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Abstract of the Dissertation
Distributed Estimation in the Presence of Correlation
by
Zhiyuan Weng

Doctor of Philosophy
in

Electrical Engineering

Stony Brook University

2014

We study the problem of distributed estimation, where a group
of nodes are required to cooperate with each other to estimate some
parameter of interest from noisy measurements without a fusion center.
Distributed estimation algorithms are useful in several areas, including
wireless sensor networks, where robustness, scalability, flexibility, and low
power consumption are desirable. In this dissertation, we mainly focus on
the cases where the node measurements are correlated. First, we consider
the problem of fusing multiple estimates from different nodes. Cases
of both known and unknown correlation are investigated. A Bayesian
approach and a convex optimization approach are proposed. Second,
we study the sequential estimation problem where all the nodes in the
network cooperate to estimate a static parameter recursively, and where
the correlation between measurements from different nodes are known. We
propose an efficient distributed algorithm and prove that it is optimal in the
sense that the ratio of the variance of the proposed estimator to that of the
centralized estimator approaches one in the long run. Last, we study the
belief consensus problem in the networks. Instead of estimating a scalar or
a vector, we are interested in the beliefs of nodes, which are represented as
probability densities. The Chi-square information is used as the criterion
to determine the optimal values of the weighting coefficients in the fusion of
densities. We also prove that the optimization problem of minimizing the
Chi-square information with respect to the weighting coefficients is convex,
and therefore can be solved efficiently by existing methods.
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Notation

A — B is a positive semidefinite matrix

A — B is a positive definite matrix

A — B is element-wise nonnegative

A — B is element-wise positive

random variable x is distributed according to p(x)
trace of A

expectation of x

covariance of x

Kronecker product

an identity matrix

an identity matrix with size M x M

a matrix with all entries equal to zero

standard gamma function

multivariate gamma function

normal distribution

Wishart distribution

determinant of A

Euclidean norm of x

Frobenius norm of A

sum of Euclidean norm of columns of A

the set of natural numbers

the set of real numbers

the set of positive real numbers

the set of symmetric matrices

the set of positive definite matrices

neighbors of node ¢

transpose of A

a M x 1 column vector with all entries equal to 1
a M x 1 column vector with all entries equal to 0
Kronecker delta
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Chapter 1

Introduction

1.1 Overview

In recent years, research in the area of distributed estimation has been
growing quickly due to the increasing popularity of distributed systems, like
the wireless sensor network (WSN). A WSN consists of many sensor nodes
that cooperate with each other to perform an inference or monitoring task,
where data are exchanged and shared between neighbors through wireless
communication. The objective of distributed systems is to utilize the data
at different locations to enhance their performance. With a centralized
architecture, a fusion center collects data from all the sensors to perform the
computation and processing tasks. In most cases, a decentralized approach
is preferred, because it can provide a degree of scalability, flexibility
and robustness which cannot be achieved with traditional centralized
architectures.

On the other hand, a decentralized approach comes with its

disadvantages. One important issue associated with the distributed



processing is the information redundancy. In other words, measurements
from different sensors usually have correlation and cannot be treated and
processed as statistically independent variables. Correlation arises for
various reasons. The most common reason is the presence of correlated
noise in the measurement. Besides, if we consider the underlying parameter
of interest as a random variable, all the measurements of the parameter
becomes statistically dependent if the parameter is unknown. If the
parameter is known, then the measurements are no longer dependent.
This can be easily understood using graphical models [I]. Another more
complicated and challenging correlation appears when information is being
spread and diffused over networks. This is because each time nodes
exchange information with their neighbors, they have more information
in common with their neighbors until finally all the nodes possess the
same piece of information. As the correlation increases, it becomes
more and more difficult to extract useful information for nodes through
communication with others. In other words, it makes it difficult for nodes
to collect all the information available in the network. How to properly
diffuse the information in the network and allow the nodes to aggregate

the information is a challenging topic.

1.2 Contributions

The thrust of our work is the solutions to the problems of distributed
fusion and estimation in the presence of correlation. This is an important
topic because correlation is prevalent in most practical applications. We

consider cases with both known and unknown correlation.



Our first contribution is in the area of information fusion. Given
multiple correlated estimates from different sensor nodes, we seek a
“oood” way to combine these estimates. Two methods are proposed
to solve the problem. The first method considers the problem within
the Bayesian framework and assumes that the covariance matrix of the
concatenated estimate has a prior distribution. We then derive the
conditional distribution of the off-diagonal blocks of the covariance matrix,
which is the cross-correlation of our interest. We design a special algorithm
to sample from this distribution and then use the Monte Carlo method
to compute the minimum mean square error (MMSE) estimate for the
fusion problem. In the second method, we try to estimate the cross-
covariances rather than marginalize them. We consider two settings, one
where we do not use priors for the covariance matrices of the model and
another, where we use priors and engage the Bayesian machinery. Both
formulations turn out to require convex optimization and they can be solved
by existing techniques. When the cross-covariance estimates are obtained,
the weighting coefficients can easily be calculated so that optimal fusion
can take place.

For the second contribution, we consider distributed sequential
estimation in a network in the presence of correlated noises. Unlike the
former setting, here we assume that the correlation of the noises is known
to each node. A distributed sequential estimation algorithm is proposed.
At each iteration, a node exchanges information with its neighbors. The
node also updates the estimate with its new local observation. Further, it
is assumed that the noises have the Markov property with respect to the

network topology. A doubly stochastic matrix is employed to average the



sufficient statistics over the network. We compare the proposed method
with the centralized one. We show that the ratio of the variances of
the two estimators approaches one. Therefore, the proposed estimator is
asymptotically efficient.

Last, we study the problem of belief consensus in the networks. At
the beginning, each node has an initial belief based on its observations.
Unlike traditional problems where the beliefs are scalars or vectors, here
we assume that the beliefs are probability densities. Ideally, the nodes
should reach consensus at the density that is equal to the product of all
the initial densities in the network. The desired density can be considered
as the Bayesian posterior. However, we show that without knowledge of
the number of nodes in the network, optimal consensus cannot be achieved.
Instead, we use the weighted product of the node densities to approximate
the Bayesian posterior. We adopt the y? information as the criterion to
measure distance between the Bayesian posterior and the weighted product
of the densities. We prove that the optimization problem of minimizing
the x? information with respect to the weighting coefficients is convex and

therefore can be solved efficiently.

1.3 Dissertation Organization

The dissertation is organized as follows. In Chapter [2, we formulate
the data fusion problem. We then use two approaches to address the
problems, both of which are related to covariance estimation. The Bayesian
approach is proposed in Chapter [3| and the convex optimization method is

considered in Chapter [d] In Chapter [5] we consider distributed estimation



in networks. Particularly, we consider the case when the noises are zero-
mean white Gaussian noises with spatial correlation. We consider the
problem of belief consensus in Chapter [f] We conclude the dissertation

with Chapter



Chapter 2

Covariance Estimation and

Data Fusion

2.1 Introduction

In this Chapter, we formulate the fusion problem we will discuss
in Chapter [3] and Chapter [l In many applications, the information
propagated through a sensor network is transformed to a form that provides
the estimated state of interest. For example, in distributed Kalman filtering
[2, 13, [, 5], the information is converted into the first and second moment
statistics. With the statistics from neighbors at hand, fusing the estimates
to obtain a better estimate is expected. A serous problem arising in
such setting is the effect of redundant information [6]. The estimates
provided by different nodes have unknown cross-correlations. This is
particularly true for networks with unknown topological structure. Pieces
of information from two nodes cannot be simply combined by averaging and

weighted averaging unless they are independent or have a known degree of



correlation.

Many approaches have been proposed to mitigate the problem.
Most of them fall into two categories. The first category is looking for
an optimal linear combination of estimates in terms of some criterion,
for example, weighted least squares or minimum variance [7, [§. In
[9, 10, 11, 12], a unified model is developed for estimation and fusion
based on the best linear unbiased estimation (BLUE) or linear minimum
variance approach. The second category tries to fuse the available estimates
directly [13, 14, 15, 16, 17]. Algorithms for combining estimates of both
the first and the second moments in linear systems have been proposed.
It is a linear combination of estimates when the first two moments are
given. However, none of the above methods investigated the situation
where the covariance of each estimate is available while the cross-covariance
is unknown. Consider the following problem. Given N estimates x; for
j € {1,---, N} of the true state vector xq € RM*! with their covariance
matrices of the estimation error, P; ;, we seek a fusion scheme that combines
the available information and provides an estimate Xy with minimum mean
square error. We denote by Py the covariance matrix of the estimation
error of Xg. A naive but simple method is to calculate the weighted
average, where the weighting coefficients are proportional to the degrees
of the nodes (the numbers of the neighbors of the nodes) [3]. The approach
makes sense because the higher the degree, the more information the node
collects and the better it does in estimation. A more complicated and
popular one is the Covariance Intersection (CI) [I§]. It provides a general
framework for information fusion where there is a lack of knowledge about

cross-correlation between noisy measurements, and it yields consistent



estimates between the fused local estimates. Here “consistent” means that
the resulting covariance is an upper-bound of the true covariance. The

algorithm can be expressed as

N

Pl =) wP;) (2.1)
j=1
N

Palfio = Z ij;}Xj, (22)
j=1

where the weighting coefficient w; € [0, 1] and Z;VZI w; = 1 holds. Different
performance criteria can be used to decide the values of w;. Since the mean
square error is of our interests, we use the trace of P as the criterion. The
minimization of the trace requires iterative minimization of a nonlinear cost
function with respect to the weight coefficients w;. In order to reduce the
computational complexity, several suboptimal non-iterative algorithms for
fast Covariance Intersection have been developed [19] 20].

In [19], it was reasoned that a replacement of P;; by P;; and vice
versa must lead to correspondingly switched coefficients w; and w; and
that if tr [P; ;] < tr [P ;] for j #i,7 € {1,---, N} one would expect to get

w; =~ 1. Thus it was suggested to use the linear equations

)

tr [PH] w; — tr [de‘} wj =0, (17] =1,-- 7N) (23)

which leads to the solution:

1/tr [P, 4]
St [Pyy]

(2.4)

i =

In [20], it was pointed out that the above approximation fails to consider



the relative orientation of the estimation error variance matrices which may
lead to a degraded performance in certain applications. Accordingly, an
improved fast Covariance Intersection algorithm was proposed which comes
with increased computational complexity while yielding better performance

in some cases and comparable results.

