j] <- "01"}

else {case_geno_e[j] <- "11"}

¥

nl_cases[j] <- xless_cases

}

else {if (case_geno[j] == "11"){ # all allele "1" for individual i at a single base pair
position #[4

xless_cases <- rbinom(1,V,1-el) # number
of misclassified "1" to "2" alleles

if (xless_cases == 0) {case_geno_e[j] <-
"11"}

else {if ((xless_cases > 0)&(xless_cases <
V)) {case_geno_e[j] <- "01"}

else {case_geno_e[j] <- "00"}
}

nl_cases[j] <- xless_cases

¥

else {

x1_cases_e <- rbinom(1,V,(1/2)*el + (1/2)*(1-el))
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if (x1_cases_e == 0) {case_geno_e[j] <- "00"}

else {if ((x1_cases_e > 0)&(x1_cases_e <V))
{case_geno_eJ[j] <- "01"}

else {case_geno_e[j] <- "11"}
}
nl_cases[j] <- x1_cases_e
}
}#4]

}#3]
write.table(case_geno_e, paste(paste(*'C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/case_geno_e_rep™, sep =""), p,
"axt, sep =""))
write.table(control_geno_e, paste(paste("C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/control_geno_e_rep", sep =""), p,
"axt, sep =""))
u00 <- (2-0)/2*e0 + (0/2)*(1-e0)
u0l <- (2-1)/2*e0 + (1/2)*(1-e0)
u02 <- (2-2)/2*e0 + (2/2)*(1-e0)
ulo <- (2-0)/2*el + (0/2)*(1-el)
ull <- (2-1)/2*el + (1/2)*(1-el)
ul2 <- (2-2)/2*el + (2/2)*(1-el)
# The initial log-likelihood
InLO_control_ini <-0
InLO _case ini<-0

for (min 1:NO) {

InLO_control_ini <- InLO_control_ini +
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log((comb(V, n1_control[m])*u00”n1_control[m]*(1-u00)*(V-
nl_control[m]))*pt00*qt0 +

(comb(V, n1_control[m])*u01”nl_control[m]*(1-u01)"(V-
nl_control[m])*pt01*qt0) +

(comb(V, n1_control[m])*u02”nl1_control[m]*(1-u02)(V-
nl_control[m])*pt02*qt0))

for (min 1:N1) {
InLO_case_ini <- InLO_case_ini +

log((comb(V, n1_cases[m])*ul0”nl_cases[m]*(1-ul0)(V-
nl_cases[m]))*ptl0*qtl +

(comb (V, nl1_cases[m])*ull”™nl_cases[m]*(1-ull) (V-
nl_cases[m])*ptll*qtl) +

(comb(V,n1_cases[m])*ul2”nl_cases[m]*(1-ul2)*(V-
nl_cases[m])*pt12*qtl))

}
InLO_ini <- InLO_control_ini + InLO_case_ini

write.table(InLO _ini, paste(paste("C:/Users/Ruiqi
Zhang/Dropbox/Research/2014.3/IncreaseSampleSize/S", a, "/InL_ini_rep"”, sep=""), p, ".txt",

sep="))

EMLRT(n1_cases, n1_control, S, qt0, N, V, p, a)
} # Replicates

} # End of EMLRT _all function
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