2.2 Problem Formulation

Consider that a node in a network has N—1 nodes in its neighborhood.
By communication with its neighbors, it has N available measurements,
including its own. Each measurement x; for j € {1,---,N} is an
M x 1 vector, with covariance matrices of the estimation error P;;. We

concatenate the NV vectors and let
X1

X2

XN

where x € RMN*1 We assume the mean of x; is the true state xq.
Therefore, the covariance matrix of x is also the covariance matrix of the

estimation error of x. We denote by P, the covariance matrix of x.

P1,1 P1,2 c P1,N
PT P ... P
p,=| " = (2.6)
_P1T,N PzT,N T PN,N_




We start by considering linear and unbiased estimators in the form

%o =W'x. (2.7)

W is the weighting coefficient matrix

Wy
W,

Wy

where W; € RM*M_ Since the estimate should be unbiased, we require

W, +Wo+---+Wpy=1 (29)

Let Iy be a NM x M matrix concatenated vertically by N identity

matrices with sizes M x M,

I
Iy
Inm=| | (2.10)
L
Then (2.9) becomes
W'y =L (2.11)

10



Let Py be the covariance matrix of Xg, which can be expressed as
Pp=W'E[xx'| W=W'P,W. (2.12)

The minimization of the mean square error is equivalent to the
minimization of tr [Py], This can be carried out by using the method of
Lagrange multipliers. Let A be the matrix of Lagrange multipliers. Define

the Lagrangian A as
A(W) =tr [WTP,W]| +tr [A(W'Ly) —I)]. (2.13)

Taking derivative with respect to W and A and using the identities

0 tr (XAXT) -
S — XA+ XA (2.14)
0tr(AXB) ;..

we obtain the stationary points by the following equations

2W'P, + ATy =0 (2.16)
W'y =1L (2.17)

Combining all of the three equations, we obtain

_ -1 _
W' = (IyP,'Tiy)  IyP,! (2.18)

1

Py =W'P,W = (I/y P, 'Iiy)) . (2.19)

11



By substituting (2.18]) into ([2.7]), we have
~ — -1 _
%o = (1P, 'Iy)  IlyP.'x (2.20)

However, in many situations we do not have information about P, ; for
1 # j. We develop a Bayesian approach and a convex optimization approach

in the following two chapters.
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Chapter 3

Bayesian Approach

3.1 Introduction

Our strategy to solving the problem is to put it into a Bayesian
framework. We assume that P, has a prior and that the prior is a
Wishart distribution. The Wishart distribution is a family of probability
distributions defined over symmetric, nonnegative-definite matrix-valued
random matrices. These distributions are of great importance in the
estimation of covariance matrices in multivariate statistics [21I]. The
Wishart distribution is defined as follows: an M x M random matrix A is
said to have a Wishart distribution if its probability distribution function

(pdf) is given by

13



where X is a positive definite matrix, n > M is the degree of freedom and

['y(n) is the multivariate gamma function defined as [22]

Ty (n) =gMM=D/4 HF <n - %(j - 1)> : (3.2)

We denote by W)y (n, X)) the Wishart distribution. The degree of freedom
n also plays an important role in our Bayesian framework as later we will
see. We will omit M and write simply W (n, %) if the size of the matrix is
obvious from the context. The Wishart distribution is closely related to the
multivariate Gaussian distribution. The pdf of the multivariate Gaussian

distribution of an M x 1 vector is

p(x) = W exp (—% (x — m)T C'(x— m)) , (3.3)

where m is the mean and C is the covariance matrix, denoted by A/ (m, C).
Suppose X is an n X M matrix, the rows of which have M-variate normal
distribution N (0,%). Then the M x M random matrix A = XX has
a Wishart distribution, i.e., W (n,%). This property makes it easy to
generate Wishart random matrices.

We denote by P, and P, the off-diagonal block matrices and the

diagonal block matrices, respectively, i.e.,

P,={P,;: je{l,--- ,N}} (3.4)

PO:{PZ"J'I ’l#], Z,jE{l,,N}} (35)

In our problem, we know Py4. To fuse the data, we would like to have

14



information of P, conditioned on P;. We express this by the conditional

p(P,[Py) = (3.6)

Since P, is known, the weighting matrix W, and therefore X, are uniquely
determined by P, as in (2.20). We think of it as a function of the matrix
variable P, and use f (P,) to denote it. Note that P, cannot be an arbitrary

matrix. P, must lie in the set P, defined by
P, ={P,: P, >0}, (3.7)
where P, is defined in (2.6). We express the MMSE estimator by
Xmmse = . f(Po)p (Po|Pq) dP,. (3.8)

Unfortunately, the above integral is computationally intractable.

In order to approximate the integral, we have to resort to the Monte
Carlo method. We sample K independent random matrices, ng )~
p(P,|Py) for j =1,--- K. Then the Monte Carlo method approximates

Xmmse Dy the following expression

: LS 4 o0
Xmmse %E ]Zl f (P(()J)) : (39)

An immediate question is how we can sample from the conditional

distribution p (P,|P;). We answer the question in the next two sections.

15



3.2 Fusion for Two Nodes

In this section, we discuss the sampling method for the conditional
distribution of the off-diagonal blocks when there are two nodes. In the

case of known P,, the weight matrix W; and W5 can be expressed as

W, = (Pos —P,) (P11 —Pio— P, + Py,) (3.10)

1
Wy = (P11 —Pis) (P11 —Pio— PIQ +Pos) (3.11)

which are the weights for the optimal fusion in the mean square error sense.

When we substitute (3.10]) and (3.11]) back into (2.7)), we have

}A(O = Wl)Ail -+ ng(g. (312)
—1 N
= (P2,2 - PIQ) (P1,1 —Pio— PIQ + Pg,z) X1

+ (P11 —Pis) (P11 — Pio— PIQ + P272)_1 X3. (3.13)

Hereafter, we use the notation A to represent the large covariance matrix.
Suppose that a random matrix A is distributed according to W (n, X). Let

the partitions of the two positive definite matrices A and 3 be denoted by

A Al A > _ i1 X ' (3‘14)

2

)

Here we assume 3;, = O. Recall that a Wishart matrix variate A can
be expressed as A = XTX. X is a Gaussian random matrix, each column
of which has the multivariate normal distribution with covariance matrix
3. Therefore 3;5 = O means that the upper part of each column in

X is independent from the lower part. Our objective is to derive the

16



expression for p(Ajs|Ai1,Ass). We will need two properties of the
Wishart distribution in our derivation [2I]. To make it general enough,
we assume that A, ; is with size L; x L; and Ay is with size Ly X Lo,

L+ Ly=L.

Lemma 1 Let A and X be partitioned into Ly and Ly rows and columns
as shown in (3.14). If A is distributed according to Wy, (n, X), then Aj,

is distributed according to Wy, (n, 31 1).

Lemma 2 If 3,5, = O and A is distributed according to W (n,X), then

A, and Ay s are independently distributed.

Lemma (1| provides the marginal distributions of p (A; ;) and p (Ag)
(they are W (n, %1 1) and W (n, Xa5), respectively). Lemma [2| maintains

that A;; and A, are independent. Therefore, p (Aq2|Aq 1, Ass) becomes

p(A)
Ai5lA 1 A = 3.15
p( 1,2| 1,15 2,2) p(A1,17A2,2) ( )
p(A)
= . 3.16
p (A1,1)P (A2,2) ( )
With a little algebraic manipulation, we have
n—L—1
P (A1’2’A1’1, A272) :Z . ‘A‘ 2 (317)
n—L—1
:Z . (|A171‘ ‘A272 — AIZAI’%ALQ‘) 2 (318)

n—L—1

:Z'(|A171A2,2|‘I—A;éAIQAfjALZD 2 (3.19)

17



where n > L, and the constant Z equals

(M (G +1-19) ﬁgw§m+1—h»)

7 —
[T (n+1-17)
1
LiLo n—Ly—1 n—Lo—1 (3-20)
T2 JAp]T 7 |Ag| 2
L .
_ Hz'ilr(%(n"‘l_z)) ‘ 1 (3.21)
- L . n—Lq—1 n—Lo—1 N
[Gon, TGE+1-0) 252 A7 Ay ®
o IIAT (B (n+1—149) 1
Hf;lLl r (% (’I’L —Li+1-— ])) 7TL12L2 |A171|"*1421*1 |A272|n7L2271
(3.22)
T n 1
L (3) T (3.23)

Ty, (3(n—Ly) pi ‘A1,1|n7L2171 |Ago| 2

The above distribution is the inverted matrix variate t-distribution whose

definition is as follows [23]:

Definition 1 The random matriz T € RE*M s said to have an inverted
matriz variate t-distribution with parameters M € RI>*M 3 ¢ REXL

Q € RM*M gnd n if its pdf is given by

DA ML) e
PO = e
I-S(T-M)Q(T-M)7|7 (3.24)

where =0, =0,n>0and -2 (T-M)Q *(T-M)" =0. We
denote this by T ~ IT a (n, M, X, €2).

For our case in (3.19)), it is not difficult to obtain that

AI2|A171, A272 ~ ITLQ,Ll (n — L —|— 1, O, A272, A171) . (325)

18



For sampling from the inverted matrix variate t-distribution, we use the

following lemma [23]:

Lemma 3 Let S ~ Wy (n+ L—1,1;) and X ~ Ny (0,1, @1Iy) be

independently distributed. For M € R*M | define

_1

T=%3(S+XX') 2XQ: + M, (3.26)

1 i\ T
where S + XX T = (S —FXXT)5 ((S +XXT)§> and X3 and Q% are
the symmetric square roots of the positive definite matrices 3 and €2,

respectively. Then, T ~ LT,y (n, M, X, Q).
According to Lemma [3], the following theorem follows immediately.

Theorem 1 Let the random matrices S ~ Wi, (n— Ly,1,) and

X ~ NLQ,Ll (O,IL2 ®IL1). If

(NI
[SIE

_1
AIQ = (A22)? (S+XX") 2 X (Ay,)?, (3.27)

then AIQ ~p(Ai2A11, Ags).

Remark. We can see that the hyperparameter 3 in the prior
disappears in the conditional distribution as long as it is a block diagonal
matrix. On the other hand, the degree of freedom n reflects the prior belief
on the correlation between the two estimates. This can be used to exploit

the available information for improved estimation.

19



3.3 Fusion for More Than Two Nodes

In this section, we consider the situation when we have three or more
nodes. For multiple nodes, the conditional distribution of the off-diagonal
submatrices is not inverted matrix variate t-distribution, and there is no
way to directly sample from it. However we can proceed as follows.

Suppose we have N nodes, each measurement is an M X 1 vector.

The covariance matrix is

Ain A 0 Aln
A=| P T M (3.28)
_AIN Aly - Ay

where A;; € RM*M_ We use B, to denote

Al,l A1,2 et A-Lj
AT. A e A

B,=| * 2 (3.29)
Al Ay o Ay

The conditional distribution becomes

P(Ai2,A13, Ass, - JAn_ i n|Agg, -, ANN)

_ p(A)
" (AL )p(Ass) - p(Any) (3.30)

and there is no existing method for sampling from it. By repeatedly

20



invoking Bayes chain rule, we can write the above density in this way:

p (A1,2, A1,3, A2,3, T aAN—l,N|A1,1> T aAN,N>

=p (A1,2|A1,1, T 7AN,N)p <A1,3, A2,3, te aAN—l,N|A1,27 A1,1, T

=p (A1,2|A1,1, e 7AN,N)p (A1,3, A2,3|A1,2, A, JANN)

P (A1,4, A2,47 A3,47 T >AN—1,N|A1,3a A2,3, A1,2, A1,1, T

=p (A1,2|A1,1, T 7AN,N)p (A1,3, A2,3|A1,2, A1,1, T 7AN,N)
p (A1,4, A2,47 A3,47 T 7AN—1,N|B3a A4,4, T 7AN,N)

=p (A1,2|A1,1, T 7AN,N)

p (A1,3, A2,3|B2, A3,37 te 7AN,N)

p (Al,j7 A2,j, T aAj—l,j|Bj—1a Aj,j7 s ,AN,N)

p (A1,N7 T aANfl,N’BNfla AN,N) .

7AN,N)
(3.31)

7AN,N)
(3.32)

(3.33)

(3.34)

Note that according to Lemma [T we can write the conditional distribution

according to

p (A1,2|A1,1, T aAN,N) =p (A1,2|A1,1, A2,2)

21
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or in general we have

p(AL; Aoy, s Ay 14IBj1, Ay Any) (3.36)

=p (A1, Avj  Aj1jIBjo1, Ayj) - (3.37)

Therefore, (3.34]) becomes

p(Ai2]A11,Ago) (3.38)
p (A3, Azs|Ba, Ass) (3.39)
p(A;, Az, A1 |B1, Ay (3.40)
P (A1,N, T ;ANfl,N|BN717 AN,N) . (3-41)

Now things becomes easy for us since each factor in — is the
inverted matrix variate t-distribution, which can be easily sampled from.
Specifically, we can do it as follows.

According to Theorem , we can readily sample A;, according to
(3-38). Then we sample A; 3, Ay from . Let the random matrices
S ~ Wy (n—2M,Iy) and X ~ Nysan (0,In @ Inp). Let also

T
A1,3

=A2, (S+XX") *XB3, (3.42)

-
A2,3

22



where

AL A
B, = | . (3.43)
A1T,2 A2,2

Then [A13,Ass] ~ p(Ai1s, Ass|Ba, Ass).

The process goes on for k — 1 times. In the jth step, we sample
A, Ay, A i from . Let the random matrices S ~
Wi (n — jM,Ip) and X ~ Ny (0,1 @ Iag). Let also

AT

1,j+1

A, o
S (S+XX")? XB? (3.44)

77

J+1,j+1

T
_AjJJrl_

then

Al,j+1

As i
~p (Arji, Azgirs o Ay By Ay i) - (3.45)

| Ajjr

A Ao Az -0 Ay
first sample As s A2)3 NN A2,N
second sample|| A [ A;—g Asz - Azy

last sample AIN AQTN A;N e ‘AN,N

Figure 3.1: Hlustration of the sampling of the off-diagonal block matrices.

Figure [3.1] shows the steps of the sampling algorithm. Before ending
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this section, we wish to emphasize that in situations with multiple nodes,
fusing two nodes at a time using the method discussed in Section will
not work. By ‘not work’, we mean that fusing two nodes at a time and
repeatedly doing this for multiple nodes is not equivalent to fusing multiple

nodes at a time.

3.4 Numerical Experiments

In this section, we perform numerical experiment to test our
algorithm. Suppose the true state xq = [O,O]T. We have N available
measurements x; for ¢ € {1,---,N}. The measurements have normal
distribution with covariance matrix P,. We generate P, according to
W (n,o*I) in each run, where n = 3N. Since X, is assumed to be zero, the
measurements are with zero mean. We carry out the experiment as follows.
For each run, we first generate P, according to the Wishart distribution
and then sample from the corresponding normal distribution to get sample
of x;. We suppose the diagonal blocks of P, are known. Then the proposed
method is used to calculate the weighting coefficients. We use 100 samples
to estimate the integral (K = 100). Finally, we compare X, with xq, which
is zero, to measure the performance. We compare the proposed method
with the Covariance Intersection method and the optimal method. In the
optimal method, we simply assume we know the entire covariance matrix.
The result is averaged over 2000 instances of simulation.

Figure shows the mean square error (MSE) performance for two
nodes and Fig. shows the performance for three nodes. The proposed

method is roughly 10% better than the Covariance Intersection method
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Figure 3.2: MSE of the three estimators. (N = 2)

in both situations. Figure. [3.4] shows the normalized mean square error
performance, which is obtained by normalizing the MSE of the estimator
using the MSE of the optimal estimator as a measure of scale. We see
that in both situations, the proposed estimator outperforms the Covariance
Intersection. However, with the number of nodes growing, the gap between

the optimal estimator and the others becomes larger.

3.5 Discussion

In this chapter, we proposed a Bayesian approach to solve the
data fusion problem in wireless sensor network when the cross-covariance
between the estimates was not available. We first assumed that the prior of
the covariance matrix was the Wishart distribution. Because we knew the
covariance of each estimate, which was the diagonal block of the covariance

matrix, we could obtain the conditional distribution of the off-diagonal
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block. For the case of two nodes, the conditional distribution of this block
is the inverted matrix variate t-distribution. We also showed how to sample
from this distribution. For the case of multiple nodes, the conditional
distribution becomes much more complicated and there is no direct way
to sample from it. We used the Bayes’ chain rule to decompose the
distribution into a product of several inverted matrix variate ¢-distribution
so that we could still sample from it. As a result, we used the Monte Carlo
method to compute the MMSE estimator. Numerical experiments showed
that the performance of our method was better than that of the Covariance
Intersection method. Another advantage of our algorithm is that under the
Bayesian framework, we can modify the hyperparameter of the prior, the
degree of freedom n, according to the available prior information, to make
the algorithm perform better in some special cases.

The curious reader may wonder why we assumed the parameter X of

the prior Wishart distribution W (n, £) to be a block diagonal matrix. The
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Figure 3.4: Normalized MSE of the two estimators.

reason is that by doing so, the diagonal blocks of the resulting covariance
matrix are independent from each other. Otherwise, the joint distribution
of the diagonal blocks are very complicated making the derivation of the
conditional distribution of the off-diagonal blocks very difficult, if not
impossible. We can see in the numerical experiment that the Wishart
distribution with block diagonal parameter matrix X is still general enough
to allow for good performance. However, if we can extend X to a general
positive definite matrix, it would give us more freedom to manipulate the
prior according to available information. This should be the direction of
the future efforts.

The proposed method outperforms the Covariance Intersection when
we compare the MSEs. However, we need to be cautious because the two
methods use different criteria for obtaining the estimates. In some cases, it
is possible that the Covariance Intersection works better than the proposed
method. The purpose of our work is to provide an alternative to dealing

with the difficult fusion issue in wireless sensor networks.
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Chapter 4

Convex Optimization

Approach

4.1 Introduction

In the previous chapter, a Bayesian method is applied to the
covariance estimation problem. In this chapter, we introduce the convex
optimization method to solve the problem. Our strategy is to estimate
the cross-covariance first and then fuse the information from the various
sources. We consider two cases, without and with priors: if we do not
have any prior information about the covariance matrix, we can use the
maximum-entropy (ME) principle as a criterion in the search for the
optimal cross-covariance; if we have priors of the covariance matrices, we
maximize the a posteriori distributions of these matrices. The problems
in both cases can be formulated as convex optimization problems and

therefore, they can readily be solved by some well-known methods.
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4.2 Problem Model

The model considered in this chapter is a special case of the model
in Chapter [2] Suppose that the true state x¢ is a random vector with zero
mean and covariance Cgy, and that x; is the estimate of xq corrupted by a
zero mean noise with covariance C;, for ¢ € {1,--- ,N}. The covariance

matrix of x, P,, which is defined in (2.6)), becomes

C,+GCy Co Co
C Co+GCy - C
P, — 0 2 0 0 (4.1)
I Co Co CN—I—CO_

In the fusion problem, we know the diagonal blocks of the covariance
matrix, i.e., P;;. Note P;; = C, + Cy. But we do not know C; or C,.
We wish to have an estimate of Cy so that we can determine the weighting

coefficients for combining those x;s.

4.3 The Maximum Entropy approach

In this section, for the sake of simplicity we start with the Gaussian
model and assume x3 ~ N (0,Cy) and x;|x9 ~ N (%9, C;). Here we do
not have the information about the priors of Cy and C;, and we propose
to exploit the maximum-entropy principle. The rationale for using the ME
principle is discussed thoroughly in [24], 25].

The entropy is basically a functional, i.e., it maps a function f to a
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real number. It is defined as

H(f) = / f(y)log f (y) dy. (4.2)

Plugging (3.3)) in (4.2)), we obtain the entropy of the multivariate Gaussian

distribution,

H == [ po (e (m1C1) ~ ey ) ay 4

1
—tog (27" 1C1) + [ SF3yTC vy, (4.4
yERM 2
Let
y =1l ym]’ (4.5)
-1
Ci1 - M d171 s d1,M
D=C"'= = (4.6)
.M o CMM d1,M ce dM,M
We have
M M
chily = Z Z di,jyiyj- (47)

i=1 j=1
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Therefore the second term in (4.4) becomes

/ f(y)y Clydy (4.8)

yERM

[ [ s PSS iy dun s (4.9)
- o0 i=1 j=1

_ n idZJCZJ (410)
=1 j=1

—tr [DC] (4.11)

=M. (4.12)

Thus the maximization of H (f) reduces to the maximization of log (|C]|).
In order to estimate the cross-covariance, we try to maximize the
entropy of the joint distribution of x, and x;. Specifically, we try to

maximize H (Pxyx,, xy)- We have

H (pXO7X17“'7XN) =H (pXo) + ZH (pX¢\X0) (413)
oclog(|C0|)+Zlog(|Ci\) (4.14)
=log (|Col) +Zlog — GCol), (4.15)

where the first equality can be found in [26]. Therefore, the entire

optimization problem can be formulated as

N
maximize log (|Col) + Z log (|P;; — Col) (4.16)
i=1
subject to P;; —Co =0 i€ {l,--- N} (4.17)
Co = 0, (4.18)
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where the variable is the symmetric matrix Cy. The objective function
is a convex function on the positive semidefinite cone [27]; the
constraints and are convex sets. Thus the optimization
problem can be easily solved by some existing well-known methods, e.g.,
the interior point method [2§].

Before ending this section, we wish to emphasize that the model does
not have to be normal. In fact, it can be unknown as long as the first
and the second moments are specified. Recall that the normal distribution
has ME among all real-valued distributions with given mean and variance
[29]. That is to say, even if the model is unknown, we still obtain the same

solution if we employ the ME criterion.

4.4 The Maximum Posterior Approach

In this section, we consider the case where the priors of the unknown
covariance matrices are available. Suppose the priors of Cy and C; are
Po (Co) = Whr (Co| Lo, Xo) and p; (C;) = Wy (Ci|L;, X;), respectively. We
use the maximum a posteriori (MAP) distribution as a criterion, and the

optimal estimator can be written as

N
Co =maxarg po (C) sz‘ (Pii —C). (4.19)

Cz0 i=1
If we substitute (3.1) into (4.19), we have

Cy =maxarg g (C), (4.20)
C-0
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where g (C) is defined as

Lo— M — 1 e
9(C)=——F— 10g|C|——tr[ o C]
N -
+y log|P“—C|
=1
N

= 2tr : ~-C)]. (4.21)

i=1

The optimization problem can be cast as

maximize ¢ (C) (4.22)
subject to P;; —C >0 ie{l,--- N} (4.23)
C =0, (4.24)

where the optimization variable is the symmetric matrix C. We know
log || is a concave function and tr[-] is a convex function over the positive
semidefinite cone [27]. Therefore g (C) is a concave function with respect to
C. Since the constraint also specifies a convex set, the problem is a convex

optimization problem as well, which can be solved with no difficulty.

4.5 Discussion

We point out that and are both with the same
log (|-]) terms. In fact, is a special case of ((£.21)), where the
hyperparameters ;s are infinitely large and make the terms tr [Ea IC]
and tr [Z;l (P;; — C)} vanish for finite P;; and C.

To illustrate the connections further, we first associate an ellipsoid to
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each covariance matrix. The ellipsoid of A is defined as

{xeRMx"A x =1} (4.25)

For N = 2, the ellipsoid becomes an ellipse. Basically the major and minor
axes of the ellipse show how large the variances are in the directions of
the axes. The angle between the x-axis and the major axis of the ellipse
indicates how much the data from the two dimensions correlate with each
other. Figure shows the ellipses of Py, P29 and the estimated cross-

covariances. We set N = 2 for simplicity and let

I 3 0
Pl 1 = 5 P272 - . (426)

-05 3 01

The priors are Cy ~ W (4,081,), C; ~ Wy (4,0%Iy). The ellipses for
different matrices are shown in Figure 4.1 We can see the ellipses of Cy
are inside those of C; and C,, which makes sense since any point in the
feasible set shall make its associated ellipse in the intersection of those of
the P;;s. Also, for larger 03/0? the solution ellipse becomes larger; for
smaller o2/c?, the ellipse becomes smaller. When both o and o? are
large, in this case 02 = 0% = 10, the ellipse (green) is very close to the ME

solution (red).

4.6 Simulation

We use the Gaussian model in the numerical experiment. Suppose

that the variable to be estimated is x, and that it has distribution
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Figure 4.1: Illustration of Py 1, P22 and the estimated covariances.

N (mg, Cy). We let mg = 0 for the sake of simplicity. The estimates
x; have the conditional distributions N (xg,C;) for ¢ € {1,--- ,N}. The
noise of the measurements is assumed to be independent of each other. We
can consider x; to be measurements as well as estimates, since we shall
let x; = x; if we make estimation only based on x;. If we concatenate
N estimates into one vector x as before, the distribution of the vector

conditioned on xq is

X0 c, --- O
x| %o ~N A : (4.27)

X0 O --- Cy

The marginal distribution of x becomes

p(x) =N (x]|0,P,), (4.28)
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Figure 4.2: Performance comparison in the case of two estimates.

where P, is defined in (4.1). The diagonal blocks C; + Cqy are known
exactly. On the other hand, neither Cy nor C; is known.

To generate the data for our numerical experiment, we first draw C
from its prior W, (2, A1) and Cy, - - -, Cy from W, (2, 02A,) independently,
where

4 -1 1 05
A1 = R and A2 = . (429)

-1 3 0.5 2

Then we generate the true value xq by sampling from N (0, Cy). Similarly,
we generate the measurements x; from N (xq, C;). We set N = 2,3. Now
we have all the data we need for testing and comparing the estimators.
For comparison, we use three other estimators, the optimal estimator
(2.20) with all the information (including Cg), and the fast Covariance
Intersection method from [19]. For each configuration, we ran 2000

tests. In the legend, we use optimal, MFE, MAP, and CI to indicate
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Figure 4.3: Performance comparison in the case of three estimates.

the optimal method, the ME method, the MAP method, and the fast
Covariance Intersection method, respectively.

Figure 4.2| and Fig. show the mean square error performance
for N = 2 and N = 3, respectively. We can see that the proposed
methods are better than the CI method in both situations. Meanwhile,
as the hyperparameters 3, and 3; are much different, the MAP estimator

outperforms the ME estimator thanks to its priors.

4.7 Conclusion

In this chapter, we proposed convex optimization techniques to solve
the fusion of correlated estimates with unknown correlations. Specifically,
given the diagonal block of the error covariance matrix, we cast the
problem of estimating cross-covariance as convex optimization problem

which could be readily solved by well-known methods. Two cases were
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considered: for the non-Bayesian case, we employed the maximum entropy
criterion in the search for optimal cross-covariance; for the Bayesian case,
we assumed that the priors of the unknown covariance matrices were the
Wishart distribution. We then maximized the posterior probability of
the cross-covariance. As soon as the cross-covariance was obtained, the
weighting coefficients could be determined and the distributed estimates
could be combined by a simple calculation. With numerical experiments

we demonstrated the performance of our methods.
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Chapter 5

Sequential Estimation in

Networks

5.1 Introduction

In the previous three chapters, the data fusion problem with unknown
correlation is considered. Now we turn our focus on the sequential
learning problem, where the parameter of interest is static and each
node obtains a local observation at each time slot. The objective is to
estimate the parameter in a distributed way. This problem has been
studied in [30, BT, B2, B3, B4, 35, B0, 37, B8, B9]. However, they all
use search-like methods which is far from being optimal. In [35], the
authors compare the mean-square performance of two main strategies for
distributed estimation: consensus strategies and diffusion strategies. They
claim that the diffusion leads to faster convergence and lower mean-square
deviation than consensus. Note that when the parameter of interest is

dynamic, it becomes sequential filtering problem, which is another popular
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category of distributed estimation problems. See [5], 3, [40] for example.

In this chapter, we propose an efficient estimation algorithm for the
case where the noises are correlated. This algorithm is neither diffusion nor
consensus. But it is closer to the latter. We use a doubly stochastic matrix
to combine the information from different nodes at each iteration. We
prove that our algorithm approaches the optimal centralized least square

estimator asymptotically.

5.2 Introduction and formulation

The problem is mathematically formulated as follows. The network
is represented by a graph G = (V, ), where V and & are the sets of nodes
and edges, respectively. Two nodes exchange information only if there is an
edge between them. There are N nodes in the network, namely N = |V|.
Let & € RYX! be a static parameter vector of interest. At time instant ¢,
the observation at node 7 is modeled as

Vit =H; 10 + Wi, (5.1)

)

where w; 4, yi+ € RM*1, H,; RMxL. H,; is the observation matrix; y;,
is the observation; and w;; is a Gaussian noise vector. The mean and

covariance of the noise are
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where 0, is the Kronecker delta function; 0, is an M-size column vector

with all of its elements being zero. Let

H,,
Ht — 5 (54)
Hy
Yit
ye= 1| : | (5.5)
YN
Wit
W = 3 (56)
WhN ¢
and
DI El,N
Y= (5.7)
Yna EN,N

Thus, H, € RVMXL v, ¢ RVMX1 and ¥ € RVM*XNM - The matrix X
is assumed to be strictly positive definite. Then the entire model can be

expressed as

yr = Hi0 + wy, (5.8)
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where w; is zero mean white Gaussian noise with covariance matrix 3.

From all the observations received at ¢, the least squares estimator is [41]
6, = (H/='H,))  H/Z 'y, (5.9)

We assume that w;, satisfies the Markov property with respect to the
graph G, i.e., the noises of any pair of nonadjacent nodes are conditionally

independent given the remaining noise values,

p (Wi,t> Wj,t|WV\i,j) =D (Wi,t|WV\i,j) p (Wj,t|WV\i,j)

for all {i,j} ¢ £, and for all t € N. (5.10)

In the sequel we use K = X! and refer to it as a precision matrix. Since

w;; is Gaussian, we have [42]
Kz‘,j =0 for all {Z,j} ¢ g, (511)

where K ; is the (4, j)th block of K and O is a matrix with zero elements
and of the same size as K. Given the observations from the beginning to

time instant ¢, the least squares estimate 6, can be expressed as

t -1y
6, = <Z HSTKHS> > H/Ky., (5.12)
s=1 s=1

where 22:1 H/ Ky, represents the sufficient statistics of the model. Our
objective is to calculate 0, in a distributed way. To make the problem

well-defined, we need to make the following mild assumptions:

1. The vector sequence {w;};en is bounded,
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2. The matrix sequence {H,}scy is bounded, full rank and does not

converge to a rank deficit matrix.

There is work in the literature that is related to what is addressed here,
notably the running consensus [43], 44} 45}, 146, 47, 48] and the distributed
diffusion [30, 31, 32, 36]. The running consensus is in fact a special case of
the proposed method. If welet L = M =1, H;; = 1 and the noises be i.i.d.,
the proposed method reduces to the running consensus. We point out that
the introduction of the multidimensional time-varying observation matrices
makes the problem much complicated and the proof of efficiency nontrivial.
In the model used with the distributed diffusion method, the observation
matrix is replaced by a vector, and therefore the observation is a scalar.
However, by concatenation of the measurements from different time slots,
the models become basically the same. More important differences are that
here the noises between neighboring nodes are correlated and that we use
a doubly stochastic matrix to assign the mixing weighting coefficients. We
need such assignment to allow the distributed estimator achieve the global

optimum.

5.3 The proposed distributed estimation
algorithm

In this section, we describe how the distributed estimator works. We
assume node ¢ has access to H;; for j € N; through communication at

time instant ¢. N stands for the neighbors of node i. Let Q € RV*N be a
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irreducible and aperiodic doubly stochastic matrix, which satisfies
Qly =1y, 1,Q=1,. (5.13)

Denote by Q;; and Qf; the (i,7)th entry of Q and Q', respectively. We
note that @;; = 0 if nodes ¢ and j are not connected. Such Q can be
constructed by letting Q = Iy — €=, where E is the Laplacian matrix of
the graph G; € is a coefficient satisfying € < 1/ max;(deg(7)), with deg(i)
denoting the degree of node 7. Note that

1
. t _ . . ..
tligloQi,j - N fOI' Z?.] € {17 7N} (514)

This is the principle we use behind the averaging of the sufficient statistics.

@ Hi ¢, Dyg—1,x10-1
HQ.,.DQA,TN‘ Hi4,Dyg1,X16-1

—

-
HH-]VG) Hyt, Dyp—1.x44-1
@ H;34, D3 s1,X3¢-1

Figure 5.1: Information exchange at time instant ¢.

In the distributed algorithm, each node keeps two variables, the
matrix D; € R and the vector x; € RX*! which approximate

St HIKH, and 3! HKy,, respectively. The method is based on
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the following formulas:

D, =Y QiDj1+ > HK;H;, (5.15)
JEN; JEN;
t N
=D Q5" ) H{ K H, (5.16)
s=1 j=1 kEN;
Xt = Z QijXjt—1 + Z H K iyi (5.17)
JEN; JEN;
t N
=33 Q5 ) H Kijyie (5.18)
s=1 j=1 keN;
0, = D; /x4, (5.19)

and where QU is defined to be the identity matrix. The information a node
transmits to its neighbors includes H;;,D;; and x;; (see Fig. . We

note that the centralized estimate is given by
. t -1y
6, = (Z HZKHS> > H/Ky.. (5.20)
s=1 s=1

The factors D;; and x;; in ([5.19)) are approximations of 22:1 H/KH, and

S HIKy,, respectively. Let Q%i) € RVMXNM he defined by

Qﬁ,llM O o)
O Q. - O
| O o) Q! T |
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Then D, and x;,; can be expressed as

t

D;, = ) H/KQ[ H, (5.22)
s=1
t

xi = Y HIKQ(y.. (5.23)
s=1

Thus, (5.19) can also be written as

t -1y
0. = (Z HIKQ@;%) > HIKQ'y.. (5:24)
s=1 s=1

It has been proved that this estimator is unbiased [49]. The main theorem
in this section is that the proposed method has the same asymptotic

performance as the centralized one, which can be formally expressed as

- tr |:COV [ézt”

Jim ————= = 1. (5.25)
tr [Cov [HtH

We prove the main theorem in the appendix.

5.4 Simulation

In this section, we test the algorithms in a network with 20 nodes.
The topology is shown in Fig. [5.2] We let @ = [1, —1]. All the entries in
H are i.i.d. Gaussian variables, and ¢ = 0.1. K is generated by summing
a group of Wishart random matrices that correspond to the cliques in
the graph. Figure [5.3] shows the mean square error performance of an
implementation for the setting. We can see that the performance of the

proposed method approaches the centralized estimator after 300 iterations.

46



Figure shows the averaged results of 500 runs. The performance of the

proposed estimator converges quickly to the centralized estimator.

Figure 5.2: Topology of the network.

5.5 Conclusion

In this chapter, we proposed a distributed sequential algorithm for
the case that the noises are correlated. We assumed that the noises had
the conditional independence property, i.e., given the noise values of the
neighbors of a node, the noise at the node was independent of other noises
in the network. We showed that the proposed algorithm was asymptotically
equivalent to the centralized algorithm, regardless of the actual values of
observation, as long as they were bounded. Since the centralized estimator
is an efficient estimator [41], the proposed estimator therefore
asymptotically approaches the Cramér-Rao bound. The simulations justify

the statement.
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Chapter 6

Belief Consensus

6.1 Introduction

In this chapter, we study the belief consensus problem. In consensus
estimation, a node in the network performs global estimation tasks through
iterative information exchange with its neighbors and update its own state
based on the received information. Most consensus problems that have been
studied fall into several basic categories. The original consensus problems
study how a group of nodes, each with a piece of belief, reach agreement
by local information exchange. One of the earliest work on consensus
problems is [50], where consensus for discrete distribution is studied. In
[51] and [52], convex optimization techniques are used to accelerate the
convergence. In [53], consensus problems in dynamic network with time-
delays are investigated. In [54], asymmetric interaction mechanism with
time-varying weights are introduced to increase the convergence rate of the
consensus. In [55], the authors try to find the mixing matrix that leads

to the highest convergence rate. In [56], efforts are put in the search for
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structures that accelerate the convergence. An optimal control scheme for
achieving consensus is proposed in [57]. In [5§], the authors investigate
a broadcasting-based gossiping algorithm to compute the average of the
initial measurements of the nodes. In [59], the authors examine the problem
of designing weights when the network is subject to random link failures
and switching topology. In [60], consensus is used to solve the distributed
total least squares problem.

In this chapter, we consider the consensus of continuous densities
in the Bayesian framework. Ideally, we would like the nodes to reach
consensus at the density equal to the product of all the belief densities
of the nodes because if we assume a noninformative prior, the product of
all the initial densities is just the unnormalized Bayesian posterior. We
show that the Bayesian posterior is not achievable without the knowledge
of the network size. To approximate the Bayesian posterior, we employ the
weighted product of the densities. We use the x? information metric as the
criterion to choose the weighting coefficients in the fusion of the continuous
densities. The method is general for all probability distributions. We
then confine ourselves to Gaussian cases and show that the y? information
function is convex with respect to the weighting coefficients. Very few works
consider the consensus of continuous densities. In [61], the authors cast
the problem in a Bayesian framework and adopt an information-theoretic
approach to data fusion by using the Kullback-Leibler average of the density
functions. Here, not only the criteria, but also the way we formulate the
problems are different.

The chapter is organized as follows. The problem is formulated

in Section [6.2, In Section [6.3] we introduce the proposed method. In
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Section we give some insight into the proposed method. We present
experimental results in Section [6.5] and conclude in Section . Proofs

are left to the appendix.

6.2 Problem Formulation

Consider a network with N nodes. Each node has an initial belief
about an unknown parameter of interest x. In traditional consensus
problems, the initial belief is usually a point estimate and we fuse them
using the criteria like maximum likelihood or minimum mean square error.
In this chapter, we assume that each node has a belief in the form of a
continuous density instead of a point estimate. In such cases, those criteria
used in point estimation are no longer applicable. Therefore, we propose
the use of x? information as the criterion and formulate the problem as
follows.

Let the belief of node i be p; (x). Ideally, with all the beliefs of N

nodes, the best belief we can have about x is the Bayesian posterior

_ Hipi (x)
pe (x) = T Lo o) dx (6.1)

with the assumption of a noninformative prior. Taking logarithm of both

sides, we have

log p. (x) = Z log p; (x) — log/ Hpi (x) dx. (6.2)

Note that the second term is a normalizing constant and its value depends

on the first term. If we know the value of N, we can first try to achieve
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consensus at the average, i.e., % log p. (x), and then multiply the average
by N. To make the consensus converge at the average, we can simply use
a doubly stochastic matrix where each row corresponds to the weighting
coefficients a node assigns to its neighbors. Without knowing N, this
approach is not possible.

In this work, we use the weighted product of the densities to
approximate the Bayesian posterior. The weighted product of the densities

is expressed as

M) 6
where ) .w; = 1. The symbol w; is the exponent of p; (x). This form
is also referred to as generalized fusion in [62]. The discussion so far
is general for any probability density functions. However, for general
continuous densities, the computation of is not tractable, unless the
function is parametric. Hereafter, we confine ourselves to the Gaussian
cases. We assume the initial belief of each node is a Gaussian density
with mean m; and covariance C;, denoted by N (x|m;, C;). We note that
given N Gaussian densities N (x|m;, C;) for i € {1,--- N}, the product
[T, NV (x|m;, C;) is still a Gaussian. Denote by A (x|m,, C.) the Bayesian
posterior, i.e.,

1 N

N (x|m,, C,) = Z H/\/’(x|mi, C.), (6.4)

=1

where Z, is the normalizing coefficient. Then the mean m,. and the
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covariance matrix C. can be easily derived [63]:

C,= (Z C;1> , (6.5)
m, = C, (Z C;lmi) . (6.6)

Likewise, the product (6.3) is also a Gaussian density function. Let

N (x|my, C,) denote the weighted product of the densities,

N
1 ,
N (x[mg, Cq) 7 [TV (x|m;, C;) (6.7)
i=1
with
N
i=1

we will have

Cy= (Z win) (6.9)
m,; = <Z wiCi_l) (Z wiC;lm,) ) (6.10)

The inverse of the covariance matrix is called the precision matrix, denoted

by K. Thus we have
K.=) K, (6.11)

o (5) (Sem) o
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and

N
K= Z w; K (6-13)
i=1

N
i=1 i=1

6.3 Consensus optimization

In the previous section, we have introduced the equations and
for belief fusion in the Gaussian cases. However, the weighting
coefficients, w;, are yet to be chosen. In this section, we discuss the methods
for determining the values of the weighting coefficients. First, we revisit
the famous Covariance Intersection algorithm. Then we discuss how we use

the x? information as a criterion to determine the weighting coefficients.

6.3.1 Covariance Intersection

We have discussed the Covariance Intersection (CI) in Section [2.1]
The objective of the Covariance Intersection was to obtain a consistent
estimate of the covariance matrix when multiple random variables were
linearly combined without knowing the correlation. CI selects the value of
w; such that the determinant or trace of C; is minimized. In [62], it has
been pointed out that the criterion used in CI is equivalent to minimizing
the Shannon information of the fused function with the assumption that the

fusion functions are Gaussian. The optimization problem can be expressed
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as

minimize — /pd (x) log (pa (x)) dx (6.15)
N X
subject to Zwi =1 (6.16)
i=1
where w; for i = 1,--- , N are the variables.

6.3.2 Y? information metric

To approximate the Bayesian posterior by the weighted product
of the densities , we must first have a criterion to measure the difference
between two densities. Here we adopt the x? information as the metric.
We seek the weighting coefficients w; such that the x? information [64]
between the Bayesian posterior and the weighted product of the densities

is minimized. The x? information between density p and ¢ is defined as

X (pIIQ)Z/pq((;))dX—l- (6.18)

Note that like the Kullback—Leibler divergence, it is not a symmetric
measure of the difference between two densities. However, in our case,
we put p. (x) first and use x* (pc (x)|pa (x)) instead of x* (pa (x)|pe (x)).
The reason is that for Gaussian p,. (x) and pg (x), p? (x) /pa (x) will still
be Gaussian as long as the covariance matrix (2C;1 — C;l)_1 is positive
definite. According to the definition of C; and C, in and ,
respectively, it is easy to check that (2(30_1 — Cgl)_1 is positive definite

but (2C;" — C_l)f1 is not. In other words, p? (x) /pg (x) is Gaussian but

[
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P2 (x) /pe () is not.

Formally, we try to minimize

X (pe (%) ||pa (x))

(6.19)

with respect to w; under the constraint Zi\; w; = 1. The x? information

can be derived as

*> (N (m,, C.) [N (my, Cy)) =T exp (T1) — 1,

where

1 C, -

T =— 5 (m, — md)T (7 — Cd> (m. — my)
C

-3 feos -

The optimization problem becomes

minimize x? (N (m,, C.) ||V (my, Cy))

N
subject to Zwi =1

=1

szOa

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

where w; are the variables. In the appendix, we show that the objective

function is convex.
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6.3.3 Application in the network

Our assumption is that the total number of nodes in the network is

unknown and each node is only able to communicate with its neighbors.

This means the optimization of weighting coefficients can only be performed

locally. We specify some additional notations: w;, means the weighting

coeflicient node j assign to the belief from node i; let p; . (x) be the local

Bayesian posterior

- Hzej\/J bi (X)
_fx Hie/\/j pi (x) dx’

Djc <X>

and p; 4 (x) the local weighted product of the densities

L (x) = [Tiew, P )
Pt T Ty o7 () dx

At each iteration node j optimizes the following problem

minimize X2 (pj,c (x) ||Pj,d (x))

subject to Z wj; =1
i€N;

Wy > 0.

6.4 Analysis

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

In this section, we provide further insight into the objective function

of the optimization problem. We consider two extreme cases and compare

them with the case of uniform weighting coefficients. By uniform we mean

the weighting coefficients are all equal to % We consider the first extreme
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case where C; = C, for all 7. Then we have

C.!'=NC;! (6.31)
C,;'=C;! (6.32)
m, :% m; (6.33)

my = Z w;m,. (6.34)

We can see that in this case Ty does not depend on w;. To maximize the

x? information, we only need to look at 77,

T, = — % (m, —my,)" (% - Cd> : (m, — my) (6.35)
— (m.—m,)" (co - 20—]3) (m, — my) (6.36)
e (me—my) G5 (m, — m,). (6.37)

Since C, is positive definite and 7} is a quadratic form, 77 achieves
minimum when m, = my. This happens when w; = % for all 7, which
reduces to the uniform approach.

Next we consider the second extreme case when m; = mg for all 2. For
the sake of simplicity, we only consider the scalar case. In the scalar case,
we assume the mean and variance of node i are mg and o2, respectively.

The centralized variances and means become

o2 = (Z %) (6.38)
me =02 (Z %) =my (6.39)
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and the decentralized ones are

(6.40)

(6.41)

Because m. = my, 17 becomes constant and we only need to look at T5.

, (1 (2 1
O’ —_— —_—— —
Voo 03 o4

\/21\7 w’L N 2 — w;
2
g

(6.42)

(6.43)

(6.44)

In order to minimize T, with respect to w;, we only need to investigate the

part in the square root. Suppose

T

=1

sqwl g

=1

Our problem becomes

maximize f (w;)

N
subject toni =1

=1

i? w.

(6.45)

(6.46)

(6.47)

(6.48)

Because we intend to analyze the problem instead of solving it, we ignore

the second constraint. The reason will be clear later. To find the minimum
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value of f (w;), we use the method of Lagrange multipliers. The Lagrangian

becomes

L(w;, N) =f (w;) + A (Z w; — 1) : (6.49)

Take derivative of £ (w;, \) with respect to w;, and we have

oL (’w“)\) 1 N 2 — W; 1 N W;
ow; T o2 (Z o? ) o2 (Z? - (6.50)

J i=1 J i=1 !

for all j. In order that the derivative be equal to 0 for all 7, we must have

~

N o9, w;
> — L=) (6.51)

i=1 J

Q

=1 !

Substitute (6.51)) into f (w;) = 0. We have

which leads to

> wi% =0. (6.53)

To make (6.53)) equal to zero, at least one w; has to be zero. But recall that
w; should all be nonnegative. This tells us that there is no extreme point
in the simplex defined by and . Moreover, we can conclude
that the optimal value must lie on the boundary of the simplex, that is at
least one w; is zero. This makes the problem reduce to N — 1 dimensions.
With the same reasoning, we can reduce the problem to two dimensions,

and it is easy to see that the w; with the smaller 0 wins. We can conclude
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that the solution to the optimization problem in is w; = 1 with the
assumption that a? is the smallest variance and w; = 0 for ¢ # j. Although
this analysis is for scalar cases only, it provides intuitive insight for fusion
with close mean values.

In summary, when the covariances from different nodes are equal, the
proposed method reduces to the method of uniform weighting coefficients.
For scalar cases, when all the nodes share the same mean value, the optimal
value of the weighting coefficients lies on a vertex of the simplex, i.e., only
the w; with the smallest 012. is equal to one, the other coefficients are zero.
For vector cases, the solution becomes complicated but it more or less

follows a similar pattern, which works like the minimum operator.

6.5 Numerical Experiment

In this section, we provide numerical experiments to show the
performance of the proposed methods. The experiment is carried out as
follows. In a network, each node has an initial belief. At each iteration, a
node collects the beliefs from its neighbors and fuses the beliefs according
to —. The weighting coefficients w; used in the fusion are
determined by solving the optimization problem expressed in . In
other words, we use local optimal value to approximate the global Bayesian
posterior. As we have mentioned before, the reason is that we do not know
the number of nodes in the network. The initial belief of each node is
generated as follows. The mean values are generated according to a zero-
mean multivariate normal distribution with covariance being an identity

matrix. The covariance matrices are generated according to a Wishart
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distribution with degree 4 and identity scale matrix. We average the
performance over 500 instances of simulation for each experiment. We
compare the proposed method with the Covariance Intersection and the
uniform weighting method. In the uniform weighting method, each node
assigns equal weighting coefficients to its neighbors and itself. To evaluate
the performance, we examine the normalized average y? information
between the global Bayesian posterior and the local weighted product of
the densities. We denote the average y? information between the belief of

each node and the global Bayesian posterior at time ¢ by

%z Pe (%) [P (%)) (6.54)

Then we normalize (6.54) by the x? information at the beginning.

Therefore, the normalized average x? information can be expressed as

> XE (pe (%) [[pja ()
32501 X8 (pe (%) [[pja (%))

Besides, we also look at the normalized MSE of the mean and covariance
values. Suppose p. (x) is N (m,, C.) and the local belief p;4(x) at time
t is N (m;g4(t),Cjq(t)). Then the normalized MSE of the mean and

covariance values can be expressed as

> mya () — me|?
3251 Imya (0) — me||”

and

> 1Csa () = Col?
35 1G4 (0) = Ce*”
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Figure 6.1: Topology of the first experiment.
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Figure 6.2: Comparison of the normalized y? information.

respectively.

In the first experiment, the topology is a line as shown in Fig. [6.1]
Each node is only able to talk to its immediate neighbors. Figure [6.2]shows
the average normalized x? information between the belief of each node and
the global Bayesian posterior. Figure|6.3[shows the MSE of the mean values
versus the iterations. Figure|6.4]shows the MSE of the covariance matrices
versus the iterations.

In the second experiment, we change the topology to be a 5 by 5 grid
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MSE of mean values

Figure 6.3: Comparison of the normalized MSE of the mean values.

MSE of covariance matrices

Figure 6.4: Comparison of the normalized MSE of the covariance matrices.
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Figure 6.5: The topology of the network in the second experiment.

as shown in Fig. Each node is only able to talk to its immediate right,
left, upper and lower neighbors. Figureshows the y? information versus
the iterations. Figure shows the MSE of the mean values versus the
iterations. Figure|[6.8[shows the MSE of the covariance matrices versus the
iterations.

In both experiments, we can see that the proposed method
outperforms the others in the y? information and the MSE of covariance
matrices. But the uniform weighting method beats the other methods in
MSE of the mean values. This is not surprising because in the fusion
process, the fused mean value is a linear combination of the mean values
from different nodes. Uniform strategy will not differ too much as the
point defined by the weighting coefficients is near the center in the solution
domain. On the other hand, the fusion of the covariance matrix is not
linear. The proposed method puts more weight on the covariance matrix

in the optimization.
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Figure 6.6: Comparison of the normalized y? information.
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Figure 6.7: Comparison of the normalized MSE of the mean values.
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Figure 6.8: Comparison of the normalized MSE of the covariance matrices.
6.6 Conclusion

In this chapter, we proposed a new approach for belief consensus.
Unlike traditional consensus, where nodes reach a consensus of point
estimate, we considered the consensus of probability densities. Ideally the
consensus algorithm should converge at the Bayesian posterior probability
density given all the information available over the network. In the case
where the nodes do not know the size of the network, this is not achievable.
We proposed the use of the weighted product of the belief densities to
approximate the Bayesian posterior. We confined ourselves in cases where
the beliefs were Gaussian densities. We adopted the x? information metric
as the criterion for belief consensus. The criterion was used for choosing
values of the weighting coefficients in the fusion. We proved that the
optimization of the weighting coefficients was a convex problem under

the x? information metric. We studied the performance in the numerical
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experiments. It was shown that the proposed method outperforms others

in the comparison of the x? information.
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Chapter 7

Conclusion

Distributed estimation and fusion is a popular topic in WSNs and
has been applied in various areas including monitoring, surveillance and
target tracking. The key challenge is to design algorithms that allow nodes
in the network to cooperate with each other in an efficient way so that
the information obtained by every single node can be spread all over the
network. This becomes even more challenging when the measurements are
correlated.

In this dissertation, we proposed several methods to handle the cases
where correlation was present. In Chapter [2] we introduced the problem of
fusing multiple correlated estimates with unknown correlation. In Chapter
[, the Bayesian approach was proposed in which we assumed the entire
matrix was a Wishart random matrix. Since the values of the diagonal
blocks were known, we could obtain the conditional distribution of those
off-diagonal blocks in the covariance matrix. The conditional distribution
was shown to be inverted matrix-variate t-distribution. Then Monte Carlo

method was used to marginalize with respect to the off-diagonal blocks to
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obtain the MMSE estimate. In Chapter [4, we studied the same problem
with slightly different assumptions. We assumed the covariance matrix
had a special structure. Besides, instead of marginalizing with respect to
the off-diagonal blocks, we sought the optimal values under two criteria by
using convex optimization techniques.

We considered the problem of distributed estimation in the networks
in Chapter [l The correlation was assumed known and had the Markov
property. We proposed an efficient algorithm that asymptotically achieves
the same performance as the centralized method.

In Chapter [0 we considered the belief consensus problem. We
assumed each node had an initial belief represented as a probability density.
The objective was that the network reaches consensus at the density of the
Bayesian posterior, i.e., the product of all the initial densities. However,
with the assumption that the number of the nodes was unknown, it was
not possible to achieve the Bayesian posterior through consensus. An
approximation of the Bayesian posterior by the weighted product of the
densities was proposed. We adopted the y? information as the criterion
to measure the distance between the Bayesian posterior and the weighted
product. Besides, we proved that the optimization problem of minimizing
the x? information with respect to the weighting coefficients was convex.

There are many directions to continue this work. In Chapter [5]
we assumed that the correlation of noises was known. Without this
assumption, the nodes can still perform the estimation by simply ignoring
the correlation. It would be interesting to quantify how much information
is lost in this process of learning. Alternatively, the nodes can jointly

estimate the parameter and the correlation. How well can the joint
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estimation improve the aggregation of information is worth of investigation.
In Chapter [6] the x? information metric was used. There are other criteria
to measure the distance between two densities, for example, the Kullback-
Leibler divergence. It would be interesting to quantitatively compare the
performance of the nodes of these two criteria. Finally, notice that we
used the weighted product, which was also called the general fusion, for
the belief consensus. This was in fact a compromise we made to avoid the
shrinkage of the densities in the consensus. Consequently we could not
achieve the Bayesian posterior but had to approximate it. Whether the
Bayesian posterior can be achieved in a network where the nodes know
nothing about the topology is still an open question. The pursuing of
this objective definitely requires the learning of the topology through belief
exchange. This is perhaps the most interesting and challenging direction

to extend this work.
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Appendices

The proof of the main theorem:

In this section, we prove that the distributed estimator, (5.24]), is

efficient. Denote by g (A, B) the matrix-variate function
(A, B) =tr [A*B (AT)”} . (7.1)

We define the following notation:

t
F, =) HKQ[ H, (7.2)
s=1
t
G, =) H/KQ[ K 'Q{,’KH, (7.3)
s=1
1
_ Nt—s
X;: =Qf;)" — L (7.4)

Then the covariance of the distributed estimator can be expressed as

Cov |0y = E [(éw ~0) (6:-0) Tl

— F'G,(F]). (7.5)
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The covariance of the centralized estimate ([5.20)) is
; -1
Cov [ét} - (Z HjKHS> .
s=1
Formally, we need to prove

. tr [Cov [é”H

(7.7)

The first step of the proof is to decompose both G; and F; into two parts

using the identity Q'Ei_)s = I+ Qﬁ;s — +I. We have

t
1 1
G, = Z H;FK (NI + Xt,s) K™ (NI + Xt,s) KH,

s=1
t

t
> H/KH, + % > H/X,.KH,
s=1

s=1

1
:m

1 ¢ T . T -1
+ 5 ; H/KX, H, + Y H/KX, KX, KH,

s=1

and
1 t t
Fo=+> H/KH,+) H/KX.H,
q=1 q=1
Then ([7.7) becomes
N - Al +Ay LA +B,+B
i [cov [6]] /i [cov [6] ]~ = A A+ By Bo)
’ -Ntr[}Xl ]
oA+ As LA
v [AT]
g(A1+ Ay, By +By)
vir[AT]
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where

t

1

_ T
A=+ 2 H/KH,, (7.14)
t
A, =) H[KX, H,, (7.15)
s=1
1 1
_ T T
B, =~ 2 H/ X, KH, + Z; H/KX, H,, (7.16)
t
B, =) H/KX, K 'X, ,KH, (7.17)
s=1

We shall prove (7.12)) approaches 1 and ([7.13)) approaches 0 as ¢ grows.

The main principle we use is the squeeze theorem in calculus. Basically, we
look for the upper and lower bounds for both terms and prove they have

the limit we want. Before we start, we prepare three lemmas for use later:

Lemma 4 2221 |X:s| is bounded as t approaches infinity.

Proof: Since Q is symmetric, it can be decomposed as Q = UAUT
where U is an orthonormal matrix and A is a diagonal matrix with
eigenvalues being the diagonal entries. Therefore Q' = UA'UT. Denote

by u; ; the (i, 7)th entry of U, and by ); the /th smallest eigenvalue of Q.

Then we have f;s = Zl]\il uﬂui,l)\';_s. Because Q is an irreducible and
aperiodic doubly stochastic matrix, we know that one of the eigenvalues is
1 with the corresponding eigenvector being (1/v/ N )1y, and the rest of the

eigenvalues being strictly less than 1 in magnitude. Let Ay = 1; we have
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UZ‘VNU%N)\?\?S = % and

t

Z des Y Z

Z ;U AL ‘ (7.18)

s=1
t N—1
<IN fugaui] | A7 (7.19)
s=1 [=1
N-1
L=
= Ui | ——. 7.20
Z'U],ZU,J’ 1_|)\l’ ( )

As the absolute values of {)\}i\gl are all strictly smaller than 1, (7.20]) is
bounded. [

Lemma 5 A, is bounded as t grows.

Proof: Let h;; (s) be the (i, j)th entry of Hy, k; ;, that of K, a; ;, that of

A,. Let x; (t,s) be the ith diagonal entry of X;,. Then we have

t
aj:le(t,s)hlj Zh“ Ykia+ -

—i—ZIMN tS hMN] Zhlz klMN (721)

s=1

We show that each term in the above expression is bounded. Consider the
first term: Because H, is bounded, we can always find a constant ¢ such
that —c < hy; (s) Z;\g\[ hii(s)kia < c for all s. Therefore, the first term

(say tmq) can be upper-bounded as

tm1<2]1:1 tS

s=1

)| |hi (s Zhh k“<cZ]a:1ts (7.22)

and lower-bounded by —c>>'_, |z; (¢, 5)|. According to Lemma , both the

upper and lower bounds are bounded. Therefore, a; ; and A, are bounded.
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0

Lemma 6 Let f: R — R be continuous, if f (x) is monotone increasing
(decreasing), so is tr[f (A)] on S [65]. Here increasing means that if
A, = A, then trf (Ay)] > tr[f (As)] (tr[f (Ay)] < tr[f (As)]).

In the next two subsections, we prove (7.12)) approaches 1 and ([7.13])

approaches 0 as t grows.

The limit of the first term, (7.12)

Define

. 9 (]]I + Ao, %xI)
M = e

(7.23)

We first show fi(x) is monotone. The function f;(x) can be simplified to

(I + %) B (I + A%) 1] . (7.24)

According to the definition of matrix inversion, each entry in (I + %) “lisa

1

f1 (LU) :Ztr

rational function of x. Also addition, multiplication and division of rational
functions are still rational functions. Therefore f; (z) is a rational function.
So is the derivative of fi (x), fi (z). Since the orders of the polynomials
are bounded, there exist a finite number of zeros and poles. Thus, there
must exist a constant x;, such that f] (z) becomes positive or negative when
x > xp. This says fi (z) becomes monotonic when = > xy. Whether it is
decreasing or increasing depends on the value of As. So is the constant x.

Without loss of generality, we assume fi(x) is increasing for z > x,. We
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define H; and Hp to be full-rank matrices such that
H,KH, < H/KH, < H)KH),

for all s. Then by Lemma [6] we have

g (LHJKH, + A,, -H]KH,)
Lo [($HTKH,) ]
<9 (Al + Ay, %Al)
Ltr [(A) 7]
_9 (§HpKHp + Ay, - H KH))
wtr | (FHLKHp) ™|

(7.25)

(7.26)

(7.27)

(7.28)

for sufficiently large t. Because the limits of (7.26) and (7.28)) are 1,
according to the squeeze theorem, ([7.12)) also goes to 1 as ¢ approaches

infinity. The same result follows if fi(x) is decreasing.

The limit of the second term, (7.13)

In this subsection, we still use the squeeze theorem and follow a similar

strategy. We need to show that the limit of ([7.13) is zero. First, we replace

B; + B, with 2I and write the denominator as a function of z:
fQ (.Z') =g (Al + AQ, xI) .

Obviously f> (A) is increasing on S. Define the function

1 1
Z.,——H'X, KH, + —H/KX, . H
s,t N s t,s 3+N s t,s+1s

+H KX, K 'X, KH,.
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Then we let Hg and H; be matrices such that

Zyy = Zsy =Zp, (7.31)
and

Zy, 2O =Zp, (7.32)

for all s and ¢. Note that the last expression implies that Z;; is negative
semidefinite and Zp; is positive semidefinite. By ([5.13) and the definition
of X; s in ([7.4), we can see that X, , is a diagonal matrix with both positive

and negative entries. This makes it possible to find such Hg and H, that

satisfy (7.31)) and ([7.32). Due to the monotone property of f,, we have

g (AL + Ay Y Zyy)

7.33
T A (7:33)
g(A1+ A, B; + By)
7.34
= In A (734)
A+ A, S 7

Sg ( 1 _I_l 2 Z_izl B,t) (735)

ytr [ATY]

Next we prove that the limits of both the left side (7.33) and the right
side ([7.35|) are zero as t approaches infinity. To find the limit of (7.35]), we

define the function f; (z) as

fs(x) =g <$7 Z ZB,t) : (7.36)
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Note that it is decreasing on R*. According to Lemma |§|, fs(A) =

g (A, 22:1 ZB,t) is decreasing on S*. Let H, be a matrix such that
O <H/KH, <HKH, (7.37)
for all s. Also let H4 be a matrix such that
H/KH, <H |KH, (7.38)

for all s. By enlarging the numerator and reducing the denominator of

(7.35]), we have

g (A1 + A Y Zpy)

7.39
%tr [Afl} | )
LHT :
9 (FHIKH, + A, Zs_ll Z5,) (7.40)
for [(GrHiKEL) ]
59 (FHIKH, + A5, 50, Z)
) (7.41)

%tr (HIKH,) |

Since 22:1 Zp; and Ay are bounded, according to Lemma |§| we can see
that the limit of ([7.35]) is zero. Similarly we can show that ([7.33)) is lower-
bounded by an expression the limit of which is also zero. This completes

the proof of the main theorem.
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Derivation of (6.20

The multivariate normal distribution of a N-dimensional random

vector X with mean m and precision matrix K is defined as

1
(2m)" [K1|

em(—-@—nJqu—mO. (7.42)

N (xjm,K™) =

Let p (x) be NV (x|m., K ') and ¢ (x) be N (x|mg, K;'). Then we have

2 (x 27TKK31
oo _Ven K| (7.43)

(™ eoN K

where

1

7y =— 5()c—mc)T 2K, (x —m,)
+%&—anKMx—m@. (7.44)

We further rearrange the terms in Z; as follows:

2 == % (x"2K.x — x K x)
+ % (2x 2K m, — 2x K my)
_ % (mCTQKCmC - m}Kdmd) (7.45)
T+ s (7.46)
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where

Zy=— 3 (x~ (K.~ K;) " (2Kom, — Komy))'
x (2K, — Ky)
x (x — 2K. — Kg) 7' (2Kom, — K;my)) (7.47)
and
Zs _% (2K.m, — Kymy)"
x (2K, — Kg)™!
x (2K.m, — Kym,)
~ 5 (m]2K.m, —m]K,m,) (7.48)
1 (1 N\!
— - pmeomg)” (GK K)om0

According to a property of multivariate normal distribution, as long as

2K, — K, is positive definite, we have

/exp (Z,) dx :\/(QW)K : \/|(2Kc - Ka) . (7.50)
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Therefore, [ %dx becomes

/ P,

\/27r ‘K \/ -\/|(2K0—Kd)71‘

K

1 1
- exp (—5 (m, —my)" (éKcl -K

\/7 /|eK. - Ko7

K
1

- exp (—5 (m, — my) (—K_l -K;

Proof of the convexity of

6.23

) (m, - md>> (751)

A function f : R"™ — R is said to be convex if the domain of f is a

convex set and for all x, y in the domain, and 6 with 0 < 6 < 1, we have

fox+(1-0)y) <0f (x)+

(1-0)f(y)-

(7.53)

Also a function is convex if and only if it is convex when restricted to any

line that intersects its domain. This property is useful for us to check the

convexity of a function. In our case, the variables are w; for i € {1,---

and the domain is a simplex defined by
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Those lines can be expressed as

1 =W + tUl (756)

IN =WN +tUN (757)

where Zf\il v; = 0 and all the w;s lie in the simplex defined in ([7.54)) and
(7.55)); t is a real number. To check the convexity of the function on this

line, we examine the second derivative of the function with respect to t.

Let
m, = Z w; K; (m, — my) (7.58)
m, = v, K; (m, — my) (7.59)
My = Y (w; + tv;) Ki (m, — m;) (7.60)
K, =Y wkK; (7.61)
K, =) vK; (7.62)
Kyt = Z (w; + tv;) K. (7.63)

%

and define f () and h(t) as

1

V Kw+tv

1
h(t) =exp <—§ (m, — mw—i—tv)T

f) = K - Ky) (7.64)

1 -1
<§Kc_1 - K;-li-tfu) (mc - mw—f—tv)) : (7‘65)
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We replace w; with w; + tv;, then (6.23) becomes

X (NGIING) = K| f (t) exph () — 1. (7.66)

Since |K,| is a constant factor we omit it in the following derivation for the
sake of simplicity. We show that the second order derivative of f (t) exp h (t)
is nonnegative. We denote by f’ and f” the first order and the second order
derivatives of f (t), respectively. The first order derivative of f (t)exph (t)

can be derived as

Of (t)exph(t)
ot

=fexph+ fh exph. (7.67)

and then the second derivative can be derived as

s (t)@‘zfp M) gt exph v £ exph
+ f'Wexph+ f (W) exph+ fh" exph (7.68)
= ("4 PH A H A LU 4 R ) exph (7.69)
= (720 + F (W) FH) exph (7.70)
— (f” + f (h’ + f7,)2 — g + fh”) exph. (7.71)

We are going to prove that is nonnegative when ¢ = 0. We note
that the second term in the parentheses is in square form and therefore
nonnegative. The second factor exp h (t) is always positive. In order to
prove is nonnegative, it suffices to show that f” — (f/)* /f and h”

are nonnegative.
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The proof that f” — (f’)2 /f is nonnegative

First, we define

A=C;'(2Cc]'-C1).

=K, (2K, - K,).

According to ([7.72)), we have

We first obtain the first and the second derivatives of A:

0A

)

_ Z (w; + tv;) K; (Z viKi>
02A
W = z} v;K; <— Z UiKi) - Z%‘Kz‘ ( A UiKi>

A % i

(3]

= 2K

Set t =0, 8_A becomes

ot
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(7.77)

(7.78)



0A

Sy (S

=K, (2K, — K,) — K K,.

The first order and the second order derivatives of f become

of 1 . -s0]A
ot 2 Al ot
02 1. s02|Al 3. s [(0|A]\?
= part el B (23
(01) 2 (o) 4 ot
where
N _L0A
“or Al [A Gt}
2 2
P[4 2A]
(0t) (0t)
OA OA
194 194
+ |A]tr [A o } tr {A 5 ]

) ()

Using ((7.80) and ([7.78)), we have

9|A|

5 = Al [AT (K, (2K, —K,) — KK,)]
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(7.82)
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and

0 |A
# —|A]tr [-A"12K?]
+]A]tr [AT (K, (2K, — Kg) — K/K,)]°
—|Altr [(A‘l (K, 2K, — K,) — KdKU))Q] .
Therefore
. (f) _3 P |A] s (O]A1\?
P s <>+4'A' (%)

womy

1
2

Al
1 §8 1 s (O]A]\?
SIS WE IR
@02 2 ot

[N ~logc2
25 |A’ 2 tr [A 2KU

+ (A 2K K, - KK, — Kva))z} .

We consider the trace and define g (-) as:

9 (2K, — K,) =tr [2 (K, (2K. — K,)) ' K, K, ]

+tr [(Kq (2K, — Ky)) ™

2K.K, - KK, - K/K,)’] .

Replace 2K, — K with zI, we have
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g (z) =tr 227 K;'K,K,]
+tr [27°K ! (0K, — KiK,) K" (2K, — KK, )] (7.91)
=tr [227'K;'K, K, + K;'K,K; 'K, |
+tr [-27'K; 'K K,
-'K,K;'K, + 2K, K, | (7.92)

=tr [K;'K,K;'K, + 1 °K,K,]| . (7.93)

It is easy to see that g (z) is decreasing with . According to Lemma [f] if

I = 2K, — Ky, then g (z) < g (2K. — Kg4). We let z goes to infinity

lim g (z) =tr [K;'K,K;'K,] . (7.94)

T—00

We then show that tr [K;lKvKglKv] is positive. We note that K, is a
positive definite matrix and K, is a symmetric matrix. According to [66,
Theorem 7.6.3], K; 'K, is a diagonalizable matrix, all of whose eigenvalues

are real. Let
K,;'K, =P 'DP (7.95)

where P is an invertible matrix and D is a diagonal matrix whose entries

are real. Therefore

(K;'K,)’ =P~'D?P. (7.96)
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We have
tr | (K;'K,)| =t [D7]. (7.97)

Thus we have shown that g (z) is a decreasing function and it approaches
a nonnegative number as x grows. Therefore, by Lemma @ the trace in

(7.89) is also positive. We complete the proof of the nonnegativeness of
;= (/.

The proof that 4" is nonnegative

In order to show that A” is nonnegative, we show that h” can be

rearranged into quadratic form. First, we rewrite T3 as

(Z w; K;m, — Z wiKimZ) (7.99)
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Replace w; with w; + tv;, we obtain the expression of h (t):

1 1 -
h(t)=— §ml+w (§Kw+thc_1Kw+tv — Kw-‘rtv) My ity (7.102)

The first order derivative is

oh 1 -
E - - m;r <§Kw+thc_1Kw+tv - Kw+tv> My 4y
1 - (1 . -
+ Emev éKerthc Kutio — Kugto
1 —1 1 -1
éKvKC Kertv + §Kw+thc Kv - Kv
1 ) -
§Kw+thc Kw—l—tv - Kw—i—tv My+to- (7103)
Let
1
F (Kw—i-tl)) :Kw+tv §Kc_1Kw+tv - Kw—i—tv (7104)
1 1
G (Kuin) =5 KK Ko + 5Kusn K 'K, — Ko (7.105)

The second order derivative becomes
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9%h _
ﬁ = - m;r (-F (Kw-‘,-tv)) ! My,

+my (F(Kusiw) ' G Kurrw) (F Kuteo)) ™ M,

1
+ imq—;r (-F (Kertv))_l g (Kw+tv) (I (Kertv))_l mw+tv

- %mq—ur—i-tv (*’r (Kw—i-tv))il g (Kw-‘rtv) (f (Kw—i—tv))il

g (Kw+tv) (f (Kw+tv))_1 My 4o

1 1 1
-+ ém;ur-l—tv (F (Kertv))il <§KUKC_1K’U + EKUKC_lKv)

(F (Kw-i-tv))_l Myt
- %mq—ur—i-tv (f (Kw—l—tv))il g (Kw-‘rtv) (f (Kw—i-tv))il

g (Kw+tv) (]: (Kw+tv))_1 My 4y

bl (F ()6 (Kus) (F (Kuew)) . (7,100

Let t = 0 and rearrange the terms, we have

8%h .
o] _ v

G (K.) (F(K.) ' m,
+am] (F(K) ™ (KK, K,)
(F (Ku)) ™" my. (7.107)
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Since K, K 'K, is a positive definite matrix, the last term is positive. Thus

we have

@ > T
ot|,_, — v

(m] —m,, (F (K.,))"' G(Ky)) . (7.109)

This is a quadratic form. Because (F (K,,))~" is a negative definite matrix,

(7.109)) is positive. Therefore we have twenty nodes that work on the
0?h
>0. (7.110)

o =

This completes the proof. [J
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